Math 481

17. fa.
¥

¢ We want to define f «, for any r-form @ and gingular r-cube 4 in a manifold M:
%!
a) Definition : In coordinates (U, (z!,...,2")) on M, we have v :[0,1]" = M, v(u!,... ,u") =

(' (u!,... ,2"),... 2 (ut,. .. ,2")), and @ = E;{-’:(]f_‘il(-u(irgﬂ) ade>. So
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So, now that we've written v*a = f(u!,... ,u")dul A... A du", just define
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b} Example: Line integrals, see Handout #15 d).
¢) Example: M = R? Take the 2-form a = dz' A dz* (the Euclidean “area form”) and
the singular 2-cube y(u',u?) = (9(u! — 1)%,4%), 0 < w' < 1. Then

foz:?u.
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d) Example: M = R?, o = dz' Adz?, y(u!,4?) = ((u! 4 1) cos (27u?), (u! + 1) sin (27u?)).

fa should be 7(2)? — = (1)%2 = 37. Check this!

~y

Now, calculate / 8. We have
Oy

07 ="r20+71,1— Y21 — 71,0 = 71,1 — 1,05
where
120(e') = (u! + 1,0), 71,1 (¢*) = (2cos (27u?), 2sin (272%)),
Y21 (ul) = (ul + 110)1 71,0(“’2) = (COS (27ru2),sin (27”1'2))'

Check that the answer is ... 3 #!




: 7 " 46. Maxwell's Field Equations

’; N In classical electromagnetic field theory one deals with the following
y ' quantities: .
' R " E = electric field H = magnetic field
. B= magﬁetic induction _I. = electric current d-él.lsity
D= die]ech:ic displacement p= charée density.

* These are all functions of the space variables 2, %, 2 and the time . The

basic Maxwell equations in ordinary vector language are

() curlE=— -1— % (Far;a.da.y’s law of in&uction)
cdt . .
. 1 oD y
(i) curl H=— j 6t (Ampére’s law)
| (i) divD =4dnp {continuity)

iv) divB =20 * (nonexistence of true magnetism)

Here cis the speedrof light. We shall pﬁt these equations into the language
of exterior forms. To this end, we set

o ={E, d=' + B, da* + B, dx°)(cdt) : azq?&! 26(.-);.4 U}
o - + (B, dx’dx3+Bzdx3dx’+B dat da?),

= —(H,da' + H,da? + Hydz*)(odt) | C =Cosba }
5 + (D, da? do® + D, da? dz* + Dy dat da?), " lo=q b(.;}

= (& & 47, da? d? + 7 dot da) dt pdet da? da.

Equa.tlons (i} and (xv) become

s da = 0.
Eguations (ii} and (iil} become
ap + 4ny = 0.
\ - Applying d to this last equation yields
: : dy =0,
in vector notation
3
div ) + —E = 0.

From the equation da = 0 one concludes, at lea,st in any region of space-time
wh.lch ean be shrunken to a point, that there is a one—form A such that

did = o
We éntri:ducé the vector poﬁential A and a scalar 4, by writing
A=Ay ot + dyd® + Ay da® + Aqodt. '
The equatlon d). = ¢ in vector form is

curlA=B

addy—--—=E.
er P
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L 2 APPLICATIONS
In free space, everything simplifies acecording to
"E=D, H=B,
J=0, p=0

46

so that the Maxwel} equations become
14H
curlE:-—--a—- divE=0
¢ O

' 1E .
cur1H=-§— divH = 0.
We introduce the Lorentz melric into 4-space whereby
. . dat, da?, dx®, cdt
is an orthonormal basis: S
(o, do?) = 89,  (da’,cdt) = 0,
(cdt, cdf) = —1.
The aignafure is3-1=2.
According to the formulas of Section 2.7,
+(da? da?) = —da?(cdf), ebe.,
. *(dz! cdt) = dz® da®, .ete.
We see that - _ .
' Ca = (Bydat + -+ Yedt) + (Hyda’da® + 00D
=~ (Hydz' + <o Yedt) + (Byda?da® + - +)

= =0,

" Consequently Maxwell's équatic‘ms in free space are simply

( da=0
dax = 0.
“We return to the general situation and refine our anslysis by introdusing

one-forms:
CFJ! =E1dx1 + Ezdxz + E3d$3

w, = B, di da? + B, dsdat + By ' dz?
@, = Hydo! + Hyde® + Hydo*
w0y = J, da? & + T, 4 &t + Vs dat de’.
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46. MAXWELL’S FIELD EQUATIONS 47

. These involve spaee variable differentials only. Now we interpret-d’ to
~ denote the exferior derivative with respect lo space variables only. We intro-
duce 8/0¢ in this form

a .
§(m1)=d)l =E1dxl+ "',et'e.

Now the Maxwell equations are

! H
’ .
dm1=‘—zwz

-Jdl 47{ +1 -
0y =— w5 +—&
3 ¢ 5 c 4

do, =0 ]
o, = dnpde? dz?da®.

"The Poynting energy-flux vector S is introduced by

[4
S=|—])E
(47:) x H
that is '
"i‘ (;%) a}l Am3=81&$zdm3+82dx3dxl.+83dzlda:2.
Poynting’s theorem,
* | 1 . R
(—1—) B-H+E ]+ (——-) E-D+divs§=0,
47, dr

follows from
$(wy A w3) = Foy A @3 — 0y A dw,
_ | Ao fdm +1 .
= e 3@ AT @5 T 0
1

. dr 1 .
= =Wy AWy — — Wy A Dg— =y Ay -
P 2 3 ¢ 1 5 ¢ 1 4

For bodies at rest, one assumes D = xE, B = yH where the dieleciric constané
x and the permeability u are constant in time. Then Poynting’s theorem
becomes

_%;aivsu-j
where -

1
u = —(xE* + pH?)
8n
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iv. APPLICATIONS v
is the energy density of the field. The quantity E-} is calied the the;m
chemical activily. . ’ . :

4.7. Problems ' _

1. Develop the formula for the Laplacian in cylindrical coordinates.

2. A complex matrix 4 is unitary if A4* =1, where 4* =*4, t}
transpose conjugate of A. We call 4 skew-hermitian if 4% +4 =
Discuss the connection between unitary and skew-hermitian matrices.

" 3. Show that ¢* is orthogonal if 4 is skew-symmetric. Here

-] n
Ae‘i = I —
: +n§1 al

for the real matrix 4.
4. Set up & frame and the structure equations for a sphere of radius j

Compute the curvatures.
5. Find Gaussian curvature of the surface of revolution obtained k

. 1evolving the curve ' \
z = cos 6 + lntan (0/2) '
y =sing
IE ' .
§<6<n

about the z-axis.

6. Given a surface in the form z = f{z, ¥), develop formulas for H and..
in terms of f and its partial derivatives. )

‘7. Lét T be a surface. Let e, , e, and e}, e} be two moving frames .
tangent yectors to L. Determine the relation between the correspondix
@ and w’ and verify that dw =dw'. o '

8. Lete,,e;,e, and e}, e}, e} be two moving frames in E3. Set 1
the orthogonal matrix relating these frames and determine how the corr
sponding Q and £’ are related. :




