Non-abelian unipotent periods

Monodromy of iterated integrals

Zdzistaw Wojtkowiak

60. Introduction.

0.1. Let X be a smooth, algebraic variety defined over a number field k. Let 0 : £k — C
be an inclusion. We set X¢ = X x C. Let X(C) be the set of C-points of X¢ with its
k

complex topology. There is the canonical isomorphism
Peomp * HE(X(C)) @ C =5 Hp p(X) 2C

between Betti (singular) cohomology and algebraic De Rham cohomology. The period
matrix (p;;) is defined by equations w; = > p;;0; where {w; } and {o;} are bases of H}, (X))
and HE(X(C)) or pj; = [ . w; where {o5} is the dual base of H,(X(C)).

Let us assume that ;( is an abelian variety. Let G be the largest subgroup of
GL(H3(X(C))®Q) x G, which fixes all tensors clp(Z), where Z is an algebraic cycle on
some X (see [D2]). Let P be the functor of k-algebras, such that any element of P(A) is
an isomorphism p : H5(X(C))® A — H}»(X)® A mapping clp(Z)®1 to clpr(Z) ®1 for
any algebraic cycle Z on any X". The isomorphism peomp belongs to P(C), the functor
P is represented by an algebraic variety over k, which is a Gy-torsor under the natural
action. It is a subtorsor of the GL(H 5(X(C) ® k)-torsor Iso(H (X (C)) @ k, H}, r(X)).

Let T be a smallest subtorsor defined over k of the torsor Iso(H 5 (X (C))®k, H} r(X)),
which contains peomp as a C-point and let G be the corresponding subgroup (defined over
k) of GL(HL(X(C)) ® k). Let Z(peomp) be the Zariski closure of peomp in Iso(Hg(X(C) ®
k,H}: (X)) i.e. the smallest Zariski closed subset defined over k, which contains peomp as
a C-point.

Then we have

Z(Peomp) CT C P
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and
G ca.

In order to calculate Z(peomp) and to show that Z(pcomp) = P one need to show that
certain number are transcendental. On the other hand to calculate 7" and G seems to be
an easier task. The requirement that 7" is a subtorsor of Iso(H}5(X(C)) ® k, Hh»(X)) is
very strong and usually relatively weak informations about numbers {p;;} are necessary
to calculate T and G. We give an obvious example. If X = Pé then in order to show that
Z(Pcomp) = Gy, we must know that 27 is transcendental. But already the fact that 2mi
is not a k*-root of a rational number for any k € N implies that T'~ G, and G = G,,.
In this note we shall discuss periods for fundamental groups. We shall concentrate on

analogues of T" and G for fundamental groups. On the other hand we have no analogue of

P and G.
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0.2. Below we shall briefly discuss the contents of the paper. Let us assume that X is
a smooth, quasi-projective, algebraic variety defined over a number field k. Let z be a k-
point of X. In [W1] we defined affine, connected, pro-unipotent group schemes over k and
Q respectively; 7PR(X, z) — the algebraic De Rham fundamental group and 7 (X (C), z)

— the Betti fundamental group. We have also the inclusion (of Q-points into C-points)
@, 7 (X(C),2)(Q) — 77 (X, 2)(C)

such that the induced homomorphism on C-points
s (X(C),2)(C) — m™(X, 2)(C)

is an isomorphism.

The affine, pro-algebraic scheme over k

Iso := Iso(nP (X (C), z) x k, mPR(X, x))
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is an Aut(7PR(X(C), z))-torsor. Let Z(y,) be the Zariski closure of ¢, in Iso. Let T'(p,)
be the smallest subtorsor of Iso, defined over k£ which contains ¢, as a C-point. Let

Gpr(pz) C Aut(7PR(X, 2)) be the corresponding subgroup. One can hope that

(0.1.) Z(px) =T(pa)

We shall denote by Gpr(X) the image of Gpr(p,) in Out(7PR(X, z)).

The calculation of the homomorphism ¢, is equivalent to the calculation of the mon-
odromy of all iterated integrals on X. We shall see that the monodromy representa-
tion of iterated integrals have a lot of properties similar to the action of Gal(k/k) on
fundamental groups. For example if S is a loop on a curve around a missing point,
then “o(S) ~ SX(@)” in the l-adic case and “0(S) ~ S~27" for iterated integrals. Let
¢ : Gy := Gal(k/k) — Out(m (X X k,x)()) be the natural homomorphism. Very opti-

mistically we can state the following conjecture:
(0.2) Lie(p(Gy)) ® k = Lie(gpr(X)) ® Q.

We also point out that (0.1) and (0.2) will imply that values of the Riemann zeta function

at odd integers are all transcendental over Q(—27i).

0.3. The calculations of non-abelian unipotent periods are in fact the calculations of
monodromy of iterated integrals. This causes that the paper contains in fact two dif-
ferent papers. In one part (sections 3,7,8,9,10,11,12,13) we are studying monodromy of
iterated integrals. In Section 3 are established some general properties of the canonical
unipotent connection. In Section 7 we present a “naive” approach to the Deligne tangen-
tial base point, which is sufficient for our applications. In Sections 9 and 10 we describe
the monodromy of iterated integrals on P!(C) \ {a1,...,a,+1} and in more details on
P1(C)\{0,1,00}. In Sections 11-13 we study monodromy of iterated integrals on configu-
ration spaces. We give a proof of Drinfeld-Thara Z/5-cycle relation which is different from
the proof in [Dr]. The proof should be (is) analogous to the proof in [I2]. We point out

that the main point in our proof is the functoriality property of the universal unipotent
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connection. This property can be shortly written as f,w = f*w and it is also fundamental
in our results on functional equations of polylogarithms and iterated integrals (see [W4]).

In “the second paper” contained in this paper we discuss torsors and corresponding
groups associated to non-abelian unipotent periods. In Section 1 we give some general
results and definitions. In Section 2 we define a torsor and a corresponding group asso-
ciated to non-abelian unipotent periods and we state some conjectures related to Galois
representations on fundamental groups. In Section 5 we define a torsor associated to the
monodromy of iterated integrals. Using results from Section 4 we show that this torsor
and the corresponding group coincides with the ones from Section 2. In Section 6 we cal-
culate some part of the group Gpr (X) for X = P(C) \ {0,1, c0}. This part corresponds to
the Galois representation on 71(X, O_f)/[w’, 7’| where 7' := [m (X, (ﬁ)), 1 (X, (ﬁ))] (see [13]).
About this part of Gpr(X), let us call it G, we have the following result.

The group G contains a group H = {fi|f:(X) =t- X, fi(Y) =t-Y|t € C*} if and only
if all numbers ((2k + 1) are irrational. This leads to a definition of a new group associated
to unipotent periods, which should be relatively easily calculated. This new group is not

considered in this paper, see however Corollary 6.4 and Theorem 6.7 iii).
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§1. Torsors.

Let G1 and G2 be two groups. We say that a set T' is a (G, Gz)-bitorsor if T' is equipped
with a free, transitive, left action of G; and with a free, transitive right action of G5 and
if the actions of G; and G5 commute.

We say that a subset S C T is a subtorsor of T if there exist subgroups H; C G; and
Hs C G5 such that S is a (Hy, Hy)-bitorsor under the natural actions of H; and Ho.

We say that a subset S C T is a left (resp. right) subtorsor of T' if there is a subgroup
Hy C Gy (resp. Hy C G2 ) such that the natural action of Hy (resp. Hs) on S is free and

transitive.

Main example. Let G; and G5 be two groups. Assume that GG; and G4 are isomorphic.
Then the set of isomorphisms from G; to Gy, which we denote by Iso(Gi,Gs2), is an
(Aut(G1), Aut(G2))-bitorsor.

For any non-empty subset S C Iso(G1,G2), the intersection of all subtorsors (resp.
right subtorsors, resp. left subtorsors) of Iso(G1, G32), which contain S, is a subtorsor (resp.
right subtorsor, resp. left subtorsor) of Iso(G1, G2), which we denote by T'(S) (resp. T,.(95),
resp. T1(9)).

1.1. Unipotent, affine, algebraic groups and torsors.
Let k be a field of characteristic zero. We say that X is an algebraic variety (de-
fined) over k if X is an algebraic scheme over Speck. If A is a k-algebra, we set X4 :=

X X SpecA. The set of A-points of X we denote by X (A). We say that G is an affine,
Spec k

algebraic group (defined) over k, if G is an affine, algebraic group scheme over Spec k.

1.1.1. Let G be an affine, unipotent, connected, algebraic group over k. Then there is an

affine, algebraic group Aut(G) over k such that for any k-algebra A we have

Aut(G)(A) = Aut(Ga).
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Let G; and G3 be two connected, affine, unipotent, algebraic groups over k. Then
there is a smooth, affine, algebraic variety Iso(G1, G2) over k, such that for any k-algebra

A we have

ISO(Gl, GQ)(A) = ISO(GlA, G2A>.

Proof of 1.1.1. Let G be a Lie algebra of G. The exponential map exp: G — G is
an isomorphism of affine, algebraic groups if we equip G with a group law given by the
Baker-Campbell-Hausdorff formula. The automorphisms of the group G coincides with the
automorphisms of the Lie algebra G. One can easily give an ideal defining Auty;e(G) in

kE[GL(G)]. In the similar way one constructs Iso(G1, G2).

1.1.2. In [S] page 149 there is a definition of a (left) G-torsor (a principal homogeneous
space of G) if G is a linear, algebraic group over k. This definition extends immediately
for bitorsors of algebraic groups.

We say that an affine, algebraic variety T over k is a (G, Gs)-bitorsor, if there are
morphisms G; X T — T and T' x Gy — T over Spec k, which define free, transitive actions
of G1 and G5 on T and if these actions commute.

Observe that if T" has a k-point then G; and G5 are isomorphic.

The definitions of a subtorsor, a right subtorsor and a left subtorsor we left to a reader,

as well as a proof of the following lemma.

Lemma 1.1.2. Let T} be an (Hy, Hy)-subtorsor of T and let Ty be an (H}, HS)-subtorsor
of T. Assume that Ty N'Ty # (). Then the intersection Ty N Ty is an (Hy N Hy, H} N HY)-

subtorsor of T'. The similar statements hold for right and left subtorsors of T.

1.1.3. Main example. Let G; and G2 be two connected, unipotent, affine, algebraic
groups over k. Assume that there is an isomorphism G;; — Gyi. Then the algebraic
variety Iso(G1,Gs) is an (Aut(Gy), Aut(Gse))-bitorsor, if we equip Iso(G1, G2) with the
obvious actions of Aut(G1) and Aut(Gs).

Let k C C be a subfield of C. Let © : G1(C) — G2(C) be an isomorphism. Then
O is a C-point of Iso(G1, G2). We denote by Z(©) the Zariski closure of © in Iso(G1, G2)
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i.e. the smallest algebraic subset of Iso(G1,G3) (defined) over k, which contains © as a
C-point.

The connected, unipotent, affine, algebraic group G; is isomorphic as an algebraic
variety over k to the affine space A}", hence © can be view as a C-point (0;;)1<i j<n Of

AZLZ. Let k(©O) be a subfield of C generated over k by all ©; ;.

Lemma 1.1.3. The field k(©) does not depend on the choice of isomorphisms G; ~ A}
and the transcendental degree of the field k(©) over k is equal to the dimension of Z(0).

Proof. This follows (is) Lemma 1.7 in [D2].

Definition-Proposition 1.1.4. Let T(©) (resp. T-(©), resp. T;(0)) be the intersection
of all subtorsors T (resp. right-subtorsors T, resp. left subtorsors T;) defined over k of
Iso(G1,G2), which contain © as a C-point. Then T'(0©) (resp. T,.(©) resp. T;(0) ) is a
(GP1(©), GPY(©))-subtorsor (resp. right G..(©)-subtorsor, resp. left G;(©)-subtorsor) of
Iso(G1, Ge) for some GPH(©) C Aut(G) and GPY(©) C Aut(Gy) (resp. G(©) C Aut(Ga),
resp. G1(©) C Aut(Gy)).

Proof. The intersection of a family of algebraic varieties coincides with an intersection of
a finite number of them. Hence it follows from Lemma 1.1.2 that 7(©),T,.(©) and 7;(O)
exist and are unique. The groups are also unique because they are intersections of the

corresponding subgroups of Aut(G;).

If T(©) has a k-point f, then GP'(©) = f~1oGP{(O)o f. If T}(O) (resp. T,(6)) has a k-
point, then T(0) = T}(©) and GP(0) = G,(0O) (resp. T(O) = T,.(0) and GP(0) = G,.(0).
Lemma 1.1.5. Let G be a unipotent, connected, affine, algebraic group over k. Then
Aut(G) is an extension of an algebraic subgroup of GL(G®") by a connected, unipotent,
affine, algebraic group. Hence the groups G?(0), G (0),G,.(0), G/(©) are extensions of
algebraic subgroups of GL(G®P) by connected, unipotent, affine, algebraic groups.

Proof. Let G be the Lie algebra of G and let (G(¥)); be a filtration of G by the lower central
series. Any automorphism of the Lie algebra G preserves the filtration and the induced

automorphism of Gt /G(i+1) is determined by the automorphism of G** = gt /G2). Hence
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Autyi(G) is an extension of a closed subgroup of GL(G*") be a unipotent group. The
lemma follows from the identification of Aut(G) with Autri(G) by the exponential map
exp: G =G,

Lemma 1.1.6. Assume that G,.(©) is an extension of G, (or G such that H'(Gal( ]%/k), G)=
0) by a connected, unipotent, affine, algebraic group N. Then T,.(©) has a k-point.

Proof. 1t follows from [S] Proposition 4.1 that Hl(Gal(];/k),N) = 0. It follow from
[S] Proposition 2.2 and the assumption of the lemma that Hl(Gal(];?/]g),Gr(G))) = 0.
Proposition 1.1 from [S] implies that T,.(0)(k) # 0.

Let T'Y(G) be a filtration of a group G by the lower central series. Let us set G() :=
G/Fi+1G. The isomorphism O : G1(C) — G5(C) induces isomorphisms O : Ggi)(C) —
Ggi)((C). Let k < i. The projections G;i) — G;k) for j = 1,2 induce

P+ Tso(GYY, GE) = Tso(G, G3Y),
p(§)s : Aut(Ggi)) — Aut(Gg.k)) for j=1,2.
Lemma 1.1.8. We have

i) pj,(Z2(0W)) = z(6W), i) pi(T(0W)) = T(0W),
iii) pj,(T:(0)) = Ti(OW),  pi(T:(0W)) = T,(6W),

iv) p(1)i(G(O0)) = G(OK),
p(DL (G (OW)) = GYi(e™),
p<2)%<G£respbz)(@(l))) _ G&resp.bi) (@(k))

Proof. In the point i) ﬁ means the Zariski closure and we skipped its proof because we
do not need this fact later.

Let us set p = pi and p’ = p(2). Observe that the image p'(G,-(©®)) of the group
G, (™) by the morphism p’ is a closed subgroup of Aut(Gék)) defined over k. This implies
that p(T;.(0")) is a closed subvariety of Iso(ng), Gék)) and a p'(G,.(0®))-torsor defined

over k. This torsor contains ©(%) as a C-point, so we have
7,(0W) c p/(T,(07)) and G,.(0W) C p'(G,(6W)).
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Let P (resp. P’) be the projection p (resp. p') restricted to T},(©™) (resp. G,(©®)). Then
P~HT,.(©®)) is P'~1(G,(0®))-torsor defined over k, which contain ©(*) as a C-point.
Hence we get P~1(T,(0")) = T,.(0®) and P'~1(G,(0%)) = G,.(©) This implies that
p(T,,(0D)) = T,,(0%) and p/'(G,(0™)) = G,.(0%¥)). All other statements are proved in

the same way.
1.2. Affine, pro-algebraic, pro-unipotent groups and torsors.
1.2.1 We assume that G = @ G where the groups GV are affine, connected, unipotent,

7

algebraic groups over k. We assume further that G = G/W“G. Finally we assume that
the Lie algebra G of GG is finitely presented i.e. for i big enough the number of relations,
defining g/FiJrlg , of degree less than ¢ + 1 does not depend on 1.

1.2.2. The condition that G is finitely presented implies that for ¢ big enough the mor-

phisms
Aut(GUHD) — Aut(GW)
are surjective. We set

Aut(G) := lim Aut(G™).

2

Similarly, if G; and Gg satisfy 1.2.1 and if there is an isomorphism G ; — Go 1 for some

extension L of k, then the morphisms
Tso(G{, G5Y) = Tso(GY, GY)
are surjective for ¢ big enough. We set

Iso(G1, G2) = @Iso(Ggi), Ggi)).

(2

Observe that Iso(G1,G2) is an (Aut(Gy), Aut(G2))-bitorsor defined over k.
1.2.3. Examples of groups satisfying 1.2.1.
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1) Let G be a finitely presented group, for example G = w1 (X, x) where X is a complex
algebraic variety. Let Lie(G) := n?él(FnG/P”HG) ® Q, let L(G) = lim Lie(G)/PiLie (G)
be a completed Lie algebra with respect to the lower central series anczl let 7(G) be L(G)
equipped with the multiplication given by the Baker-Campbell-Hausdorff formula. Then
there is an affine group scheme II(G) over Q satisfying 1.2.1 such that II(G)(Q) = 7(G).
2) G = Spec(HPr((V,2)*)) where V is a smooth, algebraic variety over k.

Lemma 1.2.4. Let G be as in 1.2.1. The affine group scheme Aut(G) is an extension of

a closed subgroup of GL(G?") by an affine, connected, pro-unipotent, pro-algebraic group.
The lemma follows from Lemma 1.1.5 and the definition of Aut(G).

1.2.5 Let G and Gs satisfy 1.2.1. Let © : G1(C) — G2(C) be an isomorphism. Then
0 = lim 0® where O : Ggi)(C) — Ggi)(C) are isomorphisms.
—

Let us set

Z(©) :=lim z(©),

2

T(©):=lmT(O"),  GY(0):=lmG(6),
G(©) :=lim Gp'(O),

T.(0) :=lmT.(0"),  G.(0):=1i

=

G, (0W);

1

7

Ti(0) :==lmT}(0"),  Gy(6):=1lmG,(01).

? ?

Then T(©) is a (GP(0O), GE(0))-bitorsor, T,.(0) is a right G,.(©)-torsor and T;(0) is a
left G;(©)-torsor.

Lemma 1.2.6. If for each i T,,(0™W)(k) # 0 (resp. T;(©0W) # 0, resp. T(OW) # () then
T.(©)(k) # 0 (resp. Ti(©) # 0, resp. T(O) # 0).

The lemma follows from the fact that the morphisms T, (@) (k) — T,.(0@)(k) are
surjective for ¢ big enough by 1.2.2.
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§2. Torsors associated to non-abelian unipotent periods

Let X be a smooth, quasi-projective algebraic variety defined over the field k& of
characteristic zero. Assume that X has a k-point z. Let us fix an embedding k — C. In
[W1] we have constructed connected, affine, pro-algebraic, pro-unipotent, finitely presented
group schemes 72 (X (C), z) and 7PR(X, z) over Spec Q and Spec k respectively.

We set

TP (X (C),2)" = 1 (X (C), z) /T 17y (X (C), 2);

(X, 2)" =P N(X 3) /T PR (X ).
Then we have:

7P(X(C),2) = I T (X(C), 2)", 7P(X,2) = lim 7PR(X, 2"

n n

In [W1] Proposition 7.5 we have also constructed a homomorphism (called B o a in [W1])
C, 77 (X(C), 2)(Q) — 71 (X, 2)(C)

such that the induced map on C-points, also denoted by C,,
Co : 1 (X(C),2)(C) — m7" (X, 2)(C)

is an isomorphism.

We have C; = limC7!, where C}! : 2 (X (C),2)"(C) — 7PR(X,z)"(C) is induced by

x
n

Cy.-

For cach n we have an (Aut(n{ (X (C),z)" x k); Aut(7P®(X,z)™))-bitorsor Iso" :=
Iso (7P (X (C), )™ x k; PR (X, 2)"). We have also a (left) Aut(w{(X(C),z)" x k)-torsor
Iso” and a (right) Aut(7PR(X, z)")-torsor Iso™.

We shall concentrate mainly on the (right) Aut(7PR(X, x)™)-torsor Iso™.

Applying the construction from Section 1 to the isomorphism C? we get the G,.(CZ)-
torsor T,.(C?) over Speck. The group G, (C?) is a subgroup of Aut(7PR(X, z)").
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We set

and

H
¥
(@
&
i
=]
H
¥
(@)
3

n

We have projections

pr s Aut(7PR (X, 2)") — Out(aPR(X, 2)™) := Aut(---)/Inn(- - -)
and

p: Aut (7T]13R(X, z)) — Out (W?R(X, ).

Definition 2.1. i) The group G(X,z)™ is the image of G,.(C?) in Out(7PR(X,z)").
ii) The group G(X, ) is the image of G,.(C;) in Out(7PR(X, z)").

Let z and y be two k-points of X. Let v be a path in X(C) from z to y. Then ~
induces an isomorphism ¢, : 7% (Xc,z) — 7PR(Xc,y). The induced isomorphisms of

outer automorphisms groups
(¢y)s : Out (™ (Xe, @) — Out (7™ (Xe, y))

does not depend on the choice of v and gives the canonical identification. We need this
identification over Spec k.

Let us consider the morphism p® : X2 — X0AM of cosimplicial spaces. Let us
set (X;x,9)® := p* (x,y). Then Spec (H]%R((X;:L’,y)')> is a left 7PR(X, x)-torsor and
a right 7PR(X, y)-torsor (see [W1] Section 3). It follows from [S] Proposition 4.1 that
any torsor over mPR(X,x)" is trivial, hence any torsor over 7PR(X,x) is trivial (in-
verse limit of surjective maps of sets (k-points) is always non empty). Any k-point 7

of Spec (H]%R((X T, y)’)) determines on isomorphism

eyt (X, ) — 1R (X, ).
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The isomorphism is unique up to conjugation by elements of 7P® (X, ). Hence the induced

isomorphism
() : Out (7P (X, 2)) — Out (7™ (X, )

is canonical (does not depend on the choice of a k-point of Spec (HBR((X; x, y)')))
The monodromy representations C, and C, are related by the following commutative

diagram
TB(X(C),2)(C) = xPR(X,z)(C)

[® e
BX(©)p)(©) < aPR(X,2)(C)
where ¢, and ¢, are induced by the path . Observe that ¢, = ¢, o conj(g), where 5
is a k-point of Spec (H]%R((X;aj,y))> and conj(g) is a conjugation by an element g €
7PR(X, 2)(C). This implies the following result.

Proposition 2.2. The groups G(X,z)" and G(X,y)™ coincides under the canonical iso-
morphism (c,).. The groups G(X,z) and G(X,y) coincides under the canonical isomor-

phism (c,).. We shall denote these groups by Gpr(X)™ and Gpr(X) respectively.

Some calculations and results considers in the sequel seems to lead to the following
conjectures.

Let Cj, : Gy, := Gal(k/k) — Out(m (X X k,z);) be the natural representation of the
Galois groups. Let Cj : G, — Out(m (X X k,x),/T™*1(--)) be induced by Cj.

If G is a group (algebraic or p-adic analytic) we denote by Lie(G) its Lie algebra.

Conjecture 2.3. For each n there exists a Lie algebra G over Q such that
i) Q® Lie(CP(Gr)) = 6™ @ Q,
ii) Q ® Lie(Gpr(X)™) ~ G ® k.

The Lie algebras G(™) form an inverse system. Let us set G = @Q”. Then

n

i) Q® Lie(Ck(Gr)) =~ G @ Qy,
ii) Q® Lie(Gpr(X)) = G @ k.
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§3. Canonical connection with logarithmic singularities.

Let X be a smooth, projective scheme of finite type over a field k£ of characteristic zero.

Let D be a divisor with normal crossings in X and let V"= X \ D. Let
A*(V) 1= T(X, 0% (logD))

be a differential algebra of global sections of the algebraic De Rham complex on X with

logarithmic singularities along D.

3.1. It follows from [D1] Corollaire 3.2.14 that each element of A*(V') is closed and the
natural map A*(V) — H}z(V) is injective.

We shall denote by A%(A(V)) the exterior product of the vector space A'(V) with
itself and by A'(V) A AL(V) the image of A2(AY(V)) in A%(V).

Let H(V) := (AY(V))* and R(V) := (AY(V) A AY(V))* be dual vector spaces. The
map A2(AY(V)) — AL(V) A AL(V) induces a map R(V) — A2(H(V)).

Let Lie (H(V)) be a free Lie algebra over k on H(V). Observe that R(V) is contained
in degree 2 terms of Lie (H(V')). Let (R(V)) be a Lie ideal generated by R(V). We set

Lie (V) := Lie (H(V))/(R(V))

and

L(V) = lim (Lie (V) froLie (v))

n

The Lie algebra L(V) we equip with the multiplication given by the Baker-Campbell-
Hausdorff formula and the obtained group we shall denote by 7(V'). Its Lie algebra can be
identified with L(V'). We define a one form wy on V' with values in the Lie algebra L(V)
in the following way. The form wy corresponds to the identity homomorphism id 41y

under the natural isomorphism

AY (V)@ H(V) = AY(V) @ (AY(V))* ~ Hom (A*(V), AL (V))).

15



Lemma 3.2. The one-form wy is integrable.

Proof. 1Tt is sufficient to show that dwy + %[wv, wy] = 0. It follows from 3.1 that dwy = 0.

We have exact sequences
0— K — A2(AY(V)) = AY (V) A AN V) — 0

and

0 K* « N2(H(V)) <= R(V) « 0.

The two-form [wy,wy] € AY (V) A AN (V) ® NH(V /R ~ </\2 ANV /K) ® K* i
represented by a map K — A2(AY(V)) — AY(V) A Al(V), hence it is zero.

Let T[H(V)] be a tensor algebra over k on H(V) and let (R(V)) be an ideal of
T[H(V)] generated by R(V'). Let Q(V) / R(V) be the quotient algebra and let
@(V) be its completion with repect to the augmentation ideal I := ker (Q(V) — k), i.e.
QV) = 1&1( /I”) Let P(V) be the group of invertible elements in Q(V'), whose
constant tenrms are equal 1.

The elements of L(V) we identify with Lie elements (can be of infinite length) in

P(V). The exponential series defines an injective homomorphism
exp: (V) — P(V).

The inverse of exp is defined on the subgroup exp(m(V')) of P(V) and it is given by the

formula

logz = (2 — 1) — oz = 1)2 + Ys(z — 1)> — Us(z — D) 4 ....

Let us assume that k is the field of complex numbers C. Then V is a complex variety
with the standard complex topology.

Let x,z € V be two points in V' and let v be a smooth path in V' from x to z.

Let Ay (z;z,7v) (resp. Ly (z;x,7)) be a horizontal section along + of the principal
P(V) (resp. w(V'))-bundle

VxPV)—=V (resp. Vxn(V)—=1V)

16



equipped with the connection given by wy and such that Ay (z;x,7v) = 1 (resp. Ly (z;z,7v) =
0).

Definition 3.3. Let z € V and let a € m1(V,x) be a loop. We shall define a homomor-
phism
O s (Vi) = P(V)  (resp. Oy s (Vi) — (V)

by the formula
0z,v () == Av(a(l);z,a) (resp. 0, v(a) = Ly(a(l);z,a))

and we call it the monodromy homomorphism of the form wy (at the point z).

Proposition 3.4. Let x1,z2 € V. Then the monodromy homomorphisms 0, v and 0,, v

of the form wy are conjugated.
Proof. 1t is a property of a connection on a principal fiber bundle.

Proposition 3.5. Assume that
ANV) — Hpp(V)

is an isomorphism. Then the Lie algebra Lie (V') is isomorphic to the Lie algebra of the

fundamental group of V.

Proof. Let Q*(V) be a differential algebra of complex valued, global, smooth, differential
forms on V. The inclusion A*(V) — Q*(V) induces an isomorphism of the “stage one”
minimal models. Moreover the “stage one” minimal model of A*(V) is formal as d; =

do = 0. This implies the statement of the proposition.

Proposition 3.6. If A'(V) — H},(V) is an isomorphism then the monodromy homo-

morphism 0 v : 71 (V,2) — w(V) induces an isomorphism of the Malcev C-completion of

m1(V,z) into ©(V).

Proof. The Sullivan theory of minimal models recovers the Malcev Q-completion 71 (V, z)o(Q)
of m1(V,z). (See §A.1 of Appendix for the notation w1 (V, x)o.) The formality of the “state

one” minimal model of V implies that the Malcev C-completion of 71 (V, z) is (isomorphic

17



to) m(V'). Hence the groups 71 (V, x)o(C) and «(V') are isomorphic. By the universal prop-
erty of the Malcev C-completion there is an isomorphism 8, v : m (V, z)o(C)—> ©(V) of

affine, pro-nilpotent groups such that the diagram

m1(V, x)
rc / \ 0., v
m1(V, 2)o(C) 9;) (V)

commutes.

Let X; (for i = 1,2) be smooth, projective schemes of finite type over k. Let D; be
divisors with normal crossings in X; (for ¢ = 1,2). Let V; = X; \ D; (for i = 1,2) and let
f : X1 — X5 be a morphism such that f~!(Dy) = D;. Then f induces f* : AY(V5) —
AL(Vy).

Let f.: H(V1) — H(V3) be the dual map. This map induces group homomorphisms

and

ferm(Vi) — w(Va)
Lemma 3.7. We have

f*(wvl) = f*(wvz)‘

Corollary 3.8. We have

Fe(Avy (z32,7)) = A, (f(2); £ (), (7))

and
fe(Lvi (z12,7)) = Ly (f (2); £ (@), f(7))-
The lemma follows from the definition of wy, as id 41(y,).
Let wy,...,w, be a base of A}(V). Let Xi,...,X, be a dual base of H(V). Then
P(V) is a multiplicative group of the algebra of formal power series in non-commuting
variables X1, ..., X,, divided by the ideal generated by R(V).

If a(X1,...,X,) is a formal power series in non-commuting variables X1,..., X,, we

shall denote by 'a(X7y,...,X,) its image in P(V).

18



Proposition 3.9. We have

z

i) (Z,Av(Z;JJ,’}/)):(Z,ll‘f‘Z((_l)k/ Wigy ooy wip )Xy oo n X)) €V X P(V);

7’y
(the summation is over all non-commutative monomials in variables X1, ..., X,,, the inter-

ated integrals are calculated along the path )

i) Ly(z;z,7)=log(Av(z;z,7))

Proof. The principal bundle V' x C{{ Xy, ..., X,}}* — V equipped with the connection

given by > w; ® X; has horizontal sections given by
i=1

z

Z—>(Z,1+Z<(_1)k/ wil,...,wik)Xik~...~XZ-1).

7Y

Hence the point i) follows. Observe that exp : w(V) — P(V) identifies wy € AY(V) ®
Lie (7(V)) with wy € AY(V) ® Lie (P(V)). Hence the point ii) follows.

4. The Gauss-Manin connection associated with the morphism X241 — X094l

of cosimplicial schemes.

4.0. Let V be a smooth, quasi-projective scheme over a field k of characteristic zero. The

inclusion of simplicial sets

BA[1] — A[l]

induces a morphism of cosimplicial schemes
po . VA[H N V(?A[l}‘

Imitating the construction of Katz and Oda (see [KOJ) we equipped the sheaves

Ht (tRp: Q?VA[:L])/(VBA[”)> with the integrable connection dj (see [W1]). We recall that
(V,x)* = p* ~Hx,z).

4.1. Let X be a smooth, projective variety defined over C. Let D be a divisor with
normal crossings in X and let V' = X \ D. Let Q%D>(X ) be global, meromorphic one

forms on X with logarithmic singularities along D. We shall assume that Q%D>(X ) &~
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H} (V). We shall calculate the monodromy representation of the connection d¢ on the

sheaf HO(tRp:Q’("VAM)/(VMD])). Let

—

L(V)* = tim (Lie (V) /rnLie (v))

Then the algebra of polynomial functions on 7 (V') coincides with the symmetric algebra
on L(V)* ie.
Alg (m(V)) = S(L(V)").

The group «(V) acts on Alg (7 (V') on the left by the formula
a) g(f)(x)=f(z-g) b) g(f)(z) = flg~"2)
We form the associated vector bundle

VxAlg(n(V)) =V xx(V) 7T(><V) Alg (n(V)) =V

and we equipped it with the connection induced by wy . This connection we shall denote

by wy, in the case a) and by ‘wy in the case b).

Lemma 4.1. The monodromy representation of the associated vector bundle is given by

m((V,z) 37 = (f = 0:(7)(f)) € Aut (Alg (x(V))).

Proof. This follows from the definition of an associated vector bundle.

4.2. Let usset A(V) := Q%D> (X) and A%2(V):= A(V)ANA(V) C Q%D>(X). The inclusion

of complexes of differential graded algebras
(C-LA(V) -5 A2(V)) < Q(V).
induces an isomorphism
H® := H° (Bar(C—A(V)—5A%(V))) ~ HER((V, 2)*).

Let T[A(V)*] be a tensor algebra on the dual vector space A(V)*. Let A2(A(V)) be

an exterior product of complex vector spaces. The surjective map AZ2(A(V)) — A2%(V)
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induces an inclusion (A4%(V))* < A2(A(V)*). Let us set R(V) := (A%(V))*. Let (R(V))

be an ideal in T[A(V)*] generated by R(V) and let Q(V) := T[A(V)] J(R(V)) be the
quotient algebra. Let I be its augmentation ideal and let Q(V)* := h_r)n (Q( /pz) be

the direct limit of dual vector spaces.

Let us fixed a base wq,...,w, of A(V). Let Xi,...,X,, be a dual base of A(V)*.
Then T[A(V)*] = C{X4,...,X,} is a polynomial algebra on non-commuting variables
X1,..., Xn. Leta(X;,, ..., X;,) denotes a linear form on T[A(V)*] which to f associates its
coefficient at X;, ... X, . Let T™ be a vector space generated by all a(X;, ..., Xj) including
a(®). Observe that Q(V')* is a subspace of T*. We equipped Q(L/)* with a shuffle multipli-

cation and a Hopf algebra structure given by a(X;, ..., X;,) — > a(X;, ..., X;,)a(X;
1=0

Lemma 4.3. There is an isomorphism of Hopf algebras
P:H' ZQ(V)*

induced by w;, ®@ ... w;, — a(Xi,...,Xi,)-

The symmetric algebra on the vector space Q(V)* divided by an ideal (a(¢)—1) is the
algebra of polynomial functions on P(V'), which we denonte by Alg (P(V')). Let Sh(V') be
an ideal in Alg (P(V)) generated by shuffle product relations. Then the morphism

4.4.  Q:Alg(P(V))/sh(v)-Q(V)*

is an isomorphism of Hopf algebras.

It follows from a theorem of R. Ree (see [R] Theorem 2.5) that a formal power series
f € P(V)isin the image of exp : (V) — P(V) if and only if its coefficients (i.e. coefficients
of some lifting to C{{ X7, ..., X, }}) satisfy shuffle product relations. This implies that the
injective homomorphism

exp: (V) — P(V)
induces an isomorphism of Hopf algebras

45. R:Q(V)*Z= Alg (n(V)).

21
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Let HO (resp. »H°) be a restriction of the bundle H° (tRPIQZFVA[lJ)/(VMDJ)) to X x{x}
(resp. {z} x X.) Both bundles are equipped with the induced connection, which we also
denote by dc.

Our main result in this section is the following theorem.

Theorem 4.6. Let V be such as in 4.1. Then the vector bundles equipped with connec-

tions

(H2,dc) and (V x Alg(m(V)) — V,w},)

are isomorphic in the category of algebraic vector bundles equipped with algebraic inte-

grable connections.
((H° dc) and (V x Alg (7(V)) — V,w},) are also isomorphic.)

Proof. 'We shall calculate horizontal sections of the connection d¢ on

H = HO(tR,O;Q?VA[l])/(VaA[l])

filtration {F'} of Q.. The filtrations {F*} on Q.. are defined by

). We recall the construction of dc. We start with the

* —

FiQT/n+2 = image (Qvnz_z ®(pn)* Q%/XV — Q;n+2).

These filtrations give a filtration F* of 7 ap- The connection dc is defined as the boundary

homomorphism of the short exact sequence of complexes on VA
00— Fl/F2 N FO/F2 SN FO/Fl — 0.
On V"2 we have

Vn+2

Observe that Oy ® Q7 ® Oy C FO/F2.
Let us assume that w = w1 ® ... @ w, € A(V)®" is closed in the total complex of
Q*((V,z)®). Its class [w] belongs to HY »((V,z)®) — the fiber of H over (z,z) € V x V.
We face two problems. We must extend [w] to a continous section of H and we must

show that this section is horizontal. All computations are carried in the total complex
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T :=Tot(n — Oy @ (V") ® Oy). Then w; ® ...w, can be interpreted as a global

section of 7. One verifies that the class of the element

Z (/w17"'7wk) ®wk+1®~'-®wn—l®(_1)l (/wnw"?wn—l-l-l)

0<k,i<n
k+l<n
e Z OV ® Qn—l—k(vn—l—k) ® OV

is a horizontal section of H. Hence we get.

4.7. Let (o, ) € m(V x V, (z,x)). Then the representation of m1(V x V, (x,z)) is given

by

<a75):w1®~'-®wn_> Z (/wlw"vwk)wk-l-l@u-@wn—l (/ Wn—l+17"'7wn)~
0<k,i<n o -
k+i<n

By 4.5. the Hopf algebra Q(V)* is isomorphic to Alg (w(V')). Hence we shall consider
wi, on the associated bundle V' x Q(V)* — V. It follows from Proposition 3.9.i) that the

monodromy representation is given by
m(V,z)s a:a(Xy,. .., Xi) — Za(Xil, oo Xiy) (/_1 Wiy s - ..,wik)
; o
for the connection wj,, and by
m(V,z) s a:a(X,y,..., X ) — Z (/awil,...,wil) (X Xiy)
l

for the connection 'wy .

The isomorphism H°=Q(V)* defined by w;, ® ... ® w;, — a(X;,,...,X;,) gives an
isomorphism of monodromy representations of bundles (H x, dc) and (V xQ(V)* — V,wi,)
(resp. (H,dc) and (V x Q(V)* — V' wy)) at the point x € V.

Observe that both connections are regular. The theorem follows from [D3] Théoreme 5.9.
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§5. Torsors associated to the canonical unipotent connection with logarithmic

singularities.

5.0. Let V be as in section 3. We shall assume that A'(V) — HJ, (V) is an isomorphism.
We denote by V(C) the set of complex points of V. In 3.1 we defined the group 7(V).
It is easy to see that m(V') is a group of k-points of a connected, affine, pro-unipotent,
pro-algebraic group scheme over k. In this section we denote by 7 (V') the corresponding
group scheme, and by 7(V)(R) the group of R-points of 7(V') for a k-algebra R. Simillar
notation is used for P(V).

Let us define a homomorphism

0. : m (V(C),z) — m(V)(C)

x

by the formula (6;1)(a) := (0,(a))™!, where 6, is the monodromy homomorphism of the
form wy, .
Let us set mg := 11 (V(C), x)o-the Malcev Q-completion of 71 (V(C), z). By the univer-

sal property of r¢ : 71 (V(C),z) — m(C) (see A.1) there exists a unique homomorphism
(02 "o : mo(C) — m(V)(C)

such that (0;1) = (0;1)o o rc. It follows from the Sullivan theory of minimal models that
the groups (affine, pro-algebraic group schemes over C) 7o(C) and 7 (V)(C) are isomorphic.
The morphism (0, 1)o is an isomorphism mod I'?, hence it is an isomorphism.

Applying the construction from section 1.2 to the isomorphism (6;1)g and to the
Aut(m(V))-torsor Iso(mg x Speck, 7(V)) we get a torsor over k T,.((0;1)o), and an affine,
pro-algebraic group scheme over k G..((0;1)o). If we work mod I'"*1, the map (6;1)g
induces (0717 : mo(C)/pnt1... — m(V)(C)/pn+1... and we get a subtorsor T).((6;1))" of
Iso((mo/r+1r,) X Speck, w(V)/rn+1x(vy) and a subgroup G((0;')o)". By the definition
we have G,.((6; 1)o) = lim Gy (05 1)o)" and Ty (65 1)o) = Hm T,((6;1)o)".

5.1. Let m(V(C), ) _ (A1, ..., Aglrj(Aq, ... Ag) = O,;’L = 1,...,1) be a presentation
of 11 (V(C),z) in terms of generators and relations. We shall denote this presentation by

P(A;)). For simplicity let us set P = P((A;)).

24



Notation. (wq,...,w,) is a vector subspace generated by vectors w1, . .., w,; T denotes
the class of  mod I'2.
We define a functor Zp( ) on k-algebras in the following way. For a k-algebra R we

set:

Ip(R) :={x; en(V)(R),i=1,... kjrj(z1,...,2x) =0, j=1,...,1;
(Z1,...,7%) = ©(V)(R)™}.

For each n we define functors Z2( ). We set
TU(R) := {@; € 7(V)(R)/rniinqvy(my i = 1, -, k| ...},

Proposition 5.1. The functor I}( ) (resp.Zp( )) on k-algebras is representable by
an affine, algebraic (resp. pro-algebraic) scheme over k, which we denote by I} (resp.
Ip). The scheme I} (resp. Zp) is an Aut(m(V')/pn+1.(vy)-torsor (resp. Aut(w(V'))-torsor)
isomorphic to the Aut(m(V')/pn+1.vy))-torsor (resp. Aut(m(V'))-torsor) Iso(mo/prt1y, X
Speck, m(V)/rut1x(v)) (resp. Iso(mo x Speck,w(V))). Hence we have Ip = limT}.

n

Proof. Observe that any f € Zp(R) determines a unique homomorphism f’ : 1 (V(C), z) —
m(V)(R). By the universal property of the Malcev completion there exists a unique R-
homomorphism (which is an isomorphism) f : mo(R) — m(V)(R) such that rg o f = f'.
Moreover any R-isomorphism ¢ : mo(R) — 7(V)(R) defines an element of Zp(R); the im-
age of generators A; ..., Ay by porg. Hence we have a natural isomorphism (x) Zp(R) ~
Isog(mo(R), 7(V)(R)). But the functor R — Isog(mo(R),7(V)(R)) is representable by an
affine, pro-algebraic scheme Iso(my x Spec k, w(V')). Finally observe that the isomorphism
(x) of functors is compatible with action of Autg(7(V)(R)) = (Aut(7w(V))(R)).

For the given presentation P = ((A;)) of w1 (V(C), z), the sequence (0, (A;)); € Zp(C)
and the sequence ((0,1)"(A;)); € Il(gn)(C), where (0,1)" : 11 (V(C),2) — 7(V)(C)/ra+1(v)(C)
is induced by 6. We denote by T,.((6;1)(A4;))™ the smallest subtorsor of Il(jn) defined over
k, which contains ((0; )™ (A;)); as a C-point. The corresponding subgroup of Aut(7(V)/pr+2x(v))
we shall denote by G,.((0;1)(A:))".

x

The following result follows immediately from Proposition 5.1.
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Corollary 5.2. The isomorphism of Aut(m(V)/pn+1.(vy)-torsors from Proposition 5.1
identifies G, ((0;1)(A;))"-torsor T,.((0,;1)(A;))™ with G,.((0,;1)0)"-torsor T,-((6;1)0)™.

5.3. We recall from section 2 that we have an isomorphism
Co = 1 (V(C),2)(C) — 77 (V) (C)

and the associated G,.(C})-torsor T;.(CJ'). We shall relate this torsor to the torsors consid-

ered in this section.

Proposition 5.3. The group schemes G,((0;')o)" and G,(Cy) are isomorphic and the

corresponding torsors T,.((6;1)o)™ and T,.(CT) are isomorphic torsors.

Proof. 1t follows from 4.3, 4.4 and 4.5 that we have an isomorphism
v:7(V) — 7PR(V, x)
induced by isomorphisms P and R of Hopf algebras. The homomorphism
b:mi(V(C),z) = (V(C),2)(Q)

is given by evaluating iterated integrals on loops in 71 (V' (C), x). There is a unique homo-

morphism

bo : m1(V(C), 2)(Q) — 77’ (V(C),2)(Q),

which is an isomorphism by the Sullivan theory of minimal models, such that by o rg = b.

We shall show that the diagram

commutes. The morphism

m(V(C),z) — 7lm(V(C),2) S=aPR(V, 2)(C)
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is induced by evaluating iterated integrals on elements of 71 (V(C), z). Let exp : w(V)(C) —
P(V)(C) be the exponential map. Then if follows from Proposition 3.9 and the formula
[owi o wn = (1" [ wn,...,w1 (see [Ch]) that exp(0; () = 14+>( [, wiy, - - -, wiy,)
Xi ooy X The map u* : Al (P(V)) — HY R ((V, x)®), which induces u : 7PE(V, .IJ)QW(V)
ZEP(V), associates the coefficient at X;, ..., X;, (X; = (w;)*) to the class of [w;, ®

oo, ®@wi ] in HY 5 ((V,x)®). This implies that the diagram commutes. The commutativity

of the diagram implies the proposition.

§6. Partial calculations of Gpr(P?! \ {0,1,00}).

6.1. Let X = Pg \ {0,1,00}. We recall that Lie(X) is a free Lie algebra over Q on

X = (%)* and Y = (Z‘Z)*. We set Z := —X — Y. Let F}, (Lie(X)) be a Lie subalgebra

of Lie(X) generated by commutators which contain X at least k-times. We recall that
L(X) is a completion of Lie(X) with respect to the filtration induced by the lower central
series. The closure of Fj(Lie(X)) in L(X) we denote by L;(X) and the corresponding
closed subgroup of 7(X) by 7. Observe that {7}, is a filtration of 7(X) by normal
subgroups. We set 7% := m(X) /7.

For any Q-algebra R, we set

Aut* (7(X))(R) == { f € Aut(7(X)r)| Ja € R*, f(X)=aX,
fY)=aY, f(Z)~aZ}.
Here ~ means a conjugation by an element of [7(X)(R), 7(X)(R)], ~ means a conjugation

by an element of 7(X)(R).

Similarly we shall define

Aut*(7")(R) := { f € Aut(nf) [3a € R*, f(X)=aX,
f(Y)~aY, f(Z)~aZ}.
These functors on Q-algebras are represented by affine, pro-algebraic group schemes over
Q, which we denote by Aut* (7 (X)) and Aut*(7") respectively.
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6.1.2. The projection map py, : 7(X) — 7% induces
(p)s + Aut™ (7(X)) — Aut™(7F).
It follows from the fact that any f € Aut* (7 (X)) maps 7 into itself.
6.1.3. Observe also that the map
Aut™ (7(X)) — Out(7(X)) := Aut(n (X)) /Inn (7 (X))
is injective. This follows from the fact that

Aut* (7(X)) NInn(7 (X)) = {Id}.

6.1.4. We recall from section 10 that the monodromy homomorphism

0:=0_, : m(X(C), 01) — 7(X)(C)

is given by the formula

0(So) = (—2m)X, 0(S1) =a "t (—2m)Y -, 0(Sw)=a'"\ - (=2mi)Z - o,

1

where a = o0 (X,Y) € [n(X);7(X)]. Let us set ®(a) := (9(04))_1. Let m(kX) C

2l sl

m (X(C); ﬁ) be a subgroup generated by commutators in Sy and S; which contain Sy
at least k-times. Let wf := m (X(C); (ﬁ)) /m1(kX). The monodromy homomorphism &
induces

(k) : 7 — 7*(C)

such that the induced map

is an isomorphism.
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Proposition 6.1. We have
i) G, (®) C Aut™(7(X))
i) Gr(®(k)o) C Aut™ (7).

—

Proof. The presentation P = {Sg, 51,5 | So+S1 S} of m(X(C),01) defines an
Aut (7(X))-torsor Zp over Spec Q (see section 5). The triple 7 = ((27ri)X, a b ((2m)Y) -
o, 01 ((270)2) -o/) € Ip(C). Let

T={BX, b= (BY) b, b1 (82) -V | # € T, be [x(X),m(X)],
Ve n(X), (BX)- (57 - (8Y)-b)- (71 (82) V) = 0}.
T is an affine scheme over SpecQ and T is Aut*(w(X))-torsor. Observe that 7 € T(C).
Hence Corollary 5.2 implies that G(®o) C Aut* (7 (X)).
For each k, the presentation P defines an Aut(m¥)-torsor Z%. For each n, the pre-
sentation P defines an Aut(r*/T"*+27F)-torsor Ilkg’”. Let 74 (resp. T,n) be the image of 7
in 7%(C) (resp. %(C)/T™*+27*(C)). The smallest subtorsor of Ilkj’n defined over Q, which

contains 7y, as a complex point, we shall denote by T'(7% ). The corresponding group we

shall denote by G(7,,). By definition we have

— —

T() := UmT(1h.n), G(7k) = lim G(.n).-
Let n :
T = {BX, b~' - (BY)-b, V™' (82) -V | B€C*, be [r*(C),n"(C)],
b e 7 (C), (BX)- (b7"-(BY)-b)- (V' (B2) V) =0}

T}, is an affine scheme over Q and T}, is an Aut*(7*)-torsor. Observe that 7, € T} (C). One
must notice that analogues of Proposition 5.1 and Corollary 5.2 hold for the groups m*
and 7F, the presentation P and the isomorphism ®(k)o. Then the analogue of Corollary

5.2 implies G, (®(k)o) C Aut™ (7).

6.1.5. The projection py : 7(X) — ¥ induces (pg)« : Aut”™ (7(X)) — Aut™(7") (see 6.1.2)
and (pg). : T — Ty. We have

(Pr)«(Gr(®0)) = Gr(2(k)o) and  (px),(T(7)) = T(7k).
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The proof is analogous to the proof of Lemma 1.1.8.

6.1.6. Below we shall calculate the torsor T'(72) and the corresponding group G, (@(2)0).
By 6.1.5 we get some information about G,.(®g) and hence by 6.1.3 about Gpr(X).

6.2. The elements 0(Sy) = (—27i)X and 6(S1) = (—2m)Y + i (2mi)C (k) (Y X)Y*—1)
are images in 72(C) of the generators Sy and S; by the monodm};;; homomorphism 6 (see
section 10). Let ©,(Sp) and ©,,(S;) be images of #(Sp) ! and 6(S;) ™! in 72(C) /T 272(C).
We shall calculate subtorsors T}, := T'(0,,(S0), ©,,(51)) of 72" and the corresponding sub-
groups G,, := G(0,(50),0,(51)) of Aut(w?/I"™272). Observe that by Lemma 1.1.8 we

have
(*) P:+1<Tn+1) =T, and P7?+1(Gn+1) = Gy,

where P71 is induced by the projection 72 /I 372 — 72 /T 272,
0. Calculations of Ty and Gj.

We have Oy(Sy) = (2mi)X and ©¢(S1) = (27mi)Y. Observe that (27i) is not a k-th
root of a rational number for any & = 1,2,3.... This implies that Ty = {aX,aY | a € C*}
and Go = {fo | fo(X) =aX, fo(Y)=aY |a e C*}.

1. Calculations of T7 and G7.
We have 01(Sy) = (2mi) X and ©1(S1) = (27i)Y. The property () implies that

Ty ={aX,aY |a€C'} and Gi={fa]| fa(X)=0aX, fo(Y)=aY |aeC"}.

2. Calculations of 75 and Gs.

We have ©9(Sp) = (2m1)X, ©2(51) = (2m)Y + (—27i)¢(2)((YX)Y). Observe that
(—2mi)((2) = 55 (27i)®. This equality and the property (*) (or the fact that (—2mé) is not
a square root of a rational number) implies that

T, = {aX,aY + ia?’((YX)Y) | C*} and

Go={fo| fa(X)=0aX, faY)=aY |aeC"}.

3. Calculations of T3 and Gj3.
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We have O3(Sp) = (2mi) X, ©3(S1) = (2mi)Y + (—2mi)¢(2) (Y X)Y )+
+(=27i)¢(3) ((Y X)Y?). Assume that dim G5 = dim T3 = 1. Then it follows from (*) and
Corollary 14.2 that G3 = G(0,0, c3) where c3 € Q. As T3 is a one-dimensional variety we
have T3 = {aX, oY + 503 ((YX)Y) + B3 ((YX)Y?) | « € C*, B3 € C, p(a, B3) =0} for
some Laurent polynomial p(z,y) € Q[z, %, y]. Observe that to each value of a corresponds

exactly one value f3(a), because T3 is a Gs-torsor. Hence (3(a) = p(a) where p(z) €

Qlz, ]. If (aX,aY + £a*(YX)Y) +p(a)(YX)Y?) € T3(C), then

((at) X, (at)Y + i(at)?’((YX)Y) + (p(a)t* + e3(t — tHa) (Y X)Y?)) € T5(C).

Hence p(a - t) = p(a) - t* 4+ c3 - (t — t*) - a. Therefore p(z) = a - 2* + c3 - z. The equality
(—2mi)¢(3) = a(2mi)* + c3(27i) implies @ = 0 and c3 = —((3). Therefore we get

dimGs =1 if and only if ((3) € Q.

n. Calculations of 7}, and G,,.

We have ©,,(S) = (27i) X, ©,,(S1) = (2mi)Y + nf(—zm)c(k) (YX)YkE-1)+
+(=27i)¢(n) ((YX)Y™"1). Assume that G, = G(Ok,:()z, c3,0,¢5,0,¢7,...10,0,e3,0,¢5,0,
€7,...) (see Corollary 14.4), where ¢y = co =c4y =+ =cop = --- =0, cop+1 = —C(2k+ 1)
and e9541 = 01if ((2k+ 1) € Q, and copy1 = 0 and egp 1 = 1 if (26 + 1) ¢ Q.

Then we have that the torsor T),_; corresponding to the group G,,_1 is given by

n—1 n—1
Tho1 = {aX, aY + Z r - aftl ((YX)Yk_l) + Z ((1 —eg)Ck - at
k=2, k-pair k=3,k-impair

+ enfi) (YX)Y*1) | o€ ©, ¥k B € CF.

Assume that n = 2p. Then ((n)(—2mi) = r, - (27i)" "L, r, € Q. This equality, the fact
that (27i)"™ ¢ Q and the property (%) imply that

Gy =G(0,0,¢3,0,¢5,...,¢,-1,0]0,0,€3,0,...,6,-1,0)
and
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T, = {aX, aY + Z 7 - ol ((YX)Yk_l) + Z (1 —er)ek - ot
k=2, k-pair k=3,k-impair

ter A ((VX)YH) [a e C v B e c}.

Assume that n = 2p + 1. Assume that dim G,, = dim G,,_1. Then

Gn =G(0,0,c3,...,0,¢, | 0,0,€3,0,¢5,...,0,0) (by Corollary 14.4)

and
n—1 n—1
T,={aX, 0¥ + > (X)) + Y ((L—er) oot
k=2, k-pair k=3,k-impair

+ €k - ﬂk)((YX)Yk_l) +ﬁn(YnX) } o € (C*a Vk76k S C7 p(a783'ﬁ3765'ﬂ57 . ~7ﬂn) = 0}

. 1
for some polynomlal p(wa Y3, Ysy - -+, ?Jn) € Q[J:a 57937957 ] yn]

Assume that for some o there are two different 3,,. Then there is g in G, such
that g(X) =X, g(Y) =Y + -+ + b, (YX)Y™"!) with b, # 0. Then it follows from the
proof of Lemma 14.5 that G,, = G(0,0,¢3,0,...,0,0 | 0,0,e3,0,...,0,1) and dimG,, =
dim G,,_1 +1. Hence for any o € C* there is a unique 3,, corresponding to that a.. Observe
that 3, is an algebraic function of a, O3, 35, . . . , which depends only on «. Hence 3,, = p(«a)
for some p(z) € Q[z, L].

Choose any f € G,,. Then f(X) =tX, f(Y)=tY+ nz_:l (1—ep)-cp-(E—tFH1)+

k=3,k-impair
e - bp) (YX)YP 1) + ¢ - (t — ") ((YX)Y™ 1) for some ¢ € C*, b, bs,...,by_o € C.

Acting by f on a chosen element of T}, we get

n—1
()X, (a- )Y + > rpla- )"V X))V )+
k=2,k-pair
n—1
+ Z (oz-(l—sk)~ck~(t—tkH)—i—a-sk~bk—i—(1—5k)~ck~a~tk+1—i—
k=3,k-impair

+ ek - O - tk+1) ((YX)Yk—l) + (a e (t— tn—l—l) 1B, - tn—i—l) ((YX)Y”—l).

Therefore we get

pla-t)=cp-a- (t—t"T) 4 pla)-t" T
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This implies p(z) = a - 2" + ¢, - #. The equality ((n)(—27i) = a - (27i)" T + ¢, - (27i)

implies p(x) = ¢, -  and ¢, = —((n). Therefore we get
dimG,, =dimG,_; if and only if ((n) € Q.

The final result is the following.

Proposition 6.2. Let G = liLnGn. Then

n

G:G(0,0,03,0,05,0,C7,...,O,Cgk+1,0...|0,0,63,0,65,0...,0,82k+1,0...>,

where g9 11 = 0 if and only if ((2k + 1) € Q, and then cor11 = ((2k + 1).

Corollary 6.3. The group G contains the group H := {fo | fo(X) = aX, fo(Y)=aY |
a € C*} if and only if all numbers ((2k + 1) are irrational.

Proof. Tt follows from Proposition 6.2 that all ((2k 4 1) are irrational if and only if G =
G(0,0,0,...,0,.../0,0,1,0,1,0,...0,1,0,1,0,...) (all ¢; =0, e; =0, all 95, = 0 and all
gopr1 = 1fork=1,...), but then H C G. Let H C G = G(0,0,¢3,0,¢5,...,0,c264+1,0. .. |
0,0,e5,0,e5,0,...,0,625+1,0,...). Then there is f € G such that f(X) = aX, f(Y) =

aY + i Torp11((YX)Y2K), where all 29541 # 0. Corollary 14.5 implies that G = G(0,0...,0,... |
0,0.1.0.1,...0,1,0,..) (all i = 0, 21 = o = 0, £apss = 1 for k=1,2,.. ).

Corollary 6.4. Let G be the smallest subgroup of Aut(n?) defined over Q, which contains
G and H. Then Q = G(0,0...,O,... | 0,0,1,0,1,0...) (a]]ci = 0, €1 = &9k = O, E2k+1 — 1
fork=1,2,...).

Proof. The group G contains f such that f(X) = X, f(Y) =Y + 3 29,11 (Y X)Y?)
k=1

where all z9511 # 0. Lemma 14.5 implies that the corollary.

Corollary 6.5. Image of Gpr(X) in Aut(n?) is the group G from Proposition 6.2.

6.6. We recall from section 10 that the monodromy homomorphism

0= HW (X _1)) — 79(X)
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is given by

So = (=2mi)X, S1— (=2m)Y + Y (2mi)aipr e (YX)X'YIT)
i=0,5=0

(see section 10, formula (7)). We shall describe a torsor and a corresponding group asso-

ciated to 6. It is an observation of Drinfeld that the numbers «; ; satisfy the equation

1+ Z an+17m_un+1 _ —exp( Z Z lel Qg1 ,ui,vj)

n>0,m>1 =2 it+j=k
- - 1>1,5>1

(see [Dr]). We have also a1 ;-1 = ag—1,1 = ((k). Now we can describe the monodromy

homomorphism 6 in the following way

So — (—2mi) X, Sl—>(( 27 Yexp( Z Z _1' al,k_l-Xi-YJ))

k=2 i+j=k
i>1,52>1

(see section 14 for the notation (...,exp(...))). Repeating arguments from the proof of
6.2-6.4 and using Propositions 14.1 and 14.3 instead of Corollaries 14.2 and 14.4 we get

the following result.

Theorem 6.7. i) The torsor T(6) associated to 0 (i.e. to the map obtained from 6 by

taking 6=, passing to suitable quotient and C-completion) is equal

{ozX (aY, exp(Z Z _1 'Tzka%—i—

k=1 i+ij=2k
1>1,5>1

DR Z,, —a<k>>~ck~<1—ak>+a<k>.bl,k_l)xiw)))

k=3 i+j=k
k odd i>1,52>1

a e C*, —C(Qk?) =Tok - (27Ti)2k, Z’ bl,k—l eC, ¢ = C(k)
and e(k)=0 if ((k)eQ, e(k)=1 if ((k) ¢ Q}.

ii) The corresponding group

= {f € Aut™( 7r2 ‘f ) =tX, f(Y)=
(tY, exp( Z Z —e(k)) e (1— £ 4+ 5(k)51,k—1)Xin) ’

k=3 i+i=k
k-odd ¢>1,5>1

te C*, ﬁl,k—l € (C}

lel
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iii) Let G C Aut”(m2(X)) be the smallest group which contains G(0) and Go = {f, €
Aut*(m2(X)) | fu(X) =tX, fi(Y)=tY |t € C*}. Then

G = {f € Aut”(m(X ))|f( ):tX fY) =
tY, exp(Z Z ﬂlk 1XYJ) ‘te@ B k— 16@}

k=3 i+j=k
k odd i>1,5>1

§7. Homotopy relative tangential base points on P!(C)\{ay, -, a1}

7.1. Let X = P(C )\{al, o+ Qpy1 e Let Tp(PY(C)) be the tangent space to P!(C) in .
Let us set X = X U U (T,,(PL(C))\{0}).

Let J'(X) be the set of all continous maps from the closed unit interval [0; 1] to P1(C)

such that
i) ¢((0,1) C X;
ii) if ¢(0) = a; then ¢ is smooth near a; and ¢(0) # 0, and if p(1) = ay then ¢ is smooth

near ay and $(1) # 0.

In the sequel we shall identify ¢(0) (resp. (1)) with a tangent vector to ¢ in
T,,(PY(C)) (resp. T,, (P*(C)). This tangent vector we shall denote also by ¢(0) € T,, (P'(C))
(resp. ¢(1) € Ty, (P*(C)).

If (0

If (0

=z € X and ¢(1) =y € X then we say that ¢ is a path from z to y.

(0)
(0) = a; (resp. ¢(1) = ay) then we say that ¢ is a path from ¢(0) € T,, (P*(C))
(resp. to —p(1) € T, (P(C)) and we shall write ¢(0) = $(0) (resp. (1) = —(1)).

To J'(X) w
by J(X).

We shall define a relation of homotopy in the set J(X). Let ¢, € J(X). If p(0) =

»(0) =2 € X and p(1) = ¢(1) =y € X then we say that ¢ and 1) are homotopic if they

e joint all constant maps from [0,1] to X and the resulting set we denote

are homotopic maps in the space map([0,1],0,1; X, z,y).
If p(0) =4 (0) = v € T,,(P(C)) and (1) = 1(1) = y € X then we say that ¢ and 1
are homotopic if there is a homotopy
H, € map([0,1],0,1; X U{a;},a;,y) such that
i) H, € J(X) and Hy(0) = v for all s € [0,1];
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i) Hq((0,1)) C X for all s € [0, 1];
iii) Hyp = ¢ and Hy = 1.
We left to the reader the cases when ¢(0) = ¥(0) = x € X, p(1) = (1) = w €
T, (P(C)) and p(0) = $(0) = v € T, (P1(C)), p(1) = (1) = w € Tu (P'(C)).
Let ¢ € J(X) be such that ¢(0) = ¢(1) = v € T,,(P}(C)) and let ¢ € J(X) be a

constant map equal to v. We say that ¢ and 1 are homotopic if there is a homotopy
H, € map([0,1],0,1; X U{a;}, as, a;)

such that

i) H, € J(X) and H,(0) = Hy(1) = v for all s € [0,1];
ii) Hs((0,1)) C X for all s € [0, 1];
iii) Hy = ¢ and Hy(t) = a; for t € [0, 1].
Observe that G; := H;_; defines a homotopy between v and ¢.
With the definition given above paths o, 5 € J (C@}) are not homotopic.

We shall write ¢ ~ v if ¢ and ¥ are homotopic. The relation ~ is an equivalence

A~ A~ A

relation on the set J(X). Let «(X) := J(X)/ ~ be the set of equivalence classes.

A~ A~

We define a partial composition in ¢(X) in the following way. Let ¢, ¥ € +(X) and let

¢, 1 € J(X) be its representatives.

If (1) = (0) = y € X then we set ¥ o ¢ := [¢) o ], the class of 1 0 ¢ in 7(X).

If (1) = ¥(0) = v € T,,P(C) then we can assume that ¢ and 1) coinside near a;
and we define W o ¢ := [¢° - @, ], where @1 1= @|[0,1—c]; ¥y 1= Y|[n,1] and p(1 — ) = (7).

The map pr:J(X) — X x X/pr(p) = (¢(0), (1)) which associates to a path its
beginning ((0)) and its end (¢(1)) agrees with the relation ~ and it defines p : 1(X) —

X x X. The partial composition o makes p : L(X) — X x X into a groupoid over X x X.
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Let z € X. We set m (X,z) := p~!(z,z). This is a fundamental group with a base

point in x € X.

7.2. We shall construct a family of horizontal sections of w,, where a base point x is
replace by a tangent vector.

Let us set V.= C\{a1,---,an}. Let zp € C and let 6 : [0,1] 5t — a; + t.(zo — a;) be
an interval joining a; and xg. Let v be a path from a; to z € V' (not passing through any
ag,k = 1,---n) tangent to § in a;. We assume that in a small neighbourhood of a; the
path ~ coincides with 6.

Observe that v = zg — a; can be canonically identified with a tangent vector to C in a;.

__ _dz _ _dz
Let wy = e Wn = o We set

z
Ao, v(a1, -, a5)(2) ::/ Ways *yWa, I aq # 1.
a

iy
Let € € im(§) be near a;. Let 7. be a part of v from ¢ to z, and let J. be a part of §

from € to zg. We set

Aaz‘ﬂ)(i? ©e '7i705k+1 o '7al)(z) =

) z i dz dz
tJeYe xO:'YE"‘(JE)_lx @y z @y

if g1 # 1,
and
z
Aaiolly - 8)(2) = L0775+551 z d—zai’ 2 d—Zai'
Lemma 7.2.1. The integrals A,, (o, - - -, ak)(2) exist and they are analytic, multivalued

functions on V.

Proof.  Assume that ay # i for t <1 and ;41 = i. The function g(z) := f; Ways " Way
is analytic, multivalued on V' U {a;} and vanishes in a;. Hence the integral g¢;(z) :=
faz g(z)zi—zai exists, the function g;(z) is analytic, multivalued on V' U {a;} and vanishes
in a;. Hence by induction we get that A,, ,(a, -, a,)(2) exists, and it is analytic,

multivalued on V U {a;}.
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Assume now that oy = ¢ for ¢t <1 and ;41 # i. Without loss of generality we can
assume that a; =0 and o = 1.

Observe that gl_I)I(l) f;o,veo(ée)—l 2" (logz)™dz = z”“(lfjo Bi(logz)™~*) where f3; are ra-
tional numbers. The function z9(logz)? for g and p positive integers, is analytic, multvalued
on V, continous on any small cone with a vertex in a; (0 in this case) and it vanishes in

a;. The function ﬁ for j # i is bounded on any sufficiently small neighbourhood of a;.

Hence the integral

) # dz dz dz dz
ll)m‘ e e
e=ai Jo 0\ Jagyeo(s)-1 2= Qi z2—a; | z—a; z— ay,

is an analytic, multivalued function on V', continous, univalued on any small cone with a

vertex in a; and it vanishes in a;.

Let us set

AV(Z; ’U,’y) =1+ Z(_l)kAai,v(ah ) ak)(Z)XOtk o 'XOQ'

We recall that X, ---, X, are duals of dz_ .., _dz

z—aq’ Y z—agn "

Lemma 7.2.2. The map
V3z—(z,Av(z;v,9) €V x P(V)

is horizontal with respect to wy .

It rests to define functions Ax(z;v,7) if a; = oo or all a; are different from oo.

Let f:Y = C\{by,--,b,} — X = PY(C)\{ay, - -,ans1} be a regular map of the
form ‘Zjis with det CCL Z # 0. It follows from corollary 3.8 that f.(Ay(z;y,7)) =
Ax(f(z); f(y), f()) if y € Y. We shall use this fact to define Ax(z;v,7) where v is a

tangent vector to P!(C) in a; and ~ is a path from a; to z, which is tangent to v and
f~1(v) coincides with f~!(v) near f=!(a;).
We set

Ax(zi0,7) = fo(Ay (fF 12 £ (0), F 1))
It is clear that A x(z;v,~) does not depend on the choice of f.
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Lemma 7.2.3. The map
X3z—(z,Ax(z;v,7) € X x P(X)

is horizontal with respect to wx.

We set Lx(z;v,7) :=logAx(z;v,7). If we are dealing with only one space X we shall
usually omit subscript X and we shall write A(z;v,v) and L(z;v,7), or even A, (z;7) and
Ly(z;7), or Ay(z) and Ly,(z).

We summarize the constractions from 7.1 and 7.2 in the following proposition.

Proposition 7.2.4. The functions Ax(z;v,~) and Lx(z;v,~) depend only on the homo-
topy class of v in o(X) = J(X)/ ~.

8. Generators of 71 (PY(C)\{a1,...,ani1},).

Let X = PY(C)\{ay,...,a,4+1} and let 2 € X. We shall describe how to choose generators
of m1 (X, x). Let v; be a tangent vector in a,;. Then the loop around a; at the base point v;

is the following element S, of m (X, v;) (see picture).

For each i let us choose a tangent vector v; € Ty, (P!(C)). Let us choose a family of
paths T' = {;}"! in J(X) from  to each v; such that any two paths do not intersect
and no path self intersects. The indices are chosen in such a way that when we make a
small circle around x (around ay, if = is a tangent vector at ay) in the opposite clokwise
direction, starting from v; we meet y2,7v3,...,n+1. If 71 is a constant path equal v; we

meet Yo, ..., Yn+1. Lo the path ~; we associate the following element S; in 71 (X, x). We
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move along -;, we make the loop S,, around a; and we veturn along -y, Ltox. Ifyyisa
constant path equal v; then S; is S,,.

The following lemma is obvious.

Lemma 8.1. The elements S1, 5, ...,Sy,+1 are generators of w1 (X, x). We have Sy 41 -

85 =1

Definition 8.2. The ordered sequence (Si,...,Sn+1) of elements of 71 (X, x) obtained
from the family of paths I' = {%}?:Jrll we shall call a sequence of geometric generators of

71 (X, z) associated to T = {~;}11].

§9. Monodromy of iterated integrals on P!(C)\{a1, -, ant1}-

Let X = PY(C)\{a1, -, ans1}. Let x1,29, 23 € X and let 29 € X. Let v; for i =1,2,3

be a path belonging to J(X) from z; to zp. Let us set v;; := 73._1 o ;.

Proposition 9.1. Let us prolongate each function A, (z) along v; to the point zy. There

exist elements ag' (vi;) € P(X) such that
Az, (2) - agi (7i5) = Ao, (2)
for all z in a small neibourhood of zy. The elements az (7i;) satisfy the following relations

azt (i) = 1,
az: (vij) - az? (vji) = 1,

ag: (Vi) - ag (vir) = az; (Yik)-

Proof.  The existence of ag’ (7;;) follows from the fact that Ay, (2)’s are horizontal sections.

The first two relations are obvious. The last relation follows from equalities A, (2) -
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Proposition 9.2. Let v, € T, P'(C)\{0}. Let Sy be a loop around aj based at v, €
T,, (PY(C))\{0}, (see picture)

The monodromy of A, along S}, is given by
Skt Ay (2) = Ay (2) - e 27Xk

Proof. The monodromy of A,, (k™)(2) = Aq, . (k. k, -, k)(2) along Si is given by
Skt Ay (™) (2) — Ay (K™)(2) + i Avk(km_l)(z)(_%i?i)l. This implies that the mon-
odromy of A, (a1, -, ap, k™)(2) all?)ilg Sk is given by S @ Ay, (a1, -+, ap, E™)(2) —
Ay, (a1, ap, E™)(2) + i Ay, (a1, -+, ap, k:m_l)(z)(_zl%')l. Hence it follows the formula
for the monodromy of Avi:(;) along Sj.

Let z € X. Let us choose v; € Tj,, PY(C)\{0} fori = 1,2,---,n+1. Let (S1,---, Spy1)

be a sequence of geometric generators of 71 (X, z) associated to I' = {v; }/"" where I is a

A

family of paths in J'(X) from z to v; fori =1,2,---,n+ 1.

Theorem 9.3. The monodromy of the function A, (z) along the loop Sy is given by
Skt Au(2) = Au(2) - ap, () - €727 - (af, () 7

Proof. 1t follows from Proposition 9.1 that

(*1) Ay (2) - ag, (vk) = Aoy (2)

for z in the small neibourhood of some ~(zp). This equality is preserved after the mon-

odromy transformation along S, hence we have

(*2) (A (2))% - af, () = (Auy ()%,
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where ()% denotes the function ( ) after the monodromy transformation along Sj. If

follows from Proposition 9.2 that

(x3) (A (2))F = Ay, (2) - 727050,

If we substitute (x3) in (%2) and then substitute (x;1) for A, (z) we get the formula for
(Ag(2))%".

Corollary 9.4. The monodromy of the function L, (z) along the loop Sy is given by
Skt Lo (2) = Luy (2) - o, (9) - (=210 X5) - o, (v) "

where o (&) = log(ay, (7&))-

Proof. The corollary follows immediately from Proposition 3.9. ii).
9.5 It follows from above, that the definition of the monodromy homomorphism (Definition

3.3) extends to any = € X . Hence for any v € X we have a monodromy homomorphism
907)( . 7T1(X,U) — P(X)

and if v,0" € X , then the homomorphisms 6, x and 6, x are conjugated.

Proposition 9.6. Let f: X = PY(C)\{a1,...,ans1} — Y = PYC)\{b1,...,bmyi1} be a
regular map. Then for any v,w € X, a path ~ from v to z and a path § from v to w we

have

feAx (z50,7)) = Ay (f(2); f(v), f(7))

and
F+(a%,(9)) = af() (£(9)).
(notation: f(v) := f.(v) if v is a tangent vector).

Proof. The proposition follows from the definition of Ax(z;v,7) and a?, for tangent vec-

tors and from Corollary 3.8.

42



§10. Calculations

Let X = P1(C)\{0,1,00}. The forms % and Zd_zl form a base of A}(X). Let X := (%)*
and Y := (-2%)* be the dual base of (A'(X))*. Let us set Z := —X —Y. The group P(X)

is the group of invertible power series with a constant term equal 1 in non-commuting
variables X and Y.

Let us fix a path v; = interval [0, 1] from 01 to 10. Tt follows from Proposition 9.1
that

(1) A (2)-a

. (X,Y) =A_(2).

01

Sl sl

Let f(z) =1 — z. It follows from Proposition 9.6 that
felagi (X,Y) = alp(X,Y).
Proposition 9.1 implies
ajo(X,Y) = (e (X,Y)) ™

Observe that f.(X) =Y and f.(Y) = X. Hence we get the Deligne formula
(2) ag)(X,Y) = (agy (Y, X))~

(The proof of (2) given here repeats essentially the Deligne proof.)

Let us fix a path ., = interval [co, —¢]+ arc from —¢ to € passing by (—i)-¢ (¢ > 0) +
interval from ¢ to 0) from 500 to 01. Let Sp (around 0), S; (around 1) and S, (around
o0) be geometric generators of 7 (X, 01 ) associated to the family {70, 71, Voo }, Where 7q is
the constant path equal 01. Then we have Sp 051 084 = 1. The monodromy of AH(Z>

is given by the following formulas (see Theorem 9.3)

_ _ (—2mi)X
So : Aa)(z) Aa)(z) e ,
(3) S1:A_(2) — Aﬁ( z) - (alo(X Y))~ ce(T2mY aw(X Y),

01
Soo Aﬁ)(z) — Aa(z) e N (af5(Z, X)) e TE L (094(2, X)) e

The monodromy along S, needs some explanations. By Theorem 9.3 it is given by the

formula So : AW(Z) — AW(Z) (@ (X,Y)) 7 e(72m)Z L 00( X YY), By Proposition

43



9.1 a33%(X,Y) = a50(X,Y) - ads°(X,Y). One calculates that aJs°(X,Y) = ™. Let
f(z) = 2. Then it follows from Proposition 9.6 that a{}(Z, X) = af22(X,Y). Hence we
get the formula describing the monodromy along S.

The Lie algebra L(X) is the completion of the free Lie algebra on two generators X
and Y. Let us set a(X,Y) := o} (X,Y) := logaf$(X,Y). The monodromy of LH(Z> is

given by the following formulas (see Corollary 9.4).

So : La)(z) — L_(2)-(—2mi)X,

C I La)(z) — La)(z) (X, YY) (—2m)Y o X, Y),
Soo : LH(Z) — La)(z) (=) X - a(Z, X)) (=21i) Z - (2, X) - (i) - X.

We shall calcualte coefficients of a%5(X,Y) and a(X,Y). If w is a monomial in X and
Y, a(w) is the coefficient at w of a%}(X,Y). Let X be the first basic Lie element and let Y
be the second basic Lie element. We shall choose a base of a free Lie algebra on X and Y
as in [MKS] pages 324-325. If w is an element of this base, let a(w) be the coefficient at w
of a(X,Y). It follows from the formula (1) that

6)  a(X"Y) = (-1Cn+ 1), alY"X) = (<1 + 1),
iy [ 9%y = vy o [ 9y 42y
© v =[Sy ) = [ Dy

(If w is a one-form then w® := w,w,---,w i-times.) It follows from (2) that a(X*Y7) +

a(Y'X7) = 0. It follows from [Ch] that a(X*Y7) + (—1)"7a(Y7X") = 0. Hence we get

aij = a(YX)XY ) = (-1)'a(X'Y7) = (-1)'a(Y/X")

and
a(YX)XITIY ) = (Y X)Xy,
Let us set 7’ := [7(X), 7(X)] and 7" := [7/, 7’]. It follows from (3) that the monodromy
homomorphism
0, :m (X, _1)) — ma(X) = (X)) /7"



is given by

S() —>(—27Ti)X,
(7) S1 = (—2mi)Y + [-2miY, a(X,Y)]
= (=2m)Y + Y (@mi)aii (Y X)XV,
i=0,5=0

The formula

z z
=0

implies

(8) Cnt+l,m = ol . (log(1 — 2))™ (logz)" —

§11. The configuration spaces
Let X = PY(C)\{a1, -, an41} and X' = PY(C)\{d},---,al,,}. If the sequences (a,z) :=
(a1, anq1,2) and (a’,2’) := (af,---,a},,1,2") are close then the groups 7 (X, z) and
m (X', 2’) are canonically isomorphic. We shall study how the monodromy homomor-
phisms 0, 4; = 0, x and 0, o := 0, x/ from sections 3 and 9

Ora: m(X,z) — w(X)

2 I
Op o m(X' 2') — w(X)

depend on a and .

Let X, = {(21, -+, 2n) € C"|z; # z; if i # j}. The space of global one-forms on X,

with logarithmic singularities, A'(X,,) is spanned by dzl d2i29% for 4,5 € {1,2,---,n} and

—Zj

1 < j. Let Xj; = (w) be their formal duals. We set XJZ = X;; = 0. Dualizing the

map
2
N (AN(Xn)) = AY(X) A AN (X,)
we get that R(X,,) is generated by
(Xij, Xir + Xj] with 4, j, k different
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and
[Xij, Xri] with i, 7, k, | different.

Let © = (x1, -+, Tpn, Tpt1) € Xpy1 be a base point. Let p; : X101 — X,
(i=1,---,n+1) be a projection p;(z1, -, 2n+1) = (21, Ziy -+, Znt1), let z(i) :=
(1, Ti—1,Ti+1, ", Tpe1) and let X (i, x) := pi_l(x(i)) =C\{z1, ", &4, Tpa1}

(2 means z is omitted). Let k; : X (i,z) — X,,+1 be given by k;(2) = (z1, -+, -1, 2, Tit1,

-+ Zpt1). The inclusion k; induces
(ki)s : P(X (1, %)) — P(Xp11)

and

(ki) : m(X(1,2)) = m(Xpng1)

where (k;).(X;) = X;; and X is the formal dual of Zﬁ—zj on X (i,z). The map (k;).« is
injective and its image, (k;)«(m(X(¢,2)) is a normal subgroup of 7(X,,41).

Let = (x1, -, %n, Tny1) € Xpg1 and 2’ = (2, -+, 27,2, 1) € Xyy1. Let us set
X :=X(n+1,z) and X' = X(n+ 1,2"). We choose a family of non-intersecting paths
Y15 s Yn, Ynt1 in C from x1 to x9,---, 2z, to 2, and x,41 to x,,, ;. We shall identify
(X, py1) and w1 (X', 2], ;) in the following way. Observe that v = (1, , Yn: Yn+1)
is a path in X,11 from = to 2’. The identification isomorphism 7. : m (X, zp1) —

71 (X', 27, 41) is the unique isomorphism making the following diagram commutative

(En+1)«
7T1(X,33n+1) - 7T1(Xn+1,33)
v bvs
(kn+1)«

(X @) —— m(Xng, @),
(7% is induced by the path v is a standard way).
Proposition 11.1. After the identification of the fundamental groups of X = C\{x1, -, x,}
and X' = C\{z, -,z } by ~. the monodromy homomorphisms
Oz, i1, x T (X, Zng1) — 7(X) and O x m (X' x, ) — 7(X)
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(m(X) = 7(X")) are conjugated by an element of the group (X, 11). (The group (ky11)«m(X)

is a normal subgroup of w(X,,+1) so m(X,,4+1) acts on w(X) by conjugations.)

Proof. The corollary follows from the commutative diagram

0

zn+1,X
(X, Try1) m(X)
(knJrl)* \4 (3) \‘ (knJrl)*
9$7Xn+1
71 (Xnt1,7) - m(Xnt1)
Ly (4) Ly (1) Lerx, )
020 X1
71 (Xn+1,2") — m(Xnt1)
(k"+1)* / (2) / (kn+1)*
91;+1’X/
m (X', 25,1 1) — m(X') = 7(X)

where CLx, ., (a"2) is a conjugation by the element Ly, (2';x, ). It follows from Propo-
sition 3.4 that the square (1) commutes. Corollary 3.8 implies that (2) and (3) commutes.

The square (4) commutes by the construction.

Corollary 11.2. Let v = (x1, -, Tpt1) € Xpy1. Let us set X (i) := X(i,x). Let a;j
be the following element of 71 (X (i), x;)- a geometric generator of 71 (X (i), x;), which is
(AZJ) is

a loop around the point ;. Let A;; be its image in m1(X,,41,2). Then 0, x, ,,

conjugated to (—2mi)X;; in the group m(Xp41).
Proof. It follows from Proposition 9.2 that 6,, x(;(ai;) is conjugated to (—2mi)X;; in the
group m(X(7)). Hence the statement follows from Corollary 3.8.

Now we shall study the relation between the monodromy representation for the con-
figuration spaces (C\{0,1})? and (C\{0, 1})7*. We shall use the Ihara result (see [I1] The
Injectivity Theorem (i)). Let Y, := (P(C))?. The group PGL5(C) acts diagonally on
Y, and let Y, := Y,,/PGLy(C). Let ¢y : X;,_1 — ), be the composition of the map
(X1, T, Tty s Tp) — (L1, +, T—1,00, Tk, -+ +, X,) and the projection Y,, — V.
The map 1, induces (¢x)s : H(X,—1) — H(Y,). Let us set X;; = (¢¥5)«(X;;) where
Xi; = (%)* € H(X,—1). (We use the same notation for X;; € H(X,,_1) and its
image in H (Y, ). Notice also that X;; in H()),) does not depend on the choice of 1.)

Let A;; € m(X,,—1, ) be such as in Corollary 11.2. The image of A;; in }),, we shall
also denote by A;;.

47



Corollary 11.3. The element 0, y, (A;;) is conjugated to (—2mi)X;; in w(Vp).

Proof. 1t follows from Corollary 11.2 and the commutative diagram

ex,Xn_l : 7"-1(‘X—n—17$) - 7T<Xn—1)
L (i)« L (k)
Oyy, : ™ y=v(x)) — 7(Vn)

Let Aut®(7(Y,)) be a subgroup of Autc(7(Y,)) defined in the following way:
Aut”™(m(Wn)) = {f € Aute(r(Vn))[Fay € C, f(Xij) ~ af - Xij}.

(Autc( ) dentoes C-linear automorphisms and ~ means conjugated.)

Let us set
T"(C) = {p € Hom(m1(Vn,y); 7(Vn))[Fex € C*, VA, 0(Asj) ~ a Xy}

(Aij € m1(Yn,y) are as in Corollary 11.3.). Observe that 7" (C) is an Aut™(m(Y,,))-torsor.

The subgroup of inner automorphisms Inn(7()),)) is a normal subgroup of Aut™(m(),)).

Hence t"(C) :=T"(C)/Inn(7(Yy)) is a Out™(7(Yy)) := Aut™ (7 (V,,))/Inn(w(Y,,))-torsor.
The following result is an analog of the Ihara Injectivity Theorem (see [I1] page 4).

Proposition 11.4. The canonical map Out™(7(Y,)) — Out™(7w(¥n_1)) is injective for

n > 5.

Proof. Let Out](7(Yy)) := ker(Out™(w(V,)) X C*), where N(f) = ay. The Lie algebra
of Out™(m(),)) is the Lie algebra of special derivations of L(7()),)) modullo inner deriva-
tions. The Lie version is proved in [I1] page 12. Because Outj(7(},,)) is pro-nilpotent, the
Lie version implies the result for Outj(7(},,)), and then also for Out™(m(Jy,)).

The surjective homomorphisms (pn+1)s @ T (Vnt1,y) — T (Vn,y’) and (pri1)s :

T(Vn+1) — 7(Yy) induce the morphism of torsors
t"+1(C) — ¢"(C)

compatible with Out™(7(Vp+1)) — Out™(w(Vy)).
Lemma 11.5. The canonical morphism of torsors t"*1(C) — t"(C) is injective for n > 4.
This follows immediately from Proposition 11.4.
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Corollary 11.6. The monodromy homomorphism 0y, : 71 (Vn,y) — 7(Vn) is deter-
mined (up to conjugacy by an element of w(),,)) by the homomorphism 6, y, : w1 (Vs,y’) —
m(Vy).

Proof.  Observe that 0, y, € t"(C) and 6, y, is the image of 6, y, under the canonical
morphism t"(C) — t4(C).

Let a := (a1, -+,an,any1) be a sequence of n + 1 different points in P(C) and let
X, := PY(C)\{a1, -+, an,ans1}. The vector space H(X,) is spanned by X; := (Ziza
2—27;1)* i =1,---,n. Let us set X,,41 := —> ., X;. Let Aj denotes a geometric

generator of X, which is a loop around aj. Let us set

T,(C) = {f € Hom(my(Xa,z) — 7(Xa))|Fas € C* VAL f(Ar) ~ ar Xy}

Assume that a = (ai)?jll is such that a1 = 0,a2 = 1, a3 = co. The fibration
knqa Prt2 1
Xa —_— yn—|—2 —>yn—|—1 (Xa = (pn—|—2) (ala"'yan—l—l))

realizes m(X,) as a normal subgroup of 7(¥,4+2) ((kn+2)«(Xi) = Xint2). Hence the group
T(Vn+2) acts on T, (C) and let
ta(C) := To(C)/m(Vn12).
Observe that any 7(Y,,12)-conjugate of X, 4o is in the image of m(X,). Hence the re-
striction map
(knt2)” 1 t"+2(C) — ta(C)
given by f — fix (x,.«) is defined. We set
74(C) := im (t"T?(C) — t,(C)).
Observe that the diagram
mrac) 2 )
lpr L pr
tH(C) —— 70,1,00(C)
commutes where the map pry is induced by the inclusion X, — P!(C)\{0,1,00}. The
map (k). is bijective because V; = PY(C)\{0,1,00}. Lemma 11.5 implies that the map
pr is injective. Hence both maps, (k,12)* and pry are injective. Hence we have proved the

following result.
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Proposition 11.7. i) The w(Y,t2)-conjugacy class of the monodromy homomorphism
029, 2 : T1(VYnt2, %) = T(Vnt2) is determined by its restriction to m (Xa,2').
ii) The 7(Yn+2)-conjugacy class of the monodromy homomorphism 0, x, : 71 (X4, z) —

m(X,) is determined by the monodromy homomorphism

em’,Pl((C)\{O,l,oo} : 71<P1(C)\{07 L, OO}, xl) - 7T<P1<(C)\{07 1 OO})

§12. The Drinfeld-Thara Z/5-cycle relation

In this section we show that the element which describes the monodromy of all iterated

integrals on P!(C) \ {0, 1,00} satisfies the Drinfeld-Thara relation.

12.1. Configuration spaces
If T is a topological space we set T} = {(t1,---,t,) € T" | t; # t; if i # j}. The
group X" acts on 7' by permutations.

Let us set Y, = (PY(C))" and Y, = (P*(C)\{0, l,oo}):f_g. Let a,b,c € P'(C) be
three different points and let @41 (2) = g:g . i: CCL. The map @45 : Y5 — V5 given by

Dy 5(x1, 22, T3, T4,25) = ((,03517962@3 (z4), @xl,x%x?,(ajs)) induces a bijection
@15 Y5/PGLy(C) — Vs.

The action of ¥5 on Y; induces an action of X5 on V5. The map o : V5 — Vs, o(s,t) =

(% — £7 %) corresponds to the permutation ¢ of Yy given by

o(x1, 2,3, T4, 05) = (2, T3, T4, T5,T1).
Observe that the points A = <\/32_ 1, \/S2+ 1) € )Vs and B = (_\/g_ 1, _\/g—'— 1) €
Y5 are fixed by o.
The one-forms %, Scﬁgl, %, tcitl’ dg — glt generate A'()s) and Hg(YVs). Let
So,S1,Tp, Ty and N be their formal duals. The subspace R(YVs) of H(Y5)®? is generated
by

[S;, N+ [T;,N] i=0,1;
[S:, Ti) + [Si, N] i=0,1;
[T;,S;)+ [Ty, N] i=0,1;
[So,T1] and [S1, 7))
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where [A,B] = A® B - B® A.
Let G := P(Ys) i.e. G is a multiplicative group of the algebra of formal power series
in non-commuting variables Sy, S1, Ty, 77 and N divided by the ideal generated by R()s).
The principal fibration

Vs xG — Vs

we equipped with the integrable connection given by the one form

o= (2o (- Hor.
(Bt HorsEonstion

where T, = —Tp — 11 — N. We shall write shortly w instead of wy, .

12.2. Integration of w
We recall that on P*(C)\{0, 1,00} we have

H
12.2.0 A_1>(z) a7} = A1_>(z) (see Proposition 9.1).
[e’e) loo [e’e)

The monodromy of Aﬁ(z) is given by:

(around o00) : A_i(z) - A_l)(z> e~ 2mi T,

(around 1) :Aoﬁ(z) — Ao71>< z) - aSel . e L (g9ol) 7L
(see Theorem 9.3). We have f. (al$(To,T1)) = a2 (Teo, Th) where f.(Tp) = T, fo(T1) =
T1 and f = 1/2;

We have assymptotically at oo

- dt
12.2.1 A (z) ~ L)

= dt
e lim (A_(2)- e_(fl T)TOO) =1.
ZZ_>>°1° ool

Let P. = (e,1+4¢) € V5 where € > 0 and small. Let Ap_(z; path) be a horizontal
section of w such that Ap_(P.) = 1. Let 4 be a path in V5 from P. to o 1/5

which is constant (= ¢) on the first coordinate.
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Assuming s = constant (= ) we have

100 loo

Hence we have assymptotically for positive, small ¢

12.2.2 e e(_f;+e (ti—tl_%)Tl).
1?)0 e=0

It follows from 12.2.0, 12.2.1 and 12.2.2 and Proposition 9.1 that for ¢ positive, near 0

dt _dt

Le d 1+e
12.2.3 Ap_ (o(P.);7y) ~ e(f1 G2 ) 1w 'afooi(Tm,T1)~e(fw I—1 t)Tl'

e=0

Let p =+ +0(y)+02(y) +o3(y) + o(v). Then Ap_(P-;p) = 1 because the path p is
contractible in V5. On the other hand

1=Ap (P.,p)= Aa4(PE)(Pa;04(7)) 'Aa3(PE)(04(Ps)§03(7))

Ap2(py (0P (P); 02 (7)) - Aoy (02 (Pe);0(7)) - Ap, (0(P2); ).
The formula
(Ui)* (APe (U(Pa)7 7)) = Aai(PE) (Ui+1<Pa)a Ui('y))

(see Corollary 3.8) implies that

where L = Ap_(o(P:),7). Let

! e _dt __dt
L:e(fl/g%)T‘”-affooi(Too,Tl)f(Lo t_l_T)Tl.

It follows from 12.2.3 that

1~ oXL)-o3(L)-0%(L) - 0.(L) - L.

* *
e=0
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e (_dt dt _.2 1,
. (tTI_T)Too(—U*(Tl)) and e(fl/ dz)r,,

in the product o2(L) - ... L because T, = 02(T}) commutes with o,(Ty) = Sp and

The factors e can be placed together

0.(Ts) = S1. After the calculations we get

e /ot dt Ve at
a4 B log(1+e).
L G5-F) [ F=weeo

Repeating the same argument for S1, S1+717 + N, T7 and Sy and passing to the limit with
€ we get
oi(a)-0l(a) - 0Z(a) - ou(a)-a=1
where a = a3} (T, T1). The last formula we can write in the form
CL(S(), Sl + T1 + N) . a(Tl, Sl) . Cl(Sl + T1 + N, Too) . Cl(Sl, S()) . CL(TOO,Tl) =1

because U*(So) = Tooa 0'*<Sl) = Sl —|—T1 + N, 0'*<T0) = N, 0'*<T1) = SO and U*(N) =
—Sp—S1 — N.

Let 95 : C: — Vs be given by t5(21, 22, 23, 24) = P4 5(21, 22, 23, 24,00). Let (A;))i;

be formal duals of <w> . Then we have
i % )iy
VY54 (A12) = =59 — S1 —Top —T1 — N,

Y1+(A23) = So + 1o + N,
P14 (Aza) = 51,

Y1+ (A2s) =T,

Y1+(A34) = —So — 51 — N,
Y14(Az5) = —Tp — Ty — N,
Y1+(Ags) = N.



We set X;; := 1z+(A;;) € =1,5. Then X5 = T. Hence finally we get a formula
1224 a(Xia, X13) - a(Xos, Xoa) - a(Xi3, X35) - a(Xoa, X14) - a( X35, Xo5) = 1.

If we use Po 4 : X2 — V5 given by &2 4(0,s,1,t,00) = (s,t) and repeat the calculations
in Vs we get the same formula as before, but the X;;’s names of Sy, Si,. .. are now different

and the resulting formula is:

12.2.5 a(X12, X15) - a(Xs4, Xog) - a(X15, Xus) - a(Xos, X12) - a(Xus, X34) = 1.

This is exactly the formula which appears in [12] page 106 if we replace a( ) by a( ).

Proposition 12.3. For any permutation o of five letters we have

i) A(Xo14); Xo(13)) - M Xo(25), Xo(24)) - A(Xo(13), Xo(35))
’ a(Xo‘(24)7XU(14)) ’ a(XU(35)7 XO‘(25)) =1,
ii) A(Xo12), Xo15)) - M Xo 34y, Xo23)) - A(Xo(15), Xo(45))

~a(Xop(23), Xo(12) - M Xps), Xo(3a)) = 1,

where o(ij) = o(i)o(j).
Proof. 1t follows from 12.2.4, 12.2.5 and Corollary 3.8.

Remark. The formulas of Proposition 12.3 are in the group P()5). If we apply log we
get formulas in the group m()s).
In the sequel we shall work in the group 7(YVs).

We finish this section with a formula from which the Deligne Z /3—Cycle relation can

be obtained. The proof is an imitation of the Deligne proof.

Proposition 12.4. Let o :=loga. In the group m(Ys) we have

i) a(Xas, Xog) (—miXoz)(Xaz, X35)(—miXs5)a(Xss, Xos)(—miXos) = —miX14
and

ii) Oz(ng,, X23)(7TiX23)Oz(X23, X35>(7TiX35)Oz(X35, X25)(7TiX25> = 7TiX14.

o4



Proof. Let 6(x1, 2, x3,24,75) = (%1, T5, T2, x4, T3). Then the induced map o : Vs — Vs

is given by o(s,t) = (% -2, %) and o02(s,t) = (Sit, ﬁ) Let P~ = (r,1 —r) and

P, = (r,14r) where r is positive and small. Let Q_ = (—r,1 —r) and Q4 = (—r, 1+ 7).
Let v be a path from Py = (r,1+ ) to 0*(Q_) = (r,1/r), which is constant on the first
coordinate. Let 7/ be a path from Q4 to o?(P_) passing through the point (ﬁ, 1+ r)
which is piecewise constant, first on the second coordinate, next on the first coordinate.

Let S be a path [0,7] 2 ¢ — (7,1 + r7e*(**t™)) and let S’ be a path [0,7] > ¢ —
(=7, 14 re?®*+m). Let us consider the composition p = o(y’) 0 0(S") 0 02(y) 0 62(S) 0 o
S"oa(y)oa(S)oo?(y)oc?(S")oyoS. If we integrate the form w along this path and
pass to the limit if » — 0 we get the square of the left hand side of the expression 1i).

Let « be a loop in the opposite clockwise direction around (0,0) in the plane P =
{(s,t) € C? | as + Bt = 0}. The integration of the form w along « gives (—27i)(So + N +
To) = (—2mi) Xa3. In the model of Y, /PG Ly(C) in which the subspace {(x1, z2, 3, 74, 5) |
x1 = x4} of (P1(C))? degenerates to a point (for example for @5 5(0, 5,1, 00,t) = (s,1)), the
path p is homotopic to a loop around one of the points (0,0), (1,1) or (oo, o) in the plane
passing through the corresponding point (0,0), (1,1) or (oo, 00) (the point (1,1) in the
case of the model @5 5). Hence the left hand side of the expression i) is also (—27i) - X14.

The proof of the second equality is similar.

Corollary 12.5. For any permutation o of five letters 1,2, 3,4, 5 we have formulasi’) and
ii’), which are obtained from formulas i) and ii) by replacing indices 1,2,3,4,5 by o(1),
0(2), 0(3), o(4), o (5).

Proof.  One consider the map of Y5 given by (z)i=1,...5 — (Zo(i))i=1,...5. The induced

map o : Vs — Vs satisfies 0*w = o,w. This implies formulas i’) and ii’).

Remark. We have Xo3 + Xo5 + X35 = X14 in the Lie algebra Lie(Vs). If we set X714 =0

then the formulas i) and ii) reduce to the Deligne formula.
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§13. Functional equations of iterated integrals.

In this section we give necessary and sufficient conditions to have a functional equation
of iterated integrals in terms of exotic analogues of the Bloch group. We shall work only
on a pointed projective line.

Let Lie(C(2)*) be a free Lie algebra on the abelian group C(z)*. Let I C Lie(C(2)*)
be a Lie ideal consisting of all brackets [...[f1, fa] ...[..., fx]...] such that at least one f;
is in C*. Observe that L(C(z)*) is a free Lie algebra on the set {(z —a) | a € C}.

Let X = PY(C)\{ay,...,an,00} and let Y = PY(C)\{by, ..., bm,00}. We set

B(Y) : Z,

= D
FEC()\{b1,.,bm }

the free abelian group on the set C(2)\{b1,...,bn}. The generator corresponding to f we

shall denote by [f]. For any homogenous element e € Lie(H(Y)),

where B; = (i@j) we define a map

by (e) : B(Y) — L(C(2)")

by the formula

Let us fix an ordering By = (Zi—’zl) , Ba,..., By, of the base of H(Y). Then there is a
canonical base B = {e;};cr of Lie(H(Y)) given by basic Lie elements (see [MKS]). Let

{e;}ier be the dual linear forms.
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Theorem13.1. Leteq,...,e, € B be basic Lie elements of degreen. Let f1,..., f, : X —
Y be regular maps. Let ny,...,ny be integers. Let v be a path in X from x to z. The

following conditions are equivalent.

N
1 i 6 (Lu(ful): Jila). fil7)) = 05
N
ii) an cefo(fi)«=0 In HOIIl(FnW(X)/F’H'lw(X); C) :

N
iii) > ni-by(e)([fi]) =0 .
i=1

Proof. 1t follows from Corollary 2.2 in [W4] that conditions i) and ii) are equivalent.

Hence we must show that ii) and iii) are equivalent. Let e = [...[B;,,...[...,Bi.]...] be

a basic Lie element of degree n and let e* be its dual. Let f : X — Y be a regular map.

The map f and e* induce
Lie(H (X)) - Lie(H(Y)) <5 C.
Let us set CV := Hom(C, C). Passing to dual objects we get a map
Lie(A!(X)) <= Lie(a(v)) X ¢V.

Observe that the condition ii) is equivalent to the condition

ii’) ﬁ:nz “(fi)Fo(ef)Y =0 in Hom((Cv,Lie(Al(X))).

Observe that f*(zd_zbi> = f{;)(i)bi dz and (e*)V(idc) = [ [%... [...,_d—gik] ]

Let us define maps

ix : Lie(A'(X)) — L(C(2)*) and iy : Lie(A'(Y)) — L(C(2)*)

by the formula ix(ziza ) = (2 — a;). Observe that the diagram
Lie(A'X)) Y2 Lie(a(y)) “Lcv
e v se=ivo(e)
* f *
L@ 2 LEE))
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commutes, where f#(z —a) = f(2) —a and é(idc) = [...[z — bi,,...[...,2 — b;,]...].
The maps ix and iy are inclusions, hence the condition ii’) is equivalent to the condi-
tion vazl n; - (fi)# 0 & = 0. This last condition is equivalent to the condition vazl n; -
(fi)¥(é:(idc)) = 0. Observe that (f;)*(é;(idc)) = by(e;)[fi]. Hence we get that ii) and iii)

are equivalent.

§14. Subgroups of Aut(m(X)).

Let us set L' := L(X), L"” := [L/, L] and Lo(X) := L(X)/r~. Then the Lie algebra Lo(X)
equipped with the multiplication given by the Baker-Campbell-Hausdorff formula is the
group 72(X) from section 10.

Let p : m(X) — m2(X)/psr,x) be the natural projection. The map p induces
Py + Aut(ma(X)) — Aut(ma(X)/rar,x)). Let Aut™(m(X)) == {f € Aut(m(X))|3 a €
Cf(X)=aX,f(Y) = aY,f(Z) ~ aZ(Z = —X — Y)}(= is a conjugation by an el-
emt of [my(X), mo(X)] and ~ is a conjugation by an element of 72(X)). Let C : G, —
Aut(m2(X) /rsx,(x)) be given by Ci(X) = tX,Ci(Y) = tY. We shall investigate liftings of C to
Aut*(m2(X)). We recall that elements X, Y and YX*Y7/~1 .= (... (Y, X)X)...X)Y)...Y)
i=1,...,5=1,... form a topological base of Lo(X).

Notation. If exp(d_ fi; X'Y7) = 1+ Y.  FunX"Y™, then (w,exp(...)) = w +
n=1m=1
o Fum(.(w,X)...X)Y)...Y).

n=1,m=1
We shall investigate pro-algebraic subgroups of Aut*(m(X)) and Aut*(7?)) and alge-

braic subgroups of Aut* (72 /pni2,2).

Proposition 14.1.
i) Let ® : G,,, — Aut™(m2(X)) be given by

®,(X) =tX

o, (Y) = (tY, exp(z Z cij(1—t")X'Y7)), wherec;; € C.
n=2

itj=n
i>1,5>1

Then ® is a homomorphism.
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ii) All homomorphisms ® of G, into Aut®(m2(X)) such that p, o ® = C are of this form.

iii) All one-dimensional subgroups G of Aut®(m2(X)), which the map p. projects onto
C(Gy,) are of this form.
iv) The group G is defined over a subfield k of C if and only if all ¢;; are in k.

Proof. The point i) is a straightforward verification. To show point ii) we can assume that

® has a form ®,(Y) = (tY,exp( >, fij(t)X"Y7)), where f; ;(t) € C[t,t~'] are Laurent
1>1,5>1

N-1
polynomials. Assume that ® has a form ®,(Y) = (tY,exp( >, > ¢ (1 —t") XY +
n=2 i+j=n

> fii(OXYI+ > F(t)X'Y7)). Then one gets f; ;(t) +tY fi;j(s) = fi j(s-t). This
i+j=N i+j>N
implies f; ;(t) = ¢; ;(1 — V). Hence the point ii) is proved. If a subgroup of Aut*(my(X))
is one dimensional then the coefficients f; ; are algebraic functions of {. They cannot be
multivalued functions because then the dimension of the subgroup would be greater than
1. Hence f; ; are Laurent polynomials of ¢. Now the point iii) follows from the proof of ii).
The last point is obvious because char £ = 0.

In section 6 we need also results about the subgroups of Aut(72/pn+1,2) and Aut(r?).

Let C : Gy, — Aut(n?/psy2) be given by Ci(X) = tX,Cy(Y) = tY. Let (p™)« : Aut(m?/pat2ns) —
Aut(n?/psr2) and p, : Aut(n?) — Aut(n?/ps,2) be induced by projections of 72 /pni2,2

and 72 onto 72 /s .

Corollary 14.2. All one dimensional subgroups G' of Aut(n?/pni2,2) (resp. Aut(m?))
which the map (p™). (resp. p.) projects onto C(G,,) are of the form G = {f; €
n(resp.oco)

Aut(ma/patag,) (tesp. Aut(m?)|fi(X) =tX, fi(YV) =tY+ > cp(t—tF2) (Y X)YF)|t €
k=1
C*}. The group G is defined over a subfield k of C if and only if all ¢;’s are in k.

The subgroup G of Aut(7?/pn+2,2) considered in the corollary we shall denote by
G(ci,¢,...,¢). The subgroup G of Aut(n?) considered in the corollary we shall denote
by G((¢;)2,) = G(c1,¢2, .. Cny. o).

Let N be the set of natural numbers and let ¢ : N x N — C be a function into
complex numbers. For each n let {7,...,[} be linear forms with complex coefficients in

variables x;j, where i +j = n,4 > 1,j > 1. Let L := {(I?,...,I} Jnen}. Let C"! =
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>, C((a1,n-1,025-2)..) € C"~!) and let V,, be a set of common zeroes of I7, ..., I .
itji=n
i>i,5>1

Observe that for each n, the sequence (c;j)itjen € C* 1.

Proposition 14.3.
i) Let Gle,L) = {f € Aut* (ma(X))|[F(X) = tX, F(Y) = (Y, exp( Y. % (eyy(1—17)+

n=2 i+j=n

Bi;)X'Y7)|t € C*, 3i; € C, v 1<1V<k" I (Brn—1,P2,n—2, -5 Pn-1,1) = 0}.
Then G(c, L) is a subgroup of Aut™(my(X)).

ii) Any subgroup G of Aut™(m3(X)), whose projection onto Aut™(ma(X) /s, (x)) is C(Gim)
is of this form.

iii) Two subgroups G(c, L) and G(c’, L") coincides if and only if for each n 'V,, = V! and
(Ci)itj=n + Vi = (¢ij)i+j=n + Va.

iv) The group G(c, L) is defined over the subfield k of C if and only if for each n the

vector space V,, and the affine space (¢;;)it+;j=n + V, are defined over k.

Proof. The point i) is a standard checking. Let G be as in the point i). Let G; :=
ker(p, : G — Aut(m2(X)/psr,x)). Any element f € G is of the form f(X) = X, f(Y) =
(Yiexp(>. > fijX'Y7)). Observe that f — ((fij)i+j=n)n=23..~ defines a homo-

n=2 i+j=n
N
morphism G; — > > G,. Hence there are only linear relations between various f;;’s.

n=2 i+j=n
The group G is an extension of (G,,, by the pro-unipotent group (1, hence there is a lifting

¢ : Gy, — G of C. If we calculate f; ; coefficients of ¢; o f o ¢; ' we get that it can be
linear relations only between (f;—;)i=1,...n—1. Hence for each n we have a finite number

of linear forms (7, ..., lgn in variables 1 5,—1,%2 n—2,...,Zp—1,1 such that

Gy ={fIf(X)=Xf(YV)=(Y,exp(d>_ Y B;;X'V7)

n=2 i+j=n

Bi;€CN VvV 1(Bin-1,P2n-2,...) =0}

n 1<i<k,

Let L = {(I,...,l} Jnen}. The group ®(G,y,) is as in Proposition 14.1.i) for some function
¢c: Nx N — C. Observe that G; o ®(G,,) = G(c,L). Hence by dimensional reasons
G = G(c, L). The points iii) and iv) are evident.
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Let (g;)$2; be a sequence such that ¢; € {0,1} for each i. Let (¢;)52, be a se-
quence of complex numbers. We set G((¢;)52,((€:)521) = G(c1,c¢2,...]e1,62,...) ={f =
Fueunz, © Autla?) [FOX) = X, 1Y) = 0¥+ 5 (@00 H1L-ses (-t ) (VXY e €
C*,p; € C for i = 1,2,...}. If we replace in the above definition oo by n we get a sub-
group, denoted by G(ci,...,cnler, ..., en) of Aut(m?/pniaq2). Let 5((g;)™ ;) be a number
of €; equal to 1. Then dim G(cy, ..., cple, ... en) = 0((g:)1y) + 1.

Corollary 14.4. All subgroups of Aut* (72 /pn+t2,2) (resp. Aut*(n?)), which the map (p").
(resp. p.) projects onto C(G,,) are of the form G(cq, . . ., cpler, ..., en) (resp. G((¢;)521](€:)521))-
The group is defined over a subfield k of C if and only if all numbers (1 — ¢;)¢; are in k.

The subgroup {f; € Aut(m?/pni2e|fi(X) = tX 1 fi(Y) = tY |t € C*} of Aut(7w?/pnt2,2)
we shall denote by Gg. Let 6 : C — {0,1} be a map defined by §(0) =0,d(z) =1 if z # 0.

Lemma 14.5. Let fo € Aut(m?/pat2,2) be such that fo(X) = aoX, fo(Y) = Y +
n—1

ST B2(YX)Y?). Let G C Aut(n?/pn+242) be the smallest algebraic subgroup of Aut(m? /pnt2,2)
i=1

such that Gy C G and fy € G. Then G = G(0,0,...,0(5(8),...,5(82_1)).

Proof. Let Ct( ) = tX and C¢(Y) = tY and let f1 = fo0Cy'. Then fi1(X) = X and
1(Y)=Y + Z Bag (YX)Y1). Let Gy C G be a subgroup consisting of h such that

h(X)=Xh(Y)= Y—l—i Bi((YX)Y*1). Assume that for some i, 39 # 0. Then G # {Id}
because f; € G1. The su_blgroup (G is contained in (G,)™, hence it is given by a finite num-
ber of linear forms. Let k = C;ohoC; . Then k(X) = X, k(Y) =Y + Z B (Y X))y,
Let [(X71,...,X,) be one of linear forms defining G1. Then I(¢g, , t? ﬁg, .o t"6y) = 0 im-
plies | = 0. Hence the 31, (o, ..., By, if they are non-zero, they are linearly independent.
Hence G = G(0,0, .. .,0‘5(55)), 880 )).

Corollary 14.6. Let G C Aut(n?/pni2,2) be the smallest subgroup such that the sub-
group Go := {f; € Aut(m?/pnizne) | fi(X) =t X, f1 (V) = tY‘t € C*} is contained in G and
the subgroup G(c1, ..., ¢y) is contained in G. Then G = G(0 0‘5 c1),0(c2),...,0(cn))-

Proof. One takes any element f of G(cq,...,c,—1) such that f(X)=aX and a # 1.
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§A.1. Malcev completion

Let 7 be a nilpotent group. Then there exists a connected, affine, nilpotent group scheme

mo over Spec Q, together with a homomorphism rg : @ — 79(Q), functorial with respect

to morphisms © — 7’ such that

i) rg : m — mo(Q) is a rationalization of ,

ii) for any field K of characteristic zero, the morhpism 7 : 7 — mo(Q) < mo(K) is the

Malcev K-completion of 7 i.e. for any homomorphism f : 7 — G of 7 into a nilpotent

K-group G there is a unique homomorphism of K-group f’: mo(K) — G such that
f=1Ffork.

If 7 is any group then we set

mo := LUm(™/Iix)o.

(2

The group mo(K) together with the morhpism rg : 7 — mo(K) has a universal prop-

erty with respect to maps of 7 into pro-nilpotent K-groups.
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