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Abstra ct. We construct Adams operations on higher algebraic K -groups induced by oper-
ations such as symmetric powers on any suitable exact category, by constructing an explicit
map of spaces, combinatorially de ned. The map usesthe S-construction of Waldhausen,
and deloops (once) earlier constructions of the map.

1. Intro duction.

Let P be an exact category with a suitable notion of tensor product M N, symmetric
power SKM , and exterior power XM . For example, we may take P to be the category
P (X) of vector bundles on somescheme X . Or we may take P to be the category P (R) of
nitely generatedprojective R-modules, where R is a comnmutativ e ring. Or wemay X a
group andacommnutativ ering R andtakeP to bethe categoryP (R; ) of represerations
of onprojective nitely generatedR-modules. We imposecertain exactnessrequiremerts
on thesefunctors, sothat in particular the tensor product is required to be bi-exact, and
this prevents us from taking for P a category such as the category M (R) of nitely
generatedR-modules.

In a previous paper [5] | shoved how to usethe exterior power operations on modules
to construct the lambda operations ¥ on the higher K -groups as a map of spaces K :
jGPj ! jGXPj in a combinatorial fashion. Here the simplicial set GP, due to Gillet and
me [3], provides an alternate de nition for the K -groups of any exact category, K;P =

i GP, which has the advantage that the Grothendiedk group appearsas ( and is not
divorcedfrom the higher K -groups. The Q-construction of Quillen and the S-construction
of Waldhausenare the original de nitions for the K -groups of P, but involve a shift in
degree,so that K;(P) = +1jS:P] = i+1]QPj; since the lambda operations are not
additive on Ko, but any function on ; arising from a map would be a homomorphism,
neither of thesetwo spacescould be usedto de ne lambda operations combinatorially .

The Adams operation ¥ is derivedfrom the lambda operation ¥ by a natural procedure
which makes ¥ additive on Ko. Thus there is no apparert obstruction to the presence
of a combinatorial description for ¥ that involvesjS:Pj or jQPj. The purpose of this
paper is to presern suc a combinatorial construction of the Adams operation asa map of
spaces X :jS:Pj! jS:GMPj. The map works by consideringsymmetric powers of acyclic
complexesof length one, and by intro ducing a sort of symmetric product of the members
of a ltration of acyclic complexes. The map is a delooping of the Adams operation map
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derivable from the lambda operation maps. | don't know whether further delooping is
possiblewithout inverting someintegers,and | suspect that this one-fold delooping is new,
even on the level of Z BU. (One may refer to [12] for methods that can be used to
transfer theseresults to topological K -theory.)

The construction G appearing in the target of the map is a (k  1)-dimensional
cube of exact categories,ead of which involves acyclic complexesof length k as well as
total complexesof multi-dimensional complexesthat are acyclic in two directions. It is
arrangedsothat the target of the map is yet another spacewhosehomotopy groupsare the
K -groups, and, in fact, there is a natural, combinatorially de ned, homotopy equivalence
jSPPj! jS:GHPj.

In [13] Sthedhtmann givesa construction of operations analogousto the one |l presen
here, but it yields a homotopy class of maps rather than a single explicit map; at the
expenseof tensoring with the rational numbers, he shows that the Adams operations are
in nite loop maps, whereaswe deloop only oncein this paper. Alexander Nenashevwill
write a paper in which he constructs lambda operations basedon techniquesin [5], but
using long exact sequencesnstead of cubes, as suggestedin [3]. For other discussionsof
lambda-operations and Adams operations on algebraic K -theory, the reader may wish to
refer to [7], [8], [9], [4], and [10].

| thank Henri Gillet for useful discussionsand the idea of using the secondaryEuler
characteristic. | thank David Bensonfor the de nition of the symmetric power of a complex
that | use;the onel was originally using was basedon the theory of non-additive derived
functors of Dold and Puppe, [2]. | thank Pierre Deligne and JensFranke, who explainedto
me that it ought to be possibleto realize the eigenspace®f the Adams operations on the
rational K -groups asthe rational homotopy groups of spaces;perhapsthe construction of
this paper is a stepin that direction, and thus might help analyzethe relationship between
K -theory and motivic cohomology

2. Symmetric powers of complexes and symmetric pro ducts of Itered com-
plexes.

We will write about nitely generatedprojective R-modules for convenienceof exposi-
tion below, but it will be apparert that any of the constructions we usewill work equally
well for locally free shearesof nite type (vector bundles) on a scheme X, or for represen-
tations of a group G in nitely generatedprojective R modules. All tensor products will
be over R.

If R is a commutativ ering and M is an R-module, then the k-th symmetric power SkKM
of M is de ned to be the quotient of M ¥ by the relations

X1 Xi  Xj+1 Xk Xa Xi+1  Xj Xk

Similarly, the k-th exterior power XM of M is de ned to be the quotient of M ¥ by the
relations

X1 Xi  Xi+1 Xk X1 Xi+1  Xj Xk

and
X1 Xi  Xj+1 Xk O
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if Xi = Xj+1. The rst of thesetwo relations follows easily from the second.

Now let M beaZ-gradedR-module, (or evena Z=2Z-gradedR-module). If x 2 M, then
we say that x isa homogeneouglemen of M and that degx = p. Wemay mix the relations
for symmetric and exterior powers mentioned above, and de ne the k-th symmetric power
SKM of M to be the quotient of M X by the relations among homogeneouselemerts X;
of M,

X1 Xi X1 X ( 1)de9xi degxia iy, Xis1 X XK
and
X1 Xi  Xj+1 Xk O
whenewer x; = Xij+; and degx; is odd. Welet x; X» ::: Xy, denotethe imagein SKM of
X1 Xk -

If M is concerrated in even degrees,then SKM is the k-th symmetric power of the
underlying module, and if M is concertrated in odd degreesthen SXM is the k-th exterior
power.

The module SXM is itself a graded module, with

deg(x; ::: Xx) = degxqy + + degxk

If the graded module M is free, (which we take to meanthat ead componert M, is
free), then we may take a basisf e g for it that consistsof homogeneouslemens. We say
that a tensor product e, &, orits imagee, ::: &, in SKM is a monomial. We
may write SKM asthe quotient of M ¥ by the following monomial relations:

degej. degej,,
8, &  Gia g, (D7 e, 8. 8

G

and
€, STHEN T g, 0

whenewer g, = g,,, anddegg; is odd. Repeated application of the rst of thesetypesof
relations to a monomial will accunulate a signwhich is the sign of the permutation a ecting
the factors of odd degree;if we are ever led thereby to a relation of form g, ::: g,

g, . §,,then we must have a repeatedfactor of odd degree,sothat g, ::: g, Ois
a consequencef the secondrelation. Theseremarks make it clear that sorting the factors
in a monomial modulo the two relations is a well-de ned operation, sothat SKM is a free
R-module, with a basisconsisting of those monomialse;, ::: g, sudthat j; ks
andj; = ji+1 only if degg, is even.

Now supposethat M is a chain complex of R-modules, soit is a Z-graded module with
a dierential d of degree 1. We de ne a dierential d on M ¥ by meansof the usual
Leibniz rule

d(x1 Xg) = ( 1)desxat rdeg xi iy, dx; Xk
i=1
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and obsene that this respects the relations de ning the quotient SM , thereby de ning a
di erential on SKM and making it into a chain complex.

An important special caseariseswhenM is the mapping coneCN = C1y ofthe identity
map on a nitely generatedprojective R-module N, sothat M is an acyclic chain complex
of length 1, with a copy of N in degrees0 and 1. In this caseone seesthat SKCN is the
usual Koszul complex of N, in which (SkM), = Sk PMg  PM; = Sk PN PN. It
is known [1, p. 528]that the Koszul complex SKCN is acyclic when k > 0, and is the
ring R concerrated in degree0 when k = 0; a simple proof can be given basedon the
multilinearit y property below (2.1), by induction on k and the rank of N.

We remark that if M is an acyclic free complex concenrated in degreesl and 2, then
SKM is not in general acyclic. For example, with k = 2, one gets a complex SN |
N N ! 2N which fails to be exact in the middle becauseof elemerts like x X which
are not hit.

We proceednow to the next generalization. We will overload the subscript notation a
bit, and use subscriptsto denote both the menbers of a Itration and the componerts of
a graded module. Let M be a Itered complex with k steps, so that we have complexes

M My = M. If we needit, we will refer to the degreep component of the
complexM; asMj,. We de ne the symmetric product M; ::: My of M to be the image
of M1 My in SKMy.

We will always assumethat M is an admissible Itered complex of nitely generated
projective R-modules, so that every module M, in it is a nitely generated projective
module, and so that ead inclusion M; 1 M, is admissible in the sensethat its
cokernel is projective. We say that M is free if every My, is free, and every quotient
Mip=M; 1, is free. A basisfor a free admissible ltered complex M will be a collection
of basesfor eadr M, that are upward compatible, and thus induce baseson the quotients
Mip=M; 1,,. Weremark that an admissible ltered complexM is locally free.

The symmetric product of an admissible Itered complexM canalsobe de ned by gen-
erators and relations (and this might be a preferable de nition when M is not admissible,
or does not consist of projective modules). It is the quotient of M Mg by those
relations used before where the i-th factor in the tensor is required to lie in M. To be
precise,the relations amongtensor products of homogeneouslemerns x; of M are

X1 Xi X X (0 1)deoxideoxin Xis1 X Xk
whenever x; 2 M; for all j, and moreover x;+1 2 M;, and
X1 Xi  Xj+1 Xk O

whenewer x; 2 M; for all j, Xj = Xj+1 and degx; is odd. To prove this assertion, we may
localize su cien tly to ensurethat M is free, and then we may pick a basisfe; g for M and
order it in sudh a way that the basiselemerns for M; come rst, and then comesomemore
elemens to complete a basisfor M, and soon. The relations mertioned su ce to sort
the factors of any monomial drawn from My My, and allow us to write down an
explicit basisfor the quotient, consisting of those monomialse;, g, Whereg, 2 M;
foread i, j1 Jk, and i = ji+1 only if degg, is even. Sincethesemonomialsare a
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subsetof the monomials that sene as basisfor SKMy, and are the samemonomials that
spanthe image of M ; My in SKM, we have proved our assertion.

The main fact about symmetric products of admissible Itered complexesgovernswhat
happenswhen one of the terms in the Itration is perturbed slightly, and is a property we
will call multilinearit y. SupposeM is an admissible Itered complex, and supposeMjO+l
is an alternativ e for the step Mj .1 in the ltration M, which we take to mean that

M4 Mj M% M M
is an admissible Itrations of complexes.By localizing su cien tly to make everything free,

oneseeghat M, ::: MJ-O+l .. My is an admissiblesubcomplexof M1 ::: Mj4p i My.
The multilinearit y property identi es the quotient via a certain natural isomorphism:

M1 0 M; o M M; M
(2.1) Lo T Ko My M L T
Indeed, both sidesof this isomorphism are quotients of M ; M by various explicit

relations, and all onehasto do is to ched that the two setsof relations are equivalert; this
can be done. Another way is to localize su cien tly sothat all the everything is free, pick
an ordered basisfe g for M compatible with the Itration aswe did above, and obsene
that the sameset of monomials givesa basisfor both sides.

Here is an important corollary of the multilinearit y of symmetric products. Suppose
M is an acyclic admissible Itered complex of length 1, which we take to mean that (in
addition to begin admissible) ead step M; in the Itration is an acyclic complex of length
1. | claim that the symmetric product M1 ::: My is an acyclic complex. The proof goes
by induction on k; making use of multilinearit y and the fact that a tensor product of two

equal M 1, reducing us to the previously mertioned result about Koszul complexesbeing
acyclic.

Here is an example of the symmetric product. In the casewherek = 2and M = CN
is the mapping cone of a admissible ltered module N; N, we nd that M; M; is the
acyclic complex

0! Ng~Nz! (Nz N2)+ (N2 Njp)! Np Np! O
which sits as an admissible subcomplex of the Koszul complex of N,:
0! 2Nz! Nz Nz! S%N,! O

Here we useN; ~ N, to denotethe imageof Ny N» in  2N,, and N; N, to denote the
imageof N; N, in S?No.

We have seenthat the symmetric product of an admissible Itered acyclic complex of
length oneis a natural generalizationof the Koszul complex. There is another conceiable
generalization of the Koszul complex that also turns out to be acyclic, but which we do
not needin the sequel;uninterested readersmay skip to the beginning of the next section
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now. For an admissible Itration N; Nk of nitely generatedprojective modules
it lookslike

0!  *Ny! I Ng @0 Nk p o PNk per ! I Ny @0 Ng! O

It canbe constructed from the symmetric product CN; ::: CNg by aninteresting pruning
procedure,which | describe now.

Supposethat a complex M of length k hasa ltration 0= M ; Mg = M
with the property that ead quotient M,=M, 1 is a complex of length p whosehomology
vanishes except in degreep. A new complex M, also of length k, can be de ned by
setting M, = Hp(Mp=M, 1). A straightforward diagram chase de nes the di erentials
in M, shows that M is a complex, constructs a map M ! M, and shows that the map
M ! M is a quasi-isomorphism. (This is related to the way that the skeletal ltration of
a cell-complexleadsto the complex of cellular chains from the complex of singular chains.)
Instead of doing the diagram chase,one could regard the spectral sequenceassaiated to
M, and take Nt to be the nonvanishing row of the E* term. We say that M is obtained
from M by pruning.

We may prune the symmetric product W = CN; ::: CNg by meansof the lItration
whosep-th stepis Wy = N1 ::: N , CNg pe1 i CNg. Herewe regard eadr module
N; as a complex by concertrating it in degreeO; in this way it is a subcomplex of CN;.
By multilinearit y (2.1) the quotient Wy=W, 1 is

CN CN
N1 @0 Nk p Z Tk prt o k_.
N p+1 Nk p+1
We may modify the latter complex sothat Ny ,+2;:::; Ny are successiely replaced by

Nk p+1, Without changing the quasi-isomorphismclass, by using the multilinearit y prop-
erty with the acyclicity of complexesof the form

CN's1  CNy
CN- '~ CN-

The result, after the modi cations, is

CNk p+t1 ... CNk p+1

N1 i Ng
P Nk p+1 Nk p+1

=Nig it N p PNi paa[ pI:
We concludethat W,=W, 1 hashomology only in degreep, and that pruning W leadsto
the complex announcedabove.

3. The Adams operation as the secondary Euler characteristic of the Koszul
complex.

Use the symbol [N] to denote the classof a nitely generatedprojective R-module N
in the Grothendieck group KR, or the classof a vector bundle N on a scheme X in the
Grothendiedk group KX . All complexesbelow will be bounded chain complexes.Let M
be a complexof nitely generatedprojectiv%R-modulesWith dierential dp : Mp+1 ! My,
and recall the Euler characteristic (M) = p( 1)P[My]. If M is acyclic,then (M) = 0,
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and the sgcondaryEuIer characteristic may bede ned as qM) = P p( 1)P*1 p[M p] or as
IM) =" ,( DPfimdy]. 1f 0! MP!1 M ! M 0isashort exact sequenceof acyclic
complexesithen q(M)= MY+ qMD),

We say that a bicomplex is doubly acyclic if ead row and eat column are acyclic. The
tensor product of two acyclic complexesof projective modules (regarded as a bicomplex)
is doubly acyclic. If M is a doubly acyclic bicomplex, and Tot M s its total complex, then

YTotM) = 0; one proves this by consideringthe lItration on TotM arising from the
canonical Itration with respect to the columnsand using the additivit y of °to show that

YTotM) is the alternating sum of © of the columns of M, which is then zero because
the columnsof M t into a long exact sequence. Even more is true: if d = d°+ d%is
the di erential on Tot M, where d° and d®are the horizontal and vertical di erentials on
M, then the projective modulesim d, may be assenbled into an acyclic complex by using
the maps induced by d° (or by d° asdierential. The proof (for the ring case)goes by

Itering M in both directions in suc a way that the successie quotients are doubly acyclic
bicomplexesof sizel by 1, in which casethe statemernt can be cheded easily.

Let K denotethe k-th Adams operation on KoR or KoX . | claim that for any N as
above the following formula holds.

(3.1) KIN]= 9SKCN)

We prove this by verifying, for the right hand side of the equation, the two properties
that (according to the splitting principle) characterize X. Firstly, when rank N = 1 the
Koszul complex SKCN is just C(N ), so (SKCN) = N X, Secondlyif 0! NZO!
N I N9 0is a short exact sequencethen we can verify the additivity YSXCN) =
ASKCNY+ YSKCN of the right hand side by making useof multilinearit y (2.1). From
the ltration
SKCN%= CN? ::: CN? CN°

CN? ::: CN° CN

CN? ::: CN CN

CN ::: CN CN = S¥CN
we deducethat

1
AS“CN) = AS*CN%+ YsCN9+ AS'CN® s 'cN9
i=1
= YskcN%Y+ 9YskcN9:

The cross-termsdrop out becausethe secondaryEuler characteristic of a tensor product
of acyclic complexesis zero.

As an example,we may compute 2[N]. In this casethe complexS°CN isO! 2N !
N N! S2N! 0,and YS2CN)=[S2N] [ 2N].

If we let LEN denote the image of d;, in the Koszul complex S*CN. The functor LEN
is the Sdcur functor qprresmnding to the Young diagram (k  p;1;:::;1) of hook type.
Weseethat X[N]= ( 1)P[LpN].
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We remark that formula (3.1) is like the nonstandard de nition of the di erential of a
C! -mapf :M ! N of manifolds. If we think of M and N as being embedded manifolds
containing the origin, the dierential of f at the origin can be written as (d )q(v) =
standard part of if (v) , wherev is a vector tangert to M at 0, and is an in nitesimal
number. Comparing with (3.1) we seethat multiplication of v by is analogousto forming
the mapping coneof the identit y map on N. This suggestghat we regard acycliccomplexes
as being in nitesimal in size when comparedto arbitrary complexes,and that we regard
the category of complexesas being an enlargemen of the category of modules. We also
seethat the nal step of dividing by and taking the standard part is analogousto taking
the secondary Euler characteristic of an acyclic complex. The fact that terms in the
expansionof f (v) involving 2 drop out when we divide by and take the standard part
correspondsto the fact that doubly acyclic complexesyield 0 when we take the secondary
Euler characteristic, and the two facts arisein the sameway in the proof of additivit y. This
suggestghat we regard doubly acyclic complexesasbeing doubly in nitesimal in sizewhen
comparedto arbitrary complexes.It alsosuggeststhat we regard the Adams operation ¥
as being the di erential of the functor N 7! SKN from the category of nitely generated
projective modules to itself; the di erential is formed by rst extending the domain of
the functor from modules to complexesof modules, which is somehav analogousto rst
extending the domain of f from M to a nonstandard model of M .

4. The multi-relativ e S.-construction.

We let [1] denote the orderedset f 0 < 1g regardedas a category. By an n-dimensional
cube M of (exact) categorieswe will mean a functor from [1]" to the category of (exact)
categories.

In this sectionwe shav how, givenan n-dimensionalcube M of exact categories,we may
construct a certain n-fold multisimplicial exactcategorycalledCM to serwe asthe mapping
coneof the cube. In the casen = 1, it will be the sameas a construction of Waldhausen
[15, p. 343]denoted S:(M o ! M ;); in [14, p. 182{184]the same construction is called
F(M o! M 1).

If M and M ©are n-dimensional cubesof exact categories,we let Exact(M ;M 9 denote
the set of natural transformationsM ! M ©.

If M is an exact category, we let [M ] denote the corresponding 0O-dimensional cube of
exact categories. We will often simply identify M with [M ].

Given n-dimensional cubesM and M © of exact categories,and an exact functor g 2
Exact(M ;M 9, we may assenble M ®and M into an n + 1-dimensional cube of exact
categories; we will use the symbol [M °! M ] to denote it. We will also use square
brackets enclosinga commutativ e square of n-dimensional cubes of exact categoriesto
denote the corresponding n + 2 dimensional cube.

If M is an n-dimensional cube of categoriesand M % is an n%dimensional cube of cat-
egories, then we let M M © denote the evidert n + n%dimensional cube of categories
de ned by

(M MY nen) =M (1520 n) M % neasiios neno):

Welet denotethe categoryof nite nonempty totally orderedsets. If Cis a category,
let Ar(C) denotethe category of arrows in C, where an arrow in this categoryis a commu-
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tativ e square. If A is an ordered set regardedas a category, we will usej =i to denote the
arrow fromitoj in A,ifi j.

Given an exact category M with a chosenzero object 0 and an ordered set A, we call
a functor F : Ar(A) ! M exactif F(i=i) = Ofor alli,and 0! F(=i)! F(k=i)'
F(k=j) ! Oisexactfor all i | k. The set of sudh exact functors is denoted by
Exact(Ar( A); M ). GivenorderedsetsAj;:::;An, welet Exact(Ar (A1) Ar(AL);M)
denote the set of multi-exact functors, i.e., functors that are exactin ead variable.

Given A;B 2 let AB denote the totally ordered set constructed from A and B by
concatenation, i.e., asthe disjoint union of A and B with every elemen of A declaredto
be lessthan every elemen of B.

Now let L be a symbol, and considerfLg to be an ordered set. Given an n-dimensional
cube of exact categoriesM , we de ne an n-fold multisimplicial exact category CM asa
functor from ( ")°P to the category of exact categorieshy letting CM (Aq;:::;Ay) bethe
set

Exact([Ar( A1) ! Ar(fLgA1)] [Ar(An) ! Ar(fLgAn); M)

of multi-exact natural transformations. When n = 0, we may identify CM with M .
We de ne S:M to be S:CM , the result of applying the S: construction of Waldhausen
degreewise.The construction S:M is a n+ 1-fold multisimplicial set;to make that explicit
we write the new argumert to the left of the other ones,and seethat

S:M (Ag; Ay Ap) = Exact(JAr (Ag)] [Ar(Ap) ! Ar(fLgA1)] [Ar(An) ! Ar(fLgAR)]; M)

Lemma 4.1. Supmwsewe are givenM %! M as alove.
(@) Thereis a br ation sequen@ S:;[0! M]! S(M % M]! SIMO Q]
(b) In the casewhere g is the identity map, the space S:[M ! M ] is contractible.
(c) S; 0! M ]is homotopy equivalentto S:M .
(d) SiIM ! 0]is a deloping of S:M .
(a) Thereis a br ation sgguen@ SM %! SM | S[M %1 M].

Proof. One usesthe additivit y theorem of Waldhausen, just asin [15, p. 343]or [14, p.
182{184].

We remark that if

— <OV
< 0VW

c

is a square of commutativ e rings, then tensor product of projective modules leadsimme-
diately to a map

2P(>R) ! F>g>s)3
ISIP(R)! P(S)jiSIP(R)! P(T)]! s:s:ﬁ g g Z
P(TY 1 P(U)

which can be usedto de ne products on relative K -groups.
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5. The construction of the Adams operations.

For the construction of the Adams operation ¥ on the K -groups of an exact category
P we will needto considerk-dimensional multi-complexes N of length one in ead direc-
tion, and to take total complexesof them in a certain partial way. These \partial" total
complexeswill have fewer dimensionsthan N has, and their lengths will be greater; the
\total" total complexof N will be of dimension 1 and length k.

We describe now what sort of \partial® total complexeswe have in mind.

An equivalencerelation ' on atotally orderedsetA 2 is compatible with the ordering
if the quotient set A=" inherits an ordering from A so that the quotient map is order-

the concatenation A = Ai;A, A, and the quotient A=" as the ordered set A=" =

Let N be a multi-complex whose directions are indexed by the elemens of A. We
assumethat the di erentials anti-commute with ead other, i.e., @@ + @@ = O ; this
ensuresthat whentaking total complexesthe sum of the di eren tials immediately provides
a dierential. A homogeneouslement x 2 N has a multi-degreep: A ! Z which is a
sequenceof integersindexed by the set A, and we let N, denote the set of homogeneous
elemens of N of multi-degree p, together with 0. Dene B = A=" ,andlet :A! B
be the quotient map. We may de ne a multi-complex N°= Tot. N whosedirections are
indexed by B by specifying p= g:B! Z the degreeof x asan elemer of N It will

be given by the formula q(b) = p(a). This correspndsto setting
a2' 1(b)
X
Ny = Np:
(p)=d

completely speci ed by the truth or falsity of the statementsi . i+ 1fori= 1;:::;k 1.
We may considerthe set of equivalencerelations on [1; k] compatible with the ordering to
be a set of subsetsof [1; k] [1; k], and order it by inclusion. It isisomorphic, asa partially

ordered set, to [1]¢ 1. We usethe isomorphismthat assaiates( 1;:::; k 1) to ', where
0 ifi6e. i+ 1
oL ifi i+ L

For ead equivalencerelation * on [1; k] compatible with the ordering, welet "1;:::; ¢

denotethe cardinalities of the equivalenceclassesjn sequence.Considerthe category M -
of t-dimensional chain-complexesthat are, for ead i, of length *; in the i-th direction,
and that are acyclic in direction 1 and in direction t. There is a total-complex functor
M-I M i , becausethe lengths add when total complexesare constructed, and
becausethe total complex of a multi-complex that is acyclic in one direction is acyclic.
Using these total-complex functors we may assenble the categoriesM - into a k 1
dimensional cube GP = M of exact categorieswhich will serwe as the target for our
Adams operation map K.
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Actually, there is a little problem with getting G(X)P to be a functor from [1]¢ * to
the category of exact categories,becausethe composition of two total-complex functors
is perhaps only isomorphic to the combined total-complex functor; this is something like
failure of strict assaiativit y for direct sums, and can be cured with an easyset-theoretic
trick, or by considering G)P instead to be a category co b ered over [1]¢ ! in exact
categories.

We remark that there is homotopy equivalence G® P | GP that assaiates to an
acyclic complex of length 2, the imagesof the two dierentials in it. The map 2 can
be viewed asa map jS:Pj ! jS:GPj, and it was this version which was found rst, and
motivated the more general construction described in this paper.

Lemma 5.1. S:G(P is homotopy equivalentto S:P

Proof. Considerthe edgesof the cube G(K)P that lie in direction 1. Theseedgesare total

complex functors M- I M  wherethe only dierence between' and isthat 16. 2
and 1 2.
Consider rst the casewhere2 - 3 + k. The category M : is the category

of bicomplexesof length 1 in direction 1, of length k 1 in direction 2, and acyclic in
both directions. It is equivalent to the category of acyclic complexesof length k 1, and
the functor M . | Pk 2 that assignsto an acyclic complex the collection of imagesof its
di erentials yields a homotopy equivalenceon K -theory, by the additivit y theorem. The
category M is the category of acyclic complexesof length k. The functor M | Pk 1
that assignsto an acyclic complex the collection of images of its di erentials yields a
homotopy equivalenceon K -theory, by the additivit y theorem. Let C: P! M bethe
functor that assignsCP to P 2 P, regardedas an acyclic complex of length k. Then the
map S:[0! P]! SIM. I M ]isahomotopy equivalence.

Consider now the other case,wherethere existsj 2sothat j 6. j + 1; we claim that
SM. I S:M isahomotopy equivalence. This again is a straightforward application of
the additivit y theorem, just asin the previous paragraph. It is enlightening to regard the
additivit y theorem itself as a statemert something like the one at hand: it says that the
total complex functor from the category of one-by-one bicomplexes,acyclic in direction 1,
to the category of acyclic complexesof length 2, givesa homotopy equivalenceon K -theory.

Combining both caseswe seethat we haveamap S:P ! S:G(P, obtained by adding
additional trivial simplicial directions to S:P, which is a homotopy equivalence.

6. The construction of the map.
In this section we give the formula for the combinatorial Adams operation map

K:.Sub,SP! S:GP:

Here Suby is the k-fold subdivision introducedin [5]: if X is a simplicial set, then Suby X
is the k-fold multisimplicial setde ned by

Sub X (A A) = X(Ar Ax):

There is a natural homeomorphismjXj ' jSub Xj, presertied in [5]. Hereis a way
to seehow that homeomorphismworks. Let V be an ane spaceof dimensionn (torsor
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under R"). Givenpoints vi;:::; vk 2 V de ne their barycerter v, Vk to bethe point
(vi + + v)=k. If Sp;:::;Sk are subsetsof V, then we let S; Sk denote the set
fvi Vk j Vi 2 Sig.

If Aisasetfvg;::i;vpg V, let A denotethe corvex hull of A. If the vectorsin A
are anely independer, then A is a p-simplex. Let B and C be subsetsof A; we write
BjCifi jforallv 2B andallv; 2 C. Given subsetsB; | j Bk of A, the set
B: By is a product of simplices,and suc setssubdivide A in exactly the sameway
that j Sub X j subdivides eat simplex of jX .

Given

M 2 Sub SIP(A1;:::;Ak) = Exact(Ar(Ar  Ax);P)
we de ne

“M 2 Exact([Ar (A1)] [Ar(Az)! Ar(fLgAy)] [Ar(Ag) ! Ar(fLgAK)]; GHP)
by the formula
(6.1) ( *M)(i1=i1;:5 =) = CM(11='1) 2 CM (i2=72) 3 k CM (ix="x):
Herei;=j; 2 Ar(A1), andi,=j, 2 Ar(fLgA;) for2 r k. Wede ne
ifjr=1L
ifjr 6 L
and o

\r 1 IfjrgAr andr>1

Jr ifjr 2A,orr=1
We spell out the needlessconditions conceningr = 1 and r > 1 sothe samede nition will
work below, in a context wherej; 2 A; is possible. Notice that j, 2 A, is equivalent to
j = L, forr > 1. Finally, one must interpret the symbols arising in (6.1) as instances
of the symbol | correctly: they are tensor products of acyclic complexes,but are to be
interpreted as yielding bicomplexesif we are looking at Ar(A;), or asyielding complexes
if we are looking at Ar(fLgA,); this builds into the notation the businesswith all the
total-complex functors. One cheds that KM is exact in the variables i, =j, using the
multilinearit y property (2.1), just asin [5].

On the level of the Grothendied group, the secondaryEuler characteristic gives the
inverseto the isomorphismKoP | KoG®P. Combining this with the formula (3.1) we
seethat our map K agreeswith the usual Adams operation on K P .

We now ched that our Adams operations agree with the usual ones on the higher
K -groups of aring R. Considerthe bration sequence

GP! PP!I SP

r =

from [3] which holds for any exact category P. For reference,we state the de nitions,
where A 2

G:P(A) = Exact(Ar(fL; RgA);P)

P:P(A) = Exact(Ar(fLgA);P)

S:P(A) = Exact(Ar(A); P)
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HereweregardfL; Rgasan partially orderedsetwhereL and R areincomparablesymbols,
and interpret the concatenationfL; RgA for A 2  asa concatenation of partially ordered
sets, yielding a partially ordered set; it wascalled (A) in [5]. The de nition of K given
in (6.1) appliesunchangedto eat term of this bration sequencegxceptthat nowj; 2 A;
becomesa possibility, for we may havej; = L or j; = R. The result is the following map

of brations. < b%G 5 s bgP o s b%sp
u : ! u : I u :
? ? ?
ky ky ky
G:Gp I P:GRP I scop

Having transferred our construction of ¥ to the level of the G-construction, one may
use methods just like those of [5] to prove that our Adams operation agreeswith the one
de ned by Quillen in [8], or those de ned in [9].

One should be able to show directly, for any exact category P with suitable tensor
products and exterior power operations, that the Adams operations on the K -groups con-
structed here agreewith those deducedfrom the lambda operations constructed in [5].

One striking feature of the construction of ¥ is the de nition of the category G(X)P, in
which the multi-dimensional complexesare required only to be acyclic in the rst direction
and the last direction. The map X, on the other hand, involves only tensor products
of generalizedKoszul complexes,so the multi-dimensional complexesoccurring in it are
acyclic in every direction. One might imagine re ning the map by changing the de nition
of G P accordingly. This would lead to a spacewhich cortains various deloopings of the
K -theory spacefor P, and thus might lead to Adams operations maps that decreasethe
degree,KiP ! K; ;P. I think that all such maps might well be zero, and so these maps
will turn out to be simply spurious.

References

1. Hyman Bass, Algebraic K -theory, W. A. Benjamin, Inc., New York, Amsterdam.

Dold and Puppe, Ann. Inst Fourier 11 (1961), 201-312.

3. H. Gillet and D. Grayson, On the loop space of the Q-construction , lllinois Journal of Mathematics
31 (1987), 574-597.

4. H. Gillet and C. Soule, K -theorie et nullit e des multiplicit es d'interse ction, C. R. Acad. Sc. Paris 300
(1985), 71-74.

5. D. Grayson, Exterior power operations on algebraic K-theory, K -theory 3 (1989), 247{260.

6. A. Grothendiec k, Revetements etales et groupe fondamental, Seminaire de Geometrie Algebrique du
Bois-Marie 1960/61, SGA 1, Lecture Notes in Mathematics 224, 1971.

7. Alexander Grothendieck, La theorie des classesde Chern, Bull. Soc. math. France 86 (1958), 137-154.

8. Howard L. Hiller, -rings and algebraic K -theory, Journal of Pure and Applied Algebra 20 (1981),
241-266.

9. Ch. Kratzer, -Structur e en K -theorie algebrique, Comment. Math. Helvetici 55 (1980), 233-254.

10. Florence Lecomte, Operations d'Adams en K -Th eorie algebrique, part of her thesis.

11. Alexander Nenashev, in preparation.

12. Mic hael Paluch, thesis at University of Il linois at Chicago (1991).

13. V. Schechtmann, K -Theory, Arithmetic, and Geometry, Lecture Notes in Mathematics, vol. 1289 (Y u.
I. Manin, ed.), pp. 265-319.

14. Friedhelm Waldhausen, Algebraic K -theory of generalized free products, Annals of Mathematics 108
(1978), 135{256.

n



14 DANIEL R. GRAYSON

15. Friedhelm Waldhausen, Algebraic and Geometric Topology (Rutgers 1983), Lecture Notes in Mathe-
matics, vol. 1126, pp. 318{419.



