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HEREDITARY PROPERTIES OF WORDS*

JOzZSEF BALOGH! AND BELA BOLLOBAS?

Abstract. Let P be a hereditary property of words, i.e., an infinite
class of finite words such that every subword (block) of a word belonging
to P is also in P. Extending the classical Morse-Hedlund theorem, we
show that either P contains at least n+ 1 words of length n for every n
or, for some N, it contains at most N words of length n for every n.
More importantly, we prove the following quantitative extension of this
result: if P has m < n words of length n then, for every k > n+m, it
contains at most [(m + 1)/2][(m + 1)/2]| words of length k.
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1. INTRODUCTION

For a set A and a natural number n, a word of length n over the alphabet A,
or, simply, an n-word, is a sequence w = (w1, wa, ..., wy) = (w;), with w; € A
for every i. A finite word is an n-word for some n. We write W,,(A) for the set
of all n-words over A, and W*(A4) = U2, W,,(A) for the set of all finite words
over A. The length of a word w € W*(A) is denoted by |w|. A Z-word over A is
a Z-sequence

w=(...,W_2,W_1,Wp, W1, Wa,...) = (w;)*
with w; € A for every i, and we denote by Wy(A) the set of Z-words over A.
Similarly, an N-word is an N-sequence w = (w1, ws,...) = (w;)52, and Wy(A4) is
the set of N-words. An infinite word is a Z-word or an N-word.

When there is no danger of confusion, we frequently suppress various parameters
like A, n, Z and N. Thus a word may mean an n-word, a Z-word or an N-word.

Keywords and phrases. Graph properties, monotone, hereditary, speed, size.

* Research of the first author was partly supported by NSF grant DMS-0302804.

1 Department of Mathematical Sciences, The Ohio State University, Columbus, OH 43210,
USA; e-mail: jobal@math.ohio-state.edu

2 Department of Mathematical Sciences, The University of Memphis, Memphis, TN 38152,

and Trinity College, Cambridge CB2 1TQ, England; e-mail: bollobas@msci.memphis.edu
© EDP Sciences 2004



2 J. BALOGH AND B. BOLLOBAS

Also, we shall frequently omit the brackets in our notation; thus wiws . . . w, means
the same as (w1, ...,wy,). Given a word w = ... w; ..., we call the w; the letters
or digits of w.

An n-block of a word w = (w;) is an n-word of the form wjyi1wjyo ... Wjtn
for some j. For simplicity, we shall frequently say that a word u is a subword
of w, or w is in w, or w contains w, if u is an m-block of w, where n is the
length of u.! Note that a word of length N has N — n + 1 n-blocks, i.e., sub-
words of length n; in particular, a word of length n 4+ 1 has two subwords of
length n. The set of n-blocks of a word w is denoted by P"(w), and the func-
tion n +— |P™(w)| is the speed or complexity of the word w. For example, if
w = ...0101010..., then P3(w) = {010,101}, and [P"(w)| = 2 for n > 1. Simi-
larly, for a set W of words and a natural number n, we put P*(W) = Uyew P (w),
and define n — |P™(W)| to be the speed or complezity of the set W. Thus, if
W = {...0001000..., ...1110111..., ...00001111...} then |P"(W)| = 3n — 1
for n > 3. A Z-word w = (w;) is n-periodic if for every t € Z, we have w; = Wy 4+.
Similarly an N-word w = (w;) is eventually n-periodic if there is an N € N such
that for every ¢t > N we have w; = wiqp.

The basic result concerning the complexity of a word is the classical theorem
of Morse and Hedlund [6] stating that if w is a Z-word then either it is periodic
and so |P"(w)| is constant for n large enough, or [P"™(w)| > n + 1 for every n
(see for the precise statement Th. 2). There are words such that |P™"(w)| =n+1
for every n, for example, the Z-word ...0001000... and the Fibonacci N-word
0 1001010 01001 01001010 .... The Fibonacci word is constructed from the
sequence of finite words a1, as, . .. defined as follows: a; = 0, ag = 01 and for & > 3
the word ay1 is the concatenation of ay and ax—; (in this order): agy1 = agag—1.
Equivalently, the Fibonacci sequence is obtained from 0 by repeatedly substituting
01 for 0 and O for 1. Thus a3 = 01 0, a4 = 010 01, a5 = 01001 010, and so on.
The words aj,as,... are ‘nested’: if the kth digit of a,, is ¢ then for m > n the
kth digit of a,, is also i. The Fibonacci N-sequence is the ‘union’ of the finite
sequences ai, Gz, . . .

The complexity of infinite sequences has been studied in great detail in many
papers; see, e.g., Ferenczi [2], Tijdeman [7] and Heinis [4]. Here we shall consider
some analogous problems concerning the complexity of a hereditary property of
finite words. In keeping with the terminology applied to other combinatorial struc-
tures, we call an infinite set of finite words over a fixed alphabet a property of words.
A property P of words is hereditary if every subword of a word in P is also in P.
Equivalently, a hereditary property is the collection P of all subwords of a set of
words, i.e., P = P(W) for some set of words W, as defined above.

Also, a property P C W*(A) is hereditary if it is the collection of all words
containing no subword of a given family F of words (usually called a family of
forbidden words):

P=P(F)={weW*(A): no block of w belongs to F).

INote that we use the term “subword” in a different way from the usual one; usually 111 is
a subword of 0101010.
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As before, writing P™ for the set of n-words in P, the function n — |P"| is the
speed or complexity of P.

In case P is defined by forbidding finitely many words, i.e., P = P(~F) for a
finite set F, the complexity function n — P(—F) can be calculated exactly using
recurrence equations. However, in the general case, i.e., when F is infinite, the
complexity function is rather mysterious.

Our main aim in this paper is to investigate what slow-growing functions may
arise as complexities of hereditary properties of words. In the next section we
shall prepare the ground for this; in particular, we shall prove the classical Morse-
Hedlund theorem and one of the tools we shall use, the Fine-Wilf theorem. In
Section 3 we shall extend the Morse-Hedlund Theorem for hereditary properties
of words, and present our main result, a quantitative form of this extension, which
is shown to be best possible. In Section 4 we construct a hereditary property
whose speed oscillates rather wildly, and in Section 5 we make some concluding
remarks.

2. BASIC OBSERVATIONS

In preparation for the results in Section 3, we introduce a little more terminology
and make some observations.

A word graph over an alphabet A is a directed graph with loops whose edges
(including loops) are decorated or coloured with elements of A such that no two
edges with the same initial vertex have the same decoration, but all the edges
with the same terminal vertex have the same decoration. (In particular, there is
at most one loop at every vertex.)

Given a word w, let Gi(w) be the word graph whose vertices are the k-words
in w, and a vertex u sends an edge of decoration i to a vertex v if w contains a
(k4 1)-word ending in ¢ whose first k-word is u and second (and last) k-word is v.
Equivalently, v is obtained from w by omitting its first letter and adding ¢ as its
last letter. We call Gy (w) the k-de Bruijn graph of w or simply the k-word graph
of w. Similarly, given a set W of words, Gy(W) = UpewGr(w) is the k-word
graph of W.

Let us collect some observations concerning k-word graphs into the following
lemma.

Lemma 1. (i) A word graph G is a k-word graph iff any two walks of length at
most k ending in the same verter have the same sequence of decorations, and any
two walks of length k with the same sequence of decorations end in the same vertex.
If every vertex is the terminal vertex of a walk of length k then the alphabet of the
k-word graph is the set formed by the decorations of the edges.

(i) A k-word graph is of the form G (w) for some n-word w iff it has a (directed)
walk of length n — k + 1 passing through all edges.

Proof. We shall prove the only assertion that is not entirely trivial, namely the
sufficiency of the conditions in (i). Suppose G satisfies the conditions; our aim is
to assign a word w(x) to each vertex x and define a suitable set W of (k+1)-words.













































