
Math 295E Second Midterm Exam; April 16, 2004 (SOLUTIONS)
Problem 1.

Consider the 1-forms ω1 = xy dx− z2dz and ω2 = (2x + z + y) dy on R3.
Let f : R2 → R3 be the map f(t, s) = (t + s, et−s, ts).

(1) Compute the forms ω1 ∧ ω2 and d(ω1 ∧ ω2).
(2) Compute the form f∗(d(ω1 ∧ ω2)).
(3) Consider the singular 1-cube c : [0, 1] → R3 defined as c(t) =

(1, t, t2). Compute
∫

c
ω1.

Solution.
1) We have

ω1 ∧ ω2 = (xy dx− z2dz) ∧ (2x + z + y) dy =

(2x2y + xyz + xy2)dx ∧ dy − (2xz2 + z3 + z2y)dz ∧ dy =

(2x2y + xyz + xy2)dx ∧ dy + (2xz2 + z3 + z2y)dy ∧ dz.

Hence

d(ω1 ∧ ω2) =
∂

∂z
(2x2y + xyz + xy2)dz ∧ dx ∧ dy +

∂

∂x
(2xz2 + z3 + z2y)dx ∧ dy ∧ dz =

xy dz ∧ dx ∧ dy + 2z2 dx ∧ dy ∧ dz = xy dx ∧ dy ∧ dz + 2z2 dx ∧ dy ∧ dz =

(xy + 2z2)dx ∧ dy ∧ dz

2) Since f∗(d(ω1 ∧ ω2)) is a differential 3-form on R2, we have

f∗(d(ω1 ∧ ω2)) = 0.

3) We have:

∫
c
ω1 =

∫
[0,1]

c∗ω1 =
∫

[0,1]
−(t2)2 dt2 =

= −
∫

[0,1]
2t5 dt = −

∫ 1

0
2t5 dt = −[t6/3]10 = −1/3.

Problem 2.
Let M = {(x, y, x2 − y) ∈ R2|x, y ∈ R}. Then M is a 2-manifold in R3

by Problem 5-6 and the map f : R2 → R3, f(x, y) = (x, y, x2 − y), is a
coordinate system on M .

Let p = (0, 0, 0) ∈ M and let v = (1, 1, 5) ∈ R3 so that vp ∈ R3
p.

Does vp belong to Mp? Provide a proof justifying your answer.

Solution.
1



2

We have

f ′(x, y) =

 1 0
0 1
2x −1


Thus

A := f ′(0, 0) =

1 0
0 1
0 −1

 .

By definition Mp consists of all vectors (Aw)p where w ∈ R2.
For any (w1, w2) ∈ R2 we have:

A

[
w1

w2

]
=

1 0
0 1
0 −1

[
w1

w2

]
=

 w1

w2

−w2


.

Suppose vp = (1, 1, 5)p ∈ Mp. Then there exists w = (w1, w2) ∈ R2 such
that (w1, w2,−w2) = (1, 1, 5). Obviously, this is impossible, since 1 6= −5.

Therefore vp 6∈ Mp.

Problem 3.
For n ≥ 1 let SL(n, R) be the set of all n × n matrices over R with

determinant 1. Let M(n, R) = Rn2
be the set of all n× n matrices over R.

Prove that SL(n, R) ⊆ M(n, R) is a manifold and find the dimension of this
manifold.

Solution. We identify M(n, R) with Rn2
and denote the coordinate func-

tions on M(n, R) = Rn2
by xij , where 1 ≤ i, j ≤ n. Consider the function

f : M(n, R) → R defined as f(X) := det(X)−1, where X ∈ M(n, R). Then
SL(n, R) = f−1(0).

The function f(X) := det(X)−1 is polynomial in the coordinates xij of X
and therefore is smooth. We claim that for any X ∈ SL(n, R) the derivative
f ′|X : M(n, R) → R is surjective, that is f ′|X 6= 0. By Theorem 5.1 this
would imply that SL(n, R) ⊆ M(n, R) = Rn2

is a manifold of dimension
n2 − 1.

Note that if gij(t), where 1 ≤ i, j ≤ n, are differentiable functions of one
variable t and

G(t) =

∣∣∣∣∣∣∣
g11 . . . g1n
...

...
...

gn1 . . . gnn

∣∣∣∣∣∣∣
then
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G′(t) =

∣∣∣∣∣∣∣∣∣
g′11 . . . g′1n

g21 . . . g2n
...

...
...

gn1 . . . gnn

∣∣∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣∣∣
g11 . . . g1n

g′21 . . . g′2n
...

...
...

gn1 . . . gnn

∣∣∣∣∣∣∣∣∣ + · · ·+

∣∣∣∣∣∣∣∣∣
g11 . . . g1n

g21 . . . g2n
...

...
...

g′n1 . . . g′nn

∣∣∣∣∣∣∣∣∣
Therefore for

∂f

∂xij
|X =

∂

∂xij

∣∣∣∣∣∣∣∣∣∣∣∣∣

x11 . . . x1j . . . x1n

x21 . . . x2j . . . x2n
...

...
...

...
...

xi1 . . . xij . . . xin
...

...
...

...
...

xn1 . . . xnj . . . xnn

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

x11 . . . x1j . . . x1n

x21 . . . x2j . . . x2n
...

...
...

...
...

0 . . . 1 . . . 0
...

...
...

...
...

xn1 . . . xnj . . . xnn

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (adjX)ji

where adjX is the adjoint matrix of X.
If X ∈ SL(2, R) then det(X) = 1 and hence X is invertible. Moreover,

in this case X−1 = 1
det(X)adjX = adjX 6= 0. Therefore there exist i, j ∈

{1, . . . , n} such that

0 6= (X−1)ij = (adjX)ji =
∂f

∂xji
|X .

Thus f ′|X 6= 0, as required.

Problem 4.
Let V be a vector space over R. A k-tensor T : V k → R is called symmet-

ric if T (v1, . . . , vk) = T (vσ(1), . . . , vσ(k)) for every permutation σ ∈ Sk and
for all v1, . . . , vk ∈ V . Let Sk(V ) be the set of all symmetric k-tensors on V
(so that Sk(V ) is a subspace of the space Tk(V ) of all k-tensors on V ).

Construct linear maps Symk : Tk(V ) → Sk(V ), k ≥ 1, such that Symk(T ) =
T for any symmetric k-tensor T (with k ≥ 1) and Symk(T ) = 0 for any al-
ternating k-tensor T (with k ≥ 2). Prove that the maps you constructed
have the required properties.

Solution.
For a k-tensor T and v1, . . . , vk ∈ V put

Symk(T )(v1, . . . , vk) :=
1
k!

∑
σ∈Sk

T (vσ(1), . . . , vσ(k)).

It is clear that Symk is a linear map from Tk(V ) to Tk(V ).
1) We claim that if k ≥ 1 then for any T ∈ Tk(V ) the tensor Symk(T ) is

symmetric, that is Symk(T ) ∈ Sk(V ).
Indeed, let T ∈ Tk(V ) be arbitrary. Let η ∈ Sk be an arbitrary permuta-

tion.
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Then for any v1, . . . , vk ∈ V we have

Symk(T )(vη(1), . . . , vη(k)) =
1
k!

∑
σ∈Sk

T (vση(1), . . . , vση(k)) =

=
1
k!

∑
σ∈Sk,σ′=ση

T (vσ′(1), . . . , vσ′(k)) =

=
1
k!

∑
σ′∈Sk

T (vσ′(1), . . . , vσ′(k)) = Symk(T )(v1, . . . , vk).

Thus Symk(T ) is symmetric, as required.
2) Suppose that k ≥ 1 and T is a symmetric k-tensor.
Then for any any v1, . . . , vk ∈ V we have:

Symk(T )(v1, . . . , vk) :=
1
k!

∑
σ∈Sk

T (vσ(1), . . . , vσ(k)) =
1
k!

∑
σ∈Sk

T (v1, . . . , vk) =

1
k!

k!T (v1, . . . , vk) = T (v1, . . . , vk).

Thus Symk(T ) = T , as required.
3) Suppose k ≥ 2 and T is an alternating k-tensor.
Let τ := (12) ∈ Sk be the transposition interchanging 1 and 2.
Then for any any v1, . . . , vk ∈ V we have:

Symk(T )(v1, v2, v3, . . . , vk) :=
1
k!

∑
σ∈Sk

T (vσ(1), vσ(2), vσ(3), . . . , vσ(k)) =

− 1
k!

∑
σ∈Sk

T (vσ(2), vσ(1), vσ(3), . . . , vσ(k) =

− 1
k!

∑
σ∈Sk

T (vστ(1), vστ(1), vστ(3), . . . , vστ(k) =

− 1
k!

∑
σ∈Sk,σ′=στ

T (vσ′(1), vσ′(2), vσ′(3), . . . , vσ′(k)) =

= − 1
k!

∑
σ′∈Sk

T (vσ′(1), vσ′(2), vσ′(3), . . . , vσ′(k)) = −Symk(T )(v1, v2, v3, . . . , vk).

Thus Symk(T )(v1, v2, v3, . . . , vk) = −Symk(T )(v1, v2, v3, . . . , vk) and there-
fore Symk(T )(v1, v2, v3, . . . , vk) = 0. Hence Symk(T ) = 0, as required.


