H/wk 10. Due Friday, April 13.
NAME:

1. Let w be an r-form in a manifold M™ such that for some r-chain ¢ in M with
do =0 we have [ w # 0. Prove that w is not exact.

Solution.
Suppose that w is exact, so that w = da for some (r—1)-form «. Then by Stokes’

Theorem
/wz/daz/ ozz/ozzO7
o o do 0

contradicting the assumption that fg w # 0.
2. Let T? = {(z,y,z,w) € R*: 22 + 9% = 22 + w? = 1}.
Consider the following 1-forms on T?%: w; := dr +
—dz + m=—dw

22++w? 22+4w?2 .

Consider the following 1-cubes v; : [0,1] — T2 and 7 : [0,1] — T? in T?:
7 (t) = (cos 2wt,sin 27t,1,0), ~2(t) = (1,0, cos 27t, sin 27t),  where ¢ € [0, 1].

(a) Show that 0y, = 0y2 = 0.

(b) Compute fm w1 and fw wy. Conclude that w; and wy are not exact on T2.

(c) Consider the chart (U,¢ = (01,02)) on T? where ¢(U) = (0,27) x (0,2m)
and where ¢~1(01,0:) = (cosfy,sinfy,cosby,sinf). Compute w; and wy in the
chart (U, ¢), that is, calculate (¢~!)*w; for i = 1,2. Then verify that dw; = 0 and
dws = 0 in this chart hence, by continuity, dw; = 0 and dws = 0 on T2. Thus w;
and wsy are closed on T2.

(d) Let c1,c2 € R be such that ¢ + ¢3 # 0. Show that there exists a linear
combination o = a7y; + by, such that fa [c1w1 + cows] # 0 (and hence ciwy + cows
is not exact since 9o = ady; + Iy =a-0+b-0=0).

Solution.

(a) We have

w{ny wzin dy and wy :=

’}/1(0) = ’)/1(1) = (1,0, ]., 0)
Hence 0y1 = 71(1) — 1(0) = 0. Similarly

72(0) = 2(1) = (1,0,1,0)
and therefore dys = y2(1) — 12(0) = 0.

(b)
L o= /H Vi (wn) =

/ —sin 27t cos 27t
[0

(—2msin 27t dt) + —5—— (2w cos 27t dt) =
cos? 27t + sin” 27t

1] cos? 27t + sin® 27t

= / 27 dt = 2.
[0,1]

A similar computation shows that

/ wo = 2.
Y2

1



(¢) We have

s —sinf . cos 01

(67w = —3 bt s 91( sin61)doy + — PRy
A similar computation shows that (¢~1)*ws = dfs.

Since ddf, = 0 and ddf; = 0, it follows that dw; = 0 and dwy, = 0 on U. By
continuity this implies that dw; = 0 and dws = 0 on T2, that is, the forms w; and
wy are closed on T2.

(d) Let c1,co € R be such that ¢ + ¢3 # 0.

Put o := ¢171 + c2y2. Note that vfws = 0 and y5w; = 0 and hence f'Yl Wy =

(COS 91)(101 = d91

w1 = 0.
Y2
Then

/C1w1 + cowo = (01/ cwy + 02w2> + <02/ cwy + C2w2> =
4 71 71
_ 2 2 _
—cl/wl—i—clcg/ w2+0102/ w1+02/ Wy =
Y1 Y1 Y2 Y2

=c -2+ ci-2m =2n(c +c3) # 0.

We have 0o = ¢1071 + 2072 = 0.

Hence by Problem 1 the form cjw; + cows is not exact on 12.

Note: This shows that wq,ws are linearly independent in H},,(T?) and so
dimH},,(T?) > 2. In fact, one can show using a Fourier series argument, that
wi,ws is a basis of H}p(T?) and that dimH}, ,(T?) = 2.

3. In the notations of Problem 2, compute

/ yzdx A dw.
T2

Note.
We can use a good cubulation of T2 given by v : [0,27] x [0,27] — T2, where
v(01,02) = (cosby,sin by, cos B, sin Oy).

2
/ yzdr A\ dw = / v (yzdx A dw) = / sin 01 cos 6 (— sin 61)df; A cos Oadls =
T [0,27]2 [0,27]2

27T 27
— / sin? 0y cos? 0,df,dby = — / sin? 0, db; / cos? Oadfy =
[0,27]2 0 0

27 1 _ 27
_ (/ 1 COS(291>d91> (/ 1+cos(292)d92) _ a2
0 2 0 2

4. Let M = {(z,y) € R? : y > 0}. Consider a Riemannian metric g on M given
by:

| 0D iy g2 Ly 0 _ o+ b
Il@w) \ Y5 oy’ Oz oy)  yr

where (z,y) € M and a,b,d’, b’ € R.
(a) Compute the volume form dA on M, corresponding to g, as a multiple of
dx N dy.
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(b) Consider the region R := {(z,y) : 0 < <1,y > 1} in M. Find the area of
this region with respect to dA.

Solution.
(a) We have dA = V EF — G?dx A dy. Here
0 0 1
E =
9, (8.73 833) y?2’
o 0 1
g|(zy)(a ay) 7
and 0 o
= 9l (57 ay)
Hence
=V EF — GQda:/\dy—,/ da:/\dy——dx/\dy
on M.

(b) The area of R is

/Ry dxdy_/()1</100;2dy) dx:/ol[ 1/y]7* dﬂi—/oldle.

5. Let f :[0,1] — R be a smooth function with f(z) > 0 for every = € [0, 1]. Let
C be the graph of f in the zy-plane and let M be the surface obtained by rotating
C around the z-axis in R3.

Consider the following 2-cube, giving a good cubulation of M:

v :[0,1] x [0,27] — M,~(t,0) = (¢, f(t) cos @, f(t)sinb).

We assume that M is given a Riemannian metric that is the restriction of the
standard Riemannian metric on R3. Let dA be the resulting volume form on M.

(a) For a point p = (¢,6) on M compute the outward normal vector n to M at
D-

Hint. Use the fact that n is parallel to fy*(g) X 7*(6@) = ‘Zl;’ X ‘;g

(b) Compute dA|,,¢) and y*dA.

(c) Prove that the surface area of S is equal to

/0 2rf/1+ (f')%

Solution.
(a) We have Ccll—z = (1, f'(t) cos B, f'(t)sinf) and dA* = (0, —f(t)sinb, f(t) cos ).
Hence
€1 €9 €3
1 f'(t)cosO f'(t)sin@| = f(t)(f'(t), — cos @, —sin )
T 0 —f(t)sinf f(t)cosb

v 1

ol = W(f’(t), —cosf,—sinb).



(b) Therefore
dAly 10y = n'dy A dz + nPdz A dz + nPde A dy =

Q) —cosf —sinf
Y gyndet —BY  onde o+ —R7 g Ady.
oot o " a0
‘We have

yidy AN dz = (f'(t) cos0dt — f(t)sin0df) A (f'(t)sinfdt + f(t) cos0db) =
= f()f'(t) dt A db,

v*(dz Adz) = (f'(t)sinOdt + f(t) cos0dO) A dt = — f(t) cos Odt A db,
and

v (dx A dy) = dt A (f'(t) cosOdt — f(t)sin0df) = — f(t) sin Odt A d6.

Therefore

v (dA) = EW (f'@)F(t) + f(t)cos®> O + f(t)sin®0) dt A df =
f(t)\/%dt ANdO = f(t)v/1+ (f'(t))? dt Adb

(c) The area of S is

/ dA = / Y (dA) =
s [0,1]x[0,27]

1 2 1
/0 ( ; F®)/1+ (f’(t))2d0> dt = 27r/0 F@OV1+ (f'(t))3dt.



