Math 451, Spring 2004 Homework 5
Richard Sowers due April 26

1. |10 points| Let X be a submartingale with respect to a filtration .#. Let 7 be a bounded
stopping time, and define

X;l— d:ef X‘r/\n
Show that X7 is also a submartingale with respect to .%.

2. |10 points| (Exercise 5.14 in book). Suppose that 7 is a stopping time with P{7 < oo} =
1. Suppose also that 7,, /* 7, where the 7,,’s are also stopping times. Show that

F, =\ Z...



ANSWERS

1. Fix n First note that the {7 < n} and thus {7 > n} are in .#, and that the
random variablble X ., is .%,-measurable. Thus

]E[X;—H ‘9,”] = ]E[XT/\(TH-l) |yn] = E[XT/\(n+1)X{T>n}|<9n] + E[XT/\(n+1)X{T§n}|yn]
= E[XR+IX{T>n}|yn] + E[XT/\nX{TSn}|yn]
= E[XH-H |yn]X{T>n} + XT/\’I’LX{’TSR} > XnX{T>n} + XT/\’I’LX{’TSR} > Xinn-

2. |10 points| Since 1, < 7, F, C Z, for every n, so

\ Z.. C Z..

Fix A € %,. Then
A= U ANn{r=n}
n=1

and, since 7 and the 7;’s take on discrete values,

Aﬂ{’]’Zn}:UAﬂ{TZTL}ﬂ{TjZTL}.

j=1
Note that AN{r =n} =(ANn{r <n})\{r <n-—1}in#,. If n >k, then
An{r=n}n{r=n}n{r <k}=0€ %
and if n < k, then
An{r=n}n{r =n}n{r <k}An{r=n}n{r=n} e %, C %

Thus AN{r =n}N{7; =n} € F,.
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