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Sources

The notes are for the course 18.158 Spring 2008. They are culled from
many sources, including:

• [Carron, ‘L2 harmonic forms on non-compact manifolds’]
• [Carron, ‘Un théorème de l’indice relatif’]
• [de Rham, ‘Differentiable Manifolds’]
• [Kato, ‘Perturbation theory for linear operators’]
• [Mazzeo, ‘Analysis and geometry on asymptotically hyperbolic

spaces’, Lecture notes for course offered at ETHZ, Summer 2003]
• [Mazzeo, Elliptic theory of differential edge operators]
• [Melrose, ‘Lectures on pseudodifferential operators’, Lecture notes

for 18.157 offered at MIT, Fall 2005]
• [Melrose, ‘The Atiyah-Patodi-Singer Index Theorem’]
• [Taylor, ‘Pseudodifferential operators’]
• [Taylor, ‘Partial differential equations’]
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1. Pseudo-differential operators (in construction)

For the sake of completeness we recall the definition of pseudo-differential
operators.

An integral operator P is one whose action on functions is given by in-
tegration against a measurable function, KP , known as the Schwartz kernel
of P , so that

Pf(ζ) =

∫

M
KP (ζ, ζ ′)f(ζ ′) dζ ′.

A similar statement is true for the identity map but the integral kernel is
not a function but a distribution (namely the Dirac delta function of the
diagonal, KId(ζ, ζ ′) = δ(ζ − ζ ′)). In fact the Schwartz kernel theorem says
that if M is a smooth manifold and P is a linear map

P : C∞c (M)→ C−∞(M),

then P has a distributional kernel KP ∈ C−∞(M2) so that

(1.1) 〈Pf, h〉M = 〈KP , h⊗ f〉M2 , for every f, h ∈ C∞c (M).

Strikingly, this theorem puts integral and differential operators on the same
formal footing.

Even if one’s aim is to study elliptic differential operators it is very useful
to enlarge the class of operators studied to pseudo-differential operators.
We define this class by restricting the singularities that can occur in their
distributional kernels. The usual motivation for this larger class starts with
considering a constant coefficient differential operator on Rm, say,

P =
∑

|α|≤k

aα(ζ)Dα,

with Dj = 1
i ∂ζj

. We can realize (1.1) by applying first the Fourier transform
and then the inverse Fourier transform; thus, for any smooth compactly
supported function, f , we have

Pf(ζ) =
1

(2πi)m/2

∫
eiξ·(ζ−ζ′)

(∑
aα(ζ)ξα

)
f(ζ ′) dζ ′dξ.

On Rm a (properly supported) pseudo-differential operator of order s ∈ R
is an operator on C∞c (Rm) whose action is given by

Pf(ζ) =
1

(2πi)m/2

∫
eiξ·(ζ−ζ′)aP (ζ, ζ ′, ξ)f(ζ ′) dζ ′dξ,

where aP is no longer assumed to be a polynomial but instead to be a smooth
function satisfying

(1.2)
∣∣∣Dα

ζ Dβ
ζ′D

γ
ξ aP (ζ, ζ ′, ξ)

∣∣∣ ≤ Cαβγ(1 + |ξ|2) 1
2
(s−|γ|).

The function aP is said to be the symbol of P , and P is said to be a
quantization of aP .
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2. Symbolic Calculus and elliptic theory

The aim of the course is to study the generalization of part of the theory of
elliptic operators from closed manifolds to non-compact manifolds. We start
by recalling the definition of an elliptic operator and the symbolic calculus of
pseudo-differential operators. Familiarity with pseudo-differential operators
is assumed, though we will review their definition later on, in the process of
extending it.

A differential operator of order ` on M is an operator that in local coor-
dinates looks like

D =
∑

|I|≤k

aI(ζ)
∂i1

∂x1
· · · ∂im

∂xm
.

Formally D is an element of the enveloping algebra of the vector fields on
M . The principal symbol of D is given by

σ(D) =
∑

|I|=k

aI(ζ)(ξ1)i1 · · · (ξm)im ,

in local coordinates, and patches together to define a function on T ∗M .
More generally, if E is a vector bundle over M , then the differential

operators on sections of E are elements of the algebra generated by hom(E)
and ∇X where ∇ is any connection on E and X any vector field on M . This
algebra is filtered by the order of the operator, e.g.,

Diffk(M,E) = span
Γ(hom(E))

{
∇X1 · · · ∇Xj

: j ≤ k
}

,

and endowed with a principal symbol map, now valued in
C∞(T ∗M,π∗ hom(E)). To define this map, notice that if f ∈ C∞(M) satis-
fies df(ζ) = ξ, then

e−itf ◦ [a(ζ)∇X1 · · · ∇Xk
] ◦ eitf = (it)ka(ζ)ξ(X1)(ζ) · · · ξ(Xk)(ζ) +O(tk−1)

and so we can define the symbol on Diffk(M,E) by

σk(D)(ζ, ξ) = lim
t→∞

e−itf ◦D ◦ eitf

tk
.

It is easy to see that this is well-defined independently of the choice of f .
Also it follows that the symbol is equal to

σk(D)(ζ, ξ) =
(−i)k

k!
(adf)kD.

The right hand side is a zero-th order differential operator and hence an
element of hom(E)ζ .

The principal symbol σk vanishes precisely on Diffk−1(M,E) and so we
get a short exact sequence

(2.1) 0→ Diffk−1(M,E)→ Diffk(M,E)
σ−→ Pk(S

∗M,π∗ hom(E))→ 0

where the space on the right is the space of sections of π∗ hom(E) over T ∗M
that are homogeneous polynomials of degree k along the fibers, restricted
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to the cosphere bundle S∗M . (From now on, unless indicated otherwise, we
will think of symbols as being defined on the cosphere bundle.) A differential
operator is called elliptic if its principal symbol is invertible.

2.1. Parametrices of elliptic operators.

The inverse of the symbol of an elliptic operator is not itself the symbol of a
differential operator, but it is the symbol of a pseudo-differential operator.
For the moment we will take a ‘black-box’ approach to pseudo-differential
operators, though later we will review their definition in order to generalize
it. The space of pseudo-differential operators on M acting on sections of E

Ψs(M,E) 3 A : C∞(M,E)→ C∞(M,E)

form an algebra filtered by the ‘degree’ s ∈ R,

Ψs(M,E) ⊆ Ψt(M,E) ⇐⇒ s ≤ t, Ψs(M,E) ◦Ψt(M,E) ⊆ Ψs+t(M,E)

with associated graded algebra isomorphic to the symbols of order s so that

(2.2) 0→ Ψs−1(M,E)→ Ψs(M,E)
σ−→ C∞(S∗M,Ns ⊗ π∗ hom(E))→ 0,

where Ns is a trivial line bundle over S∗M that ‘carries the homogeneity’ of
σ, is a short exact sequence of algebras.

Pseudo-differential operators are asymptotically complete in the sense that
if, for every i ∈ N0 we have an operator Pi ∈ Ψk−i(M,E), then there is an
operator P ∈ Ψk(M,E) such that

P −
∑

i≤j

Pi ∈ Ψk−j−1(M,E), for every j ∈ N0.

Finally, the ‘residual’ space of pseudo-differential operators

Ψ−∞(M,E) = ∩s∈RΨs(M,E)

coincides with the space of smoothing operators, i.e.,

Ψ−∞(M,E) 3 A : C−∞(M,E)→ C∞(M,E),

where C−∞(M,E) denotes the space of distributional sections dual to C∞
on M1.

If Q ∈ Ψ∗(M ;F,E) and P ∈ Ψ∗(M ;E,F ) are both pseudo-differential
operators, we say that Q is a parametrix for P if

PQ− Id ∈ Ψ−∞(M,F ), QP − Id ∈ Ψ−∞(M,E).

We say that Q is a right parametrix for P if the first equation holds and
a left parametrix if the second equation holds.

Proposition 2.1. If P ∈ Ψk(M ;E,F ) is elliptic then P has a parametrix
Q ∈ Ψ−k(M ;F,E).

1C−∞(M, E) = (C∞(M, E∗ ⊗ ΩM ))′
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Proof. We carry out the ‘Levi parametrix procedure’ to construct Q iter-
atively. To start, since P is elliptic and (2.2) is exact, we can find Q0 ∈
Ψ−k(M ;F,E) such that

σ(Q0) = σ(P )−1.

It follows, using that σ is an algebra homomorphism and (2.2) is exact, that

PQ0 = Id−R0, R0 ∈ Ψ−1(M ;F ).

For every j ∈ N0, define

Qj = Q0(Id+R0 + R2
0 + . . . + Rj

0) ∈ Ψ−k(M ;F ),

so that

PQj = (Id−R0)(Id +R0 + R2
0 + . . . + Rj

0) = Id−Rj+1
0 ,

with Rj+1
0 ∈ Ψ−1−j(M ;F ). Using asymptotic completeness we can find a

Q ∈ Ψ−k(M ;F,E) such that

Q−Qj ∈ Ψ−k−j−1(M ;F,E), for every j ∈ N0

and thus PQ = Id−R with R ∈ Ψ−∞(M ;F ) so Q is a right parametrix for
P .

In the same way, we can find a left parametrix for P , say Q′, such that
Q′P = Id−R′ with R′ ∈ Ψ−∞(M ;E). We can compare Q and Q′ by writing
Q′PQ in two different ways

Q′PQ = (Id−R′)Q = Q−R′Q

Q′PQ = Q′(Id−R) = Q′ −Q′R

and hence Q−Q′ = R′Q−Q′R ∈ Ψ−∞(M ;F,E). It follows that Q and Q′

are both parametrices of P . �

By taking a closer look at smoothing operators we can deduce mapping
properties of pseudo-differential operators and improve the parametrix con-
struction for elliptic operators.

A choice of a Riemannian metric g on M , gives us a density dvolg which
we use to define an inner product on C∞(X), by

〈f, h〉 =

∫

M
f(ζ)h(ζ) dvolg .

If we also choose a Hermitian metric on E, then we can define an inner
product on C∞(M,E) by

〈u, v〉 =

∫

M
(u(ζ), v(ζ))E dvolg .

The completion of C∞(M,E) with respect to the induced norm

‖s‖L2 =
√

< s, s >

is denoted L2(M,E) and is independent of the choices.
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By the Schwartz kernel theorem2, if P is a pseudo-differential operator,
then the bilinear form

C∞(M,E) × C∞(M,E) 3 (u, v) 7→ 〈Pu, v〉 ∈ C

is given by pairing with a distribution KP ∈ C−∞(M2,Hom(E)),

〈Pu, v〉 = (KP , π∗
Lv ⊗ π∗

Ru),

where πL and πR are the left and right projections M 2 →M and Hom(E) =
π∗

LE ⊗ π∗
RE′. We often represent this symbolically by

(2.3) Pu(ζ) =

∫
KP (ζ, ζ ′)u(ζ ′) dζ ′,

however if P ∈ Ψ−∞(M,E) then this representation is correct and KP ∈
C∞(M2,Hom(E)) (and conversely). Since M is compact it follows that P ∈
Ψ−∞(M,E) defines a bounded linear operator on L2(M,E). Furthermore
it maps L2(M,E) continuously into C∞(M,E) and hence, by factoring P

L2(M,E)

P
��

//___ L2(M,F )

C∞(M,F ) � � // C0(M,F )
?�

OO

and applying the Arzela-Ascoli theorem, we see that it is a compact opera-
tor3.

Recall that an operator between two topological vector spaces is Fredholm
if its null space is finite dimensional, its range is closed, and its range has a
finite dimensional complement. The index of a Fredholm operator is defined
to be

ind(P ) = dimker(P )− dimcoker(P ).

Lemma 2.2. If S is a smoothing operator, then Id−S is a Fredholm oper-
ator on either C∞(M,E) or L2(M,E).

Proof. First we prove that Id−S is Fredholm on L2(M,E). Notice that
if u is an element of the null space of Id−S as an operator on L2(M,E)
(which we denote nullL2(Id−S)), then u = Su, so S acts as the identity
on nullL2(Id−S). This implies that elements of this space are smooth and,
since S is compact, that this space is finite dimensional. It also follows
that the null space of Id−S as an operator on C∞(M,E) coincides with its
L2-null space.

To check that the range is closed, let (uk) be a sequence of elements in
L2(M,E), orthogonal to nullL2(Id−S), such that (Id−S)uk converges, say
to v ∈ L2. If uk has a bounded subsequence, then a subsequence of Suk

converges and hence so does a subsequence of (Id−S)uk + Suk = uk. If the
limit of this subsequence is u, then continuity of Id−S implies (Id−S)u =

2See [Taylor vol.1, §4.6]
3That is, it maps bounded sets to pre-compact sets
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v. If instead ‖uk‖ → ∞, then the sequence uk = uk/ ‖uk‖ is bounded
and (Id−S)uk converges (to zero). By the previous argument, there is
a subsequence of uk converging to an element of nullL2(Id−S) with unit
norm, but this can not happen since we assumed that all uk are orthogonal
to nullL2(Id−S).

Since the range of Id−S is closed, its orthocomplement can be identified
with the null space of its adjoint, Id−S∗. Since S∗ is also smoothing, the
previous argument shows that

nullL2(Id−S∗) = nullC∞(Id−S∗) is finite dimensional.

Hence the range of Id−S as an operator on L2(M,E) has a finite dimensional
complement, and Id−S is Fredholm.

To check that the range is closed as an operator on C∞(M,E), let (uk)
be a sequence of elements in C∞(M,E) such that (Id−S)uk converges in
C∞(M,E) to v. Then by the above argument a subsequence of uk converges
in L2, and since uk = (Id−S)uk + Suk it actually converges in C∞(M,E),
and so the range is closed. Finally we claim that

(Id−S) (C∞(M,E)) + null(Id−S∗) = C∞(M,E),

Notice that the left hand side is certainly a closed subspace of C∞(M,E), so
it suffices to show that if v ∈ C−∞(M ;E) pairs to zero with both summands,
then v = 0. And indeed, if v is such that

(v, (Id−S)u) = 0 for every u ∈ C∞(M,E),

and (v, w) = 0 for every w ∈ null(Id−S∗),

then using the first condition we see that v = S∗v hence v ∈ C∞(M,E) and
v is in null(Id−S∗), but then the second condition shows that v = 0. �

A generalized inverse (or pseudo-inverse) of an operator A between Hilbert
spaces with closed range is an operator B such that

BA = Id−Πnull(A), AB = Id−Πnull(A∗)

with Π∗ equal to the orthogonal projection to each space.

Proposition 2.3. If P ∈ Ψk(M ;E,F ) is an elliptic operator then it defines
a Fredholm operator acting on smooth sections or L2 sections, with smooth
kernel and cokernel. Furthermore, its generalized inverse as an operator
between L2 sections of E and F is a pseudo-differential parametrix.

Proof. Because P is elliptic we know that it has left and right parametrices,
Q and Q′, such that

PQ = Id−R, Q′P = Id−R′

with R and R′ smoothing operators.
Notice that the range of P contains the range of PQ = Id−R which is

closed and complemented by a finite dimensional space of smooth sections. It
follows that the range of P is closed and has a finite dimensional complement



ANALYSIS ON NON-COMPACT MANIFOLDS 9

consisting of smooth sections. Similarly the null space of P is contained in
the null space of Q′P = Id−R which is a finite dimensional space of smooth
sections. It follows that the null space of P is finite dimensional and smooth.

The same reasoning shows that the range of P ∗ is closed, and hence we
can decompose the sections of E or F into

C∞(M,E) = null(P )⊕Ran(P ∗), C∞(M,F ) = null(P ∗)⊕Ran(P ),

and P induces an invertible map

P̃ : Ran(P ∗)→ Ran(P ).

The generalized inverse of P is defined in terms of this decomposition by

G =

(
0 0

0 P̃−1

)
,

and clearly satisfies

GP = Id−Πnull(P ), PG = Id−Πnull(P ∗).

Let {s1, . . . , s`} be a basis of null(P ) consisting of smooth sections, then for
any u ∈ L2(M,E) we have

Πnull(P )(u) =
∑
〈si, u〉si ∈ C∞(M,E)

and since Πnull(P ) is self-adjoint this implies Πnull(P ) ∈ Ψ−∞(M,E). Simi-

larly Πnull(P ∗) ∈ Ψ−∞(M,F ). To show that G is a pseudo-differential oper-

ator, we write Q′PG in two ways to conclude

G = R′G + Q′ −Q′Πnull(P ∗),

we write GPQ in two ways to conclude

G = GR + Q−Πnull(P )Q,

and substitute the second expression in the first to find

(2.4) G = Q′ + R′Q−R′Πnull(P )Q−Q′Πnull(P ∗) + R′GR.

The last term on the right hand side is smoothing, because both it and its
adjoint map L2 sections to smooth sections, hence all of the terms on the
right hand side are pseudo-differential and we get G ∈ Ψ−k(M ;F,E). �

The symbolic calculus and the behavior of smoothing operators is enough
to analyze the mapping properties of pseudo-differential operators.

Proposition 2.4. If P ∈ Ψ0(M ;E,F ) then P defines a bounded linear
operator between L2(M,E) and L2(M,F ).

Proof. We follow Hörmander and reduce to the smoothing case as follows.
Assume we can find Q ∈ Ψ0(M,E), C > 0, and R ∈ Ψ−∞(M,E) such that

P ∗P + Q∗Q = C Id+R
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where Q∗ is defined by requiring (Qu, v) = (u,Qv) for every u, v ∈ L2(M,E)
and P ∗ is defined by requiring 〈Pu, v〉F = 〈u, P ∗v〉E for every u ∈ L2(M,E)
and v ∈ L2(M,F ). Then we have

‖Pu‖2L2(M,F ) = 〈Pu, Pu〉F = 〈P ∗Pu, u〉E
≤ 〈P ∗Pu, u〉+ 〈Q∗Qu, u〉 = C〈u, u〉+ 〈Ru, u〉 ≤ (C + ‖KR‖)〈u, u〉,

so the proposition is proved once we construct Q, C, and R.
We proceed iteratively. Choose C > 0 large enough so that C−σ(P )∗σ(P )

is, at each point of S∗M , a positive element of hom(E), then choose Q′
0

so that its symbol is a positive square root of C − σ∗(P )σ(P ), and let
Q0 = 1

2 (Q′
0 + (Q′

0)
∗). Note that Q0 is a self-adjoint elliptic operator with

the same symbol as Q′
0.

Suppose we have found self-adjoint operators Q0, . . . , QN satisfying Qi ∈
Ψ−i(M ;E) and

P ∗P +

(
N∑

i=0

Qi

)2

= C Id−RN , RN ∈ Ψ−1−N (M ;E).

Then, if Q′
N+1 ∈ Ψ−N−1(M,E), we have

P ∗P +

(
N∑

i=0

Qi + Q′
N+1

)2

− C Id

= −RN + Q′
N+1

(
N∑

i=0

Qi

)
+

(
N∑

i=0

Qi

)
Q′

N+1,

so in order for this to be in Ψ−2−N (M ;E), Q′
N+1 must satisfy

σ(Q′
N+1Q0 + Q0Q

′
N+1) = σ(RN ).

We can always solve this equation because σ(Q0) is self-adjoint and positive
as shown in the following lemma.

Lemma 2.5. Let A be a positive self-adjoint k × k matrix, and let

ΦA(B) = AB + BA,

then ΦA is a bijection from the space of self-adjoint matrices to itself.

Proof. We can find a matrix Q such that Q∗ = Q−1 and Q∗AQ = D is
diagonal. Define Ψ(B) = Q∗BQ and note that Ψ−1ΦAΨ = ΦΨ(A) so we
may replace A with D = diag(λ1, . . . , λk). Let Est denote the matrix with
entries

(Est)ij =

{
1 if s = i, t = j

0 otherwise

and note that

ΦD(Est + Ets) = (λs + λt)(Est + Ets).
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Hence the matrices {Est + Ets} with s ≤ t form an eigenbasis of ΦD on the
space of self-adjoint k × k matrices. Since, by assumption, each λs > 0 it
follows that ΦD is bijective. �

So using the lemma we can find σ(Q′
N+1) among self-adjoint matrices and

then define QN+1 = 1
2(Q′

N+1+(Q′
N+1)

∗), finishing the iterative step. Finally,
we define Q by asymptotically summing the Qi and the result follows. �

Corollary 2.6. Let A ∈ Ψs(M ;E,F ), s ≤ 0, and let

|σ| = sup
S∗M
|σ(A)(ζ, ξ)|,

then there is a self-adjoint operator R ∈ Ψ−∞(M,E) such that, for any
u ∈ L2(M,E)

‖Au‖2L2(M,F ) ≤ |σ|2 ‖u‖L2(M,E) + 〈Ru, u〉E .

In particular, if |σ| = 0, then A is compact as an operator on L2.

Remark 2.7. The closure of Ψ0(M) as a subalgebra of bounded operators
on L2(M) is a C∗-algebra, A, with the space of compact operators K as a
closed ideal. The symbol map is a ∗-homomorphism and hence extends to
a continuous homomorphism fitting into a short exact sequence

0→ K → A σ−→ C0(S∗M)→ 0.

The quotient algebra, A/K is a commutative C∗-algebra and hence by the
Gelfand-Naimark theorem isometrically isomorphic to the space of contin-
uous functions on a compact Hausdorff space. The exact sequence shows
that σ is an isomorphism of the quotient with C0(S∗M) and the corollary
can be used to show that it is an isometry.

Boundedness on L2 spaces also gives us boundedness on Sobolev spaces.
We can define Sobolev spaces on M , for any s ∈ R, by

Hs(M,E) =
{
u ∈ C−∞(M,E) : Pu ∈ L2(M,E) for every P ∈ Ψs(M,E)

}
.

Then we put a norm on these spaces using the L2-norm on L2(M,E) and a
fixed family of invertible pseudo-differential operators of order s, Ds,

‖u‖Hs = ‖Dsu‖L2 .

For instance, we can take

Ds = (Id+∆)s/2,

which yields the usual Sobolev norm on Tm. A distributional section is
smooth precisely when it is in the intersection of the Sobolev spaces of all
orders.

Corollary 2.8. If P ∈ Ψk(M ;E,F ) then P defines a bounded linear oper-
ator

P : Hs(M,E)→ Hs−k(M,F ), for any s ∈ R.
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If P is elliptic all of these operators are Fredholm and have the same index.
Furthermore,

Hs(M,E) =
{
u ∈ C−∞(M,E) : ∃P ∈ Ψs(M,E) elliptic, s.t. Pu ∈ L2(M,E)

}
.

Proof. That P defines a linear map from H s(M,E) to Hs−k(M,E) is auto-
matic. If we use a family of invertible pseudo-differential operators, DE

s and
DF

s , on sections of E and F respectively to identify the Sobolev space with
L2, then P as a map between Hs and Hs−k is equal to DF

s−kP (DE
s )−1 as a

map between L2(M,E) and L2(M,F ), and this map is bounded by Propo-
sition 2.4. Similarly all three operators in this composition are Fredholm,
hence so is P . The kernel and cokernel of P acting on different Sobolev
spaces is the same under the image of DE

∗ and DF
∗ so their dimensions do

not change.
If s > 0 then P ∈ Ψs(M,E) acts as an ubounded linear operator on

L2(M,E). Recall that the maximal domain of such an operator is

Dmax(P ) =
{
u ∈ L2(M,E) : Pu ∈ L2(M,E)

}
.

It is always true that Hs(M,E) ⊆ Dmax(P ), and if P is elliptic then the
converse is also true. Indeed, let Q be a parametrix for P , so that QP =
Id−R with R ∈ Ψ−∞(M,E), then whenever u ∈ Dmax(P ) we have u =
QPu + Ru with QPu ∈ Hs(M,E) and Ru ∈ C∞(M,E). It follows that
Dmax(P ) = Hs(M,E), which proves the characterization above for s > 0
and for s ≤ 0 by duality. �

The same argument shows elliptic regularity, i.e., if P ∈ Ψs(M ;E,F ) is
elliptic and u is a distributional section of E then

Pu ∈ Hk(M,F ) ⇐⇒ u ∈ Hk+s(M,E).

It also yields the basic elliptic estimate. Indeed, if Q is a parametrix for P
we have

‖u‖Hk+s(M,E) = ‖QPu + Ru‖Hk+s(M,E)

≤ ‖QPu‖Hk+s(M,E) + ‖Ru‖Hk+s(M,E) ≤ C(‖Pu‖Hk(M,F ) + ‖u‖Hk(M,E)).

The last norm ‖u‖Hk(M,E) can be taken in Hr(M,E) for any r < k + s.

The basic elliptic estimate extends to arbitrary manifolds locally, in the
following way:

If M is a smooth manifold (not necessarily compact), P ∈
Diffs(M ;E,F ) is an elliptic operator, and U ⊆⊆ Ω ⊆⊆ M ,
then, for every u ∈ C∞c (Ω;E), we have

‖u‖Hk+s(U ,E) ≤ C(‖Pu‖Hk(Ω,F ) + ‖u‖Hk(Ω,E)).

In particular, if we define Hs
loc(M,E) of a manifold to be

Hs
loc(M,E) = {u : C∞c (M)u ∈ Hs

c (M,E)},
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then we see that, if P is elliptic of order s and Pu ∈ Hk
loc(M,F ), then

u ∈ Hk+s
loc (M,E).

2.2. Essentially self-adjoint operators.

We briefly recall some concepts from the theory of unbounded operators
on a Hilbert space. If H is a Hilbert space, the graph of a linear operator
T : H → H with domain D(T ) is the set {(x, Tx) ∈ H × H : x ∈ D(T )}.
An operator is closed if its graph is a closed subset of H × H (i.e., if
(xn) ⊆ D(T ), xn → x, and Txn → y, then Tx = y). The closed graph
theorem says that an everywhere defined operator with a closed graph is
automatically bounded, so when dealing with unbounded operators we need
to also keep track of their domain.

An extension of T is an operator T ′ such that D(T ) ⊂ D(T ′) and Tx = T ′x
for every x ∈ D(T ). An operator is closable if the closure of its graph is the
graph of a linear operator.

If D(T ) is dense in H, then we can define an adjoint of T , T ∗. Its domain
is

D(T ∗) = {y ∈ H : x 7→ (Tx, y) is continuous on D(T )},
and if y ∈ D(T ∗) then T ∗y is defined by the relation

(Tx, y) = (x, T ∗y) for every x ∈ D(T ).

This definition makes T ∗ a closed operator. If T is closed, then T ∗ is densely
defined and T ∗∗ = T .

An operator is symmetric if (Tx, y) = (x, Ty) whenever x, y ∈ D(T ), and
self-adjoint if moreover D(T ) = D(T ∗). A symmetric operator is always
closable since its adjoint is a closed extension. An operator is essentially
self-adjoint if it has a unique closed, self-adjoint extension.

A pseudo-differential operator P ∈ Ψs(M,E) is formally self-adjoint if is
it symmetric on C∞c (M,E). If s > 0, then P defines an unbounded linear
operator on L2(M,E), with two canonical closed extensions from C∞c (M,E).
The minimal extension of P is defined by taking the closure of the graph of
P ,

D(Pmin) =
{
ω ∈ L2(M,E) : ∃(ωj) ⊆ C∞0 (M,E), ωj → ω, and Pωj converges

}
,

and the maximal closure is defined by letting P act distributionally,

D(Pmax) =
{
ω ∈ L2(M,E) : Pω ∈ L2(M,E)

}
.

Using the L2 pairing on smooth functions we can define P ′ by 〈Pu, v〉 =
〈u, Pv〉 (this is not the adjoint of P because P is not a closed operator
on C∞c (M,E)). We point out that D(P ′

min) = D(Pmax) and D(P ′
max) =

D(Pmin), so a formally self-adjoint pseudo-differential operator is essentially
self-adjoint precisely when D(Pmin) = D(Pmax). We will generally abuse
notation and refer to the domains of the minimal and maximal extensions
by Dmin(P ) and Dmax(P ) respectively.
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On a closed manifold we clearly have Hs(M,E) ⊆ Dmin(P ) for any
P ∈ Ψs(M,E), and, from the proof of Corollary 2.8, Dmax(P ) = Hs(M,E)
whenever P is elliptic. In view of the above, this has the following interpre-
tation.

Corollary 2.9. If s > 0 and P ∈ Ψs(M,E) is elliptic, then P has a unique
closed extension from C∞(M,E) as a linear operator on L2(M,E). The
domain of this extension is Hs(M,E). If P is formally self-adjoint, this
extension is self-adjoint.

Example 2.10. If P = ∆ is the Laplacian on a compact manifold with
boundary, it is formally self-adjoint with core domain C∞c (M), but Corollary
2.9 does not hold. Indeed, the minimal extension of ∆ has domain

Dmin(∆) = H2
0 (M) = closure of C∞c (M) in H2(M)

while ∆u ∈ L2(M) ⇐⇒ u ∈ H2(M), so Dmax(∆) = H2(M).
Thus there is no unique self-adjoint extension of ∆. From Green’s formula

(∆u, v) − (u,∆v) =

∫

∂M

∂u

∂ν
v − u

∂v

∂ν
dS

we see that the Laplacian with either of the domains

DDir =
{
u ∈ H2(M) : i∗u = 0

}
, DNeum =

{
u ∈ H2(M) : i∗

∂u

∂ν
= 0

}

is self-adjoint.

Example 2.11. On the other hand, if M is not compact but is complete,
then ∆ is essentially self-adjoint with core domain C∞c (M). To prove this
we recall the following characterization of complete manifolds.

Lemma 2.12 (Gordon, de Rham, Borel). A smooth Riemannian manifold

M is complete if and only if there is a smooth proper function M
µ−→ [0,∞)

whose gradient is uniformly bounded.

Proof. If M is complete and p ∈M , note that the distance to p is a proper
function, differentiable almost everywhere and with gradient of length one.
We obtain µ by smoothing out d(p, ·). Another approach with more machin-
ery is to use the Nash embedding theorem to find an isometric embedding
J : M → RN . Then completeness of M is equivalent to properness of J .
Define F : RN → R by F (ζ) = log(1 + |ζ|2) so that F is proper, smooth,
and has gradient of length bounded by one, and note that the same is true
for µ = F ◦ J .

Conversely, given such a function, let γ : J ⊆ R → M be a geodesic
segment parametrized by arclength. If the length of γ is finite then, since
|γ̇| = 1, the variation of µ ◦ γ on J is bounded. Because µ is proper this
implies that the range of γ is contained in a compact subset of M and hence
can be extended at both ends. Hence M is complete. �



ANALYSIS ON NON-COMPACT MANIFOLDS 15

Theorem 2.13 (Gaffney). Let M be a complete Riemannian manifold, and
let D ∈ Diff1(M ;E,F ) satisfy |σ(D)(ζ, ξ)| ≤ C(1 + |ξ|) uniformly on M ,
then

a) Dmin(D) = Dmax(D),
b) Dmin(D

∗D) = Dmax(D
∗D), hence D∗D is essentially self-adjoint.

Operators satisfying the hypothesis of the theorem include the exterior
derivative d, its adjoint δ, any covariant derivative ∇, and more generally
any Dirac-type operator ð. Applying part (b) to the operator D = d + δ
shows that the Hodge Laplacian is essentially self-adjoint.

Proof.
[a)] We need to show that Dmax(D) ⊆ Dmin(D), so we fix u ∈ Dmax(D) ⊆
H1

loc(M) and we will find a sequence (uj) ⊆ D(D) such that uj → u and
Duj → Du in L2. Fix χ ∈ C∞(R; [0, 1]) such that

χ(t) =

{
1 if t ≤ 0

0 if t ≥ 1

and define χj(q) = χ(µ(q)− j), so that

χj(q) =

{
1 if µ(q) ≤ j

0 if µ(q) ≥ j + 1

Notice that we can find C > 0 such that |χj | ≤ C independently of j. Define
uj = χju and note that uj → u and

Duj = D(χju) = χjDu + [D,χj ]u = χjDu + σ(D)(·, dχj)u

Clearly the first term on the right converges to Du. The second term con-
verges pointwise to zero, since [D,χj ] is supported in µ−1([j, j +1]), and its
pointwise norm is bounded above by C|u|E, hence by Lebesgue dominated
convergence it converges to zero in L2(M,F ).

[b)] Our strategy is to find an expression for D·(D∗D) in terms of the do-
mains of D and D∗ (both of which satisfy (a) ). Let u ∈ L2(M,E) be an
element of Dmax(D

∗D) and denote χj+1u by uj+1, note that

〈χ2
ju,D∗Du〉 = 〈χ2

juj+1, D
∗D(uj+1)〉

since χj+1 is identically equal to one on the support of χj. For any φ ∈
C∞c (M) we know that φu is a compactly supported element of H 2

loc(M ;E)
and hence is in the domain of both D∗ and D. It follows that

〈χ2
juj+1, D

∗D(uj+1)〉 = 〈D(χ2
juj+1), D(uj+1)〉

= 〈χ2
jD(uj+1) + 2χjσ(D)(dχj)uj+1, D(uj+1)〉

= 〈χjD(uj+1), χjD(uj+1)〉+ 〈2χjσ(D)(dχj)uj+1, D(uj+1)〉.
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However, it is easy to see that

〈2χjσ(D)uj+1, D(uj+1)〉 ≥ −‖χjD(uj+1)‖ ‖2σ(D)uj+1‖

=
1

2

[
(‖χjD(uj+1)‖ − ‖2σ(D)uj+1‖)2 − ‖χjD(uj+1)‖2 − ‖2σ(D)uj+1‖2

]

≥ −1

2
‖χjD(uj+1)‖2 − C ′ ‖uj+1‖2 ,

for some C ′ > 0, and we can conclude that

1

2
‖χjD(uj+1)‖2 ≤ C ′ ‖uj+1‖2 + 〈χ2

juj+1, D
∗D(uj+1)〉

≤ C ′ ‖u‖2 + 〈u,D∗Du〉.
It follows that Du ∈ L2(M,F ) and D∗(Du) ∈ L2(M,E), i.e.,

Dmax(D
∗D) =

{
u ∈ L2(M,E) : u ∈ Dmax(D) and Du ∈ Dmax(D

∗)
}

.

Now consider u ∈ Dmin(D
∗D). Choose uj ∈ C∞c (M,E) such that both uj

and D∗Duj converge in L2(M,E). Notice that

‖Duj −Duk‖2 = 〈D∗D(uj − uk), uj − uk〉 → 0,

i.e., Duj converges in L2(M,F ) and hence u ∈ Dmin(D). Convergence of
D∗(Duj) shows that Du ∈ Dmin(D

∗) and hence

Dmin(D
∗D) =

{
u ∈ L2(M,E) : u ∈ Dmin(D) and Du ∈ Dmin(D

∗)
}

.

By part (a), Dmin(D
∗D) = Dmax(D

∗D).
�

If D is an operator covered by Gaffney’s theorem, and u, v ∈ D(D∗D),
then

〈D∗Du, v〉 = 〈Du,Dv〉.
In particular, for the Hodge Laplacian on k-forms on a complete manifold,
this implies that

〈∆ω, η〉 = 〈(d + δ)ω, (d + δ)ω〉 = 〈dω, dη〉 + 〈δω, δη〉.
In particular harmonic forms coincide with forms that are closed and co-
closed, i.e.,

null(∆) = null(d) ∩ null(δ).

2.3. The spectrum of an elliptic operator.

Different closed extensions of the same operator can have different spectral
sets. Let P ∈ Ψs(M,E) be a formally self-adjoint pseudo-differential oper-
ator with s > 0 on a closed manifold M . Since P is essentially self-adjoint,
we can unambiguously define its spectrum as the spectrum of its closure, P ,
as an unbounded operator on L2(M,E). Recall that this means that λ ∈ C
is not in the spectrum if

λ ∈ C\Spec(P ) ⇐⇒ (P −λ)−1 exists as a bounded operator in L2(M,E).
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We can divide the spectrum into three disjoint sets according to how P − λ
fails to be invertible,

λ ∈ Specp(P ) ⇐⇒ nullL2(P − λ) 6= ∅,
and, if λ /∈ Specp(P ), then

λ ∈ Specc(P ) ⇐⇒ Ran(P − λ) open and dense in L2(M,E)

λ ∈ Specr(P ) ⇐⇒ Ran(P − λ) is not dense in L2(M,E).

It is easy to see that Spec(P ) is a closed subset of C and that the resolvent
of P , (P − λ)−1, is holomorphic as a function from C \ Spec(P ) to the set
of bounded operators on L2(M,E). Also notice that self-adjoint operators
do not have residual spectrum (since Ran(P − λ)⊥ = null(P − λ)).

If λ is in the spectrum of P then P −λ is not invertible, but it might still
be Fredholm (in fact it will be). This motivates a second partition of the
spectrum of P into the essential and disrete spectra:

λ ∈ Specess(P ) ⇐⇒ P − λ is not Fredholm

Specd(P ) = Spec(P ) \ Specess(P ).

Lemma 2.14. (Weyl’s criterion) A complex number λ is in the essential
spectrum of a self-adjoint operator L if and only if there is a sequence of
unit length vectors ui converging weakly to zero such that (L−λ)ui converges
strongly to zero. Hence

Specess(L) = Specc(L)
⋃
{λ ∈ Specp(L) : dimnullL2(L− λ) =∞}

Specd(L) = {λ ∈ Specp(L) : λ is isolated, and dimnullL2(L− λ) <∞}.
Proof. Assume λ is in the essential spectrum. Since L is self-adjoint this
means that either L does not have closed range or it has infinite dimensional
null space. In the latter case we can take (ui) to be an orthonormal basis of
the null space. If the null space of L−λ is finite dimensional it has a closed
complement V = (null(L− λ))⊥ on which L− λ has an unbounded inverse.
This allows us to find a sequence of unit-length vectors (vi) in V such that
(L− λ)vi → 0. Furthermore, since L− λ is injective on V , vi can not have
a convergent subsequence and the span of {vi} must be infinite dimensional
so we can extract a subsequence that converges weakly to zero.

Conversely, assume that (ui) is a sequence of unit vectors that converges
weakly to zero such that (L − λ)ui → 0. We need to show that if the null
space of L − λ is finite dimensional then the range of L − λ is not closed.
With this assumption, the orthogonal projection P onto null(L − λ) is a
compact operator and hence

‖(Id−P)ui‖ → 1.

After dropping any elements of (ui) that may be in null(L − λ) we can
replace each ui by its orthogonal projection off of U , normalized to have
norm one, say ui. It is easy to see that (ui) converges weakly to zero and
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(L−λ)ui converges strongly to zero - hence the inverse of L−λ restricted to
null(L− λ)⊥ is unbounded. By the closed graph theorem this implies that
the range of L− λ is not closed and thus L− λ is not Fredholm. �

Since on a closed manifold any elliptic operator of positive order is Fred-
holm, this implies the following theorem.

Theorem 2.15. If P ∈ Ψs(M,E) with s > 0 is elliptic and self-adjoint
and M is a closed manifold then Spec(P ) consists of a countable number
of real eigenvalues with no finite accumulation point. The eigenspaces are
finite dimensional and the eigensections are smooth.

For the Laplacian we can also say something about how quickly the eigen-
values are growing. The key observation is that the any Riemannian metric
is locally close to the Euclidean metric and so any geometric operator, such
as the Laplacian, should be ‘locally close’ to the corresponding operator on
Euclidean space (or the flat torus). For this particular purpose, it is useful
to involve an integral transform of the Laplacian such as the heat or wave
kernel. The heat kernel of an operator P is the fundamental solution to the
initial value problem {

(∂t + P )u(t, ζ) = 0

u(0, ζ) = f(ζ)

its existence - as a bounded operator on L2(M,E) - is guaranteed for any P
elliptic and self-adjoint by the functional calculus, and can be expressed by

e−tP =

∫

Γ
e−tµ(P − µ)−1 dµ =

∑

λ∈Spec(P )

e−tλiΠi.

Choose an orthonormal basis of eigenfunctions of P , φi, and note that

(e−tP u)(ζ) =
∑

e−tλi〈u, φi〉φi =
∑

e−tλi

[∫
u(ζ ′)φi(ζ

′) dζ ′
]

φi(ζ)

=

∫ [∑
e−tλiφi(ζ)φi(ζ

′)
]
u(ζ ′) dζ ′ =

∫
Ke−tP (t, ζ, ζ ′)u(ζ ′) dζ ′.

For comparison, recall the the heat equation on Euclidean space is solved
by

f 7→ u(t, ζ) =
1

(4πt)m/2

∫
exp

( |ζ − ζ ′|2
4t

)
f(ζ ′) dζ ′

and also that, in normal coordinates, the metric has the form

gij = δij +O(‖ζ‖2).
This suggests looking for an expression for Ke−t∆(t, ζ, ζ ′) of the form

(2.5)
1

(4πt)m/2
exp

( |ζ − ζ ′|2
4t

)[ ∞∑

i=0

Ki(ζ, ζ ′)ti
]

.
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It is possible to find a (unique) formal solution of this form and show that
it is asymptotic to Ke−t∆ as t→ 0. The leading coefficient K0(ζ, ζ ′) is given
by parallel translation from ζ to ζ ′, so in particular, K0(ζ, ζ) = 1. This is
all we need to prove Weyl’s theorem.

Theorem 2.16 (Weyl). Let λi denote the eigenvalues of the Laplacian,
counted with multiplicity, then as t→ 0,

∑
e−tλi = (4πt)−m/2 Vol(M) +O(t−m/2+1),

and, as `→∞,

(2.6) N(`) = #{λi < `} ∼ Vol(M)

(4π)m/2Γ(m/2 + 1)
`m/2.

Proof. The first statement follows from

∑
e−tλi =

∑
e−tλi ‖φi‖2 =

∫ ∑
e−tλiφi(ζ)φi(ζ) dζ

=

∫
Ke−t∆(t, ζ, ζ) dζ ∼ 1

(4πt)m/2
Vol(M).

The second statement follows from the first by means of a Tauberian
theorem.

Lemma 2.17 (Karamata). If µ is a positive measure on [0,∞), α ∈ [0,∞),
then ∫ ∞

0
e−tλ dµ(λ) ∼ at−α as t→ 0

implies ∫ `

0
dµ(λ) ∼

[
a

Γ(α + 1)

]
`α as `→∞.

Proof. We start by pointing out that

tα
∫

e−tλ dµ(λ) =

∫
e−λ dµt(λ)

with µt(λ)(A) = tαµ(t−1A), so we can rewrite the hypothesis as

lim
t→0

∫
e−λ dµt(λ) = a =

[
a

Γ(α)

] ∫ ∞

0
λα−1e−λ dλ

and the conclusion as

lim
t→0

∫
χ(λ) dµt(λ) =

[
a

Γ(α)

] ∫ ∞

0
λα−1χ(λ) dλ

with χ(λ) equal to the indicator function for [0, `]. But this last equality is
true for χ(λ) = esλ for any s ∈ R+, hence by density for any χ ∈ C∞0 (R+)
and hence for Borel measurable functions, in particular for the indicator
function of [0, `]. �

We get (2.6) by applying the lemma with dµ(λ) =
∑

δ(λ− λi).
�
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2.4. The Hodge theorem and Kodaira decomposition.

Now consider the complex of forms on M ,

C∞(M)
d−→ Ω1M

d−→ Ω2M
d−→ · · · d−→ ΩmM,

or more generally any sequence of vector bundles Ei → M and pseudo-
differential operators Pi ∈ Ψk(M ;Ei, Ei+1) such that

(2.7) C∞(M,E1)
P1−→ C∞(M,E2)

P2−→ . . .
Pn−1−−−→ C∞(M,En)

forms a complex, i.e., Pi+1Pi = 0. We say that such a complex is elliptic if,
for any (ζ, ξ) ∈ S∗M , the corresponding complex of symbols

0→ (E1)ζ
σ(P1)(ζ,ξ)−−−−−−→ (E2)ζ

σ(P2)(ζ,ξ)−−−−−−→ . . .
σ(Pn−1)(ζ,ξ)−−−−−−−−→ (En)ζ → 0

is exact.
For the de Rham complex, note that e−iftd(eiftω) = itdf ∧ω + dω so the

symbol of d is given by exterior product,

σ(d)(ζ, ξ) = ieξ.

The symbolic complex

0→ Λ0(T ∗
ζ M)

ieξ−→ Λ1(T ∗
ζ M)

ieξ−→ . . .
ieξ−→ Λn(T ∗

ζ M)→ 0

is exact, hence the de Rham complex is elliptic.
Given an elliptic complex, we choose inner products on all of the bun-

dles involved and an smooth measure on M in order to define the adjoint
complex,

(2.8) C∞(M,E1)
P ∗

1←−− C∞(M,E2)
P ∗

2←−− . . .
P ∗

n−1←−−− C∞(M,En)

which is again elliptic. The advantage is that the operators

∆i = P ∗
i Pi + Pi−1P

∗
i−1

are elliptic, self-adjoint, and map C∞(M,Ei) to itself.
Indeed, we can check that they are elliptic by noting that, for ω ∈ (Ei)ζ ,

(σ(∆i)ω, ω) = (σ(Pi)ω, σ(Pi)ω) + (σ(P ∗
i−1)ω, σ(P ∗

i−1)ω)

hence

ω ∈ null[σ(∆i)(ζ, ξ)] ⇐⇒ ω ∈ null[σ(Pi)(ζ, ξ)] ∩ null[σ(P ∗
i−1)(ζ, ξ)].

But, if ξ 6= 0, then ellipticity of the original complex means that

null[σ(Pi)(ζ, ξ)] = Ran[σ(Pi−1)(ζ, ξ)] ⊆
(
null[σ(P ∗

i−1)(ζ, ξ)]
)⊥

,

so ω = 0.
The same reasoning applied to ∆i instead of σ(∆i), and integration by

parts, shows that

null(∆i) = null(Pi) ∩ null(P ∗
i−1).
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In the next theorem we compare this space to the cohomology of the complex
(2.7), (thought of as vector spaces)

Hk({Ei, Pi}) =
ker Pi

Image Pi−1
=

{ω ∈ C∞(M,Ei) : Piω = 0}
{Pi−1η ∈ C∞(M,Ei) : η ∈ C∞(M,Ei−1)}

.

Before proving the theorem, we note that the same data allows us to
define complexes from sections with less regularity. On one extreme, we can
define the complex of distributional sections (using P ∗

i above to define the
action of Pi on C−∞(M,Ei))

(2.9) C−∞(M,E1)
P1−→ C−∞(M,E2)

P2−→ . . .
Pn−1−−−→ C−∞(M,En).

In between these extremes, we have the complex of L2 forms, of which we
will have much to say for general manifolds. In this case, though we write

(2.10) L2(M,E1)
P1−→ L2(M,E2)

P2−→ . . .
Pn−1−−−→ L2(M,En),

this is an abuse of notation, and at each step we should really have Dmax(Pi)
so as to have an actual complex. As is well-known (and shown in the next
theorem), these complexes have the same cohomology as (2.7).

Theorem 2.18. If the complex (2.7) is elliptic, then every element of
C∞(M,Ei) (or C−∞(M,Ei) or L2(M,Ei)) can be written in a unique way
as the sum of an element in Ran(Pi−1), an element in Ran(P ∗

i ), and an
element in the null space of ∆i. Furthermore, there is a canonical vector
space isomorphism

(2.11) Hk({Ei, Pi}) ∼= null(∆k).

Proof. Let Gi ∈ Ψ−2k(M,Ei) be the generalized inverse of ∆i as an operator
on L2(M,Ei), so that

∆iGi = Gi∆i = Id−Πi

with Πi ∈ Ψ−∞(M,Ei) the orthogonal projection onto the null space of ∆i.
Then, in any of the three complexes above, existence of the decomposition
is a consequence of

Id = P ∗
i (PiGi) + Pi−1(P

∗
i−1Gi) + Πi.

To prove uniqueness of the decomposition, it suffices to consider the case of
distributions. Let T ∈ C−∞(M,Ei) be given by T1+T2+T3 with T1 = P ∗

i T ′
i ,

T2 = Pi−1T
′
2, and T3 ∈ null(∆i). Let φ be any test function and note that

〈φ, T1〉 = 〈
(
P ∗

i PiGi + Pi−1P
∗
i−1Gi + Πi

)
φ, T1〉

= 〈P ∗
i PiGiφ, T1〉 = 〈P ∗

i PiGiφ, T 〉 = 〈φ,GiP
∗
i PiT 〉 = 〈φ, P ∗

i PiGiT 〉,
and since φ was arbitrary, we conclude T1 = P ∗

i PiGiT . Similarly we identify
T2 with Pi−1P

∗
i−1GiT and T3 with ΠiT , thus proving uniqueness.
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Next, since elliptic regularity implies null(∆k) ⊆ C∞(M,Ek), it suffices
to prove (2.11) for smooth sections. Using null(∆i) ⊆ null(Pi), we have a
well-defined vector space homomorphism

Φ : null(∆i)→Hk({Ei, Pi})
defined by assigning to each u ∈ null(∆i) its class in the quotient, [u]. We
claim that Φ is bijective. Indeed, if Φ(u) = 0 then u ∈ null(∆i)∩Ran(Pi−1)
so, as explained above, u = 0. Similarly given any v ∈ null(Pi), then

v = Πv + G∆iv = Πv + Pi−1(P
∗
i−1Gv)

shows that [v] = Φ(Πv), and hence Φ is surjective. �

In particular, we can apply this to the de Rham complex of forms.

Corollary 2.19 (The compact Hodge Theorem). The Hodge cohomology of
a closed manifold M is canonically isomorphic to the de Rham cohomology
of M .

Hence by the de Rham theorem, the null spaces of the Hodge Laplacian
can be identified with the topological cohomology spaces of M .
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3. L2 cohomology on non-compact manifolds

On any smooth manifold, compact or not, the de Rham cohomology
groups

Hk
dR(M) =

{ω ∈ C∞(ΛkT ∗M) : dω = 0}
dC∞(Λk−1T ∗M)

are isomorphic to the real cohomology groups Hk(M, R), and the compactly
supported de Rham cohomology groups

Hk
c (M) =

{ω ∈ C∞c (ΛkT ∗M) : dω = 0}
dC∞c (Λk−1T ∗M)

are isomorphic to the real cohomology groups with compact support,
Hk

c (M, R). If M is the interior of a manifold with boundary, M , then

Hk
c (M) ∼= Hk(M,∂M ) =

{ω ∈ C∞(ΛkT ∗M) : dω = 0, i∗ω = 0}
{dβ : β ∈ C∞(Λk−1T ∗M), i∗β = 0}

where i : ∂M →M is the inclusion map.
If M is oriented, the bilinear map

Hk(M)×Hm−k
c (M) 3 ([α], [β]) 7→ I([α], [β]) =

∫

M
α ∧ β ∈ R

is well-defined and non-degenerate. Thus, if α is a closed form,

I([α], [β]) = 0 for every β ⇐⇒ α = dγ for some smooth form γ.

In particular if both spaces are finite dimensional then we have Poincaré
Duality

Hk(M) ∼= (Hn−k
c (M))∗, and (Hk(M))∗ ∼= Hn−k

c (M).

(If they are not finite dimensional, the first equality still holds though the
second need not.)

Given a Riemannian metric g on M forms in L2ΩkM form a Hilbert space
with inner product

〈α, β〉 =

∫

M
(α, β) dvolg .

We define the formal adjoint of d,

C∞c Ωk+1M
δ−→ C∞c ΩkM,

by the formula

〈δα, β〉 = 〈α, dβ〉, for every α ∈ C∞c Ωk+1M,β ∈ C∞c ΩkM.
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3.1. Kodaira decomposition.

If α ∈ C−∞ΩkM and γ ∈ C−∞Ωk+1M , we say that dα = γ weakly if

〈dα, β〉 = 〈γ, δβ〉, for every β ∈ C∞c Ωk+1M.

The space of closed L2 forms is defined by

Zk
2 (M) =

{
ω ∈ L2ΩkM : dω = 0 weakly

}
.

Thus we can identify

Zk
2 (M) =

(
δC∞c Ωk+1M

)⊥

which shows that Zk
2 (M) is a closed subspace of L2ΩkM . Similarly the space

of co-closed forms is equal to
{
ω ∈ L2ΩkM : δω weakly

}
=
(
dC∞c Ωk−1M

)⊥
,

and the space of closed an co-closed forms (often called the space of L2

harmonic fields) is

L2Hk(M, g) =
{

α ∈ L2Ωk(M) : dα = 0, δα = 0
}

=
(
δC∞c Ωk+1M

)⊥
∩
(
dC∞c Ωk−1M

)⊥
.

Note that, by applying elliptic regularity to d + δ,

L2Hk(M, g) ⊆ C∞Hk(M, g).

In general L2Hk(M, g) is not equal to null(∆i).
The following theorem follows easily from the fact that, whenever α, β ∈

C∞c Ω∗M ,

〈dα, δβ〉 = 〈d2α, β〉 = 0,

and hence

δC∞c Ωk+1M ⊥ dC∞c Ωk−1M.

Theorem 3.1 (Kodaira). On an arbitrary manifold M (not necessarily
complete), there is an orthogonal decomposition

L2Ωk(M, g) = L2Hk(M, g) ⊕ dC∞c Ωk−1 ⊕ δC∞c Ωk+1.

3.2. Reduced L2 cohomology.

Recall that the exterior derivative has two canonical closed extensions from
its core domain C∞c Ωk. Let Dk(d) denote the maximal domain of d (Gaffney’s
theorem shows that D(d) is also the minimal domain of d if g is complete).
The range of the exterior derivative, as a map Dk(d) → L2Ωk+1, need not
be closed. We define two L2 cohomology spaces: the kth reduced L2

cohomology space of M is

H
k
2(M) = Zk

2 (M)/dDk−1(d)
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and is automatically a Hilbert space; the kth un-reduced L2 cohomology

space of M is
Hk

2 (M) = Zk
2 (M)/dDk−1(d)

and need not even be Hausdorff. This latter space is infinite dimensional if

the range of d is not closed, and coincides with H
k
2(M) if the range of d is

closed (e.g., on a closed manifold).

Proposition 3.2. If (M, g) is a complete manifold

(3.1) H
k
2(M) ∼= L2Hk(M) ∼= null(∆k),

and, if M is also orientable, then we have Poincaré duality

H
k
2(M) ∼= H

m−k
2 (M).

Proof. On a complete manifold we know that dDk−1(d) = dC∞c Ωk−1(d),
and the Kodaira decomposition theorem implies that Zk

2 (M) = L2Hk(M)⊕
dDk−1(d), which together imply H

k
2(M) ∼= L2Hk(M). We also know from

Gaffney’s theorem that L2Hk(M) = null(∆k). Finally, orientability of M
gives an isomorphism

∗ : L2Ωk → L2Ωm−k

which intertwines ∆k and ∆n−k, in particular it establishes null(∆k) ∼=
null(∆m−k) and hence H

k
2(M) = H

m−k
2 (M). �

An interesting consequence of this proposition is that the Hodge cohomol-
ogy L2Hk(M) is an invariant under quasi-isometric changes of a (complete)
metric. We say that two metrics g and g ′ are quasi-isometric if there is a
positive constant C, such that

Cg ≤ g′ ≤ 1

C
g

as quadratic forms. Quasi-isometric metrics define the same L2 spaces and

hence define isomorphic L2 cohomology groups, H
k
2(M), so, if the metrics are

complete, isomorphic L2Hk(M). This is surprising because quasi-isometry
involves no derivatives of the metric while defining d+ δ requires derivatives
of the metric.

Corollary 3.3.

a) On any complete Riemannian manifold,

dimH0
2 (M) = # of connected components of M with finite volume.

b) For Rn with its flat metric, H
k
2(R

n) = {0} for every k.

Proof.
a) For functions on a complete manifold, null(∆) = null(d), hence harmonic
functions are locally constant.
b) On Rn, any form can be written

α =
∑

αIdxI ,
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and will be harmonic if and only if its coefficient functions are all harmonic,
hence locally constant. The norm of a form on Euclidean space is equivalent
to the sum of the L2-norms of the coefficient functions, hence the fact that
Rn has infinite volume implies that there are no harmonic L2 forms on
Rn. �

Remark 3.4. If M is not complete, the behavior of these vector spaces
is very different. For instance, for functions on the unit interval we have
null(d) = {constants} and null∆ = {affine functions}, so null(∆) 6= null(d)∩
null(δ). For a Riemannian manifold with boundary we always have, on func-
tions, null(d) = {constants}, but null(∆) is infinite dimensional whenever
m > 1.

For 0 < k < dimM , the space of closed and co-closed k forms on a
manifold with boundary is always infinite dimensional. Indeed, a simple
construction is possible using the following unique continuation principle:

Let N is a connected Riemannian manifold, U ⊆ N a non-
empty open subset of N , and α, β smooth closed and co-
closed forms that coincide on U , then α = β.

Proposition 3.5. Assume that (M, g) is a smooth, compact, Riemannian
manifold with boundary, and 0 < k < m, then

dimL2Hk(M) =∞.

Proof. Let 2M = M#∂MM be the double of M and for any ` ∈ N let

N` = 2M#(#`T
n) .

Choose any extension of g to a smooth Riemannian metric on N`, and note
that, by the unique continuation principle, the restriction map

L2Hk(N`)→ L2Hk(M)

is injective. On the other hand, for k as above, we have

L2Hk(N`) ∼= Hk(N`) ∼= Hk(2M)⊕
(
⊕`H

k(Tm)
)

and hence

dimL2Hk(M) ≥ dimHk(2M) + `

(
m

k

)
.

Since ` is arbitrary, the result follows. �

Next we want to show that, on a complete manifold, the L2 cohomology
is between H∗

c (M) and H∗(M), at least in the sense that the natural map
between Hk

c (M) and Hk(M) factors through the reduced L2 cohomology,

(3.2) Hk
c (M) //

$$JJJJJJJJJ
Hk(M)

H
k
2(M)

::ttttttttt

.
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The first map Hk
c (M) → H

k
2(M) is easily seen to be well-defined, however

for the second map H
k
2(M) → Hk(M), we need the following result of de

Rham.

Lemma 3.6 (de Rham). Let α be a smooth form in Zk
2 and suppose that

[α] is zero as an element of reduced L2 cohomology. Then there is a smooth
k − 1 form β such that α = dβ.

In general we can not say anything about the behavior of β at infinity.
Notice that the hypothesis does not say that we can choose β in L2, but
rather that there is a sequence of smooth compactly supported k− 1 forms,
β`, such that dβ` converges to α in L2(M).

Proof. By Poincaré duality it suffices to show that if φ ∈ C∞c Ωn−k is closed
then ∫

α ∧ φ = 0,

and this follows from
∫

α ∧ φ = lim

∫
dβ` ∧ φ = lim

∫
d(β` ∧ φ) = 0.

�

Lemma 3.6 shows that the second map in (3.2) is well-defined. In general
neither map need be injective or surjective, though we do have the following
result.

Proposition 3.7 (Anderson). There is a natural injective map

Im
(
Hk

c (M)→ Hk(M)
)
→ H

k
2(M).

Proof. Using (3.2) we have

Im
(
Hk

c (M)→ Hk(M)
)

↪→ Im
(
H

k
2(M)→ Hk(M)

)
↪→ H

k
2(M),

where we use the Hilbert space structure of H
k
2(M) to define the final map.

�

This sometimes gives an easy lower bound for the reduced L2 cohomology.

Corollary 3.8. If S is a complete Riemann surface,

genus(S) ≤ dimH
1
2(M).

Proof. We show that if a connected Riemann surface S is obtained from
another connected Riemann surface S ′ by attaching a handle, then

dim Im
(
Hk

c (S′)→ Hk(S′)
)

+ 1 ≤ dim Im
(
Hk

c (S)→ Hk(S)
)

.
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We represent the handle by an emebedding f of S1 × [−1, 1] into S such
that S \ Im(f) is connected. Let χ : [−1, 1]→ [0, 1] be any smooth function
such that

χ(t) =

{
1 if t > 1

2

0 if t < − 1
2

and let π : S1 × [−1, 1] → [−1, 1] be the projection onto the second factor.
The form α = (f−1)∗π∗dχ is a smooth compactly supported closed form on
S with support in Im(f). Choose a path γ : [0, 1] → S \ Im(f) connecting
f(1, 1) with f(1,−1) and define

γ̃(t) =

{
f(1, t) if t ∈ [−1, 1]

γ(t− 1) if t ∈ [1, 2]

Then we have ∫

eγ
α =

∫ 1

−1
dχ = 1,

which shows that α is not zero as an element of H1(S). �

For a Riemann surface of finite topology, we can say more about the L2

cohomology. The key fact about the degree one reduced L2 cohomology
of a surface is its conformal invariance. Indeed, more generally we have
conformal invariance of the L2 spaces of middle degree forms.

Proposition 3.9 (Conformal invariance of middle-degree cohomology). Let
M be an even dimensional manifold and let g and g ′ be conformally related
metrics on M (not necessarily complete), then, if m = dimM , we have

L2Hm/2(M, g) = L2Hm/2(M, g′).

Proof. Let ω be a smooth function such that g ′ = e2ωg, a simple computation
shows that

∗k(g) = e(m−2k)ω ∗k (g′),

so the Hilbert space inner products on middle degree forms, and hence the
Hilbert spaces L2(M, g) and L2(M, g′), coincide. A form in L2Hm/2(M, g) is
smooth, closed, and orthogonal to the image of dC∞c Ωk−1 hence an element
of L2Hm.2(M, g′) and vice-versa. �

A surface S has finite topology if it has finite genus and a finite number of
ends. The uniformization theorem for surfaces shows that there is a compact
Riemann surface S so that a complete metric on S is conformally equivalent
to the hyperbolic metric on S minus a finite number of points and disks.
Each finite volume end (known as a cusp) corresponds to one of the ‘missing’
points, and each end of infinite volume (known as a funnel) corresponds to
one of the ‘missing’ disks. The following lemma will imply that the reduced
L2 cohomology does not notice the missing points.
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Lemma 3.10. Let D be the unit disk with its flat metric, and α ∈ L2H1(D\
{0}), then α extends smoothly across the origin; hence we have

L2H1(D \ {0}) = L2H1(D).

Proof. Any α as above is in the null space of d+δ in D\{0}, we show that it
satisfies (d+δ)α = 0 weakly in D. Note that we can choose cut-off functions

χn(r, θ) =





0 if r ≤ 1
2n

2nr − 1 if 1
2n ≤ r ≤ 1

n

1 if r ≥ 1
n

that satisfy ‖dχn‖2L2 → 0. Then, for any β ∈ C∞c Ω∗D, we have χnβ ∈
C∞c Ω∗(D \ {0}) hence

〈α, (d + δ)(χnβ)〉 = 0.

Hence we have

|〈α, (d + δ)β〉| = lim
n
|〈α, χn(d + δ)β〉| = lim

n
|〈α, [χn, (d + δ)]β〉|

= lim
n
|〈α, σ(d + δ)(dχn)β〉| ≤ lim

n
‖α‖L2 ‖β‖L∞ ‖dχn‖2L2 = 0.

Elliptic regularity implies that (d + δ)α = 0 holds classically on D. �

On the other hand, as we see in the next theorem, the presence of funnels
will cause the reduced L2 cohomology to blow-up.

Theorem 3.11. Let (S, g) be a complete connected Riemann surface with
finite topology. If dimL2H1(S, g) <∞, then S is conformally equivalent to
S \ {p1, . . . , pn}, a compact Riemann surface with a finite number of points
removed, and

L2H1S ∼= Im(H1
c (S)→ H1(S)) ∼= H1(S).

Proof. Let S be a compact Riemann surface so that

S ∼= S \ D1 ∪ . . . D` ∪ {p1, . . . , pn}.

We know from the lemma that an L2 harmonic form on S extends to an
L2 harmonic form on S minus the disks. So we only need to show that if
there are any disks removed then there are infinitely many harmonic forms.
Notice that, given any f ∈ C∞(∂D1), we can find a harmonic extension
of f to a function u on S \ D1. The form du is then in L2H1(S \ D1)
and restricts to an L2 harmonic form on S. Thus we have a linear map
C∞(∂D1)→ L2H1(S) whose null space consists of constant functions. Thus
finite dimensional reduced L2 cohomology implies that S is conformally
equivalent to S \ {p1, . . . , pn}. �



30 PIERRE ALBIN

3.3. A long exact sequence in L2 cohomology.

Because the L2 cohomology of M is invariant under quasi-isometries we
expect it to only depend on the asymptotic behavior of the ends of M .
A natural approach to studying it is hence to use a long exact sequence
in cohomology to try to separate out the contribution from the ends. In
particular we will see a result of John Lott that whether or not a metric has
infinite dimensional reduced L2 cohomology only depends on its geometry
at infinity.

Let M be a complete Riemannian manifold, K be a compact subset of
M with smooth boundary, and let U = M \K. The long exact sequences in
de Rham cohomology induces by including K or U into M have analogous
sequences in unreduced L2 cohomology:

. . .→ Hk
2 (K, ∂K)→ Hk

2 (M)→ Hk
2 (U)→ . . .(3.3)

. . .→ Hk
2 (U , ∂U)→ Hk

2 (M)→ Hk
2 (K)→ . . .(3.4)

In general these sequences are not exact for reduced L2 cohomology, though
they are if the range of d is closed. However parts of the sequence are always
exact.

To make this precise, we need to define reduced L2 cohomology spaces
for manifolds with boundary. Thus define

Zk
2 (U) =

{
ω ∈ L2ΩkU : (ω, δφ) = 0 for all φ ∈ C∞c Ωk+1U◦

}

= (δC∞c Ωk+1U◦)⊥,

Zk
2 (U , ∂U) =

{
ω ∈ L2ΩkU : (ω, δφ) = 0 for all φ ∈ C∞c Ωk+1U

}

= (δC∞c Ωk+1U)⊥,

and, as before, these spaces are closed. Note that Green’s formula shows
that, if ω ∈ L2Ωk(M) is smooth, i : ∂U → U is the inclusion, and ν is a
normal vector field to the boundary, then

ω ∈ Zk
2 (U) ⇐⇒ dω = 0, ω ∈ Zk

2 (U , ∂U) ⇐⇒ dω = 0, i∗ω = 0.

The reduced L2 cohomology spaces are defined by

H
k
2(U) = Zk

2 (U)/dC∞c Ωk−1U ,

H
k
2(U , ∂U) = Zk

2 (U , ∂U)/dC∞c Ωk−1U◦,

and have an interpretation in terms of harmonic forms:

L2Hk
2(U) =

{
ω ∈ L2Ω : dω = δω = iνω = 0

}

L2Hk
2(U , ∂U) =

{
ω ∈ L2Ω : dω = δω = i∗ω = 0

}
.

Lemma 3.12. The following sequence is exact:

(3.5) H
k
2(M)→ H

k
2(U)→ Hk+1(K, ∂K),
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and so is

(3.6) H
k
2(U , ∂U)→ H

k
2(M)→ Hk(K).

Proof. We start by recalling the maps involved in (3.5). The first map is
induced by the inclusion jU : U → M ; the second map is the co-boundary

map b : H
k
2(U) → Hk(K, ∂K) defined as follows. Given a class in H

k
2(U)

choose a smooth representative, α, and choose any smooth extension of α
to an element α̃ ∈ C∞ΩkM . Since dα = 0 in U , we know that dα̃ is a closed
smooth form with support in K and defines a relative cohomology class,

b([α]) = [dα̃] ∈ Hk+1(K, ∂K),

that is independent of the choices involved. Clearly j∗U ◦ b = 0, so we only
need to show ker b ⊆ Im(j∗U ).

Thus we need to show that, if a form α has an extension α̃ to M such
that dα̃ is exact as an element of Hk+1(K, ∂K), then there is actually an
extension of α to M that is exact as an element of Hk(M). Let i : ∂K → K
denote the inclusion of the boundary of K, and choose β ∈ C∞ΩkK with
i∗β = 0 satisfying dα̃ = dβ in K, then the form

α̂ =

{
α̃− β on K

α on U

is the required extension of α. Indeed, it is an extension of α to a form in
L2ΩkM , and, for any φ ∈ C∞c Ωk+1M , we have

∫

M
(α̂, δφ) =

∫

K
(α̃− β, δφ) +

∫

U
(α, δφ)

= −
∫

∂K
(i∗(α̃− β), iνφ) +

∫

∂K
(i∗α, iνφ) = 0,

hence α̃ is (weakly) closed.
Next we recall the maps involved in (3.6). The first map e : H k(U , ∂U)→

H
k
2(M) consists of extending a form by zero, i.e.,

e(α) =

{
α on U
0 on K

the second map is induced by the inclusion jK : K →M . Clearly j∗K ◦e = 0,
so we only need to show that ker j∗K ⊆ Im(e).

Thus we need to show that any form on M that is exact when pulled
back to K is cohomologous to a closed form supported in U . So assume
that α is a smooth, harmonic form in L2ΩkM such that j∗Kα = dβ for some

β ∈ C∞Ωk−1K. Let β ∈ C∞c Ωk−1M be an extension of β. Clearly, α is

cohomologous to α− dβ in H
k
2(M), and

α− dβ = e(j∗U (α− dβ))
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so we only need to check that j∗U (α − dβ) is an element of Zk
2 (U , ∂U). Let

φ ∈ C∞c ΩkU , and let φ ∈ C∞c ΩkM be an extension of φ, then we have
∫

U
(j∗U (α− dβ, δφ) =

∫

M
(j∗U (α− dβ, δφ) = 0.

�

This lemma allows us to prove Lott’s result. We say that two Riemann-
ian manifolds (M1, g1) and (M2, g2) are isometric at infinity if there are
compact sets Ki ⊆Mi such that

(M1 \K1, g1) is isometric to (M2 \K2, g2).

Theorem 3.13 (Lott). Let (M1, g1) and (M2, g2) be complete oriented man-
ifolds of dimension m which are isometric at infinity, then for any k ≥ 0,

dimH
k
2(M1) <∞ ⇐⇒ dimH

k
2(M2) <∞.

Proof. It suffices to show that dimH
k
2(M) < ∞ ⇐⇒ dimH

k
2(U) < ∞

with M and U as above. Notice that, since Hk+1(K, ∂K) is always finite
dimensional, (3.5) shows that

dimH
k
2(M) <∞ =⇒ dimH

k
2(U) <∞.

Similarly, since Hk(K) is always finite dimensional, (3.6) shows that

dimH
k
2(U , ∂U) <∞ =⇒ dimH

k
2(M) <∞.

Since the manifold is oriented, we can define the Hodge star map and use it
to see that

dimH
k
2(U , ∂U) <∞ ⇐⇒ dimH

m−k
2 (U) <∞,

which finishes the proof. �

3.4. Fredholm operators on open manifolds.

In the previous section we have seen that some of the difficulties in working
with L2 cohomology stem from the fact that the image of d (acting on
its maximal domain) is not closed. This is closely related to whether or
not the de Rham operator d + δ is Fredholm. In this section we look at a
characterization of Fredholm operators on complete manifolds due to Nicolae
Anghel.

In the following couple of results we work with arbitrary separable Hilbert
spaces, H1 and H2, to highlight that the results are not geometric. In
applications these will always be Hilbert spaces of sections of a vector bundle
over a manifold.

Lemma 3.14. A closed operator T : D(T ) ⊆ H1 → H2 has closed range if
and only if there is a positive number C > 0 such that

(3.7) ‖Tu‖ ≥ Cd(u,null(T )) for all u ∈ D(T ).



ANALYSIS ON NON-COMPACT MANIFOLDS 33

An equivalent way of stating (3.7) is

‖Tu‖ ≥ C ‖u‖ for all u ∈ D(T ) ∩ (null T )⊥,

which, in turn, is equivalent to saying that the generalized inverse of T is a
bounded operator.

Proof. If (3.7) holds, and (un) ⊆ D(T ) are such that Tun → v, then
d(un,null(T )) is a Cauchy sequence and we can pick (zn) ⊆ null(T ) so that
(un−zn) is a Cauchy sequence, say with limit u. Since T is closed, u ∈ D(T )
and Tu = v, thus Im(T ) is closed.

To prove the converse, consider the operator T̃ : H1/null(T ) → H2 in-
duced by T . This operator is clearly injective and linear. It is also closed.
Indeed, if

[un]→ [u] and T̃ [un]→ v,

then we can find zn ∈ null(T ) such that un − zn → u and T (un − zn) =

T̃ [un] → v. Then, since T is closed, we have u ∈ D(T ) and Tu = v, hence

[u] ∈ D(T̃ ) and T̃ [u] = v, so T̃ is closed.

The estimate (3.7) is equivalent to saying that the inverse of T̃ is a

bounded operator Im(T ) → D(T ) - indeed the largest C is
∥∥∥T̃−1

∥∥∥
−1

- and

if the range of T is closed, then the closed graph theorem implies that T̃−1

is bounded. �

We say that a closed operator with closed range T is semi-Fredholm

if either its null space of its cokernel are finite dimensional. In the former
case we say that T is essentially injective and in the latter essentially

surjective. For these operators one can talk about ind(T ) as an extended
integer. If D(T ) is dense - so that we can define T ∗ - then Im(T ) is closed
if and only if Im(T ∗) is closed and T ∗ is semi-Fredholm if and only if T
is semi-Fredholm and moreover ind(T ) = − ind(T ∗). Clearly a self-adjoint
operator is semi-Fredholm precisely when it is Fredholm.

Lemma 3.15. A closed operator T : D(T ) ⊆ H1 → H2 is essentially injec-
tive if and only if

(3.8)

{
(sk) ⊆ D(T ) bounded

(Tsk) convergent
=⇒ (sk) has a convergent subsequence.

Proof. If T is essentially injective, then its generalized inverse, G, is a
bounded operator and a left parametrix. Hence sk = GTsk + Πsk has a
convergent subsequence because Πsk has a convergent subsequence.

The proof of the converse is much like the proof of Lemma 2.2. First, the
null space of T must be finite dimensional since (3.8) implies that its unit
ball is sequentially compact. Next, notice that any sequence of vectors (uk)
orthogonal to the null space of T , such that (Tuk) converges, must have a
bounded subsequence. Otherwise the sequence ũk = 1

‖uk‖uk is bounded and

T ũk → 0 and so by (3.8) has a convergent subsequence. But, if ũ is the
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limit of such a subsequence, then ‖ũ‖ = 1 and ũ is simultaneously in null(T )
and null(T )⊥, which clearly can not happen. Thus (uk) has a bounded
subsequence and so from (3.8) a convergent subsequence. Denote a limit
point by u and note that, since T is closed, u ∈ D(T ) and Tu = lim Tuk,
hence Im(T ) is closed. �

Now we return to the setting of complete manifolds and we can establish
Anghel’s criterion for Fredholm operators.

Theorem 3.16. Let M be a complete Riemannian manifold, and let P :
L2(M ;E) → L2(M ;F ) be an essentially self-adjoint elliptic differential op-
erator. Then P is Fredholm if and only if there is a compact set K ⊆ M
and a constant C > 0 such that

(3.9) ‖Pu‖L2(M,F ) ≥ C ‖u‖L2(M ;E) for all u ∈ C∞c (M \K;E).

Proof.
The first implication is true more generally:
Let H(E) and H(F ) be Hilbert spaces of sections of E and F respectively,
with C∞c (M \K;E) ⊆ H(E) and H(E) continuously included in L2

loc(M,E).
If P : D(P ) ⊆ H(E)→ H(F ) is a closed, essentially injective operator, and
Kn is a sequence of compact subsets of M such that M \∪nKn has measure
zero then, for some n ∈ N we have

(3.10) ‖Pu‖H(F ) ≥
1

n
‖u‖H(E) for all u ∈ C∞c (M \Kn;E).

Indeed, otherwise for each n we can find un ∈ C∞c (M \ Kn;E) such that
‖un‖ = 1 and ‖Pun‖ ≤ 1

n . Using Lemma 3.15 we can assume, without loss
of generality, that un converges to some element u ∈ H(E). Clearly ‖u‖ = 1
and, since P is closed, u ∈ D(P ) and Pu = 0. On the other hand un

converges weakly to zero in L2, so using the inclusion H(E)→ L2
loc(M ;E),

and the fact that the un are compactly supported, un also converges weakly
to zero in H(E). Thus, if Πker P is the projection onto the null space of P ,
we know that Πker P un → 0 since Πker P is compact. Finally, using G, the
generalized inverse of P , we see that un = GPun + Πker P un → 0, which
contradicts ‖u‖ = 1. This contradiction proves (3.10). To apply this to
a complete manifold we can use a smooth proper function with bounded
gradient µ : M → [0,∞) and let Kn = µ−1([0, n]).

For the converse, let (sk) be a sequence of elements in D(P ) that are
bounded in L2(M ;E) and such that (Psk) converges in L2(M ;F ), by Lemma
3.15 if we show that (sk) has a convergent subsequence, we will know that
P is semi-Fredholm and self-adjoint, hence Fredholm. Since P is essentially
self-adjoint its domain is equal to Dmin(P ), the closure of C∞c (M ;E) with
respect to the graph norm ‖u‖P = ‖u‖L2 + ‖Pu‖L2 . Thus we can assume
that the sequence (sk) is made up of elements of C∞c (E) (though note that
the union of their supports need not be compact).
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Let U be an open, precompact subset of M such that K ⊆ U ⊆ U , and
let χ ∈ C∞c (M, [0, 1]) be identically equal to one on K and zero on M \ U .
The benefit of restricting to (sk) ⊆ C∞c (E) is that χsk is still in D(P ).

Since U is compact, we can use Rellich’s lemma to find a subsequence of
sk such that (sk

∣∣
U ) converges. Since [P, χ] is a differential operator of order

lower than P , supported in U , another appeal to Rellich’s lemma and passage
to a subsequence allows us to assume that [P, χ]sk converges. Finally, from

C ‖(1− χ)(sk − s`)‖ ≤ ‖P ((1− χ)(sk − s`))‖
= ‖(1− χ)P (sk − s`) + [P, χ](sk − s`)‖
≤ ‖P (sk − s`)‖+ ‖[P, χ](sk − s`)‖ ,

we see that (sk

∣∣
M\U ) converges, and hence (sk) converges. �

It is useful to have Anghel’s criterion for Hilbert spaces other than L2,
e.g., one may want to use weighted Sobolev spaces. For this reason we
extract below as a corollary the more general statement covered by the
proof above. We recall that a section s ∈ C−∞(M ;E) is in Hp

loc(M ;E) if its
restriction to any open sets on which M and E are trivialized is an element
of Hp(Rm; Ck). The Hp-norms of the restrictions to compact subsets of
these trivializing neighborhoods yield a family of semi-norms which we use
to topologize Hp

loc(M ;E). Elliptic regularity shows that if a section s of E
is in D(P ) then s ∈ Hp

loc(M ;E).

Corollary 3.17. Let M be a complete manifold, P an elliptic differential
operator of order p > 0, and let H(E) and H(F ) be Hilbert spaces of sections
of E and F respectively, such that

i) C∞c (M ;E) is dense in H(E) and C∞c (M ;F ) ⊆ H(F )
ii) H(E) includes into Hp

loc(M ;E) and H(F ) into L2
loc(M ;F ) continu-

ously
iii) P extends by continuity from an operator C∞c (M ;E) → C∞c (M ;F )

to a continuous operator H(E)→H(F ).

Then P is essentially injective as an operator H(E)→ H(F ) if and only if
there is a compact set K ⊆M and a constant C > 0 such that

(3.11) ‖Pu‖H(F ) ≥ C ‖u‖H(E) for all u ∈ C∞c (M \K;E).

Proof. The forward implication was proved explicitly in this more general
context above. For the converse implication, we can extend the inequality
(3.11) to elements of H(E) using (i), and our use of Rellich’s lemma on
compact subsets of M is justified by (ii), so the proof above applies verbatim.

�

This leads us to Gilles Carron’s concept of an operator that is non-

parabolic at infinity by requiring that Anghel’s criterion ‘hold locally’.
Precisely, an elliptic operator P : L2(M,E)→ L2(M,F ) is non-parabolic at
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infinity if there is a compact subset K of M , so that, for any bounded open
subset U ⊆M \K and any s ∈ C∞c (M \K,E), we have

‖Ps‖L2(M\K;F ) ≥ C(U) ‖s‖L2(U ;E)

for some constant C(U) > 0 depending on U but not on s. Anghel’s criterion
shows that every Fredholm operator is non-parabolic at infinity. We will
see below that these are precisely the operators that are Fredholm in an
extended sense.

For any such P , and a compact subset of M , K̂, that contains K in its
interior, we define a new norm on C∞c (M,E) by

‖s‖2W = ‖s‖2
L2( bK,E)

+ ‖Ps‖2L2(M,F ) .

Note that P non-parabolic at infinity and s ∈ C∞c (M,E) together imply

that ‖s‖2L ≤ Cs ‖s‖2W for some constant depending on the support of s;
in particular, ‖s‖W = 0 implies ‖s‖L2 = 0. We denote by WP (E) the
completion of C∞c (M,E) with respect to this norm; clearly D(P ) ⊆WP (E).

Lemma 3.18. Let K̂1 and K̂2 be compact subsets of M that contain K in

their interior. The norms ‖·‖W defined using K̂1 or K̂2 are equivalent and

hence the space WP (E) is independent of the choice of K̂.

Proof. Denote by ‖·‖i the norm defined using Ki. If K̂1 ⊆ K̂2 then clearly
‖·‖1 ≤ ‖·‖2. Also, because P is non-parabolic at infinity,

‖s‖2
L2( bK2;E)

= ‖s‖2
L2( bK1;E)

+ ‖s‖L2( bK2\ bK1;E) ≤ ‖s‖
2
L2( bK1;E)

+ C ‖Ps‖L2(M ;F ) ,

for some C > 0, and hence ‖·‖2 ≤ C ‖·‖1. For general K̂i this argument

shows that both ‖·‖i are equivalent to the norm induced by K̂1 ∩ K̂2. �

Theorem 3.19 (Carron). Let M be a complete manifold and P be an essen-
tially self-adjoint elliptic operator of order p > 0. Then P is non-parabolic
at infinity if and only if there is a Hilbert space W (E) satisfying (i), (ii),
(iii) such that P : W (E)→ L2(M ;F ) is Fredholm.

Proof. If P is non-parabolic at infinity then we claim that WP (E) satisfies
(i), (ii), (iii) and that P : WP (E) → L2(M ;F ) is Fredholm. The first
and third properties are clear from the definition of WP (E). The second

property is equivalent to asking that, for any compact subset K̃ of M , there

is a constant C = C(K̃) such that

(3.12) ‖s‖
Hp( eK;E)

≤ C ‖s‖W , for all s ∈ C∞c (K̃;E).

However, since P is elliptic and K̃ is compact, we have

‖s‖Hp( eK;E) ≤ C(‖Ps‖L2( eK;E) + ‖s‖L2( eK;E)),

and, using that P is non-parabolic at infinity, this is bounded by a multiple
of ‖s‖W . Finally to see that P is Fredholm, note that if u ∈ C∞c (M \K;E)
then ‖u‖W = ‖Pu‖L2(M ;F ) so the criterion of Corollary 3.17 is satisfied.
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Conversely, if we assume that there is a Hilbert space as above, it is easy
to check that P is non-parabolic at infinity. Indeed, let K be as in Corollary
3.17, let U be a bounded open subset of M \K and let u ∈ C∞c (U ;E). Using
(i), u ∈ W (E), and hence using (ii) in the form (3.12), there is a constant
C > 0 such that

‖u‖L2(U ;E) ≤ ‖u‖Hp(U ;E) ≤ C ‖u‖W ,

then, from (3.11), this is bounded above by a multiple of ‖Pu‖L2(M ;F ) -

which implies that P is non-parabolic at infinity.
�

If P is non-parabolic at infinity, then its L2 kernel and co-kernel are finite.
Indeed, D(P ) ⊆WP (E), so the L2 kernel of P is a subspace of the kernel of
P as an operator WP (E)→ L2(F ).

3.4.1. Relation with L2 cohomology. We have seen how to characterize oper-
ators with closed image, operators that are Fredholm, and operators that are
Fredholm in an extended sense. Before passing to more specific situations,
we want to return to the long exact sequence in L2 cohomology.

First note that if the range if D = d + δ is closed, then the range of d is
closed. Indeed, from Lemma 3.14, this is the same as saying

‖Du‖ ≥ C ‖u‖ , for every u ∈ (ker D)⊥

=⇒ ‖du‖ ≥ C ‖u‖ , for every u ∈ (ker d)⊥,

and this is clear as on (ker d)⊥, d = D. Thus if D has closed range, then
reduced L2 cohomology is the same as unreduced L2 cohomology and so the
sequences (3.3)-(3.4) hold in reduced cohomology.

Instead assume that D is non-parabolic at infinity. Since D is Fredholm
as a map WP Ω∗ → L2Ω∗, we can restate the Kodaira decomposition as

L2Ωk = L2Hk ⊕ dWP Ωk−1 ⊕ δWP Ωk+1.

Indeed, we know that the range of D is closed and that C∞c Ω∗ is dense in
WPΩ∗, hence

dC∞c Ωk−1 = dWP Ωk−1, and δC∞c Ωk+1 = δWP Ωk+1.

This yields exactness of

Hk(K, ∂K)→ H
k
2(M)→ H

k
2(U).

Given an operator non-parabolic at infinity, we refer to elements of kerP \
L2 as extended solutions of P . If D is non-parabolic at infinity, and there
are no extended solutions of D, then we have exactness of

H
k
2(U)→ Hk+1(K, ∂K)→ H

k
2(M).

Hence in this case the long exact sequences in unreduced L2 cohomology are
also exact in reduced L2 cohomology.
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In the next few sections we will compute the reduced L2 cohomology of
certain spaces making use either of Lemma 3.14 to guarantee closed range
of d or of Theorem 3.19 to guarantee non-parabolicity at infinity.

3.5. L2 cohomology of conformally compact manifolds.

Our first example is the class of conformally compact manifolds. Although
these are not non-parabolic at infinity, we will see that the exterior derivative
has closed range.

Let M be the interior of a manifold with boundary M . A boundary
defining function (or bdf) for M is a non-negative function x : C∞(M, R)
such that ∂M = {x = 0} and dx has no zeroes on ∂M . A metric g on M is
called conformally compact if g = x2g extends smoothly to a metric on M .
Such a metric is automatically complete.

An important feature of conformally compact metrics is their relation to
the conformal geometry of the boundary. Indeed, this stems from the simple
observation that if x and x̂ are two bdfs for M , and we denote x2g

∣∣
∂M

and

x̂2g
∣∣
∂M

by h and ĥ respectively, then

x̂ = e2ωx =⇒ ĥ = e2ω
∣∣
∂M

h.

Since any two bdfs are related in this way, we see that g naturally determines
a conformal class of metrics on the boundary.

The motivating example of a conformally compact metric is the unit ball
model of hyperbolic space. It is well-known that this metric is conformally
equivalent to the flat metric on the ball and that there is a close relation be-
tween the conformal geometry of the sphere and the geometry of hyperbolic
space.

Conformally compact metrics have been actively studied as a tool for
conformal geometry and as a backdrop for the conjectural AdS/CFT (Anti-
de-Sitter/Conformal field theory) correspondence in physics. There is a very
rich analytic theory on these manifolds, dating from the MIT thesis of Rafe
Mazzeo. We will study the ‘zero calculus’ of pseudo-differential operators
adapted to these metrics and the corresponding scattering theory in later
lectures. The L2 cohomology of a conformally compact metric was computed
by Mazzeo, in this section we present a method of computing it due to Nader
Yeganefar.

First we present some general facts about conformally compact metrics.

Lemma 3.20. Let M be the interior of a compact manifold with boundary,
let g be a conformally compact metric on M , and let [h] be the conformal
class of metrics induced by g on ∂M .

a) Any other conformally compact metric g ′ on M is quasi-isometric
to g - hence they have the same reduced L2 cohomology.

b) If x is any bdf, and g = x2g, then |dx|g
∣∣
∂M

is independent of the
choice of x.
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c) Let α be any smooth extension of |dx|g
∣∣
∂M

off of ∂M , and let ĥ be
any metric in [h], then there is a unique boundary defining function
x̂ such that

x̂2g
∣∣
∂M

= ĥ, and |dx̂| = α near ∂M.

d) The curvature of g is asymptotically isotropic - in fact, the limiting
sectional curvatures at q ∈ ∂M are all equal to −|dx|2g(q).

A conformally compact metric is called asymptotically hyperbolic if
|dx|

∣∣
∂M

= 1, or, equivalently by part (d) of the lemma, if the sectional
curvature is asymptotic to −1. For an asymptotically hyperbolic metric, a
boundary defining function is called special or geodesic if |dx|g = 1 in a
neighborhood of the boundary. It follows from part (b) of the lemma that
each metric in the conformal class is associated to a unique special bdf.

Proof.
a) For any fixed bdf, x, both x2g and x2g′ are metrics on the compact
manifold with boundary M and hence quasi-isometric, i.e., there is a C > 0
such that

Cx2g ≤ x2g′ ≤ 1
C x2g.

Dividing through by x2, we conclude that g and g′ are quasi-isometric.
b) If x̂ = eωx, and ĝ = x̂2g, then

(3.13) |dx̂|2
bg = |dx + xdω|2g = |dx|2g + 2x(∇gx)(ω) + x2|dω|2,

hence |dx̂|bg
∣∣
∂M

= |dx|g
∣∣
∂M

.
c) From (3.13) the first condition on x̂ is equivalent to

2(∇gx)(ω) + x|dω|2 =
α2 − |dx|2g

x

which is a non-characteristic first-order PDE for ω, so there is a solution

near ∂M for every choice of ω0, hence ĥ.
d) Let x be any boundary defining function on M , and let g = x2g. Using
the well-known formulas for conformal change of metric (see [Besse]) the
Levi-Civita connections and the curvature tensors of g and g are related by

g(∇UV,W )(3.14)

= g(∇UV,W )− dx(U)
x g(V,W )− dx(V )

x g(U,W ) + dx(W )
x g(U, V )

x2R = R + g ? (Hessg(log x) + dx
x ◦ dx

x − 1
2 |dx

x |2gg).(3.15)

So let U be a coordinate chart (for g) centered at a point q ∈ ∂M , and
let V and W be vector fields in U that are linearly independent at q. The
sectional curvature of the plane spanned by V and W at any point not on
the boundary is given by

g(R(U, V )V,U)

g(U,U)g(V, V )− g(U, V )2
=

x4g(R(U, V )V,U)
1
2g ? g(U, V )(U, V )

= −|dx|2g +O(x).
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Thus we see that the sectional curvature is asymptotically equal to −|dx|2g.
�

Let x be a bdf and α = |dx|, the flow of the vector field ∇gx defines a
diffeomorphism between a neighborhood of the boundary ∂M and a product
[0, ε)x × ∂M , on which the metric takes the form4

g =
dx2

α2x2
+

h(x, y, dy)

x2
,

where y represents directions tangent to the boundary. Since the L2 coho-
mology does not change under quasi-isometry, we can assume without loss
of generality that the metric has the form

(3.16) g =
dx2 + h(y, dy)

x2
= dr2 + e2rh(y, dy)

near the boundary.
The key step in Yeganefar’s proof of Mazzeo’s result is an integration by

parts identity of Donnelly-Xavier, which will be used to establish that the
range of d is closed (in most cases).

Lemma 3.21. If U is a neighborhood of the boundary where the metric takes
the form (3.16) and ω ∈ C∞c ΩkU , then, with m = dimM ,

(3.17)
√

2 ‖dω + δω‖L2 ‖ω‖L2

≥
(

m− 1

2
− k

)
‖ω‖2L2 +

∫

∂U

[
1
2 |ω|2 − |x∂x y ω|2

]
.

Proof. First let N be any Riemannian manifold with smooth boundary ∂N
and inward pointing normal vector field ν. A simple computation using
Cartan’s identity shows that, for any vector field X and k-form ω,

LXω = ∇X.ω +∇Xω, where ∇X.ω =
∑

θi ∧ (∇Ei
X y ω).

Then a judicious use of Green’s theorem proves that, for ω ∈ C∞c Ω∗,

(3.18)

∫

N
(∇X.ω, ω) + 1

2(divX)|ω|2

=

∫

N
[(X yω, δω) + (X y dω, ω)] +

∫

∂N

[
1
2 (X, ν)|ω|2 − (ν yω,X y ω)

]
.

Indeed,
∫

N
(divX)|ω|2 +

∫

∂N
(X, ν)|ω|2 =

∫

N
X(ω, ω) = 2

∫

N
(LXω −∇X.ω, ω)

4See [Joshi-Sa Barreto, Prop. 2.1]
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and
∫

N
(LXω, ω) =

∫

N
[(X y dω, ω) + (d(X yω), ω)]

=

∫

N
[(X y dω, ω) + (X y ω, δω)] −

∫

∂N
(ν ∧X y ω, ω).

For the case at hand, set X = x∂x = ν. From (3.14) and (3.16) it is
immediate that ∇XX = 0 and ∇Y X = −Y whenever Y ⊥ X. Thus, for
any ω ∈ C∞c ΩkU ,

(∇X.ω, ω) = −k|ω|2 + |x∂x y ω|2 and divX = m− 1,

and (3.18) becomes

(3.19)

∫

U

[(
m− 1

2
− k

)
|ω|2 + |x∂x yω|2

]

=

∫

U
[(x∂x yω, δω) + (x∂x y dω, ω)]−

∫

∂U

[
1
2 |ω|2 − |x∂x y ω|2

]
.

Next we use Cauchy-Schwarz to see
∫

U
[(x∂x y ω, δω) + (x∂x y dω, ω)] ≤ ‖ω‖ (‖dω‖+ ‖δω‖)

≤
√

2 ‖ω‖ (‖dω‖2 + ‖δω‖2)1/2 =
√

2 ‖ω‖ ‖dω + δω‖ ,

where we have used that the image of d is orthogonal to the image of δ.
Finally (3.17) follows by omitting

∫
N |x∂x y ω|2 in (3.19). �

Proposition 3.22. Let U be an open neighborhood of the boundary as above.

For k ≤ m−1
2 we have H

k
2(U) = 0, and

(3.20) ‖dω + δω‖L2 ≥ 1√
2

(
m− 1

2
− k

)
‖ω‖L2 ,

for every ω ∈ C∞c ΩkU .

Proof. For the second assertion, we have ω ∈ C∞c ΩkU . In particular, since
U is open, ω vanishes in a neighborhood of ∂U , so the lemma implies (3.20)
directly.

To prove the first assertion we need to show that any ω ∈ L2ΩkU satisfying

dω = δω = 0, x∂x y ω
∣∣
∂U = 0

is identically zero. Choose ρ ∈ C∞c (R+, [0, 1]) such that ρ is equal to one
near zero, set ρN (t) = ρ(t/N) and ωN = ρN (log x)ω. Then, we have

‖dωN + δωN‖L2 ‖ωN‖L2 =
∥∥(∂tρN )(dx

x ∧ −x∂x y)ω
∥∥

L2 ‖ωN‖L2

≤ ‖ρ
′‖∞
N

∥∥(dx
x ∧ −x∂x y)ω

∥∥
L2 ‖ω‖L2 → 0,
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hence, from the lemma,
(

m− 1

2
− k

)∫

U
|ω|2 +

1

2

∫

∂U
|ω|2 = 0.

Thus if 2k < m− 1 we have ω = 0. If 2k = m− 1 we have ω
∣∣
∂U = 0 and so

a unique continuation result shows that ω = 0 (e.g., extend ω by zero into
M , or instead analyze the de Rham operator as in the next section).

�

Thanks to this lemma and Anghel’s criterion for Fredholm operators, we
know that d + δ is Fredholm as an operator

L2ΩkM → L2Ωk+1M ⊕ L2Ωk−1M, for all k <
m− 1

2

In particular, the image of d is closed and so H
k
2(M) = Hk

2 (M) for all
k ≤ m−1

2 . Thus the long exact sequence in unreduced L2 cohomology is a

long exact sequence in reduced L2 cohomology for these values of k.

Theorem 3.23 (Mazzeo). Let (Mm, g) be a conformally compact manifold,
then

H
k
2(M) ∼= L2Hk(M) ∼=

{
Hk(M,∂M) if k < m

2

Hk(M) if k > m
2

and, if m is even, dimH
m/2
2 (M) =∞.

Proof. The space of harmonic middle degree forms is conformally invariant
by Proposition 3.9 and hence infinite dimensional by Proposition 3.5.

Since reduced L2 cohomology satisfies Poincaré Duality, we only need to
prove the result for k < m

2 . However, we have the truncated long exact
sequence

0→ H0(K, ∂K)→ H
0
2(M)→ H

0
2(U)→ . . .

→ Hbm−1
2

c(K, ∂K)→ H
bm−1

2
c

2 (M)→ H
bm−1

2
c

2 (U),

and, from Proposition 3.22, we know that H
k
2(U) = 0 for k ≤ m−1

2 so the
result follows. �

3.6. Asymptotically cylindrical and Euclidean manifolds.

In this section we consider complete Riemannian manifolds, M , such that
outside a compact set, K, M is isometric to a warped product R+ × ∂K
with metric dr2 + f(r)2dθ2.

We start out by establishing an elementary inequality (similar to Hardy’s
inequality on Rm).
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Lemma 3.24. For any u ∈ C∞c ((0,∞)) we have

1

4

∫
u(r)2

r2
dr ≤

∫
(u′(r))2 dr(3.21)

1

4

∫
u(r)2

r(log r)2
dr ≤

∫
(u′(r))2r dr(3.22)

(1− k)2

4

∫
u(r)2rk−2 dr ≤

∫
(u′(r))2rk dr, k 6= 1.(3.23)

Proof. The first inequality is a consequence of Cauchy-Schwartz and inte-
gration by parts:

∫
u2

r2
= −

∫
u2∂r(

1
r ) =

∫
2uu′

r
≤
(∫

4u2

r2

)1/2 (∫
(u′)2

)1/2

=⇒
∫

u2

4r2
dr ≤

∫
(u′)2 dr.

The second and third follow from the first by a change of variable. Note
that if f, g ∈ C∞(R+, R+) satisfy f ′(s) = g(f(s)) then

∫
(u′(r))2g(r) dr =

∫
[(u ◦ f)′(s)]2 ds

≥
∫

(u ◦ f)2(s)

4s2
ds =

∫
u2(r)

4(f−1(r))2g(r)
dr.

So we get (3.22) by substituting g(r) = r, f(s) = es, and we get (3.23) by

substituting g(r) = rk and f(s) = [(1− k)s]1/(1−k). �

To study the Gauss-Bonnet operator, we point out that for any warped
product metric dr2 + f(r)2dθ we can identify ΩevenU (or ΩoddU) with one
parameter families of forms in Ω∗∂U , via

C∞c ΩoddU L // C∞c (R+,Ω∗∂U)

α = α1 + dr ∧ α2
� // fN−(m−1)/2α2 − fN−(m−1)/2α1

where N is the number operator on forms on ∂U , i.e., if β ∈ Ωk∂U , then
Nβ = kβ. The extension of L from smooth forms with compact support,
where it is a bijection, to L2-forms is an isometry. The action of d + δ is
conjugated by L to an operator D on Ω∗∂U given by

Dα = L(d + δ)L−1α = (−1)N
(

∂

∂r
+

(d + δ)∂U + f ′J
f

)
α

where J = (−1)N(N− m−1
2 ).

Proposition 3.25 (Carron). If M is a complete manifold and, outside a
compact set K, it is isometric to a warped product ([1,∞)×∂K, dr2+f(r)2h)
with f(r) = 1 or f(r) = r, then the Gauss-Bonnet operator is non-parabolic
at infinity.
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Proof. With the notation as above, let A = (d + δ)∂U + f ′J . In both
cases considered here, A is an elliptic self-adjoint operator independent of
r. Denote the eigenvalues of A by λ and by φλ an orthonormal eigenbasis.
We can write any section s ∈ C∞c (R+ × ∂K;E) as

(3.24) s(r, θ) =
∑

λ∈Spec(A)

sλ(r)φλ(θ).

Then

‖s‖2L2 =
∑

λ

∫
|sλ|2 dr

and

‖Ds‖2L2 =
∑

λ

∫ ∣∣∣∣s
′
λ +

λ

f
sλ

∣∣∣∣
2

dr

=
∑

λ

∫ [
(s′λ)2 +

λ2 + λf ′

f2
|sλ|2

]
dr.

(3.25)

In the first case above, we use (3.21) to see that

‖Ds‖2L2 =
∑

λ

∫ [
(s′λ)2 +

λ2

f2
|sλ|2

]
dr ≥

∑

λ

∫
(s′λ)2 dr ≥

∑

λ

∫
(sλ)2

4r2
dr

so, if supp s ⊆ [0, T ]× ∂K, we have ‖Ds‖2 ≥ (2T )−2 ‖s‖. Hence in this case
D is non-parabolic at infinity.

In the second case above, (3.25) combined with (3.22) yields

‖Ds‖2L2 =
∑

λ

∫ [
|s′λ|2 +

λ2 + λa

a2r2
|sλ|2

]
dr

=
∑

λ

∫ [
|s′λ|2 −

1

4r2
|sλ|2 +

(λ + a
2 )2

a2r2
|sλ|2

]
dr

≥
∑

λ

∫ [
|s′λ|2 −

1

4r2
|sλ|2

]
dr

esλ=
√

rsλ−−−−−−→
∑

λ

∫
|s̃′λ|2r dr

≥
∑

λ

∫ |s̃λ|2
4r(log r)2

dr =
∑

λ

∫ |sλ|2
(2r log r)2

dr,

hence, if supp s ⊆ [1, T ] × ∂K, we have ‖Ds‖2 ≥ (2T log T )−2 ‖s‖. So, also
in this case, D is non-parabolic at infinity. �

Similar proofs work for other warping functions (e.g., the first proof works
whenever f(r)/r is a decreasing function), and for other operators such
as Dirac and Dirac-type (see [Carron, indice relatif]). Next we apply this
proposition to computing the reduced L2 cohomology.
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Theorem 3.26. If M is a complete manifold quasi-isometric outside a com-
pact set K to a half-cylinder R+ × ∂K, then

H
k
2(M) ∼= Im(Hk

c (M)→ Hk(M)).

Proof. Since quasi-isometry does not change the reduced L2 cohomology,
we can assume that U = M \ K is isometric to the half-cylinder, so by
Proposition 3.25, the Gauss-Bonnet operator D = d + δ is non-parabolic at
infinity.

Consider the full cylinder X = U ∐U . The reflection across ∂U , τ , is
an isometric involution and induces an isometric involution τ ∗ of L2ΩkX.
Denote by L2

±ΩkX the ±1 eigenspaces of τ ∗. Since τ ∗ commutes with the

exterior derivative, it induces an isometric involution of the L2 harmonic
forms, and we denote the ±1 eigenspaces by L2

±Hk. It now follows, just as

for forms on compact manifolds with boundary, that L2
+ΩkX and L2

−ΩkX

are naturally isometric to L2ΩkU with, respectively, absolute and relative
boundary conditions. This identification descends to L2 harmonic forms so
that

L2HkU ∼= L2
+HkX, L2Hk(U , ∂U) ∼= L2

−HkX.

Every harmonic form on X has an expansion in eigensections of (d+δ)∂K

s(r, θ) =
∑

λ

sλ(0)e−λrφλ(θ).

From which we immediately see that L2HkX = {0} for every k, and hence
L2HkU = L2Hk(U , ∂U) = {0}.

Because d + δ is non-parabolic at infinity we know that the sequences

Hk(K, ∂K)→ H
k
2(M)→ H

k
2(U) = 0,

0 = H
k
2(U , ∂U)→ H

k
2(M)→ Hk(K),

are both exact. Hence, since Hk(K) = Hk(M) and Hk(K, ∂K) = Hk
c (M),

in the commutative diagram

Hk
c (M) //

$$JJJJJJJJJ
Hk(M)

H
k
2(M)

::ttttttttt

we know that the downward arrow is surjective and the upward arrow is
injective, so the result follows. �

In the next theorem we compute the reduced L2 cohomology of strongly
asymptotically Euclidean manifolds. Later, with the b-calculus, we will com-
pute these groups for the larger class of asymptotically locally Euclidean
(i.e., scattering) metrics.
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Theorem 3.27. If M is a complete manifold that is isometric at infinity
to Rm then

(3.26) H
k
2(M) ∼=

{
Hk

c (M) if k < m− 1

Hk(M) if k > 1

Proof. We prove a slightly more general result. We will show that (3.26)
holds if we assume that there is a compact set K ⊆M with connect bound-
ary ∂K so that M \ K is (quasi-)isometric to ([1,∞) × ∂K, dr2 + r2h),
that the spectrum of the Laplacian on p-forms on (∂K, h) does not intersect

[−1/2, 1/2] for 0 < p < m− 1, and that H
k
2(U) = 0 for all k < m− 1.

First we point out that the absence of harmonic p-forms on ∂K for 0 <
p < m− 1 implies, by the long exact sequence

H0(K, ∂K)→ H0(K)→ H0(∂K)→ . . .→ Hm−1(K, ∂K)

→ Hm−1(K)→ Hm−1(∂K)→ Hm(K, ∂K)→ Hm(K)→ Hm(∂K),

that Hp(K) = Hp(K, ∂K) for 0 < p < m, and hence Hp(M) = Hp
c (M) for

these p.
We know, from Proposition 3.25, that D = d + δ is non-parabolic at

infinity, and our assumptions will allow us to rule out extended solutions.
As in (3.24), we can write any form on U as

s(r, θ) =
∑

λ

s̃λ(r)φλ(θ) =
∑

λ

r−λsλ(r)φλ(θ).

The benefit of the second representation is that

Ds(r, θ) =
∑

λ

r−λs′λ(r)φλ(θ).

Thus we see that a harmonic form is in the L2 kernel if its expansion only
involves λ > 1/2, and, using (3.23), a harmonic form is in the W kernel if its
expansion only involves λ > −1/2. It follows that, if the spectral condition
is satisfied, there are no extended solutions to d+δ acting on forms of degree
0 < k < m.

Thus we can use the long exact sequences to compute H
k
2(M). From the

sequence induced by the inclusion of U into M ,

H0(K, ∂K)→ H
0
2(M)→ H

0
2(U)→ . . .→ Hm−1(K, ∂K)

→ H
m−1
2 (M)→ H

m−1
2 (U)→ Hm(K, ∂K)→ H

m
2 (M)→ H

m
2 (U)

we see that H
k
2(M) = Hk(K, ∂K) = Hk

c (M) for all k < m − 1, while from

the sequence induced by the inclusion of K into M we see that H
k
2(M) =

Hk(K) = Hk(M) for all k > 1.
Finally we point out that if M is isometric outside a compact set to

Rm\Br(0) then the hypotheses above are satisfied. Indeed, polar coordinates
on Rm are of the required form, the spectrum of the Hodge Laplacian on the
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sphere does not intersect [−1/2, 1/2] except on functions and on (m − 1)-
forms5, and the long exact sequence induced by the inclusion of Rm \Br(0)

into M , together with the fact that H
k
2(R

m) = 0, shows that H
k
2(U) = 0 for

k < m− 1. �

Once we have developed the b-calculus we will show, following Hausel-
Hunsciker-Mazzeo, that for a more general class of asymptotically locally
Euclidean metrics,

L2Hk ∼=





Hk(M,∂M) if k < m
2

Im(Hk(M,∂M)→ Hk(M)) if k = m
2

Hk(M) if k > m
2

3.7. Other manifolds.

Before moving on from L2 cohomology we briefly summarize some of the
results for other manifolds. This is not meant as a survey, but rather a
suggestion of other things to look at. Among the topics we will not have time
to even mention are L2 cohomology of Galois covers of compact manifolds -
where things are even homotopy invariant - and L2 cohomology of complex
manifolds.

The approach we have espoused above is based on work of Gilles Carron.
Whereas we have computed the reduced L2 cohomology of a manifold iso-
metric to Rm at infinity, Carron computes the L2 cohomology of arbitrary
complete manifolds whose curvature vanishes outside a compact set.

Let M be the interior of a compact manifold with boundary, x a boundary
defining function, and g a metric on M of the form

dx2

x2a+2
+

h(y, dy)

x2b
,

near ∂M . These metrics include asymptotically cylindrical or b-metrics
(a = b = 0) and asymptotically locally Euclidean or scattering metrics
(a = b = 1). Yakov Shapiro has shown (in his 2007 MIT thesis) that, if
a ≥ b ≥ 0,

L2Hk ∼=





Hk(M,∂M) if k < m+1−a/b
2

Im(Hk(M,∂M)→ Hk(M)) if m+1−a/b
2 ≤ k ≤ m−1+a/b

2

Hk(M) if k > m−1+a/b
2

Notice that 1
2 (m + 1 − a/b) ≤ m

2 ≤ 1
2(m − 1 + a/b) with equality if a = b.

The general case b > a is still open, though conformally compact manifolds
are one such example.

Notice that in these examples H
0
2(M) = H0(M,∂M) = 0 which is consis-

tent with the fact that

dimH
0
2(M) = # of finite-volume connected components of M.

5See [Iwasaki-Katase] for a discussion of the Hodge spectrum of Sn.
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However this suggests that if we use complete metrics of finite volume the
rôles of relative and absolute cohomology should be reversed. Indeed, a
theorem of Mazzeo-Phillips shows that the L2 cohomology of non-compact
hyperbolic manifolds of finite volume is given by

L2Hk ∼=





Hk(M) if k < m−1
2

Im(Hk(M,∂M)→ Hk(M)) if m−1
2 ≤ k ≤ m+1

2

Hk(M,∂M) if k > m+1
2

This has been generalized by Nader Yeganefar to apply6 to complete mani-
folds with finite volume whose sectional curvatures satisfy

−b2 ≤ K ≤ −a2 < 0, where ma− (m− 2)b > 0.

A class of manifolds extending manifolds with boundary is that of strati-
fied manifolds. A stratification of X is a filtration by closed subsets,

∅ = X−1 ⊆ X0 ⊆ X1 ⊆ . . . ⊆ Xm = X.

so that the strata, Si = Xi \ Xi−1 and Xreg = X \ Xm−1, are smooth
manifolds of (pure) dimension i and satisfy

Xi−1 ⊆ S◦
i .

Each stratum Si has a ‘tubular neighborhood’ Ti in X which is the total
space of a fibration

C(L̂i)− Ti φi−→ Si,

with fiber the cone over a stratified space L̂i, and comes equipped with a
continuous function ρi : Ti → [0, 2) which can be identified with the radial
variable along the cone.

Intersection homology was introduced by Goresky-MacPherson as a way
to define characteristic numbers for stratified manifolds. A generic cycle
will intersect the strata transversally, but an arbitrary cycle need not. For
intersection homology, one restricts to cycles such that, for some preversity
function p,

An i-cycle is allowed, for each k, to intersect Xm−k in a set
of dimension at most i− k + p(k).

Goresky-MacPherson restricted to stratifications with Xm−1 = Xm−2 and
pervesity functions satisfying

p(2) = 0 and p(k + 1) ∈ {p(k), p(k) + 1}.
The resulting groups are denoted IHp

k (X). They are finitely generated
and coincide with the ordinary cohomology groups when p(k) ≡ 0 and the
ordinary homology groups when p(k) = k − 2. The associated cohomology
theory is known as intersection cohomology and the groups are denoted
IHk

p(X).

6For 2k = m ± 1, Yeganefar’s proof only applies when a = b.
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If Xreg is oriented, intersection cohomology satisfies Poincaré Duality in
that there is, for every k, a non-degenerate pairing

IHk
p(X) × IHm−k

q (X)→ R,

where q is the complementary perversity to p namely q(k) + p(k) = k − 2.
The upper and lower middle pervesity functions are, respectively,

m(k) = bk−2
2 c, m(k) = dk−2

2 e
and, if all of the strata have even codimension (or the space is ‘Witt’) the
middle pervesity intersection cohomology groups satisfy Poincaré Duality.

For the simplest non-trivial case of a stratification, consider a stratified
manifold with only one singular stratum. We can think of these as manifolds
with boundary whose boundary is the total space of a fibration:

Z − ∂M
φ−→ Y,

and endow them with metrics that near the boundary have, for instance,
one of the forms

ge =
dx2

x2
+

φ∗gY

x2
+ gZ ,

or gφ =
dx2

x4
+

φ∗gY

x2
+ gZ ,

or gd =
dx2

x2
+ φ∗gY + x2gZ .

These are associated to the stratified space X obtained by collapsing the
fibers Z of ∂M . Hausel-Hunsicker-Mazzeo computed the reduced L2 coho-
mology of metrics asymptotically like gφ and gd and found (with b = dimY ,
f = dimZ)

L2Hk(gφ) =





Im

(
IHk

f+
b
2 − k + 1

2

(X)→ IHk

f+
b
2 − k − 1

2

(X)

)
if b odd

IHk

f+
b
2 − k

(X) if b even

L2Hk(gd) = Im
(
IHk

m(X)→ IHk
m(X)

)
.

Similarly, Hunsicker-Mazzeo computed the reduced L2 cohomology of met-
rics asymptotically like ge and found

L2Hk(ge) = IHk

f+
b
2 − k

(X).

provided that k is not of the form j + b+1
2 with Hj(Z) 6= 0.

Among incomplete metrics we mention the seminal work of Cheeger, who
showed that on a stratified manifold the L2 cohomology of piecewise-flat
metrics7 coincides with the middle perversity intersection cohomology of the

7Also more general iterated ‘admissable’ metrics, see [Cheeger, On the Hodge Theory
of Riemannian pseudomanifolds]
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underlying space. Also, for incomplete metrics with one singular stratum,
we mention the work of Hunsicker-Mazzeo for metrics of the form

dx2 + φ∗gY + x2gZ

and the work of Hunsicker on metrics of the form dx2 + φ∗gY + x2cgZ . In
all of these works the lack of completeness often requires the introduction
of boundary conditions.

Finally, as an instance where more complicated spaces show up, we recall
the Zuker conjecture (which was established by Looijenga and by Saper-
Stern). Here the object of study is a Hermitian locally symmetric space X
and the result is that the reduced L2 cohomology of X is the middle perver-
sity intersection cohomology of the Bailey-Borel-Satake compactification of
X, denoted X∗. This space is obtained from X by first compactifying to a
manifold with corners (Borel-Serre compactification), then collapsing bound-
ary strata so that equivariant metrics extend non-degeneratively (reductive
Borel-Serre compactification), and finally collapsing more strata until the
complex structure extends non-degeneratively. These steps can be thought
off as respectively topological, geometric, and algebraic. One reason for
the interest in this result is that it is involved in extending the Langland’s
program to non-compact manifolds8.

8See for instance [Kleiman, The development of intersection homology theory].
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4. The b and zero calculi

In this section we will return to pseudo-differential operators. We start
by discussing the extension of the symbolic calculus to manifolds of bounded
geometry due to Meladze-Shubin and Kordyukov. This class of manifolds
is large enough to include the asymptotically cylindrical and asymptotically
hyperbolic manifolds. As we saw before, the symbolic calculus is often suf-
ficient for the study of elliptic operators on closed manifolds. This is not
true on non-compact manifolds partly because smoothing operators are not
compact. This will motivate us to restrict the metrics further and introduce
refined calculi of pseudo-differential operators.

4.1. Bounded geometry and uniform differential operators.

A Riemannian manifold has bounded geometry if its injectivity radius is
positive and all covariant derivatives of its curvature tensor are uniformly
bounded.

In more detail, recall that, at any point ζ ∈M , the exponential map is a
diffeomorphism between a ball Br(0) ⊆ TζM and a neighborhood Ur(ζ) of
ζ in M . The injectivity radius at ζ is the supremum of the radii for which
this is true; the injectivy radius of M , rinj is the infimum over all ζ ∈M of
the injectivity radius at ζ. Thus a positive injectivity radius means that we
can find a single r > 0 such that

expζ : Br(0)→ Ur(ζ)

will be a diffeomorphism for every ζ ∈ M . This is very useful for patching
together local constructions on a non-compact manifold. We point out that
manifolds with positive injectivity radius are automatically complete. The
second condition is simply that, for any k ∈ N0, there is a constant Ck > 0
such that

(4.1) |∇kR|g(ζ) ≤ Ck, for all ζ ∈M.

Examples of manifolds with bounded geometry include compact mani-
folds, Galois covers of compact manifolds (with pulled-back metrics), and
homogeoneous spaces (with metrics induced by an invariant metric on the
underlying group). Two examples that we will deal with at length are
b and zero metrics. Let M be the interior of a manifold with bound-
ary, x a boundary defining function, y local coordinates along the bound-
ary, and h(x, y, dx, dy) a family of symmetric two tensors on M such that
h(0, y, dx, dy) = h0(y, dy) is a metric on ∂M . Then an (exact) b-metric on
M is one that in a collar neighborhood of the boundary takes the form

gb =
dx2

x2
+ h(x, y, dx, dy),

and an (exact) 0-metric is one that in a collar takes the form

g0 =
dx2

α2x2
+

h(x, y, dx, dy)

x2
.
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A 0-metric is another name for the conformally compact metrics we have
already encountered in §3.5, while b metrics are a generalization of the cylin-
drical ends we studied in §3.6. Both of these metrics have bounded geome-
try9.

We say that f ∈ C∞(M) is in BC∞(M) if the derivatives of f in normal
coordinates in a neighborhood Ur(ζ) as above are bounded

|Dαf | ≤ C|α|,

by constants C|α| > 0 independent of the point ζ. A theorem of Eichhorn10

shows that for manifolds with positive injectivity radius, (4.1) is equivalent
to demanding that, in any neighborhood Ur(ζ) the metric tensor in normal
coordinates satisfies

(4.2) |Dαgij | ≤ CK , |Dαgij | ≤ CK .

That is, in normal coordinates g and g−1 are matrices valued in BC∞(M).
Most geometric constructions have ‘uniform’ or ‘bounded’ analogues. For

instance, if E be a vector bundle on M then it is called a bundle of

bounded geometry if it has trivializations over Ur(ζ) (for small enough
r > 0) whose transition functions are matrices valued in BC∞(M). The
tangent bundle of a manifold with bounded geometry, as well as its tensor
powers, are bundles of bounded geometry. A metric on a bundle of bounded
geometry is a bounded metric if, in these trivializations, it satifies (4.2).
A differential operator Diff(M ;E,F ) is uniform if in these trivializations
it has the form ∑

aα(ζ)Dα

with aα a matrix valued in BC∞(M). We denote the space of such op-
erators by DiffB(M ;E,F ). Geometric operators associated to a metric
of bounded geometry, such as the exterior derivative, its adjoint, or the
Hodge Laplacian, are automatically uniform. The symbol of a uniform dif-
ferential operator is an element of BC∞(S∗M,π∗ hom(E,F )) – we say that
A ∈ DiffB(M ;E,F ) is uniformly elliptic if its symbol is invertible with
inverse in BC∞(S∗M,π∗ hom(F,E)). In particular for these operators there
are positive constants C1 and C2 (independent of ζ ∈M) such that

C1 ≤ |σ(A)(ζ, χ)| ≤ C2, for all χ ∈ S∗
ζM.

In the case of b and 0 metrics, matters are simplified by considering the
compactification of M to a manifold with boundary, M . 11 For instance,

9See [Ammann-Lauter-Nistor, On the geometry of Riemannian manifolds with a Lie
structure at infinity] for a discussion of bounded geometry in the context of ‘boundary
fibration structures’.

10See for instance [Schick, Manifolds with boundary and of bounded geometry] for a
proof.

11For instance, for a b-metric, BC∞(M) is equal to the space A0(M) described in §4.4.2.
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vector fields of bounded pointwise length, such as those involved in normal
coordinate charts are constrained to be in

Vb = SpanC∞(M){x∂x, ∂y}, V0 = SpanC∞(M){x∂x, x∂y},

in the b and 0 cases respectively. We point out that V∗ is a Lie subalgebra of
the vector fields on M and (by the Serre-Swan theorem or Melrose’s rescaling
construction) is the space of sections of a vector bundle on M , denoted in
each case by

Vb = Γ(bTM), V0 = Γ(0TM).

These vector bundles, known as the b-tangent bundle or the 0-tangent bun-
dle, extend non-degenerately to M with simple descriptions:

bTM =
{
V ∈ TM : V

∣∣
∂M

is tangent to ∂M
}

,

0TM =
{
V ∈ TM : V

∣∣
∂M

= 0
}

.

They are each isomorphic to TM , canonically over M , but not canonically
over M . A b-metric (and similarly a 0-metric) extends from TM to a non-
degenerate metric on bTM over M , hence (4.2) follows from compactness
of M . Bundles of bounded geometry and bounded metrics are just bundles
and metrics that extend to M .

A differential operator of order k is uniform with respect to a b-metric if
in local coordinates it has the form

A =
∑

j+|α|≤k

aj,α(x, y)(x∂x)j(∂y)
α,

with aj,α ∈ C∞(M), such operators are known as b-differential operators and

the space of such is denoted Diffk
b (M ;E,F ). The symbol of a b-differential

operator is

σb(A) =
∑

j+|α|=k

aj,α(x, y)ξjηα.

It is invariantly defined as an element of C∞(bS∗M,π∗ hom(E,F )) when

ξ is dual to x∂x and η is dual to ∂y. An operator A ∈ Diffk
b (M ;E,F )

is uniformly elliptic as an element of Diffk
B(M ;E,F ) precisely when its b-

symbol is invertible - in which case we say that A is b-elliptic. The same
is true, mutatis mutandis, for 0-metrics – i.e., for these metrics the space
of uniform differential operators is the same as the space of 0-differential
operators and the uniformly elliptic operators are the 0-elliptic operators.

Finally, let us consider the case of forms, say for a 0-metric. Notice that

d(αdyI + βdx ∧ dyJ) = (∂xα)dx ∧ dyI + (∂yi
α)dyi ∧ dyI + (∂yi

β)dyi ∧ dyJ

= (x∂xα)
dx

x
∧ dyI + (x∂yi

α)
dyi

x
∧ dyI + (x∂yi

β)
dyi

x
∧ dyJ ,
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so to think of the exterior derivative as a 0-differential operator, we consider
a non-standard extension of Ω∗M to M . Namely, the bundle of zero forms

0Ω∗M = SpanC∞(M)

{
dx

x
,
dy

x

}

is a bundle over M which is canonically isomorphic to Ω∗M in the interior
of M , and the exterior derivative is a 0-differential operator of order one,

d ∈ Diff1
0(M ; 0ΩkM, 0Ωk+1M).

Sometimes, for emphasis, we might denote d by 0d when thinking of it as
an operator between these bundles. It is easy to see that in the same way,
δ, the formal adjoint of d, and ∆, the Hodge Laplacian, define operators

δ ∈ Diff1
0(M ; 0Ωk+1M, 0ΩkM), ∆ ∈ Diff2

0(M ; 0ΩkM, 0ΩkM),

and that the latter is 0-elliptic. Naturally the same is true, mutatis mutandis,
for b-metrics.

Remark 4.1. In the following when we wish to make a statement that is
true for both the b and 0 calculus12, we will use the moniker e. For instance,
we may make a statement about eT ∗M when we wish to make a statement
that is true for both bT ∗M and 0T ∗M .

4.2. Bounded geometry and uniform pseudo-differential operators.

In general the difficulty with pseudo-differential operators on a non-compact
manifold is that without restrictions on the growth of the Schwartz kernels
they will not compose. On a manifold with bounded geometry we can get
around this by restricting the support of the operators following Shubin13.

We start with a localization result due to Gromov.

Lemma 4.2. Let (M, g) be a manifold with bounded geometry. For every
0 < ε < rinj/3 there is a countable covering of M by balls of radius ε,

M =
⋃
Uε(ζi),

such that the cover by balls of double the radius with the same centers has
bounded, finite multiplicity.

Proof. Let T = {Uε/2(ζi)} be a maximal set of non-intersecting balls of
radius ε/2. Notice that T is countable (because M is separable). Let ζ ∈M ,
since T is maximal, Uε/2(ζ) must intersect Uε/2(ζi0) for some i0 ∈ N and
hence ζ ∈ Uε(ζi0). Since ζ was arbitrary we have M =

⋃Uε(ζi).

To see that U2ε(ζi) is locally finite, choose ζ̂ ∈ M and assume that ζ̂ ∈
U2ε(ζik) for some subset {ik} ⊆ N. Then the balls Uε/2(ζik) are disjoint

12There is an ‘edge’ calculus that includes both the b and 0 calculi as particular cases,
see [Mazzeo: Elliptic edge operators].

13See [Shubin, Weak Bloch property and weight estimates for elliptic operators].
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and contained in U3ε(ζ̂). A simple consequence of bounded geometry is the
existence of constants c(r), C(r) for every r < rinj such that

c(r) ≤ Vol(Ur(ζ)) ≤ C(r),

independently of the point ζ. In particular, we see that there can not be
more than C(3ε)/c(ε/2) elements in {ik}. �

This allows us to define a pair of partitions of unity {φi} and {φ̃i} with

suppφi ⊆ Uε(ζi), |Dαφi| < C|α|

supp φ̃i ⊆ U2ε(ζi), |Dαφ̃i| < C̃|α|

for constants C|α| > 0, C̃|α| > 0 independent of i and such that

φ̃i

∣∣
supp(φi)

≡ 1.

We can use these to ‘transfer’ pseudo-differential operators from Rm to M ,
as follows.

An operator A : C∞c (M ;E) → C∞c (M ;F ) is called a uniform pseudo-

differential operator of order s ∈ R, A ∈ Ψs
B(M ;E,F ), if its Schwartz

kernel KA ∈ C−∞(M2; Hom(E,F )) satisfies:

i) There is a CA > 0 such that

KA(ζ, ζ ′) = 0 if d(ζ, ζ ′) > CA.

ii) Outside of the diagonal KA is smooth uniformly in that
for every δ > 0, and any multi-indices α, β there is a constant
Cαβδ > 0 such that

|Dα
ζ Dβ

ζ′KA(ζ, ζ ′)| ≤ Cαβδ , whenever d(ζ, ζ ′) > δ.

iii) For any i ∈ N, φ̃iAφi is a pseudo-differential operator
of order s in B2ε(0), whose full symbol satisfies the usual
symbol estimates (1.2) with bounds independent of i.

We always assume that the symbols are (one-step) polyhomogeneous.
As usual, we denote ∩sΨ

s
B(M ;E,F ) by Ψ−∞

B (M ;E,F ). An operator

A : C∞c (M ;E)→ C∞c (M ;F ) is in Ψ−∞
B (M ;E,F ) precisely when its Schwartz

kernel is in BC∞(M2; Hom(E,F )) and there is a constant CA > 0 such
that KA(ζ, ζ ′) = 0 if d(x, y) > CA. These operators are smoothing (i.e.,
they map C−∞(M ;E) to C∞(M ;F )) but not every smoothing operator is in
Ψ−∞

B (M ;E,F ).

Theorem 4.3. Uniform pseudo-differential operators compose - i.e., if E,
F , and G are bounded vector bundles, then, for any s, t ∈ R ∪ {−∞},

Ψs
B(M ;E,F ) ◦Ψt

B(M ;F,G) ⊆ Ψs+t
B (M ;E,G).

Furthermore the principal symbol is a homomorphism and fits into a short
exact sequence

0→ Ψs−1(M ;E,F ) → Ψs(M ;E,F )
σ−→ BC∞(S∗M,π∗ hom(E,F ))→ 0.
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Proof. Let A ∈ Ψs
B(M ;E,F ) and B ∈ Ψt

B(M ;F,G), then we have

A ◦B =
∑

i,j,k,`

(φ̃iAφj) ◦ (φ̃kBφ`)

and both results follow from the corresponding results on Rm (or Tm). �

Corollary 4.4.

1) If P ∈ Ψs
B(M ;E,F ) is uniformly elliptic then there is an operator

Q in Ψ−s
B (M ;F,E) such that

(4.3) QP − IdE ∈ Ψ−∞
B (M ;E) and PQ− IdF ∈ Ψ−∞

B (M ;F ).

2) If P ∈ Ψ0
B(M ;E,F ) then P defines a bounded operator

P : L2(M ;E)→ L2(M ;F ).

3) If P ∈ Ψs
B(M ;E,F ), s > 0, and P is uniformly elliptic, then, as

an unbounded operator on L2 with core domain C∞c (M ;E), P has a
unique closed extension, i.e., we have

Dmin(P ) = Dmax(P ).

In particular if a uniformly elliptic operator of order s > 0 is formally
self-adjoint, then it is essentially self-adjoint.

Remark 4.5. If P and Q satisfy (4.3), we say that Q is an interior para-

metrix for P . It turns out that operators in Ψ−∞
B (M) are not necessarily

compact so Q is not a parametrix for P in the functional analytic sense.

Proof. Having established the symbolic calculus, these properties follow as
on closed manifolds. As explained in Proposition 2.1, (1) is a direct con-
sequence of the symbolic calculus and asymptotic completeness (which also
holds for the uniform calculus). As explained in Proposition 2.4, (2) is re-
duced by the symbolic calculus to the case P ∈ Ψ−∞

B (M ;E,F ), which follows

from the following lemma and the description of Ψ−∞
B (M ;E,F ) above.

Lemma 4.6 (Schur’s test). If P is an integral operator whose integral kernel
KP (ζ, ζ ′) is a measurable function satisfying

∫
|K(ζ, ζ ′)| dζ ≤ C for almost every ζ ′,

∫
|K(ζ, ζ ′)| dζ ′ ≤ C for almost every ζ

then P is a bounded operator on L2, with operator norm bounded by C.
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Proof. For any h ∈ L2(M),

‖Ph‖2 ≤
∫ (∫

|K(ζ, ζ ′)h(ζ ′)| dζ ′
)2

dζ

≤
∫ (∫

|K(ζ, ζ ′)| dζ ′
)(∫

|K(ζ, ζ ′)||h(ζ ′)|2 dζ ′
)

dζ

≤ C

∫ ∫
|K(ζ, ζ ′)||h(ζ ′)|2 dζ ′ dζ ≤ C2

∫
|h(ζ ′)|2 dζ ′ = C2 ‖h‖2

�

Finally, (3) follows from (1) as explained in Corollary 2.9. �

Before continuing, we pause to define Sobolev spaces as we did on closed
manifolds. For any s ∈ R+, we define

Hs
B(M,E) =

{
u ∈ L2(M,E) : Pu ∈ L2(M,E) for every P ∈ Ψs

B(M,E)
}

and then, as in Corollary 2.8, we have

(4.4) Hs
B(M,E) = {u ∈ L2(M,E) :

Pu ∈ L2(M,E) for some uniformly elliptic P ∈ Ψs
B(M,E)}.

For s < 0 we define Hs
B(M,E) by duality from H−s

B (M ;E). (Note that in
(4.4) we can not just start with u ∈ C−∞(M,E) as we could on a closed man-
fiold since, for instance, this would not exclude constants.) Also as before
we can put a norm on these spaces by choosing a fixed family of invertible
uniform pseudo-differential operators of order s, say Ds, and defining

‖u‖Hs
B

= ‖Dsu‖L2 .

An alternate approach is to define Sobolev norms locally and patch them
together. Thus we can use a partition of unity as above to define

(‖u‖′Hs
B
)2 =

∑
‖φiu‖2Hs(Bε(ζi)

,

and then define Hs
B(M,E) as the completion of C∞c (M,E) with respect to

this norm. Another approach would define the norm, for s ∈ N, as

(‖u‖′′Hs
B
)2 =

s∑

k=0

∫

M
|∇ku(ζ)|2 dζ,

and again define Hs
B(M,E) as the completion of C∞c (M,E) with respect to

this norm. Because the operators Ds, ∇k are uniform it is easy to see that
these three approaches define the same space with equivalent norms. With
these definitions we can continue listing some of the consequences of the
symbolic calculus for metrics of bounded geometry.

Corollary 4.7.
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4) If P ∈ Ψs
B(M ;E,F ) then, for any t ∈ R, P defines a bounded oper-

ator

P : Ht
B(M ;E)→ H t−s

B (M ;F ).

5) If P ∈ Ψs
B(M ;E,F ) is uniformly elliptic, then

Pu ∈ Ht(M,F ) ⇐⇒ u ∈ H t+s(M,E).

In particular, if s > 0 then, as an unbounded operator on L2(M,E),
the unique closed extension of P has domain H s(M,E).

6) If P ∈ Ψs
B(M ;E,F ) is uniformly elliptic, then there is a constant

C > 0 such that

(4.5) ‖u‖Ht+s(M,E) ≤ C(‖Pu‖Hs(M,F ) + ‖u‖Hs(M,E)).

Remark 4.8. The basic elliptic estimate (4.5) exhibits the need for uniform
estimates. Recall that we obtain it from a symbolic parametrix via

‖u‖Hk+s(M,E) = ‖QPu + Ru‖Hk+s(M,E)

≤ ‖QPu‖Hk+s(M,E)+‖Ru‖Hk+s(M,E) ≤ C1 ‖Pu‖Hk(M,F )+C2 ‖u‖Hk(M,E) .

Since Q is well-defined up to an element of Ψ−∞
B (M ;E) the analysis of

Corollary 2.6 and Remark 2.7 shows that the largest value of C1 is

sup
S∗M
|σ(Q)(ζ, χ)| = inf

S∗M
|σ(P )(ζ, χ)|−1,

hence we need to demand that P be uniformly elliptic to guarantee that this
constant is greater than zero.

It is often useful to work on weighted versions of the Sobolev spaces
defined above. For any positive uniform function ω ∈ BC∞(M)14, and any
t ∈ R we define

ωHt
B(M,E) = {ωu : u ∈ H t

B(M,E)}, ‖v‖ωHt
B

=
∥∥ω−1v

∥∥
Ht

B
.

Since multiplication by ω defines a uniformly elliptic element of Ψ0
B(M ;E),

the analogues of Corollaries 4.4 and 4.7 hold for weighted Sobolev spaces.
(For instance, P ∈ Ψs

B(M ;E) implies ω−1Pω ∈ Ψs
B(M ;E), and one of these

is uniformly elliptic iff the other one is.)
In the next section we explain the conspicuous lack of properties involving

Fredholmness from Corollaries 4.4 and 4.7.

4.3. Compact operators on non-compact manifolds.

The important difference between the parametrix construction on a manifold
with bounded geometry and that on a closed manifold is that, in the former,
the error, though smoothing, is not compact! Indeed, we will see that the
näıve extension of Rellich’s theorem to non-compact manifolds fails and find
a replacement in Corollary 4.10 below.

14More generally, we could allow ω ∈ BC∞(M ; hom(E)) as long as ω is invertible with
inverse in BC∞(M ; hom(E)).
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In the next theorem we will characterize pre-compact subsets of L2(M) for
M complete. We formulate the theorem so as to include weighted Sobolev
spaces as well as spaces such as WP (E).

Theorem 4.9. Let M be a manifold, E a bundle over M , and H(E) a
Hilbert space of sections of E such that sections with disjoint support are
orthogonal. Then a bounded subset, S, of H(E) is precompact if

i) The restriction of S to any compact subset of M is pre-compact,
ii) For every ε > 0, there is a compact subset K ⊆M such that

∥∥∥s
∣∣
M\K

∥∥∥
H(E)

≤ ε for every s ∈ S.

And, if C∞c (M,E) is dense in H(E), then every precompact subset of H(E)
is bounded and satisfies (i) and (ii).
If H(E) is a weighted L2 space, then (ii) is equivalent to:

ii’) S is a bounded subset of ωH(E) for some continuous positive function ω
such that

lim
ζ→∞

ω(ζ) = 0.

Proof. First we show that if S satisfies (i) and (ii) then it is pre-compact by
showing that any sequence (sk) ⊂ S has a Cauchy subsequence. Let K` be
an increasing sequence of compact subsets of M that exhaust M , without
loss of generality we can assume that

∥∥∥s
∣∣
M\K`

∥∥∥
H(E)

≤ 1

`
for every s ∈ S.

The restriction of (sk) to any K` is pre-compact by (i), so by iteratively
restricting to a subsequence and finally choosing a diagonal subsequence we
can assume that (sk) is Cauchy on each K`. Let ε > 0, ` > 1

ε and N ∈ N
large enough so that

∥∥∥(si − sj)
∣∣
K`

∥∥∥
H(E)

≤ ε for all i, j > N,

then, for any such i, j, we have

‖si − sj‖2H(E) ≤
∥∥(si − sj)

∣∣
K

∥∥2

H(E)
+
∥∥∥(si − sj)

∣∣
M\K

∥∥∥
2

H(E)
≤ ε2 + 4ε2,

which shows that (sn) is Cauchy.
Next we assume that C∞c (M ;E) is dense in H(E) and we prove the con-

verse. Clearly, if S is pre-compact, then (i) is true because restriction to a
compact set is a uniformly continuous map in H(E) (e.g., because sections
with disjoint support are orthogonal so ‖s‖H(E) ≥

∥∥s
∣∣
K

∥∥). Furthermore,

since H(E) is a complete metric space, we know that S will be pre-compact
if and only if it is totally bounded. That is, for every ε > 0 there is a finite
set {f1, . . . , fN} ⊆ H(E) so that

s ∈ S =⇒ min
{
‖s− fi‖H(E)

}
< ε.
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Since C∞c (M) is dense inH(E), the fi can always be chosen in C∞c (M). Thus,
for any ε > 0, we choose fi ⊆ C∞c (M) as above and then K = ∪ supp(fi)
satisfies (ii).

Finally we show that (ii) and (ii′) are equivalent for weighted L2 spaces.
The key property we need is that, for these spaces,

(4.6) if h satisfies |h| ≤ C then ‖hs‖H(E) ≤ C ‖s‖H(E) .

Assume (ii) and let µ be a smooth proper function M → R+, we can find

an increasing sequence of integers n` so that K̂` = µ−1([0, n`]) satisfies
∥∥∥s
∣∣
M\ bK`

∥∥∥
H(E)

≤ 1

2`
for every s ∈ S

(i.e., n` large enough so that K2` ⊆ µ−1([0, n`])). Let f : R+ → R+ be any
continuous function such that

f([0, n1]) = 1, f([n`, n`+1]) ⊆ [2`−1, 2`],

then using (4.6) we have, for any s ∈ S,

‖(f ◦ µ)s‖2H(E) =
∥∥∥(f ◦ µ)s

∣∣
K1

∥∥∥
2

H(E)
+
∑

`≥1

∥∥∥(f ◦ µ)s
∣∣
K`+1\K`

∥∥∥
2

H(E)

≤ ‖s‖2H(E) +
∑

`≥1

2`
∥∥∥s
∣∣
K`+1\K`

∥∥∥
2

H(E)

≤ ‖s‖2H(E) +
∑

`≥1

2`

4`
= ‖s‖2H(E) + 1.

Hence S is a bounded subset of ωH(E) with

ω = (f ◦ µ)−1/2,

which clearly satisfies ω → 0 as µ→∞.
On the other hand, if we assume (4.6) and (ii′), so that ‖ω−1s‖H(E) ≤ L

for some L > 0 and all s ∈ S, then for any ε > 0, we can find a compact set
K such that

ζ ∈M \K =⇒ ω(ζ) <
ε

L .

Thus, for any s ∈ S, we have∥∥∥s
∣∣
M\K

∥∥∥
H(E)

=
∥∥∥ω s

ω

∣∣
M\K

∥∥∥
H(E)

<
ε

L
∥∥∥ s

ω

∣∣
M\K

∥∥∥
H(E)

≤ ε,

and hence (ii) is satisfied. �

With this theorem we have the replacement of Rellich’s theorem for man-
ifolds with bounded geometry.

Corollary 4.10. The inclusions Hs
B(M) ↪→ H t

B(M) for s > t are not com-
pact, but, if ω ∈ BC∞(M) is positive and satisfies lim

ζ→∞
ω(ζ) = 0, then the

inclusion
ωHs

B(M) ↪→ H t
B(M)
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is compact for any s > t.

Proof. First assume that t = 0.
For any s > 0 we can find a sequence (uk) ⊆ C∞c (M) with:

‖uk‖Hs
B(M) ≤ 1, ‖uk‖L2(M) ≥ C,

and suppui ∩ suppuj = ∅ whenever i 6= j,

e.g., by using the open balls Uε/2(ζi) from the proof of Lemma 4.2. Since

uk conveges weakly to zero in L2, it can not have a strongly convergent
subsequence, and hence the unit ball of H s

B(M) is not compact in L2(M).
On the other hand, ωHs

B(M) satisfies property (i) of Theorem 4.9 by
Rellich’s theorem for compact manifolds and clearly satisfies property (ii ′),
hence ωHs

B(M) includes compactly into L2(M) if s > 0.
For general t ∈ R, we can factor the inclusion using any invertible Dt ∈

Ψt
B(M),

ωHs
B(M) � � //

Dt
∼=

��

Ht
B(M)

ωHs−t
B (M)

� � // L2(M)

Dt
∼=

OO

and thus reduce to the case t = 0. �

4.4. Stretched products and normal operators.

We have seen that on any Riemannian manifold with bounded geometry
we have a calculus of uniform pseudo-differential operators. The uniformly
elliptic operators have symbolic parametrices, but these are not parametrices
in the functional analytic sense because the residues - though smoothing -
are not compact. In order for the residue terms to be compact we need for
them to vanish at infinity. It is very helpful when the manifold has a natural
compactification, since then we have the more concrete problem of studying
the behavior of the operators at the boundary. Such is the case for b and 0
metrics.

Let M be the interior of a compact manifold with boundary. The Schwartz
kernel KA of a pseudo-differential operator, say a uniform pseudo-differential
operator for either a b or a 0-metric, is a distribution on M 2 that is singular
along diagM and supported in a metric neighborhood of diagM . We can

compactify M 2 naturally to M
2

and consider KA as a distribution on M
2
,

but the behavior at the corner ∂M 2 is complicated as the support of KA is
‘collapsing’ here (see Figure 1). Not just that, but as a distribution KA is
conormal with respect to the diagonal and it is not clear what this means
at a corner.

In the same spirit as the introduction of bTM , 0TM and associated bun-
dles, the solution is to consider an alternate compactification of M 2. We
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Figure 1. The support of KA in M
2

will describe a manifold with corners in which the (extension of the) diago-
nal is suitably transverse to the boundary. The picture we are aming for is
represented in Figure 2.

Figure 2. The support of KA in an alternate compactifica-
tion of M 2

In either case we obtain the alternate compactification of M 2 by ‘blowing-

up’ submanifolds of the corner of M
2
. The simplest example of a blow-up

is the introduction of polar coordinates around the origin in the plane. This
effectively replaces R2 with R+ × S1 with the main change being that the
origin in R2 is replaced with a whole circle of points in R+×S1. The return
to Cartesian coordinates is an example of a ‘blow-down map’.

More generally we will need to blow-up submanifolds of manifolds with
corners. This is defined for a submanifold Y of X if it is a p-submanifold.
This means that, any point p ∈ Y has a neighborhood U ⊆ X, such that

(4.7)
X ∩ U = X ′ ×X ′′, where ∂X ′′ = ∅,

Y ∩ U = X ′ × {p′′}, for some p′′ ∈ X ′′.
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Thus the diagonal in Figure 1 is not a p-submanifold, but the diagonal in
Figure 2 is. Also the origin in R2 or in (R+)2 is a p-submanifold. If Y is a
p-submanifold of X, the blow-up of Y in X, denoted [X;Y ] is defined to be

[X;Y ] = (X \ Y )
⊔

(S+Y ),

where S+Y is the interior spherical normal bundle of Y in X. This is
endowed with the unique minimal differential structure with respect to
which smooth functions on X and polar coordinates around Y are smooth.
Blowing-up Y introduces a new boundary face instead of Y 15. There is a
natural blow-down map

β : [X;Y ]→ X

given by collapsing the fibers of S+Y . For the example of polar coordinates
around the origin we have

[R2; {(0, 0)}] = R+ × S1
β // R2

(r, θ) � // (r cos θ, r sin θ)

What should we blow-up to understand the integrals kernels of pseudo-
differential operators for b and 0 metrics?

Consider first the case of a 0 metric. Points in the support of KA are close
to each other in the interior. As we let these points evolve via the geodesic
flow in the direction −x∂x they will either get exponentially closer to each
other or exponentially further away from each other (since the curvature at
infinity is negative). In the latter case they will leave the support of KA,
so it is only the former situation that is interesting. This suggests that at
the boundary the integral kernel will be supported on diag∂M , so this is the
set we should blow-up to understand these kernels. It is easily checked that

diag∂M is a p-submanifold of M
2
, so we define

M2
0 = [M

2
; diag∂M ],

and denote the corresponding blow-down map by β0 : M2
0 →M

2
. This space

is often reffered to as the 0-stretched product or the 0-double space.
An important (p-)submanifold of M 2

0 is the ‘zero diagonal’, diag0, defined
by

diag0 = closure
(
β−1

0 (diagM◦)
)
,

where we use M ◦ to emphasize that we mean the interior of M .
The geometry of a b-metric is asymptotically cylindrical. Thus points

that are close together will stay close together. This suggests that to resolve
the kernels of uniform pseudo-differential operators associated to b-metrics

15This process is sometimes reffered to as ‘radial blow-up’ to dinstinguish from the
blow-ups used in algebraic geometry. In the latter, one would glue in a projective bundle
and not introduce any new boundary faces.
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Figure 3. The 0-stretched product and the 0-diagonal

we should blow-up the whole corner (∂M)2. It is easily checked that (∂M)2

is a p-submanifold of M
2

and we define

M2
b = [M

2
; (∂M)2],

and denote the corresponding blow-down map βb : M2
b →M

2
. As expected,

this space is reffered to as the b-stretched product or the b-double space.
The b-diagonal, diagb, is defined analogously to diag0.

Figure 4. The b-stretched product and the b-diagonal

Each of these spaces has three boundary hypersurfaces, we denote the
left and right boundary faces by B10 and B01 respectively and the front face
(the only one that intersects the lifted diagonal) by B11. Similarly we denote
boundary defining functions of these faces by ρ10, ρ01 and ρ11 respectively.

In order to define the b and 0 pseudo-differential operators, we need to
discuss the allows behavior of a distribution on a stretched double-space.
We will require that distributions be conormal to the lifted diagonals and
have polyhomogeneous expansions at the boundary faces.
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4.4.1. Behavior at the diagonal. First, let us recall the definition of pseudo-
differential operators on a closed manifold Z (of dimension n) in terms of

their Schwartz kernels. If Ω1/2 denotes the trivial bundle of half-densities
on Z, then

A ∈ Ψs(Z) ⇐⇒ KA ∈ Is(Z2,diagZ ; Ω1/2).

Here Is(Z2,diagZ ; Ω1/2) denotes the space of distributions on Z2 with values

in Ω1/2 that are conormal with respect to diagZ . This means that in any
coordinate chart on Z2 that does not intersect the diagonal KA is a smooth
section of Ω1/2, while, in any coordinate chart U that intersects the diagonal

(and a corresponding trivialization of Ω1/2), in local coordinates (ζ
′
, ζ

′′
) such

that diagZ ∩U = {ζ ′ = 0} we have

KA

∣∣
U =

1

(2π)n

∫
eiζ

′·ξa(ζ
′′
, ξ) dξ,

with a a symbol of order s+ n
4 . Although this description involves coordinate

charts, the space of conormal distributions is invariantly defined.
In order for this description to apply to a submanifold of a manifold

with corners, we need to be able to choose coordinates (ζ
′
, ζ

′′
) so that the

vanishing of the first few coordinates ζ
′

defines the submanifold – this is
precisely the condition that defines a p-submanifold. So given a manifold
with corners X, an emdedded p-submanifold Y , and a vector bundle E
over X, we define the space of distributional sections conormal to Y ,
Is(X,Y ;E) ⊆ C−∞(X;E), as above. i.e., by requiring that elements in
Is(X,Y ;E) restricted to X \ Y be smooth sections of E and restricted to
neighborhoods of points p ∈ Y as in (4.7) be smooth functions valued in

Is+ n
4 (X ′′, {p′′};E).

4.4.2. Behavior at the boundary. We shall also impose conditions on the
Schwartz kernels at the boundary, namely that they be polyhomogeneous

conormal functions. These are distributions that at each boundary face
have asymptotic expansions in a corresponding bdf, possibly involving log-
arithms and non-integer powers.

Let X be a manifold with corners and let B1, . . . ,BN be the boundary
hypersurfaces of X. We assume that each Bk is embedded so that there are
boundary defining functions ρk and collar neighborhoods of Bk in X,

(4.8) U ∼= [0, 1)ρk
×Bk.

A function u on X is conormal to the boundary, u ∈ A0(X), if, whenever
V1, . . . , V` is a collection of vector fields tangent to all of the boundary faces
of X we have

V1V2 · · · V`u ∈ L∞(X).

Given multi-indices s ∈ CN , p ∈ NN
0 , we define As,p(X) = ρs(log ρ)pA0(X).

The union over all s and p is the space of functions conormal to the bound-
ary, and we denote it by A∗(X).
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If u ∈ A0(X) extends smoothly to a manifold containing X in its interior,
then u has ‘Taylor expansions’ at each boundary face and we write u ∈
A0

phg(X). If u ∈ A0
phg(X) and the Taylor expansion of u at each boundary

face are identically zero, i.e., if u vanishes to infinite order at each boundary
face, we write u ∈ Ċ∞(X). If u ∈ A0

phg vanishes to infinite order at every

boundary hypersurface expect say B, then we write u ∈ Ċ∞B (X).
The larger space of polyhomogeneous conormal functions, A∗

phg(X),
is defined inductively using the maximum codimension of the corners of X.
If X does not have boundary, then A∗

phg(X) = A∗(X) = C∞(X). If X is
a manifold with corners with maximum codimension `, then its boundary
hypersurfaces are manifolds with corners with maximum codimension `− 1,
thus we can assume inductively that A∗

phg(Bk) has been defined for any Bk.

We define A∗
phg(X) to be those functions that, in each collar neighborhood

(4.8), have an expansion of the form

(4.9) u ∼
∑

Re sj→∞

pj∑

p=0

ρ
sj

k (log ρk)
pusj ,p, with usj ,p ∈ A∗

phg(Bk).

The meaning of ∼ in this expression is that, for any N ∈ N,

u−
∑

Re sj≤N

pj∑

p=0

ρ
sj

k (log ρk)
pusj ,p ∈ ĊN ([0, 1),A∗

phg(Bk),

where ĊN denotes functions in CN that vanish to order N at the boundary.
In practice it is useful to keep track of the exponents ocurring these ex-

pansions. An index set is a discrete subset E ⊆ C× N0 with the property
that

(sj , pj) ∈ E, |(sj, pj)| → ∞ =⇒ Re sj →∞.

We will often use the notation

ReE = min{Re s : ∃(s, p) ∈ E}.
An index set E is said to be smooth if (s, p) ∈ E implies (s + k, p − `) ∈ E
for any k, ` ∈ N0 with ` ≤ p – we will always assume that our index sets
are smooth. Given a collection of index sets E = {E1, . . . , EN}, one per
boundary hypersurface, we denote by E(k) or E(Bk) the subcollection of E
of index sets corresponding to boundary faces that intersect Bk (other than
Bk), and by AE

phg(X) the subspace of A∗
phg(X) whose expansions (4.9) have

the form

(4.10) u ∼
∑

(s,p)∈Ek

ρs
k(log ρk)

pus,p, with us,p ∈ AE(k)
phg (Bk).

Finally we point out that the individual coefficients us,p are generally not
invariantly defined. That is, if we choose a different product decomposition
near a boundary face the coefficients will change. It is to avoid having
the exponents change that we restrict to smooth index sets. A change of
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coordinates will replace each coefficient with a linear combination of ‘lower-
order’ coefficients. In particular, for an expansion corresponding to an index
set E, the leading coefficient is invariantly defined, as are the coefficients
of the first occurence of any particular power of log, i.e., the coefficients
corresponding to

lead(E) = {(s, p) ∈ E : k ∈ N =⇒ (s− k, p) /∈ E} .

4.4.3. The calculi. Next, we put these two notions together. If X is a man-
ifold with corners, Y is a p-submanifold, E is a collection of index sets for
the boundary hypersurfaces of X, and G is a vector bundle over X, then a
distributional section of G is in AE

phgI
s(X,Y ;G) if it is conormal to Y and at

each boundary hypersurface of X it has an expansion of the form (4.10) with
exponents determined by E and coefficients conormal to the intersection of
Y with that boundary face.

When listing index sets for either M 2
b or M2

0 we use the ordering {B10,
B01, B11}. Recall that ρij denotes a boundary defining function for Bij .
Given any manifold with corners X, let ρ be a product over a complete set
of bfds for X (known as a total bdf), we define the b density bundles of X
to be

(4.11) Ωb(X) = ρ−1Ω(X).

Similarly, for X equal to M , M 2, or M2
0 , we define the 0-density bundle of

X to be

Ω0(X) = ρ−mΩ(X),

where m = dimM . On M these coincide with the Riemannian density
bundles for b and 0 metrics respectively.

We define the small b-calculus by

A ∈ Ψs
b(M) ⇐⇒ KA ∈ A{∞,∞,N0}

phg Is(M2
b ,diagb; Ω

1/2
b )

⇐⇒ KA ∈ Ċ∞B11
Is(M2

b ,diagb; Ω
1/2
b ),

where s ∈ R is known as the order of A. In words, A is in Ψs
B(M) if its

Schwartz kernel is a distribution on M 2
b , conormal with respect to the b-

diagonal, with a ‘Taylor series’ at the front face and vanishing to infinite
order at both side faces16.

We define the large b-calculus by

A ∈ Ψs,E
b (M) ⇐⇒ KA ∈ AE

phgI
s(M2

b ,diagb; Ω
1/2
b ),

where E is any collection of smooth index sets for the boundary faces of M 2
b .

All b-differential operators define elements of the small b-calculus, but we

16The small b-calculus is almost the same as the uniform calculus of pseudo-differential
operators corresponding to a b-metric, however the kernel of an operator in Ψs

B(M) van-
ishes in a neighborhood of the side faces and need not have an expansion at the front face

(i.e., involves A{∞,∞,N0} instead of A
{∞,∞,N0}
phg ).
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will see that paramatrices of Fredholm operators are elements of the large
b-calculus.

Similarly, the small 0-calculus is defined by

A ∈ Ψs
0(M) ⇐⇒ KA ∈ Ċ∞B11

Is(M2
0 ,diag0; Ω

1/2
0 ),

and the large 0-calculus is defined by

A ∈ Ψs,E
0 (M) ⇐⇒ KA ∈ AE

phgI
s(M2

0 ,diag0; Ω
1/2
0 ).

The existence of the interior symbol map is a feature of conormal distri-
butions. A distribution in Is(X,Y ) has a symbol defined invariantly on the
conormal bundle to Y in X. Thus the following lemma is evidence that we
are considering the ‘correct’ spaces.

Lemma 4.11. The conormal bundle to diagb in M2
b is bT ∗M , and similarly

the conormal bundle to diag0 in M2
0 is 0T ∗M .

Proof. We will prove this for M 2
0 , the proof for M 2

b is similar. We denote
the dimension of M by m, the blow-down map M 2

0 → M2 by β and the
composition of β with the projection to the left or right factor of M by βL

and βR respectively.
It suffices to compute in normal coordinates near the front face. Let x

be a boundary defining function and let yi denote coordinates along the
boundary, so that V0 is locally spanned by x∂x, x∂yi

. We denote the lift of
these coordinates to the left factor of M in M 2 again by x and yi and the
lift to the right factor by x′ and y′i. In these coordinates

diag∂M = {x = 0, x′ = 0, y = y′},
so the projective coordinates

s =
x

x′ , ui =
yi − y′i

x′ , y′i, x′

are coordinates for M 2
0 near B11 and away from B01 (the lift of x′ = 0). In

these coordinates,
diag0 = {s = 1, u = 0},

and β∗
L(x∂x) = s∂s, β∗

L(x∂yi
) = s∂ui

thus the normal bundle to diag0 is
naturally isomorphic to 0TM and dually N ∗ diag0

∼= 0T ∗M . �

Thus elements of these calculi fit into short exact sequences such as

0→ Ψs−1,E
0 (M)→ Ψs,E

0 (M)
σ0−→ AE11

phg(
0S∗M ⊗Ns)→ 0

(with Ns a bundle carrying the homogeneity) and similarly for the b oper-
ators17. It also follows that the differential operators in the b and 0 calculi
- thought of as those pseudo-differential operators whose Schwartz kernel is
supported on the diagonal - are respectively the b and 0 differential opera-
tors.

17Implicit in this sequence is the fact that the relevant density bundles ‘cancel out’ and
allow us to consider the symbol as a function (see [Mazzeo: edge, pg 1631]).
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Borel’s lemma extends to asymptotic completeness of the small b and 0
calculi with respect to the interior symbol. In particular, given any element

of either large calculus, A ∈ Ψs,E
e (M), we can find A′ ∈ Ψs

e(M) so that the
full symbols of A and A′ coincide. Thus we have the following decomposition

(4.12) Ψs,E
e (M) = Ψs,(∞,∞,E11)

e (M) + Ψ−∞,E
e (M),

where we can further assume that the first term vanishes in neighborhood
of the side faces and so can be considered an element of the corresponding
uniform calculus.

One reason to demand expansions of the form (4.10) is that then we can
talk about the leading order term at each boundary face. We refer to the
leading term at each boundary face as the normal operator at that face.
The most important of these is the normal operator at the front face (which
we usually refer to as the normal operator). Thus for the small b-calculus
we have a short exact sequence

(4.13) 0→ xΨs
b(M)→ Ψs

b(M)
Nb−−→ SIs+ 1

4 (B11,diagb ∩B11; Ω
1/2
b

∣∣
B11

)→ 0,

where S stands for Schwartz functions which appear since elements in the
small calculus vanish to infinite order at the side faces (the change in the
order of the conormal distribution is mostly a matter of convention). In
(4.13) we are implicitly identifying

null(Nb)↔ ρ11A∞,∞,N0

phg Is(M2
b ,diagb; Ω

1/2
b ) with xΨs

b(M),

which is an immediate consequence of β∗
Lx = ρ10ρ11 and the action of an

element of the b calculus as described below. Since the front face is the
inward pointing spherical normal bundle of (∂M)2, we can rewrite the final
space in (4.13) as

SIs+ 1
4 ((∂M)2 × R+,diag∂M ×{1}; Ω1/2

b (B11)).

We will see below that the normal operator map Nb is a homomorphism
when the image is interpreted as R+-invariant pseudo-differential operators
on the (compactified) normal bundle to ∂M . The R+-invariance suggests
taking the Mellin transform – the resulting family of operators on ∂M is
known as the indicial family and will be discussed later.

The small zero calculus has the same short exact sequence, but in this
case the front face is the inward pointing spherical normal bundle to diag∂M ,
which means we can write the image space of the sequence as

SIs+ 1
4 (∂M × Rm−1 × R+, ∂M × {(0, 1)}; Ω1/2

0 (B11)).

The normal operator map N0 is also a homomorphism but now the image
should be interpreted as a family of pseudo-differential operators on Rm−1×
R+, parametrized by ∂M , that are invariant with respect to the semidirect
product on Rm−1 × R+:

(a, α) · (b, β) 7→ (a + αb, αβ).
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If this were the direct product we would take Fourier transform in Rm−1 and
then Mellin transform in R+ and end up with a family of scalar symbols.
However, because it is a semidirect product, the symmetries only allow us to
take the Fourier transform and then ‘mod out’ by dilation invariance in R+

ending up with a family of pseudo-differential operators on R+, parametrized
by S∗∂M . A natural compactification of R+ allows us to identify this with
a family of ‘b, sc operators’ on the unit interval.

Finally we point out a simple example of operators with vanishing symbol
and normal operator.

Lemma 4.12. Let φ ∈ C∞(M).
If P ∈ Ψs

0(M) then [P, φ] ∈ xΨs−1
0 (M).

If P ∈ Ψs
b(M) and φ

∣∣
∂M

= 0 then [P, φ] ∈ xΨs−1
b (M).

Proof. The distributional kernel of [P, φ] is

KP β∗
Rφ− β∗

LφKP = KP (β∗
Rφ− β∗

Lφ).

Since the principal symbol of [P, φ] as an element of Ψs
e(M) is [σ(P ), φ] = 0

we only need to check that the distributional kernel of [P, φ] vanishes at the
front face.

In M2
0 we use coordinates

r = x + x′, τ =
x− x′

x + x′ , U =
y − y′

x + x′ , y′

to find

β∗
Rφ− β∗

Lφ = φ
(r

2
(1− τ), y′

)
− φ

(r

2
(1 + τ), rU + y′

)
= O(r).

While in M 2
b we use coordinates

r = x + x′, τ =
x− x′

x + x′ y, , y′

to find

β∗
Rφ− β∗

Lφ = φ
(r

2
(1− τ), y′

)
− φ

(r

2
(1 + τ), y

)

= φ(0, y′)− φ(0, y) +O(r),

which is O(r) if φ
∣∣
∂M

= 0.
�

4.5. Operations on polyhomogeneous conormal distributions.

In this section we follow Melrose’s geometric approach to the mapping prop-
erties and the composition of b and 0 pseudo-differential operators. We will
follow [Mazzeo, Elliptic theory of differential edge operators I] and [Epstein-
Melrose-Mendoza, Resolvent of the Laplacian on strictly pseudoconvex do-
mains, Appendix B] and refer to [Grieser, Basics of the b-calculus] and
[Melrose, Differential analysis on manifolds with corners] for, respectively, a
more leisurely and a more complete account. In particular we refer to the
latter for proofs of the statements of this section.
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For general distributions and a smooth map between closed manifolds
f : X1 → X2, the push-forward of a distribution u ∈ C−∞(X1), when it
exists, is denoted f∗u ∈ C−∞(X2) and characterized by

(f∗u, φ)X2 = (u, f∗φ)X1 = (u, φ ◦ f)X1 , for every φ ∈ C∞c (X2).

It is easy to see that one need only require that f be proper for push-forward
to be well-defined.

Pull-back of a distribution v ∈ C−∞(X2) should similarly be characterized
by

(f∗v, φ)X1 = (v, f∗φ)X2 , for every φ ∈ C∞c (X1).

However, it is not always possible to carry this out (e.g., the push-forward
of a smooth density need not be smooth). Generally one needs to make
sure that the map f ‘avoids’ the singularities of v18. For instance, if Y2 is a
submanifold of X2 that is transverse to f , then

f∗ : Is(X2, Y2)→ Is+ 1
4
(dimX1−dimX2)(X1, f

−1(Y2)).

Alternately, if f is a fibration or just a submersion then f ∗v is defined for
every v ∈ C−∞(X2). In this case, f∗φ is the ‘integral along the fibers’ of
φ and is always smooth (it is useful to think of φ as a density instead of a
function).

Not surprisingly, if the Xi are manifolds with corners, then we need to
impose conditions on f at the boundary. First and foremost, we say that a
smooth map f : X1 → X2 is a b-map if for any choice of bdf’s on X1, {rj},
and bdfs {ρi} on X2 we have

(4.14) f ∗ρi = h
∏

r
e(i,j)
j with h ∈ C∞(X1) non-vanishing.

The matrix (e(i, j)) is called the lifting matrix of f and consists of non-
negative integers. This condition guarantees a sort of uniformity on the var-
ious boundary hypersurfaces, e.g., the pre-image of a boundary hypersurface
is a union of boundary hypersurfaces, and that the degree of vanishing of df
at a boundary hypersurface is locally constant. Examples of b maps include
blow-down maps and the inclusions of p-submanifolds. It is easy to see that
the composition of two b-maps is again a b-map, and that b-maps induce
linear maps on the b-tangent and b-cotangent bundles

bf∗ : bTX1 → bTX2,
bf∗ : bT ∗X2 → bT ∗X1.

(Thus the set of b-maps is a natural choice of Hom for the category of
manifolds with corners.)

Assume we know that a function on X2 has an expansion of the form (4.10)

and we pull-back by a map satisfying (4.14) then substituting
∏

r
e(i,j)
j for

ρi tells us the form of the expansion for the pull-back. Thus, for any b-map

18In the sense that the ‘normal bundle to f ’ and the wave-front set of v do not intersect
[Hörmander, vol. 1, Thm. 8.2.4].
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f , and a collection of index sets F for the boundary hypersurfaces of X2,
we define a collection of index sets on X1 via

E = f ](F), Ej =






∑ e(i, j)si,

∑

e(i,j)6=0

pi


 : (si, pi) ∈ Fi





(if Ej is not smooth, we replace it with the smallest smooth index superset
without changing the notation).

If f : X1 → X2 is a b-map and Y2 is a p-submanifold of X2, we say that
f is b-transverse to Y2 if

bf∗(bTζX1) + bTf(ζ)Y2 = bTf(ζ)X2, for every ζ ∈ f−1(Y2),

in which case f−1(Y2) is a p-submanifold of X1. If Y1 is a p-submanifold of
X1, we say that f is b-transverse to Y1 if

null(bf∗)ζ + bTζY1 = bTζX1, for every ζ ∈ Y1.

Also, if Y1 and Y ′
1 are both p-submanifolds of X1 we say that they are

b-transverse if
bTζY1 + bTζY

′
1 = bTζX1, for every ζ ∈ Y1 ∩ Y ′

1 .

Theorem 4.13 (Pull-back theorem). Let f be a b-map between manifolds
with corners (with embedded boundary hypersurfaces), f : X1 → X2, then,
for any collection of index sets F for the boundary hypersurfaces on X2, the
pull-back of smooth functions in the interior extends to a continuous linear
map

f∗ : AF
phg(X2)→ Af]F

phg (X1).

If furthermore f is b-transverse to a p-submanifold Y2 ⊆ X2, then pull-back
extends to

f∗ : AF
phgI

s(X2, Y2)→ Af]F
phg Is+ 1

4
(dimX1−dimX2)(X1, f

−1(Y2)).

As above for push-forward it is simplest to restrict to fibrations. A b-
map is a b-fibration if it does not map any boundary hypersurface to a
corner and it is a fibration in the interior of each boundary hypersurface.
Thus any non-trivial blow-down map is not a b-fibration, but the maps
βL : M2

0 → M and βR : M2
0 → M are. The push-forward by a b-fibration

of a function that is polyhomogeneous conormal to the boundary in X1 will
be a polyhomogeneous conormal function on X2, but it is perhaps less clear
how the index sets should change. The results are simplest when expressed
in term of b-densities (4.11).

Remark 4.14. Consider the simplest example. Let X = [(R+)2, {0, 0}],
βL : X → (R+)2 → R+ be the blow-down map followed by projection onto
the left factor, and consider v ∈ AE(X; Ωb) and (βL)∗v. Computing (βL)∗v
in local coordinates near B01 but away from B10,[∫

R+

v

(
x,

x′

x

)
dx′

x′

]
dx

x
,
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Figure 5. The b-fibration, βL

we see that the push-forward will exist if ReE01 > 0. To see which terms
occur in the expansion, assume suppv ⊆ β∗([0, C]2) and consider local co-
ordinates near B10 but away from B01,

[∫ 1

x/C
v
( x

x′ , x
′
) dx′

x′

]
dx

x

∼
∑

Cs,p,t,q

[∫ 1

x/C

( x

x′

)s (
log

x

x′

)p
(x′)t(log x′)q

dx′

x′

]
dx

x

and, since

xs

∫ 1

x/C
(x′)t−s dx′

x′ =
1

t− s
(xs − (x/C)t) if t 6= s

xs

∫ 1

x/C

dx′

x′ = −xs log(x/C)

xs

∫ 1

x/C
(x′)t−s(log x′)r

dx′

x′ = − xt

Ct−s(t− s)
(log(x/C))r

− rxs

t− s

∫ 1

x/C
(x′)t−s(log x′)r−1 dx′

x′ if t 6= s

xs

∫ 1

x/C
(log x′)r

dx′

x′ = − 1

r + 1
xs(log(x/C))r+1,

we see that the index set of (βL)∗v is the union of those of v at B10 and B11

except that whenever these coincide at a power of the bdf, we get an extra
power of a logarithm.

Given two index sets E and F , their extended union is the index set
defined by

E∪F = E ∪ F ∪ {(s, p + q + 1) : (s, p) ∈ E, (s, q) ∈ F}.
Thus in the example above we found that the index set of (βL)∗v at the
boundary of R+ was E11∪E10. For any b-fibration f : X1 → X2 and any
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collection E of index sets for X1 we define a collection of index sets on X2,

F = f]E , Fi =
⋃

Bj(X1)⊆f−1(Bi(X2))

{(
s

e(i, j)
, p

)
: (s, p) ∈ Ej

}
.

Theorem 4.15 (Push-forward theorem). Let f be a b-fibration between
manifolds with corners (with embedded boundary hypersurfaces), f : X1 →
X2. Then for every collection of index sets E on X1 such that

ReEj > 0 whenever f(Bi) * ∂X2,

i.e., whenever e(i, j) = 0 for every i, push-forward gives a continuous map

f∗ : AE
phg(X1; Ωb)→ Af]E

phg(X2; Ωb).

If furthermore f is b-transverse to a p-submanifold Y1 ⊆ X1, then push-
forward extends to

(4.15) f∗ : AE
phgI

s(X1, Y1; Ωb)→ Af]E
phg(X2; Ωb).

Finally, we need a result for the product of two conormal distributions.
It does not always make sense to multiply two distributions, however it is
sometimes possible to define the product by first taking the tensor product
(which always makes sense) and then pulling back via the diagonal map
(which does not always make sense)19. For conormal distributions we have
the following theorem.

Theorem 4.16. Let f be a b-fibration between manifolds with corners (with
embedded boundary hypersurfaces), f : X1 → X2. Let Y1 and Y ′

1 be b-
transverse p-submanifolds of X1 that are both b-transverse to f . Assume
that f embedds Y1 ∩ Y ′

1 onto a p-submanifold Y2 ⊆ X2. Then, for any two
collections of index sets E, E ′ on X1 such that

Re(Ej + E′
j) > 0 whenever f(Bi) * ∂X2,

and any two real numbers s, s′ ∈ R, multiplication on X1 followed by push-
forward to X2 gives a separately continuous bilinear form

AE
phgI

s(X1, Y1; Ω
1/2
b )×AE ′

phgI
s′(X1, Y

′
1 ; Ω

1/2
b )→ Af](E+E ′)

phg Is+s′(X2, Y2; Ωb).

4.6. Mapping properties and composition.

Armed with the pull-back and push-forward theorems of the previous section
we can deduce the action of b and 0 pseudo-differential operators on polyho-
mogeneous conormal distributions and also establish composition properties
of these operators.

The motivation is to consider the action of an integral operator on M ,

(4.16) Pf(ζ) =

∫

M
KP (ζ, ζ ′)f(ζ ′)dζ ′.

19This will work for distributions u and v as long as whenever (ζ, ξ) is in the wave front
set of u, (ζ,−ξ) is not in the wave-front set of v [Hörmander, vol. 1, Thm. 8.2.10].
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This suggests analyzing Pf for, say, b-operators by writing

Pf = (βL)∗(KP · β∗
Rf).

Immediately from the push-forward and pull-back theorems we have the
following theorem.

Proposition 4.17. Let M be a manifold with boundary, F and index set

on M and P ∈ Ψs,E
b (M) then

Re(E01 + F ) > 0 =⇒ P : AF
phg(M ; Ω

1/2
b )→ AE10∪(E11+F )

phg (M ; Ω
1/2
b ).

Similarly, if P ∈ Ψs,E
0 (M) then

Re(E01 + F ) > m− 1 =⇒ P : AF
phg(M ; Ω

1/2
0 )→ AE10∪(E11+F )

phg (M ; Ω
1/2
0 ).

In particular elements of the small calculus preserve spaces of polyhomo-
geneous conormal half-densities20

P ∈ Ψs
e(M) =⇒ P : AF

phg(M ; Ω1/2
e )→ AF

phg(M ; Ω1/2
e ).

Proof. This will follow directly from the push-forward and pull-back theo-
rems after we have taken the densities into account. In general we have:

Lemma 4.18. Let X be a manifold with corners, Y a p-submanifold, and
let β : [X,Y ]→ X be the blow-down map, then

(4.17) β∗Ω(X) = ρdim X−dimY −1Ω([X;Y ]),

where ρ is a boundary defining function for the boundary hypersurface re-
placing Y .

We can motivate the factor (and indeed prove the lemma) by consider-
ing the model case X = Rn, Y = Rk, since then [Rn; Rk] is the same as
Rk × [Rn−k; {0}] and (4.17) is just the usual change of variables for polar
coordinates.

In particular we have

β∗
b Ωb(M

2) = Ωb(M
2
b ), and β∗

0Ω0(M
2) = Ω0(M

2
0 ).

It is convenient to trivialize the density bundles by picking a non-vanishing
section γb of Ωb(M). This induces a non-vanishing section of Ω(M 2

b ),

µb = β∗
Lγbβ

∗
Rγb.

Writing the kernel of P as κP
√

µb we have

P (f
√

γb) = (βL)∗(κP
√

µbβ
∗
R(f
√

γb)).

To facilitate applying the push-forward theorem we multiply both sides by
γb to get

P (f
√

γb)
√

γb = (βL)∗ [κP
√

µbβ
∗
R(f
√

γb)β
∗
L
√

γb] = (βL)∗ [κP β∗
Rfµb] .

20Recall that we use the moniker e to make statements that apply to both the b and 0
calculi.
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Since this is the push-forward of a b-density we can apply the push-forward
theorem as indicated in Figure 6. Finally dividing both sides by

√
γb the

E10

E11 + F

E01 + F

E10∪(E11 + F )

F

(βL)∗

(βR)∗

Figure 6. The index sets of f , KP · β∗
Rf , and its push-forward

result follows.
For the zero-calculus we have a similar argument. Let γ0 = ρ−(m−1)γb,

and µ0 = β∗
Lγ0β

∗
Rγ0, then we have

P (f
√

γ0)
√

γ0 = (βL)∗ [κP β∗
Rfµ0] = (βL)∗

[
κP β∗

Rf(ρ11ρ10ρ01)
−(m−1)µb

]
.

By the push-forward theorem, if Re(E01 + F ) > m− 1 this is an element of

A[E10−(m−1)]∪[E11+F−(m−1)](M,Ωb) = AE10∪(E11+F )(M,Ω0),

so dividing both sides by
√

γ0 the result follows. �

From here we see that it often makes sense to compose elements of the
large calculus as, say, operators on polyhomogeneous conormal distributions.
Below we will describe the action of elements of the large calculus on Sobolev
spaces, and again see that it often makes sense to compose them. We now
show that, when it makes sense, the composition of two elements of either
large calculus is again an element of that calculus.

Directly from (4.16) if P1 and P2 are integral operators then the integral
kernel of their composition is

KP1◦P2(ζ, ζ ′′) =

∫
KP1(ζ, ζ ′)KP2(ζ

′, ζ ′′) dζ ′.

For the corresponding statement for b operators, suppose we are able to
extend the natural projections

M3

πLM||zz
zz

zz
zz

πLR

��

πMR

""DD
DD

DD
DD

M2 M2 M2
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(where L, M , and R stand for ‘left’, ‘medium’, and ‘right’, respectively)
from the interior of M 3 to a compactification, M 3

e , with three b-fibrations

(4.18) M3
e

βLM}}||
||

||
||

βLR

��

βMR

!!B
BB

BB
BB

B

M2
e M2

e M2
e

Then for operators P1, P2 in the large calculus whose composition makes
sense, the distributional kernel of the composition is given by

KP1◦P2 = (βLR)∗ [β∗
LMKP1β

∗
MRKP2 ] ,

and hence the push-forward and pull-back theorems will determine both if
the composition makes sense and the asymptotics of the composition.

We construct M 3
b from M

3
by means of appropriate blow-ups. In each

of the three pairs of copies of M in M
3

there is a copy of (∂M)2 which
we denote Sij, i, j ∈ {L,M,R}, i 6= j. In order for the fibrations π·· to
extend from the interior to a b-fibration β·· we will need to blow-up all three
S··. However as these have non-trivial intersection, the resulting space will
depend on the order in which we blow them up.

One way around this which preserves the symmetries is to first blow-up
their intersection T = SLM ∩ SLR. This intersection is a p-submanifold of

M
3
, so [M

3
;T ] makes sense, and each S·· lifts to a p-submanifold of this

blown-up space.

Figure 7. M
3

Figure 8. [M
3
;T ]

Thus we can define the triple b-space to be

M3
b = [M

3
;T ;SLM ∪ SLR ∪ SMR].

Composing the (total) blow-down map β : M 3
b → M

3
with the projections

onto the left, middle, or right factors, we get the maps βL, βM , and βR

respectively. Let x be a bdf for M , we arrange the boundary hypersurfaces
of M3

b into seven types denoted Bijk with i, j, k ∈ {0, 1} not all equal to zero,
with i = 1 iff β∗

Lx vanishes there, j = 1 iff β∗
Mx vanishes there, and k = 1

iff β∗
Rx vanishes there. Thus for instance B111 denotes the bhs produced

by blowing-up T , B110 denotes the bhs produced by blowing-up SLM , and
B010 corresponds to the lift (from the interior) of M × ∂M ×M .
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B101

B100

B110

B111

B010

B011

B001

Figure 9. The space M 3
b

The construction of the 0-triple space is very similar. The difference is
that Sij represents the copy of diag∂M inside each of the three pairs of copies

of M in M
3
. Otherwise, as above we define

M3
0 = [M

3
;T ;SLM ∪ SLR ∪ SMR]

and divide the boundary hypersurfaces into seven types B··· in the same
way.

In order to define the maps βLM , βLR and βMR we will make use of a
commutation result for blow-ups. We have already mentioned that blowing-
up disjoint p-submanifolds is insensitive to the order in which they are blown-
up. More generally we have the following result21

Lemma 4.19. If X is a manifold with corners and Y,Z are p-submanifolds
such that either Y and Z are transverse or Y ⊆ Z then

[X;Y ;Z] = [X;Z;Y ].

The proof consists in noting that the identity map in the interior extends
to a smooth map in both directions.

Thus we define βLM in either case as follows

βLM : M3
e → [M

3
;T ;SLM ] = [M

3
;SLM ;T ]→ [M

3
;SLM ] = M2

e ×M →M2
e

and similarly βLR and βMR. It is easy to see that these are b-fibrations, and
so we can proceed as outlined above.

Theorem 4.20. The composition of two operators A ∈ Ψs,E
b (M) and B ∈

Ψt,F
b (M) is defined whenever Re(E01 + F10) > 0 in which case A ◦ B ∈

21See for instance [Hassel-Mazzeo-Melrose, Analytic surgery and the accumulation of
eigenvalues, Lemma 2.1]
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Ψs+t,G
b (M) with

G10 = (E11 + F10)∪E10, G01 = (E01 + F11)∪F01

G11 = (E11 + F11)∪(E10 + F01).

Similarly, if A ∈ Ψs,E
0 (M), B ∈ Ψt,F

0 (M), and Re(E01 + F10) > m− 1 then

A ◦ B ∈ Ψs+t,G
0 (M) with G as above.

Proof. The interior singularity can be handled using Theorem 4.16 or (4.12),
composition in the uniform calculus, and (4.15), so we focus on the expan-
sions at the boundary.

As in the proof of Proposition 4.17, it is useful to start by pointing out
that (4.17) implies

β∗
b (Ωb(M

3)) = Ωb(M
3
b ), β∗

0(Ω0(M
3)) = Ω0(M

3
0 ),

where Ω0(M
3
0 ) = ρ−mΩ(M3

0 ).
Let µb be a nowhere vanishing section of Ωb(M

2
b ) and let

νb =
√

β∗
LMµbβ

∗
LRµbβ

∗
MRµb

be the induced nowhere-vanishing section of Ωb(M
3
b ). If we denote the kernel

of A as κA
√

µb and similarly for B and C, we have

κA◦B
√

µb = (βLR)∗ [β∗
LM (κA

√
µb)β

∗
MR(κB

√
µb)] ,

so if we multiply both sides by
√

µb we have

κA◦Bµb = (βLR)∗ [β∗
LM (κA)β∗

MR(κB)νb] ,

and we can apply the push-forward theorem as illustrated in Figure 10.

F01

F11

F10

β∗

MR
β∗

LM
E10

E11

E01

E10 F01

E11 + F11

E11 + F10 F11 + E10

F01∪(E01 + F11)E10∪(E11 + F10)

(E10 + F01)∪(E11 + F11)

(βLR)∗

E10

+F01

E01 + F10

Re(E01 + F10) > 0

Figure 10. Composition via the triple space
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For the zero calculus, we define µ0 = (ρ11ρ10ρ01)
−(m−1)µb and

ν0 =
√

β∗
LMµ0β

∗
LRµ0β

∗
MRµ0,

and find that, with ρ a total boundary defining function for M 3
0 ,

κA◦Bµ0 = (βLR)∗ [β∗
LM (κA)β∗

MR(κB)ν0]

= (βLR)∗
[
β∗

LM (κA)β∗
MR(κB)ρ−(m−1)ν0

]
.

Applying the push-forward theorem we see that, if

Re(E10 + F10 − (m− 1)) > 0

then this is an element of AG′

phgI
s+s′(M2

0 ,diag0; Ω
1/2
b ) with G′ = G − (m −

1). Changing from b-densities to 0-densities then changes G ′ to G, and the
theorem follows for the 0-calculus. �

One consequence of this theorem is that the small calculi are graded
algebras in the sense that the composition is always defined and satisfies

Ψs
e(M) ◦Ψt

e(M) ⊆ Ψs+t
e (M).

Also notice that elements of the small calculus always compose with elements
of the large calculus; the result is particularly nice if E is a collection of index
sets with E11 = N0 as then

Ψs
e(M) ◦Ψt,E

e (M) ⊆ Ψs+t,E
e (M).

We recall that we have already defined Sobolev spaces and Sobolev norms
in the context of b and 0 metrics by means of the uniform calculus. We obtain
the same spaces using the small calculus, e.g., for s > 0,

Hs
e(M ; Ω1/2

e ) =
{

u ∈ L2(M ; Ω1/2
e ) : P ∈ Ψs

e(M) =⇒ Pu ∈ L2(M ; Ω1/2
e )

}
.

Due to our conventions for b and 0 pseudo-differential operators it is natural
to base Sobolev spaces on half-densities instead of functions, though the
triviality of the density bundle means that these are essentially the same.
We will often use weighted Sobolev spaces,

xaHs
e (M ; Ω1/2

e ) =
{

u = xav : v ∈ Hs
e (M ; Ω1/2

e )
}

, a ∈ C

with norms inherited from those on Sobolev spaces, thus

‖u‖xaHs
e

=
∥∥x−au

∥∥
Hs

e
.

Theorem 4.21. An operator in the large b-calculus A ∈ Ψs,E
b (M) extends,

for any a, a′ ∈ C, from an operator C∞c (M ; Ω
1/2
b ) → C−∞(M ; Ω

1/2
b ) to a

bounded operator

(4.19) xaHt
b(M ; Ω

1/2
b )→ xa′

Ht′

b (M ; Ω
1/2
b )

if t′ ≤ t− s, Re E01 > −a, ReE10 > a′ and ReE11 ≥ a′ − a.
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An operator in the large 0-calculus A ∈ Ψs,E
0 (M) extends, for any a ∈ C,

from an operator C∞c (M ; Ω
1/2
0 )→ C−∞(M ; Ω

1/2
0 ) to a bounded operator

xaHt
0(M ; Ω

1/2
0 )→ xa′

Ht′

0 (M ; Ω
1/2
0 )

if t′ ≤ t− s, ReE01 > m− 1− a, Re E10 > m− 1 + a′ and ReE11 ≥ a′ − a.
In either case, if t′ < t− s and Re E11 > a′− a then the induced operator

is compact.

Proof. Consider first the question of when P ∈ Ψ−∞,E
b (M) defines a bounded

operator on L2
b(M). Applying Schur’s test (Lemma 4.6) it is enough to show

that there is a constant C <∞ such that

(βL)∗|KA| ≤ C, (βR)∗|KA| ≤ C.

Applying the push-forward theorem to |KA| we see that the first push-
forward is defined if ReE01 > 0 and is bounded if Re(E10∪E11) ≥ 0,
while the second push-forward is defined if Re E10 > 0 and is bounded if
Re(E01∪E11) ≥ 0. This is enough to prove the theorem for b-operators when
s = t = t′ = 0 by using (4.12) and the already established fact that elements
of the uniform calculus of order s ≤ 0 are bounded on L2(M, gb) = L2

b(M).
We can reduce the general case to this one as follows. First since t′ ≤ t−s,

Ht′

b includes H t−s
b continuously so for the first statement it suffices to assume

t′ = t− s. By composing with invertible pseudo-differential operators in the

small calculus we reduce to s = t = 0. Finally, note that A ∈ Ψs,E
b (M)

induces a bounded map in (4.19) if and only if x−a′
Axa is a bounded map

between H t
b and Ht′

b and that x−a′
Axa is an element of the large b calculus

with index sets obtained from those of A by shifting E10 by −a′, E01 by a,
and E11 by a− a′.

The corresponding statement for the 0-calculus is proved in the same
fashion with the extra m− 1 summands appearing from switching between
0-densities and b-densities as in the proof of Proposition 4.17.

In the b-calculus, if t′ < t− s and Re E11 > a′− a we can find â > a′ such
that {

ReE10 > â

ReE11 ≥ â− a

and the map (4.19) factors through the inclusion

xaHt
b(M ; Ω

1/2
b ) //

((QQQQQQQQQQQQ
xa′

Ht−s
b (M ; Ω

1/2
b )

xbaHt′

b (M ; Ω
1/2
b )

66lllllllllllll

which is compact by Corollary 4.10. The 0-case follows similarly. �



82 PIERRE ALBIN

An important consequence of this theorem (which already follows from
Corollary 4.10) is that an element of xaΨs

e(M) is compact (as an opera-
tor on L2

e(M)) whenever a > 0 and s < 0. Thus elements of Ψ0
e(M) that

are compact on L2
e(M) are precisely those whose joint symbol (σe, Ne) van-

ishes22. For instance, from Lemma 4.12, this applies to the commutator of
an element of the small zero calculus and a smooth function, as well as to
the commutator of an element of the small b-calculus and a smooth func-
tion that vanishes at the boundary. If the joint symbol of an operator is
invertible (as a map on appropriate Sobolev spaces as described in the next
section) we say that the operator is fully elliptic. We will see soon that an
operator induces a Fredholm operator on Sobolev spaces precisely when it
is fully elliptic.

Finally we wish to discuss a class of smoothing operators common to the
b and 0 calculi. An operator is said to be very residual23 if it is in the
space

Ψ−∞,(E10,E01,∞)
e (M),

that is, if it is a smoothing operator that vanishes to infinite order at the
front face. The kernel of such an operator is well-behaved on the blown-down
space and is an element of

AE10,E01

phg (M2,Ω1/2
e )

that vanishes to infinite order at the submanifold of the corner that is blown-
up to form the stretched double-space. The advantage of very residual op-
erators is that they bridge between L2 statements and polyhomogeneous
statements.

Proposition 4.22. Let A1 and A2 be very residual operators.

i) If f and A1f are elements of weighted e-Sobolev spaces, then A1f ∈
AE10

phg(M ; Ω
1/2
e ).

ii) ( Bi-ideal property )
If G is a bounded operator between two weighted e-Sobolev spaces and
the composition A2GA1 is defined, say as a map

(4.20) A2GA1 : xaHs
e (M ; Ω1/2

e )→ xbHt
e(M ; Ω1/2

e )

then there is a very residual operator that coincides with A2GA1 as
a map (4.20).

Proof. For (i) it suffice to note that if we have

KA(x, y, x′, y′)−
∑

xs(log x)pKs,p(y, x′, y′) ∈ ĊN (M ; C∞(M))

22An element of the large calculus Ψs,E
e (M) induces a compact operator on L2

e(M) if
a = Re(E) > 0 and s < 0. By Liidsky’s theorem this is trace-class if s < − dim M and a

is large enough – so from the composition formula we see that a compact operator in the
large calculus is automatically in a Schatten ideal.

23In other contexts, the class of very residual operators is taken to be Ψ̇−∞(M) =

Ψ−∞,(∞,∞)(M).
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then we also have
∫
KA(x, y, x′, y′)f(x′, y′)−

∑
xs(log x)p

∫
Ks,p(y, x′, y′)f(x′, y′) ∈ ĊN (M).

The same observation shows that the integral kernel of A2GA1 (which is
smooth since this operator and its adjoint are smoothing) has an expansion
at the left face with exponents equal to those of A2 at the left face, and
by looking at its adjoint, that it has an expansion at the right face with
exponents equal to those of A1 at the right face. �

4.7. Normal operators and Fredholmness.

As anticipated, the normal operator – which is defined as the leading term
of the Schwartz kernel at the front face – can itself be interpreted as an
operator.

As a first step we point out that the interiors of the fibers of the front
face (recall that the front face is naturally fibered over the submanifold it
replaces) have a natural Lie group structure that is consistent with the triple
space. Indeed, let F be the interior of a fiber of the front face in M 2

e and
let βLR, βLM , βMR be the blow-down maps from the blown-up triple space.
Then it is easy to see that

βLR

(
β−1

LM (F) ∩ β−1
MR(F)

)
= F ,

as this follows from the corresponding statement before the blow-ups. How-
ever, it is also true that for any p, q ∈ F the set

βLR

(
β−1

LM (p) ∩ β−1
MR (q)

)

consists of only one point, which we denote p ∗ q.
For example, if x is a boundary defining function and y denotes coordi-

nates along the boundary, then near the front face of M 2
0 but away from the

left face (corresponding to x = 0) we have projective coordinates on M 2
0 ,

(4.21)
(
x, y, s′, u′) =

(
x, y,

x′

x
,
y′ − y

x

)
.

Similarly, near the triple face on M 3
0 , we have projective coordinates of the

form

(
x, y, s′, u′) =

(
x, y,

x′

x
,
y′ − y

x

)
, (x, y, ŝ, û) =

(
x, y,

x̂

x
,
ŷ − y

x

)
,

(
xŝ, y + xû,

s′

ŝ
,
u′ − û

ŝ

)

on the double spaces LR, LM , and MR respectively. Then for

p = (0, y0, s, u) and q = (0, y0, s̃, ũ)
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we have

p ∗ q = βLR

(
β−1

LM (0, y0, s, u) ∩ β−1
MR (0, y0, s̃, ũ)

)

= βLR

({
x = 0, y = y0, s = ŝ, u = û,

s′

ŝ
= s̃,

u′ − û

ŝ
= ũ

})

= (0, y0, ss̃, u + sũ)

(just as in [Mazzeo:Hodge]).
Thus we find that if we identify (the interior of) each fiber of the front

face in M 2
0 , say over q ∈ ∂M , with TqM

+ ∼= Rm−1 × R+, the product p ∗ q
is the affine product

(
Rm−1 × R+

)2 // Rm−1 × R+

(a, b), (c, d) � // (a + bc, bd)

and so the group is the semi-direct product Rm−1 o R+. Moreover, note
that right Haar measures for the affine group are (in the coordinates (4.21))

C
ds du

sm
, C > 0 constant

precisely the zero measures of Rm−1 × R+ (the left Haar measures are the
b measures on Rm−1 × R+). Similarly, each fiber of the front face of M 2

b is
a (compactified) copy of R+, the product p ∗ q is the usual multiplication,
and the Haar measures (left or right) are precisely the b-measures of R+.

Remark 4.23. The exponential of a vector field in V0 is a diffeomorphism of
M which fixes the boundary point-wise. Any such diffeomorphism induces,
for any q ∈ ∂M , a linear map on the inward-pointing ‘half’ of the tangent
space T ∗

q M , such a map must be of the form

(x, y) 7→ (xs, y + xu) for some s ∈ R+, u ∈ Rm−1,

and we see that the zero vector fields are precisely the infinitesimal genera-
tors of these maps.

Given any P ∈ Ψs,E
0 (M), the leading term at the front face N11(P ) de-

fines a family of operators parametrized by points on the boundary. For
instance24, given q ∈ ∂M , and f ∈ C∞c (TqM

+) ∼= C∞c (Rm−1 × R+) we set

Nq(P )f(x, y) =

∫
KP

∣∣
B11

(q, (x, y) ∗ (x′, y′)−1)f(x′, y′)
dx′ dy′

(x′)m
.

This defines a map Nq(P ) : C∞c (TqM
+) → C−∞(TqM

+) and induces maps,

e.g., ˙C∞(TqM
+)→ ˙C∞(TqM

+). Indeed, Nq is a pseudo-differential operator
on TqM

+ of zero type at the boundary and in the next section we will
compactify TqM

+ and consider Nq as an operator in the interior of a compact
manifold with boundary. It is convenient to think of a zero metric g on M

24We are temporarily neglecting half-density factors for notational convenience.
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that has the form g = dx2

x2 + h(x,y)
x2 near the boundary, as inducing metrics

on each TqM
+ given by

g̃q =
dx2

x2
+

h(q)

x2
.

These are metrics of bounded geometry on each TqM
+ and the normal oper-

ators Nq(P ) induce maps between the resulting Sobolev spaces. The upshot
of the discussion above is that the normal operator is a homomorphism in
that

Nq(P1 ◦ P2) = Nq(P1) ◦Nq(P2), for every q ∈ ∂M

whenever the composition makes sense.
The maps Nq(P ) defined above are so far only formally related to P . The

main obstacle with relating them directly is that P acts on functions on
M and each Nq(P ) acts on functions on TqM

+. This is easily overcome
by identifying a neighborhood U of q ∈ ∂M with a neighborhood V of the
origin of TqM

+. We say that a diffeomorphism φ from U to U+ is a normal
fibration at q if

φ(q) = 0 and dφ
∣∣
q

= Id .

We say that U is a normal neighborhood of q ∈ ∂M if there is a normal
fibration defined on U .

Let U and V be two normal neighborhoods of q ∈ ∂M such that U ⊆ V,
and let χ, χ̃ ∈ C∞c (V, R+) be equal to one in a neighborhood of q and satisfy

suppχ ⊆ U ⊆ {χ̃ = 1}
(we will refer to U , V, χ̃, χ collectively as a normal setup at q). In local
coordinates on V centered at q, lifted to M 2 , the action of P on f ∈
C∞c (U ,Ω

1/2
0 ) is given by

Pf(x, y) =

[∫
KP

(
x

x′ ,
y − y′

x′ , x′, y′
)

f(x′, y′)
dx′ dy′

(x′)m

] ∣∣∣∣
dx dy

xm

∣∣∣∣
1/2

.

If we denote by Rt the dilation by t on Rm−1 × R+, then notice that (for
any f as above)

(4.22) R∗
t χ̃PχR∗

1/tf =
[∫

χ̃(tx, ty)χ(tx′, ty′)KP

(
x

x′ ,
y − y′

x′ , tx′, ty′
)

f(x′, y′)
dx′ dy′

(x′)m

] ∣∣∣∣
ds du

sm

∣∣∣∣
1/2

t→0−−→
[∫
KP

(
x

x′ ,
y − y′

x′ , 0, 0

)
f(x′, y′)

dx′ dy′

(x′)m

] ∣∣∣∣
ds du

sm

∣∣∣∣
1/2

= Nq(P )f,

where we have left off various φ’s and φ−1’s.
For a 0-differential operator, computing the normal operator via the limit

(4.22) is particularly simple. Indeed, if in local coordinates near q,

P =
∑

j+|α|≤k

aj,α(x, y)(x∂x)j(x∂y)
α,



86 PIERRE ALBIN

then the normal operator at q ∈ ∂M is the differential operator on TqM
+ ∼=

Rm−1
u × R+

s ,

Nq(P ) =
∑

j+|α|≤k

aj,α(q)(s∂s)
j(s∂u)α.

We point out that this expression is invariant under translation in u and
dilation in (s, u) as expected.

The situation for the b-calculus is similar but simpler. Whereas the normal
operator in the zero calculus yields for each q ∈ ∂M and operator on the
‘upper half’ of Rm, the normal operator in the b calculus yields a single
operator on the model cylinder (∂M)+ = R+

s × ∂M . Given a function

f(s, y) on the cylinder and a b pseudo-differential operator A ∈ Ψk,E
b (M),

we define the action of A on f by

N(P )f(s, y) =

∫
KA

∣∣
B11

( s

s′
, y, y′

)
f(s′, y′)

ds′ dvoly′

s
.

As above, this is a b pseudo-differential operator (on the non-compact man-
ifold (∂M)+) and induces maps, e.g., on Schwartz functions in the interior.

It is convenient to think of a b metric of the form dx2

x2 + h(x, y) near the
boundary as inducing the metric

g̃ =
ds2

s2
+ h(0, y)

on (∂M)+, as this is a metric of bounded geometry and hence induces
Sobolev spaces on which N(P ) acts. The normal operator is a homomor-
phism with respect to composition of operators. The analogue of the normal
neighborhoods above are collar neighborhoods of the boundary, that is we
can identify collar neighborhoods of the boundary in M with collar neigh-
borhoods of the boundary in (∂M)+ and use these to relate the action of
N(P ) with the action of P .

Lemma 4.24. Let a, s ∈ R.
Let U , V, χ̃, χ be a ‘normal setup’ at q ∈ ∂M with

φ : V ∼=−→ V+

the associated normal fibration, and let P ∈ Ψs
0(M). For every ε > 0 there

is an neighborhood Wε ⊆ U of q such that
∥∥(φ−1)∗χ̃Nq(P )φ∗χu− χ̃Pχu

∥∥
xaL2 ≤ ε ‖u‖xaL2

for all u ∈ Hs
0(M,Ω

1/2
0 ) with suppu ⊆ Wε.

Similarly, for P ∈ Ψs
b(M) and every ε > 0 there is a collar neighborhood

of the boundary,

φ : Cε(∂M)
∼=−→ [0, 1) × ∂M,
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such that
∥∥(φ−1)∗χ̃N(P )φ∗χu− χ̃Pχu

∥∥
xaL2 ≤ ε ‖u‖xaL2

for all u ∈ Hs
b (M,Ω

1/2
b ) with suppu ⊆ Cε(∂M).

Proof. First assume that s is sufficiently negative so that the distributional
kernel of P is a continuous function on M 2

0 , then the distributional kernel
of (φ−1)∗χ̃Nq(P )φ∗χ− χ̃Pχ is given by

χ̃(x, y)χ(x′, y′)
[
KP

(
x

x′ ,
y − y′

x′ , 0, 0

)
−KP

(
x

x′ ,
y − y′

x′ , x′, y′
)]

,

and, since KP is uniformly continuous, we can find a neighborhood Wε ⊆ U
of q where this is uniformly bounded by ε. The same argument handles
the general case since KP (·, ·, x′, y′) is smooth in x′, y′ and conormal in the
other entries; i.e., since conormal distributions near a point p ∈ diag0 are
smooth functions valued in conormal distributions (see §4.4.1). Alternately
we can reduce the case of general s to the case of a continuous distributional
kernel by composing with an invertible operator in Ψ−N

0 (M) for large enough

N ∈ N, as these define bounded operators on L2
0(M,Ω

1/2
0 ).

The b-case follows by similar, simpler arguments. �

Having related the mapping properties of an operator with those of its
normal operator, we can apply Anghel’s criterion for Fredholmness to prove
the following result.

Theorem 4.25. Let a, s ∈ R. The map induced by an operator P ∈ Ψs
0(M),

P : xaHt
0(M ; Ω

1/2
0 )→ xaHt−s

0 (M ; Ω
1/2
0 ),

is essentially injective if and only if for every q ∈ ∂M the map

Nq(P ) : xaHt
0(TqM

+; Ω
1/2
0 )→ xaHt−s

0 (TqM
+; Ω

1/2
0 )

is essentially injective.
Similarly, the map induced by P ∈ Ψs

b(M),

P : xaHt
b(M ; Ω

1/2
b )→ xaHt−s

b (M ; Ω
1/2
b ),

is essentially injective if and only if the map

N(P ) : xaHt
b((∂M)+; Ω

1/2
b )→ xaHt−s

b ((∂M)+; Ω
1/2
b )

is essentially injective.
In either case, if the normal operator is essentially injective then it is in

fact injective.

Proof. Without loss of generality we can assume t = s.
We start by showing that if the normal operator is essentially injective

then it is injective. Indeed, assume that for some non-empty open set V ⊆
TqM

+, some C > 0, and every u ∈ C∞c (V,Ω
1/2
0 ) we have

(4.23) ‖Nq(P )u‖xaL2
0
≥ C ‖u‖xaL2

0
,
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then, for any v ∈ C∞c (TqM
+,Ω

1/2
0 ), we can use translation and dilation

invariance of the L2 norm and the operator Nq(P ) to show that the same
estimate holds for ‖Nq(P )v‖xaL2 . Since compactly supported smooth half-

densities are dense in xaL2(TqM
+,Ω

1/2
0 ), this same estimate holds for any u

in this larger space, and so Nq(P ) is injective (with a bounded left inverse)

as an operator on xaL2
0(TqM

+; Ω
1/2
0 ). By Anghel’s criterion this discussion

applies to Nq(P ) whenever this is essentially injective as an unbounded
operator on this space.

Next assume that P is essentially injective. By Anghel’s criterion there
is a compact set K ⊆ M ◦ and a constant C > 0 such that every u ∈
C∞c (M ; Ω

1/2
b ) with support in M \K satisfies

(4.24) ‖Pu‖xaL2
0
≥ C ′ ‖u‖xaL2

0
.

Choose for each q ∈ ∂M and ε > 0, let Vq, Uq, χ̃q, χq be a ‘normal setup’
at q, and assume that Uq = Wq(ε) in the notation of Lemma 4.24. If

ε < C ′/2, and u ∈ C∞c (TqM
+; Ω

1/2
0 ) has support in φ(Wq(ε)) then clearly

(4.23) holds with C = C ′/2. Thus P essentially injective implies Nq(P )
essentially injective (hence injective) for every q ∈ ∂M .

Finally assume that Nq(P ) is injective for every q ∈ ∂M so that (4.23)
holds (with the same C for every q). With the same notation as above,
assume that each Uq has smooth boundary and that ε < C

2 . Also choose
finitely many {Uqi

} so that {Uqi
∩∂M} is an open cover of ∂M , and assume

that
∑

χqi
= 1 in a neighborhood of the boundary. From Lemma 4.24 we

know that, for each i

‖Pχqi
u‖xaL2

0
≥ ‖χ̃qi

Pχqi
u‖xaL2

0
≥ C

2
‖u‖xaL2 , for all u ∈ C∞c (Uqi

).

Hence, if we denote L2
0,Dir(Uqi

; Ω
1/2
0 ) the closure of C∞c (Uqi

) in L2
0(M ; Ω

1/2
0 ),

the unbounded operator,

Pχqi
: xaL2

0,Dir(Uqi
; Ω

1/2
0 )→ xaL2

0(M ; Ω
1/2
0 ),

has a left inverse, say Gqi
. Using these ‘local inverses’ we will show that P

has a left parametrix and hence is essentially injective on xaHs
0(M ; Ω

1/2
0 ).

First use ellipticity of P to find a symbolic parametrix, Qσ ∈ Ψ−s
0 (M),

such that

Rσ = Id−QσP ∈ Ψ−∞
0 (M).

Define

G : xaHs
0(M,Ω

1/2
0 )→ xaL2

0(M,Ω
1/2
0 ), G(u) =

∑
χ̃qi

Gqi
χqi

u
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(where we are implicitly identifying Uq and U+
q ), and QN = Qσ + RσG, and

note that

Id−QNP = Rσ −Rσ

∑
χ̃qi

Gqi
χqi

P

= Rσ −Rσ

∑
χ̃qi

Gqi
Pχqi

+ Rσ

∑
χ̃qi

Gqi
[P, χqi

]

= Rσ(Id−
∑

χqi
) + Rσ

∑
χ̃qi

Gqi
[P, χqi

]

is compact (by Lemma 4.12).
Similar simpler arguments work for b-operators. �

This gives a description of the normal operators as operators on non-
compact spaces related to the interiors of the fibers of the front face. How-
ever in keeping with the general philosophy of these calculi we should be
considering them acting on an appropriate compactification to a manifold
with boundary.

Consider first the case of b-operators. We have essentially been using
projective coordinates (

s =
x

x′ , y, x′, y′
)

to describe the normal operator acting on R+
s × ∂M . These coordinates are

valid near the front face B11 and the left face B10 but away from the right
face B01; the corresponding coordinates near B01 and away from B10 would
involve t = 1

s . This suggests that we compactify R+
s to an interval using 1

s as
a boundary defining function for the point at infinity. This compactification
is natural with respect to ‘b-objects’ on R+

s × ∂M . For instance, the metric
g̃ on (∂M)+ extends to this compactification [0, 1]× ∂M as a b-metric, and
indeed the normal operator of a b-operator on M defines a b-operator on
[0, 1] × ∂M . In the sense described above, the action of a b-operator P on
a weighted Sobolev space on M corresponds to the action of N(P ) on a
weighted Sobolev space on [0, 1] × ∂M , only now this is:

P acting on xaHk
b (M ; Ω

1/2
b )

↔ N(P ) acting on ρa
0ρ

−a
1 Hk

b ([0, 1] × ∂M ; Ω
1/2
b ),

where ρ0, ρ1 are boundary defining functions for {0} × ∂M and {1} × ∂M
respectively.

It is also convenient to think of the normal operator in the 0-calculus as
acting on a compact manifold with boundary. However, we will wait until
the next section to describe this compactification and the resulting reduced
normal operator.

4.8. General coefficients and adjoints.

We have been working with operators acting on half-densities for conve-
nience. The theory is formally the same for operators acting on sections of
vector bundles, with only notational differences. The distributional kernel of
a pseudo-differential operator acting from sections of a bundle E to sections
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of a bundle F is a conormal distribution valued in the ‘big’ homomorphism
bundle

Hom(F,E) = π∗
LF ⊗ π∗

RE′

defined so that the fiber over the point (ζ, ζ ′) consists of homomorphisms
between Eζ and Fζ′ . One can either add the bundles into the theory from
the beginning, or add them on after the constructions above by defining,
e.g.,

A ∈ Ψs,E
b (M ;E,F ) ⇐⇒

KA ∈ AE
phgI

s(M2
b ,diagb; Ω

1/2
b )⊗ C∞(M2

b ;β∗
b Hom(F ⊗ Ω

−1/2
b , E ⊗ Ω

1/2
b )),

and similarly A ∈ Ψs,E
0 (M ;E,F ).

Adjoints of b-operators are again b-operators and likewise 0-operators.

That is, for each value of a ∈ R, the action of say P ∈ Ψs,E
b (M ; Ω

1/2
b ) on

xaL2
b(M ; Ω

1/2
b ) determines an abstract adjoint operator P ∗

a , and the claim is
that there is an element of the b calculus whose action on this space coincides
with P ∗

a . Indeed, if a = 0, the identity

(Pu, v)L2
b

= (u, P ∗
0 v)L2

b
, for every u, v ∈ C∞c (M ; Ω

1/2
b )

indicates that the distributional kernel of P ∗
0 is obtained from that of P by

reflecting across the diagonal diagb and taking complex conjugate. Thus

P ∈ Ψ
s,(E10,E01,E11)
b (M ;F,G) ⇐⇒ P ∗

0 ∈ Ψ
s,(E01,E10,E11)
b (M ;G,F ).

On the other hand, to find the distributional kernel of P ∗
a , note that

(Pu, v)xaL2
b

= (x−aPu, x−av)L2
b

= (u, P ∗
0 x−2av)L2

b

= (x−au, x−a(x2aP ∗
0 x−2a)v)L2

b
= (u, (x2aP ∗

0 x−2a)v)xaL2
b

hence

P ∈ Ψ
s,(E10,E01,E11)
b (M ;F,G) ⇐⇒ P ∗

a ∈ Ψ
s,(E01+2a,E10−2a,E11)
b (M ;G,F ).

The same analysis holds verbatim for 0-operators.
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5. Parametrices in the b and zero calculi

The symbolic calculus allows one to construct a ‘parametrix’ of any elliptic
operator up to a smoothing error. This can be done very generally on
manifolds with bounded geometry but is not enough for Fredholmness since
smoothing errors are not generally compact. By restricting to b and 0 metrics
there is a natural way of studying the behavior of an operator at infinity,
namely via the normal operator, and Fredholm operators are precisely those
elliptic operators whose normal operator is invertible. So far the analysis of
an operator in the ‘small’ calculus does not require leaving the small calculus.
In this section we show that by using the large calculus it is possible to
construct an actual parametrix of a Fredholm b or 0-operator (i.e., one with
a compact error). Moreover, as Fredholm operators on Hilbert spaces these
operators have a distinguished parametrix, their generalized inverse, and we
show that these too are elements of the corresponding large calculus.

5.1. Analytic and meromorphic functions.

We will often make use of vector-valued analytic and holomorphic functions.
We briefly recall the definitions and refer to [Rudin, Functional Analysis] for
a complete discussion.

Let D ⊆ C be a non-empty open subset and B a complex topological
space. A function F : D → B is said to be weakly holomorphic in D if for
every continuous linear functional, Λ ∈ B∗,

Λ ◦ F : D → C

is a holomorphic function. Similarly, F is said to be strongly holomorphic
in D if, for every z ∈ D, the limit

lim
z→w

F (z)− F (w)

z − w

exists in B. Clearly a strongly holomorphic function is weakly holomorphic.
If B is a Frechet space, then every weakly holomorphic function is also
strongly holomorphic, and moreover the Cauchy theorem holds: if γ is a
closed path in D that is contractible within D, then

∫

γ
F (z) dz = 0.

As usual, this implies that a holomorphic function has a power series expan-
sion around each point in D.

A function F is meromorphic in D if at each point ζ ∈ D there is an
integer k ∈ N0 and a neighborhood U ⊆ D of ζ such that (z − ζ)kF (z) is
holomorphic in U . In which case the order of a point ζ ∈ D is defined to be
the smallest k such that (z − ζ)kF (z) is holomorphic in some neighborhood
of ζ. The points with positive order are known as the poles of F . A



92 PIERRE ALBIN

meromorphic function has a Laurent series around each point ζ ∈ D,

F (z) =

order(ζ)∑

j=1

(ζ − z)−jAj + F0(z),

and A1 is known as the residue at ζ.
If F is a meromorphic function into a space of linear operators, then there

is a further measure of the size of a pole. We define the rank of a pole ζ to
be

Rank(ζ) =

order(ζ)∑

j=1

rankAj .

Notice that order(ζ) ≤ Rank(ζ).
We start out with a simple, but very useful, lemma.

Lemma 5.1 (Analytic Fredholm Theory). Let B(H) the space of bounded
operators on a Hilbert space H, D ⊆ C be connected open subset of C, and
let T : D → B(H) be an operator-valued analytic function taking values in
the compact operators on H. If there is a single point in D where Id−T (z) is
invertible, then there is a discrete set S ⊆ D such that Id−T (z) is invertible
on D \ S. In which case the function

z 7→ (Id−T (z))−1

is analytic on D\S and extends to a meromorphic function on D with finite
rank residues.

Proof. We will show that each point z0 ∈ D has a neighborhood U of one of
two types: either Id−T (z) fails to be invertible at a most a discrete set of
points in U or Id−T (z) fails to be invertible at every point in U . It follows
that the neighborhoods of the latter type form a closed and open set, hence
consist of either D or the empty set. Since by assumption there is a point
in D where Id−T (z) is invertible, all points will have a neighborhood of the
former type.

First, if Id−T (z0) is invertible, then Id−T (z) is invertible in a neighbor-
hood of z0, and

(Id−T (z))−1 − (Id−T (z0))
−1

z − z0
=

(Id−T (z))−1[T (z)− T (z0)](Id−T (z0))
−1

z − z0

shows that z 7→ (Id−T (z))−1 is analytic near z0.
If Id−T (z0) is not invertible, then let Π0 be the orthogonal projection

onto the (necessarily finite dimensional) null space of Id−T (z0) and let
Π′

0 = Id−Π0. The operators Id−T (z) + Π0 are invertible at z0, hence in a
neighborhood of z0 and the inverse is analytic in this neighborhood. Notice
that

S(z) = (Id−T (z) + Π0)
−1 =⇒ Id−T (z) = (Id−Π0S(z))(Id−T (z) + Π0),
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so Id−T (z) will be invertible if and only if Id−Π0S(z) is invertible. On
the other hand, solving (Id−Π0S(z))u = f reduces, after decomposing u =
Π0u + Π′

0u, f = Π0f + Π′
0f and using the orthogonality of the ranges of Π0

and Π′
0, to solving

Π0(Id−S(z))Π0u = Π0f −Π0S(z)Π′
0f.

Hence near z0 the invertibility of Id−T (z) is equivalent to the invertibility of
the family of finite dimensional matrices Π0[Id−S(z)]Π0 on null(Id−T (z0)),
i.e., to having

d(z) = det [Π0(Id−S(z))Π0] 6= 0.

Since Π0(Id−S(z))Π0 is analytic, so is its determinant. Hence either d(z)
is identically zero in a neighborhood of z0, or its zeros form a discrete sub-
set of this neighborhood. Furthermore, in the latter case, the inverse is
given by the ‘adjugate matrix’ multiplied by 1

d(z) , so it has a meromorphic

continuation to this neighborhood with finite-rank residues. �

5.2. The Mellin transform.

One of the most useful tools for working with polyhomogeneous expansions
is the Mellin transform.

Recall that this is defined, e.g., for u ∈ C∞c (R+, dx
x ) by

Mu(ζ) =

∫ ∞

0
xiζu(x)

dx

x
,

and is simply the Fourier transform after a change of variables, so it extends
to an isomorphism between weighted spaces

(5.1) xaL2(R+, dx
x ) −→ L2 ({η = a}; dξ)

where η = Im ζ and ξ = Re ζ. The inverse of the Mellin transform as a map
(5.1) is given by

M−1(v)(x) =
1

2π

∫

η=a
v(ζ)x−iζ dξ.

Using the inclusions xaL2 ⊂ xbL2 whenever b < a one can see that the
Mellin transform of a function in xaL2(R+, dx

x ) is holomorphic in the half-
plane {η < a}.

More generally one can define the Mellin transform for sections of an
trivial orientable bundle over a manifold. The result will depend on the
choice of trivialization, but can be invariantly defined as a section of an
appropriate density bundle. We will mostly work with the Mellin transform
in s in the product R+

s ×X or (one of) its compactification [0, 1]×X. The
Mellin transform of a smooth function on [0, 1]×X will be a family of smooth
functions on X.

If u is a smooth function on [0, 1] ×X that vanishes to infinite order at
both {0}×X and {1}×X, then standard properties of the Fourier transform
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(namely, the Paley-Wiener theorems) show thatM(u) is an entire function
valued in C∞(X) satisfying, for any N, j, k ∈ N0 and multi-index α,

(5.2) sup
| Im ζ|≤N

∣∣∣(1 + |ζ|)k∂j
ζD

α
yM(u)

∣∣∣ <∞

and conversely.
Although we will not need it, it is useful to have a similar characterization

when u has non-trivial asymptotics. So let X be a manifold with corners,
let E be an index set and let E be the family of index sets on [0, 1] × X
that assigns E to {0} × X, ∞ to {1} × X, and N0 to all other boundary
hypersurfaces. For any constant C ∈ R, define the truncated index set

E+(C) = {(s, p) : Re s > C},
and let E+(C) denote the index family on [0, 1] ×X obtained as above but
with E+(C) instead of E. The spaces of meromorphic functions associated
to these via the Mellin transform are defined as follows. LetME(X) be the
space of all meromorphic functions f : C→ C∞(X) satisfying

i) if f ∈ME(X) and f has a pole of order k at ζ ∈ C then (−iζ, k−1) ∈
E, and

ii) for large enough N ∈ N there is a constant CN > 0 such that

‖f(ζ)‖CN (∂M) ≤ CN (1 + |ζ|)−N , in the region | Im ζ| ≤ N, |Re ζ| ≥ CN .

Proposition 5.2. The Mellin transform induces an isomorphism between
AE([0, 1]×X) andME(X). If f ∈ME(X) and C is a real number satisfying

C /∈ {Re s : (s, p) ∈ E}
then the inverse Mellin transform corresponding to integration along Im ζ =

C sends f to AE+(C)(X).

Remark 5.3. The proof of this proposition (Proposition 5.27 in [Melrose:
APS Book]) is very similar to the proof of Proposition 5.5 below.

5.3. Parametrices in the b-calculus.

We know that elliptic elements of the small b calculus induce Fredholm maps
on weighted Sobolev spaces when their normal operator is invertible. In this
section we will show that this is always the case off of a discrete set of weights
and construct a parametrix for those cases. We will follow [Melrose, APS
Book, Chapter 5] closely.

Our aim is to construct a parametrix with a negligible error. We start
out with the symbolic parametrix from the symbolic calculus. Thus if P ∈
Ψs

b(M) is elliptic there is an operator Qσ ∈ Ψ−s
b (M) such that

Id−QσP, Id−PQσ ∈ Ψ−∞
b (M).

Since these errors are not compact, we want to improve the construction
and ‘solve away’ the error at the front face. That is, if R = Id−PQσ, we
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want to find Q1 in the b-calculus such that, for some index family E with
Re E > 0,

Id−P (Qσ + Q1) ∈ Ψ−∞,E
b (M) ⇐⇒ N(P )N(Qσ) = N(R).

So we want to choose Q1 so that N(Q1) = N(P )−1N(R) and we need to
study the inverse of the normal operator.

To analyze the normal operator we want to take advantage of its R+

invariance by conjugating by the Mellin transform. Notice the effect of the
Mellin transform on b-vector fields,

M(x∂xu)(ζ) = −iζM(u)(ζ),

M(Tu)(ζ) = TM(u)(ζ) for all T ∈ Diff(∂M).

For a b-operator we refer to the Mellin transform (in s = x
x′ ) of the nor-

mal operator, M(N(P ))(ζ), as the indicial family of P and denote it
I(P ;−iζ)25. The indicial family is a one parameter family of operators on
∂M .

An equivalent definition of I(P ; ζ) acting on a b-half density f on ∂M is

to choose an extension f̃ of f to M and then set

(5.3) I(P ; ζ)f = [x−ζP (xζ f̃)]
∣∣
∂M

.

This shows that the indicial family depends slightly on the choice of bdf; if
x̂ = eωx is another bdf, the indicial families satisfy

Ibx(P ; ζ) = e−ωIx(P ; ζ)eω .

Also, this shows that the indicial family is intimately related to the action
of P on polyhomogeneous conormal half-densities. Indeed, for any ζ ∈ C,
` ∈ N0, we have

P (xζ(log x)`f) = xζ(log x)`I(P ; ζ)f
∣∣
∂M

+

{
O(xζ+1) if ` = 0

O(xζ(log x)`−1) else

We define the boundary spectrum of P also known as the set of indicial

roots of P to be

specb(P ) =
{
ζ ∈ C : ∃f ∈ C∞(∂M ; Ω

1/2
b ) \ {0}, I(P ; ζ)f = 0

}
,

and the refined set of indicial roots to be

Specb(P ) = {(ζ, `) ∈ C× N0 :

∃f ∈ C∞(M ; Ω
1/2
b ), f

∣∣
∂M
6= 0, P (xζ(log x)`f) = O(xζ+1)}.

Clearly if a polyhomogeneous conormal half-density f ∈ AF
phg(M ; Ω

1/2
b ) is

in the null space of P , we must have lead(F ) ⊆ Specb(P ) and the leading
coefficients must be in the null space of I(P ; ·).

25This definition differs from [Melrose: APS Book] by the factor of i, but is consistent
with [Mazzeo: Edge]
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Proposition 5.4. If s > 0 and P ∈ Ψs
b(M) is elliptic then specb(P ) satisfies

(5.4) (λj) ⊆ specb(P ), |λj | → ∞ =⇒ |Re λj| → ∞.

The inverse of the indicial family of P is an analytic function

C \ specb(P ) 3 ζ 7→ I(P ; ζ)−1 ∈ Ψs(∂M)

and extends to a meromorphic function on the complex plane with poles of
finite order and rank. Furthermore, the residues at the points of specb(P )
are finite rank smoothing operators.

Proof. Let Qσ be a symbolic parametrix for P , so that R = Id−PQσ ∈
Ψ−∞

b (M). Clearly, if Id−I(R; ζ) is invertible we have

(5.5) I(P ; ζ)−1 = I(Qσ; ζ)[Id−I(R; ζ)]−1

and so it suffices to analyze the operators on the right.
Directly from (5.2), the indicial family of R is an entire family of smooth-

ing operators on the boundary with kernel rapidly decreasing as | Im ζ| → ∞
in any region where |Re ζ| is bounded. In particular, as a family of operators

I(R; ζ) : L2(∂X; Ω1/2)→ L2(∂X; Ω1/2),

the operator norm satisfies that for any `,N ∈ N there is a constant CN,`

such that

‖I(R; ζ)‖ ≤ CN,`(1 + |ζ|)−`, whenever |Re ζ| ≤ N.

So if we denote by U ⊆ C the region where this operator norm is less than one
then we know that, in any region where |Re ζ| is bounded, taking |ζ| large
enough guarantees that ζ ∈ U . On U , Id−I(R; ζ) is invertible as a map from

L2(∂X; Ω1/2) to itself, so we can apply analytic Fredholm theory (Lemma
5.1) and conclude that (Id−I(R; ζ))−1 defines a meromorphic function on
the complex plane with poles on a discrete set and finite rank residues. On
U we can write the inverse using a Neumann series, thus

(Id−I(R; ζ))−1 = Id−S(ζ)

=⇒ S(ζ) = I(R; ζ) + I(R; ζ)2 + I(R; ζ)S(ζ)I(R; ζ),

and by unique continuation the meromorphic functions on either side of the
equality coincide everywhere. In particular, we see that S(ζ) takes values in
the smoothing operators on the boundary and satisfies the same type of rapid
decay estimates as I(R; ζ). This shows that the poles of Id−S(ζ) satisfy
(5.4) and hence, by the next paragraph, so do the elements of specb(P ).

Thus we only need to analyze I(Qσ; ζ). We can assume, by adding a
smoothing operator to Qσ, that the kernel of Qσ is supported in a small
neighborhood of the diagonal. Since we have already analyzed the indicial
families of smoothing operators, there is no loss of generality in assuming
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this has been done. In a coordinate chart, the distributional kernel of the
indicial family of Qσ is given by

(5.6) I(Qσ; ζ) =
1

(2π)n

∫
ei(y−y′)ηb(0, y′, ζ, η) dη

where the amplitude b is given by

b(r, y′, ζ, η) =

∫
eiζ log s+iη(y−y′)KQσ(r, s, y, y′)

ds

s
dy′.

The representation (5.6) shows that I(Qσ ; ζ) is an entire family of operators
in Ψ−s(∂M).

It follows from (5.5) that I(P ; ζ)−1 is meromorphic and that its residues
are finite rank smoothing operators. �

Having described the inverse of the indicial family, we can apply the
inverse of the Mellin transform and find an inverse of the normal operator.
Recall that inverting the Mellin transform requires choosing a constant C
and integrating along {Im ζ = C}, which is not a problem for I(P ;−iζ)−1

as long as we avoid its poles, i.e., specb(P ). It will also be useful to keep
track of the poles ‘above’ Re ζ = C and those ‘below’ this line, so we define

Σ+(C) = {(γ, p) ∈ Specb(P ) : Re γ > C},
Σ−(C) = {(−γ, p) ∈ Specb(P ) : Re γ < C}.

(The change from γ to −γ in Σ−(C) is related to the fact that we use

boundary defining functions s and 1/s for zero and infinity in R+.) These are
index sets and we replace them with their smallest smooth index supersets
without changing the notation.

Proposition 5.5. If s > 0 and P ∈ Ψs
b(M) is elliptic then the normal

operator of P induces an isomorphism

N(P ) : xaHt
b(∂M+; Ω

1/2
b )→ xaHt−s

b (∂M+; Ω
1/2
b ),

and hence P is Fredholm on xaHt
b(M ; Ω

1/2
b ), if and only if a /∈ {Re ζ : ζ ∈

specb(P )}.
In which case there exists Q ∈ Ψ

−s,(Σ+(a),Σ−(a),N0)
b (M) such that

(5.7)
σ(Q) = σ(P )−1,

N(Q) = N(P )−1 (as maps on xaHt
b(∂M+; Ω

1/2
b ) ).

Any such Q is a parametrix for P as an operator on xaHt
b(M ; Ω

1/2
b ) for

any t ∈ R.

Proof. From the proof of the previous proposition, we know that the inverse
of the indicial family of P has the form

I(P ; ζ)−1 = I(Qσ; ζ)(Id−S(ζ)) = I(Qσ; ζ) + S1(ζ),
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and so we want to find an element of the large calculus Q1 such that
I(Q1; ζ) = S1(ζ). If there is such an element then the kernel of its nor-
mal operator would satisfy M(KN(Q1))(ζ) = KS1(−iζ), so we will define a
putative kernel, KN , by taking the inverse Mellin transform of S1(−iζ).

Recall that KS1(ζ) is a meromorphic family valued in C∞((∂M)2) with
poles only at specb(P ) and with rapid decay as | Im ζ| → ∞. Thus we can
take the inverse Mellin transform of the kernels KS1(−iζ) by integrating
along the line Im ζ = a, (recall the notation Re ζ = ξ, Im ζ = η)

KN (s, y, y′) =
1

2π

∫

η=a
s−iζKS1(−iζ, y, y′) dξ,

and we need to establish that this is polyhomogeneous.
Directly estimating the integral near s = 0 we find

∣∣∣Dp
sD

δ
y,y′KN (s, y, y′)

∣∣∣ ≤ C|s|a−p

and in particular the kernel vanishes at the boundary to order a. By inte-
grating along Im ζ = N + ε instead of integrating along Im ζ = a we can
arrange for the kernel to vanish to arbitrarily large order at the boundary.
We can compare the integral along these two lines using Cauchy’s formula
and the rapid vanishing of the integrand, and find that the value of the in-
tegral changes by the residues at the poles of KS1(−iζ). Thus we find that,
near s = 0,

KN (s, y, y′)−
∑

(α,p)∈Specb(P )
Re α∈[a,N ]

sα(log s)pAα,p(y, y′) ∈ ĊN (R+ × (∂M)2),

where ĊN denotes functions in CN that vanish to order N at the boundary.
This is precisely what is needed to show that KN is polyhomogeneous with
index set E+(a) at s = 0.

After a change of variable, ζ 7→ −ζ and s 7→ 1
s , the same argument can

be applied to find the expansion at s =∞. Since the faces s = 0 and s =∞
correspond to B11∩B10 and B11∩B01 respectively, we have shown that KN

is a polyhomogeneous conormal function on the front face of M 2
b . So there

is an element of the large calculus, Q1 ∈ Ψ
−∞,(Σ+(a),Σ−(a),N0)
b (M), such that

N(Q1) = KN and hence I(Q1; ζ) = S1(ζ). It follows that Q = Qσ + Q1 is
an operator of the form required in the proposition.

It follows directly from the formula for composition (Theorem 4.20) that
any Q′ that satisfies (5.7) also satisfies

Id−PQ′, Id−QP ′ ∈ Ψ
−1,(Σ+(a),Σ−(a),N0+1)
b (M)

and hence, by the mapping properties (Theorem 4.21), Q′ is a parametrix

for P as an operator on xaHt
b(M ; Ω

1/2
b ). We point out that for Q = Qσ +Q1

the residue operator is in a better space:

Id−PQ, Id−QP ∈ Ψ
−∞,(Σ+(a),Σ−(a),N0+1)
b (M).
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�

We next improve the parametrix obtained in this proposition to one where
the error term vanishes to infinite order at the front face. Similarly to
the construction on a closed manifold, we would like to go about this by
considering the Neumann series for PQ = Id−R, i.e., Id+R + R2 + . . ..
On the one hand, this requires that we first improve the error so that it
vanishes to infinite order at a side face, since otherwise the series will not
converge even asymptotically. On the other hand, taking powers of R will
mean taking extended unions of the corresponding index sets, so we define
for every C ∈ R

Σ̂+(C) =
⋃

k∈N0

[Σ+(C) + k], Σ̂−(C) =
⋃

k∈N0

[Σ−(C) + k],

These index sets are large enough to include all of the ‘accidental multiplic-
ities’ that occur in constructing the refined parametrix.

The following lemma is, for b-differential operators, the fact that one can
solve a regular singular equation by adding powers of logarithms when the
right hand side decays like an indicial root.

Lemma 5.6. Let P ∈ Ψs
b(M) be elliptic operator of positive order s > 0 and

let f ∈ AE
phg(M ; Ω

1/2
b ). For any C > Re E, there is solution of the problem

Pu− f ∈ Ċ∞(M ; Ω
1/2
b ), u ∈ AE∪bΣ+(C)

phg (M ; Ω
1/2
b ).

Proof. Fix a product decomposition of a collar neighborhood of the bound-
ary [0, 1)x×∂M . From the definition of the indicial operator it is clear that
we can prescribe the coefficient of xs(log x)p if (s, p) /∈ Specb(P ), so we only
need to consider (s, p) ∈ Specb(P ).

Assume s ∈ specb(P ). Since I(P ; ζ)−1 is meromorphic we can find a small
path γ(z) around s containing no other pole of I(P ; ζ)−1. Let v ∈ C∞(∂M),
replacing I(P ; ζ)−1 with its Laurent expansion at s we find that

(5.8)
1

2π

∮

γ(z)

x−iζI(P ; ζ)−1

ζ − s
v(y) dζ =

ord(s)∑

j=0

xs(log x)jus,j,

with us,j ∈ C∞(∂M). Let u be a half-density supported in the collar neigh-
borhood with expansion at the front face given by the (5.8), then from (5.3)

P (u) = xsv +

ord(s)∑

j=0

xs+1(log x)jvs,j,

and since v is arbitrary, this means we can solve Pu = xsv + O(xs+1). To
solve Pu = xs(log x)pv note that xs(log x)p = (∂s)

pxs, and we can proceed
as before. �
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With this lemma in hand, we can complete the construction of a para-
metrix. We will need one more index set,

Σ̂(a) = {(0, 0)} ∪
[
(N0 + 1)∪(Σ̂+(a) + Σ̂−(a))

]
.

Proposition 5.7. Let s > 0, P ∈ Ψs
b(M) be elliptic and let

a ∈ R \ {Re ζ : ζ ∈ specb(P )}.
There are elements of the large calculus

Q`, Qr ∈ Ψ
−s,(bΣ+(a),bΣ−(a), bE(a))
b (M)

such that

Id−Q`P ∈ Ψ
−∞,(bΣ+(a),∞,∞)
b (M),(5.9)

Id−PQr ∈ Ψ
−∞,(∞,bΣ−(a),∞)
b (M).(5.10)

Proof. We start with the parametrix Qσ +Q1 from the proof of the previous
proposition. As stated above, our first concern is to improve the error term
at the left face, B01. So we seek Q2 such that Id−P (Qσ +Q1 +Q2) vanishes
to infinite order at B10, i.e., such that PQ2 has the same polyhomogeneous
expansion at B10 as R1 = Id−P (Qσ + Q1).

From the composition formula we know that

P ◦Ψ−∞,E
b (M) ⊆ Ψ−∞,E

b (M).

Let Q̃ ∈ Ψ−∞,E
b (M), (s, p) ∈ lead(E10), and let As,p be the coefficient of

ρs
10(log ρ10)

p in the expansion of K eQ at B10. From the proof of the compo-

sition formula, it is easy to see that if the corresponding coefficient in the
expansion of KP eQ is I(P ; ζ)As,p.

In the construction of Q1 in the Proposition 5.5 we specified that N(Q1) =
KN but nothing more. Since KN was constructed to invert the indicial
family of P , simply demanding that Q1 be obtained by extending KN into
M2

b without changing the asymptotics at the left face, B10, improves the
error at this face to

R1 = Id−P (Qσ + Q1) ∈ Ψ
−∞,(Σ′(a),Σ−(a),N0+1)
b (M),

where Σ′(a) = Σ+(a) \ lead(Σ+(a)).

Proceeding iteratively using Lemma 5.6 we can find an element of the large

calculus supported away from the right face with index set Σ′(a)∪Σ̂+(a) ⊆
Σ̂+(a) at the left face,

Q2 ∈ Ψ
−∞,(bΣ+(a),∞,N0+1)
b (M), such that

R1 − PQ2 ∈ Ψ
−∞,(∞,Σ−(a),N0+1)
b (M).
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Let R2 = Id−P (Qσ + Q1 + Q2) (= R1 − PQ2) and note that

R`
2 ∈ Ψ

−∞,(∞,Σ−
`

(a),N0+`)

b ,

where Σ−
` (a) = Σ−(a)∪(Σ−(a) + 1)∪ · · · ∪(Σ−(a) + `− 1) ⊆ Σ̂−(a),

hence the asymptotic sum S ∼∑R`
2 satisfies

S ∈ Ψ
−∞,(∞,bΣ−(a),N0+1)
b (M),

R′ = Id−(Id−R2)(Id+S) ∈ Ψ
−∞,(∞,bΣ−(a),∞)
b (M).

This gives us a right parametrix

Qr = (Qσ + Q1 + Q2)(Id +S) ∈ Ψ
−s,(bΣ+(a),bΣ−(a),bΣ(a))
b (M)

with error term Rr = Id−PQ in the space we wanted.
To get a left parametrix we will apply the same construction to an adjoint

of P . Let P ′ denote the transpose of P with respect to a b-density. Notice
that

(x−zPxzu, v) = (u, xzP ′x−zv) implies

(ζ, `) ∈ Specb(P
′) ⇐⇒ (−ζ, `) ∈ Specb(P ).

Thus

a ∈ R \ {Re ζ : ζ ∈ specb(P )} ⇐⇒ −a ∈ R \ {Re ζ : ζ ∈ specb(P
′)},

and with self-explanitory notation

Σ+
P (a) = {(γ, `) ∈ Specb(P ) : Re γ > C}

=
{
(−γ, `) ∈ Specb(P

′) : Re γ < C
}

= Σ−
P ′(a), and Σ−

P (a) = Σ+
P ′(a)

so we can apply the construction above to find a right parametrix for P ′:

Q′
r ∈ Ψ

−s,(bΣ+
P ′(a),bΣ−

P ′ (a),bΣ(a))

b (M) = Ψ
−s,(bΣ−

P
(a),bΣ+

P
(a),bΣ(a))

b (M)

with R′
r ∈ Ψ

−∞,(∞,bΣ−
P ′(a),∞)

b (M) = Ψ
−∞,(∞,bΣ+

P (a),∞)

b (M).

Again taking transpose we end up with a left parametrix for P

Q` = (Q′
r)

′ ∈ Ψ
−s,(bΣ+

P (a),bΣ−
P (a),bΣ(a))

b (M)

with R` = (R′
r)

′ ∈ Ψ
−∞,(bΣ−

P ′(a),∞,∞)

b (M) = Ψ
−∞,(bΣ+

P (a),∞,∞)

b (M).

�

The operators Q` and Qr are respectively left and right parametrices of

P as an operator on xaHt
b(M ; Ω

1/2
b ). Since the error terms are very residual,

and very residual operators form a bi-ideal (Proposition 4.22) we can now
show that the generalized inverse of P is an element of the large calculus.
Define one more index set

Σ(a) = Σ+(a)∪Σ−(a).
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Theorem 5.8. Let s > 0, P ∈ Ψs
b(M) be elliptic and let

a ∈ R \ {Re ζ : ζ ∈ specb(P )}
so that, as a map

xaHt
b(M ; Ω

1/2
b )→ xaHt−s

b (M ; Ω
1/2
b ),

P is Fredholm.
There is an element of the large b-calculus,

G ∈ Ψ
−s,(Σ(a),Σ(a),N0)
b (M) + Ψ

−∞,(Σ(a),Σ(a),∞)
b (M),

that, for any t ∈ R coincides with the generalized inverse of P as a map

(5.11) xaHt−s
b (M ; Ω

1/2
b )→ xaHt

b(M ; Ω
1/2
b ).

Thus the error terms

P` = Id−GP ∈ Ψ
−∞,(Σ+(a),Σ+(a)−2a,∞)
b (M),

Pr = Id−PG ∈ Ψ
−∞,(Σ−(a)+2a,Σ−(a),∞)
b (M)

project xaH∗
b (M) orthogonally onto the null space and cokernel of P respec-

tively.

Proof. Since P has closed range there is no problem defining G as an abstract

operator, say from xaHs
b (M ; Ω

1/2
b ) to xaL2

b(M ; Ω
1/2
b ) such that

P` = Id−GP, Pr = Id−PG

are respectively the orthogonal projections onto null(P ) and off of Ran(P ).
An element of the null space f satisfies R`f = f hence from Proposition

4.22 f is polyhomogeneous with index set Σ̂+(a) at the boundary. In fact
once we know that f is polyhomogeneous (say with index set F ) and in the
null space of P we can improve the index set to Σ+(a) since we must have
lead(F ) ⊆ Specb(P ).

The null space of P is finite dimensional (since P is Fredholm) and hence
the projection of xaL2 onto the null space has integral kernel

P`(x, y, x′, y′) =
∑

fi(x, y)(x′)−2afi(x
′, y′) ∈ Ψ

−∞,(Σ+(a),Σ+(a)−2a,∞)
b (M).

Since the cokernel is the kernel of the adjoint, identical reasoning yields

Pr(x, y, x′, y′) ∈ Ψ
−∞,(Σ−(a)+2a,Σ−(a),∞)
b (M).

Recall that the generalized inverse of a Fredholm operator is related to any
pair of left and right parametrices via

(5.12) G−Q` = R`Qr −R`P`Qr −Q`Pr + R`GRr

(as shown in (2.4)), and from Proposition 4.22 the right-hand-side is a very
residual operator, so we can realize G as an element of the large calculus,

G ∈ Ψ−s,G
b (M). The equation for G gives us expressions for the index family

G, but we can obtain better index sets by analyzing G directly.
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In this paragraph we will abbreviate A∗
phg(M ; Ω

1/2
b ) by A∗

phg, and assume

u ∈ AF
phg(M ; Ω

1/2
b ). The equation PGu = (Id−Pr)u shows that PGu ∈

AF∪Σ−(a)
phg . On the other hand we always have Gu ∈ A(F+G11)∪G10

phg and, since
ReF can be taken arbitrarily large, these together imply that G10 coincides
with Σ−(a) up to terms killed off by P . Since elements of the null space of P
are polyhomogeneous with index set Σ+(a), we have G10 ⊆ Σ+(a)∪Σ−(a).
The same analysis for the adjoint of G using the equation P ∗G∗ = Id−P`

shows that we can take G10 = Σ+(a)∪Σ−(a). Since PG determines G up to
elements in the null space of P , we can conclude that

G ∈ Ψ
−s,(Σ(a),Σ(a),N0)
b (M) + Ψ

−∞,(Σ(a),Σ(a),∞)
b (M),

as required. �

As a consequence we note that if

u ∈ xaHs
b (M ; Ω

1/2
b ) and Pu ∈ A∗

phg(M ; Ω
1/2
b )

then we must have u ∈ AΣ+(a)
phg (M,Ω

1/2
b ). Indeed, we can choose c ≤ a such

that C /∈ {Re ζ : ζ ∈ specb(P )} and apply a left parametrix to Pu to see
that u is polyhomogeneous; the actual index set follows from the definition
of Specb(P ).

Also notice that the null space of P on xaL2
b(M,Ω

1/2
b ) can only increase

as a decreases and decrease as a increases. Together with the previous
paragraph this implies that we can take a large enough so that elements of

the null space of P in xaL2
b(M,Ω

1/2
b ) must vanish to infinite order at the

boundary, and elements in x−aL2
b(M,Ω

1/2
b ) in the cokernel of P must vanish

to infinite order at the boundary. Sometimes a unique continuation property
holds and we can conclude that P is respectively injective or surjective - this
is the case for instance if M is one-dimensional.

5.4. Interlude: the scattering calculus.

For later use, it will be useful to discuss another pseudo-differential calculus.
If M is the interior of a manifold with boundary, a metric g on M is called

a scattering metric if, near the boundary, it takes the form

gsc =
dx2

x4
+

h(x, y)

dx2
.

The vector fields of bounded pointwise length with respect to a scattering
metric form the space of scattering vector fields,

Vsc =
{
V ∈ Γ(TM) : V x = O(x2), V

∣∣
∂M

= 0
}

.

This space is a Lie algebra with respect to the usual vector field Lie bracket,
and it is the space of sections of a vector bundle over M , scTM , the scattering
tangent bundle. The scattering tangent bundle is a non-standard extension
of TM from the interior to M , and scattering metrics extend from TM to
scTM non-degenerately.
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The motivating example of a scattering metric is the metric induced by the
Euclidean metric on the radial compactification of Euclidean space. That
is, if RC is the identification of Rm with the interior of the half-sphere Sm

+ ,

RC(ζ) =

(
1√

1 + |ζ|2
,

ζ√
1 + |ζ|2

)
,

then the Euclidean metric on Rm induces a scattering metric on Sm
+ .

Scattering metrics have bounded geometry, so the discussion of the uni-
form calculus applies and can be used to define Sobolev spaces, construct
symbolic parametrices, and establish mapping properties. The kernels of

uniform operators associated to a scattering metric, as distributions on M
2
,

degenerate at the corner (∂M)2 and, just as for b and 0 metrics, it is conve-
nient to find an alternate compactification of M 2. The ‘correct’ compactifi-
cation in this case is the scattering double space26,

M2
sc = [[M2; (∂M)2], ∂(diagb)].

And one can proceed as before to define the small scattering calculus of
pseudo-differential operators to be those distributions on M 2

sc that are conor-
mal with respect to the closure of diagM (which is known as diagsc). One
difference with the b- and 0-calculi is that the study of scattering differential
operators does not require a large calculus. For instance, if a scattering
pseudo-differential operator is Fredholm then it has a parametrix in the
small scattering calculus (see [Melrose, op. cit.] or [Mazzeo-Melrose, Pseu-
dodifferential operators on manifolds with fibered boundaries]).

The normal operator in the scattering calculus is a family of operators
parametrized by ∂M . For each point on q ∈ ∂M we have a translation in-
variant pseudo-differential operator on TqM ∼= Rm. Conjugating by Fourier
transform reduces this to a symbol and so the product of normal operators
is commutative (when acting on scalars)27

Lemma 5.9. Elements in the null space of a fully elliptic scattering operator
vanish to infinite order at the boundary.

5.5. Parametrices in the 0-calculus.

In this section we use the construction of a parametrix in the b-calculus to
construct a parametrix for Fredholm operators in the small 0-calculus. As
before, our aim is to show that the generalized inverse of such an operator
is an element of the large 0-calculus.

In §5.3 we analyzed the normal operator in the b-calculus by means of its
indicial family. An element of the 0-calculus, P , has an indicial family as
well, defined using its action on polyhomogeneous expansions by (5.3). It is
easy to see that the indicial family of P , as a family of operators on ∂M ,

26See [Melrose, Spectral and scattering theory for the Laplacian on asymptotically
euclidean spaces]

27This is a reflection of the fact that [Vsc,Vsc] = xVsc.
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is given by multiplication by an element of C∞(∂M). The indical roots or
boundary spectrum of a 0-operator are defined using its indicial family just
as in §5.3. There is a unique family of dilation invariant operators on R+

parametrized by ∂M whose Mellin transform is the indicial family, this is
known as the indicial operator of P . In the b-calculus the indicial operator
coincides with the normal operator, but this is not true for an element of
the 0-calculus.

For instance, for a 0-differential operator

(5.13) P =
∑

j+|α|≤k

aj,α(x, y)(x∂x)j(x∂y)
α,

and each point q ∈ ∂M , the normal operator is a Rm−1
u o R+

s -invariant
operator on TqM

+ given by

Nq(P ) =
∑

j+|α|≤k

aj,α(q)(s∂s)
j(s∂u)α,

while the indicial operator of P is the operator on R+
s given by

Iq(P ) =
∑

j≤k

aj,α(q)(s∂s)
j ,

and the indicial family is the entire family of operators on ∂M

(5.14) I(P ; ζ) =
∑

j≤k

aj,α

∣∣
∂M

(ζ)j .

As we have anticipated, the analysis of the normal operator of an element
of the zero calculus proceeds by conjugating by the Fourier transform in
the translation-invariant directions and the taking advantage of the remain-
ing dilation invariance. Consider a 0-differential operator P as in (5.13).
Conjugating Nq(P ) by the Fourier transform yields

N̂(P )(q, η) =
∑

j+|α|≤k

aj,α(q)(s∂s)
j(siη)α,

then dilation invariance suggests introducing new coordinates (for η 6= 0),

t = s|η|, η̂ =
η

|η|

which takes N̂(P ) to

Ñ(P )(q, η̂) =
∑

j+|α|≤k

aj,α(q)(t∂t)
j(tiη̂)α.

This is a family of b-operators on R+
s depending smoothly on the param-

eters (q, η̂) ∈ S∗∂M . Notice that the indicial family of Ñ(P ) is precisely
(5.14) and does not depend on the fiber variables η̂. Compactifying R+ by
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introducing r = 1
t takes Ñ(P ) to the reduced normal operator, which

near r = 0 has the form

N (P )(q, η̂) =
∑

j+|α|≤k

aj,α(q)(r∂r)
jr−|α|(iη̂)α

= r−k
∑

j+|α|≤k

ãj,α(q)(r2∂r)
j(iη̂)α.

where ã are suitably modified coefficients. Thus, at r = 0, the reduced
normal operator is a weighted element of the scattering calculus.

Why does this help? Consider the composition of two invariant operators
on the group Rm−1 o R+,

KAB(s, u) =

∫
KA

(
(s, u) ∗ (t, v)−1

)
KB(t, v)

dt dv

tm

=

∫
KA(

s

t
,
u− v

t
)KB(t, v)

dt dv

tm

=⇒ F(KAB)(s, η) =

∫
e−iu·ηKA

(
s

t
,
u− v

t

)
KB(t, v)

du dt dv

tm

=

∫
e−ieu·(tη)−iv·ηKA

(s

t
, ũ
)
KB(t, v)

dũ dt dv

t

=

∫
F(KA)

(s

t
, tη
)
F(KB)(t, η)

dt

t

This is almost, for each η, the composition of two b-operators. The problem
is that F(KA) depends on tη instead of η. We get around this by introducing
polar coordinates around the zero section in T ∗∂M , i.e., replacing η with
Rη̂, since then from

F(KAB)(s,Rη̂) =

∫
F(KA)

(s

t
, tRη̂

)
F(KB)(t, Rη̂)

dt

t

we see that the dependence of F(KA) on tη̂ is now lower-order in R and the
operators compose as b-operators near R = 0.

To analyze the behavior as R→∞, it is useful to represent the kernel of
an operator A ∈ Ψk

0(M) (for simplicity with k ∈ Z) using its full symbol, a.
For instance, consider the coordinates on M 2

0 near the front face

τ =
x− x′

x + x′ , ρ = x + x′, U =
y − y′

x + x′ , y′,

for which a bdf for B11 is ρ, and bdfs for B10 and B01 are given by τ = −1
and τ = 1 respectively. If A is supported in a coordinate chart near the
front face, then (up to factors of 2πi) its distributional kernel is given in
terms of its full symbol by

KA(τ, ρ, U, y′) =

[∫

Rξ×R
m−1
η

ei(τξ+U ·η)a(ρ, y′, ξ, η) dξdη

] ∣∣∣∣
dτdρdUdy′

(1− τ2)mρm

∣∣∣∣
1/2
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hence the distributional kernel of its normal operator is28

KNq(A)(τ, U) =

[∫

Rξ×R
m−1
η

ei(τξ+U ·η)a(q, ξ, η) dξdη

] ∣∣∣∣
dτdU

(1− τ2)m

∣∣∣∣
1/2

and its Fourier transform yields

K bN(A)(q,η)(τ) =

[∫

Rξ

eiτξa(q, ξ, η) dξ

] ∣∣∣∣
dτ

(1− τ2)m

∣∣∣∣
1/2

.

To get the reduced normal operator of P we introduce polar coordinates
around the zero section of T ∗∂M and we treat the radial function R as a
new variable including introducing the appropriate b-half density,

(5.15) K eN(A)(q,bη)
(τ,R) =

[∫

Rξ

eiτξa(q, ξ, Rη̂) dξ

] ∣∣∣∣
dτdR

(1− τ2)mR

∣∣∣∣
1/2

,

Finally, we compactify R+
R by introducing S = 1

R . Note that the resulting
kernel is singular at {S = 0}, so we blow-up the point (τ = 0, S = 0) by
introducing the new coordinate T = τ/S. The resulting operator is referred
to as the reduced normal operator of P , N (P ). Near the new front face
and the diagonal, its kernel takes the form

KN (A)(y,bη) (T, S) =

[∫

Rξ

eiSTξa

(
q, ξ,

η̂

S

)
dξ

] ∣∣∣∣
dTdS

(1− (ST )2)m

∣∣∣∣
1/2

bξ=Sξ−−−→
[∫

Rξ

eiT bξa

(
q,

ξ̂

S
,
η̂

S

)
dξ̂

] ∣∣∣∣
dTdS

(1− (ST )2)mS2

∣∣∣∣
1/2

and, since the symbol has an expansion in homogeneous terms, this is easily
seen to be S−k times a sc operator.

The reduced normal operator was first considered in [Lauter, Pseudodif-
ferential analysis on conformally compact manifolds]29. As anticipated, it is
a homomorphism into a family of operators parametrized by the cosphere
bundle of the boundary, acting on half-densities on the unit interval – which
is really a compactification of the inward-pointing normal bundle trivialized
by the choice of bdf,

(5.16) N : Ψk
0 (M) −→ C∞(S∗∂M, ρ−k

sc Ψk
b,sc(N

+M/∂M)).

28Notice that the canonical isomorphism Ω0(M
2
0 )

˛

˛

B11

∼= Ω0(B11) is given by

˛

˛

˛

˛

dτdρdUdy′

(1 − τ 2)mρm

˛

˛

˛

˛

7→

˛

˛

˛

˛

dτdUdy′

(1 − τ 2)m

˛

˛

˛

˛

and restricting to the fiber over q removes the dy′ factor.
29In [Mazzeo: Edge] the normal operator is analyzed without compactifying R+

R. In-
stead of a family of b, sc operators one obtains a family of b-operators with a ‘Bessel
structure at infinity’.
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As such, N (P ) in turn has three model operators. First the interior symbol,
σb,sc(N (P )), given at the point (u;ω) ∈ S∗I (= I × {±1}) by

(5.17) σb,sc (N (P )(q, η̂)) (u, ω) = σ0(P )(0, q;ω, 0)

as can be checked from (5.15) using the Taylor expansion of a (r, y, ξ, η) in
η. Next, the b-indicial family of N (P ) which coincides with that of P . The
kernel of the indicial operator is obtained from that of N (P ) by restricting
to R = 0, [∫

Rξ

eiτξa(q, ξ, 0)dξ

] ∣∣∣∣
dτ

(1− τ2)m

∣∣∣∣
1/2

,

and Mellin transform in s = (1+τ)/(1−τ) produces the b-indicial family. We
point out that the b-indicial operator/family depends only on the parameters
in ∂M and not on the fiber variables in S∗∂M . Finally there is a ‘suspended
family’ obtained by restricting the kernel of N (P ) to the sc face, i.e., setting
S = 1

R equal to zero. Near this face the kernel has the form (up to a density
factor)

S−k

∫

Rξ

eiT bξ σ0(A)(q, ξ̂, η̂)dξ̂

and the cusp suspended family is given by taking the Fourier transform,
thus

Isc (N (A)(q, η̂)) (ξ) = σ0(A)(q, ξ, η̂).

One of the main difficulties in dealing with the reduced normal operator is
that as a map (5.16) it is not surjective. For instance, the b-indicial family is
independent of the fiber variable in S∗∂M , and more generally (5.15) shows
that the reduced normal operator is smooth as a function of Rη̂ and not
just R and η̂ separately. Indeed it is obvious from the construction that
in order for a family of operators to be in the image of (5.16) it needs to
be smooth in η = Rη̂ and we need to be able to take the inverse Fourier
transform in η and end up with a distribution conormal to the origin. Thus
the proof of the following proposition is mostly concerned with making sure
the constructions stay in the image of the reduced normal operator.

Proposition 5.10. Let P ∈ Ψs
0(M) be an elliptic operator of positive order

such that specb(P ) is a discrete set, choose

a ∈ R \ {Re ζ : ζ ∈ specb(P )},
and assume that dimnullxaL2

0
N (P )(q, η̂) is independent of (q, η̂) ∈ S∗∂M ,

then there is an element of the large 0-calculus

Q1 ∈ Ψ
−s,(Σ(a),Σ(a),N0)
0 (M)

such that N (Q1)(q, η̂) is, for every (q, η̂) ∈ S∗∂M , the generalized inverse

of N (P )(q, η̂) as an operator on ρa
bρ

t
scH

t′

b,sc([0, 1]).
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Remark 5.11. While it is always true that specb(N (P )(q, η̂)) is discrete,
and specb(P ) =

⋃
(q,bη) specb(N (P )(q, η̂)), it is not necessarily true that

specb(P ) is discrete.

Proof. Showing that the generalized inverse is in the b, sc-calculus is easy
given the material covered in previous sections, the difficulty lies in showing
that the generalized inverse is in the image of the reduced normal operator.

Consider for example an element T ∈ Ψ
−∞,(F10,F01,N0)
0 (M). The restric-

tion of the kernel of T to the interior of the front face is a smooth function
which extends to a polyhomogeneous function on the fibrewise radial com-
pactification of the front face. For instance, in the local coordinates near
the front face

τ =
x− x′

x + x′ , U =
y − y′

x + x′ , r = x + x′, y′,

the kernel of N(T ) is a smooth function in U ∈ R and τ ∈ (−1, 1) with
polyhomogeneous expansions as τ → ±1 and U → ±∞. The index sets
at τ = −1 and τ = 1 are F10 and F01 respectively, while as |U | → ∞ we
approach the corner at the intersection of B10 and B01 so the index set is
F10 + F01 and the expansion is determined by the expansions at τ = ±1.
Applying Fourier transform in U yields a distribution in η conormal with
respect to {η = 0} with a homogeneous expansion of order −Re(F10 +F01).
The reduced normal operator is obtained by replacing η with Rη̂ and by the
analysis above we know that we have rapid decay as R→∞. It thus seems
that there is not an obvious characterization of the range of the reduced nor-
mal operator, even for smoothing operators30. However this does show that a

simple sufficient condition for an element in C∞(S∗∂M,Ψ−∞,E
b,sc (N+M/∂M))

to be in the image of the reduced normal operator is that its distributional
kernel be a Schwartz function of η = Rη̂.

Our plan is to review the construction of the parametrix in the b-calculus
staying in the image of the reduced normal operator at each step. First, let
Qσ be a symbolic parametrix of P so that

Rσ = Id−PQσ ∈ Ψ−∞
0 (M).

The reduced normal operator of Rσ vanishes to infinite order at the scatter-
ing end and so can be thought of as an element of

N (Rσ) ∈ C∞(S∗∂M, ρ∞1 Ψ−∞
b (N+M/∂M)).

To improve this parametrix we invert the indicial family of the operators
N (Id−Rσ). As a family of b-operators for each (q, η) the indical family of
N (Id−Rσ) (which in fact only depends on q) is invertible off of a discrete set
which, by our assumption on a, does not intersect {Im ζ = a}. Its inverse
[Id−S(ζ)](q) = I[N (Id−Rσ)(q, η)]−1 is a smooth family of meromorphic
functions with values in the ‘smoothing operators’ on {0}. We can define a
polyhomogeneous function KN (τ, q) on the b-front face by taking the inverse

30On the other hand, if F10 = F01 = ∞, this is much simpler.
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Mellin transform of I[N (Qσ)](ζ)S(ζ) along the line {Im ζ = a}. Let χ be a
Schwartz function on Rm−1 that is identically equal to one in a neighborhood

of the origin and let Q̃1 be the operator in the large b-calculus with kernel

χ(η)KN . Notice that since the kernel of Q̃1 is smooth in η with rapid decay
as |η| → ∞ and polyhomogeneous in τ there is an element

Q1 ∈ Ψ
−∞,(Σ+(a),Σ−(a),N0)
0 (M), N (Q1)(q, η̂) = Q̃1(q).

Thus R1 = Id−P (Qσ + Q1) ∈ Ψ
−∞,(Σ′(a),Σ−(a),N0)
0 (M) has reduced normal

operator

N (R1) ∈ C∞(S∗∂M,Ψ
−s,(Σ′(a),Σ−(a),N0+1)
b (N+M/∂M)),

where Σ′(a) = Σ+(a) \ leadΣ+(a).
The next step in the construction of the parametrix is to solve away the

expansion of N (R1) at the left face. Recall that this comes down to solving

N (P )u− f ∈ Ċ∞(I) uniformly and is accomplished, e.g., via the formula

1

2π

∮

γ(z)

x−iζI(P ; ζ)−1

ζ − s
v(y) dζ.

Since I(P ; ζ) is depends on q but not on ζ, we can construct Q̃2 in the large

b-calculus so that P Q̃2 and R1 have the same expansion at the left face.

The dependence of Q̃2 on η is the same as that of N (R1) and hence there
is an element of the large 0-calculus

Q2 ∈ Ψ
−∞,(bΣ+(a),∞,N0)
0 (M),

N (Q2)(q, η̂) = Q̃2(q, η̂) ∈ Ψ
−∞,(bΣ+(a),∞,N0+1)
b (M)

The rest of the construction involves asymptotically summing the Neumann
series of Id−P (Qσ + Q1 + Q2) and can be done inside the image of the
reduced normal operator. Taking adjoints, we conclude that it is possible

to construct left and right parametrices, Q̃`, Q̃r for the family of operators
N (P )(q, η̂) in the image of the reduced normal operator whose error terms

R̃`, R̃r are very residual.

It follows that if (q, η̂) ∈ S∗∂M and u ∈ ρa
0ρ

b
1H

t
b,sc([0, 1],Ω

1/2
b,sc) (for any

b, t ∈ R) is in the null space of N (P )(q, η̂) then u vanishes to infinite order at

{1}. Indeed, any such element satisfies R̃`u = u hence is polyhomogeneous

and vanishes at {1} at least as quickly as R̃`, i.e., to infinite order. Since R̃r

is very residual and vanishes to infinite order at {1}, we can apply the same
argument to elements of the cokernel of N (P )(q, η̂). Since each N (P )(q, η̂)
is Fredholm, we can construct the orthogonal projections onto its kernel
and cokernel using a finite basis of elements in the respective spaces and
sp cpnclude that the corresponding integral kernels are Schwartz functions
of η. (That they are smooth in (q, η̂) follows from the smoothness of the
bundles nullN (P ) and cokerN (P ).) As explained above this means that
these projections are in the image of the reduced normal operator.
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Finally, using formula (5.12):

G− Q̃` = R̃`Q̃r − R̃`P̃`Q̃r − Q̃`P̃r + R̃`GR̃r,

the generalized inverse is also in the image of the reduced normal operator.
The index sets for these operators follow just as in the b-case. �

As explained at the end of section 5.3, for each (y, η) we can find a large
enough weight so that N (P )(q, η) is injective, and a large enough negative
weight so that N (P )(q, η) is surjective. Denote by δ(q, η) the infimum of the
‘injective weights’ and by δ(q, η) the supremum of the ‘surjective weights’.
Notice that these are necessarily elements of specb(N (P )(q, η)). As δ and δ
are everywhere finite semi-continuous functions on S∗∂M we can define

δ(P ) = min
(q,η)

δ(q, η), δ(P ) = max
(q,η)

δ(q, η).

Let a /∈ {Re ζ : ζ ∈ specb(P )}, the upshot is that if a < δ(P ) then P is
essentially surjective on xaHt

0(M), while if a > δ(P ) then P is essentially

injective on xaHt
0(M) (directly from Theorem 4.25). If δ(P ) < a < δ(P )

then P is Fredholm on xaHt
0(M), but in general we do not have δ(P ) < δ(P ).

So it is entirely possible that there are no weights for which P is Fredholm.
As expected, for semi-Fredholm weights we can construct a parametrix

in the large 0-calculus.

Theorem 5.12. Let P ∈ Ψs
0(M) be an elliptic operator of positive order

such that specb(P ) is a discrete set, and choose

a ∈ R \ {Re ζ : ζ ∈ specb(P )}

such that either a < δ(P ) or a > δ(P ). There are elements of the large
0-calculus

G,P`,Pr ∈ Ψ
−s,(Σ(a),Σ(a),N0)
0 (M) + Ψ

−∞,(Σ(a),Σ(a),∞)
0 (M)

such that P` = Id−GP , Pr = Id−PG and G acts as the generalized inverse
of P as a map

P : xaHt
0(M,Ω

1/2
0 )→ xaHt−s

0 (M,Ω
1/2
0 )

for any t ∈ R. If a < δ(P ) then Pr is very residual,

Pr ∈ Ψ
−∞,(Σ−(a)+2a,Σ−(a),∞)
0 (M)

and if a > δ(P ) then P` is very residual,

P` ∈ Ψ
−∞,(Σ+(a),Σ+(a)−2a,∞)
0 (M).

Proof. As usual we construct a good parametrix and use it to show that the
generalized inverse is in the large calculus.
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First consider the simpler case where N (P )(q, η) is actually invertible on

ρa
bρ

t
scH

t′

b,sc([0, 1]). Using Proposition 5.10 we can find

Q1 ∈ Ψ
−s,(Σ(a),Σ(a),N)
0 (M) s.t.

N (P )(q, η)N (Q1)(q, η) = Id .

The error term R1 = Id−PQ1 still has a cononormal singularity at the
diagonal, so we find

Q2 ∈ Ψ
−s,(∞,∞,N0+1)
0 (M) s.t.

R2 = Id−P (Q1 + Q2) ∈ Ψ
−∞,(Σ(a),Σ(a),N0+1)
0 (M).

From this point one can proceed as in the b-calculus: first use the indicial
operator to get an error that vanishes to infinite order at the left face and
then asymptotically sum its Neumann series to find

Qr ∈ Ψ
−s,(bΣ(a),bΣ(a),bΣ(a))
0 (M) s.t.

Id−PQr ∈ Ψ
−∞,(bΣ(a),∞,∞)
0 (M)

and then take transpose to find a left parametrix in the large calculus with
very residual residue. This implies that the generalized inverse is in the large
calculus and we can determine its index sets just as in the b-calculus,

G ∈ Ψ
−s,(Σ(a),Σ(a),N0)
0 (M) + Ψ

−∞,(Σ(a),Σ(a),∞)
0 (M)

P` = Id−GP ∈ Ψ
−∞,(Σ+(a),Σ+(a)−2a,∞)
0 (M)

Pr = Id−PG ∈ Ψ
−∞,(Σ−(a)+2a,Σ−(a),∞)
0 (M).

Next consider the semi-Fredholm case. Let P ∗ denote the formal adjoint

of P as an operator on xaL2
0(M,Ω

1/2
0 ), then P ∗P and PP ∗ are elliptic and

essentially self-adjoint. If P is essentially injective then P ∗P is Fredholm
and if we denote its generalized inverse by G′ then the generalized inverse of
P is G′P ∗; similarly if P is essentially surjective then PP ∗ is Fredholm and
if its generalized inverse is G′′ then the generalized inverse of P is P ∗G′′. �


