1. Integration

DEFINITION 1.1. A partition P of an interval |a,b] is a finite subset of [a,b] such
that a € P and b € P.
pP) = inf |z —y .
0(P) = max inf |z —y|

If P, and P, are partitions, then Py U Py is a partition and

6<P1 U P2) S mln{é(Pl),é(Pg)} .
REMARK 1.2. If P s a parition, we may define

Top = a
and inductively
Ty = inf{x € P @ o> x} .

Since P is finite we find m € N such that x,, = b. Thus

To<x1 <<z, = b.

We will use the notation P = {a = x¢ < x1 < .... < T, = b}.
Let f : [a,b] — R be a function and P = {a = 29 < 21 < .... < &, = b} be a

partition. Then we define

M; = sup  f(z) , my = sup f(x)
i <x<Tit1 zi<x<x
and
m—1 m—1
M(f,P) = Zmi(l’z‘ﬂ—ﬂl?i) , m(f,P) = Zmi(l'z‘ﬂ—fb’i)-
i=0 i=0

LEMMA 1.3. Let Py, P, be two partitions.
(1) M(f,P) > M(f,PLUDP,).
(2) m(f,P1) < m(f,PLUDP,).
(3) m(f, 1) < M(f, P»).
(Proof by induction on |P; U P|.)
DEFINITION 1.4. A bounded function f is called D-integrable if

supm(f, P) = inf M(f,P).
P P

In this case
/f = ir}ng(f,P).
Examples: f(z) =z, f(z) = 22
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PROPOSITION 1.5. If f and g are integrable and \ € R, then f + \g is integrable

/f+)\g:/f+>\/g.

Example: Exact integration formulas for polynomials of degree 2.
Example: Calculate i 2!

THEOREM 1.6. C’ontz'Z;ous functions are integrable.

LEMMA 1.7. A continuous function on a compact set is uniformly continuous.

THEOREM 1.8. (Funadmental I) g continuous differentiable on (a,b) then ¢' is in-
tegrable and

[ =9t~ gta).

THEOREM 1.9. (Fundamental II) f integrable then

is continuous. If f is continuous at x, then F'(x) = f(x).
Applications: Integrartion by parts and change of variable.

COROLLARY 1.10. R = (limsup,, |a,|=)~. Then

x
+1

k
\O/zk:akl‘k = zk:aklf—|—1

Applications: Power series solution of certain differential equations.




