3. Connection to the Riemann integral
DEFINITION 3.1. Let f be bounded. The oscillation of f at x is defined by
wlx) = limsup{|£(2) — ()| ¢ |z — o] < 8. Jy — a| <)
REMARK 3.2. w(x) well-defined. In particular, w(z) < 2sup|f| < occ.
REMARK 3.3. f continuous at x < w(x) =0
REMARK 3.4. m({z : w(z) # 0}) = lim,, ..o m({z : w(x) > 1/n})

DEFINITION 3.5. (Darbouz Integral)
For a partition m =< a = xg,21,...,T, = b > we define the upper and the lower

sum by

n

S(r, f) = Z(% —xi—1) sup f

=1 [zi—1,2i]
S(m, f) = Z(% — Ti-1) [ inf ]f
Ti—1,%5

=1

A bounded function f is called Darboux-integrable if Ve > 0 3 partition © such that
§<7T7f> _§(7T7f) <€

REMARK 3.6. A function is Darbouz-integrable if and only if it is Riemann-integrable
(see Royden for a precise definition).

PROPOSITION 3.7. A bounded function is Riemann integrable on |a,b] if and only if

the set of discontinuity points has measure 0.

PrROOF. 7=>": Let f be Darboux-integrable. Let v > 0 and 0 > 0. We define
€ = v0. By definition there exists a partition 7 =< 0 = zg, x1,...,2, = 1 > such
that

g(71-7f) _ﬁ(ﬂ-vf) <€
Consider = € (x;,x;41) such that w(z) > ~. Then

sup f— inf f>n~.
[Z‘i,wi+1] [Iivxi+1}
Observe that points with ‘large’ (and hence certain discontinuity) points satisfy
{f,lf C()(.’,U) > 7} = U (:Civxi+1> U{xOV"?xn}
i,sup f—inf f>v
1



Hence,

m({z:w(z) 27}) < > |Tip1 — @il

SUP[z;,2;44] f_inf[ziinJrl] f2y

1 )
S;Z|$i+1—l‘i|( sup f— inf f)

[in,aJH_l] [z:,@i41]
<

(g(ﬂ-a f) - §(7T7 f))

=9

1
~
€
< -
~

Since § is arbitrary, we get m({z : w(x) > v}) = 0. However, v > 0 is arbitrary
odcont

and thus Remark (E%lZ(Ei mmplies m({z : w(z) > 0}) = 0. This means the set of

discontinuity points has measure 0.

7<=" Define ws(z) = sup{|f(z) — f(y)| : |z — x| <4, |y — z| < I}.

By assumption we have m({x : w(z) > 0}) = 0. This implies
m({z :w(r) = 7}) =0

for all 4 > 0. Therefore, we deduce from the monotonicity of ws(x) that

(31) m({e:w(@) > 7)) = m({z : Imws(@) > }) = lmm({r:wy(z) = 7)) =0
%191 :

Let v > 0 and € = #plfl' By (3-1) we deduce the existence of some k such that

m({z : wik(z) >7}) <e.

Choose m > k and m =< xg, 21, ..., T, >=< 0,%,%,...,% > .
Define
S ={je{l,....m}: Jocpp,_10,) wim(z) >},
Then we get
d (sup f— inf e —z) <Y |r -] < y(b—a).
jes [zizit] [wiwis jes
If j ¢S, then

(i1 — x;) C{o:wip(x) > 7).

This implies

Y (sup f— inf f)(w;o0— ;) < 2sup | f]m(| -1, 2])

j¢S [Ii,{EH_ﬂ [.1’1',:1,‘1'+1] [0,1] ]%S

< 2S[ur]>|f|m({x:w1/k(ﬂf) > 7)) < 2S[u1;]>|f|6 < 7.
a,b a,b



3. CONNECTION TO THE RIEMANN INTEGRAL

Putting the pieces together, we find

d (sup f— inf f)(z1—2;) < yb—a)+y = (1+b—a).

. T;,Tit1 [xivxi-!—l]
j +

Since v > 0 is arbitrary we deduce that f is Darboux integrable.



