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AD AMS OPERA TIONS ON HIGHER K -THEOR Y
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University of Illinois at Urbana-Champaign

Abstra ct. We construct Adams operations on higher algebraic K -groups induced by oper-
ations such as symmetric powers on any suitable exact category, by constructing an explicit
map of spaces, combinatorially de�ned. The map uses the S-construction of Waldhausen,
and deloops (once) earlier constructions of the map.

1. In tro duction.
Let P be an exact category with a suitable notion of tensor product M 
 N , symmetric

power Sk M , and exterior power � k M . For example, we may take P to be the category
P(X ) of vector bundles on someschemeX . Or we may take P to be the category P(R) of
�nitely generatedprojective R-modules, where R is a commutativ e ring. Or we may �x a
group � and a commutativ e ring R and takeP to be the categoryP(R; �) of representations
of � on projective �nitely generatedR-modules. We imposecertain exactnessrequirements
on thesefunctors, so that in particular the tensor product is required to be bi-exact, and
this prevents us from taking for P a category such as the category M (R) of �nitely
generatedR-modules.

In a previous paper [5] I showed how to use the exterior power operations on modules
to construct the lambda operations � k on the higher K -groups as a map of spaces� k :
jGPj ! jGk Pj in a combinatorial fashion. Here the simplicial set GP, due to Gillet and
me [3], provides an alternate de�nition for the K -groups of any exact category, K i P =
� i GP, which has the advantage that the Grothendieck group appears as � 0 and is not
divorcedfrom the higher K -groups. The Q-construction of Quillen and the S-construction
of Waldhausenare the original de�nitions for the K -groups of P, but involve a shift in
degree, so that K i (P) = � i +1 jS:Pj = � i +1 jQPj; since the lambda operations are not
additiv e on K 0, but any function on � 1 arising from a map would be a homomorphism,
neither of these two spacescould be usedto de�ne lambda operations combinatorially .

The Adams operation  k is derivedfrom the lambda operation � k by a natural procedure
which makes  k additiv e on K 0. Thus there is no apparent obstruction to the presence
of a combinatorial description for  k that involves jS:Pj or jQPj. The purpose of this
paper is to present such a combinatorial construction of the Adams operation as a map of
spaces k : jS:Pj ! jS: ~G(k ) Pj. The map works by consideringsymmetric powersof acyclic
complexesof length one, and by intro ducing a sort of symmetric product of the members
of a �ltration of acyclic complexes.The map is a delooping of the Adams operation map
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derivable from the lambda operation maps. I don't know whether further delooping is
possiblewithout inverting someintegers,and I suspect that this one-folddelooping is new,
even on the level of Z � B U. (One may refer to [12] for methods that can be used to
transfer theseresults to topological K -theory.)

The construction ~G(k ) appearing in the target of the map is a (k � 1)-dimensional
cube of exact categories,each of which involves acyclic complexesof length k as well as
total complexesof multi-dimensional complexesthat are acyclic in two directions. It is
arrangedsothat the target of the map is yet another spacewhosehomotopy groupsare the
K -groups, and, in fact, there is a natural, combinatorially de�ned, homotopy equivalence
jS:Pj ! jS: ~G(k ) Pj.

In [13] Schechtmann gives a construction of operations analogousto the one I present
here, but it yields a homotopy class of maps rather than a single explicit map; at the
expenseof tensoring with the rational numbers, he shows that the Adams operations are
in�nite loop maps, whereaswe deloop only once in this paper. Alexander Nenashevwill
write a paper in which he constructs lambda operations basedon techniques in [5], but
using long exact sequencesinstead of cubes, as suggestedin [3]. For other discussionsof
lambda-operations and Adams operations on algebraic K -theory, the reader may wish to
refer to [7], [8], [9], [4], and [10].

I thank Henri Gillet for useful discussionsand the idea of using the secondaryEuler
characteristic. I thank David Bensonfor the de�nition of the symmetric power of a complex
that I use; the one I was originally using was basedon the theory of non-additive derived
functors of Dold and Puppe, [2]. I thank Pierre Deligne and JensFranke, who explained to
me that it ought to be possibleto realize the eigenspacesof the Adams operations on the
rational K -groups as the rational homotopy groups of spaces;perhapsthe construction of
this paper is a step in that direction, and thus might help analyzethe relationship between
K -theory and motivic cohomology.

2. Symmetric powers of complexes and symmetric pro ducts of �ltered com-
plexes.

We will write about �nitely generatedprojective R-modules for convenienceof exposi-
tion below, but it will be apparent that any of the constructions we usewill work equally
well for locally free sheavesof �nite type (vector bundles) on a schemeX , or for represen-
tations of a group G in �nitely generatedprojective R modules. All tensor products will
be over R.

If R is a commutativ e ring and M is an R-module, then the k-th symmetric power Sk M
of M is de�ned to be the quotient of M 
 k by the relations

x1 
 � � � 
 x i 
 x i +1 
 � � � 
 xk � x1 
 � � � 
 x i +1 
 x i 
 � � � 
 xk :

Similarly, the k-th exterior power � k M of M is de�ned to be the quotient of M 
 k by the
relations

x1 
 � � � 
 x i 
 x i +1 
 � � � 
 xk � � x1 
 � � � 
 x i +1 
 x i 
 � � � 
 xk :

and
x1 
 � � � 
 x i 
 x i +1 
 � � � 
 xk � 0
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if x i = x i +1 . The �rst of thesetwo relations follows easily from the second.
Now let M bea Z-gradedR-module, (or evena Z=2Z-gradedR-module). If x 2 M p, then

wesay that x is a homogeneouselement of M and that degx = p. Wemay mix the relations
for symmetric and exterior powers mentioned above, and de�ne the k-th symmetric power
Sk M of M to be the quotient of M 
 k by the relations among homogeneouselements x i

of M ,

x1 
 � � � 
 x i 
 x i +1 
 � � � 
 xk � (� 1)deg x i �deg x i +1 x1 
 � � � 
 x i +1 
 x i 
 � � � 
 xk ;

and
x1 
 � � � 
 x i 
 x i +1 
 � � � 
 xk � 0

whenever x i = x i +1 and degx i is odd. We let x1 � x2 � : : : � xk denote the image in Sk M of
x1 
 � � � 
 xk .

If M is concentrated in even degrees,then Sk M is the k-th symmetric power of the
underlying module, and if M is concentrated in odd degrees,then Sk M is the k-th exterior
power.

The module Sk M is itself a graded module, with

deg(x1 � : : : � xk ) = degx1 + � � � + degxk

If the graded module M is free, (which we take to mean that each component M p is
free), then we may take a basisf ej g for it that consistsof homogeneouselements. We say
that a tensor product ei 1 
 � � � 
 ei k or its image ei 1 � : : : � ei k in Sk M is a monomial. We
may write Sk M as the quotient of M 
 k by the following monomial relations:

ej 1 
 � � � 
 ej i 
 ej i +1 
 � � � 
 ej k � (� 1)deg ej i �deg ej i +1 ej 1 
 � � � 
 ej i +1 
 ej i 
 � � � 
 ej k ;

and
ej 1 
 � � � 
 ej i 
 ej i +1 
 � � � 
 ej k � 0

whenever ej i = ej i +1 and degej i is odd. Repeated application of the �rst of thesetypesof
relations to a monomial will accumulate a signwhich is the signof the permutation a�ecting
the factors of odd degree;if we are ever led thereby to a relation of form ej 1 � : : : � ej k �
� ej 1 � : : : � ej k , then we must have a repeatedfactor of odd degree,so that ej 1 � : : : � ej k � 0 is
a consequenceof the secondrelation. Theseremarks make it clear that sorting the factors
in a monomial modulo the two relations is a well-de�ned operation, so that Sk M is a free
R-module, with a basisconsisting of those monomials ej 1 � : : : � ej k such that j 1 � � � � � j k ,
and j i = j i +1 only if degej i is even.

Now supposethat M is a chain complex of R-modules, so it is a Z-graded module with
a di�eren tial d of degree� 1. We de�ne a di�eren tial d on M 
 k by meansof the usual
Leibniz rule

d(x1 
 � � � 
 xk ) =
kX

i =1

(� 1)deg x 1 + ��� +deg x i � 1 x1 
 � � � 
 dxi 
 � � � 
 xk
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and observe that this respects the relations de�ning the quotient Sk M , thereby de�ning a
di�eren tial on Sk M and making it into a chain complex.

An important special caseariseswhenM is the mapping coneCN = C1N of the identit y
map on a �nitely generatedprojective R-module N , so that M is an acyclic chain complex
of length 1, with a copy of N in degrees0 and 1. In this caseone seesthat Sk CN is the
usual Koszul complex of N , in which (Sk M )p = Sk � pM 0 
 � pM 1 = Sk � pN 
 � pN . It
is known [1, p. 528] that the Koszul complex Sk CN is acyclic when k > 0, and is the
ring R concentrated in degree0 when k = 0; a simple proof can be given basedon the
multilinearit y property below (2.1), by induction on k and the rank of N .

We remark that if M is an acyclic free complex concentrated in degrees1 and 2, then
Sk M is not in general acyclic. For example, with k = 2, one gets a complex S2N !
N 
 N ! � 2N which fails to be exact in the middle becauseof elements like x 
 x which
are not hit.

We proceednow to the next generalization. We will overload the subscript notation a
bit, and usesubscripts to denote both the members of a �ltration and the components of
a graded module. Let M be a �ltered complex with k steps, so that we have complexes
M 1 � � � � � M k = M . If we need it, we will refer to the degreep component of the
complex M i as M ip . We de�ne the symmetric product M 1 � : : : � M k of M to be the image
of M 1 
 � � � 
 M k in Sk M k .

We will always assumethat M is an admissible �ltered complex of �nitely generated
projective R-modules, so that every module M ip in it is a �nitely generated projective
module, and so that each inclusion M i � 1;p � M ip is admissible in the sensethat its
cokernel is projective. We say that M is free if every M ip is free, and every quotient
M ip =M i � 1;p is free. A basis for a free admissible �ltered complex M will be a collection
of basesfor each M ip that are upward compatible, and thus induce baseson the quotients
M ip =M i � 1;p . We remark that an admissible �ltered complex M is locally free.

The symmetric product of an admissible�ltered complex M can alsobe de�ned by gen-
erators and relations (and this might be a preferablede�nition when M is not admissible,
or does not consist of projective modules). It is the quotient of M 1 
 � � � 
 M k by those
relations used before where the i -th factor in the tensor is required to lie in M i . To be
precise,the relations among tensor products of homogeneouselements x i of M are

x1 
 � � � 
 x i 
 x i +1 
 � � � 
 xk � (� 1)deg x i �deg x i +1 x1 
 � � � 
 x i +1 
 x i 
 � � � 
 xk

whenever x j 2 M j for all j , and moreover x i +1 2 M i , and

x1 
 � � � 
 x i 
 x i +1 
 � � � 
 xk � 0

whenever x j 2 M j for all j , x i = x i +1 and degx i is odd. To prove this assertion,we may
localizesu�cien tly to ensurethat M is free, and then we may pick a basisf ej g for M and
order it in such a way that the basiselements for M 1 come�rst, and then comesomemore
elements to complete a basis for M 2, and so on. The relations mentioned su�ce to sort
the factors of any monomial drawn from M 1 
 � � � 
 M k , and allow us to write down an
explicit basisfor the quotient, consistingof thosemonomialsej 1 
 � � � 
 ej k whereej i 2 M i

for each i , j 1 � � � � � j k , and j i = j i +1 only if degej i is even. Sincethesemonomials are a
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subset of the monomials that serve as basis for Sk M k , and are the samemonomials that
span the image of M 1 
 � � � 
 M k in Sk M k , we have proved our assertion.

The main fact about symmetric products of admissible�ltered complexesgoverns what
happenswhen one of the terms in the �ltration is perturbed slightly , and is a property we
will call multilinearit y. SupposeM is an admissible �ltered complex, and supposeM 0

j +1
is an alternativ e for the step M j +1 in the �ltration M , which we take to mean that

M 1 � � � � � M j � M 0
j +1 � M j +1 � � � � � M k

is an admissible�ltrations of complexes.By localizing su�cien tly to make everything free,
oneseesthat M 1 � : : : � M 0

j +1 � : : : � M k is an admissiblesubcomplex of M 1 � : : : � M j +1 � : : : � M k .
The multilinearit y property identi�es the quotient via a certain natural isomorphism:

(2.1)
M 1 � : : : � M j +1 � : : : � M k

M 1 � : : : � M 0
j +1 � : : : � M k

�=
�
M 1 � : : : � M j

�



� M j +1

M 0
j +1

� : : : �
M k

M 0
j +1

�
:

Indeed, both sidesof this isomorphism are quotients of M 1 
 � � � 
 M k by various explicit
relations, and all onehas to do is to check that the two setsof relations are equivalent; this
can be done. Another way is to localize su�cien tly so that all the everything is free, pick
an ordered basis f ej g for M compatible with the �ltration as we did above, and observe
that the sameset of monomials givesa basis for both sides.

Here is an important corollary of the multilinearit y of symmetric products. Suppose
M is an acyclic admissible �ltered complex of length 1, which we take to mean that (in
addition to begin admissible) each step M i in the �ltration is an acyclic complex of length
1. I claim that the symmetric product M 1 � : : : � M k is an acyclic complex. The proof goes
by induction on k; making useof multilinearit y and the fact that a tensor product of two
acyclic complexesis acyclic allows us to modify M 2; : : : ; M k successively so that they all
equal M 1, reducing us to the previously mentioned result about Koszul complexesbeing
acyclic.

Here is an example of the symmetric product. In the casewhere k = 2 and M = CN
is the mapping coneof a admissible �ltered module N1 � N2 we �nd that M 1 � M 2 is the
acyclic complex

0 ! N1 ^ N2 ! (N1 
 N2) + (N2 
 N1) ! N1 � N2 ! 0

which sits as an admissiblesubcomplex of the Koszul complex of N2:

0 ! � 2N2 ! N2 
 N2 ! S2N2 ! 0:

Here we useN1 ^ N2 to denote the image of N1 
 N2 in � 2N2, and N1 � N2 to denote the
image of N1 
 N2 in S2N2.

We have seenthat the symmetric product of an admissible �ltered acyclic complex of
length one is a natural generalizationof the Koszul complex. There is another conceivable
generalization of the Koszul complex that also turns out to be acyclic, but which we do
not needin the sequel;uninterested readersmay skip to the beginning of the next section
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now. For an admissible �ltration N1 � � � � � Nk of �nitely generatedprojective modules
it looks like

0 ! � k N1 ! � � � ! N1 � : : : � Nk � p 
 � pNk � p+1 ! � � � ! N1 � : : : � Nk ! 0:

It can be constructed from the symmetric product CN1 � : : :�CNk by an interesting pruning
procedure,which I describe now.

Suppose that a complex M of length k has a �ltration 0 = M � 1 � � � � � M k = M
with the property that each quotient M p=M p� 1 is a complex of length p whosehomology
vanishes except in degree p. A new complex ~M , also of length k, can be de�ned by
setting ~M p = Hp(M p=M p� 1). A straightforward diagram chase de�nes the di�eren tials
in ~M , shows that ~M is a complex, constructs a map ~M ! M , and shows that the map
~M ! M is a quasi-isomorphism. (This is related to the way that the skeletal �ltration of

a cell-complexleadsto the complexof cellular chains from the complexof singular chains.)
Instead of doing the diagram chase,one could regard the spectral sequenceassociated to
M , and take ~M to be the nonvanishing row of the E 1 term. We say that ~M is obtained
from M by pruning.

We may prune the symmetric product W = CN1 � : : : � CNk by meansof the �ltration
whosep-th step is Wp = N1 � : : : � Nk � p � CNk � p+1 � : : : � CNk . Here we regard each module
N i as a complex by concentrating it in degree0; in this way it is a subcomplex of CN i .
By multilinearit y (2.1) the quotient Wp=Wp� 1 is

N1 � : : : � Nk � p 

CNk � p+1

Nk � p+1
� : : : �

CNk

Nk � p+1
:

We may modify the latter complex so that Nk � p+2 ; : : : ; Nk are successively replaced by
Nk � p+1 , without changing the quasi-isomorphismclass,by using the multilinearit y prop-
erty with the acyclicity of complexesof the form

CN ` +1

CN `
� : : : �

CNk

CN `
:

The result, after the modi�cations, is

N1 � : : : � Nk � p 

CNk � p+1

Nk � p+1
� : : : �

CNk � p+1

Nk � p+1
= N1 � : : : � Nk � p 
 � pNk � p+1 [� p]:

We concludethat Wp=Wp� 1 has homology only in degreep, and that pruning W leadsto
the complex announcedabove.

3. The Adams operation as the secondary Euler characteristic of the Koszul
complex.

Use the symbol [N ] to denote the classof a �nitely generatedprojective R-module N
in the Grothendieck group K 0R, or the classof a vector bundle N on a schemeX in the
Grothendieck group K 0X . All complexesbelow will be bounded chain complexes.Let M
be a complexof �nitely generatedprojective R-moduleswith di�eren tial dp : M p+1 ! M p,
and recall the Euler characteristic � (M ) =

P
p(� 1)p[M p]. If M is acyclic, then � (M ) = 0,
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and the secondaryEuler characteristic may be de�ned as � 0(M ) =
P

p(� 1)p+1 p[M p] or as
� 0(M ) =

P
p(� 1)p[im dp]. If 0 ! M 0 ! M ! M 00! 0 is a short exact sequenceof acyclic

complexes,then � 0(M ) = � 0(M 0) + � 0(M 00).
We say that a bicomplex is doubly acyclic if each row and each column are acyclic. The

tensor product of two acyclic complexesof projective modules (regarded as a bicomplex)
is doubly acyclic. If M is a doubly acyclic bicomplex, and Tot M is its total complex, then
� 0(Tot M ) = 0; one proves this by considering the �ltration on Tot M arising from the
canonical �ltration with respect to the columnsand using the additivit y of � 0 to show that
� 0(Tot M ) is the alternating sum of � 0 of the columns of M , which is then zero because
the columns of M �t into a long exact sequence. Even more is true: if d = d0 + d00 is
the di�eren tial on Tot M , where d0 and d00are the horizontal and vertical di�eren tials on
M , then the projective modules im dp may be assembled into an acyclic complex by using
the maps induced by d0 (or by d00) as di�eren tial. The proof (for the ring case)goes by
�ltering M in both directions in such a way that the successive quotients aredoubly acyclic
bicomplexesof size1 by 1, in which casethe statement can be checked easily.

Let  k denote the k-th Adams operation on K 0R or K 0X . I claim that for any N as
above the following formula holds.

(3.1)  k [N ] = � 0(Sk CN )

We prove this by verifying, for the right hand side of the equation, the two properties
that (according to the splitting principle) characterize  k . Firstly , when rank N = 1 the
Koszul complex Sk CN is just C(N 
 k ), so � 0(Sk CN ) = N 
 k . Secondly, if 0 ! N 0 !
N ! N 00 ! 0 is a short exact sequence,then we can verify the additivit y � 0(Sk CN ) =
� 0(Sk CN 0)+ � 0(Sk CN 00) of the right hand sideby making useof multilinearit y (2.1). From
the �ltration

Sk CN 0 = CN 0 � : : : � CN 0 � CN 0

� CN 0 � : : : � CN 0 � CN

� CN 0 � : : : � CN � CN � : : :

� CN � : : : � CN � CN = Sk CN

we deducethat

� 0(Sk CN ) = � 0(Sk CN 00) + � 0(Sk CN 0) +
k � 1X

i =1

� 0(Si CN 00
 Sk � i CN 0)

= � 0(Sk CN 00) + � 0(Sk CN 0):

The cross-termsdrop out becausethe secondaryEuler characteristic of a tensor product
of acyclic complexesis zero.

As an example,we may compute  2[N ]. In this case,the complexS2CN is 0 ! � 2N !
N 
 N ! S2N ! 0, and � 0(S2CN ) = [S2N ] � [� 2N ].

If we let L k
pN denote the image of dp in the Koszul complex Sk CN . The functor L k

pN
is the Schur functor corresponding to the Young diagram (k � p;1; : : : ; 1) of hook type.
We seethat  k [N ] =

P
(� 1)p[L pN ].
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We remark that formula (3.1) is like the nonstandard de�nition of the di�eren tial of a
C1 -map f : M ! N of manifolds. If we think of M and N as being embeddedmanifolds
containing the origin, the di�eren tial of f at the origin can be written as (df )0(v) =
standard part of

�
1
� f (�v )

�
, where v is a vector tangent to M at 0, and � is an in�nitesimal

number. Comparing with (3.1) we seethat multiplication of v by � is analogousto forming
the mapping coneof the identit y map on N . This suggeststhat weregardacyclic complexes
as being in�nitesimal in size when compared to arbitrary complexes,and that we regard
the category of complexesas being an enlargement of the category of modules. We also
seethat the �nal step of dividing by � and taking the standard part is analogousto taking
the secondary Euler characteristic of an acyclic complex. The fact that terms in the
expansionof f (�v ) involving � 2 drop out when we divide by � and take the standard part
corresponds to the fact that doubly acyclic complexesyield 0 when we take the secondary
Euler characteristic, and the two facts arisein the sameway in the proof of additivit y. This
suggeststhat we regarddoubly acyclic complexesasbeingdoubly in�nitesimal in sizewhen
comparedto arbitrary complexes.It alsosuggeststhat we regard the Adams operation  k

as being the di�eren tial of the functor N 7! Sk N from the category of �nitely generated
projective modules to itself; the di�eren tial is formed by �rst extending the domain of
the functor from modules to complexesof modules, which is somehow analogousto �rst
extending the domain of f from M to a nonstandard model of M .

4. The multi-relativ e S.-construction.
We let [1] denote the ordered set f 0 < 1g regardedas a category. By an n-dimensional

cube M of (exact) categorieswe will mean a functor from [1]n to the category of (exact)
categories.

In this sectionweshow how, givenan n-dimensionalcubeM of exact categories,wemay
construct a certain n-fold multisimplicial exact categorycalledCM to serveasthe mapping
coneof the cube. In the casen = 1, it will be the sameas a construction of Waldhausen
[15, p. 343] denoted S:(M 0 ! M 1); in [14, p. 182{184] the sameconstruction is called
F:(M 0 ! M 1).

If M and M 0 are n-dimensionalcubesof exact categories,we let Exact(M ; M 0) denote
the set of natural transformations M ! M 0.

If M is an exact category, we let [M ] denote the corresponding 0-dimensional cube of
exact categories.We will often simply identify M with [M ].

Given n-dimensional cubes M and M 0 of exact categories,and an exact functor g 2
Exact(M ; M 0), we may assemble M 0 and M into an n + 1-dimensional cube of exact
categories; we will use the symbol [M 0 ! M ] to denote it. We will also use square
brackets enclosing a commutativ e square of n-dimensional cubes of exact categories to
denote the corresponding n + 2 dimensional cube.

If M is an n-dimensional cube of categoriesand M 0 is an n0-dimensional cube of cat-
egories, then we let M � M 0 denote the evident n + n0-dimensional cube of categories
de�ned by

(M � M 0)( � 1; : : : ; � n + n 0) = M (� 1; : : : ; � n ) � M 0(� n +1 ; : : : ; � n + n 0):

We let � denote the category of �nite nonempty totally orderedsets. If C is a category,
let Ar (C) denote the category of arrows in C, where an arrow in this category is a commu-
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tativ e square. If A is an ordered set regardedas a category, we will use j =i to denote the
arrow from i to j in A, if i � j .

Given an exact category M with a chosenzero object 0 and an ordered set A, we call
a functor F : Ar( A) ! M exact if F (i=i ) = 0 for all i , and 0 ! F (j =i) ! F (k=i) !
F (k=j ) ! 0 is exact for all i � j � k. The set of such exact functors is denoted by
Exact(Ar( A); M ). Given orderedsetsA1; : : : ; An , we let Exact(Ar (A1) � � � � � Ar (An ); M )
denote the set of multi-exact functors, i.e., functors that are exact in each variable.

Given A; B 2 � let AB denote the totally ordered set constructed from A and B by
concatenation, i.e., as the disjoint union of A and B with every element of A declared to
be lessthan every element of B .

Now let L be a symbol, and considerf Lg to be an orderedset. Given an n-dimensional
cube of exact categoriesM , we de�ne an n-fold multisimplicial exact category CM as a
functor from (� n )op to the category of exact categoriesby letting CM (A1; : : : ; An ) be the
set

Exact([Ar( A1) ! Ar( f LgA1)] � � � � � [Ar (An ) ! Ar( f LgAn )]; M )

of multi-exact natural transformations. When n = 0, we may identify CM with M .
We de�ne S:M to be S:CM , the result of applying the S: construction of Waldhausen
degreewise.The construction S:M is a n + 1-fold multisimplicial set; to make that explicit
we write the new argument to the left of the other ones,and seethat

S:M (A0; A1; : : : ; An ) = Exact([Ar (A0)]� [Ar (A1) ! Ar( f LgA1)]� � � �� [Ar (An ) ! Ar( f LgAn )]; M )

for A0; : : : ; An 2 �.

Lemma 4.1. Supposewe are given M 0 ! M as above.
(a) There is a �br ation sequence S:[0 ! M ] ! S:[M 0 ! M ] ! S:[M 0 ! 0].
(b) In the casewhere g is the identity map, the space S:[M ! M ] is contractible.
(c) S:[0 ! M ] is homotopy equivalent to S:M .
(d) S:[M ! 0] is a delooping of S:M .
(a) There is a �br ation sequence S:M 0 ! S:M ! S:[M 0 ! M ].

Proof. One usesthe additivit y theorem of Waldhausen, just as in [15, p. 343] or [14, p.
182{184]. �

We remark that if
R � � � � ! S
?
?
y

?
?
y

T � � � � ! U
is a squareof commutativ e rings, then tensor product of projective modules leads imme-
diately to a map

jS:[P(R) ! P(S)]j ^ jS:[P(R) ! P(T)]j !

�
�
�
�
�
�
�
�

S:S:

2

6
6
4

P(R) � � � � ! P(S)
?
?
y

?
?
y

P(T) � � � � ! P(U)

3

7
7
5

�
�
�
�
�
�
�
�

which can be usedto de�ne products on relative K -groups.
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5. The construction of the Adams operations.
For the construction of the Adams operation 	 k on the K -groups of an exact category

P we will need to consider k-dimensional multi-complexes N of length one in each direc-
tion, and to take total complexesof them in a certain partial way. These \partial" total
complexeswill have fewer dimensionsthan N has, and their lengths will be greater; the
\total" total complex of N will be of dimension 1 and length k.

We describe now what sort of \partial" total complexeswe have in mind.
An equivalencerelation ' on a totally orderedset A 2 � is compatible with the ordering

if the quotient set A=' inherits an ordering from A so that the quotient map is order-
preserving. If we denote the equivalenceclassesby A1; : : : ; A t , then we may write A as
the concatenation A = A1A2 � � � A t , and the quotient A=' as the ordered set A=' =
f A1; : : : ; A t g.

Let N be a multi-complex whose directions are indexed by the elements of A. We
assumethat the di�eren tials anti-commute with each other, i.e., @i @j + @j @i = 0 ; this
ensuresthat when taking total complexes,the sumof the di�eren tials immediately provides
a di�eren tial. A homogeneouselement x 2 N has a multi-degree p : A ! Z which is a
sequenceof integers indexed by the set A, and we let Np denote the set of homogeneous
elements of N of multi-degree p, together with 0. De�ne B = A=' , and let � : A ! B
be the quotient map. We may de�ne a multi-complex N 0 = Tot ' N whosedirections are
indexed by B by specifying � � p = q : B ! Z, the degreeof x as an element of N 0. It will
be given by the formula q(b) =

P

a2 ' � 1 (b)
p(a). This corresponds to setting

N 0
q =

X

� � (p)= q

Np:

Let's use[1; k] as notation for the ordered set f 1; 2; : : : ; kg. The number of equivalence
relations on [1; k] compatible with the ordering is 2k � 1, as such relations are freely and
completely speci�ed by the truth or falsity of the statements i � ' i + 1 for i = 1; : : : ; k � 1.
We may considerthe set of equivalencerelations on [1; k] compatible with the ordering to
be a set of subsetsof [1; k] � [1; k], and order it by inclusion. It is isomorphic, asa partially
ordered set, to [1]k � 1. We usethe isomorphism that associates (� 1; : : : ; � k � 1) to ' , where

� i =
�

0 if i 6�' i + 1

1 if i � ' i + 1.

For each equivalencerelation ' on [1; k] compatible with the ordering, we let ` 1; : : : ; ` t

denote the cardinalities of the equivalenceclasses,in sequence.Consider the category M '

of t-dimensional chain-complexesthat are, for each i, of length ` i in the i -th direction,
and that are acyclic in direction 1 and in direction t. There is a total-complex functor
M ' ! M  if ' �  , becausethe lengths add when total complexesare constructed, and
becausethe total complex of a multi-complex that is acyclic in one direction is acyclic.
Using these total-complex functors we may assemble the categories M ' into a k � 1
dimensional cube ~G(k ) P = M of exact categorieswhich will serve as the target for our
Adams operation map  k .
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Actually , there is a little problem with getting ~G(k ) P to be a functor from [1]k � 1 to
the category of exact categories,becausethe composition of two total-complex functors
is perhaps only isomorphic to the combined total-complex functor; this is something like
failure of strict associativit y for direct sums, and can be cured with an easyset-theoretic
tric k, or by considering ~G(k ) P instead to be a category co�b ered over [1]k � 1 in exact
categories.

We remark that there is homotopy equivalence ~G(2) P ! GP that associates to an
acyclic complex of length 2, the images of the two di�eren tials in it. The map  2 can
be viewed as a map jS:Pj ! jS:GPj, and it was this version which was found �rst, and
motivated the more generalconstruction described in this paper.

Lemma 5.1. S: ~G(k ) P is homotopy equivalent to S:P

Proof. Consider the edgesof the cube ~G(k ) P that lie in direction 1. Theseedgesare total
complex functors M ' ! M  where the only di�erence between ' and  is that 1 6�' 2
and 1 �  2.

Consider �rst the casewhere 2 � ' 3 � ' � � � � ' k. The category M ' is the category
of bicomplexesof length 1 in direction 1, of length k � 1 in direction 2, and acyclic in
both directions. It is equivalent to the category of acyclic complexesof length k � 1, and
the functor M ' ! P k � 2 that assignsto an acyclic complex the collection of imagesof its
di�eren tials yields a homotopy equivalenceon K -theory, by the additivit y theorem. The
category M  is the category of acyclic complexesof length k. The functor M  ! P k � 1

that assignsto an acyclic complex the collection of images of its di�eren tials yields a
homotopy equivalenceon K -theory, by the additivit y theorem. Let C : P ! M  be the
functor that assignsCP to P 2 P, regardedas an acyclic complex of length k. Then the
map S:[0 ! P] ! S:[M ' ! M  ] is a homotopy equivalence.

Consider now the other case,where there exists j � 2 so that j 6�' j + 1; we claim that
S:M ' ! S:M  is a homotopy equivalence. This again is a straightforward application of
the additivit y theorem, just as in the previous paragraph. It is enlightening to regard the
additivit y theorem itself as a statement something like the one at hand: it says that the
total complex functor from the category of one-by-one bicomplexes,acyclic in direction 1,
to the categoryof acyclic complexesof length 2, givesa homotopy equivalenceon K -theory.

Combining both cases,we seethat we have a map S:P ! S: ~G(k ) P, obtained by adding
additional trivial simplicial directions to S:P, which is a homotopy equivalence. �

6. The construction of the map.
In this section we give the formula for the combinatorial Adams operation map

	 k : Subk S:P ! S: ~G(k ) P:

Here Subk is the k-fold subdivision intro duced in [5]: if X is a simplicial set, then Subk X
is the k-fold multisimplicial set de�ned by

Subk X (A1; : : : ; Ak ) = X (A1 � � � Ak ):

There is a natural homeomorphism jX j ' j Subk X j, presented in [5]. Here is a way
to seehow that homeomorphismworks. Let V be an a�ne spaceof dimension n (torsor



12 DANIEL R. GRA YSON

under Rn ). Given points v1; : : : ; vk 2 V de�ne their barycenter v1 � � � � � vk to be the point
(v1 + � � � + vk )=k. If S1; : : : ; Sk are subsetsof V , then we let S1 � � � � � Sk denote the set
f v1 � � � � � vk j vi 2 Si g.

If A is a set f v0; : : : ; vpg � V , let A denote the convex hull of A. If the vectors in A
are a�nely independent, then A is a p-simplex. Let B and C be subsetsof A; we write
B j C if i � j for all vi 2 B and all vj 2 C. Given subsetsB1 j � � � j Bk of A, the set
B1 � � � � � Bk is a product of simplices,and such setssubdivide A in exactly the sameway
that j Subk X j subdivides each simplex of jX j.

Given
M 2 Subk S:P(A1; : : : ; Ak ) = Exact(Ar( A1 � � � Ak ); P)

we de�ne

	 k M 2 Exact([Ar (A1)] � [Ar( A2) ! Ar (f LgA2)] � � � � � [Ar( Ak ) ! Ar( f LgAk )]; ~G(k ) P)

by the formula

(6.1) (	 k M )( i 1=j1; : : : ; i k =j k ) = CM (i 1=`1) � 2 CM (i 2=`2) � 3 � � � � k CM (i k =`k ):

Here i 1=j1 2 Ar( A1), and i r =j r 2 Ar( f LgA r ) for 2 � r � k. We de�ne

� r =
�

� if j r = L


 if j r 6= L

and

` r =
�

` r � 1 if j r =2 A r and r > 1

j r if j r 2 A r or r = 1

We spell out the needlessconditions conceningr = 1 and r > 1 so the samede�nition will
work below, in a context where j 1 =2 A1 is possible. Notice that j r =2 A r is equivalent to
j = L , for r > 1. Finally , one must interpret the symbols 
 arising in (6.1) as instances
of the symbol � r correctly: they are tensor products of acyclic complexes,but are to be
interpreted as yielding bicomplexesif we are looking at Ar (A r ), or as yielding complexes
if we are looking at Ar( f LgA r ); this builds into the notation the businesswith all the
total-complex functors. One checks that 	 k M is exact in the variables i r =j r using the
multilinearit y property (2.1), just as in [5].

On the level of the Grothendieck group, the secondaryEuler characteristic gives the
inverseto the isomorphism K 0P ! K 0

~G(k ) P. Combining this with the formula (3.1) we
seethat our map 	 k agreeswith the usual Adams operation on K 0P.

We now check that our Adams operations agree with the usual ones on the higher
K -groups of a ring R. Consider the �bration sequence

G:P ! P:P ! S:P

from [3] which holds for any exact category P. For reference,we state the de�nitions,
where A 2 � .

G:P(A) = Exact(Ar( f L; RgA); P)

P:P(A) = Exact(Ar( f LgA); P)

S:P(A) = Exact(Ar( A); P)
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Hereweregard f L; Rg asan partially orderedsetwhereL and R are incomparablesymbols,
and interpret the concatenationf L; RgA for A 2 � asa concatenationof partially ordered
sets, yielding a partially ordered set; it was called 
 (A) in [5]. The de�nition of 	 k given
in (6.1) appliesunchangedto each term of this �bration sequence,except that now j 1 =2 A1

becomesa possibility, for we may have j 1 = L or j 1 = R. The result is the following map
of �brations.

Subk G:P � � � � ! Subk P:P � � � � ! Subk S:P

	 k

?
?
y 	 k

?
?
y 	 k

?
?
y

G: ~G(k ) P � � � � ! P: ~G(k ) P � � � � ! S: ~G(k ) P

Having transferred our construction of 	 k to the level of the G-construction, one may
usemethods just like those of [5] to prove that our Adams operation agreeswith the one
de�ned by Quillen in [8], or those de�ned in [9].

One should be able to show directly, for any exact category P with suitable tensor
products and exterior power operations, that the Adams operations on the K -groups con-
structed here agreewith those deducedfrom the lambda operations constructed in [5].

One striking feature of the construction of 	 k is the de�nition of the category ~G(k ) P, in
which the multi-dimensional complexesare required only to be acyclic in the �rst direction
and the last direction. The map 	 k , on the other hand, involves only tensor products
of generalizedKoszul complexes,so the multi-dimensional complexesoccurring in it are
acyclic in every direction. One might imagine re�ning the map by changing the de�nition
of ~G(k ) P accordingly. This would lead to a spacewhich contains various deloopings of the
K -theory spacefor P, and thus might lead to Adams operations maps that decreasethe
degree,K i P ! K i � j P. I think that all such maps might well be zero, and so thesemaps
will turn out to be simply spurious.
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