Math 451, Spring 2004 Homework 2
Richard Sowers due February 11

1. Fix p € (0,1). Let X,, be geometric with parameter p/n. Let Y}, def £ X, and
let 1, be the law of ¥;,. Directly show that for bounded f € C(R),

i [ JEm) = | °° F(2)pe P dz.
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2. |10 points| Show that convergence in probability implies weak convergence. In other
words, let (X,; n € N) be a sequence of real-valued random variables which converges
in probability to another random variable X. Let u, be the law of X,,, and let u be the
law of X. Show that u, tends weakly to p.

3. For convenience, we will let &2(R) be the collection of probability measures
on (R, #(R)). For any subset A of R and any 6 > 0, define

A‘sd:ef{xER:|x—y\§5f0rsomey€A}

Fix p and v in Z(R), and define

p(u,v) L inf {6>0:u(F) <v(F°) +6 for all closed subsets F of R} .

Fix now sequence p and a sequence (j,; n € N) in Z(R).

(a) |10 points| Suppose that p, is the uniform law on [0, 1/n], and suppose that 4 is a

Dirac measure at 0. Show that lim, »o p(tn, 1) = 0.

(b) Suppose that limy, o p(fin, ) = 0. Show that lim, s pin(F) < p(F)
for all closed subsets F' of R.

c) |10 points| Suppose that lim, »o pn(F) < p(F') for all closed subsets F' of R. Show
/‘
that lim,, soo p(ftn, ) = 0.

(d) Suppose that p(u,v) = 0. Show that u = v.



