Homework 5-Math 231 h
Due date: October 11. Submission in pairs.
(1) page 768 no 13, 14* (ignore linearly independent-just find two solutions).
(2) page 768 no 20,21,22*.
(3) page 769 no 5, 11, 15, 12*.
(4) page 770 no 35, 37, 38*. no 36 is extra credit.



1. An example using power series

We consider

f// — f
with f(0) =1, f'(0) = —1.
The point is to try

f(x) = Z apx” .
k>0

Then
f'(x) = Z apkz® !
k> 1
and
f(x) = Z ark(k — 1)z*2% = Z apyo(k +2)(k +1)2* .
k> 2 k>0
How to explain the last step? The smallest exponent in the first sum is 2272 = 2°.

SO we have to start with & = 0. Obviously, the k in a; is two bigger than the
exponent. So aj o corresponds to xk, .

The equation f” = f entails

Z apr® = Z apyo(k +2)(k + 1)z* .

k>0 k>0

For this to work we need

ar = (k+2)(k+ 1)agis .

Also
ap = f(0) =1, ay = f(0) = ~1
This gives
1 1
Qg = 2a0 =9
1
=3M T T
In general

The solution is




1. AN EXAMPLE USING POWER SERIES

As seen today all this calculation would be useless without having convergence.
1\ #
lim |ax|V* = lim (k‘) =0.
Let us show this: Let € > 0. Then we may choose kg such that kg > 6% Since

[ (k= ko) Ink

Pt 2 = In ko

we can find k; such that for k > k; we have

(1{7— ko) 11’1]{?0 > 111]{30
k 2

This implies

wIH

k
(k —ko)Ink In &
Soms > S s

for k > k. Taking exponentlals we get

E)YE > ™% = ko .

This gives
1
0< (EWWF < — <&

Vko
for all kK > k;. Thus

lilgn(k!)_l/k =0

and hence

1
— = lim(k"~V*
7 h’gn(k.) .

This means R = oo. This is good! Our solution exists for all x and the formula’s

= Zkakxk’l
k
"(z) = Zk(k — Dayz*?
K

are indeed valid (not so with the example from class).
Conclusion: We have indeed found a solution.
Remark: In the book I found

e’ +e " 1 zF 1 Lok
coshle) = 5= = 33 G+ p D
o 22k
- Y- Yy
eve k>0
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Similarly,

. et —e " 1 LA | Lok
sinh(z) = 5 =3 Z i) Z(_l) o
k k
k 2k+1

X xr
:ZH:Z% o
rodd ’fZO( +1)

Hence our solution is
f(z) = cosh(z) — sinh(x) .
Let’s check! f(0) =1, f/(0) = —1 and
f"(z) = cosh”(z) —sinh”(z) = cosh(z) — sinh(z) .

Yes, indeed, f(x) = cosh(z) — sinh(z) is a solution.



