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Abstract

Let L be a nite family of graphs. We describe the typical struc-
ture of L-free graphs, improving our earlier results [[2] on the Erd-
Frankl-Redl theorem [G], by proving our earlier conjecture that, for
p=p(L)=min 5. (L) 1,the structure of almost all L-free graphs
is very similar to that of a random subgraph of the Tuan grap h Tpp.
The \similarity" is measured in terms of graph theoretical p arameters
of L.

1. Introduction

Notation. We restrict our attention to simple graphs and the notation w use is
standard. ThusV (G) denotes the set of vertices of a grap&, and for a vertex set
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X  V(G), G[X] denotes the subgraph o6 induced by X. For X  V(G), we
mostly shortene(G[X]) to e(X ). We write G, for a graph of ordern; in fact, much
of the time, the rst su x in our notation is the order of the gr aph, as inKp; Ty
and Hy. The chromatic number of a graph. is denoted by (L), the order ofL by
v(L); ( x) is the set of neighbours of a vertex, d(x) = j ( x)j is its degree, and
d(x;A) = j(x)\ Ajis the degree ok into a setA V(G). fdso, (X) denotes
the set ofcommonneighbours of the vertices inX: (X)= ., (X):

We write K, for the complete graph orp vertices, andT,, for the p-class Tuan
grapht Thus to obtain T, we partition n vertices into p classes so that their sizes
are as equal as possible, and join two vertices if they belotmdi erent classes. It
is easy to see that

1 n 1 n? 1 n?
1 p 2 &(Thip) 1 D 2 and eThp)= 1 D 2—"'0(”)-

For a given graphG, and p, a p-partition is a Qartition of V(G,) into p classes,
a p-partition (Uq;:::;Up) of V(G,) is optimal if  e(U;) is as small as possible.
Sometimes, shortly we refer to such a partition as aaptimal p-partition .

Given a partition (Uy;:::;U,) of V(G,), we shall call
the edges inside some partition-clagd \horizontal edges"ﬁ

zontal degreeof x 2 U; to bej ( x)\ Ujj.

We say that a pair of vertex sets A; B) is completely joined ina graphG, if
A;B  V(G,);A\ B = ;, and eachx 2 A is joined to eachy 2 B in G,. Having
two vertex-disjoint graphsM and Q, M Q denotes the graph obtained by joining
each vertex ofM to each vertex ofQ.

In this paper the logarithms have always base 2. We shall oftaise the binary
entropy function H(x) = xlog, + + (1  x)log, 1.

1.1. Tuan type extremal problems

We say that the graph G containsL and write L G if L is a (not necessarily
induced) subgraph ofG. Given a family L of graphs, G is called L-free if G

contains noL 2 L, We call L the family of forbidden graphs . We assume that
e(L) > O foreachL 2 L. P(n;L) denotes the class of -free graphs with vertex set

IMostly we call these as \horizontal degrees" that correspods to speci ¢ gures of the
optimal partition where these edges are almost horizontal.
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can have, and anL-free graph with ex(n; L) edges isL-extremal or sometimes
simply extremal . When L consists of a single graph, we write ex(n; L) instead
of ex(n;fLQ).

The basic Tuan type extremal problem is as follows.

For a given familyL, determine or estimateex(n; L), and describe
the (asymptotic) structure of extremal graphs, as ! 1

We x a forbidden family L, and let
p=plL)=mn (L) L (1)
For every L there is a constanta > 0 such that
ex(n;L) = e(Tnp) + O(n? ?) (2)

and all the extremal graphs of ordem can be transformed intoT,,, by deleting
and addingO(n? ?) edges, as proved by Erdy<[5] and Simonovits! [8]. For a more
detailed description of this eld, see the book of Bollokaq3] or the surveys of
Simonovits [9], [10], Raredi[¥] and Bollokas[T4].

The main idea of the results discussed here and in the preaaglipapers is
that most of the L-free graphs can be regarded as subgraphs of some extremal or
almost extremal graphs forL. Our starting point was the following theorem of
Erd)s, Frankl and Redl [6].

Theorem 1. For everyL
2D P (nyL)j 2o (e 3

Note that the lower bound in @3) is trivial, as every subgraptof an L -extremal
graph isL-free. In [2] we improved the upper bound in Theoreid 1, see Tdrem[3.
Here we go one step further, and give a structural charactedtion of almost all
graphs inP(n;L). To formulate our results, we need a de nition.

De nition 2  (Decomposition Family). Given a family L (and p = p(L)), let

M := M (L) be the family of minimal graphsM for which there exist anL 2 L

and at =t suchthatL M° K, 4(t:::;t), where M?is the graph obtained
by adding t isolated vertices toM. We call M the decomposition familyof L.

2The vertices of our graphs are xed, labelled and, for the sak of simplicity, we shall
assume thatV(Gp) = f1;:::;ng.



Balogh{Bollokas{Simonovits: Typical structure, = Septem ber 4, 2008 4

In other words, a graphM belongs toM if whenevern is su ciently large and
we \place" M into a classU; of Ty, then the obtained graph contains a forbidden
L 2L. (\Placing" means adding the edges of a copy d¥l into T, using only
vertices of this U;.) We emphasize thatM always contains a bipartite graph,
otherwise (L) p+2foreveryL 2L.

If L is nite, then M is also nite. The converse is not necessarily true. For
example, ifL is the family of all the odd cycles, therM = fKg.

In [2] we gave the following improvement of Theorer 1.

Theorem 3. For everyL with p= p(L) 2, if M, the decomposition family of
L, is nite, then

P(n;L)]  nemMren 23(1 g’ (4)
for a su ciently large constant ¢ > 0.

To see that this does strengthen Theorerfll 1, for a giveln, let L 2L have
minimum chromatic number, (i.e. (L) = p+1), and pick a t with Kp.q (t;t;:::51)

L. This implies that there is anM 2 M with M K (t;t) and Theorem[3
implies that

P(iL)j JP (n;L)j  nexmrecn (1 g)n® - gex(mLyr O ),

where 0< ¢ < 1=t. Here we used[2)ex(n;K (t;t)) = O(n? *) and n°™* ") <
20(n2 C).

Remark 4. One knowing this eld may ask: do we need/use the Szemeedidgu-
larity Lemma [L1] in this paper or not? The answer is that in sme crucial steps of
our previous paperll2] we did use and here we use several tssitbm that paper.

However, here we do not need the explicit use of the Regulgritemma.

1.2. Why do we need the niteness of M ?

We construct a familyL which shows that the condition of niteness oM is needed
in Theorem[3. Denote byl the -vertex graph with no edges. Sef (x) = 2*°
and letLy, := Cy  lt(m), i.€. join f (m) independent vertices to anm-cycle Cy,
completely. Put
L=fCyn Iltm @ m=3;45::0:
We assert that for thisL the conclusions of Theorerfil3 (and Theorel 5 below)
do not hold: for in nite L they are not necessarily true.
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(&) Now, M is the family of all cycles,p= p(L)=2 and ex(n;M)=n 1
Hence [4) would yield that

jP(n; L)j r](c|_ +1) n 2%(1 %)n2 2n2=4+0(n|og n): (5)

(b) On the other hand, let G,, be a graph onm = dn=2e vertices with average
degree at least lo§n, and girth g(Gy,) ! 1 : (Random graph methods or the
Margulis-Lubotzky-Phillips-Sarnak type graphs imply tha there are such graphs
with girth g(G,) > cllog’%g‘m JLetS,:= Gy |y m: With our condition on f (x)
we havef (g(Gn)) > 2m. One can easily see tha®, is L-free and

jP(n; L)) 28(Sn) 5 2&(Tni2) oen Iogzn;
contradicting (8). So TheorenB does not hold for this in nie L.

1.3. Results

The goal of this paper is to prove Conjecture 2.3 froml[2]. Wectually prove a
stronger result, TheoreniB, which provides an estimate fohé decay of the number
of \bad graphs" compared to the number ofL-free graphs (and gives additional
structural information on almost all L -free graphs).

Theorem 5. Let L be a nite family of graphs. Then there exists a constant
h_ such that for almost allL-free graphsG, we can delete h_ vertices of G,

M -free graph for everyl i p.
Observe that the family L constructed in Section 1.2 shows that in Theoreid 5
at least the condition that M is nite is needed.

We shall de ne several classes af-free graphs; each one will be used to describe
the similarity of typical L-free graphs to random subgraphs of somnie-extremal
graphs.

De nition 6  (Fixing the parameters 1). Let

t:= max v(L): (6)

As in (@), let p+ 1 be the minimum chromatic number of a member of. and let
< n= (p4') be a positive constant. We x the constants

1
P 22r+1; (7)
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and an" > 0 and a > O satisfying that

and : (8)

10 < 1005t

t
10(p*t2

Here, we made use of the fact that is nite: for in nite L this de nition gives
" =0.

De nition 7 (Goodr-tuples). Given a graphG with a vertex partition (Uq;:::; Up),
call anr-tuple X  V(G) GOOD if for every U; disjoint from X the number of
common neighbours of the vertices of in U; is

. . 1
o (X)\ Uj= (VU > Ui 9)
x2X

An r-tuple is BAD if it is not GOOD. We say that X is a BAD r-tuple for a class
Uix), if (B) is violated. Note that a set X may be BAD for several classes in a

De nition 8 (GOOD graphs). Denote byP,,, (n; L) the family of L -free graphs

having horizontal degree at leastn, (where we use thé xed in De nition @}lthen
jWj  h and the vertex setV(G) W contains no BADr-tuplesforl r tin
Gn-

Theorem 9. There is an h = h(L) such that almost allL-free graphs are in
Ploop (N;L): there exist two positive constantsC and ! > 1, such that

P(L) P foos (ML) =P (ML) (10

The constantsC and ! > 1 in Theorem[® can be computed from its proof
(which is unlikely to provide the best possible values). In &orthcoming paper we
plan to discuss some consequences of Theordms 5[@nd 9. In tlo®pof Theoren®
we shall use some lemmas af [2].

1.4. Classes of L-free graphs

We shall use several subclasses B{n;L). Often we shall neglect indicating the
dependence an all the parameters. We shall de n¢ later, in De nition 1I5] and
then x =2 H(#):
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1. Let P4(n;L) be the family of L-f|5ee graphs on ii] having (optimal)
partitions (Uy;:::;Up) for which = e(U) < #n2: These are the#-
Tuan graphs.

2. Lef] Pune (ML) P 4(n;L) be the family of graphs for whichevery
optimal p-partition is such that for every 1 i <] p and every
pair of setsA  U;; B U with jAj = jBj d ne the inequality
e(A;B) > (1=4)jA]j jBj holds. We shall call these graphs-lower regular
(where \lower" refers to the fact that we have a lower bound orthe

density).
3. As in [Z], we denote byP{, (n; L) the family of graphsG, 2 P4(n; L)
all optimal partitions (Uq;:::; U,) of which satisfy
.on P— 1
JUij o < #IogE n

for all i. (WP stands for \well partitioned".)

Let us x a constant # with 0 <# < (3p) *2. (Later we shall have some further
restrictions on#.) The \Main Lemma" of [2] asserts that almost allL -free graphs
are #-Tuan graphs. Note that herewe quote the results that we actuallyprovedin
[2], not the weaker form as we stated them the&.Unfortunater, in [2] we often
replaced 2 "* by the rather weak bound 2".

Lemma 10. (Main Lemma in [2]) Let 0 < # < (3p) 2. Then, for a suitable
positive constant = (#) > 0 and an integerng(#), for n > n o(#) we have

iP(:L) P u(n:L)] 2¢Twe) 0 (11)

Lemma 11. (Lemma 6.1 in [Z]) Let0< # < (3p) 2. Then for 2H (#) there
is a positive constant = (#; ) such that forn su ciently large we have

P(NiL) P yye (ML) < 2%Twe) %

3As s a function of #, here we neglect to show in the notation the dependency of the
family on #.

4The weaker bounds would be su cient as well for our purposesput now we think that
stating the sharp results is better from point of view of undestanding the proof better.
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Lemma 12. (Lemma 6.6 in [Z]) LetO<# < (3p) 2. Then, for a suitable positive
constant = (#) > 0 and for n su ciently large we have

Ps(n;L) P &p (n;L) < 22(Tmp) 0%

We shall say that a family of graphs isnegligibleif its cardinality is at most
2¢(Tnp) 1* for some constant > 0.

Remark 13. Lemmas[Ill andI2 assert that the typical vertex-distributio and
edge-distribution are very even in our optimal partitions.

Lemma 14. (Lemma 7.1 in [Z]) GivenL, let p be de ned b}ﬂ ). Forany"> 0
thereisal0< (") < 1=psuchthatif# > Osatisesthat =2 H(#) < ("), then
the following holds: there exist two integels(#;"; L) and no(#;"; L) for which, if

of G,, then for everyl i p
fx2 U :dx;U)) "ng ho(# " L):

Roughly speaking, Lemmd&~14 states that in an optimal partion \the number
of vertices with "high' horizontal degree is bounded".

De nition 15  (Fixing the parameters Il). In De nition @lwe already determined
(for a given L) the integersp and t and the constants ,; and ".,For this ", we
choose a (") as in LemmalT#, and our > 0 and# satisfying =2 H®®#) < (").
Let > 0 be de ned to be the minimum of the % provided by LemmasT0[11
and[I2. Make sure that#; and are small enough (compared to) to satisfy

t .
2H(#)+ < ot (12)
All these constants should be (and can be) chosen small enbug satisfy
. P— 1 -
2pH(p +2p )+ H(")+4 #Iog£+ < oot (13)

Finally, we x h := p ho(#;"; L), where hy is the constant whose existence is
provided by LemmalI#, and let := dn e

Let

QgOOD (mL):= PgOOD (m;L)\P \7VP (N L)\P yye (N5L): (14)

The next lemma is essentially proved in]2].
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Lemma 16 (M -Extension Lemma) Assume thatn > no(L) andG, 2 Qoo (N;L).

of G,, having horizontal degrees at leash in this partition. Then for everyM 2 M
and everyi we have thatM 6 G[U, W]:

D> W Proof. Let W; = W\ U,. For a contradiction, assume that
M aozs there is a graphM 2 M with M G[U; W]. Then there
(Ow,  jsanL 2 L such that L M1y Kpa(t:::t), ie.
L is a ‘reason' thatM 2 M . So there is a vertex partition

independent inL. By the assumption, we can embed (spanned byL,) into
U, W;. We xsuch an M. The setL; is a good ( t)-tuple in Uy W;, since
v(L) t. Therefore, using thatG, 2 P55 (n;L) we have ( (Li)\ Uy) W,
consists of at least U, j Wj vertices, and using thatG, 2 P{. (n;L) it is at
least (n=(2p). So anlL, could be chosen from it. FixingL,, the setL,[ L, is a
good ( t)-tuplein (U;[ Uy) W, therefore (L[ L)\ Us Wsis ‘large’ and
anls (L:[ L2)\ Us  Ws; could be chosen. This can be continued till we nd
L, in U, therefore we have a copy df in G, as a subgraph, a contradiction. g

2. Some important lemmas

The following easy lemma says that if the size of a subclasstbé L -free graphs
can be estimated by &™) " then this subclass is really negligible.

Lemma 17 (Many GOOD Graphs). For any xed t and h > 0,
Qloop (ML) > (1 0o(1))2%™) as n!1

We shall need the following simple tail estimate (see for exyple [1]).

Lemma 18 (Tail Estimate). If 4;:::; , are m independent random 0-1 variables
for whichProl( ; =1) = u> 0, then
X
Prob < %um <e zu'm;

We shall use this lemma in the following setting.
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Lemma 19. Let G,.;-, be a random graph where each edge is chosen independently,
m-element set disjoint fromX . Then,

Prob j (X)\ Uj<

2:?1 <e ™ (15)
Recall that (X):= \,oxN(x)and , =2 @*D_ When we apply LemmdT9,
we tend to takejX j bounded, andjUj linear in n.

Proof. Let ) T
_ 0 ify6U\ o (),
y©= o1 ify2U\ L (x).

P
Clearly,j (X)\ Uj= y. Apply Lemma[l8 withu=2 ":

!
X m
Prob y < oo
y

. 2
<e 0:52 rm=e rm:

Proof of Lemma 11 The Tuan graph T,.,, has ) subgraphs. Take any of
them at random: select each edge df,, independently, with probability 3.

(*) We know that for all but o(2%™)) subgraphsG,  Tayp, if (Us;:::;Up) is
the original partition of T.,, then | in the random subgraph | each x 2 U; is
joined to eachU; (j 6 i) by at least 3lp edges.

(**) Similarly, if A U;;B U, wherei 6 j, and jAj;jBj > n%®, then in all
but o(2%™»)) subgraphsG, Ty, has an edge betweeA and B.

Restricting ourselves to these subgraphs, an optimal patitn of G,, coincides

property (**) there is a labelling of the classes, such that [, jU;i Vij = o(n).
But by property (*) if two partitions di er then their symmet ric di erence is at
leastn=(3p), a contradiction, proving the unicity of the optimal partition. We need
this because whether am-tuple in G, is BAD or GOOD depends on the partition
as well.

A standard application of LemmalIB implies that all buto(2&™»)) subgraphs
Gn  Thp belong to Py (n;L), and trivially a typical G, is well-partitioned,
s0G, 2 P (n;L). Recalling that Q% oy (N;L) = Plgoop (N;L)\P o (n; L)\
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Pune (n;L), it remains to prove that G, 2 P {qqp (n;L) w.h.p.. We assert that
the probability that G, has a BAD r-tuple is o(1) for everyr t. By Lemmal[l9,
only o(2%(™»)) subgraphs have BADx -tuples. Indeed, arr-tuple can be chosen in at
most [ ways; xing this r-tuple X = fxy;:::;x,9, the expected size o\  (X)
is around (h=p) 2 ". So, for any xedr-tuple X V(G,), if X\ U, =, then
n=(p2*%).

. . n
Prob j (X)\ Yjj< P2t

and
n

p r e N=(p27*) — o(1):

De nition 20 ("-BAD graphs). For given positive integer, let
Rgap (ML) P 4(ML)\P Jp (M L)\P e (ML)
following holds. For atleastona p, there are pairwise disjoint BAD ( t)-tuples
Xy Xo i Xs V(Gy) U W, with the (same) distinguished clasdJ;, such
[

j s

Xj o (16)

The next lemma claims that, in most GOOD graphs, for a xed opimal parti-
tion the BAD ( t)-tuples can be represented by(n) vertices.

Lemma 21. For the constants xed in De nition B] and ~ := dn e, there is a
= () > O such that

R (ML) 22Te) "° for n>ny:

Proof. Consider a graphG, 2 Ry, (n;L). By de nition, G, has an optimal
partition (Uy;:::;Uy) and a cla§sU,- such that there are pairwise disjoint U; -BAD
( t)tuples Xq;:::;Xswith j Xjj  ~ands . We shall use an estimate of
the form

Reap (ML) p p" n 200 pn NNy, (17)
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where on the right-hand side of[(I7)p stands for the number of ways of choosing
a distinguished clasdJ;, p" is a crude upper bound on the number of (optimal)
p-partitions, n bounds the number of choices fas, and
X n 0 n2=2 2
2 2 H (#)n<+1
| i 2 2, 2, <20 (18)
i #n?2
bounds the number of ways of xing the at most#n? horizontal edges (asG, 2
Px(n;L)). The explanation of the factgr n™ N; N, is given below.
Each X; can be choseninatmost ., 7 t? n'ways. So the system
fXig can be ghosen in at mosh®s  n" ways. \
Let S := ; X;. To count the graphsG, 2 Rg,p (N;L), we x an (optimal)

eachX; put

[s N o}
E = (x;u): x2 Xj;u2 Yy and E; := jEj:

i=1

S
N; bounds the number of choices of the edgesih:= E;.
N, bounds the number of choices for the egges in the remainingrtical
pairs, i.e. betweenU; and U; fori 6 j. If E := JEj= | E;j, then

N, 2Tme) E. (19)

81e key step in our proof is our bound orlN;. The crude bound would be 2 =
251, but that is not su cient for us. Therefore we shall sharpen his bound,
checking, for each, by how much we can decrease the boundi2

count the number of ways the edges can be placed betweenand U;:

Assuming that the connection ofX; to U; is random, the expected number
of verticesu 2 U\ (X;) (i.e. completely joined toX;) is jU;j 2! *il. How-
ever, asy; is bad for X;, the number of common neighbours is below half of the
expected number, therefore the number of possibilities ofi¢se connections is at
least 2 ixii1Y1] times smaller, by LemmdZI9. So, taking the total number (i.ethe
product of the possibilities) we have an additional factor tamost

Y . P . .
(2 injJUjJ)<2 s iUl o sVl 9 tn=(2pt);

i s
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since, by [IB),s "=t and asG, 2 P{, (n;L) we havejU;j n=(2p). Hence,
using " := dn e, we obtain

Nl 2E t n=(2pt) 2E tn2=(2pt): (20)

Combining inequalities [I9), [ZD) and [IR) with [IIF), we ndthat

R;BAD (n;L) pn+1ntn+1 2H(#)n2+1+ e(Tnp) E+E tn2=(2pt) 2e(Tn;p) nz;

if n is su ciently large. 1

3. Proof of Theorems 5[@nd 9 []

Proof of Theorem 5[0 By LemmasID[TIl an@12, almost all graphs frof(n; L)
are inPi{o (N;L)\P e (n;L) (here we use thafP (n;L)j 2%Tm)), By Theorem
M@, almost all graphs fromP (n; L) are in P,5, (n;L), i.e. almost all of them are
in Qloop (N;L). Now LemmalI® implies Theorenls. I

Proof of Theorem 9[0 The proof is based on a pseudo-symmetrization. Let
Peap (ML) = Py(ML)\P i (M L)\P yye (ML) P &oop (ML) R gap (N;L):

(Although we use™ = dn e, we carry it in our notation.) We shall map each graph
Gn 2 Pg,p (ML) onto many L-free graphs, changing at mostn 2 edges inG;,.
The set of these graphs will be denoted by G,). Roughly, the main idea is that
we show that for most of the graph$d,, we havej (H,)j = o{j ( Gp)j). This will
imply that jPg.p (N;L)j = o(jP (n;L)j): We actually will show that Py, (n;L) is
an exponentially small part ofP(n;L). We have to prepare the ground to carry
out these ideas.

we do not care about the \lexicographical order": we just wisto x one optimal
partition.) As in De nition gllet W denote the set of vertices 06, of horizontal
degree at least'n in (Uq;:::;Up). Let fXq;:::;Xsg be amaximal system of
pairwise disjoint BAD ( t)-sets toward U;. (Again, the rst one in some well-
de ned ordering.) We de ne the mapping : Pg,y (n;L) 7! 2P(ML)I as follows.

For G, 2 Py (ML), let ( G,) be the family of graphs obtained by joining
X = X(Gy) = X[ :::[ Xstothe vertices of V(G,) U; X W in any way.
More precisely, let (G,) denote the set of graphs obtained as follows:
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First we remove all edges betweed andV (G,). Then \put" the elements of
X into U;: join the vertices ofX to the vertices ofV(G,) U; W X arblitrarily.

To make our argument more transparent, we de ne directed graphsD; on
the vertex setP(n;L): in the i graph D;, there is an edge fronG, to H,, if
G, 2 F:gAD (n;L), H, 2 ( Gy), and jX(G,)j = i. Then our aim is to show that
in each D; the outdegrees are large and the indegrees are small.

Perhaps the most important property of this map is that (G,,) P (n;L): the
graphs in ( G,) are L-free. Note that this is the part of the proof where we could
not avoid using that L is nite.

To show thatanyH, 2 ( G,) is L-free, observe that if we obtained somie 2 L
during our \symmetrization”, i.e. if L  H,, then the original G,, also contained
anL% L. Indeed,V (L) in H, can be partitioned into four parts:

)R =V(L)\ X 6;,

(i) C =V(L)\ Uy X: the remaining part ofL in Uy,

@iy w =vL)\'w U X,

(ivy L =V(L) U W X.

R, Observe thatL was a GOOD ( t)-tuple in G,,

- N otherwisef X 1;:::; Xsgwas not maximal. Hence
@ < ) i (L)YV U X  Wj>jV(L)j. Therefore we
can x a setY (L)\V U X W with

(_ jYj = jRj. In H, there is no edge betweeiX
and W, and betweenX and U;. So in G, the
( graph spanned byC [ W [ L [ Y contains an
L. This contradiction shovvls thatL 6 H,,.
The next step is to give a lower bound on the outdegrees D, i.e. to estimate
j ( Gp)j, given that jX (G,)j = i. Creating the graphs in (G,), for any pair (a;b
with a2 X andb2 V(G,) U; X W, we may include or excluded;b as an
edge. Hence, using thaXy n " andthatby G, 2 P{, (n;L) the classes are
not big, i.e.jU;j (1=p+ #log(1=#))n; we have

i(Gnj = 2iXj(nj Uijj Xjj Wj)  oin(l 1=p pglo9(12#) i=n o(1))

Jin (1 1=p pEIog(lz#) o(1)) - (21)

Our nal aim is to bound the indegrees il!’lDi. In order to do this, rst we
bound the number of optimal partitions of graphs inP(n;L). Note that during
the operation the number of horizontal edges in the optimalpartitions does not
increase, henc&, 2 P4(n; L) implies ( G,) P #(n;L):
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Lemma 22. Given a graphH, 2 P4(n;L), the number of optimal partitions of
the graphs in  1(H,) is at most 2?PH(P+2 P)n “where the same partition obtained
from di erent graphs are counted only once.

Proof. LetH, 2P4(n;L)and G;;G,2  %(H,), whereG; = G, is allowed. Re-

i-set of the vertices ofG; incident with the edges that were changed by to obtain
H,. Note that as the optimal partitions of G; are {lower regular and balanced, for
everyathere is at most onebsuch thatjV,\ Uyj > n +2i (for1 a;b p). Other-
wise, if sayjVa\ Uy, j;jVa\ Upj > n +2i, theneg,(Va\ Uy ;Va\ U,,) 20?2 4#n2,
contradicting G, 2 P4(n;L).

This implies the existence of a labelling of the classes suttiat for every a,
1 a pwehavejVa Uy (p 1)(n +2i).

by the number of ways the di erence set® , can be chosen:

(P 1 n+2i) Lo
P Ly n+2i p
@ n A < n ] < 22pH(p+2p)n:
i=0 J pn +2ip
|

|
Our next step to bound the indegrees irD; is to give an upper bound on the
number of ways of choosing the BAD ( t)-tuples. The number of ways of choosing
the indexj in U; which is the distinguished class is bounded by. Then we can

to choosef X 1;:::; Xsg is less thann': Then for_ eachx 2  X- we may choose the
classUy, containing x in p ways: altogether in p' ways. By Lemma2R, the number
of ways to x an optimal partition of G, 2  (H,) is at most 22PH (P +2p )n

of G, except the ones adjacent tX . Note that by the de nition of a BAD-tuple,
eachx 2 X had horizontal degree at mostn. Thus the number of ways of adding
the horizontal edges with at least one end point ixX is at most

, i )
X' 9 n ' oi+H (")in -
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We shall use that, asG, 2 P, (n;L), we have

p_ P - p_
n #1og(1=#HN  Umin = Min ffUjJg  Umax := Maxfj Ujjg Dy #log(1=H)n:
p 1jp 1iwp P

For a vertex x 2 X \ U; the number of possibilities of having the edge set iG,
betweenx andV(G,) U; U is at most 2! 2'mn . So the total number of ways
of joining the elements ofX to the rest of the graph excluding to its own class and
U; is at most

2IXi(n 2umin ).
Foranyj sasj (Xj)\ U,jissmallerthan half of its expected value in a random
graph, by Cherno 's inequality (Lemma 19), the number of wag having the edges
betweenX; and U; is at most

2Uma>< (X ] t):

We have to consider this for eactX;. Note that d=te s i. Putting these
together, we have the following upper bound on the maximum degree inD;:

22pH(p +2 p)n p n nts pi 2i+H()in oiXj(n 2Umin ) _512Umax (X5 0

J =
2in[2pH (p +2p )+ o(1)+ H(")+1  2=p+2 P #log(1=#)+1 =p+ P #log(1=#) s ¢=(ip)]

2in[l 1=p+o(1)+2 pH(p( +2 )+ H(")+3 P # log(1=#) t=(pt)] -

With this bound our proof is essentially complete. Recall tat the outdegree was
bounded from below by

oin(l 1=p pElog(lzaﬂqf) o(1)) - (22)

| Comparing the upper bound on the indegree and (22), the outdeee estimate in
"D;, and using (13), we see that the ratio of them is at least 2PV j.e. the
number of BAD graphs withjXj = i is at mostjPx(n;L)j 2 t"™@PY Sincei n,
the number of BAD graphs is at mostjP4(n;L)j 2 "=GPY say. Considering only
the \good graphs" we neglected fewer than 42%™») 1* (other) graphs. This
completes the proof. 1
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