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Abstract. We consider a filtration of the K-theory space for a regular noetherian ring

proposed by Goodwillie and Lichtenbaum and show that its successive quotients are geo-
metric realizations of explicit simplicial abelian groups. The filtration in weight t involves

t-tuples of commuting automorphisms of projective R-modules. It remains to show that
the Adams operations act appropriately on the filtration.

1. Introduction.

Much of the interest in algebraic K-theory today arises because it points the way
toward development of a motivic cohomology theory. According to the philosophy of
Beilinson, if R is a regular noetherian ring and X = Spec(R), then motivic cohomology
groups Hm(X,Z(t)), once defined, ought to appear in a spectral sequence

(1.1) Epq
2 = Hp−q(X,Z(−q))⇒ K−p−q(R)

which is reminiscent of the spectral sequence of Atiyah and Hirzebruch for topological
K-theory. A natural way to approach this problem is to take the space K(R) whose
homotopy groups are the K-groups, Kn(R) = πnK(R), and produce a filtration

K(R) = W 0 ←W 1 ←W 2 ← . . .

of it. See, for example, the exposition in [9]. The two basic requirements are
(A) that the quotient W t/W t+1 should be the geometric realization of a simplicial

abelian group, and
(B) that the Adams operations ψk act on the filtration, and act purely on the quotients

W t/W t+1, i.e., by multiplication by kt.
Adopting the definition Z(t) = Ω2tW t/W t+1 in the sense of spectra (with negative
homotopy groups), or equivalently Hm(X,Z(t)) = π2t−m(W t/W t+1), leads immediately
to an exact couple and thus to a spectral sequence as in (1.1), and allows one (if the two

basic requirements are fulfilled) to identify Hm(X,Q(t)) with K2t−m(R)
(t)
Q , the weight

t part of K2t−m(R)Q.
The Postnikov filtration of K(R) is an example where (A) is fulfilled, but (B) is

not. The quotients are geometric realizations of simplicial abelian groups with a single
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nonvanishing homotopy group, but they fail to have pure weight, because KnR is not
pure of weight n, even for n = 3 and R a field.

In this paper we examine a proposed filtration W t of K(R) due to Goodwillie and
Lichtenbaum. In section 2 we review the motivation behind their proposal, which makes
property (B) plausible. We prove that each quotient W t/W t+1 is the geometric re-
alization of a simplicial abelian group (10.6), thereby fulfilling requirement (A). This
provides the first known example of a filtration of K(R) satisfying (A), and which could
conceivably satisfy (B), at least when R is local. The fact that the simplicial abelian
group is known explicitly may make further computations possible.

2. The proposed filtration.

I explain now the ideas of Goodwillie and Lichtenbaum.
Goodwillie has made the following important motivational observation. Suppose the

filtration W t is compatible with multiplication, in the sense that there are pairings
W i∧W j →W i+j . Suppose also that W 0/W 1 ∼= Z; according to property (B), we expect
this when R is a domain because the weight zero part of K-theory all occurs in K0. It
follows that W i/W i+1 will be a module for the ring W 0/W 1 ∼= Z. Hence W i/W i+1 will
be homotopy equivalent to the geometric realization of a simplicial abelian group, by a
general fact about spectra which are Z-modules.

In order to arrive at the proposed definition of W t, let us consider temporarily the
case where R is local and see what advantages arise in that case. Soulé has shown [16,
Corollary 1, p. 498] for such local rings that

(2.1) Kn(R)
(t)
Q = 0 for n < t.

Thus we might well expect that the homotopy groups

π0W
t, π1W

t, . . . , πt−1W
t

would vanish, and that W t would arise as the t-fold delooping of another space V t. The
group π0V

t = πtW
t would be related to the weight t part of Kt(R), which in turn is

closely related to the Milnor K-group KM
t (R). The Milnor K-group is constructed from

t-tuples of units in R, so the space V t might be constructed from the same ingredients,
but it is a bit hard to see how to extract homotopy theory from units. The idea of Good-
willie and Lichtenbaum is to use invertible matrices (or, equivalently, automorphisms of
projective modules) instead.

When M is an exact category we let KM denote the space whose homotopy groups
are the K-groups, i.e., KnM = πnKM. Given a ring R let P(R) denote the exact
category of finitely generated projective R-modules. Given two rings R and S with 1,
let P(R, S) denote the exact category of R-S-bimodules which as R-modules are finitely
generated and projective. Observe that P(R,Z) = P(R). Set K(R, S) = KP(R, S).
If T is another ring, then tensor product over S gives a bi-exact functor P(R, S) ×
P(S, T ) → P(R, T ) which leads to a pairing K(R, S) ∧ K(S, T ) → K(R, T ). Let Gm

denote the multiplicative group, as a group scheme over Spec(Z). The underlying scheme
is Gm = Spec Z[U,U−1]. We see that the exact category P(R,Gm) = P(R,Z[U,U−1]) is
(isomorphic to) the exact category where an object is a pair (P, θ) consisting of a finitely
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generated projective R-module P and an automorphism θ ∈ Aut(P ). This is the same
category that was considered in [5] and [6].

We can generalize this notation a bit: if M is an exact category, and S is a ring,
then we letM(S) denote the exact category of pairs (M,ρ), where M is an object ofM
and ρ : S → EndMM is an “S-module structure” for M . As above, we may interpret
M(Gm) as the exact category of automorphisms of objects of M. Observe also that
P(R)(S) = P(R, S). This definition has often been used before, and appears in [14,
12.1-2] and [11].

The pairing K(R,Gm) ∧ K(Gm) → K(R) together with multiplication by the unit
U ∈ Z[U,U−1]× ∼= K1Z[U,U−1] gives a map K(R,Gm)→ ΩK(R), which is presumably
the same as the map considered in [5] and [6]. On homotopy groups, the image of
that map ought to consist of elements of weight ≥ 1, because U , being a unit, has pure
weight 1, and weights add upon multiplication. Since 1 is the trivial element of the group
K1Gm, multiplication by U kills the K-theory of the subcategory P(R, 1) of P(R,Gm)
consisting of those pairs (P, θ) where θ is the identity. Let’s introduce K(R,Gm

∧1) as
notation for the second factor in the decomposition K(R,Gm) ∼ K(R)×K(R,Gm

∧1).
The relevant part of the map above is the map K(R,Gm

∧1)→ ΩK(R).
Similarly, we may consider P(R,Gm

t), each of whose objects (P, θ1, . . . , θt) is essen-
tially a finitely generated projective R-module P equipped with commuting automor-
phisms θ1, . . . , θt. Multiplication by Ut gives us a map K(R,Gm

t) → ΩK(R,Gm
t−1),

and multiplication by U1 · . . . · Ut gives us a map K(R,Gm
t) → ΩtK(R) whose image

on homotopy groups ought to consist of elements of weight ≥ t. The latter map dies on
each of the subcategories P(R,Gm×· · ·×1×· · ·×Gm) where one of the automorphisms
is the identity, and indeed it factors through the iterated cofiber space constructed from
the t-dimensional cube of spaces obtained from K(R,Gm

t) by setting various Gm factors
to 1.

Here is some convenient notation for cubes, as in [8, §4]. We let [1] denote the ordered
set {0 < 1} regarded as a category, and we use ε as notation for an object of [1]. By
an n-dimensional cube in a category C we will mean a functor from [1]n to C. An
object C in C gives a 0-dimensional cube denoted by [C], and an arrow C → C ′ in C
gives a 1-dimensional cube denoted by [C → C ′]. If the category C has products, we
may define an external product of cubes as follows. Given an n-dimensional cube X
and an n′-dimensional cube Y in C, we let X � Y denote the n + n′-dimensional cube
defined by (X � Y )(ε1, . . . , εn+n′) = X(ε1, . . . , εn) × Y (εn+1, . . . , εn+n′). If M is an
exact category, and X is a cube of affine schemes, then we let M(X) denote the cube
of exact categories defined by M(X)(ε1, . . . , εn) =M(X(ε1, . . . , εn)). Let Gm

∧t denote
the external product of t copies of [1 → Gm]. The cube Gm

∧t of affine schemes gives
rise to a cube P(R,Gm

∧t) = P(R)(Gm
∧t) of exact categories. In [8, §4] is presented

a construction called C which can be applied to a cube of exact categories to convert
it into a multisimplicial exact category, the K-theory of which serves as the iterated
cofiber space of the corresponding cube of K-theory spaces. We use K(R,Gm

∧t) as
notation for that K-theory space, and we let Kn(R,Gm

∧t) = πnK(R,Gm
∧t). We see

that K0(R,Gm
∧t) can be described more concretely as the quotient of K0(R,Gm

t) by
the subgroup generated by those objects (P, θ1, . . . , θt) where θi = 1 for some i.

We let Ord denote the category of finite nonempty ordered sets, and for each d ≥ 0
we introduce the object [d] = {0 < 1 < · · · < d} of Ord. We let ∆d = HomOrd(−, [d]),
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so that |∆d| is the standard d-simplex.
We recall now the standard simplicial polynomial ring over R, which occurs in the

Karoubi-Villamayor K-theory. We introduce the affine space Ad of dimension d with
the coordinate system implied by writing it as

Ad = Spec(Z[T0, . . . , Td]/(T0 + · · ·+ Td − 1).

For d ≥ 0 one has the R-algebra

RAd = R[T0, . . . , Td]/(T0 + · · ·+ Td − 1).

It is a polynomial ring over R in d variables, and is isomorphic to R when d = 0. Given

a map [d]
ϕ
−→ [e] the map ϕ∗ : RAe → RAd is defined by ϕ∗(Tj) =

∑

ϕ(i)=j Ti. The

resulting simplicial ring RA· : d 7→ RAd has the element T = T0 in degree 1, which
satisfies ∂∗0T = 0 and ∂∗1T = 1. Thus T is an edge which connects 1 to 0, making RA· a
connected simplicial ring.

As for any connected simplicial ring, RA· is actually contractible, for one can construct
a homotopy f : ∆1 × RA· → RA· from 0 to 1 by defining, for each ` ≥ 0, the map
f` : ∆1

` × RA` → RA` with the formula f`(ϕ, r) = (ϕ∗T ) · r. Any connected simplicial
ring contains an element T in degree 1 with ∂∗

0T = 0 and ∂∗1T = 1.
If F is a functor from rings to spaces, then we may consider the simplicial space

(d 7→ F (RAd)); we let F (RA·) denote it when there is no possibility of confusion. We
see that π0|F (RA·)| is the quotient of π0|F (R)| by the equivalence relation generated by
the requirement that x(0) ∼ x(1) for every x = x(T ) ∈ π0|F (R[T ])| = π0|F (RA1)|. This
equivalence relation may be called polynomial homotopy, and the functor F ′ defined by
F ′(R) = |F (RA·)| may be said to be obtained from F by working modulo polynomial
homotopy.

There is a natural map F → F ′ arising from the structure map Ad → Spec(Z). From
[20, 1.7i and 2.4] it follows that the natural map F ′ → F ′′ is a homotopy equivalence;
this justifies the terminology. Another proof can be obtained by using the diagonal map
Ad → Ad × Ad to define a map |d 7→ F (RAd ⊗R RAd)| → |d 7→ F (RAd)| to serve as a
homotopy inverse; one composite is the identity, and the other is simplicially homotopic
to the identity via the evident affine homotopy.

For future use, we mention now that if we are given a simplicial exact category d 7→ Pd

then we define its K-theory space K(P) to be |d 7→ K(Pd)|.
We are ready for the proposed filtration of Goodwillie and Lichtenbaum. We let

V t = K(RA·,Gm
∧t) = |d 7→ K(RAd,Gm

∧t)|, and define W t = Ω−tV t, making use of
the deloopings available to spaces arising from K-theory.

We assume henceforth that R is a regular noetherian ring. The Fundamental Theorem
of K-theory then says that the map K(R)

∼
−→ K(R[T ]) is a homotopy equivalence. It

follows easily that the map

(2.2) K(R)
∼
−→ K(RA·)

is a homotopy equivalence. We see that W 0 = K(RA·,Gm
∧0) = K(RA·, 1) = K(RA·) ∼

K(R). Multiplication by U ∈ K1(Gm) gives a map W t+1 →W t. Assembling these two
facts gives us a filtration

K(R) ∼W 0 ←W 1 ←W 2 ← . . .
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of the type desired.
It is conceivable, at least when R is local and thus (2.1) holds, that W t captures all

of the weight ≥ t part of K-theory. Even if R is not local, it is conceivable that πnW
t

captures all of the weight ≥ t part of KnR provided n ≥ t.
We see that

π1W
1 = π0V

1 =
K0(R,Gm)

imK0(R) + imK0(R[T ],Gm)
,

and it is an easy exercise to identify the latter group with K1R when R is a regular

noetherian ring. The main point of the exercise is that an elementary matrix

(

1 α
0 1

)

can be deformed to the identity matrix by using the matrix

(

1 Tα
0 1

)

and letting T go

from 1 to 0.
Since π1W

2 = π0W
2 = 0 we see that π1W

1/W 2 = π1W
1 = K1(R). The group K1

has no weight zero part, and so when (2.1) holds, this group has pure weight 1, but this
fact is too trivial to be viewed as evidence for the general conjecture that W t/W t+1 has
the right weight.

The group π2W
2 is given explicitly as the quotient

GW2R = π2W
2 ∼=

K0(R,Gm
2)

imK0(R,Gm × 1) + imK0(R, 1×Gm) + imK0(R[T ],Gm
2)

This formula amounts to an explicit definition of GW2R by generators and relations.
Goodwillie has provided evidence for the correctness of the proposed filtration, for by
a hard calculation he has shown that GW2R is isomorphic to K2R when R is an alge-
braically closed field, and that K2R is a direct summand of GW2R when R is a field
which is either perfect or not of characteristic 2. He expects to be able to show that the
complementary summand vanishes.

An additional suggestion I received from Lichtenbaum is that the quotient W t/W t+1

might be

(2.3) Ω−t|d 7→ K0(RAd,Gm
∧t)|.

This is the explicit simplicial abelian group promised earlier, whose corresponding chain
complex should figure in motivic cohomology. The techniques in this paper depend on
the use of direct-sum K-theory (ignoring the exact sequences), so we end up with

(2.4) Ω−t|d 7→ K⊕
0 (RAd,Gm

∧t)|

instead. It is possible that (2.3) and (2.4) are homotopy equivalent, or equivalently, that
the corresponding chain complexes are quasi-isomorphic; if this were not the case, it
would be discouraging, for there are exact sequences arising from exterior powers which
are not naturally split, and presumably we will need to use them to show that the opera-
tions arising from exterior powers behave properly here. On the other hand, it shouldn’t
be taken as a bad sign that these initial results involve direct sum K-theory, as the same
was true for two of Quillen’s three definitions of higher K-theory of a ring, and the def-
inition most removed from consideration of exact sequences (the plus construction) was
the one where the operations arising from exterior powers were first constructed. More-
over, direct sum K-theory might turn out to have certain computational advantages due
to the simplicity of the construction.
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3. Loop spaces for simplicial sets.

We present now the definition of ωY from [3] for a simplicial set Y with base point
y0 ∈ Y0. It provides a combinatorial approximation to the loop space Ω|Y | in the sense
that there is always a natural map |ωY | → Ω|Y |, and in favorable cases this map turns
out to be a homotopy equivalence.

Given A,B ∈ Ord we let AB ∈ Ord denote the ordered set obtained by concatenating
A and B, with the elements of A smaller than the elements of B. The natural inclusion
maps A → AB ← B provide natural face maps Y (A) ← Y (AB) → Y (B). Let PY be
the simplicial path space of edges in Y with initial endpoint at y0; it can be defined for
A ∈ Ord by

(PY )(A) = lim
←−









Y ([0]A)




y

{y0} −−−−→ Y ([0])









.

The space |PY | is contractible; one sees this with an explicit homotopy h : ∆1 × PY →
PY from y0 to 1PY defined as follows. For (ϕ, y) ∈ ∆1(A)×(PY )(A) we define h(ϕ, y) =
t∗ϕ(y) where tϕ : [0]A→ [0]A is defined by

tϕ(0) = 0

tϕ(a) =

{

0 ϕ(a) = 0

a ϕ(a) = 1

The face maps Y ([0]A)→ Y (A) provide a projection map PY → Y . We define

ωY = lim
←−









PY




y

PY −−−−→ Y









.

The commutative square
|ωY | −−−−→ |PY |





y





y

|PY | −−−−→ |Y |

together with the contractibility of the space |PY | provides a natural map |ωY | → Ω|Y |.
A vertex of ωY is nothing more than a pair of edges

y0 → y1 ← y0

in Y , and an edge of ωY is a pair of triangles

y0 → y1 ← y0
↘ ↓ ↙

y2

in Y . In these diagrams y0 is the base point, and y1 and y2 are variable. A vertex of
ωY yields a loop in |Y | which starts at y0, follows one edge to y1, and returns along the
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other edge to y0, and an edge of ωY yields a homotopy between two such loops. This
motivates the definition of ωY .

In the case where Y is actually a category (regarded as a simplicial set by identifying
it with its nerve) the simplicial set PY is the same as the comma category y0/Y , and
ωY is the comma category (y0, y0)/∆Y , where ∆Y : Y → Y × Y is the diagonal map.
The triangles in the diagram above are then to be interpreted as commutative triangles.
One can also write ωY as the iterated comma category y0/F , where F is the projection

y0/Y
F
−→ Y ; we’ll use this later.

We remark that if Y is a simplicial group, then the map |ωY | → Ω|Y | is always a
homotopy equivalence. To prove this one assumes that Y is connected and uses the Kan
extension property to show that PY → Y is a surjective map of simplicial groups, hence
is a Kan fibration.

In [3] it was shown that |ωSM|→ Ω|SM| is a homotopy equivalence, whereM is an
exact category, and S is the S-construction of Waldhausen; we defined G.M = ωSM.
(See also [7] and [10].)

It is worth observing that |ωS⊕M| → Ω|S⊕M| is a homotopy equivalence, where
|S⊕M| is the direct-sum K-theory defined in section 4 below; the proof can be obtained
by applying lemma 2.1 of [3]. Indeed, one of Quillen’s original constructions for K-
theory (described in [4]) was the category S−1SM introduced below, which is essentially
equivalent to ωS⊕M. He introduced S−1SM for the purpose of relating the K-theory
of P(R), as defined with the Q-construction, to the K-theory defined via the infinite
general linear group of R. Quillen has also remarked that looping a space combinatorially
seems to be a good way to perform computations, but delooping seems to be a good way
to prove general theorems. As an example of the former, one could cite the fact that
Milnor’s K2 group agrees with Quillen’s — to prove this, one seems to need a K-theory
space where K2 appears as π2, such as BG`(R)+. As an example of the latter, one could
cite the localization theorem for abelian categories of Quillen — to prove it, one seems
to need a K-theory space where K2 appears as π3, such as the the Q-construction of
Quillen. In line with this observation, in this paper we are forming multiple loop spaces,
with the hope that they will lead to specific computations.

4. Direct sum K-theory.

An exact category in which every exact sequence splits is completely determined by
the underlying additive category. It is well known from work of Quillen and Waldhausen
that the K-theory of such a category can be constructed in various ways. We begin by
describing a slight modification of theire ideas.

Let S⊕M denote the version of the S-construction where the short exact sequences
are replaced by direct sum diagrams. We make this precise as follows. For A ∈ Ord
we define a category Sub(A) whose objects are the pairs (i, j) with i ≤ j ∈ A, and
where there is an (unique) arrow (i′, j′) → (i, j) exactly when i′ ≤ i ≤ j ≤ j′. We say
that a functor M : Sub(A) → M is additive if M(i, i) = 0 for all i ∈ A, and for all
i ≤ j ≤ k ∈ A the map M(i, k)→M(i, j)⊕M(j, k) is an isomorphism. Here 0 denotes
a previously chosen zero object of M. The set of such exact functors is denoted by
Add(Sub(A),M).

Definition 4.1. We define the simplicial set S⊕M by setting

(S⊕M)(A) = Add(Sub(A),M).
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The simplicial set S⊕M is closely related to NΓM of Waldhausen [17, p. 174], but
doesn’t include as many direct sum diagrams. An n-simplex M ∈ S⊕

nM may be thought
of as a compatible collection of direct sum diagrams M(i, j) ∼= M(i, i+1)⊕ · · ·⊕M(j−
1, j). There is a natural map S⊕M → SM which converts each direct sum diagram
M(i, k) ∼= M(i, j) ⊕M(j, k) into the short exact sequence 0 → M(i, j) → M(i, k) →
M(j, k)→ 0.

Definition 4.2. If M is a simplicial additive category, then we define S⊕M = (d 7→
S⊕Md). When M is an additive category or a simplicial additive category, we define
K⊕M = Ω|S⊕M|, and refer to its homotopy groups as the direct sum K-groups, K⊕

i M.

For rings R and S we define K⊕(R, S) = K⊕P(R, S).
Now we extend the definition of S⊕ to cubes of exact categories just as the definition

of S was extended to cubes in [8, §4], yielding multirelative direct-sum K-theory. Much
of this material is essentially the same as the treatment of NΓ(W,V ) in [17, p. 174]. Let
L be a symbol, and consider {L} to be an ordered set. Given an n-dimensional cube of
additive categoriesM, we define an n-fold multisimplicial additive category C⊕M as a
functor from (Ordn)op to the category of exact categories by letting C⊕M(A1, . . . , An)
be the set

Add([Sub(A1)→ Sub({L}A1)] � · · ·� [Sub(An)→ Sub({L}An)],M)

of multi-additive natural transformations. When n = 0, we may identify C⊕M with
M. We define S⊕M to be S⊕C⊕M, the result of applying the S⊕ construction of
Waldhausen degreewise. It is an n+ 1-fold multisimplicial set.

Lemma 4.3. Suppose we are given an additive map M′ →M of n-dimensional cubes
of additive categories. Let [M′ →M] denote the corresponding n+ 1-dimensional cube
of additive categories.

(a) There is a fibration sequence

S⊕[0→M]→ S⊕[M′ →M]→ S⊕[M′ → 0].

(b) The space S⊕[M
1
−→M] is contractible.

(c) S⊕[0→M] is homotopy equivalent to S⊕M.
(d) S⊕[M→ 0] is a delooping of S⊕M.
(e) There is a fibration sequence S⊕M′ → S⊕M→ S⊕[M′ →M].

Proof. One uses the additivity theorem of Waldhausen, just as in [18, p. 343] or [17, p.
182–184]. Actually, since these are direct sum diagrams instead of short exact sequences,
the analogue of the additivity theorem we actually use is much easier.

Here is the precise definition of Quillen’s category S−1SM, for an additive category

M. We define a split monomorphism i : M
�

�N in M to be a pair consisting of an
admissible monomorphism i : M � N and an admissible epimorphism p : N � M
such that pi = 1. There is an evident notion of composition for split monomorphisms.
An object of S−1SM is a pair (M ′,M ′′) of objects of M, and an arrow (M ′,M ′′) →

(N ′, N ′′) of S−1SM is a triple (f ′, f ′′, h) consisting of split monomorphisms f ′ : M ′
�

�N ′
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and f ′′ : M ′′
�

�N ′′, with an isomorphism h : ckr f ′
∼=
−→ ckr f ′′. (It is possible to specify

the isomorphism h without having picked objects to serve as cokernels of f ′ and f ′′, for we
may specify such an h simultaneously for all possible choices of cokernels. Alternatively,

we could specify h by means of the map

(

0 0
0 h

)

: N ′ → N ′′.)

In the case where M ′ = 0 and M ′′ = 0 then f ′ and f ′′ are uniquely determined and

can be omitted from the notation; thus an arrow (0, 0)
h
−→ (N ′, N ′′) is the same thing as

an isomorphism h : N ′
∼=−→ N ′′. In the case where f ′ and f ′′ are isomorphisms, then the

isomorphism h is uniquely determined and can be omitted from the notation; thus an

isomorphism (M ′,M ′′)
(f ′,f ′′)
−−−−→ (N ′, N ′′) is simply a pair of isomorphisms. Any arrow

of S−1SM is isomorphic to one of the form

(f ′, f ′′, 1X) : (M ′,M ′′)→ (M ′ ⊕X,M ′′ ⊕X),

where f ′ and f ′′ are the split inclusions onto the first factor.
Composition of arrows in the category S−1SM is done by composing the split mono-

morphisms and taking the direct sum of the isomorphisms. This can be made a bit
more explicit: we leave that as an exercise. The object (0, 0) will be the base point in
S−1SM.

There is an evident map ωS⊕M→ S−1SM. A map the other way can be obtained by
first choosing cokernels for all admissible monomorphisms inM, so using the techniques
involved in Lemma 3.1.1 of [3] and the paragraph following it, one sees that the two
maps are inverse homotopy equivalences. Here is another approach to the equivalence
which roughly follows Waldhausen’s reasoning in part (2) of the Corollary on p. 335 of
[18]. For A ∈ Ord let

Γ(A) = lim
−→









A −−−−→ [0]A




y

[0]A









,

and interpret (ωS⊕M)(A) as the set of additive functors Sub(Γ(A)) → M. Let 0′

and 0′′ denote the two copies of 0 in Γ(A). Let Is′ωS⊕
k M denote the groupoid of

those natural isomorphisms M → N between elements of ωS⊕
kM that induce identity

arrows M(0′, i) → N(0′, i) and M(0′′, i) → N(0′′, i) for each i ∈ [k]. We see that
S−1SkM is the set π0Is

′ωS⊕

k M of isomorphism classes in the groupoid, and since the

groupoid’s objects have trivial automorphism groups, the map Is′ωS⊕
k M → S−1SkM

is a homotopy equivalence. Let Is′ωS⊕M denote the bisimplicial set (k 7→ Is′ωS⊕

k M).
The map Is′ωS⊕M → S−1SM is a homotopy equivalence, because it is a homotopy
equivalence in each degree. The degeneracy map ωS⊕M = Is′0ωS

⊕M→ Is′kωS
⊕M is

a simplicial homotopy equivalence: the inverse is the face map arising from the inclusing
[0] → [k] sending 0 to k, and the simplicial homotopy required can be constructed
explicitly by a formula essentially the same as that of Waldhausen displayed in the proof
of Lemma 3.1.1 of [3].

Quillen proved in [4] that K(M) ∼ |S−1SM| whenM is an exact category in which
every exact sequence splits. The isomorphism π0S

−1SM → K0M is implemented by
sending the component containing (P ′, P ′′) to the class [P ′]− [P ′′] in K0(M).
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Let’s examine the category ωS−1SM more closely now. The objects are diagrams

(0, 0)
α
−→ (P ′, P ′′)

β
←− (0, 0)

in S−1SM, and the arrows are commutative diagrams

(0, 0)
α
−→ (P ′, P ′′)

β
←− (0, 0)

↘ ↓ ↙
(Q′, Q′′)

By taking the vertical arrow in this diagram to be the isomorphism

(α, 1P ′′) : (P ′, P ′′)→ (P ′′, P ′′)

we see that any object of ωS−1SM is isomorphic to an object of the form

(0, 0)
1P−→ (P, P )

β
←− (0, 0)

in which the left hand arrow arises from the identity map of P , and the right hand
arrow is determined by an automorphism β ∈ AutP . The full subcategory ω′S−1SM of
ωS−1SM consisting of such objects is equivalent to ωS−1SM. An arrow in ω′S−1SM
is a commutative diagram

(0, 0)
1P−−−−→ (P, P )

β
←−−−− (0, 0)





y
(f,g,h)





y





y

(0, 0)
1Q

−−−−→ (Q,Q)
γ

←−−−− (0, 0)

The commutativity of the left hand square implies that the maps 1Q, 1P , and h provide
an isomorphism from the direct sum diagram Q ∼= P ⊕ ckr f determined by f to the
direct sum diagram Q ∼= P ⊕ ckr g determined by g. This implies that f = g and h = 1,
so if we write X = ckr f , and write Q as P ⊕X, then we see that γ = β ⊕ 1X .

We can rephrase the result of the discussion in the previous paragraph as follows. The
category ωS−1SM is equivalent to the category C where an object is any pair (P, β) with

P ∈ M and β ∈ AutP , and an arrow (P, β)→ (Q, γ) is any split monomorphism P
�

�Q
with respect to which one has the equation γ = β ⊕ 1. The objects of C are themselves
the objects of the exact categoryM(Gm), the arrows of C are also the objects of an exact
category, and indeed, the nerve of C can be interpreted as a simplicial exact category.
(If I had enough nerve, I would simply inform you that C is the category of objects of a
category exact category, and leave it at that!) We will let C also denote this simplicial
additive category. There is a map C⊕M(Gm

∧1)→ C which amounts to forgetting some
choices of cokernels, so as before, the map is a homotopy equivalence. It is also true
that S⊕C⊕M(Gm

∧1) → S⊕C is a homotopy equivalence. Thus we have a homotopy
equivalence

(4.4) K⊕M(Gm
∧1) ∼ K⊕ωS−1SM.
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Now we give an example to show why the map

|ωS−1SM| → Ω|S−1SM|

is not always a homotopy equivalence. Let R be a ring. We take for M the exact
category F(R) finitely generated free R-modules. (Taking M = P(R) works just as
well.) To see that the map

|ωS−1SF(R)| → Ω|S−1SF(R)|

is not a homotopy equivalence it is sufficient to show that the induced map

π0|ωS
−1SF(R)| → K1(R)

is not an isomorphism. It follows from the discussion above that the set on the left is
π0|C| = π0| objF(R)(Gm

∧1)|, and so it is the quotient of the set

∞
∐

n=1

G`n(R)

by the equivalence relation generated by the following two requirements.

A ∼ CAC−1

A ∼ A⊕ 1k

Here A and C are in G`n(R) for some n, and 1k is the k by k identity matrix. It follows
that π0|ωS−1SF(R)| is the set of conjugacy classes in G`(R), and this is definitely not
the same thing as K1(R), as it isn’t even a group under ⊕.

Even though we know that |ωS−1SM| is not the loop space of |S−1SM|, it is worth
considering, in the remaining paragraphs of this section, how close one comes in trying
to prove it, for later on we will eliminate the obstacle by replacing M by a simplicial
additive category over a connected simplicial ring.

For a pointed simplicial set, space, or category Y we let I∗Y denote the connected
component of Y containing the base point. (If y is a point of Y , we let IyY denote the
connected component of Y containing y.)

The loops used in the construction of ωS−1SM start at the base point ∗ = (0, 0),
and don’t wander into other components, so ωS−1SM = ωI∗S

−1SM. In order to prove
that the square

|ωS−1SM| −−−−→ |PI∗S−1SM|




y





y

|PI∗S−1SM| −−−−→ |I∗S−1SM|

is homotopy cartesian, we could try to compute the homotopy fiber of the map F :
PI∗S

−1SM → I∗S
−1SM using Theorem B of Quillen [15]. (The fiber (0, 0)/F is
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evidently the same as ωS−1SM.) In order to apply Theorem B, we would need to show
that for any arrow (P ′, P ′′)→ (V ′, V ′′) of I∗S

−1SM the transition map

(V ′, V ′′)/F → (P ′, P ′′)/F

on right fibers is a homotopy equivalence. A necessary condition for this to succeed is
that each fiber (P ′, P ′′)/F be nonempty, for at least one of the fibers is nonempty, and
the base space I∗S

−1SM is connected. The category (P ′, P ′′)/F is nonempty if and
only if there is a diagram of the form

(P ′, P ′′)→ (Q′, Q′′)← (0, 0)

in X0 which connects (P ′, P ′′) to the base point, for such diagrams are the objects of
(P ′, P ′′)/F . In fact, there always is such a diagram when (P ′, P ′′) ∈ I∗S

−1SM, for then
[P ′]− [P ′′] = 0 in K⊕

0 M, and it follows that P ′ and P ′′ are stably isomorphic. A stable
isomorphism θ : P ′ ⊕Q ∼= P ′′ ⊕Q yields a diagram

(P ′, P ′′)→ (P ′ ⊕Q,P ′′ ⊕Q)
θ
←− (0, 0)

of the desired type.
Since every object of (P ′, P ′′)/F is isomorphic to one of this form, we will call

(P ′, P ′′)/F the category of stable isomorphisms from P ′ to P ′′, and let Stab(P ′, P ′′)
denote it. A worthwhile exercise is to describe the arrows of this category in explicit
terms.

One might consider using the G-construction of [3] instead of S−1S to try to bring
the exact sequences of M into play, but the right fibers would not all be nonempty.
For a simple example, take forM the category of finitely generated abelian groups, and
consider the object (Z/2Z, 0) ∈ I∗GM. Connecting it to the origin by a path

(Z/2, 0)→ (M,M)
1M←−− (0, 0)

amounts to finding a pair of exact sequences

0 −→ Z/2 −→M −→ N −→ 0

0 −→ 0 −→M −→ N −→ 0

in M, and this can’t be done, because any surjective endomorphism of the noetherian
module M is an isomorphism. Such a simple example doesn’t seem to exist in the
opposite category, though, so this offers some hope of handling the G-construction for
certain sorts of exact categories.

It turns out that whenM is the category of modules of finite length over a Dedekind
domain R, the right fibers are all nonempty (still using the G-construction). To see this,
let P and Q be two such modules with the same simple factors, and assume, without
loss of generality, that they are primary for the prime p. Write P ∼=

⊕n
i=1R/p

ai and

Q ∼=
⊕n

i=1R/p
bi . For 1 ≤ k ≤ n define ck =

∑k
i=1(ai − bi) +K, where K is an integer

sufficiently large to ensure that ck ≥ ak for all k. One checks that ck − ak = ck−1 − bk
for 1 < k ≤ n and c1 − a1 = cn − b1. It follows that there are exact sequences

0 −→ P −→M −→ N −→ 0

0 −→ Q −→M −→ N −→ 0

with M =
⊕

R/pci and N =
⊕n

k=1R/p
ck−ak ∼=

⊕n
k=2R/p

ck−1−bk ⊕R/pcn−b1 .
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5. Fibers for maps of simplicial categories.

Let F : B → C be a map of simplicial categories. Waldhausen [19, Section 4] provides
us with a method of computing the homotopy fiber of |F | in certain cases, which we
proceed to explain. For any ` ≥ 0 and any object C ∈ C` the right fiber C/F is the
simplicial category defined in terms of the comma categories for the component functors
Fd of F as follows.

(C/F )d =
∐

ϕ:[d]→[`]

ϕ∗C/Fd

Notice that the index set for the coproduct depends on d, so C/F is not a disjoint union
of simplicial categories.

We write an object of the category (C/F )d as a triple (ϕ, f,B) with ϕ : [d] → [`],
f : ϕ∗C → FdB, and B ∈ Bd. The face map δ∗ : (C/F )d → (C/F )d′ corresponding
to a map δ : [d′] → [d] is defined by the formula δ∗(ϕ, f,B) = (δ∗ϕ, δ∗f, δ∗B). Here
δ∗ϕ = ϕ ◦ δ is the image of ϕ under the face map δ∗ : ∆`

d → ∆`
d′ .

There are transition maps of two types. Given an arrow p : C ′ → C in C` the
transition map

(5.1) u(p) : C/F → C ′/F

is defined by u(p)(ϕ, f,B) = (ϕ, f ◦ ϕ∗p,B). Given a map λ : [`′] → [`] the transition
map vλ : (λ∗C)/F → C/F is defined by vλ(ϕ, f,B) = (λ ◦ ϕ, f,B).

Waldhausen’s Theorem B′ states [19] that if the transition maps are all homotopy
equivalences, then for any C the square

(5.2)

|C/F | −−−−→ |B|




y
F





y

|C/1| −−−−→ |C|

is a homotopy cartesian square, and the space |C/1|, where 1 denotes the identity map
on C, is contractible.

In the case where C is the base point object C0 of X0, then ` = 0, and for each d ≥ 0
there is a unique map ϕd : [d]→ [0]. Thus the disjoint union in the definition of (C0/F )d

has just one term, and we find that (C0/F )d = ϕ∗
dC/Fd.

Theorem 5.3. With notation as above, if each category C` is connected, and all transi-
tion maps arising from arrows C ′ → C are homotopy equivalences, then the square (5.2)
is homotopy cartesian.

Proof. Given a map β : [m] → [`], we may show that the transition map (β∗C)/F →
C/F is a homotopy equivalence as follows. Let C0 be any object of C0, and using
connectedness locate a path

ϕ∗
`C0 = C ′

0 → C ′
1 ← C ′

2 → . . .← C ′
n = C

in C` which connects C to the base point. As Waldhausen remarks [19, Addendum,
p. 166], it is easy to check that there is a homeomorphism |ϕ∗

`C0/F | ∼= ∆` × |C0/F |, in
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terms of which the transition map |ϕ∗
`C0/F | → |C0/F | associated to ϕ` is the projection

on the second factor, and is thus a homotopy equivalence. The transition map for ϕm

is also a homotopy equivalence, and since ϕ`β = ϕm, we see that the transition map
|β∗C ′

0/F | → |C
′
0/F | associated to β is a homotopy equivalence, too. Now we prove that

|β∗C ′
n/F | → |C

′
n/F | is a homotopy equivalence by using a sequence of commutative

squares

|β∗C ′
i/F | −−−−→ |β

∗C ′
i±1/F |





y





y

|C ′
i/F | −−−−→ |C ′

i±1/F |

in which the horizontal maps are transition maps coming from arrows, thus are homotopy
equivalences by assumption, and the vertical maps are transition maps for β, one of which
is a homotopy equivalence by induction, thereby allowing us to conclude that the other
vertical map is a homotopy equivalence.

6. Homotopies between transition maps.

In this section we develop a method for producing homotopies between transition
maps like u(p) above.

First we introduce some notation. If X and Y are simplicial sets, we let X�Y denote
the bisimplicial set (p, q) 7→ Xp × Yq. A symbol like X × Y � Z will be interpreted to
mean (X × Y ) � Z, i.e., the operator × will be regarded as having higher precendence
that �. We let ∆`,m denote ∆`

� ∆m, and ∆`×m will denote ∆` × ∆m. We combine
this notation and let ∆`×m,n denote ∆` ×∆m

� ∆n.

Yoneda’s lemma gives a correspondence Xp
∼= Hom(∆p, X), so if ϕ ∈ ∆p

m and f ∈ Xp,
we may write variously ϕ∗(f) = f(ϕ) = f ◦ ϕ.

If X is a bisimplicial set, then X`,m = Hom(∆`,m, X), so if ϕ ∈ ∆`
p, ψ ∈ ∆m

q , and
f ∈ X`,m, we may write variously (ϕ � ψ)∗(f) = f ◦ (ϕ � ψ) = f(ϕ, ψ). We define
X`×m,n = Hom(∆`×m,n, X). Given ϕ ∈ ∆`

p, ψ ∈ ∆m
p , τ ∈ ∆n

q , and g ∈ X`×m,n we
will write ((ϕ, ψ) � τ)∗(g) = g((ϕ, ψ), τ) ∈ Xpq. We will often use g(ϕ, ψ) to denote
g((ϕ, ψ), 1) ∈ Xpn.

Let C be a simplicial category, so that for ` ≥ 0 we have the category C`. Identifying
a category with its nerve allows us to write

C`0 = obj C`

C`1 = arr C`

src = ∂∗1 : C`1 → C`0

tar = ∂∗0 : C`1 → C`0

and to think of C as a bisimplicial set (`,m) 7→ C`m. We let C∗×`,m denote the simplicial
set d 7→ Cd×`,m, and we think of an element g ∈ Cd×`,m as a d-parameter family of
(`,m)-simplices of C. We say that g is constant if g is totally degenerate, i.e., there
exists b ∈ C0×`,m = C`,m such that g = ϕ∗

d(b). The subsimplicial set of C∗×`,m generated
by b will be denoted by {b}.
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Given objects C ′ and C of C` we define HomC(C ′, C) to be the simplicial set

lim
←−









C∗×`,1




y
(src,tar)

{C ′} × {C} −−−−→ C∗×`,0 × C∗×`,0









.

It is clear that HomC(C ′, C)0 = HomC`
(C ′, C). If d ≥ 0 and g ∈ HomC(C ′, C)d, then for

any ψ ∈ ∆d
m and ϕ ∈ ∆`

m we have an arrow g(ψ, ϕ) in Cm. We compute

src(g(ψ, ϕ)) = ((ψ, ϕ) � 1)∗(src(g))

= ((ψ, ϕ) � 1)∗(ϕ∗
d(C

′))

= ((ψ, ϕ) � 1)∗(ϕd × 1 � 1)∗(C ′)

= ((ϕd ◦ ψ, ϕ) � 1)∗(C ′)

= ((ϕm, ϕ) � 1)∗(C ′)

Now, identifying ∆0 × ∆` with ∆`, we see that we may identify (ϕm, ϕ) with ϕ, and
thus

src(g(ψ, ϕ)) = (ϕ� 1)∗(C ′) = ϕ∗C ′.

The same sort of computation shows that tar(g(ψ, ϕ)) = ϕ∗C, so that

g(ψ, ϕ) ∈ HomCm
(ϕ∗C ′, ϕ∗C),

making it clear that the d-simplex g can be regarded as a d-parameter family of maps
from C ′ to C.

We define IsomC(C ′, C) to be the subsimplicial set of HomC(C ′, C) whose d-simplices
are those g such that g(ψ, ϕ) is an isomorphism for every m ≥ 0, every ψ ∈ ∆d

m, and
every ϕ ∈ ∆`

m. We define EndC(C) = HomC(C,C) and AutC(C) = IsomC(C,C).

Definition 6.1. Given arrows p and q in HomC`
(C ′, C), we call an element

g ∈ HomC(C ′, C)1

a homotopy from p to q if ∂∗
1g = p and ∂∗0g = q. We say that p and q are homotopic

if there is a chain of homotopies connecting them, i.e., they are in the same connected
component of HomC(C ′, C).

If B and C are simplicial categories, then we let Hom(B, C) denote the simplicial set

whose d-simplices are the maps ∆d,0×B
G
−→ C. The face maps are defined in the evident

way so that δ∗G = G ◦ ((δ � 1)× 1). It is clear that Hom(B, C)0 = Hom(B, C).
Now suppose F : B → C is a map, that ` ≥ 0, and that C and C ′ are objects of C`.

We define a map
u : HomC(C ′, C)→ Hom(C/F,C ′/F )

which generalizes the function

HomC(C ′, C)→ Hom(C/F,C ′/F )

p 7→ u(p)
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introduced in (5.1). For a d-simplex g ∈ HomC(C ′, C)d we define the simplicial functor
u(g) on objects in degree m by setting

u(g)(ψ, (ϕ, f,B)) = (ϕ, f ◦ g(ψ, ϕ), B)

for any
ψ ∈ ∆d

m

(ϕ, f,B) ∈ obj(C/F )m

ϕ ∈ ∆`
m

B ∈ objBm

f ∈ HomCm
(ϕ∗C,FB)

To define it on arrows is easy because the arrows in C/F involve composition on the
other side of f , and we omit the details.

Now we must check that u(g) is compatible with face maps µ : [m′] → [m], so we
compute

µ∗(u(g)(ψ, (ϕ, f,B))) = µ∗(ϕ, f ◦ g(ψ, ϕ), B)

= (µ∗ϕ, µ∗(f ◦ g(ψ, ϕ)), µ∗B)

= (µ∗ϕ, µ∗f ◦ µ∗(g(ψ, ϕ)), µ∗B)

= (µ∗ϕ, µ∗f ◦ (µ� 1)∗(g(ψ, ϕ)), µ∗B)

= (µ∗ϕ, µ∗f ◦ (µ� 1)∗((ψ, ϕ) � 1)∗g, µ∗B)

= (µ∗ϕ, µ∗f ◦ ((ψµ, ϕµ) � 1)∗g, µ∗B)

= (µ∗ϕ, µ∗f ◦ g(µ∗ψ, µ∗ϕ), µ∗B)

= u(g)(µ∗ψ, (µ∗ϕ, µ∗f, µ∗B))

= u(g)(µ∗(ψ, (ϕ, f,B))).

We have thus checked that µ∗ and u(g) commute on objects. Checking it on arrows is
similar and we omit the details.

Now that we’ve defined u(g), we must check that u is a simplicial map, i.e., that it
commutes with any face map δ : [d]→ [d′]. So suppose we are given g′ ∈ HomC(C ′, C)d′ .
The computation

(δ∗(u(g′)))(ψ, (ϕ, f,B)) = u(g′)(δ∗ψ, (ϕ, f,B))

= (ϕ, f ◦ g(δ∗ψ, ϕ), B)

= (ϕ, f ◦ (δ∗g)(ψ, ϕ), B)

= u(δ∗g)(ψ, (ϕ, f,B))

shows commutativity on objects, and commutativity on arrows is similar.
It is clear that

u0 : HomC(C ′, C)0 → Hom(C/F,C ′/F )0

sends an arrow p : C ′ → C in C` to the transition map u(p) : C/F → C ′/F defined in
(5.1).



WEIGHT FILTRATIONS VIA COMMUTING AUTOMORPHISMS 17

If C, C ′, and C ′′ are objects of C`, then there are composition operations

HomC(C ′′, C ′)×HomC(C ′, C)→ HomC(C ′′, C)

and
Hom(C/F,C ′/F )×Hom(C ′/F,C ′′/F )→ Hom(C/F,C ′′/F ),

and the map we have constructed respects these operations.
If R is a simplicial ring, and M is a simplicial additive category, we say the M is

R-linear if, for each d ≥ 0,Md is an Rd-linear category, and for each map ϕ : [e]→ [d],
each r ∈ Rd, and each arrow f inMd, we have the equation ϕ∗(rf) = ϕ∗(r)ϕ∗(f).

If M is a simplicial additive category, and M and N are objects of M`, then
HomM(M,N) is a simplicial abelian group, which is an additive functor of both vari-
ables. It follows that

HomM(M,N1 ⊕N2) ∼= HomM(M,N1)⊕ HomM(M,N2),

and the analogous formula holds in the other variable.
IfM is a simplicial abelian group, we say thatM is an R-module if there is a simplicial

map R×M →M which makes Md into an Rd-module for each d.
Assume that M is R-linear. Given ` ≥ 0 and objects M and N of M`, we make

the simplicial abelian group HomM(M,N) into an R-module as follows. Given d ≥ 0,
r ∈ Rd, and g ∈ HomM(M,N)d we define rg ∈ HomM(M,N)d by the formula

(rg)((ψ, ϕ), β) = (r(ψ))(g((ψ, ϕ), β))

for m ≥ 0, ψ ∈ ∆d
m, ϕ ∈ ∆`

m, and β ∈ ∆1
m.

For n ≥ 0 we let EndR(Rn) denote the simplicial ring d 7→ EndRd
(Rn

d ). We define
the simplicial group G`n(R) = AutR(Rn) similarly.

We may use scalar multiplication to define a simplicial map

R→ HomM(M,M)

by sending r ∈ Rd to r · ϕ∗
d(1M ), where 1M ∈ HomM0

(M,M) = HomM(M,M)0.
Another way to say it is that r · ϕ∗

d(1M ) sends an element ((ψ, ϕ), 1) in ∆d
m ×∆`

m � ∆1
1

to ψ∗(r) · 1ϕ∗M . We may assemble n2 instances of this map into a map EndR(Rn) →
EndM(Mn). This map induces a map

(6.2) G`n(R)→ AutM(Mn).

7. Loop spaces for simplicial spaces.

Suppose now that X is a pointed simplicial space. As above, we let I∗Xd denote
the connected component of Xd containing the base point. One might expect that
the space |d 7→ ΩXd| would be a close approximation to Ω|X|, and indeed, there is a
map |d 7→ ΩXd| → Ω|X|, but there is an essential obstruction to this map being an
equivalence. Observe that ΩI∗Xd = ΩXd because the loops in the loop space start at
the base point, and don’t wander into the other components of the space. Thus the map
|d 7→ ΩXd| → Ω|X| factors through the map Ω|d 7→ I∗Xd| → Ω|X|. Since the composite
map I∗Xd → Xd → π0Xd is constant (at the base point) we see that the composite map
|d 7→ ΩXd| → Ω|X| → Ω|d 7→ π0Xd| is the constant map, so that when |d 7→ π0Xd| is
nontrivial, the map |d 7→ ΩXd| → Ω|X| might fail to be an equivalence. The following
theorem says that this obstruction is the only one when X is a simplicial group-like
H-space.
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Theorem 7.1. If X is a simplicial group-like H-space then the sequence

(7.2) |d 7→ ΩXd| → Ω|X| → Ω|d 7→ π0Xd|

is a fibration sequence.

Proof. In all the applications of this theorem to K-theory, X is actually a simplicial loop
space, i.e., there is a simplicial space Y such that X is homtopy equivalent (degreewise)
to (d 7→ ΩYd). We give first a simple proof adapted to that situation. Work in the
category of topological spaces, or begin by making everything satisfy the Kan extension
condition. We may assume that each space Yd is connected. There is a functorial way
of producing a space Yd(1) with πiYd(1) = 0 for i 6= 1 and a map Yd → Yd(1) inducing
an isomorphism on π1. We may then modify Yd functorially so the map gd : Yd → Yd(1)
is a fibration. The path space PYd is contractible, and the map fd : PYd → Yd is a
fibration. The fibration sequence

fd
−1(∗)→ (gdfd)

−1(∗)→ gd
−1(∗)

has connected base space, so by [17, Lemma 5.2] the sequence obtained from it by
geometric realization with respect to d is a fibration sequence. Since gd

−1(∗) is connected,
Ω|d 7→ gd

−1(∗)| is homotopy equivalent to |d 7→ Ωgd
−1(∗)|, so we have a fibration

sequence
|d 7→ Ωgd

−1(∗)| → |d 7→ fd
−1(∗)| → |d 7→ (gdfd)

−1(∗)|

which can be identified with

(7.3) |d 7→ I∗Xd| 7→ |X| 7→ |d 7→ π0Xd|.

We loop it once to obtain the following fibration sequence.

(7.4) Ω|d 7→ I∗Xd| −→ Ω|X| −→ Ω|d 7→ π0Xd|

Since each space I∗Xd is connected, it follows from the realization lemma [17, Lemma
5.2] of Waldhausen that the natural map |d 7→ ΩI∗Xd| → Ω|d 7→ I∗Xd| is a homotopy
equivalence. Combining this with the equality ΩXd = ΩI∗Xd gives the desired result.

Here is our second proof, which does the general case. We refer to Theorem B.4 and
exercise B.3.1 of [2], and use the notation and terminology used there. Each component
of Xd is a simple space, and for n ≥ 1 the map

(d 7→ πn(Xd)free)→ (d 7→ π0Xd)

is a surjective map of simplicial groups, hence is a fibration. It follows thatX satisfies the
π∗-Kan condition. The simplicial group (d 7→ π0Xd) also satisfies the π∗-Kan condition,
so the cited theorem says that the square

|d 7→ I∗Xd| −−−−→ |X|




y





y

∗ −−−−→ |d 7→ π0Xd|
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is homotopy cartesian, i.e., the sequence (7.3) is a fibration sequence. To finish, one
continues as in the first proof.

The standard diagonalization technique allows us to generalize (7.1) to multisimplicial
spaces. For example, if X is a bisimplicial group-like H-space, then

|(d, e) 7→ ΩXd,e| → Ω|X| → Ω|(d, e) 7→ π0Xd,e|

is a fibration sequence.
Now suppose that X is a pointed simplicial set. From the discussion above, it is clear

that the best one could hope for the space |d 7→ ωXd| is that it fit into the following
fibration sequence.

(7.5) |d 7→ ωXd| → Ω|X| → Ω|d 7→ π0Xd|,

which is evidently equivalent to hoping that

|d 7→ ωXd| → |d 7→ ΩXd|

is a homotopy equivalence. The sequence (7.5) turns out to be a fibration sequence
for certain simplicial H-spaces X arising from the K-theory of a simplicial additive
category over a connected simplicial ring, as we will see in (8.3). The H-spaces involved
are actually commutative, because the operation arises from the direct sum operation
for modules, so that d 7→ π0Xd is a simplicial abelian group. This is the way that our
fibration W t+1 →W t →W t/W t+1 will arise, and this explains how natural it is for the
space W t/W t+1 to be homotopy equivalent to a simplicial abelian group.

Now let’s investigate what would be involved in showing that (7.5) is a fibration
sequence. Comparing with (7.4), and realizing that ωI∗Xd = ωXd (because the loops
in Xd starting at the base point don’t stray out of the base component), we see that
it would suffice to show that the map |d 7→ ωI∗Xd| → Ω|d 7→ I∗Xd| is a homotopy
equivalence. That in turn would amount to showing that

(7.6)

|d 7→ ωI∗Xd| −−−−→ |d 7→ PI∗Xd|




y





y

|d 7→ PI∗Xd| −−−−→ |d 7→ I∗Xd|

is a homotopy cartesian square. Of course, we would succeed if for each d ≥ 0, the
square

|ωI∗Xd| −−−−→ |PI∗Xd|




y





y

|PI∗Xd| −−−−→ |I∗Xd|

were homotopy cartesian, but in our situation, this is too much to hope for; in fact, we
are introducing the simplicial direction involving d because

|ωI∗X0| −−−−→ |PI∗X0|




y





y

|PI∗X0| −−−−→ |I∗X0|
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is not homotopy cartesian.
Suppose now that each Xd is actually a category (thought of as a space via geometric

realization), and X is a simplicial category. The projection map

(7.7) (d 7→ PI∗Xd)
F
−→ (d 7→ I∗Xd)

is a map of simplicial categories, and we can apply theorem (5.3), because each category
I∗Xd is connected. The result is the following theorem.

Theorem 7.8. If X is a simplicial category, and for all ` ≥ 0 the transition map u(p) :
C/F → C ′/F arising from any arrow p : C ′ → C in I∗X` is a homotopy equivalence,
then the sequence (7.5) is a fibration sequence.

8. A loop space for S−1S.

In this section we let R be a simplicial ring, and let M be an R-linear simplicial
additive category. For the simplicial space X of section 7 we use X = S−1SM = (d 7→
S−1SMd).

Notation 8.1. Given ` ≥ 0 and an object M ofM` we consider the two arrows f1, f2 :

(M,M)→ (M2,M2) in S−1SM` where fk = (ik, ik, 1), and where i1 =

(

1
0

)

(split by

p1 = (1 0 )), and i2 =

(

0
1

)

(split by p2 = ( 0 1 )).

Lemma 8.2. With notation as above, if R is contractible, then f1 is homotopic to f2

in the sense of (6.1).

Proof. We define σM =

(

0 −1M

1M 0

)

∈ Aut(M2) and observe that a brief calculation

verifies that f2 = (σM , σM ) ◦ f1. Indeed, σM ◦ i1 = i2, p1 ◦σM
−1 = p2, and if j and i are

composable split monomorphisms of M`, the composite (j, j, 1) ◦ (i, i, 1) in S−1SM` is
(j ◦ j, i ◦ i, 1).

We compose the map AutM(M2) → AutS−1SM((M2,M2)) defined by g 7→ (g, g)
with the map G`2(R)→ AutM(M2) of (6.2) to obtain a map

G`2(R)→ AutS−1SM((M2,M2))

which sends the matrix

σ =

(

0 −1
1 0

)

∈ G`2(R0)

to (σM , σM ) ∈ AutS−1SM`
((M2,M2)). But σ is the product

(

1 −1
0 1

) (

1 0
1 1

) (

1 −1
0 1

)

of three elementary matrices, so is connected to the identity matrix by the 1-simplex
(

1 −T
0 1

) (

1 0
T 1

) (

1 −T
0 1

)

in G`2(R1), where T ∈ R1 connects 1 to 0. It follows that (σM , σM ) is homotopic to
(1M2 , 1M2), and thus by composition, f1 is homotopic to f2.
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Theorem 8.3. Let R be a simplicial ring,M be an R-linear simplicial additive category,
and X = S−1SM. If R is contractible, then (7.5) is a fibration sequence.

Remark. An obvious prerequisite for (7.5) to be a fibration sequence is that G =
π0|d 7→ ωXd| be a group. Contractibility of R allows us to show G is a group as follows.
If M ∈ M0 and θ ∈ Aut(M), then (4.4) allows us to produce a class [M, θ] ∈ G. Then

the class [M, θ−1] serves as an inverse for [M, θ] because the matrix

(

θ 0
0 θ−1

)

is a

product of elementary matrices, and so is connected to the identity matrix.

Proof. In order to apply (7.8) we consider an arrow p : C0 → C1 in I∗S
−1SM`, and

show the transition map u(p) : C1/F → C0/F is a homotopy equivalence, where F is
the map in (7.7).

We write C0 = (C ′
0, C

′′
0 ) and assume, as we may, that C1 = (C ′

0 ⊕M,C ′′
0 ⊕M), and

that p =

((

1
0

)

,

(

1
0

)

, 1M

)

. Direct sum with the identity stable isomorphism of M

with M gives a map v : C0/F → C1/F . It is enough to show that the two composites
v ◦ u(p) and u(p) ◦ v are homotopic to the identity. We agree to write an object of
(C0/F )d as a pair

(ϕ, ϕ∗C0 → B ← (0, 0))

where ϕ : [d] → [`] and ϕ∗C0 → B ← (0, 0) is a diagram in S−1SMd. The composite
u(p) ◦ v is given by direct sum with

(0, 0)
1M−−→ (M,M)

1M←−− (0, 0)

so direct sum with the commutative diagram

(0, 0) → (M,M) ← (0, 0)
↘ ↑ ↙

(0, 0)

gives a homotopy from u(p) ◦ v to 1.
We have a diagram

C0/F
u(p)
←−− (C0 ⊕ (M,M))/F

v





y v′





y

(C0 ⊕ (M,M))/F
u(p′)
←−−−
←−−−
u(p′′)

(C0 ⊕ (M2,M2))/F

where v′ is like v and adds on the first (M,M) factor, p′ : C0⊕(M,M)→ C0⊕(M,M)⊕
(M,M) is determined by the inclusion on the first (M,M) factor, and p′′ by inclusion on
the second factor (with corresponding projections as splittings). The square commutes
up to natural isomorphism (using u(p′) as the lower arrow), u(p′) is homotopic to u(p′′)
(according to (8.2) and the construction of u as a simplicial map in section (6)), and
u(p′′) ◦ v′ is homotopic to 1 by the same argument used above to show that u(p) ◦ v
is homotopic to 1. Hence v ◦ u(p) is homotopic to 1. (It would have been possible to
eliminate section 6 at the expense of presenting an explicit formula at this point for the
homotopy between v ◦ u(p) and 1, but that formula is difficult to present succinctly in
printed form.)
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Remark 8.4. If (d, e, f) 7→ Mdef is a trisimplicial additive category, R is a simplicial
ring, and each Mdef is Rd-linear in a natural way, then we can abuse notation and
identify R with the trisimplicial ring (d, e, f) 7→ Rd, allowing us to say simply that M
is R-linear.

A standard diagonalization argument yields the following result.

Corollary 8.5. Let R be a multisimplicial ring, M be an R-linear multisimplicial ad-
ditive category. If R is contractible, then the sequence

|(d, . . . , f) 7→ ωS−1SMd...f | → Ω|S−1SM|→ Ω|(d, . . . , f) 7→ π0S
−1SMd...f |

is a fibration sequence.

9. Iterated loop spaces for S−1S.

We introduce some notation for bar resolutions. Let G be a group acting on the right
on a set S. Let S//G denote the category where an object is an element s of S, and an
arrow from s to s′ is an element g ∈ G with sg = s′. As usual we identify a category
with its nerve. We see that ∗//G is the classifying space of G, and G//G has an initial
object, so is contractible. If the action is free, then the map S//G → π0(S//G) is a
homotopy equivalence. If S and G are abelian groups written additively and the action
satisfies s+ (s′ + g) = (s+ s′) + g then S//G is a simplicial abelian group.

Let M be an additive category, and let S−1SeM denote the set of e-simplices of
the category S−1SM. We may think of S−1SeM as the set of objects of an additive
category in the usual way, and use exactly the same notation to denote that category. In
this way S−1SM becomes a simplicial additive category, for which direct sum K-groups
are defined in (4.2). The same remark applies to e 7→ (ωS−1S)eM.

The natural map

(9.1) |e 7→ K⊕
0 (S−1SeM)| → K⊕

0 (S−1SM)

is a homotopy equivalence because the source of the map is isomorphic to the bar con-
struction

K⊕
0 M⊕K

⊕
0 M//K⊕

0 M

associated to the diagonal action (which is free), and the target of the map is

ckr
(

K⊕
0 (S−1S1M)→ K⊕

0 (S−1S0M)
)

.

The same reasoning shows that the map

(9.2) |e 7→ K⊕
0 ((ωS−1S)eM)| → K⊕

0 (ωS−1SM)

is a homotopy equivalence.

Lemma 9.3. IfM is an additive category, then the map S−1SM→ (S−1S)2M arising
from the map objM→ S−1SM that sends M to (M, 0) is a homotopy equivalence.

Proof. It is enough to show that S⊕M→ S⊕(S−1S)M is a homotopy equivalence, for
|S−1SM| ∼ Ω|S⊕M|. The sequence

|e 7→ S⊕M| → |e 7→ S⊕S−1SeM| → |e 7→ S⊕PS⊕
e M|

of geometric realizations of simplicial spaces is a fibration sequence (with connected
base space) in each degree according to the additivity theorem, so is itself a fibration
sequence. The contractibility of the base space gives the result.
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Theorem 9.4. Let R be a simplicial ring, and M an R-linear simplicial additivie cat-
egory. If R is contractible, then the sequence

|d 7→ (ωS−1S)t+1(S−1S)uMd|




y

Ω|d 7→ (ωS−1S)t(S−1S)u+1Md|




y

Ω|d 7→ K⊕
0 ((ωS−1S)t(S−1S)uMd)|

is a fibration sequence.

Proof. We apply (8.5) to the R-linear multisimplicial category

(d, e1, . . . , et, f1, . . . , fu) 7→ (ωS−1S)t
e1,...,et

(S−1S)u
f1,...,fu

Md

to get a fibration sequence whose third term can be rewritten as required according to
(9.1) and (9.2).

Corollary 9.5. The homotopy type of |d 7→ (ωS−1S)t+1(S−1S)uMd| is independent of
u ≥ 0.

Proof. The map used in (9.3) gives rise to a map

|d 7→ (ωS−1S)t+1(S−1S)uMd| → |d 7→ (ωS−1S)t+1(S−1S)u+1Md|

which we want to show is a homotopy equivalence. This follows immediately from (9.3)
if u ≥ 1 so we may assume u = 0. If we apply (9.4) both to the simplicial additive
categoryM and to the bisimplicial additive category S−1SM we get a map of fibration
sequences which, according to (9.3), induces homotopy equivalences on the base and
total spaces, hence on the fibers, yielding the result.

Corollary 9.6. There is a filtration

K⊕(M) = W 0 ←−W 1 ←− . . .

with
W t = Ω−t|d 7→ K⊕Md(Gm

∧t)|

and
W t/W t+1 = Ω−t|d 7→ K⊕

0 Md(Gm
∧t)|.

Proof. We use (9.4) and (9.5) to produce a fibration sequence

|d 7→ S−1S(ωS−1S)t+1Md|




y

Ω|d 7→ S−1S(ωS−1S)tMd|




y

Ω|d 7→ K⊕
0 ((ωS−1S)tMd)|
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and then use (4.4) and the definition of K⊕ to rewrite it as

|d 7→ K⊕Md(Gm
∧t+1)|





y

Ω|d 7→ K⊕Md(Gm
∧t)|





y

Ω|d 7→ K⊕
0 (Md(Gm

∧t))|.

Corollary 9.7. Let R be a regular noetherian ring. There is a filtration

K(R) ∼W 0 ←−W 1 ←− . . .

with

W t = Ω−tK⊕(RA·,Gm
∧t)

and

W t/W t+1 = Ω−t|d 7→ K⊕
0 (RAd,Gm

∧t)|.

Proof. We apply (9.6) withM = P(RA·) and use (2.2) to identify K⊕(RA·) ∼ K(RA·)
with K(R).

10. Splitting via linear equivalence.

In this section we show that direct-sum K-theory and exact sequence K-theory give
the same result for simplicial exact categories over a connected simplicial ring R.

If X and Y are simplicial sets, we define a simplicial set XY by setting (XY )d =
X(Y ×∆d) = Hom(Y ×∆d, X). If R is a simplicial ring, then we remark that RY is a
simplicial ring.

If N is an exact category, then we let objN , arrN , and exactN denote the sets of
objects, arrows, and exact sequences of N , respectively. We let iN denote the groupoid
of isomorphisms in N , and for e ≥ 0 let ieN denote the e-th part of its nerve. We may
regard ieN as (the objects of) an exact category in the usual way.

Lemma 10.1. Suppose M and N are exact categories, F and G are exact functors
from M to N , and h is a natural isomorphism between F and G. Let B be any functor
from exact categories to spaces, and let BiM denote |e 7→ BieM|. The two maps
BiF,BiG : BiM→ BiN are then connected via a homotopy provided by h.

Proof. It is a simple matter to convert the simplicial homotopy iMd × ∆1 → iNd

provided by h into a homotopy of the desired type, essentially by applying B.

LetM be a simplicial exact category. We may interpret the objects, arrows, and exact
sequences ofM as simplicial sets, denoted by objM, arrM, and exactM, respectively.
We let iM denote the simplicial groupoid of isomorphisms in M. For any simplicial
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set X we may define a category M(X) of diagrams whose objects, arrows, and “exact
sequences” arise as follows.

obj(M(X)) = Hom(X, objM)

arr(M(X)) = Hom(X, arrM)

exact(M(X)) = Hom(X, exactM)

It would be nice if M(X) were always an exact category, but unfortunately, this can
fail to be true; it may even fail to have direct sums, because we are insisting that the
maps X → objM be simplicial maps (on the nose), with no isomorphisms built in.
Waldhausen encountered the same problem in [17, p. 180] for fibre products of exact
categories, and solved it by building the isomorphisms into the diagram, as did Bass in
[1, p. 358]. Having done that, a second problem arises, that of showing the resulting
category of diagrams is an exact category, i.e., is equivalent to a full subcategory of
an abelian category closed under extensions. In [17, p. 181] Waldhausen asserts that
the Yoneda embeddings of the individual exact categories into abelian categories can
be made functorial. Presumably something like that works here, but there is a direct
artifice which we can use for the simplicial exact categories that arise in this paper. We
will modify the exact categoriesMd and provide them with functorial embeddings into
abelian categories in such a way that the categoryM(X) (same definition as above) will
be an exact category. When such a modification has been made to a simplicial exact
category, we will call it an exact simplicial category.

We now describe a modification procedure that works for a typical simplicial exact
category of the sort under consideration in this paper, and leave it to the reader to
check that similar procedures work for the other simplicial exact categories in use here.
Consider the case where M = P(RA·).

For a ring R we consider the category A(R) where an object M consists of (1) a
collection of S-modules MS, one for each R-algebra S, and (2) a collection of S-linear
transition maps MS → MT , one for each homomorphism S → T of R-algebras. These
collections are subject to the requirement that an identity homomorphism of R-algebras
yields an identity transition map, and that a commutative triangle of of R-algebras
leads to a commutative triangle of transition maps. The arrows of A(R) are the evident
natural transformations.

To show that a typical finite limit lim
←−

Mα exists in A(R) is a matter of defining

(lim
←−

Mα)S = lim
←−

(Mα
S ). The same method works for colimits. It follows then that

A(R) is an abelian category, with the evident characterization of exact sequences via
exactness for each S. If R → R′ is a ring homomorphism, then we define an exact
functor A(R) → A(R′) by composing the assignment S 7→ MS with the restriction
functor associating an R-algebra to an R′-algebra. Consider the full subcategory P ′(R)
of A(R) whose objects are those where each transition map induces an isomorphism

MS ⊗S T
∼=
−→ MT and each MS is finitely generated and projective. The subcategory

P ′(R) is closed under extensions in A(R), and is thus an exact category. The projection
map P ′(R) → P(R) is an equivalence of categories, and thus we may replace P(R) by
P ′(R) wherever required, without affecting the K-theory.

Consider then the situation where M = P ′(RA·) and A = A(RA·). The main point
in checking that A(X) is an abelian category is the construction of finite limits and
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colimits. This is easily done, provided that at the level of modules, limits are chosen
so that identical limits always result from identical systems of modules. To check that
M(X) is an exact category, one checks thatM(X) is a full subcategory of A(X) closed
under extensions.

This ends the discussion of the modification required to make M(X) into an exact
category.

If X → Y is a map of simplicial sets, then there is an exact functorM(Y )→M(X).
If R is a simplicial ring, and M is an R-linear exact simplicial category, then the

categoryM(X) is R(X)-linear.
If M is an exact simplicial category, and Y is a simplicial set, we define an exact

simplical categoryMY by setting (MY )d =M(Y ×∆d).
If M and N are exact simplicial categories, we say that a homotopy between exact

functors F and G from M to N is an exact functor h :M→ N∆1

such that F and G
are naturally isomorphic to the maps arising from h via the two maps ∆0 → ∆1.

Lemma 10.2. Suppose M and N are exact simplicial categories, F and G are exact
functors from M to N , and h is a homotopy between F and G. Let B be any functor
from exact categories to spaces, and let BiM denote |(d, e) 7→ BieMd|. The two maps
BiF,BiG : BiM→ BiN are then connected via a homotopy provided by h.

Proof. Taking (10.1) into account, it suffices to construct a suitable map

(BiN∆1

)× |∆1| → BiN .

We construct this by providing, for each d ≥ 0, a map

(BiN (∆1 ×∆d))× (∆1)d → BiNd.

For each f ∈ (∆1)d we must provide a map BiN (∆1 × ∆d) → BiN (∆d), and this we
obtain from the map (1, f) : ∆d → ∆1 ×∆d. One checks the properties required easily.

Proposition 10.3. Let R be a contractible simplicial ring,M and N be R-linear exact
simplicial categories, and E : 0 → F ′ → F → F ′′ → 0 be an exact sequence of functors
from M to N . Let E′ denote the exact sequence 0 → F ′ → F ′ ⊕ F ′′ → F ′′ → 0. The
exact sequences E and E ′ are naturally homotopic through a homotopy that leaves F ′

and F ′′ invariant.

Proof. Let T ∈ R1 be an edge connecting 1 to 0. We interpret T as an element of

(R∆1

)0. (Multiplication by T gives a map R → R∆1

which is a contracting homotopy
for R.)

The surjection ∆1 → ∆0 yields an exact functor N → N∆1

. Given an object N ∈ Nd

we let N [T ] denote its image under this map. Composing this map with the functor F

yields an exact functor F [T ] :M→N∆1

. We also have the exact sequence E[T ] : 0→
F ′[T ]→ F [T ]→ F ′′[T ]→ 0. Let H denote the exact sequence of exact functors fromM

to N∆1

obtained by pulling back E[T ] along the multiplication map T : F ′′[T ]→ F ′′[T ].
The exact sequence H is the homotopy required, for when T becomes 1 or 0 in H, we
recover something naturally isomorphic to E or E ′ respectively. This deformation was
used by Landsburg in [12, Proposition 2.2] and [13, Lemma, p. 367] for a similar purpose.

The following additivity theorem is prompted by Waldhausen’s emphasis of the ad-
ditivity theorem in his work.
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Theorem 10.4. Let R be a contractible simplicial ring, letM be an R-linear exact sim-
plicial category, and let EM be the exact simplicial category where EMd is the category
of short exact sequences in Md. Let s and q denote the maps EM → M which assign
to a short exact sequence the subobject and the quotient object, respectively. If B is any
functor from exact categories to spaces, then the map (s, q) : BiEM→ BiM×BiM is
a homotopy equivalence.

Proof. Direct sum gives a map the other way, which (10.2) and (10.3) show is a homotopy
inverse to (s, q).

Theorem 10.5. Let R be a contractible simplicial ring, and letM be an R-linear exact
simplicial category. Then the map K⊕M→ KM is a homotopy equivalence.

Proof. It suffices to check that the map K⊕iM→ KiM is a homotopy equivalence, by
[18, Corollary to Lemma 1.4.1] and its analogue for direct sum K-theory. It suffices to
check the homotopy equivalence in each degree n ≥ 0, where we have the map |S⊕

n iM| →
|SniM|. This map is a homotopy equivalence because, according to (10.4) and an
inductive argument, the map |SniM| → |iM× · · · × iM| is a homotopy equivalence, as
is the map |S⊕

n iM| → |iM× · · · × iM|.

Theorem 10.6. Let R be a regular noetherian ring. There is a filtration

K(R) ∼W 0 ←−W 1 ←− . . .

with
W t = Ω−tK(RA·,Gm

∧t)

and
W t/W t+1 = Ω−t|d 7→ K⊕

0 (RAd,Gm
∧t)|.

Proof. In light of (9.7), it will be sufficient to show that the map

K⊕C⊕P(RA·,Gm
∧t)→ KCP(RA·,Gm

∧t)

is a homotopy equivalence. Here C⊕ is as defined in section 4, and C is the exact
sequence version defined in [8, §4]. It suffices to look at each of the 2t corners of the
cube, at which we have a map of the form

K⊕P(RA·,Gm
s)→ KP(RA·,Gm

s)

for some s ≤ t. That this map is a homotopy equivalence follows from (10.5) applied to
the RA·-linear exact simplicial category P(RA·,Gm

s).
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