1. Suprema and Limsup

1.1. Supremum. In the following F' is a totally ordered field. Let A C F', we
say that b is an upper bound for A (short A < b) if

a<b

for all a € A. We say that A is bounded above if there exists b € F with A < b. We
say that s = sup A if A < s and for all A < ', we have s < . The supremum is
the least upper bound.
Similarly, we use b < A and inf A = —sup —A. A set A is bounded if there exists
b1, by € F such that

by < A<by.

Remark: If F' is complete, then F' is archimedian.

PROPOSITION 1.1. If F' is a complete, totally ordered field, then every nonempty set

which 1s bounded above has a supremum.

PrOOF. We define B = {be F': A <b}.
Case 1): Ve >0dac A,beB : b—a<c¢
We apply this to ¢ = % and find a, € A, b, € B such that b+ k — a;, < % Let us
denote (AC) by (ax), (bg) the sequences so obtained. Define

A, = max{ay,...,ar} By = min{by,...,b.} .

Then, we have for all k

akSAkSBkakak‘f‘%-
This implies for £ < n

Ak<An<Bk<ak<Ak+%
and

ak<Bn<Bk<bk<bk+%

This implies

1 1
|Ak—An|leE and ‘Bk_Bn|§E

for all & < n. Therefore (Ay) and (Bj) are Cauchy sequences with |A; — By| <

Since F' is complete, we see that s = lim, A, exists and satisfies

1
£

limA, = s = lim B, .
k k

1
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Let us show that s € B. Let a € A and € > 0. Then there exists a k such that
by <s+e

This implies
a<b,<s+e.

Since s is arbitrary, we find a < s. Now, let s > A and ¢ > 0. We find a;, such that
s<ap+e.

This implies
s<ap+e<s +e.

Since ¢ > 0 is arbitrary, we deduce s = sup A.
Case 2): 3¢ > (Wa € A, be Bb—a>c¢.
Since A and B are nonempty, we may fix ag € A and by € B. We show by induction
that b; € B. This is true for j = 0. If the assertion is true for j, then our assumption
implies

a<bj—e¢

for all @ € A. Thus b;;; € B. Choose k such that k& > M Then, we deduce
aogbk = bo—k5<b0—(b0—a0)<a0.

This contradiction shows that there is no gap in archimdian fields and the assertion

is proved. [ |

PROPOSITION 1.2. Let A be bounded above and x € F. Then x = sup A if and only
of

i) A<u,

i) Ve >0da€e Az —e<a.

PROOF. It suffices to show that ii) is equivalent to
A<d =<

In the proof above we have seen that condition ii) implies that for every s’ > A, we
have x < s'.

If ii) is violated, we find € > 0 such that x —e > A. Thus x — ¢ is an upper bound
and x — e < z. Thus z is not a lower bound for the upper bounds of A.

Thus ii) is equivalent to x is a lower bound for the upper bounds and we are done. W
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REMARK 1.3. Every totally ordered field contains Q. A Dedekind cut is a pair (A, B)
of disjoint subsets of Q such that

AUB = Q

and
a<b

forallae A, be B. If F' is complete, we may define
z(A,B) = supA€F.
It is easily shown that Q is also dense in F' and hence
F = {x(A,B) : (A, B) Dedkind cut } .

Form this it is ‘easily’ that all complete totally ordered fields are isomorphic.

Therefore we will use R for the unique totally ordered field.

1.2. Limsup. A sequence (z,) is called bounded if {z, : n € N} is bounded.
The limes superior is defined by
limsup = inf{sup{z, : n >m}:m e N}.

n

Sometimes we also write

limsup = inf sup z,, .
n m n>m

PROPOSITION 1.4. Let (z,,) be bounded and x € R. Then x = limsup,, x, if and
only if

i) Ve >0dmVm >n:x, <z -+e.

i) Ve >0Vm3an >m:x, >z —¢.

Proor. We introduce

Ym = SUD Ty, .
n>m

Let us show that ii) is equivalent to inf y,, > x.
Indeed, if inf,, y,, > x, then y,, > x for all m € N. Given € > 0, we may then find
n > m such that

Ty > Yn —E>T —E.
Conversely, assume inf,, y,, < x. Define § = % Then x — ¢ is not a lower
bound for {y,, : m € N} and hence there exists m such that y,, < z — J. By the

definition of the supremum we get

Ty, < —0
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for all n > m. This contradicts ii).
Now, we show that i) is equivalent to inf,, y,, < z.
Indeed, inf,, y,, < x means that for every € > 0, the real number x + ¢ is not a lower

bound. Hence, there exists m € N such that y,, < x 4+ . Thus for all n > m
Tp SYn <T+E.

Thus condition i) is satisfied.

Conversely, we assume inf,, y,, > = and define 2¢ = inf,, y,, — x. Then y,, > v + ¢
for all m € N. And hence there exists n > m such that z,, > =z + ¢ for all n > m.
This means condition i) is violated.

The proof is complete. |

PROPOSITION 1.5. Let (x,,) be positive numbers

1 x
. . +1
limsupz; < limsup —— .

n n T

PROOF. we may assume (by convention) that y = limsup, -5 is finite. Let

€ >0and z =y + 5. Then there exists an ng such that Tpi1/xn, < z for all n > ng.
This yields

m—1
Tn _ H Tk+1 S Zm,n0,1.
x X
no k=no k

Therefore, we find
T, < 2"zl .

This implies

1
1 T =
no n
zh < z .
"= (z”OH)

Using lim,, ar = 1, we find n; > ng such that

( Tng >i< y+e

Zno—i—l y+%
for all n > ny. This implies
L ey+te
Tn <Y+ 3 =y+te
(v 2)y+% y

for all n > ny. Since € > 0 is arbitrary the assertion follows. [ |
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1.3. Limit sets of sequences. Let (z,) be a sequence in a metric space (X, d).
We define

Lim(z,) = {x € X : I(ng) : = = 1i]£n Ty} -
Here, we allow only strictly increasing sequences of natural numbers.
PROPOSITION 1.6. Lim(z,) = U, {z, : n > m}. In particular, x € Lim(z,) if and
only if
Ve >0Vm € NIn >m : d(z,,z) <c.

PRrROOF. The in particular part is direct application for the description of A =
{x :Ve >0 : B(zx,e) N A # (}. Let us assume that z = limy x,,, and £ > 0. Then

there exists kg such that
d(z,z,,) <e

for all £ > ko. Let m € N. Since ny > k, we deduce that for k¥ = max{ko + 1,m}

we have n, > m and k > ky and hence
d(z,z,,) <e.
Conversely, we assume that
Ve >0Vm e Nan >m : d(z,,z) <c.
We apply this for e =1 and m = 1 and find n; such that
d(z,z, ) <1.

We reapply the assumption to € = % and m = n; + 1 and find ny > n; such that

d(z,x,,) < % .
Inductively, we find ng,q > n; such that
d(z,7y,,,) < % :
+1
Therefore x = limy, x,,, € Lim(z,,). [ |

COROLLARY 1.7. Lim(z,,) is closed.
let recall the notation max A = s of s =sup A and s € A.

PROPOSITION 1.8. Let (x,,) be a bounded sequence. Then

max Lim(z,) = limsupz, .



PROOF. First, we show that x = limsup,, z,, € Lim(z,). Indeed, let £ > 0 and
mo € N. Then there exists an m; € N such that

Ty, <X +E€

for all n > m and in particular for all n > max{mgy, m;}. Using ii), we find = >
max{myg, m;} such that also

Ty, > T —E.

Thus d(z, z,) < e. Therefore

lim sup x,, € Lim(z,)
n

and in particular, limsup, z, < supLim(z,). Now, let y = limgxz,, and ¢ > 0.
Then there exists kg such that

€
y<xnk+§

for all &k > ky. We choose m such that

. €

T, < limsupz, + 5

for all n > m. Then, we may find k > k¢ such that ny > m and thus

€ .

Yy < Ty, + 3 < limsupzx, +¢.

Since € > 0 is arbitrary, we deduce y < limsup,, z,,. [ |
COROLLARY 1.9. Every bounded sequence in R has a convergent subsequence.

PRrROOF. limsup,, z,, € Lim(z,,). |

COROLLARY 1.10. Let f : [a,b] — R be a continuous function. Then there exists a
a < x9 <b such that

f(zo) = sup{f(x) : a <z <b}.
PROOF. Let us first assume that
{f(z) - a <z <}
is bounded. Define y = sup{f(z) : a <z < b}. Then, we find x,, € [a, b] such that
y—%éf(l“n) =y
Let (ng) such that zo = limy, ,,, exists. Then continuity implies
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Now, we have to show that {f(z) : a <z < b} is bounded. If that is not the case,
then we find (x,) C [a,b] such that f(z,) > n. Let (x,,) a convergent subsequence
and y = f(zg). Choose n > y + 1. By continuity, there exists ko such that
ne < f(zn,) <y+1l<n
for all k& > ky. Let k > max{n, ko}. Then
n<n,<n

yields a contradiction. [ |

1.4. series. Wesay > x, converges if the sequence of partial sums (s,,) defined
n
by s, = > x), is convergent. We say that ), is absolutely convergent if ) |z,|
k=1
is convergent.

REMARK 1.11. If >z, is absolutely convergent, then ) x, is convergent. The
(=~

is convergent, but Y L1 is not.

converse is not true: Y -

n

PROPOSITION 1.12. If limsup,, |z,|= < 1, then
D@
15 absolutely convergent.

LEMMA 1.13. Let |a| < 1. Then

1
Zak T 14’

k

o)
=0

Proor. We have

l+a+--+aH1—-a) =1-a".

Therefore,
n—1
1 _ n
a® = “
l—-a
k=1
Since |a|] < 1, we know that lima™ = 0 and the assertion follows. ]

. 1
PROOF. Let limsup, |z,|» < a < 1 (For example a = w will do.)

Let ng such that
[2al" < a

for all n > ngy. This implies

|z,| < a”
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for all n > ng. Let € > 0 and ry such that % <eforallr >ryg. Let m >n >
max{ng,ro + 1}. Then we get

m m akt1
k
E x| < E a® < <e
—a
k=n+1 k=n+1
The assertion is proved. [ |

COROLLARY 1.14. If limsup,, lenr] 1, then

[n]
2
n

15 absolutely convergent.

L
» < limsup, 2ol u

PRrROOF. limsup,, |z, .




