(1) (25P) Let A C R be a closed bounded set. Show that
supA e A.

(2) (30P) We consider our favorite metric space (Z, d,) with the g-adic metric.

For x € Z, we recall ri(z) to be the remainder with respect to ¢*, i.e.

v = apd" +ri(z), 0 < rp(x) < ¢

for some a; € Z. Show that the map u : Z, — R (usual metric for R)
defined by

u(e) = 3 rila)g

k=1
is Lipschitz.
(3) Let F' be an archimedian totally ordered field.
(a) (10P) Let a € F and a > 0. Show that there is an integer such that
a<n<a-+?2.
(b) (15P) Let 0 < a < b € F. Show that there exists an integer such that
a < 7 <b. (Hint: First choose k such that a + % < b and then try to
apply (a) for o’ = £7).
(c¢) (10P) Show that Q is dense in F.

Solutions for Exam1
1): Let A C R be a closed bounded set. Show that

supA e A.
Solution: Let us assume to the contrary that sup A € A¢. Since A€ is open, we
find € > 0 such that
(s—e,s+¢)C A°.

By the criterion for the supremum we find a € A such that
s—e<a.

This contradiction proves the claim.
2): We consider our favorite metric space (Z, d,) with the g-adic metric. For = € Z,

we recall () to be the remainder with respect to ¢*, i.e.

T = apgt +ri(x), 0 <rp(z) < ¢~

1
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for some aj, € Z. Show that the map u : Z, — R (usual metric for R) defined by

—2k

is Lipschitz.
Solution: Let z,y € Z and n maximal such that ¢"|x —y. Let 1 < k < r and

T = aqu +7ri(x) and y = bqu + ()
Then, we deduce from k < n that
¢“lz —y = (ar — br)gd" + (ri(z) — ri(y)) -

Hence ¢* divides (r3(x) — ri(y)) which means r(z) = r(y). From the geometric

series, we deduce that

lu(z) —u(y)| = D (ru(x) = rily))a ™

k=n+1

> Iru(@) = ri(y)la

<
k=n+1
G 1
< Z B N G —
k=n+1 q
1
q
q
This shows that u is Lipschitz with constant 1‘11 |

3): Let F' be an totally ordered archimedian field.

a) Let a € F and a > 0. Show that there is an integer such that a < n < a + 2.
Solution: Since F' is archimedian we known that A = {n € N : a < n} is not empty.
Let ng be the smallest element in A. Assume ng > a+2,thenng—1 > a+1 > 1.
This contradiction shows a < ng < a + 2.

c) Let 0 < a < b€ F. Show that there exists an integer such that a < 7 < b,
Solution: Since F' is archimedian we may find k& such that % < b’T“ We define
a= ga and find n such that

ka<n<ka+2.
Then, we get

<n< +2<b
a - a - .
k K

Here we go.
c¢) Show that Q is dense in F.
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Solution: Let z € F and € > 0. Let m > —x and consider a = 2 + m > 0.

According to b) we find n, k € N such that
n
a < E <a-+e.
This implies

n — km
k

T <

Therefore

The assertion is proved.

<xr+e€.



Practice problems for the second exam

(1) Let C C X be a totally bounded subset of a metric space X. Show that

for every € > 0 there are x4, ..., x,, € C such that
C C B(zy,e)U---U B(xp,€) .
Deduce from this that there exists a countable subset D C C such that
DcC.
(2) Show that a totally bounded, complete set (in a metric space) is compact.
(Hint: use previous problem).
(3) (a) Let f:[0,a] — R be continuous on [0, a, diff’le on (0,a) and f(0) = 0,
f'(x) >0 for all 0 < x < a. Show that f(z) > 0.

assume f'(z) < ™. Show that f(z) < Z-. (Hint: g(z) = £ — f(x)).
(c¢) Let f :[0,a] — R continuous, differentiable, f(0) = 0 and f'(x) =
f(z). Let ¢ = sup,¢oq |f(2)]. Show by induction that
c
< —a".
@) < S

Deduce from this that f(z) =0 on [0, a.
(d) Conclude that f'(z) = f(z) with f(0) = 1 has at most one solution.

(4) Show that
. T (1-z)?

holds for —1 < z < 1.



Exam2-347
Name:
An A will be awarded if you obtain 80 or more points (Problem 3) or 4)!)
(1) (15P) Let f : [a,b] — R be continuous and differentiable on (a, b) such that
|f'(t)] < 1. Show that f is Lipschitz with constant 1.



(2) Let(X,d) be a metric space.
(a) (10P) Let € > 0 and (x,,) C X such that

d(Tn, ) > €

for all n # m. Show that (z,,) does not have a convergent subsequence.

(b) (30P) Show that a sequentially compact set C' C X is totally bounded.
(Hint: Proceed by contradiction and construct by induction a sequence
x, € C such that x,.1 ¢ B(x1,e)U---U B(zp,€).)



(3) (25P)
(a) Let (a,) be a sequence such that (limsup,, a,)”" > r and such that

flz) = Zanx”
satisfies
(@) = f(x) on (—r,r) and f(0)=f(0)=1, f'(0)=2.

Show that ag = a1 = ao = 1 and that
an
ST 3 2)mt 1)
(Hint you may use the fact that two power series coincide if and only
if the coefficients coincide, (the proof of this fact yields extra credit))
(b) Show that there exists a solution of f”(z) = f(z), f(0) =1 = f'(0)
and f”(0) = 2 which is defined on R.




(4) (25P) Let g : R — R be a function such that ¢(0) = 0, g(y) > 0 for all
y >0 and g(y) <0 for all y < 0. Let f a solution of

fix) = g(f(x))
on [0,00). Show that only the two alternatives may occur
(a) f(z) >0 forall z >0 or
(b) f(z) <0 for all z < 0.
(Hint: Investigate the situation 0 < zy with f(zp) > 0 assume that there
exists x1 > xo with f(z1) < 0. A clever choice of x; leads to a contradiction

by the mean value theorem).



Exam?2-347

(1) Let f : [a,b] — R be continuous and differentiable on (a,b) such that
|f'(t)] < 1. Show that f is Lipschitz with constant 1.

Proof: Let a < x <y < b, we apply the MVT and find = < z < y such
that

and hence

1f () = f@) = [ ()lle =yl < [z —yl.

(2) Let(X,d) be a metric space.

(a)

Let € > 0 and (x,) C X such that
d(zp, xm) > €

for all n # m. Show that (z,) does not have a convergent subsequence.
Proof: Let (ny) be a subsequence and assume (z,, ))k is Cauchy then

there exists an kg such that
d(zp,, Tp,,) < €

for all k,m > kq. For k = ko+1, m = ko+2 we obtain contradiction. M
Show that a sequentially compact set C' is totally bounded. (Hint:
Proceed by contradiction and construct by induction a sequence x,,
such that z,41 ¢ B(x1,e) U--- B(zy,,¢€).)

Proof: Let £ > 0 if there are not x, ..., z, such that C C B(z,¢) U
.-+ U B(xy,€). This means:

VoenVay...anecdr € C'\ B(x1,e) U---U B(xy,,¢) .

.....

Since every empty set it totally bounded, we may find z; € C. We
apply our condition for n = 1 and find 25 € C'\ B(x1,¢). Let us assume

we have fund x4, ..., x,, such that
Try1 € C\B($1,€) U---u B({L‘k,€) .

Then we apply the criterion for n and find z € C'\ B(x1,e) U--- U
B(xy,, ). We call this 2,41 = . In this way (axiom of choice) we find
() such that

Tpe1 € C\ B(xy,e) U+ U B(xg, )
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holds for all £ € N. In particular
d(z;,x) > ¢

for all j < k. By symmetry of the distance the condition in a) is
satisfied and hence (xj) does not have a convergent subsequence. M
(3) (25P)

a) Let (a,) be a sequence such that (limsup, a,)~' > 7 and such that
(a) n

flz) = Zanx”
n=0

satisfies

f(0) = f'(0) = f"(0) =1.

Show that ag = a; = as = 1 and that

G,

(n+3)(n+2)

Ap43 =

Proof: Applying the theorem on differentiation of power series several

times, we find

f"(x) = Zn(n —1)(n — 2)a,a™?

n=0

and
flz) = Zanx”.
n=0

With the uniqueness of power series, we get
(n+3)(n+2)(n+1)aps = ay, .

This yields the assertion. [ |

Proof: We define ag = a1 = 1 = a, and inductively

a _ 3(n—1)+k _ a3(n—2)+k
T Bn+ k) Bn+k—1)0Bn+k—2)  Gn+k)Bn+k—1)Bn+k—2)Bn+k—3)(3n-
k!

B+ k)"
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This yields

= ifn=0 mod3orn=1 mod3

S |~

a, =

|no

In=2 mod3

1
. . 1 . 1
Since lim, (n!)» = oo we deduce lim, a;; = oo and therefore
= E anx"
n

is 3-times differentiable. Using the theorem on differentiation of power
series, we deduce f”(z) = f(x) and f(0) = ap =1, f'(0) = a; = 1,
17(0) = 2a;, = 2.
(4) (25P) Let g : R — R be a function such that ¢(0) = 0, g(y) > 0 for all
y >0 and g(y) <0 for all y < 0. Let f a solution of

f'(x) = g(f(x))

n [0,00). Show that only the three alternatives may occur
( ) f(z) =0 for all z =0,
(b) f(x) >0 for all x > 0 or
I

()

(Hint: Investigate the situation 0 < zo with f(zp) > 0 assume that there

x) <0 for all x < 0.

exists x; > o with f(z1) < 0. A clever choice of x; leads to a contradiction
by the mean value theorem).
Proof: Assume f(zy) > 0 and that there exists z > xy with f(z;) <O0.

Since f is continuous

x1 = inf{x > z¢ : f(z) <0}

satisfies 1 > zy. Since z; = lim, x; — % and f(x; — %) >0 for all n € N,
we see that

flzy) = 1i7rlnf(x1 — %) > 0.
By definition of the inf there exists y, > x; such that f(y,) < 0 and
f(yn) < 0. Thus by continuity of f, we find f(x;) = lim, f(y,) < 0.
Therefore f(z1) = 0. By the mean values theorem we find 2y < y < 24
such that

T1 — Xo 1 — Zo

However, f(y) > 0 because y < x; and therefore g(f(y)) > 0 -a contradic-

tion.
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This means that if for some xq > 0 we have f(zy) > 0, then for all
x > xg, we have f(z) > 0. Since we can apply this for f' = —gf we deduce
that there are no sign changes.

Now, given a solution, we consider two cases: Either for all x we have
f(z) < 0 or there exists an z with f(z) > 0. In the second case, we have
f(y) > 0 for all y > x. Then either f(y) > 0 for all 0 < y < z and we
are done or there exists 0 < y < z with f(y) < 0. Using the first part for
f= —g(f), we deduce f(z) < 0 for all z > y. In particular, f(z) < 0 a
contradiction. This contradiction proves that f(x) > 0 for all x > 0.
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(1) Let g : R — R be an strictly increasing function. Let f; and f» continuous
on [0, 1] and differentiable on (0, 1) such that f,(0) =1 = f»(0) and

filx) = g(fi(x)) and  fi(z) = g(fa(x)).

(a) Assume that fi(xg) > fao(xo). Show that for all 1 <z >z

fi(z) > falx) .

(Hint: Proceeding by contradiction, we may consider xs = inf{z :
x > xofi(z) < fa(x)}. By continuity fi(xe) = fi(ze) and x5 > z9
(show this)-mean value theorem!)

Proof: We assume that there exists g < z < 1 such that fi(z) <
fo(z). Then the set

A =A{z:z>z0fi1(z) < folz)}

is not empty and hence xs = inf A is well defined. Let (y,) € A

converge to xs. Then

fi(yn) = falyn) <0

for all n. Hence by continuity

filxe) = folxe) = lim fi(yn) = folyn) < 0.

In particular, we deduce x5 > xy. We consider z, = x5 — % Then for
n > ng we have x,, € A° and thus fi(z,) > f2(2,). Passing to the limit
implies

filz2) =2 folza) .
Now, we apply the MWT and find xy < z < x5 such that

fa(zo) = filwo) _ fi(we) — fa(wa) — (f1(0) — fo(wo))

o — Xy To — X

= fi(z) = f3(2) = g(f1(2)) —g(f2(2)) > 0.

Since the left hand term is negative this is a contradiction. [ |
(b) (EXTRA CREDIT) Conclude that either fi(z) > fo(z) forall 0 < z <
1 or fi(z) < fa(z) for all 0 < 2 < 1. (Hint: Consider z3 = inf{x :
fi(z) > fo(x)}. If x3 = 0 you are done (why). If 3 > 0 you will find
fi(x) = fo(zx) for all 0 < x < x5 and fi(x) > fo(x) for all x > x5.)
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Solution: Either fi(z) < fo(z) for all x or

A ={z>0: fi(z) > fo(x)}

is non-empty. If inf A = 0, we consider > 0 and find 0 < zy < 0 such that
fi(zo) > fa(x) and the a) implies fi(xz) > fo(z). If inf A = 9 > 0, the
same argument as above shows that fi(z3) = fo(z3). Hence, as a before,
we find fi(xz) > fo(z) for all z > x3. Now, we consider 0 < = < z3. If
fi(z) < fa(x) we then we see that {y > x : fi(x) > fa(x)} is not empty
because z3 is such a point. Interchanging the roles of f; and f, in a) we
deduce a fi(y) < f2(y) for all y > z-a contradiction. Therefore, we find
fi(z) = fa(z) for all 0 < x < xo. In particular, fi(z) > fo(z) for all
x> 0. [ |
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Final exam 347-2004
Name:

(1) Give an example of subset C' C X, (X, d) a metric space such that
(a) (5P) C is closed, but not compact.
(b) (5P) C' is totally bounded, but not compact.
(c) (5P) C' is compact but not connected.
) (

(d) (10P) C' is sequentially compact, but not compact.
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(2) (30P) Let (a,) be a sequence such that limsup, |a,|+ > 1, ag = 1 and

Zan:i%

n=0

Show that there exists 0 < 2 < 1 such that

2 = E na,z" b
n

Hint: You have to combine two theorems form the course.
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(3) Show that the set
{(z,y) 12> -1,-1<y<1e" < cos(z+y)}

is compact. Justify your arguments by introducing some auxilary functions.



(4) (40P) Show Dini’s theorem: Let (f,,) be a sequence of continuous functions
on [0, 1] such that

fn(x) S fn—l—l(x)

and the limit function g(x) = lim,, g, (z) is continuous. Then (f,,) converges
uniformly.

(Hint: For every x € C find n(x) such that g(z) < fuw) + 5. Then
you can find 6(x) > 0 such that d(z,y) < 0(z) implies |g(y) — g(z)| <

5 and [fu@)(®) = fa@ ()| < § (why ?). Apply compactness and define

nog = max{n(zri),....n(xy)}. Use g(y) > fuly) > fa@) (which i?) to
conclude.)
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(5) (40P) Let 0 = 2y < 1 < -+ < x, = 1 and ag,....,an—1 € R. Let f be
defined by
f(x) = a

whenever x; < x < x;,1. Show that f is integrable and that

/1f(x)dx = iai(mﬂ — ;).

(Hint: Choose 6 > 0 small enough and consider the partition I5 with
points 0 = xg <z —0 <11 <xT3—0 < Ty < -2, —0 < x,. Estimate
S(f, I;) — 2(f, Is) and don’t forget a picture.)
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Final exam solution 347-2004
Name:

(1) Give an example of subset C' C X, (X, d) a metric space such that
(a) C'is closed, but not compact. Indeed, C' = R is closed but not compact.
(b) C is totally bounded, but not compact. Indeed, C' = [0, 1) is totally
bounded, because C' C [0, 1] and totally bounded subsets of totally
bounded sets are totally bounded.
(c) C is compact but not connected. Indeed, C' = [0,1] U [2,3] is closed

and bounded, hence compact and V = [0,1] = (—1,1.5) N C and
W =12,3] = (1.5,4) N C are open, satisfy VU W = C and are both
not empty.

(d) C is sequentially compact, but not compact. Such a set cannot exists
(This is the final version of the characterization theorem).
(2) Show the mean value theorem for differentiable functions. State explicitly
the assumptions. (You may use Rolle’s Lemma).
Solution: MVT: f is continuous on [a,b] and differentiable on (a,b).

Then there exists a < < b such that

f(b) = f(a)
/ —
Proof: We defined
f(b) = fla
o(@) = £(&) ~ fla) ~ (a — )OO
Then g(a) = 0= g(b). ¢ is continuous on [a, b] and differentiable on (a, b)
and hence there exists a < x < b such that

0= g) = fw) - TU=HD

(3) (30P) Let (a,) be a sequence such that limsup,, |a,|= > 1, ag = 1 and

Zan =3
n=0

Show that there exists 0 < z < 1 such that

2 = E na,x" ' .
n

Hint: You have to combine two theorems form the course.
Proof: Define

flz) = Zana:”
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By the differentiation theorem for power series (R > 1 by assumption)
fl(z) = Znanx”_l.

The mean value theorem for differentiation provides x such that
f(1)— f(0
=10 _ piyy.
Indeed, f(0) =ap and f(1) = > a, =3.
(4) Show that the set

2 =

{(zyy) ;o> -1,-1<y<1le” < cos(z+y)}

is compact. Justify your arguments.

Proof: We define go(x,y) = €, g1(x,y) = — cos(z+y) = — cos(h(z,y))
where h(z,y) is given by h(z,y) = x +y. We first note that the functions
m(z,y) = x and my(x,y) = y are obviously continuous. Then A is the sum
of continuous functions and hence continuous. g¢; is the composition of a
continuous function with a continuous function, hence continuous. gq is
the composition of m; with the continuous function and hence continuous.
Therefore the set

A= A{(z,y) : golz,y) —gi(x,y) <0} = {(z,9) : golz,y) — g1(,y) > 0}°

is the complement of an pen set because gy — ¢; is continuous. The set A’

defined in the problem satisfies
A" = An[-1,1] x [-1,0]

because for z > 0 we have e > 1 > cos(z + y). |
(5) Show Dini’s theorem: Let C' be a compact subset f a metric space and (f},)

be a sequence of continuous functions on [0, 1] such that

fn(x) < fn+1<x>

and the limit function g(x) = lim,, g,(z) is continuous. Then (f,,) converges
uniformly.
Solution: Let € > 0. For every = € C' there exists n(z) such that
€
g9(x) — 3 < fn(:t:)(x) :

Since fp () is continuous there exists d;(x) such that

d(z,y) < 01(x)
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implies
15

Since g is continuous, there exists da(x) > 0 such that
d(fE,y) < 52(ZE)
implies
£
l9(y) —g(x)] < 3.
let 6(x) = min{d;(z), da(z)}. Then

¢ c | B i)

zeC

By compactness, there exist x1, ...., x,, such that
C C B(x1,0(z1)) U+ U B(xp, 0(Tm)) -

Let n > max{n(x1),....,n(z,,)}. Let y € C. Then there exists x; such that
d(y,x;) < 0(x;). Therefore, we get

l9(y) —g(x)| < g

and hence
Ful0) = Faw®) = fuw— 5 = 9la) =5 = gly)—<.
This implies with f,(y) < g(y) that
l9(y) = fuly)| <€
for all y € C and n > max{n(zi),.....,n(zm)}. |
Let 0=2p <21 <--- <z, =1 and ag,....,a,_1 € R. Let f be defined by

whenever z; < x < x;,1. Show that f is integrable and that

/1f(l')dx = gamﬂ — ).

Solution: Let ¢ > and < min;—q
and J = {z1 — 9, ...,2,_1 — d}. We consider Is = [ U J. We first observe
that

nLi+1 — Lijt1- Let I = {171, ey 1

inf f=wa = sup f.

[$i7xi+1_6] [a:i,zi+1—5]
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However,
inf f = min{a;, a;11}
[®ip1—0], i1
and
sup  f = max{a;, a;1} -
[Tit1—0],®ip1
Therefore, we get

—

n—

i(ﬁ I;) = 5(f, I;) = d(max{a;, a1} — min{a;, aiy1})
i=0
< éon( max a; — min a;)
1=0,...,n 1=0,...,n
Hence 6 < (manics — oo brovides

E(f.1s) = B(f,15) <e.

In particular, we get
1

S(f, 1s) S/fﬁi(fafa)'

The same estimate as above yields

1=0,...,n 1=0,...,n

\Zai(a’iﬂ — ;) — X(f, I5)] < dn( max a; — min a;)
i=1

The assertion follows. [ ]



