Homework 11

Problem 7**[optional] Prove that if R is a noetherian ring then the ring of
formal power series R[[z]] is also noetherian.
Solution.
For f(z) =Y o, ¢z’ define the order of f as
or(f) := min{ile; # 0} if f #0
and or(f) :=01if f =0. If n = or(f) we call ¢, the anti-leading coefficient of f
and denote AL(f) := c,.

Let I < R[[z]] be an arbitrary ideal. We need to show that I is finitely generated.
This is obvious for I = 0 so we will assume that I # 0.

Define

A={AL(f): felI} CR.

Note that AL(0) = 0 and hence 0 € A. The same argument as in the proof of
Hilbert’s Basis Theorem shows that:

Lemma 1 We have A< R.

Since R is noetherian, the ideal A is finitely generated and hence there exist
some nonzero elements aq,...,a; € R such that A = (ay,...,ar) < R. For each
j=1,...,k choose f; € I such that AL(f;) = a;. By multiplying f; by powers
of x if necessary, we may assume that there is n > 1 such that or(f;) = n for
j=1,...,k

Consider the map 7, : R[[z]] — R[z] defined as m, (Y o, ciz’) = E?:—Ol cixt.
It is easy to see that m, is a homomorphism of R-modules and hence 7, (I) is a
submodule of the finitely generated R-module

P, ={f € R[z] : deg(f) < n}.

Since P, is a finitely generated R-module and R is a noetherian ring, it follows
that 7, (I) is also a finitely generated R-module. Choose h},...,h! € P, such
that m,(I) is generated by h},...,hl as an R-module. For each j = 1,...,m
choose h; € I such that 7, (h;) = h);.

Thus for every f € I there exist r1,...,7, € R such that

7T’I’L(f) = 7"-n(rlhl + -+ rmhm)a

That is, the power series f and r1hy + ...7rph,, have the same coefficients for all
powers of z up to 2" L.
We claim that

I = (h],.-~7hmaf1a--'7fk)<lRHx]]’

and hence [ is finitely generated, as required.

Let g € I be an arbitrary element. By the choice of h; there exist r1,...,r, € R
such that

(g —r1h1 — -+ — rmhy,) = 0.

We denote f:=g—rihy — -+ — ihy,. Thus or(f) > nand f =)o ¢zl is an
element of .

contradict the assumption that I is not finitely generated and therefore finish
the proof):

To show that I = (h1,...,hum, f1,..., fr) it suffices to prove:

Lemma 2 We have

f € (f1,7f]€)<lRH$]]
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Proof of Lemma 2. We need to show that there exist elements g1, ..., gr € R[[z]]
such that

(*) [=r5o+ fag2+ ... frgk
in R[[x]].

Recall that f =>"° ¢;z’. Also, or(fj) =nand f; = > o d; ja'.

Denote the coefficients of g; (which are yet to be proven to exist) by g; =
Yo bigt.

By fully distributing the right-hand side of (*) we conclude that proving the
existence of ¢1,...,gx € R[[z]] satisfying (*) is equivalent to proving that there

exist {b;; € R:1<j <k,0<1i< oo} such that:

k
() Cn =Y bojdn;
j=1
k k
Cnp1 = bojdni1j+ ¥ b1jdn;
j=1 j=1

k k k
Cnrz =Y bojdniaj+ Y bujdnir;+ Y b jdn;
j=1 7j=1 j=1

t k
Cnpt = DY bpjdniip,;

p=0j=1

fort=0,1,2,....
We will prove by induction on ¢ = 0,1, ... that for each ¢t > 0 there exist

{bp; ER:1<j<k0<p<t}
such that the first ¢t + 1 equations (up to ¢,4¢) in (!) hold.

Base of Induction. For ¢ = 0 note that ¢, € A since f € I. Since A =
(a1,...,ax)< R and f; € I has order n and the anti-leading coefficient a; = d,, ;, it
follows that ¢, € A = (dn1,...,dn k) <R. Therefore there exist bg1,...,bk1 € R
such that

k
Cn =bo1dp1 +bodn 2+ +bordn i = Zbo,jdn,j-

j=1
Thus we have found bg 1, ...,br1 € R such that the first equation in (!) holds.

Inductive Step. Suppose now that ¢ > 0 and we have constructed {b,; € R :
1<j<kO0<p<t—1} such that the first ¢ equations of (!) hold. We need to
find b¢1,..., b ; such that, together with the previously constructed b; ;, the ¢ +1
equation of (!), involving ¢4, holds.



Consider the power series

k K K
fr=f- Zbo,jfj - Zbl,jﬂﬂf]‘ - th—l,jxtilfj-
=1 =1 =

By fully distributing the right-hand side in the above equality and computing
the coefficients for all 2°, i = 0,...,n +t we observe the following. The fact that
the equations of (!) involving ¢y, ¢yy1,-- -, Cnyi—1 hold implies that or(f') > n+t.

Moreover, the coefficient at ™% in f’ is

t—1 k
= Cure = )Y bpjdure—p.

p=0 j=1
By construction f’ € I and therefore ¢ € A = (dy1,...,dn k) < R. Therefore the
exist by 1,...,b:; € R such that ¢ = Zle by jdy,; and hence

t—1 k k t k
it = D> bpjdniips+ Y bejdn;=> > bpjidniip;,
p=0j—1 j=1 p=0j=1

as required.
This concludes the proof of Lemma 2 and the proof that R[[z]] is noetherian. O



