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In tro duction

The Hirzebruch theorem expressesthe signature � (N ) 2 Z of a 4k-dimensional
manifold N 4k in terms of the L -genus L (N ) 2 H 4� (N ; Q). The signature theorem
plays a central role in the classi�cation of simply-connectedmanifolds. The `higher
signatures' of a manifold M with fundamental group � 1(M ) = � are the signatures
of submanifoldsN 4k � M which are determined by the cohomologyH � (B � ; Q). The
Novikov conjecture on the homotopy invariance of the higher signatures is of great
importance in understanding the connection between the algebraic and geometric
topology of high-dimensional non-simply-connectedmanifolds. Progressin the �eld
is measuredby the classof groups � for which the conjecture has been veri�ed. A
wide variety of methods has been used to attack the conjecture, such as surgery
theory, elliptic operators, C � -algebras, di�eren tial geometry, hyperbolic geometry,
bounded/controlled topology, and algebra.

The di�eomorphism classof a closeddi�eren tiable m-dimensional manifold M m is
distinguished in its homotopy typeup to a �nite number of possibilitiesby the rational
Pontrjagin classesp� (M ) 2 H 4� (M ; Q). Thom proved that the rational Pontrjagin
classesp� (M ) are combinatorial invariants by showing that they determine and are
determined by the signaturesof closed4k-dimensionalsubmanifoldsN 4k � M � Rj (j
large) with trivial normal bundle. A homotopy equivalenceof manifolds only preserves
the global algebraic topology, and so need not preserve the local algebraic topology
given by the Pontrjagin classes.The Browder-Novikov-Sullivan-Wall surgery theory
shows that modulo torsion invariants for m � 5 a homotopy equivalenceof closeddif-
ferentiable m-dimensional manifolds is homotopic to a di�eomorphism if and only if
it preservesthe signaturesof submanifoldsand the non-simply-connectedsurgery ob-
struction is in the imageof the assembly map; this map is onto in the simply-connected
case.(Here, torsion meansboth Whitehead groupsand �nite groups). Novikov proved
the topological invariance of the rational Pontrjagin classesby showing that a home-
omorphism preserves signatures of submanifolds, using the fundamental group and
non-compact manifold topology.

The object of this expository paper is to outline the relationship betweenthe topo-
logical invariance of the rational Pontrjagin classes,the Novikov conjecture, the al-
gebraic theory of surgery of Ranicki [16],[17],[18],the bounded/controlled topology
of non-compact manifolds, and the recent proof of the conjecture by Carlsson and

This is an expandedversionof the talks I gave at the Oberwolfach meetings`Alge-
braic K -theory', 28 June, 1993and `Novikov conjectures, index theory and rigidit y',
6 September, 1993.
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Pedersen[7] for a geometrically de�ned classof in�nite torsion-free groups � with B �
a �nite complex and E � a non-compact spacewith a compacti�cation of a certain
type.

The assembly maps in quadratic L -theory

A : H � (X ; L.(Z)) � � ! L � (Z[� ]) ; � � � ! q!p ! � (� = � 1(X ))

are de�ned in Ranicki [18] for any topological spaceX , abstracting a geometric con-
struction of Quinn. The surgeryobstruction groupsL � (Z[� ]) are the cobordism groups
of quadratic Poincar�e complexesC over Z[� ] (= Z[� ]-module chain complexeswith
Poincar�e dualit y). The generalizedhomology groups H � (X ; L.(Z)) with coe�cien ts
in the simply-connectedsurgery spectrum L.(Z) are the cobordism groups of sheaves
� over X of quadratic Poincar�e complexesover Z. The assembly map A sendssuch a
sheaf� to the quadratic Poincar�e complex A(�) = q!p ! � over Z[� ], with p : eX � � ! X
the universal covering projection and q : eX � � !f pt :g the unique map.

No vik ov conjecture for a group �
The assemblymaps for the classifying space B �

A : H � (B � ; L .(Z)) � � ! L � (Z[� ])

are rational split injections.

The rational Novikov conjecture is trivially true for �nite groups � ; it has been
veri�ed for groups which have strong geometric properties.

In tegral No vik ov conjecture for a group �
The assemblymaps A : H � (B � ; L .(Z)) � � ! L � (Z[� ]) are split injections.

The integral Novikov conjecture is known to be falsefor �nite groups � ; it hasbeen
veri�ed for torsion-free groups which have strong geometric properties.

The veri�cation of the integral Novikov conjecture � requires the construction of a
`disassembly' map

B : L m (Z[� ]) � � ! Hm (B � ; L .(Z)) ; C � � ! B (C)

such that B A = 1. Such a map B has to senda quadratic Poincar�e complex C over
Z[� ] to a sheafB (C) over B � of quadratic Poincar�e complexesover Z, with B A(�)
cobordant to � for any sheaf � over B � of quadratic Poincar�e complexesover Z. It
is possibleto construct such B for any group � which has su�cien tly geometry that
manifolds with fundamental group � have rigidit y, meaning that homotopy equiva-
lencescan be deformedto homeomorphisms.Novikov [13] constructed B algebraically
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in the caseof a free abelian group � = Zn , when B � = Tn and A is an isomorphism.
SeeFarrell and Jones [8] for a geometric construction of B in the casewhen B � is
realized by a compact aspherical Riemannian manifold all of whosesectional curva-
tures are nonpositive (when A is also an isomorphism), and the connection with the
original Mostow rigidit y theorem for hyperbolic manifolds.

The locally �nite assembly maps in quadratic L -theory

A lf : H lf
� (X ; L.(Z)) � � ! L � (C X (Z))

are de�ned in Ranicki [18] for any metric spaceX , using the X -graded Z-module
category C X (Z) of Pedersenand Weibel [14]. The locally �nite generalizedhomology
groups H lf

� (X ; L.(Z)) are the cobordism groups of locally �nite sheaves � over X
of quadratic Poincar�e complexesover Z. It was shown in Ranicki [17] that A lf is
an isomorphism for X = O(K ) � RN +1 the open cone of a compact polyhedron
K � SN , which corresponds to the topological invariance of the rational Pontrjagin
classes(see 8.7 below). It is easier to prove that the locally �nite assembly maps
A lf are isomorphisms than the ordinary assembly maps A. This is an algebraic
re
ection of the observed fact that rigidit y theoremsdeforming homotopy equivalences
to homeomorphismsare easierto prove for non-compact manifolds than for compact
manifolds.

Carlsson and Pedersen [7] prove the integral Novikov conjecture for groups �
with B � a �nite complex realized by a compact metric space such that the uni-
versal cover E = E � admits a contractible � -equivariant compacti�cation E with the
metric such that compact sets in E becomesmall near the boundary @E = EnE.
Bounded/controlled algebra is used to prove that A lf is an isomorphism for X = E ,
and equivariant topology is used to construct an algebraic disassembly map B by
means of (A lf ) � 1. The conditions on the compacti�cation allow E-bounded alge-
bra/top ology to be deformedto @E-controlled algebra/top ology, i.e. to passfrom ho-
motopy equivalencesto homeomorphisms.SeeFerry and Weinberger [10] for a more
geometricapproach, which outlines a proof of the integral Novikov conjecture (for es-
sentially the sameclassof groupsasin [7]). The computation W h�� (f 1g) = 0 of Bass,
Heller and Swan [3] is an essential ingredient of both [7] and [10], sincethe lower K -
groups of Z are potential obstructions to the disassembly of quadratic Poincar�e com-
plexesover Z in bounded algebra, or equivalently to compactifying simply-connected
open manifolds in bounded topology.

In dealing with vector bundles, manifolds, homotopy equivalencesetc. only the
oriented and orientation-preserving casesare considered. Manifolds are understood
to be compact and di�eren tiable, unlessspeci�ed otherwise. Also, only topological
spaceswhich are �nite-dimensional locally �nite polyhedra or topological manifolds
are considered.
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x1. Pontrjagin classes

The Pontrjagin classes of an m-plane bundle � : X � � ! B O(m) over a connected
spaceX are characteristic classes

p� (� ) 2 H 4� (X ) :

SeeMilnor and Stashe� [11] for the textb ook account of the Pontrjagin classes.The
rational Pontrjagin character de�nes an isomorphism

ph : K O(X ) 
 Q = [X ; Z � B O] 
 Q � � ! H 4� (X ; Q) :

The Pontrjagin classes of an m-dimensional di�eren tiable manifold M are the
Pontrjagin classesof the tangent m-plane bundle � M : M � � ! B O(m)

p� (M ) = p� (� M ) 2 H 4� (M ) :

By construction, the Pontrjagin classesare invariants of the di�eren tiable structure
of M : if h : M 0� � ! M is a di�eomorphism then

� M 0 = h� � M : M 0 � � ! B O(m) ;

p� (M 0) = h� p� (M ) 2 H 4� (M 0) :

x2. Signature

De�nition 2.1 The in tersection form of a closed4k-dimensional manifold N 4k is
the nondegeneratesymmetric form

� : H 2k (N ; Q) � H 2k (N ; Q) � � ! Q ; (x; y) � � ! hx [ y; [N ]i

on the �nite-dimensional Q-vector spaceH 2k (N ; Q). The signature of N 4k is

� (N ) = signature(H 2k (N ; Q); � ) 2 Z :

Remarks 2.2 (i) An m-dimensional geometric Poincar�e complex X is a �nite CW
complex with a fundamental class[X ] 2 H m (X ) inducing isomorphisms

[X ] \ � : H � (X ) � � ! Hm �� (X ) :

Closedtopologicalmanifolds are the prime examplesof geometricPoincar�ecomplexes.
The intersection form (H 2k (X ; Q); � ) and the signature � (X ) 2 Z are de�ned for any
4k-dimensional geometric Poincar�e complex X , and are homotopy invariants of X .
(ii) The intersection form and signature are also de�ned for any 4k-dimensional geo-
metric Poincar�e pair (X ; @X ), such as a manifold with boundary (M ; @M ).

Signature Theorem 2.3 (Hirzebruch) The signature of a closed di�er entiable man-
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ifold N 4k is the evaluation of the L -genusL (N ) 2 H 4� (N ; Q) on [N ] 2 H4k (N ; Q)

� (N ) = hL(N ); [N ]i 2 Z :

The L -genusdeterminesand is determined by the Pontrjagin classes

p� (N ) = p� (� N ) 2 H 4� (N ) :

The L -genus L k is a polynomial in the Pontrjagin classesp1; p2; : : : ; pk . The �rst
two L -polynomials are given by

L 1 =
1
3

p1 ; L 2 =
1
45

(7p2 � (p1)2) :

Transv ersalit y Theorem 2.4 A continuous map h : M 0m � � ! M m of di�er en-
tiable m-dimensional manifolds is homotopic to a di�er entiable map. Given an n-
dimensional submanifoldN n � M m it is possiblechoosethe homotopy in such a way
that the di�er entiable map (also denoted by h) is transverseregular at N , with the
restriction

f = hj : N 0n = h� 1(N ) � � ! N n

a degree 1 map of n-dimensional manifolds which is covered by a map of the normal
(m � n)-plane bundles � N 0� M 0� � ! � N � M .

De�nition 2.5 A submanifold N n � M m � Rj is special if it is closed,n = 4k and
the normal bundle is trivial

� N � M = � i : N � � ! B O(i ) (i = m + j � 4k) :

Prop osition 2.6 (Thom) The rational Pontrjagin classesand the L -genusof a man-
ifold M are determined by the signatures of the special submanifoldsN 4k � M � Rj .
Pro of The Q-vector spaceH 4k (M ; Q) is spanned by the homology classes[N ] of
special submanifolds N 4k � M � Rj , and

L (M ) 2 H 4k (M ; Q) = HomQ(H4k (M ; Q); Q)

is determined by

L (M ) : H4k (M ; Q) � � ! Q ; [N ] � � ! hL(M ); [N ]i = hL(N ); [N ]i = � (N ) :

Theorem 2.7 (Thom) The rational Pontrjagin classesand the L -genusare combi-
natorial invariants.
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Pro of Let M m be a di�eren tiable m-dimensional manifold. The Pontrjagin classes
and the L -genusof a specialsubmanifold N 4k � M m � Rj are the imagesin H 4� (N ; Q)
of the Pontrjagin classesand the L -genus of M . The signature � (N ) depends only
on the homology class[N ] � H 4k (M ; Q) represented by N . The oriented cobordism
spectrum M SO is given rationally by a wedgeof Eilenberg-MacLanespectra

M SO 
 Q =
_

k

K (Q� k ; 4k)

with � k the number of partitions of k. Transversality also works in the PL category,
with the oriented PL cobordism spectrum M SPL such that

M SPL 
 Q = M SO 
 Q :

Thus only special PL submanifolds N 4k � M � Rj needbe consideredin 2.6, and if
h : M 0� � ! M is a PL homeomorphismthen p� (M 0) = h� p� (M ), L (M 0) = h� L (M ).

Remark 2.8 Thom used PL transversality and the Hirzebruch signature theorem
to de�ne rational Pontrjagin classesp� (M ) and the L -genus L (M ) 2 H 4� (M ; Q)
for a PL manifold M . It is not possible to prove the topological invariance of the
rational Pontrjagin classesby a mimicry of Thom's PL transversality argument: on
the contrary , topological invariance is required for topological transversality and

M STOP 
 Q = M SO 
 Q :

Prop osition 2.9 (Dold, Milnor) The rational Pontrjagin classesand the L -genusare
not homotopy invariants.
Pro of The stable classifyingspaceG=O for �bre homotopy trivialized vector bundles
is such that there is de�ned a �bration

G=O � � ! B O � � ! B G

with an exact sequence

: : : � � ! � n +1 (B G) � � ! � n (G=O) � � ! � n (B O) � � ! � n (B G) � � ! : : : :

The homotopy groups of the stable classifying spaceB G for spherical �brations are
the stable homotopy groups of spheres

� � (B G) = � S
�� 1 ;

so that by Serre's�niteness theorem

� � (B G) 
 Q = � S
�� 1 
 Q = 0 (� > 1) :

By Bott periodicit y � 4k (B O) = Z, detected by the kth Pontrjagin classpk . For any
k � 1 there exists a �bre homotopy trivial (j + 1)-plane bundle � : S4k � � ! B O(j + 1)
(j large) over S4k with

pk (� ) 6= 0 2 H 4k (S4k ) = Z :
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The spherebundle S(� ) is a closed(4k + j )-dimensional manifold which is homotopy
equivalent to S(� j +1 ) = S4k � Sj with

pk (S(� )) = � pk (� ) 6= 0 2 H 4k (S4k � Sj ) = Z :

x3. Splitting

Let M m be an m-dimensional manifold, and let N n � M m be an n-dimensional
submanifold. A homotopy equivalenceh : M 0� � ! M of m-dimensional manifolds can
be made transverseregular at N � M , with the restriction

f = hj : N 0 = h� 1(N ) � � ! N

a degree1 map of n-dimensional manifolds. Let i : N � � ! M , i 0 : N 0� � ! M 0 be the
inclusions. For any embedding M 0 � Sm + k (k large) de�ne a map of (m� n+ k)-plane
bundles covering f

b : � N 0� Sm + k = � N 0� M 0 � i 0� (� M 0� Sm + k ) � � ! � = � N � M � (h� 1i ) � (� M 0� Sm + k ) ;

so that (f ; b) : N 0� � ! N is a normal map. In general, (f ; b) is not a homotopy
equivalence.

De�nition 3.1 A homotopy equivalenceh : M 0� � ! M of manifolds splits along a
submanifold N � M if transversality can be applied in such a way that the restriction
hj = (f ; b) : N 0� � ! N is a homotopy equivalence.

If h : M 0� � ! M is a homotopy equivalence of m-dimensional manifolds which is
homotopic to a di�eomorphism then h splits along every n-dimensional submanifold
N � M . A homotopy equivalencewhich does not split along a submanifold cannot
be homotopic to a di�eomorphism.

The exotic spheresprovide a concreteconstruction of a homotopy equivalenceh :
M 0m � � ! M m which does not split along a special submanifold N 4k � M m , with
p� (M 0) 6= h� p� (M ), L (M 0) 6= h� L (M ), as follows:

Example 3.2 Let (W 8; � 7) be the framed 3-connected8-dimensional di�eren tiable
manifold with signature � (W ) = 8 obtained by the Milnor E8-plumbing of 8 copies
of � S4 : S4� � ! B O(4), with boundary @W = � 7 the homotopy 7-spheregenerating
the exotic spheregroup � 7 = Z28. The 28-fold connectedsum # 28� 7 is di�eomorphic
to the standard 7-sphereS7. Let � : S8� � ! B O(j + 1) (j large) be a �bre homotopy
trivial (j + 1)-plane bundle over S8 such that

� 2 ker(J : � 8(B O)� � ! � 7
S ) = 240Z � � 8(B O) = Z
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is the generator with

p2(� ) = � 14402 H 8(S8) = Z :

The spherebundle is a closed(8 + j )-dimensional di�eren tiable manifold M 0 = S(� )
with a homotopy equivalence

h : M 0 = S(� ) � � ! M = S(� j +1 ) = S8 � Sj

which doesnot split along the special submanifold

N 8 = S8 � f pt.g � M 8+ j = S8 � Sj :

The inverseimage of N is the special submanifold

N 08 = h� 1(N ) = # 28W [ D 8 � M 08+ j

with

L 2(M 0) = � (N 0) =
7
45

h� p2(� ); [S8]i = 28� � (W ) = 224

6= h� L 2(M ) = � (N ) = 0 2 H 8(M 0; Q) = Q ;

p2(M 0) = 14406= h� p2(M ) = 0 2 H 8(M 0) = Z :

(Thus h is not homotopic to a di�eomorphism. In fact, by the topological invariance
of the rational Pontrjagin classesh is not homotopic to a homeomorphism.)

If h : M 0� � ! M is a homotopy equivalenceof m-dimensional manifolds and N �
M is an n-dimensional submanifold such that the surgery obstruction � � (f ; b) 2
L n (Z[� 1(N )]) of the restriction

(f ; b) = hj : N 0 = h� 1(N ) � � ! N

is non-zero then h does not split along N . For m � n � 3 and n � 5 h splits if and
only if � � (f ; b) = 0.

Example 3.3 If m � 4k � 3 and k � 2 a homotopy equivalence h : M 0� � ! M of
m-dimensional manifolds splits along a 4k-dimensional submanifold N 4k � M if and
only if the simply-connectedsurgery obstruction

� � (f ; b) =
1
8

(� (N 0) � � (N )) 2 L 4k (Z) = Z

is 0, which for special N � M is equivalent to

h(h� 1) � L k (M 0) � L k (M ); [N ]i = 0 2 Q :

SeeChapter 23 of Ranicki [18] for an account of the Browder-Wall surgery obstruc-
tion theory for splitting homotopy equivalencesalong submanifolds.
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x4. Topological in variance

A homeomorphismof di�eren tiable manifolds cannot in general be approximated
by a di�eomorphism, by virtue of the exotic spheres. Thus it is not at all obvious
that the L -genus L (M ) and the rational Pontrjagin classesp� (M ) are topological
invariants of a di�eren tiable manifold M .

Surgery theory for simply-connected compact manifolds is adequate for the con-
struction and classi�cation of exotic spheres. The applications to topological invari-
anceproperties require a surgery theory for non-compact manifolds, such as the uni-
versalcoversof compact manifolds with in�nite fundamental group. The applications
require the vanishing of the lower Whitehead groups W h�� (f 1g) to split homotopy
equivalencesof open manifolds.

The lower K -groups K �� (A) of Bass[2,XI I] are de�ned to be such that

K 1(A[Z i ]) =
iX

j =0

�
i
j

�
K 1� j (A) � Nil-groups

for any ring A. For a group ring A = Z[� ]

W h(� � Z i ) =
iX

j =0

�
i
j

�
W h1� j (� ) � Nil-groups

with the lower Whitehead groups are de�ned by

W h1� j (� ) =

8
<

:

W h(� ) if j = 0
eK 0(Z[� ]) if j = 1
K 1� j (Z[� ]) if j � 2 .

Bass,Heller and Swan [3] proved that W h(Z i ) = 0 for all i � 1, so that

W h1�� (f 1g) = 0 :

(In fact, Novikov [12] gave an independent proof that eK 0(Z[Z i ]) = 0, and hencethat
W h1�� (f 1g) = 0.)

The unobstructed simply-connected case � 1(N ) = f 1g of the following result is
the essential step in the proof of the topological invariance of the rational Pontrjagin
classes.

Prop osition 4.1 (Browder [5], Novikov [12], Siebenmann [20]) Let N be a compact
n-dimensional manifold, and let W be an open (n + i )-dimensional manifold with an
Ri -bounded homotopy equivalence f : W � � ! N � Ri (i � 1). The lower Whitehead
torsion � 1� i (f ) 2 W h1� i (� 1(N )) is such that � 1� i (f ) = 0 if (and for n � 5 only if )
f splits along N � f 0g � N � Ri .
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The original results were not formulated in the languageof bounded topology - see
Ranicki [17] for an exposition of the applications of lower K - and L-theory to splitting
theoremsfor homotopy equivalencesof non-compact manifolds in bounded topology,
including the de�nition of the lower Whitehead torsion. There is a brief account in
x8 below. Proposition 4.1 applies to a homeomorphismf : W � � ! N � Ri becauseit
is possibleto approximate f by a di�eren tiable Ri -bounded homotopy equivalence.

Theorem 4.2 (Novikov [12]) The rational Pontrjagin classesand the L -genus are
topological invariants.
Pro of By 2.6 it su�ces to prove that the signatures of special submanifolds are
homeomorphisminvariant, i.e. that if h : M 0m � � ! M m is a homeomorphismof dif-
ferentiable (or PL) manifolds then � (N ) = � (N 0) 2 Z for any special submanifold
N 4k � M m � Rj , with

N 0 = h0� 1(N ) � M 0 � Rj

the transverse inverse image of any di�eren tiable (or PL) approximation h0 : M 0 �
Rj � � ! M � Rj to h � 1Rj . Every special submanifold is (ambient) cobordant to a
simply-connectedone,soit may beassumedthat N is simply-connected,� 1(N ) = f 1g.
The homeomorphism

f = (h � 1Rj )j : W = (h � 1Rj ) � 1(N � Ri ) � � ! N � Ri (i = m + j � 4k)

is an Ri -bounded homotopy equivalence. The splitting obstruction given by 4.1 is
� 1� i 2 W h1� i (� 1(N )) = 0. Thus h0 can be chosen such that h0j : N 0� � ! N is a
homotopy equivalence, and � (N ) = � (N 0) 2 Z. (See 8.8 below for an L-theoretic
version of this argument).

Remarks 4.3 (i) Novikov's proof of the topological invariance of the rational Pontr-
jagin classesled to the disproof of the manifold Hauptvermutung by Casson,Sullivan
and Siebenmann. A homeomorphismof PL manifolds cannot in generalbe approxi-
mated by a PL homeomorphism. Thus it is also not at all obvious that the L -genus
and the rational Pontrjagin classesare topological invariants of a PL manifold. Al-
though the original proof of topological invariance was in the di�eren tiable category,
it applies equally well in the PL category.
(ii) Novikov's proof of the topological invariance of the rational Pontrjagin classes
also led to the subsequent development by Kirb y and Siebenmann of the classi�ca-
tion theory of high-dimensional topological manifolds. It is now possible to de�ne
the L -genus and the rational Pontrjagin classesfor a topological manifold, and the
Hirzebruch signature theorem � (N ) = hL(N ); [N ]i also holds for topological mani-
folds N 4k .
(iii) The computation W h1�� (f 1g) = 0 usedin the proof of the topological invariance
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of the rational Pontrjagin classesand of Whitehead torsion (Chapman) plays the role
of the computation W h(f 1g) = 0 usedin the proof of the combinatorial invariance of
Whitehead torsion - seeRanicki and Yamasaki [18] for an exposition.

x5. Homotop y in variance

De�nition 5.1 The higher L -genus of an m-dimensional manifold M with funda-
mental group � 1(M ) = � is

L � (M ) = f � (L (M ) \ [M ]) 2 Hm � 4� (B � ; Q) ;

with f : M � � ! B � classifyingthe universalcover fM , and L (M ) \ [M ] 2 Hm � 4� (M ; Q)
the Poincar�e dual of the L -genus L (M ) 2 H 4� (M ; Q).

Conjecture 5.2 (Novikov [13, x11]) The higher L -genusis a homotopy invariant: if
h : M 0m � � ! M m is a homotopy equivalence of m-dimensional manifolds then

L � (M ) = L � (M 0) 2 Hm � 4� (B � ; Q) :

De�nition 5.3 A submanifold N 4k � M m � Rj is � -special if it is special and the
Poincar�e dual [N ]� 2 H m � 4k (M ; Q) of [N ] 2 H4k (M ; Q) is such that

[N ]� 2 im( f � : H m � 4k (B � ; Q)� � ! H m � 4k (M ; Q)) :

The higher signatures of M are the signatures� (N ) 2 Z of the � -special manifolds
N � M � Rj .

Remarks 5.4 (i) The higher L -genus of an m-dimensionalmanifold M with � 1(M ) =
� is detected by the higher signatures. As before, let f : M � � ! B � classify the uni-
versal cover fM of M . The Q-vector spaceH m � 4k (B � ; Q) is spannedby the elements
of type x = e� (1) for a proper map

e : B � � Rj � � ! Ri (i = m + j � 4k)

with large j . (It is convenient to assumehere that B � is compact). For any such x; e
the composite

e(f � 1) : M � Rj
f � 1

� � � � ! B � � Rj
e

� � ! Ri

can be made transverseregular at 0 2 Ri , with

N 4k = (e(f � 1)) � 1(0) � M � Rj
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a � -special submanifold. The higher L -genus of M is such that

L � (M ) : H m � 4k (B � ; Q) � � ! Q ;

x � � ! hx; L � (M )i = hL(M ) [ f � (x); [M ]i = hL(N ); [N ]i = � (N ) :

(ii) The Novikov conjecture is equivalent to the homotopy invariance of the higher
signatures: if h : M 0m � � ! M m is a homotopy equivalencethen

� (N ) = � (N 0) 2 Z

for any � -special submanifold N 4k � M m � Rj , with the inverseimage

N 0 = (h � 1)� 1(N ) � M 0 � Rj

also a � -special submanifold.

SeeChapter 24 of Ranicki [18] for a more detailed account of the higher signatures.

x6. Cob ordism in variance

Very early on in the history of the Novikov conjecture (essentially already in [13]) it
was recognizedthat the conjecture is equivalent to the algebraic Poincar�e cobordism
invariance of the higher L -genus, and also to the splitting of the rational assembly
map A � : Hm � 4� (B � ; Q)� � ! L m (Z[� ]) 
 Q.

SeeRanicki [16] for the symmetric (resp. quadratic ) L -groups L m (R) (resp.
L m (R)) of a ring with involution R, which are the cobordism groupsof m-dimensional
symmetric (resp. quadratic) Poincar�ecomplexes(C; � ) consistingof an m-dimensional
f.g. free R-module chain complex C with a symmetric (resp. quadratic) Poincar�e
dualit y � : Cm �� ' C. The symmetrization maps 1 + T : L m (R)� � ! L m (R) are
isomorphismsmodulo 8-torsion. The quadratic L -groupsL m (R) are the Wall surgery
obstruction groups, and depend only on m(mod 4). The symmetric L -groups L m (R)
were intro ducedby Mishchenko, and are not 4-periodic in general. The L-groupsof Z
are given by

L m (Z) =

8
<

:

Z if m � 0(mod 4)
Z2 if m � 1(mod 4)
0 otherwise

; L m (Z) =

8
<

:

Z if m � 0(mod 4)
Z2 if m � 2(mod 4)
0 otherwise .

De�nition 6.1 The symmetric signature of an m-dimensionalgeometricPoincar�e
complex X with universal cover eX is the symmetric Poincar�e cobordism class

� � (X ) = (C( eX ); � ) 2 L m (Z[� 1(X )])

with � the m-dimensional symmetric structure of the Poincar�e dualit y chain equiva-
lence[X ] \ � : C( eX )m �� � � ! C( eX ).
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The standard algebraic mapping cylinder argument shows:

Prop osition 6.2 The symmetric signature is both a cobordism and a homotopy in-
variant of a geometric Poincar�e complex.

The symmetric signature is a non-simply-connected generalization of the signa-
ture; for m = 4k the natural map L m (Z[� 1(X )]) � � ! L m (Z) = Z sends� � (X ) to the
signature � (X ).

De�nition 6.3 The quadratic signature of a normal map of m-dimensional man-
ifolds with boundary (f ; b) : (M 0; @M 0)� � ! (M ; @M ) and with @f : @M 0� � ! @M a
homotopy equivalenceis the cobordism classof the quadratic Poincar�e complex ker-
nel

� � (f ; b) = (C(f !);  ) 2 L m (Z[� 1(M )]) ;

with  the quadratic structure on the algebraic mapping coneC(f !) of the Umkehr
Z[� 1(M )]-module chain map

f ! : C( fM ) ' C( fM ; @fM )m ��
ef �

� � ! C( fM 0; @fM 0)m �� ' C( fM 0) :

Prop osition 6.4 The quadratic signature of a normal map (f ; b) is the Wall surgery
obstruction, such that � � (f ; b) = 0 if (and for m � 5 only if ) (f ; b) is normal bordant
to a homotopy equivalence.

The symmetrization of the quadratic signature is the symmetric signature

(1 + T)� � (f ; b) = � � (M 0 [ @f � M ) 2 L m (Z[� 1(M )])

where � M refers to M with the opposite orientation [� M ] = � [M ].

The rational surgery obstruction of a normal map (f ; b) : M 0� � ! M of closedm-
dimensional manifolds with fundamental group �

� � (f ; b) 
 Q 2 L m (Z[� ]) 
 Q

dependsonly on the di�erence of the higher L -genera

L � (M 0) � L � (M ) 2 Hm � 4� (B � ; Q) :

For any �nitely presented group � the Q-vector spaceH m � 4� (B � ; Q) is spannedby
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the di�erences L � (M 0) � L � (M ) for normal maps (f ; b) : M 0� � ! M of closed m-
dimensional manifolds with fundamental group � .

De�nition 6.5 The rational assembly map in quadratic L -theory is

A � : Hm � 4� (B � ; Q) � � ! L m (Z[� ]) 
 Q ;

L � (M 0) � L � (M ) � � ! � � (f ; b) 
 Q =
1
8

(� � (M 0) � � � (M )) ;

with

A � L � (M ) =
1
8

� � (M ) 2 L m (Z[� ]) 
 Q = L m (Z[� ]) 
 Q :

The kernel of A � is spanned by the di�erences L � (M 0) � L � (M ) for homotopy
equivalent m-dimensional manifolds M ; M 0 with fundamental group � .

Prop osition 6.6 (Novikov [13]) The Novikov conjecture holds for � if and only if the
rational assemblymap

A � : Hm � 4� (B � ; Q) � � ! L m (Z[� ]) 
 Q

is a split injection for each m(mod 4).

x7. The in tegral No vik ov conjecture

The integral versionsof the topological invarianceof the rational Pontrjagin classes
and of the Novikov conjecture on the homotopy invariance of the higher signatures
involve the algebraic L -spectra de�ned in Ranicki [18].

The symmetric L -spectrum L.(R) of a ring with involution R is de�ned in [18]
using n-ads of symmetric forms over Z, with homotopy groups

� � (L.(R)) = L � (R) :

The generalized homology spectrum H .(X ; L.(R)) of a topological spaceX is
de�ned in [18] using sheaves over X of symmetric Poincar�e complexesover R, with
homotopy groups

� � (H .(X ; L.(R))) = H � (X ; L.(R))

the cobordism groups of such sheaves. The assembly map

A : H .(X ; L.(R)) � � ! L .(R[� 1(X )])

is de�ned by pulling back symmetric Poincar�e sheaf over X to the universal cover
eX , and then assembling the stalks to obtain a symmetric Poincar�e complex over
R[� 1(X )]. Similarly for the quadratic L -spectrum L.(R).
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The 0th spaceof the quadratic L -spectrum L.(Z) is such that

L0(Z) ' L 0(Z) � G=TOP :

As usual, G=TOP is the classifying spacefor �bre homotopy trivialized topological
bundles, with a �bration sequence

G=TOP � � ! B TOP � � ! B G :

Let L. = L.h1i (Z) be the 1-connective cover of L .(Z), with 0th spacesuch that

L0 ' G=TOP :

For any spaceX de�ne the structure spectrum

S.(X ) = homotopy co�bre (A : H .(X ; L.)� � ! L .(Z[� 1(X )])) ;

to �t into a co�bration sequenceof spectra

H .(X ; L.)
A

� � ! L .(Z[� 1(X )])) � � ! S.(X ) ;

with A the spectrum level assembly map. The structure groups

S� (X ) = � � (S.(X ))

are the cobordism groups of sheavesover X of quadratic Poincar�e complexesover Z
such that the assembly quadratic Poincar�ecomplexover Z[� 1(X )] is contractible. The
structure groups are the relative groups in the algebraic surgery exact sequence

: : : � � ! Sm +1 (X ) � � ! Hm (X ; L.)
A

� � ! L m (Z[� 1(X )]) � � ! Sm (X ) � � ! : : : :

If X is an m-dimensional CW complex then H � (X ; L.) = H � (X ; L.(Z)) for � > m
and S� (X ) = S� +4 (X ) for � > m + 1.

Prop osition 7.1 (Ranicki [18]) (i) An m-dimensional geometric Poincar�e complex
X has a total surgery obstruction

s(X ) 2 Sm (X )

such that s(X ) = 0 if (and for m � 5 only if ) X is homotopy equivalent to a closed
m-dimensional topological manfold.
(ii) A closed m-dimensional topological manifold M has a symmetric L -theory
orien tation

[M ]L 2 Hm (M ; L.(Z))

which is represented by the symmetric Poincar�e orientation sheaf, with assemblythe
symmetric signature

A([M ]L ) = � � (M ) 2 L m (Z[� 1(M )]) :

(iii) A normal map (f ; b) : M 0� � ! M of closed m-dimensional topological manifolds
has a normal in varian t

[f ; b]L 2 Hm (M ; L.) = [M ; G=TOP]
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which is represented by the sheaf over M of the quadratic Poincar�e complex kernels
over Z of the normal maps

(f ; b) = hj : N 0 = h� 1(N ) � � ! N (N n � M m ) ;

with assemblythe surgery obstruction

A([f ; b]L ) = � � (f ; b) 2 L m (Z[� 1(M )]) :

The symmetrization of the normal invariant is the di�er ence of the symmetric L -
theory orientations

(1 + T)[f ; b]L = f � [M 0]L � [M ]L 2 Hm (M ; L.(Z)) :

(iv) A homotopy equivalence h : M 0� � ! M of closed m-dimensional topological man-
ifolds has a structure in varian t s(h) 2 Sm +1 (M ), which is represented by the
Z[� 1(M )]-contractiblequadratic Poincar�e kernel sheaf of (iii) and is suchthat s(h) = 0
if (and for m � 5 only if ) h is h-cobordant to a homeomorphism. Moreover, for m � 5
every elementx 2 Sm +1 (M ) is the structure invariant x = s(h) of a homotopyequiv-
alence h : M 0� � ! M .

Remarks 7.2 (i) The symmetric and quadratic L -spectra of Z are given rationally
by

L.(Z) 
 Q = L.(Z) 
 Q =
_

k

K (Q; 4k) ;

so that for any spaceX

Hm (X ; L.(Z)) 
 Q = Hm (X ; L.(Z)) 
 Q = Hm � 4� (X ; Q) :

(ii) The symmetric L -theory orientation [M ]L 2 Hm (M ; L.(Z)) of a closedm-dimen-
sional topological manifold M is an integral re�nement of the L -genus

[M ]L 
 Q = [M ] \ L (M ) 2 Hm (M ; L.(Z)) 
 Q = Hm � 4� (M ; Q)

detected by the signatures � (N ) of special submanifolds N 4k � M � Rj . As before,
let � 1(M ) = � and let f : M � � ! B � be the classifying map of the universal cover fM .
The image f � [M ]L 2 Hm (B � ; L .(Z)) is an integral re�nement of the higher L -genus

f � [M ]L 
 Q = L � (M ) 2 Hm (B � ; L .(Z)) 
 Q = Hm � 4� (B � ; Q)

detected by the signatures � (N ) of � -special submanifoldsN 4k � M � Rj .
(iii) The normal invariant [f ; b]L 2 Hm (M ; L.) of an m-dimensional normal map
(f ; b) : M 0� � ! M is given rationally by the di�erence of the Poincar�e duals of the
L -genera

[f ; b]L 
 Q = f � (L (M 0) \ [M 0]) � (L (M ) \ [M ])

2 Hm (M ; L.(Z)) 
 Q = Hm � 4� (M ; Q) :

(iv) The quadratic L -theory invariant of a normal map (f ; b) : M 0� � ! M of closed
m-dimensional manifolds is given rationally by the di�erence of the Poincar�e duals of
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the L -genera

[f ; b]L 
 Q = f � (L (M 0) \ [M 0]) � (L (M ) \ [M ])

2 Hm (M ; L.(Z)) 
 Q = Hm � 4� (M ; Q) :

(v) The construction and the veri�cation of the combinatorial invariance of the sym-
metric L -theory orientation [M ]L 2 Hm (M ; L.(Z)) is quite straightforward for a PL
manifold M . The construction and topological invariance of [M ]L for a topological
manifold M is much more complicated - seex8 below.
(vi) For m � 5 an m-dimensionalgeometricPoincar�e complex X is homotopy equiva-
lent to a closedm-dimensional manifold M if and only if there exists a symmetric L -
theory orientation [X ]L 2 Hm (X ; L.(Z)) such that A([X ]L ) = � � (X ) 2 L m (Z[� 1(X )]),
modulo 2-primary torsion invariants.

In tegral No vik ov conjecture 7.3 The assemblymap in quadratic L -theory

A : H � (B � ; L .(Z)) � � ! L � (Z[� ])

is a split injection.

The algebraic surgery exact sequencefor the classifying spaceB � of a group �

: : : � � ! Sm +1 (B � ) � � ! Hm (B � ; L .)
A

� � ! L m (Z[� ]) � � ! Sm (B � ) � � ! : : :

is such that

im(Sm +1 (B � )� � ! Hm (B � ; L .)) = ker(A : Hm (B � ; L .)� � ! L m (Z[� ])) � L m (Z[� ])

consistsof the imagesof the normal invariants

f � [s(h)] = f � [h; b]L 2 Hm (B � ; L .)

of all homotopy equivalencesh : M 0� � ! M of m-dimensional topological manifolds
with � 1(M ) = � , and with f : M � � ! B � classifying the universal cover.

Remarks 7.4 (i) The integral Novikov conjecture for � implies the original Novikov
conjecture for � , since the integral assembly map A induces the rational assembly
map

A 
 1 : Hm (B � ; L .(Z)) 
 Q = Hm � 4� (B � ; Q) � � ! L m (Z[� ]) 
 Q :

(ii) The integral Novikov conjecture is generally false if � has torsion, e.g. if � = Z2.
(iii) The integral Novikov conjecture has been veri�ed for many torsion-free groups
� , starting with the free abelian case� = Z i (when A is an isomorphism).

The realization theorem of Wall [21] identi�es L m (Z[� ]) for a �nitely presented
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group � and m � 5 with a bordism group of normal maps(f ; b) : (M ; @M )� � ! (N ; @N )
of compact m-dimensional manifolds with boundary which restrict to a homotopy
equivalence@f = f j : @M � � ! @N on the boundary, with � 1(N ) = � . The generalized
homologygroupsH � (B � ; L .) havea similar description, with the addedcondition that
@f : @M � � ! @N be a homeomorphism(including @M = @N = ; as a special case).
If � is su�cien tly geometric for manifolds with fundamental group � to be rigid it is
possibleto split A by geometry. Suppose� is such that there is a systematicprocedure
for associating to any homotopy equivalencef 0 : M 0� � ! N 0 of closedm0-dimensional
manifolds with � 1(N ) = � an (m0 + 1)-dimensional normal bordism

(g0; c0) : (W ; M 0
0; M 0

1) � � ! N 0 � ([0; 1]; f 0g; f 1g)

from g0
0 = f 0 : M 0

0 = M 0� � ! N 0 to a homeomorphism g0
1 : M 0� � ! N 0, at least for

m0 � 5. Then there is de�ned a direct sum system

Hm (B � ; L .)
A

� � � � � � � !
 � � � � � � �

B
L m (Z[� ])

C
� � � � � � � !
 � � � � � � �

D
Sm (B � )

verifying the integral Novikov conjecture for � , with

B : L m (Z[� ]) � � ! Hm (B � ; L .) ; (f ; b) � � ! (f ; b) [ (g0; c0) (f 0 = @f ) ;

C : L m (Z[� ]) � � ! Sm (B � ) ;

� � (( f ; b) : (M ; @M )� � ! (N ; @N )) � � ! s(@f : @M � � ! @N ) ;

D : Sm (B � ) � � ! L m (Z[� ]) ; s(f 0) � � ! � � (g0; c0) (m0 = m � 1) :

The chain complex treatment in Ranicki [16], [18] of the surgeryobstruction of Wall
[21] associatesa quadratic Poincar�e complex � � (f ; b) over Z[� ] (resp. a sheafover B �
of quadratic Poincar�e complexesover Z) to any normal map (f ; b) : (M ; @M )� � !
(N ; @N ) with @f a homotopy equivalence(resp. a homeomorphism)and � 1(N ) = � .
In principle, this allows the translation into algebra of any geometric construction of
a disassembly map B .

x8. With one bound

The applications of bounded and controlled algebra to splitting theoremsin topol-
ogy and the Novikov conjecturesdepend on the development of an algebraic theory
of transversality. The splitting obstructions are the same in algebra and topology,
but it is necessaryto usealgebra to prove that the obstructions vanish in particular
cases.

Given a metric spaceX and a ring R let C X (R) be the X -b ounded free R-
mo dule additiv e category of Pedersenand Weibel [14]. An object in C X (R) is a
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direct sum of f.g. free R-modules graded by X

A =
X

x 2 X

A(x)

such that A(K ) =
P

x 2 K
A(x) is a f.g. free R-module for every subspaceK � X of

�nite diameter. A morphism in C X (R)

f = f f (y; x)g : A =
X

x 2 X

A(x) � � ! B =
X

y2 X

B (y)

is an R-module morphism such that there exists a number b > 0 with f (y; x) = 0 :
A(x)� � ! B (y) for all x; y 2 X with d(x; y) > b.

A prop er eventually Lipsc hitz map f : X � � ! Y of metric spacesis a function
(not necessarilycontinuous) such that the inverseimageof a boundedset is a bounded
set, and there exist numbers r; k > 0 depending only on f such that for all s > r
and all x; y 2 X with d(x; y) < s it is the casethat d(f (x); f (y)) < ks. Such a map
inducesa functor

f ! : C X (R) � � ! CY (R) ; M =
X

x 2 X

M (x) � � ! f !M =
X

y2 Y

� X

x 2 f � 1 (y )

M (x)
�

:

Supposegiven a metric spaceX with a decomposition X = X + [ X � de�ne for
any b � 0 the subspaces

X +
b = f x 2 X j d(x; y) � b for somey 2 X + g ;

X �
b = f x 2 X j d(x; z) � b for somez 2 X � g ;

Yb = f x 2 X j d(x; y) � b and d(x; z) � b for somey 2 X + ; z 2 X � g :

The inclusionsX + � � ! X +
b , X � � � ! X �

b arehomotopy equivalencesin the proper even-
tually Lipschitz category, so that

K � (CX +
b

(R)) = K � (CX + (R)) ; K � (CX �
b

(R)) = K � (CX � (R)) :

Every �nite chain complexC in C X (R) is such that there exist subcomplexesC+ ; C � �
C with C � de�ned in CX �

b
(R) and C+ \ C � de�ned in CYb (R) for someb � 0. Thus

C admits a `Mayer-Vietoris presentation'

0 � � ! C+ \ C � � � ! C+ � C � � � ! C � � ! 0 :

If C is contractible there is an algebraic K -theory obstruction to the existence of
such a presentation with C+ ; C � ; C+ \ C � contractible, which depends only on the
Whitehead torsion � (C) 2 K 1(C X (R)). Speci�cally , if PX (R) denotesthe idempotent
completion of C X (R), the obstruction is the element

@� (C) 2 lim
� !

b

K 0(PYb (R)) ;
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with @the connectingmap in a Mayer-Vietoris exact sequenceof algebraicK -groups

: : : � � ! K 1(C X + (R)) � K 1(C X � (R)) � � ! K 1(C X (R))
@

� � ! lim
� !

b

K 0(PYb (R)) � � ! K 0(PX + (R)) � K 0(PX � (R)) � � ! : : : :

SeeRanicki [17] for further details. (The corresponding splitting obstruction in con-
trolled K -theory is developed in Ranicki and Yamasaki [18]).

A CW complex M is X -b ounded if it is equipped with a proper map M � � ! X
such that the diameters of the imagesof the cells of M are uniformly bounded in X ,
so that the cellular chain complex C(M ) is de�ned in C X (Z). Similarly for cellular
maps, with induced chain maps in C X (Z).

If f : M � � ! N is an X -bounded homotopy equivalenceof X -bounded CW com-
plexeswhich are locally simply-connectedthe X -boundedWhitehead torsion is given
by

� (f ) = � (C) 2 K 1(C X (Z))

with C = C(f : C(M )� � ! C(N )) the algebraic mapping cone of the induced chain
equivalencef : C(M )� � ! C(N ) in C X (Z). If X = X + [ X � the algebraic splitting
obstruction

@� (f ) 2 lim
� !

b

K 0(PYb (Z))

is such that @� (f ) = 0 if and only if f is X -bounded homotopic to an X -bounded
homotopy equivalence(also denotedby f ) such that the restrictions f j : f � 1(Y )� � ! Y
areY-boundedhomotopy equivalences,with Y = X + ; X � ; Yb (for someb � 0). There
is a corresponding algebraicL -theory splitting obstruction for homotopy equivalences
of manifolds, using algebraic Poincar�e complexes.

An involution on the ground ring R inducesa dualit y involution on the X -bounded
R-module category

� : C X (R) � � ! C X (R) ; M =
X

x 2 X

M (x) � � ! M � =
X

x 2 X

M (x) � ;

with M (x) � = HomR (M (x); R).

De�nition 8.1 (Ranicki [17]) The X -b ounded symmetric L -groups L � (C X (R))
are the cobordism groups of symmetric Poincar�e complexesin C X (R). Similarly for
the X -b ounded quadratic L -groups L � (C X (R)).

The symmetrization maps 1 + T : L � (C X (R)) � � ! L � (C X (R)) are isomorphisms
modulo 8-torsion. For compact X C X (R) is equivalent to the category of f.g. free
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R-modules and

L � (C X (R)) = L � (R) ; L � (C X (R)) = L � (R) :

The functor

f metric spacesand proper eventually Lipschitz mapsg

� � ! f Z-graded abelian groupsg ; X � � ! L � (C X (R))

wasshown in Ranicki [17] to bewithin a boundeddistance(in the non-technical sense)
of being a generalizedhomology theory, by an extension to algebraic L -theory of the
corresponding properties of the algebraicK -theory obtained by Pedersenand Weibel
[14]. The functor is homotopy invariant, and has the following bounded excision
property:

Prop osition 8.2 (Ranicki [17,14.2]) For any metric space X and any decomposition
X = X + [ X � there is de�ned a Mayer-Vietoris exact sequence in bounded L-theory

: : : � � ! L n (C X + (R)) � L n (C X � (R)) � � ! L n (C X (R))

@
� � ! lim

� !
b

L J b
n � 1(PYb (R)) � � ! L n � 1(C X + (R)) � L n � 1(C X � (R)) � � ! : : : ;

with

Yb = f x 2 X j d(x; y) � b and d(x; z) � b for somey 2 X + ; z 2 X � g ;

Jb = ker( eK 0(PYb (R)) � � ! eK 0(PX (R)))

� eK 0(PYb (R)) = coker(K 0(CYb (R)) � � ! K 0(PYb (R))) :

The Jb-intermediate quadratic L -groups L J b
� (PYb (R)) are such that there is de�ned a

Rothenberg-type exact sequence

: : : � � ! L n (CYb (R)) � � ! L J b
n (PYb (R)) � � ! bH n (Z2; Jb) � � ! L n � 1(CYb (R)) � � ! : : :

with bH � (Z2; Jb) the Tate Z2-cohomology groupsof the duality involution � : Jb� � ! Jb.

De�nition 8.3 The X -b ounded symmetric signature of an m-dimensional X -
bounded geometric Poincar�e complex M is the cobordism class

� � (M ) = (C(M ); � ) 2 L m (C X (Z)) ;

with � the symmetric structure of the Poincar�e dualit y chain equivalence[M ] \ � :
C(M )m �� � � ! C(M ).

The standard algebraic mapping cylinder argument shows:
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Prop osition 8.4 The X -bounded symmetric signature is an X -bounded homotopy
invariant of an X -bounded geometric Poincar�e complex.

De�nition 8.5 The X -b ounded quadratic signature of a normal map of X -
boundedm-dimensionalmanifolds with boundary (f ; b) : (M 0; @M 0)� � ! (M ; @M ) and
with @f : @M 0� � ! @M an X -boundedhomotopy equivalenceis the quadratic Poincar�e
cobordism class

� � (f ; b) = (C(f !);  ) 2 L m (C X (Z)) ;

with  the quadratic structure on the algebraic mapping coneC(f !) of the Umkehr
chain map in C X (Z)

f ! : C(M ) ' C(M ; @M )m ��
f �

� � ! C(M 0; @M 0)m �� ' C(M 0) :

Prop osition 8.6 The X -bounded quadratic signature is the bounded surgery obstruc-
tion of Ferry and Pedersen[9], suchthat � � (f ; b) = 0 if (and for m � 5, � 1(M ) = f 1g
only if ) (f ; b) is normal bordant to an X -bounded homotopy equivalence.

The symmetrization of the X -boundedquadratic signature is the X -boundedsym-
metric signature

(1 + T)� � (f ; b) = � � (M 0 [ @f � M ) 2 L m (C X (Z)) :

SeeRanicki [18, Appendix C5] for the construction of the lo cally �nite assembly
maps

A lf : H lf. (X ; L.(Z)) � � ! L .(C X (Z))

for any metric spaceX , with the locally �nite homologyspectrum de�ned using locally
�nite sheaves over X of quadratic Poincar�e complexesover Z. The X -b ounded
structure groups

Sb
� (X ) = � � (A lf : H lf. (X ; L.(Z)) � � ! L .(C X (Z)))

are the relative groups in the X -b ounded algebraic surgery exact sequence

: : : � � ! Sb
m +1 (X ) � � ! H lf

m (X ; L.(Z))
A lf

� � ! L m (C X (Z)) � � ! Sb
m (X ) � � ! : : : :

The structure in varian t sb(h) 2 Sb
m +1 (X ) of an X -bounded homotopy equivalence

h : M 0� � ! M of X -bounded m-dimensional manifolds is such that sb(h) = 0 if (and
for m � 5, � 1(M ) = f 1g only if ) h is X -bounded homotopic to a homeomorphism.

For any subspaceK � SN de�ne the open cone metric space

O(K ) = f tx j x 2 K ; t � 0g � RN +1 ;
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such that for compact K

H lf
� +1 (O(K ); L.(Z)) = eH � (K ; L.(Z)) :

In particular, O(SN ) = RN +1 and

H lf
� +1 (O(SN ); L .(Z)) = eH � (SN ; L .(Z)) = L �� N (Z) :

Prop osition 8.7 (Ranicki [17],[18]) (i) The locally �nite assemblymaps

A lf : H lf
� (O(K ); L.(Z)) � � ! L � (C O(K ) (Z))

are isomorphisms for any compact polyhedron K � SN , with Sb
� (O(K )) = 0. Simi-

larly for symmetric L -theory.
(ii) The symmetric L -theory orientation [M ]L 2 Hm (M ; L.(Z)) of a closed m-dimen-
sional manifold M is a topological invariant.
Pro of (i) For any ring with involution R every quadratic complex(C;  ) in C O(K ) (R)
is cobordant to the assembly A(�) of a locally �nite sheaf � over O(K ) of quadratic
complexesover R. If (C;  ) is a quadratic Poincar�e complex it may not be possi-
ble to choose � such that each of the stalks is a quadratic Poincar�e complex over
R - the reduced lower K -groups eK �� (R) are the potential obstructions to such a
quadratic Poincar�e disassembly. This is an O(K )-bounded algebraic L -theory ver-
sion of the lower Whitehead torsion obstruction (4.1) to splitting O(K )-bounded
homotopy equivalencesof open manifolds. For R = Z the obstruction groups are
eK �� (Z) = W h�� (f 1g) = 0 by Bass,Heller and Swan [3]. See[18, Appendix C14] for
further details.
(ii) Let M + = M [ f pt.g. Regard M � R asan (m + 1)-dimensionalO(M + )-bounded
geometric Poincar�e complex via the projection M � R� � ! O(M + ), with O(M + ) de-
�ned using any embedding M + � SN (N large). The symmetric L -theory orientation
of M is the O(M + )-bounded symmetric signature of M � R

� � (M � R) = [M ]L

2 L m +1 (C O(M + ) (Z)) = H lf
m +1 (O(M + ); L .(Z)) = Hm (M ; L.(Z)) :

A homeomorphismh : M 0� � ! M determines an O(M + )-bounded homotopy equiva-
lenceh � 1 : M 0 � R� � ! M � R, so that

[M ]L = � � (M � R) = (h � 1)� � � (M 0 � R) = h� [M 0]L

2 Hm (M ; L.(Z)) = L m +1 (C O(M + ) (Z)) :

See[18, Appendix C16] for further details.

Remark 8.8 If N 4k � M m � Rj is a special submanifold there exists a proper map

e : M � Rj � � ! Ri (i = m + j � 4k)
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such that N = e� 1(0), and there is de�ned a commutativ e diagram

Hm (M ; L.(Z)) = H lf
m + j (M � Rj ; L .(Z))

e�

H lf
m + j (Ri ; L .(Z)) = L 4k (Z)

H lf
m + j (M � Rj ; (M � Rj )nN ; L.(Z)) = H4k (N ; L.(Z))

A

with A the simply-connected symmetric L -theory assembly map. The symmetric
L -theory orientation [M ]L 2 Hm (M ; L.(Z)) has image the signature of N

e� ([M ]L ) = A([N ]L ) = � (N ) 2 L 4k (Z) = Z :

The topological invariance of the symmetric L -theory orientation [M ]L thus im-
plies the topological invariance of the signatures � (N ) of special submanifolds, and
hence the topological invariance of the L -genus and the rational Pontrjagin classes
L (M ); p� (M ) 2 H 4� (M ; Q) (as in 4.2).

The homotop y �xed set of a pointed spaceX with � -action is

X h� = map� (E � + ; X ) ;

with E � + = E � [ f pt :g.

Let K be a connectedcompact polyhedron, regardedasa metric space.The action
of the fundamental group � = � 1(K ) on the universal cover eK inducesan action of �
on the spectrum L.(C eK (Z)), with the �xed point spectrum such that

L.(C eK (Z)) � ' L .(CK (Z[� ])) ' L .(Z[� ]) :

The action of � on the co�bration sequenceof spectra

H lf. ( eK ; L.(Z))
A lf

� � ! L .(C eK (Z)) � � ! Sb( eK )

determinesa co�bration sequenceof the homotopy �xed point spectra

H lf. ( eK ; L.(Z)) h�
A lf

� � ! L .(C eK (Z)) h� � � ! Sb( eK )h�

with a homotopy equivalence

H lf. ( eK ; L.(Z)) h� ' H .(K ; L.(Z)) :

The in�nite transfer maps of Ranicki [18,p. 328]

trf : L � (Z[� ]) = L � (CK (Z[� ])) = L � (C eK (Z) � ) � � ! L � (C eK (Z))

24



extend to de�ne a natural transformation of algebraic surgery exact sequences

: : : Sm +1 (K )

trf

Hm (K ; L.(Z)) A

trf �=

L m (Z[� ])

trf

Sm (K )

trf

: : :

: : : Sb;h�
m +1 ( eK ) H lf ;h�

m ( eK ; L.(Z)) A lf
L m (CeK (Z)h� ) Sb;h�

m ( eK ) : : :

with

Sb;h�
� ( eK ) = � � (Sb( eK )h� ) ; L � (C eK (Z)h� ) = � � (L.(C eK (Z)) h� ) :

The composite

Sm +1 (K )
trf

� � � ! Sb;h�
m +1 ( eK ) � � � ! Sb

m +1 ( eK )

sendsthe structure invariant s(h) 2 Sm +1 (K ) of a homotopy equivalenceh : M 0� � ! M
of compact m-dimensional manifolds with a � 1-isomorphism referencemap M � � ! K
to the eK -bounded structure invariant sb(eh) 2 Sb

m +1 ( eK ) of the induced eK -bounded
homotopy equivalenceeh : fM 0� � ! fM of the universal covers.

Prop osition 8.9 If � is a group such that the universal cover E � of the classifying
space B � is realized by a contractible metric space E with a free � -action and such
that the locally �nite assemblymaps

A lf
� : H lf

� (E ; L.(Z)) � � ! L � (CE (Z))

are isomorphisms then the integral Novikov conjecture holds for � .
Pro of The E � -bounded structure spectrum Sb(E � ) is contractible, and henceso is
the homotopy �xed point spectrum Sb(E � )h� . The locally �nite assembly map

A lf
� : H lf. (E � ; L .(Z)) h� � � ! L .(C E � (Z)) h�

is a homotopy equivalence,so that there are de�ned homotopy equivalences

H .(B � ; L.(Z)) ' H lf. (E � ; L .(Z)) h� ' L .(C E � (Z)) h� :

The in�nite transfer maps

trf : L .(Z[� ]) ' L .(C E � (Z)) � � � ! L .(C E � (Z)) h� ' H .(B � ; L.(Z))

induce splitting maps trf : L � (Z[� ])� � ! H � (B � ; L .(Z)) for the assembly maps A :
H � (B � ; L .(Z)) � � ! L � (Z[� ]).

Example 8.10 Let � = Zn , so that

B � = Tn ; E = E � = Rn :
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Compactify E by adding the (n � 1)-sphereat in�nit y

E = Rn [ Sn � 1 = D n ;

extending the free Zn -action on Rn by the identit y on @E = Sn � 1. In this casethe
locally �nite assembly isomorphisms

A lf : H � (D n ; Sn � 1; L .(Z)) = H lf
� (Rn ; L .(Z)) = eH �� 1(Sn � 1; L .(Z)) = L �� n (Z)

� � ! L � (B D n ;S n � 1 (Z)) = L � (C Rn (Z))

and the assembly isomorphisms

A : H � (Tn ; L .(Z)) � � ! L � (Z[Zn ])

were already obtained in Ranicki [17], using the identi�cation of the Rn -bounded
L-groups of a ring with involution A with the lower L -groups L h��i

� (A)

L � (C Rn (A)) = L h1� n i
� (A)

and the splitting theorem

L � (A[Zn ]) =
nX

k=0

�
n
k

�
L h1� k i

�� k (A) ;

with L h��i
� (Z) = L � (Z) by virtue of W h�� (f 1g) = 0.

Theorem 8.11 (Carlsson and Pedersen[7]) Let � is a group such that the universal
cover E � of the classifying space B � is realized by a contractible metric space E with
a free � -action, and with a compacti�c ation E such that:

(a) the free � -action on E extendsto a � -action on E (which need not be free),
(b) E is contractible,
(c) compact subsetsof E become small near the boundary @E = EnE, i.e. for every

point y 2 @E, every compact subsetK � E and for every neighbourhood U of y
in @E, there existsa neighbourhood V of y in X so that if g 2 � and g(K )\ V 6= ;
then g(K ) � U.

Then the integral Novikov conjecture holds for � .

The proof of the Novikov conjectures by Carlsson and Pedersen[7] uses in�nite
transfer maps (as in 8.9), but with the continuously controlled category BX ;Y (Z) of
Anderson, Connolly, Ferry and Pedersen[1] replacing the bounded category CE (Z)
of Pedersenand Weibel [14]. For a compact metrizable spaceX and a closeddense
subspaceY � X BX ;Y (Z) is the category with the same objects as CE (Z), where
E = X nY. A morphism in B X ;Y (Z)

f = f f (x0; x)g : A =
X

x 2 E

A(x) � � ! B =
X

x 02 E

B (x0)
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is a Z-module morphism such that for every y 2 Y and every neighbourhood U � X
of y there is a neighbourhood V � U such that f (A(V)) � B (U).

The algebraic transversality of Ranicki [17],[18] is extended in [7,5.4] to prove
that the assembly maps A : H lf

� (E ; L.(Z)) � � ! L � (BX ;Y (Z)) are isomorphisms, with
E = E � and (X ; Y) = (E ; @E) - this is the essential step in the proof of 8.11. As in
4.1 and 8.7 (i) there are potential lower Whitehead torsion obstructions to splitting,
which are avoided by the computation W h�� (f 1g) = 0 of Bass, Heller and Swan
[3]. The assembly map A : H lf ;�

m (E ; L.(Z)) � � ! L m (BE ;@E (Z)h� ) in the commutativ e
square

Hm (B � ; L .(Z)) A

trf �=

L m (Z[� ])

trf

H lf ;h�
m (E ; L.(Z)) A L m (BE ;@E (Z)h� )

is an isomorphism, giving the splitting of the assembly map A : H m (B � ; L .(Z)) � � !
L m (Z[� ]).

Example 8.12 Negatively curved groups in the senseof Gromov are the main exam-
ples of groups � satisfying the conditions of Theorem 8.11. SeeBestvina and Mess
[4].

Example 8.13 For any integer g � 1 let

� g = f a1; b1; : : : ; ag; bg j [a1; b1] : : : [ag; bg]g

be the fundamental group of the closedoriented surfaceM g of genus g, so that

B � g = M g ; E = E � g = R2 :

For g = 1 M g = T2, as already consideredin 8.10. For g � 2 M g has a hyperbolic
structure, and the free action of � g on E = R2 = int( D 2) extends to a (non-free)
action on E = D 2, with the identit y on @E = S1. The hypothesesof 8.11 (and 8.12)
are satis�ed, so that the assembly maps A : H � (B � g; L .(Z)) � � ! L � (Z[� g]) are split
injections. In fact, theseassembly maps are isomorphisms,which may be veri�ed as
follows. By the Freiheitssatz the subgroup � g � � g generatedby a1; b1; : : : ; ag is free,
sothat � g is a twisted extensionof � g by Z = f bgg and Z[� g] is a twisted Laurent poly-
nomial extension of Z[� g]. The assembly maps A : H � (B � g; L .(Z)) � � ! L � (Z[� g]) are
isomorphismsby Cappell [6], and the exact sequenceof Ranicki [15] for the L-theory
of twisted Laurent polynomial extensionscombined with W h(� g) = 0 extendsthis to
prove that the assembly maps A : H � (B � g; L .(Z)) � � ! L � (Z[� g]) are isomorphisms.
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