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Abstract

In this paper, we provide a method for determining the asymptotic value of the maximum
edit distance from a given hereditary property. This method permits the edit distance to be
computed without using Szemeedi's Regularity Lemma directly.

Using thesenew methods, we are able to compute the edit distancefrom hereditary properties
for which it was previously unknown. For somegraphs H, the edit distance from Forb(H) is
computed, where Forb(H) is the classof graphs which contain no induced copy of graph H.

Those graphs for which we determine the edit distance asymptotically areH = K, + Ep, an
a-clique with bisolated vertices,and H = K 3.3, a complete bipartite graph. We also provide a
graph, the rst sud construction, for which partitions of the vertex setinto cliguesand cocliques
is insu cien t to determine the edit distance.

In the process,we develop weighted generalizationsof Turan's theorem, which may be of
independert interest.

1 Intro duction

Throughout this paper, we usestandard terminology in the theory of graphs. See,for example, [6].
A subgraph dewid of edges,usually called an independert set, is referred to in this paper as a
coclique , sothat it parallels the notion of a clique .

1.1 Background

The notion of the edit distance of graphswas de ned in [4] as follows:

De nition 1 Let P denotea classof graphs. If G is a xed graph, then the edit distanc e fr om
Gto Pis

Dist(G;P) = minffE(F)4 E(G)j: F 2 P;V(F) = V(G)g

and the edit distanc e from n-vertex graphs to P is

Dist(n; P) = maxfDist(G;P) :jV(G)j = ng:
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It is natural to considerhereditary properties of graphs. A hereditary prop erty is onethat is
closedunder the deletion of vertices. In fact, edge-madali cation for such properties is an important
guestion in computer science,as described in Alon and Stav [1] and biology, as shown in [4].

Clearly, Forb(H) is a.[hereditary property for any graph H. In fact, every hereditary property,
H, can be expressedas ¢ (H) Forb(H), where the intersection is over the family F (H), which

consistsof all graphsH which are the minimal elemerts of H.

In [1], Alon and Stav prove that, for every hereditary property H, there existsap = p (H)
sud that, with high probability, Dist(n; H) = Dist (G(n; p );H) + o(n?), where G(n; p) denotesthe
usual Erdps-Reryi random graph. This fact can be usedto prove the existenceof

def

d (H) €' lim Dist(n; H)= r21 :

1.2 Previous results

The previously-known generalbounds for Dist(n; Forb(H)) are expressedn terms of the so-called
binary chromatic number:

De nition 2 The binary chromatic number of agraphG, g(G) is theleastinteger k+ 1 such

The binary chromatic number [4] is called the \colouring number" of a hereditary property by
Bollobas and Thomason [9] and again by Bollobas [5] and is called the parameter (H) in Promel
and Steger[21]. The term indicatesits generalizibility to multicolorings of the edgesof K j,, or K,.p
asin [3].

The binary chromatic number gives the value of Dist(n; Forb(H)) to within a multiplicativ e
factor of 2, asymptotically:

Theorem 3 ([4]) If H is a graphwith binary chromatic numbker g(H) = k+1, then i o(1) 2
Dist (n; Forb(H)) # 5 .

1.2.1 Known values of d and p

In [4], a large classof graphsH for which d (Forb(H)) is known to be the lower boundin Theorem 3
is described. Namely, if a graph H hasthe property that g(H) = k+ 1 and there exist (A; ¢) and
(a;C) sudh that ead of the following occurs

V(H) cannot be partitioned into c cliquesand A cocliques,
V (H) cannot be partitioned into C cliqguesand a cocliques,
A+c=a+C=kandc k=2 C,

then 1
d (Forb(H)) = E:

It isobsenedin [1]that if H and (A; ¢) and (a; C) satisfy the conditions above, then p (Forb(H)) =
1=2. Furthermore, if H is a self-complemetary graph, then A = C anda= c. So,C + ¢ = Kk,
which impliesc k=2 C and (p (Forb(H));d (Forb(H))) = (1=2; 1=(2k)).



The edit distance from monotone properties is also well-known. A monotone prop erty is,
without lossof generality, closedunder the removal of either verticesor edges.Let M bea monotone
property of graphs. The theoremsof Erdpsand Stone[15 and Erdpsand Simonovits [14] give that

d (M) = 1=r, wherer = minf (F) 1:F 62Mg and p(M)=1

Alon and Stav, in [2], prove that d (Forb(K1.3)) = p (Forb(K1:3)) = 1=3: In this paper, we
generalizethis result to compute the pairs (p ;d ) for hereditary properties of the form Forb(K 5 +
Ep) and Forb K4+ Ep , where K4 is a complete graph on a vertices, Ey, is an empty graph on b
vertices and the \+" denotesa disjoint union of graphs. The claw K 1.3 is Kz + Ej.

In both [4] and in [2], more precise results for determining Dist(n; H) are given for seweral
families of hereditary properties. For this paper, we concernoursehes exclusively with the rst-
order asymptotics.

Finally, in [2], a formula is given for the asymptotic value of the distance Dist(G(n; 1=2); H)
for an arbitrary hereditary property H. It generalizesthe result, stated in [1] and implicit from
argumerts in [4], that almost surely, Dist(G(n; 1=2); Forb(H)) = Wﬁ(m)n r21 o(n?). In this
paper, we will further generalizethis by determining an asymptotic expressionfor Dist(G(n; p); H)
for all p 2 [0;1].

1.3 Colored homomorphisms

Next we recall three de nitions from [1] which are corveniert for us.

De nition 4 A color ed regularity graph (CR G), K, is a completegraph for which the vertices
are partitioned V(K ) = VW (K)[ VB (K) and the edgesare partitioned E (K ) = EW (K )[ EG(K)[
EB(K). The setsVW and VB are the white and black vertices, resgctively, and the setsEW, EG
and EB are the white, gray and black edges,respectively.

Bollobas and Thomason ([8],[10]) originate the use of this structure to de ne so-called basic
hereditary properties. In particular, the paper [10] generalizesthe enumeration of graphs with a
given property P to the problem of computing the probability that G(n;p) 2 P. The problems
are equivalent if p= 1=2. The papers usemany of the techniquesthat are repeatedor cited in the
subsequeh works on edit distance and use other nontrivial ideas.

De nition 5 Let K bea CRG with V(K) = fvy;:::;vkg. The graph property Pk .n consists of all
graphsJ on n vertices for which there is an equipartition A = fA;:1 i kg of the verticesof J
satisfying the following conditions for 1 i< k:

if vi 2 VW (K), then A; spans an empty graphin J,

if vi 2 VB(K), then A; spans a completegraphin J,

if fvi;vig2 EW(K), then (Aj;Aj) spans an empty bipartite graphin J,
if fvi;vjg2 EB(K), then (Ai;A;) spans a complete bipartite graphin J,
if fvi;vig2 EG(K), then (Ai;A;) is unrestricted.

If all of the alove holds, we say that the equipartition witnesses the membership of J in Pk.

De nition 6 A color ed-homomorphism  from a (simple) graph F to a CRG, K, is a mapping
"TV(F)! V(K), which satis es the following:



1. If fu;vg2 E(F) theneither' (u) =" (v) =t2 VB(K), or " (u) 8 ' (v) andf' (u);" (v)g 2
EB(K)[ EG(K).

2. If fu;vg62E(F) theneither' (u)="(NV)=t2VW(K), or"' (u)6 ' (v) andf' (u);' (v)g2
EW(K)[ EG(K).

Moreover, a colored-homomorphisn can be de ned from a CRG, K 2 to another CRG, K % that
satis es the following:
0. If v2 VB(KY, then' (v) 2 VB(K. If v2 VW (K9, then' (v) 2 VW (K %.
1. If (u;v) 2 EB(K9 theneither' (u) ="' (v)=t2 VB(K%, or' (u) 6 "' (v) and (' (u);" (v)) 2
EB(K %[ EG(K 9.
2. If (u;v) 2 EW(K 9 theneither' (u) ="' (v)=t2 VW (K%, or' (u)6 ' (v)and(' (u);' (v)) 2
EW(K %[ EG(K%.

Note that we can usethe second de nition to include the rst, byde ning V(F) = VW (F)[ VB(F)
in sucha way as to make the colored-homomorphismlegal with respect to the edge set.

De niton 7 A CRG, K9 is induc ed in another CRG, K, if there is a colored-homomaorphism
V(K91 V(K) suchthat

is an injection and
for any u;v 2 V(K9 for which f' (u);' (v)g 2 EG(K), then fu;vg 2 EG(K 9.

De nition 8 A CRG, K, is an H-color ed regularity graph (H-CR G) for a hereditary property
H if, for everygraphJ 62H, there is no colored-homomorphismfrom J to K.

Denote K(H) to be the family of all CRGs K such that for every graph J 62H there is no
colored-homomorphismfrom J to K. If there is no colored-homomorphismfrom J to K, then this
is denotal as J 67! K. If there is a colored-homomorphismfrom J to K, then this is denotal as
J 7K.

T
Obsenethat if H =, ¢ (H) Forb(H), then an H-CRG, K, is one such that for all H 2 F (H),
there is no colored-homomorphismfrom H into K.

1.4 Functions of colored regularit y graphs
1.4.1 Binary chromatic number

Previous edit distanceresults were expressedn terms of the so-calledbinary chromatic number,
which can be viewed as an invariant on CRGs for which the edgeset is gray.

De nition 9 Let K (a;c) denotethe CRG with a white vertices, ¢ blackverticesand all edgesgray.

The binary chromatic numb er of a hereditary property H, denotedl g (H), is the least integer

k + 1 suchthat, K(a;c) 62K(H) for all a;c suchthat a+ ¢ = k+ 1. This de nition means that
g (Forb(H)) = g(H) for any graph H.

This quartity is too speci c for our purposes. We needto introduce a function that accouns for
nongray edgesin CRGs.



1.4.2 The function f

Givena CRG, K, we de ne two functions. If K hask vertices, with the usual notation for the edge
setsand the vertex sets, then let

fr (p) & k—12[|0(jVW(K)J' + EW(K)j) + (1 p)(jVB(K)j+ ZIEB(K)j)]:

The function that de nes fk (p) was introduced in [1] and corresponds to equipartitioning the
vertex set of some G which is chosenaccording to the distribution Gy, and mapping the parts
of the partition to the vertices of K. So, f represers the expected proportion of edgesthat are
changedunder the rule that if an edgeis mappedto a white edgeor its endwvertices are mapped to
the samewhite vertex, then the edgeis removed and if a nonedgeis mappedto a black edgeor its
endvertices are mapped to the sameblack vertex, then the edgeis added.

The function f g (p), asa function of p, is a line with aslopein [ 1;1].

1.4.3 The function ¢

The function gk (p) is de ned by a quadratic program. It correspondsnot necessarilyto an equipar-
tition, but a partition with optimal sizes.

In order to dene g, we rst de ne some matrices: Let W g denote the adjacency matrix
of the graph de ned by the white edges,along with the rst jVW (K)j diagonal entries being 1
(corresponding to the white vertices) and the other diagonal entries being 0. Let B ¢k denote the
adjacency matrix of the graph de ned by the black edgesalong with the last jVB(K)j diagonal
erntries being 1 (corresponding to the black vertices) and the other diagonal ertries being 0. We
de ne the matrix M g (p) as follows:

Mk(p) = pWk + (1 pBk:

With this, we de ne gk (p): 8
< min u'Mg (p)u
o(p):=. st:u'l = 1 (1)
: u 0:

If an optimal solution u® has zero ertries, then gk (p) = gk (p) for the CRG, K , induced in K,
whosevertices correspond to the nonzeroertries of u® (Note that K may depend on u®)

Lemma 10 For any CRG K, and any p 2 [0; 1], there existsa CRG K , where K is de ned as
a CRG induced in K by the vertices which correspnd to nonzeo entries of u® suchthat gk (p) =

g (p) = m-

We prove Lemma 10 in Section 3.2.

2 Results

2.1 General bounds

Theorem 11is our main theorem, relating the functions f and g. For p 2 (0; 1), the notation G(n; p)
is the random variable that represerts a graph on n vertices chosenby a random processin which
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ead edgeis presern independertly with probability p. For m 1, G(n; m) is the random variable
that represens a graph on n vertices chosenuniformly at random from all n vertex graphs with
bmc edges.

T
Theorem 11 For a hereditary property H = ¢ (H) Forb(H), let K(H) denoteall CRGs K such

that H 67¢{ K for eachH 2 F(H). Then, d (H) def limp,  Dist(n; H)= 2 exists. De ne

def . def . .
o= ot @ and o) E it o)

Then it is the casethat f (p) = g(p) for all p 2 [0;1],

d(H)= f = ;
(H) pf;‘[%] (P) pT[g;)f] a(p)
and p (H) is the value of p at whichf achievesits maximum. In addition, the function f (p) = g(p)
is convex.
Furthermore, for all p 2 (0; 1),

max  fDist(G:H)g= f(p) - + o(n?):
G:e(G)=p(5) 2

andfor all > 0, Dist G n;p(3) ;H f(p) 2 n 2, with probability approachinglasn! 1.

Of course,by de nition, Dist(n; Forb(H)) = d (H) g + o(n?).

Remark: The main theorem of Alon and Stav [1] states, informally, that there existsap = p (H)
such that Dist(n; H) = Dist(G(n;p );H). Here, we compute the rst-order asymptotic of the edit
distance and show that f (p) 2 is asymptotically the maximum edit distance among all graphs of
density p, and is achieved by the random graph G(n; p(3)). Informally, Dist(G;p(3)) = f (p) 2 +
o(n?) and in the proof, we show, that Dist(G;p) = f (p) 5 + o(n?) aswell.

In addition, Theorem 11 has the advantage that the edit distance can be computed, asymp-
totically, without direct use of Szemeedi's Regularity Lemma. As we seein Theorems 12, 13, 14
and 15, the function f (p) is very usefulin computing the valuesof (p (H);d (H)).

The method for computing (p ;d ) in this paper follows the samepattern for every hereditary

property.

Metho d for computing edit distance:

Upp er bound: Carefully choose CRGs, K%K %2 K(H) (possibly K°= K% and compute
MaXy20:1) MiN f gk o(p); gk oP)g. This maximum is an upper bound for d (H).

Lower bound: Let p bethe value of p at which the function min f gk o(p); gk o p)g achievesits
maximum. For any K 2 K(H), we try to shaw that fx (p ) is at least the upper bound value. If
this is the case,then we have computedd (H); moreover, p (H) isthe p provided above. In order
to do this, we usea type of weighted Turan theorem.

2.2 The edit distance of K, + Ey

We give a classof graphs in which neither the upper nor the lower bounds given by the binary
chromatic number hold.



Theorem 12 Leta 2andb 1 be positive integers. Let H = K4+ Ep, the disjoint union of an
a-clique and a b-coclique. Then,

a 1

1
d (Forb(Ka+ Ep)) = ———— and p (Forb(Ka+ Ep)) = 5 1

a+b 1
i.e., Dist(n; Forb(Ka[ Ep) = g7 5 0o(n?).

We note that g (Ka+ Ep) = maxfa;b+ 1g and so Theorem 12 is an improvemert over [4] in
the casewhena 6 b+ 1. It is alsoan improvemert over Proposition 17, which appearsbelow, in
the casewhen b > 1 and a > 2. Alon and Stav [2] prove the casewhena = 3 and b = 1, the
complemen of the \claw," K.3.

2.3 A few specic graphs

In all known examplesof hereditary propertiesH, the point at which (p (H);d (H)) occursis either
the intersection of two curvesgk o(p); gk o p) or is the maximum of a single curve gk o(p). In either
case,ead CRG can be chosento be onewith only gray edges.

We compute the edit distance of two hereditary properties that demonstrate the complexity of
bothp andd .

2.3.1 The graph K33
The graph K3.3 hasd and p de ned by the local maximum of a single curve g o(p).

Theorem 13 The complete bipartite graph K 3.3 satis es

p (Forb(Kz3)) = pé 1 and d (Forb(Ks3)) = 3 zp 2:
Moreover, p is the local maximum of g o(p), where K © consists of one white vertex, two black
vertices and all gray edges.

It should be noted that neither p nor d could be determined for this hereditary property by
the intersection of a nite number of f curves, simply becausesud intersectionswould occur at
rational points. So, a sequenceof CRGs would be required. By using the g curves, however, we
needonly to usea single CRG.

2.3.2 The graph Hg

Here, the graph we construct is formed by taking Cg and adding a triangle. That is, if the vertices
aref0;1,2,3;4;5,6,7;8g,theni ji i j2f 1, 29 (mod?9) orbothi andj are congruen to
0 modulo 3. For notational simplicity, we call this graph Hg. SeeFigure 1.

An upper bound on d (Forb(Hg)) is de ned by the intersection of two curves, gk o(p); 9k odp),
one of which corresppndsto a CRG that has one black edge. For this graph Hyg, it is impossible
to only consider CRGs which have all edgesgray. It was a folklore belief that for every graph it
is su cien t to consider CRGs which have all edgesgray, Hg is the rst example showing that this
belief is false.



Figure 1. The graph Hyg.

Theorem 14 The graph Hg satis es
p_

d (Forb(Hy)) 7]
Moreover, this value occurs at the intersection of gk o(p) and gx op), where K © consists of two black
vertices and a gray edge and K “consists of four white vertices, a black edgeand 5 gray edges.

In the proof, we show that if only grag—_edge CRGs are used, then the upper bound on d
could be no lessthan 1=5 = 0:2, but 3,2  0:191. The lower bound, from Theorem 3, is
d (Forb(Hg)) 1=6 0:167.

2.4 4-vertex graphs

In [2], Alon and Stav compute (p (Forb(H));d (Forb(H))) for all H on at most 4 vertices. Except
for P3+ K1 and its complemen, all such graphsH are either covered by Theorem 16 (seealso [4])
or are of the form K, + E, or K4 + Ep, which is covered by Theorem 12. Here we give a short and
di erent proof, using Lemma 18, for P3 + K 1, which consistsof a triangle and a pendart edge.

Theorem 15 The graph P3 + K, satis es

p Forb(P3+ Ki) = 2=3 and d Forb(P3+ K1) = 1=3

3 Basic tools

3.1 Impro ved binary chromatic number bounds

Lemma 10, alongwith Theorem 11, yields a proof of a somewhatbetter upper bound for Dist(n; H),
basedon the binary chromatic number.

Recall that K (a;c) denotesthe CRG that consistsof a white vertices, ¢ black vertices and only
gray edges.If k= g(H) 1,then let cyin bethe leastc sothat K(k c;c) 6K (H). Let cmax be
the greatest such number. For H = Forb(H), there exists an upper bound that can be expressed
in terms of the binary chromatic number of H and corresponding Cmin and Cmax.

Theorem 16 ([4]) Let H be a graph with binary chromatic number k + 1 and cnin and Cmax be
de ned asalove. If cpin K=2  Cmax, then
1

d (Forb(H)) = x:



Otherwise, let ¢y be the one of f Cnax; Cmin g that is closestto k=2. Then
0 1

d (Forb(H)) @ qliAE 1
142 @1 @ Kk K

Proposition 17 improvesthis generalupper bound, not only trivially by extending it to general
hereditary properties, but also by improving the casewhen cpax = 0 Or Cpin = K.

Prop osition 17 LetH be a hereditary property with k+ 1= g (H) and cp; Cmax; Cmin de ned anal-
ogouslyto Theorem 16. The boundsin Theorem 16 hold for H. Furthermore, if H 6 Forb(K y+1),

then
1

k+1:

d (H)

Note that d (Forb(Kk+1)) = # by Turan's theorem.

Pro of. If we restrict our attention to the CRGs in K(H) which are of the form K (a;c), then
Theorem 11 givesthat

. . p(l p
d(H max inf . = max min _
(H) p2[0:1] K (a:c)2K (H) %K () (P) p2[0;1]K (a;0)2K (H) a(l p)+ cp

A word on why the \inf " can be made into a \min™: Recall that if H = TH2F ) Forb(H),
then K 2 K(H) meansthat H 67! K for all H 2 F(H). ChoosesomeHg 2 F(H). In order for
K 2 K(H), it must be the casethat Hg 67¢ K. But, there are only a nite number of pairs (a;c)
such that Hg 678 K(a;c). Indeed, Hg 7! K (a;c) if either a (Ho) or c (Ho). Therefore,
regardlessof H, there are only a nite number of (a;c) for which K (a;c) 2 K(H).

Supposethere exist di erent pairs (a;C) and (A; ¢) sucdh that a+ C = A+c= kandc k=2 C.
We bound d (H) by pr;][%]min Ok (a:c)(P); Ok (ac)(P) - If p< 1=2, then

C1 2p) > cd 2p
Cd p+Cp < I p+cp
(k C)@ p+Cp < (k o p+cp
al p+Cp < Al p+cp
Ok (a;C)(p) > Ok (A;c)(p):

similarly, if p> 122, then g (c)(P) < G (s (). SO, MAX MiN- G (ac) (P); G ey () OCCUrS at

the intersection of the two curves,which is (1=2; 1=(2k)).
Otherwise, let ¢y be value of ¢ for which K(k c¢;c) 2 K(H) that is closestto k=2. Without
loss of generality, assumethat cg = ¢ < k=2. If ¢y >p0, then k 3 and we may bound d (H) by

OK (k coico)(P), Which achievesits maximum at p = pk_—k(:of%a and this maximum is
0 1



Finally, considerthe casewhen cy = 0. If there exists someK (; ) 2 K(H) with 1,
then gx (. (p) intersects gk (k.0)(P) at p = kk—+ and the value of ead function at that point is

k(k"i) -, which hasequality only if = l1and = 0. If thereisnosuch K (; ), then, with
H2F (H) Forb(H), each H 7! K (0;1). Therefore, ead H is a clique and sothe smallest one

denes H. The fact that g(H) = k+ 1 requiresH = Forb(K g+1).
So,d (H) & unlessH = Forb(K«1).

3.2 Proof of Lemma 10

Let u®be an optimal solution of (1) and, among such solutions, it is one with the most number of

zeroertries. Let K bea CRG that correspondsto u® Let Mg (p) be the assaiated matrix and

u be the vector formed by removing the zero entries from u® By assumption, u is an optimal

solution of 8
< min u™™Mg (pu

O (p=. st u'l = 1 (2)
' u 0;

wherefrom K the verticesthat correspond to the deleted0 coordinates of u®and the corresponding
rows and columnsof M ¢ (p) are removed. Furthermore, all entries of u are strictly positive.

SupposeM g (p) is not invertible, with M ¢ (p)x = 0 wherex 6 0 and x"1 6 0. Then rescale
x sothat xT1 = 1. Choosean > Osudithat (1 )u + x hasall nonnegative ertries. This is
possibleand is a feasiblesolution to the quadratic program (2), producing the value

(@ Ju+x) Mg @@ Ju+ x)=@ )u) Mk (pu ;

which contradicts the presumedoptimal value.

SupposeM k (p) is not invertible, with M x (p)x = 0 wherex 6 0 and x"1 = 0. Then rescale
X sothat u + x hasnonnegative ertries and at least one zeroentry. This is a feasiblesolution to
(2), producing the value

(U +x)" Mg (P)(u +x)= () Mg (Pu ;

but this corntradicts the value of u becausethis vector has zero ertries. More zero ertries can be
appendedto create a solution of (1) which has more zerosthan u®
Therefore, we may assumethat M g (p) is invertible. Note that both it and its inverse are
symmetric matrices. De ne the following vector: z := Mg (p) 1= 1"Mk (p) 1 . Choose
> 0 small enoughsothat both & (u + 2z) and = (u z) have all ertries nonnegative. Such
an exists becauseall ertries of u are positive.
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These are ead feasiblesolutions and when % (u z) is placedin (2), it givesthe value

TRl TMCPU 2
= Gy M U 2W) M Pz+ 22T M ()2
S (W)™ Mk () 11, o1TMk () Mk (MK () "1
= Ty (u) Mg (ppu 2 T« (p) T + VM () 11
_ 1 T 2 2
D S U PR Ol
1

= (U)'Mk (Pu + ( 2+ ) (u) M (Pu

1TMk (p) 11

If (u)™Mk (Pu 6 1Mk (p) 1 ', then eitheru + zoru z is a better solution to (2)

than u , a cortradiction.
So, (2), hence(l), hasvalue 1TM (p) 1 .

4 Pro of of Theorem 11

Our proof hasthe following outline:
A. Show that every graph G on n verticesand p % edgeshasDist(G;H) f(p) 3 .
B. Show that f is continuous and soit achievesits maximum.
C. Show that, for any xed p and for small enough, Dist (G(n;p);H) f(p) 2 2n? for n
su cien tly large.
D. Shaw that g(p) = f (p) for all p.
E. Shaw that g(p) is concave.

A: Upp er bound.
Recallthat f(p) = inf fx(p)andg(p) = inf gk (p).
K 2K (H) K 2K (H)
Let G be an arbitrary graph on n verticeswith p g edges.Let K 2 K(H) with k = jVB(K)j +
JVW (K)j. We will randomly partition V(G) into k piecesand delete and add edgesin a manner
determined by K. For eath v 2 V(G), randomly, and independertly from other vertices, place v

G by performing the following action for ead distinct i andj in [k]:

If vi 2 VW (K), then delete the edgesin G having both endpoints in V;.

If vi 2 VB(K), then add the non-edgesin G having both endpoints in V;.

If fvi;vjg2 EW(K), then delete the edgesin G having one endpoint in V; and the other in
V.
If fvi;v;g2 EB(K), then add the edgesin G having one endpoint in V; and the other in V;.

If there is an induced copy of H in G° then there is a colored-homomorphismfrom H to K . Since
K 2 K(H), thereisnoH 2 F(H) for which H 7! K. Thus, G°2 H.

11

#



The probability that an edgeis deletedis (jVW (K )j + 2JEW (K )j)=k? and the probability that
a nonedgeis addedis (jVB (K )j + 2JEB(K )j)=k2. Therefore, expected number of changesis

n VW (K)j+ 2EW(K)j n jVB(K)j+ 2EB(K)j
sz ()szj KV 4 a IO)21 ()szj (K)j

n
= fk (p) 5

This implies that there is a partition which results in at most f k (p) 2 changesin order to
transform G into someG®2 H, i.e., Dist(G; H)= r21 fk (p). Sincethis is true for any K 2 K(H),

Dist(G;H)= 5 infy o 1y Fk () = T ().

B: Continuity of f.

We di er slightly from Alon and Stav in their approad in [1] to ensurethe continuity of f. For
terminology and citations of the theoremsbelow, seechapter 7 of Rudin [22].

The setK(H) is courtable sincethe set of nite CRGs is courtable. Therefore, we can linearly
order the menmbers of K(H) asK1;Ky;:::. Let mp(p) = min; fk,(p) and f (p) = inf; fx,(p).
Sinceead f, (p) is aline with slopein [ 1;1], ead mp(p) is Lipschitz with coe cient 1. So,fmpg
forms an equicontiinuous, pointwise bounded family. As sud, fmug has a uniformly corvergen
subsequenceThe limit must, therefore, be continuous. Sincemy ! f pointwise, this limit is f (p).

Sincef iscontinuous,it achievesits maximum in the closedinterval [0; 1]. Therefore, Dist(n; H)
maxp0;11f (p). Dene p sothat f(p ) is this maximum. Note that if somelines are horizontal
then p is not necessarilyunique.

C:. Lower bound for the random graph.

Fix p2 (0;1) and > 0. Let S = S(; H) the function provided by the generalization of the
Regularity Lemma, cited asLemma 2.7 in [1]. The proof below follows ideassimilar to thosein [1].
Let G G(n;p). A routine application of the Cherno bound (see[16]) givesthat the probability
that every equipartition of V(G) into k S piecesVi[ [ VW« hasthe subgraphsG[V;] and the
bipartite subgraphsG[(Vi;V;)] with density in (p n %4 p+ n %4) for all distinct i;j 2 [K] is at
most expf  ( n¥?)g, with p and S xed. Choosen to be large enoughfor sud a graph to exist
and chooseG to be one sud graph.

Let G°2 H have the property that Dist(G;G9 = Dist(G;H). Apply the generalization of the
Regularity Lemma to G® with parameters andm = 2 1. Thereisan S = S(; H) sud that
there is an equipartition of the vertex set: V(G9 = Vi [ [ Vi, with m k S. Eac pieceis
of sizeeither L %' bn=kc or dn=ke.

The graph G%is constructed from this partition in such a way asto ensurethat G°fVi] is either
an empty or complete graph and either dgoo(Vi;V;) = 0 or dgooVi;V;) = 1 or =2 dgo(Vi; V)

1 =2. This is done by deleting edgesfrom sparseclusters and pairs and adding edgesto dense
clusters and pairs. Consequetly, Dist(G% G% < (=2)n2.

is fempty; completeg and fv;;v; g is fwhite;blackg i fdgodVi;Vj) = 0;dgedV;; V;) = 1g; otherwise
fvi,vjgis gray. If there is a colored homomorphismfrom H 2 F(H) to K, then the construction
of G%ensuresthat H is induced in both G%®nd G° Therefore, K must bein K(H).

Sincethe distance betweengraphsis simply a symmetric di erence of edgeswe seeimmediately

12



that the triangle inequality applies:

Dist(G; GY Dist(G; G% Dist(G*G%

Dist(G;G% (=2)n?

p 0 % DWW+ 1 p n % L vB(K)

+p n % LIEWK)+ 1 p n % LIEB(K)] (=2)n?
n (n Kk)(n 2Kk)

k_12 (PIVW(K)j+ (1 pjiVB(K)))

2 nin 1)
+k_12(ijvv(K)j+(1 PIEB(K))) QH
ool (=
G VWO + (@ PIvBIO) 5 1
+k—12(ijW(K)j+(1 PIEB(K))) 2 1 Zﬁk 3?”2
fk@® 5 nZ

So, for eath sucien tly small > 0, the probability that G = G(n; p) satis es Dist(G;H)
f(p) 5 n?approactheslasn! 1.

The only placewhererandomnessis usedabove is to shaw that, with respectto any equipartition
with k S parts, the density of the pairs is closeto p. This is true for G n;p(}) as well,
therefore we concludethat for all su cien tly small, the probability that G G n;p(}) satises
Dist(G;H) f(p) 5 n?approacheslasn! 1.

Thus, f (p) is the supremum of Dist(G;H) for graphs G of density p and Dist(n; H)= g =
f(p) ofl).

D: Equalit y of f and g.
We addressthe g functions. Recalling (1),

8

< min wTMg (p)w
k()= st w1 = 1

' w 0:

If K hask vertices, then w = %1 is a feasible solution, and gk (p) fk (p) for all p 2 [O; 1].
Thus,g(p) f(p).

Fix p2 [0;1] and 2 (0;1) and choosea K 2 K(H) such that gk (p) 9(p) + =2 and an
optimal solution in the corresponding quadratic program, u = (usz;:::;uk), has strictly positive
ertries. Wewill nd aCRG, L (for which the " clustersare equally weighted), that will approximate
the weighted versionof K . Set™ > 5k 1. Construct a CRG, L, on " vertices sud that there are
bu; ¢ or du; e copiesof vertex x; of K in the natural way: Let y®be a copy of x; and y°°be a copy
of x; . The vertex y®hasthe samecolor asx; and y®hasthe samecolor asx;. If i 6 j, then fy© y°%
hasthe samecolor asfx;xjg. If i = j, then fy% y%9 hasthe samecolor as vertex x;.

13



Let o= (dui'e:::;duc e) andd = & “u . Hence,coordinatewise,0 d k1. We canupper
bound the f function of L:

IV (e

fL(p)
= LCu )Mk (Cu +d)

2 1
= (U)'Mk (Pu + <u Mg (p)d+ Zd"Mk (p)d

g ()+ 2(u)TIL+ =171

k

2k
= & (p)+ =(u)'1+ qlTl

2k k2
= &k (At —+

where J is the all onesk k matrix. Sincek="< =5< 1=5, it is true that 2k="+ k?="2< =2,
Therefore,

f) @ <o P+ 5<9P)+
for all 2 (0;1), yielding f (p) = g(p).

E: Concavity of f(p).

A function h is concave on an interval domain if, whenewer a and b are in the domain of h, then
h(ta+ (1 t)b) th(a)+ (1 t)h(b) for all t 2 [0;1].
For the function f , the in m um of linear functions,

f(ta+ (1 tb) = inf ffx(ta+ (1 t)bg= inf ftfx(@)+ (1 t)fgx(bg
K 2K (H) K2K (H)

t K2|}r<n‘(H)ffK(a)g +(1 1 K2|}r<11;H)ffK(b)g =tf(@+ (1 Of (b:

This concludesthe proof of Theorem 11.

5 The computation of p and d for specic families

Let t(n; k) denote the number of edgesin the Turan graph on n vertices with no clique of order
k + 1. The following is a result of elemenary computation:

l .m

k 1n?2 k k 1n? n
SO 5 k= S S .

k 2 8 2

Fl =]
Fl =]

k
2

5.1 General approach

To prove upper boundson d , we use (1) and chooseCRGs whosecurvesintersectat (p ;d ) or a
curve that achievesits maximum at (p ;d ).

14



To prove lower bounds on d , we needto use a weighted Turan approac which seemsto be
quite dicult in general. To seea simple application of the weighted Turan method, we provide a
very short proof of the lower bound in Theorem 3 below:

Let H beagraph with binary chromatic number g andlet K beany CRG for which H 67} K.
This immediately implies that K corntains no clique of order g + 1 whoseedgesare all gray.

In particular, this impliesthat EG(K) t(k; g). Setting p= 1=2, we seethat

f (1=2) 2 (VW (K)j + ZEW(K))) + 3 (VB (K)j + 4EB(K))

kK . C :
5+ GEW(K)] + JEB(K)))

F N e

SELIEE IR SIS

and this provesthe lower bound of Theorem 3.

5.2 Edit distance of K, + Ep
5.2.1 Upp er bound

Here, we chooseK °to have jVW (K9j = a 1, jvB(K9j = 0 and all edgesgray. Furthermore,
we choose K ®to have jVW (K %j = 0, jVB(K%j = b and all edgesgray. It is easyto seethat

both K, + Ep 674 K%and K, + E, 674 K9 An easy computation givesthat gco(p) = ;27 and

gkodp) = 2. The intersection of the two functions is at the point (p ;d ) = 225lr =i .

Moreover, the fact that minf gk o(p); gk oo p)g is strictly unimodal, meansthat our proof below that
g(p) d meansthat p isthe unique value at which g(p) acievesits maximum.

5.2.2 Weighted Turan lemma

The following lemma can be consideredto be a generalization of Turan's theorem. That is, if from
Lemma 18 we only apply condition (1) but not condition (2), then the answer is a basicconsequence
of Turan.

Lemma 18 Leta 2 andlet K be a CRG with the property that any set A of a vertices has at
least one of the following conditions:

(1) A contains at least one white edge,

(2) A contains a spanning sulgraph of black edges.

Then [ n m
(a 1EW(K)+ EB(K) E(n a+1) :

15



Pro of. We x anintegera 2 and proceedvia induction on n. The basecase,n ais trivial.
Now, we assumethat any CRG, K 0 on s < n verticesthat satis es the conditions of the lemma
has(a 1)EW(K9Y+ EB(K9Y d(s=2)(s a)e.
Let K bea CRG on n vertices. If it consistsof only white edges,then

n In m
(a 1EW(K)+EB(K)=(a 1EW(K)=(a 1) 5 E(n a+1) :

Let V(K) S be a maximal set of vertices that doesnot span a white edge. We may assume
that S 6 ; becauseotherwise the minimum black degreeis at leastn a+ 1, proving the claim
of the theorem. By the maximality of V(K) S, for any s2 S there existsat2 V(K) S suc
that st 2 EW(K). Moreover, sincethere is no white edgein V(K) S, vertex s hasat mosta 2
gray neighborsin V(K) S. Otherwise,sanda 1 gray neighborsin V(K) S will violate both
conditions.

The total weight of K is asfollows:

In the CRG inducedby the vertex subsetV (K) S, the weight isat leastd(n jSj)(n S]] a+ 1)=2e,
by induction.

In the CRG induced by the pair (S;V(K) S), eatr s2 S hasat least one white neighbor

and at mosta 2 gray neighbors, sothe weight from sinto V(K) Sisatleast(a 1)+

(n jS] (@ 2) 1)=n |Sj. Sothe weigh is at least|Sj(n |Sj).

In the CRG induced by S, the total weight is at least d(jSj=2)(jS}] a+ 1)e, by induction.

Adding thesetogether, the proof is complete.

Remark: Note that equality holds when S = ; (i.e, there is no white edge) and the gray edges
form a graph that is either (a 2)-regular or hasn 1 vertices of degreea 2 and one vertex of
degreea 3, depending on divisibilit .

5.2.3 Lower bound

Fix p = ;251;. Let K beany CRG for which K 5+ Ep 674 K. To simplify notation, de ne K to

bethe CRG induced by VW (K). First wewill give alower boundonp JEW(K)j+ (1 p )JEB(K)j.

In the bipartite CRG induced by (VW (K);VB(K)), all edgesmust be black, otherwiseK 5 +

Ep 7' c K. Theseedgescortribute a weight of (1 p )jVW (K)jjVB (K)j.

In the CRG induced by VB (K), eadt set of b+ 1 vertices has at least one black edgein the
CRG they induce, otherwise K, + Ep 7! K. The a-clique maps to one vertex and the b-
coclique mapsto the remaining b black vertices. By Turan's theorem, these edgescortribute

aweight of at least(1 p) VBUU  ¢(jVB(K)j;b) .

In the CRG induced by VW (K ), considera set of a vertices. If there is neither a white edge

In this case,map the b-coclique to v; and the a vertices of the clique to vi;:::;va. This
exhibits the fact that K, + E, 7! K. We will apply Lemma 18 to Ky . As a result, these

16



edgescortribute a weight of at least

pEW(Kw)j+ (1 p)IEB(Kw)j
a+7i1[(a DIEW(Kw)j + BEB(Kw)j]
b 1@ DIEW(Kw)j+ EB(Kw)i]

1 jVW(K)]

b 1 > (GVW(K)] a+1) :

The remaining edgesof the CRG cortribute the following to the weight:

a pivwivei+a p) VI rgvekin
7 wiveoi+ b EI gus o
1 . . . jVB(K)j?2 BVB(K)j
2+ b 1 BVW (K)jjVB (K)j + > >

Computing fx (p ) gives,by de nition,

k—12(|0 (VW (K)j+ ZEW(K)j) + (1 p)(VB(K)j+ ZEB(K)j))

e (@ DIVWK)I+ BVB(K)I+ 25VW (VB (K)j

+HIVB(K)Z  BVB(K)j+ VW ()W (K)]  a+ 1)
= v e HVWIOIVB(K)] + VBK) + VW ()
1 . . .
= @ b ke k?+ 2(b  1)jVW (K)jjVB (K)j
1

a+b 1:

fk(p)

Therefore,d (Forb(K 4 + Ep)) = a+—t1)1 and p (Forb(Ka + Ep)) =

a 1
atb 1°
5.3 Edit distance of K33

5.3.1 Upp er bound

The Young tableau in Figure 2 diagramsthe valuesof (a;c) for which K 3.3 67¢ K (a;c) and Figure 3
givesthe graph of K (1; 2) with the regionit de nes shaded.

Here, we chooseK % to have jVW (K 9j = 1, jVB(K9j = 2 and all edgesare gray. That is,
K9= K(1;2) and it is easyto seethat K33 674 K®. We can use Lemma 10 to compute that

gk o(p) = p(11+ pp). The maximum of this function on [0;1] occursat (p ;d )= 2 1,3 2 2.
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1

Figure 2: The Young Figure 3: The graph of gk (1.2)(P)-
tableau of (a;c) for which
Ks.3 67¢ K(a;0).

5.3.2 Lower bound

Fixp = P 2 1. Let K beany CRG for which K 3.3 674 K . For simplicity of notation, de ne Kg to
bethe CRG induced by VB(K). First we will give alower boundonp jJEW(K)j+ (1 p )JEB(K)j.
In the CRG induced by VW (K), all edgesmust be white, otherwiseK 3.3 7! K. Theseedges
cortribute a weight of p VWK1,
In the bipartite CRG inducedby (VW (K);VB(K)), if thereis a triangle fby; by;lzgin VB(K)
that hasall edgeswhite or gray then, for every w 2 VW (K), fb;; wg is white for at least one
i 2 f1;2;3g. Otherwise, K33 7! K.
Since there must be a white edge between every white/gray triangle in VB(K) and ewery
vertex in VW (K), let C  VB(K) be a minimum-sized vertex set that corntains a vertex
from ewery triangle with no black edgesin Kg. These edgescortribute a weight of at least
p VW (K)jCj.
Let Kgnc denotethe CRG induced by VB(K) C. In Kg, there can be no triangle with all
edgesgray, otherwise K3.3 7! K. By the de nition of C, in Kg,c there can be no triangle
with all edgeswhite or gray. Theseedgescortribute a weight of at least

JVB(K)j

o, tVB(K)2)

minfp;1 pg

+(1 2minfp;1 pog) JVB(KZ) cl tGvB(K) Cj;2)

Sincep < 05, p JEW(K)j+ (1 p)jEB(K)j is at least

iVW (K )j _ o iVB(K)i?2 2jVB(K)j
j 2( Ny pivwjici+ p  1YB(K)I 41 (K)j

jVB(K) Cj2 2jVB(K) Cj
4

+(1 2p)

18



Giving a lower bound on f¢ (p ) gives

fk(P)K? = p (GVW(K)j+ ZEW(K))) + (1 p)(VB(K)j+ 2EB(K)))
JVW (K)j
2
jVB(K)j®  2jVB(K)j
4
jVB(K) Cj? 2jVB(K) Cj
4
(1 2p)iCj+ p JVW(K)j*+ 2p jVW (K)jiC]
1 p 1 2p
2 2

pIVW(K)i+ (1 p)iVB(K)j+ 2p

+2p VW (K)jiCj + 2p

+2(1 2p)

+ jVB(K)j? (1 2p)jVB(K)jCj+ iCj?

4p

p . .
2 JVW (K)j(3)

pIVW (KD} + TP jvB ()j2 +

iCj JjCj 2ZvB(K)j+

1 2p
2 1

All that remainsis to verify that the expressionin (3) is at most %pp)kz. We needto divide

this into two cases. First, assumejVB (K)j 122p jVW (K)j. In this case,the value of |Cj that
minimizes (3) is jCj = 0,

_ L, 1 p. _
(PR pIVW(K)P+ T3P VBKOP
2 2
1+p 2 1+p
P p),> P52
= P P23 2 2Kk
1+ p ( )K=
becausethe minimum occursat jVB (K )j = £2-k. Second,assumejVB(K)j  t25-]VW (K)j, i.e,
jVB(K)j  2p k. In this casethe value of jCj that minimizes(3) isjCj = jVB(K)j fLijVW(K)j:
. L, 1 p. L, 1 2p . . 2p . 2
)k p VW (K)Z+ == VB(K)2 == jVB(K)] — VW (K)j
2 2 1 2p
= 2(p )° VW (K)i2 + 2 jVB(K)j2 + 2p VW (K)jjVB (K )]
—plsz()J SIVB(K)J™ + 2p VW (K)jjVB (K)j
2(p )? . L P .
- 2 2 P 2.
= pk T 2 JVW (K)j 2JVB(K)J-

This expressionis minimized at the endpoints of the domain of jVB (K )j. For jVB(K)j = k, we
have & 0:207> PAP)-3 2°2 0:172. For the other endpoint, jVB (K )j = 2p k, we have

1+p
2 2
eI P TP ) D@ )ic= b 2(p)t+ 2p)° K
This givesf « (p) 157 21 0213> %pp): 3 2’3 0172
To summarizepf(p) pﬁpp) = 3 2p 2. Therefore, d (Forb(K33)) = 3 2p§ and

p (Forb(Ks3)) = 2 1.

19



5.4 Edit distance of Hg
5.4.1 Upp er bound

The Young tableau in Figure 4 diagramsthe valuesof (a;c) for which Hg 67! K (a;c). To seethis,
we can exhibit the following partitions of V(G):

3 cliques: ff 0;1;29g;f 3;4;5g;f6;7;8gg

1 coclique, 2 cliques: ff2;7g;8;0;1g;f3;4;5; 699

2 cocliques, 1 clique: ff1;4;7g;f2;5;8g;f0;3; 699

4 cocliques : ff 1;4; 7g;f0; 5g; f 3; 8g; f 2; 6gg.

Figure 5 givesthe graphs of gk (0:2)(P), Gk 3:0)(P) as well as gg ofp) for the K %de ned in the
theorem. The region they de ne is shaded.

W NP O

Figure 4: The Young Figure 5: The graphs of the gk (p) relevant to Hyg.
tableau of (a;c) for which
Hg 674 K (a;0).

Recall that K %satis es jVW (K %j = 4, jVB(K %j = 0, one black edgeand 5 gray edges. See
Figure 6.

(=)
()

Figure 6: The colored regularity graph K %

The graph Hg hasonly two cocliquesof order three: f1;4; 7g and f 2; 5; 89. The verticesthat remain,
f0; 3; 69, form a clique. So,any partition of the verticesof Hg into cocliquesthat usesboth of these
3-caeliques, requires 5 piecesto the partition. As a result, if there were a colored homomorphism
from Hg into K % it would partition the verticesinto one coclique of order 3 and three cocliques of
order 2.
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Assuming such a colored homomorphism exists, we assume,without loss of generality, that one
of the cocliquesis f 1; 4; 7g. The vertex 0 is only nonadjacert to 5. The vertex 3 is only nonadjacert
to 8. The vertex 6 is only nonadjacert to 2. Therefore, the only partition that can witness the
colored homomorphismis ff1;4; 7g;f 0; 5g; f 2; 6g; f 3; 8gg. Between every pair of these cocliquesis
a nonedge. So, no pair of them could be mapped to endpoints of the black edgeof K % Therefore,
Ho 674 K

We can use Lemma 10 to concludethat gg o(p) = % and gk op) = 2(1—5-[)) The intersection is

P p_
at the point (p;d) = 31,32 .
Thus, the upper bound obtained by d max min Ik (a:c)(P) Would be 1=5 = 0:2,

p2[0;1] (a;c):K (a;c)2K (H)
achieved by the igtersection of gk (0;2)(P) = 1—2'“ and gk 3.0)(P) = g But, aswe can seeby Figure 5,

the valued = 3,2 0:191 provides a better upper bound.

5.5 New proof of the edit distance of P;+ K

Alon and Stav [2] computed (p ;d ) for hereditary propertiesde ned by graphson at most 4 vertices.
This paper hasalsodoneso, asa corollary of our results, with the exceptionof Forb Pz + K1 . We
include a computation of the value of (p ;d ) asan application of our technique and to demonstrate
the versatility of Lemma 18.

5.5.1 Upp er bound

Here, we chooseK °= K (0;1) and K %= K (2;0). Recallthat Pz + K is a triangle with a pendart
edge. It is easyto seethat both P;+ K1 67! K%and Pz + K1 67¢ K% We can use Lemma 10 to
concludethat ggo(p) = 1 pand ggodp) = g The intersection is at the point (p ;d ) = %% .

Clearly, this p is unique becauseg(p) < 1=3 for all p 6 2=3.

5.5.2 Lower bound

Fix p = % Let K be any CRG for which Pz + K1 674 K. For simplicity of notation, de ne K
to be the CRG induced by VW (K ). We will give alower boundonp JEW(K)j+ (1 p )JEB(K)j.

In the bipartite CRG inducedby (VW (K); VB (K)), noedgescanbegray, otherwiseP3 + K 7!¢
K. This cortributes minfp ;1 p gjvVW (K)jjVB(K)j.

In the CRG induced by VB(K), no edges can be gray, otherwise P3+ K
7'¢ K. This cortributes minfp ;1 p g VB

In Ky, considerany subsetof 3 vertices. If there is neither a white edgenor a pair of black
edges,then it is possibleto map the verticesof P3 + K ; into those three vertices sothat eat
vertex of the triangle is mappedto a di erent vertex and the pendart vertex is in the vertex
incident to the two gray edges.This cortributes p EW(Kw)+ (1 p )EB(Kw).
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To summarize,usingp = 2=3 and Lemma 18, we have

pIEW(K)j+ (1 p)IEB(K)]

1 . .. . jVB (K)j 1, .. S .
L vweoiveoi+ I L gEwkw)i+ EB(Kw)

1 . . . VB (K)j 1 jVW(K)j,. .
L ivweoiveaoi+ EION e 2 N ey g

. . . -2 . .

_ % VW (K)jVB (K )j + JVBéK)J L VW (K)j 2ZJVW(K)J

Now we give a lower bound on fg (p ):

fi (p )k?

p (VW (K)j+ ZEW(K)) + (L p) (VB(K)j + 2EB(K)])
ZIVW (K)j + ZVB(K)j + 2 (VW (K)jiVB (K)j
L IVBOOR JVB(K) | IVW(K)I2_ 2VW (K)]

2 2

VW (K)j2 + 2j)VW (K)jjVB (K)j + jVB(K)j? = %k%

Wl

So, comparing with the upper bound, d (Forb(P3 + K1)) = 1=3 and sinceg(p) minf gk o(p);
gk op)g < 1=3 for all p6& 2=3, it is alsothe casethat p (Forb(P3;+ K1)) = 2=3.

6 Conclusions

6.1 Observations on functions f and g

The function f (p) is invariant under equipartitions of V(K). To seethis, let K be formed by
partitioning ead vertex of K into ¢ pieceswith the colors of vertices and edgesbe the natural
coloring inherited from K. As a result, jVW (K)j = VW (K)j, jVB(K)j = VB (K)j, JEW(K)j =
GIEW(K)j+ 5 jVW(K)j and JEB(K)j = ¢ZEB(K)j+ 5 jVB(K)j. Thus,
h [
fre(p) = Cz—lkz p(VB(K)j + 2EW(K)j) + (1 p)(jVW(K)j + ZEB(K)j) = fx (p):

The sameis true for gk (p) and g.(p). Any feasible solution, u of the quadratic program
that de nes gk (p) can be made into a feasible solution, & of the quadratic program that de nes
Oc (p) by arbitrarily distributing the weight of one vertex in K to the vertices in K to which it
corresponds. It can be seenthat, if Mk (p) is the matrix corresponding to K and M (p) is the
matrix corresponding to K, then uTMk (p)u = &M (p)t.

The function g is more exible, howewer. It is not only invariant under equipartitions but it is
invariant under arbitrary partitions. To seethis, construct an equivalencerelation on the vertices
of a CRG, K, in which verticesu and v are equivalert if u, v and f u; vg are all the samecolor and,
forallw2 V(K) fu;vg, fu;wg and fv;wg are the samecolor as eat other.

If K isaCRG and K g isthe CRG induced by the equivalencerelation on K , then gk (p) = 9k, (p)-
Therefore, in the computation of g(p), one may ignore CRGs which have nontrivial equivalence
classes.
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6.2 Open questions

Investigating Proposition 17, is there a more corveniert expressionfor the upper bound
basedonly on the Young diagram (seeFigures 2 and 4) of the set of CRGsfK (a;c) : H 67}
K(a;c);8H 2 F(H)g?

To compute the edit distanceis hard, we do not have sharp result even for Forb(K n.n ), where
Km:n is an arbitrary complete bipartite graph.

The precisevalue for d (Hg), where Hg is de ned in Theorem 14, is unknown, but we con-
j%ciure that the upper bound is correct and we further conjecture that p (Forb(Hg)) =

(5 =2 T

Every hereditary property H canbe expresseds ¢ (H) Forb(H) for somefamily of graphs
F(H). In computing edit distance, it may be that somemembersof H 2 F(H) are unneces-
sary, even if they are necessaryto de ne the family. l.e, for hereditary property H, what are
the maximal propertiesH® H such that d (H9 = d (H)?

For exarpple,the strong perfectgraph theorem[11] statesthat perfectgraphsare characterized
byP= | , Forb(Co+1)\ Forb(Cx+1) . But, it isnot dicult to useTheorem16to shav
that d (P) = d (Forb(Cs)) = 1=4.

Our proofsof the lower boundsfor d (Forb(H)) forH = K4+ EporH = K3.3 arecumbersome
and cannot assumethat the total number of verticesin ead of the forbidden CRGsis bounded
by any function of H. Is there a better way to compute the lower bound? Is there a function

of H sothat we needonly to considergk (p) for K whoseorder is bounded by said function?
Finally, the edit distance is unknown for most hereditary properties. So-called unit disk
graphs (UDGSs), see[12], de ne a hereditary property but the family F is not known. It is
easyto seethat K 1.7 cannot occur asan induced subgraphin a UDG. (For somede nitions of
the unit disk graph, K 1.6 is forbidden also.) We beliewve that a small family of sud forbidden
induced subgraphswill be enoughto determine the edit distance from the family of UDGs.

For any graph H, both p (Forb(H)) and d (Forb(H)) can be consideredinvariants of graph
H. Being able to compute theseinvariants even for somegiven xed graph seemsto be quite
dicult in general.

6.3 Thanks

We thank Maria Axenovich for valuable corversations. We also thank Noga Alon for reading a
draft of the paper and making seweral useful commerts. These include the obsenation that the
existenceof the limit that de nes d (H) results from a simple monotonicity argumert.
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