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Abstract

Let k be a �eld. Then Gaussianelimination over k and the Eu-
clideandivision algorithm for the univariate polynomial ring k[x] allow
us to write any matrix in SL n (k) or SL n (k[x]), n � 2, as a product of
elementary matrices. Suslin'sstabilit y theorem statesthat the sameis
true for SL n (k[x1; : : : ; xm ]) with n � 3 and m � 1. In this paper, we
present an algorithmic proof of Suslin's stabilit y theorem, thus pro-
viding a method for �nding an explicit factorization of a given polyno-
mial matrix into elementary matrices. Gr•obner basis techniques may
be usedin the implementation of the algorithm.

1 In tro duction

Immediately after proving the famousSerre'sConjecture(which is now known
asthe Quillen-Suslin theorem) in 1976[Sus76],A.A. Suslinwent on to prove
the following K 1-analogueof Serre'sConjecture [Sus77].

Suslin's Stabilit y Theorem. Let R be a commutativ e Noethe-
rian ring and n � max(3; dim(R) + 2). Then, any n � n matrix
A = (f ij ) of determinant 1, with f ij elements of the polynomial
ring R[x1; : : : ; xm ], can be written as a product of elementary
matrices over R[x1; : : : ; xm ].
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yDept. of Mathematics, Pittsburg State University, Pittsburg, KS 66762; e-mail:
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Recall that for any ring R, an n � n elementary matrix E ij (a) over R is a
matrix of the form I + a � eij where i 6= j; a 2 R and eij is the n � n matrix
whose(i; j ) entry is 1 and all other entries are zero. Let SL n (R) be the
group of all the n � n matrices of determinant 1 whoseentries are elements
of R, and let En (R) be the subgroupof SL n (R) generatedby the elementary
matrices. Then Suslin's stabilit y theoremcan be expressedas

SLn (R[x1; : : : ; xm ]) = En (R[x1; : : : ; xm ]) for all n � max(3; dim(R) + 2):

In this paper, we develop an algorithmic proof of the above assertionover
a �eld R = k. For a given A 2 SL n (k[x1; : : : ; xm ]) with n � 3, the algo-
rithm produceselementary matricesE1; : : : ; E t 2 En (k[x1; : : : ; xm ]) such that
A = E1 � � � E t . Implementation of this algorithm involvesuseof the method
of Gr•obnerbases,an important tool in computational algebraand computa-
tional algebraicgeometry. See[CLO92] and [Mis93] for more information on
Gr•obner basesand applications.

De�nition 1.1 A square matrix A over a ring R is called realizable , if A
can be written as a product of elementarymatricesover R.

The contents of this paper are as follows:

� In Section2, an algorithmic proof of the normality of En (k[x1; : : : ; xm ])
in SLn (k[x1; : : : ; xm ]) for n � 3 is given.

� In Section3, we give an algorithm for the Quil len Induction Process,
a standard way of reducing a given problem over a ring to an easier
problem over a local ring. Using this Quil len Induction Algorithm, we
reduceour realization problem over the polynomial ring R[xm ] to one
over RM [xm ]'s, whereR = k[x1; : : : ; xm� 1] and M rangesover a �nite
set of a maximal idealsof R.

� In Section4, an algorithmic proof of the ElementaryColumn Property,
a stronger version of the Unimodular Column Property, is given, and
we note that this algorithm gives another constructive proof of the
Quillen-Suslin theorem. Using the Elementary Column Property, we
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show that a realization algorithm for SL n (k[x1; : : : ; xm ]) is obtained
from a realization algorithm for matrices of the special form

0

B
@

p q 0
r s 0
0 0 1

1

C
A 2 SL3(k[x1; : : : ; xm ]);

wherep is monic in the last variable xm .

� In Section5, in view of the resultsin the precedingtwo sections,wenote
that a realization algorithm over k[x1; : : : ; xm ] can be obtained from a

realization algorithm for the matrices of the special form

0

B
@

p q 0
r s 0
0 0 1

1

C
A

over R[X ], where R is now a local ring and p is monic in X . A real-
ization algorithm for this casewas already found by M.P. Murth y in
[GM80]. We reproduceMurth y's algorithm in this section.

� In Section 6, we suggestusing the Steinberg relations from algebraic
K -theory to lower the number of elementary matrix factors in a factor-
ization producedby our algorithm. We alsomention an ongoinge�ort
of using our algorithm in Signal Processing.

2 En(k[x1; : : : ; xm])� SL n(k[x1; : : : ; xm]), for n � 3

Lemma 2.1 The Cohn matrix A =

 
1 + xy x2

� y2 1 � xy

!

is not realizable,but
 

A 0
0 1

!

2 SL3(k[x; y]) is.

Pro of: The nonrealizability of A was �rst proved by P. M. Cohn in [Coh66],
and a completealgorithmic criterion for the realizability of matrices in
SL2(k[x1; : : : ; xm ]) was recently developed in [THK94]. Now consider

 
A 0
0 1

!

=

0

B
@

1 + xy x2 0
� y2 1 � xy 0

0 0 1

1

C
A :
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Noting that

0

B
@

1 + xy x2 0
� y2 1 � xy 0

0 0 1

1

C
A = I +

0

B
@

x
� y
0

1

C
A � (y; x; 0), we seethat the

realizability of this matrix is a special caseof Lemma 2.3 below. 2

De�nition 2.2 Let n � 2. A Cohn-t yp e matrix is a matrix of the form

I + av � (vj ei � vi ej )

where v =

0

B
B
@

v1
...

vn

1

C
C
A 2 (k[x1; : : : ; xm ])n , i < j 2 f 1; : : : ; ng, a 2 k[x1; : : : ; xm ],

and ei = (0; : : : ; 0; 1; 0; : : : ; 0) with 1 occurring only at the i -th position.

Lemma 2.3 Any Cohn-type matrix for n � 3 is realizable.

Pro of: First, considerthe casei = 1; j = 2. In this case,

B = I + a

0

B
B
@

v1
...

vn

1

C
C
A � (v2; � v1; 0; : : : ; 0)

=

0

B
B
B
B
B
B
B
@

1 + av1v2 � av2
1 0 � � � 0

av2
2 1 � av1v2 0 � � � 0

av3v2 � av3v1
...

... I n� 2

avnv2 � avnv1

1

C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
@

1 + av1v2 � av2
1 0 � � � 0

av2
2 1 � av1v2 0 � � � 0

0 0
...

... I n� 2

0 0

1

C
C
C
C
C
C
C
A

nY

l=3

E l1(avl v2)E l2(� avl v1):

So, it is enoughto show that

A =

0

B
@

1 + av1v2 � av2
1 0

av2
2 1 � av1v2 0

0 0 1

1

C
A
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is realizable for any a;v1; v2 2 k[x1; : : : ; xm ]. Let \ ! " indicate that we are
applying elementary operations,and considerthe following:

A =

0

B
@

1 + av1v2 � av2
1 0

av2
2 1 � av1v2 0

0 0 1

1

C
A !

0

B
@

1 + av1v2 � av2
1 v1

av2
2 1 � av1v2 v2

0 0 1

1

C
A

!

0

B
@

1 � av2
1 v1

0 1 � av1v2 v2

� av2 0 1

1

C
A !

0

B
@

1 0 v1

0 1 v2

� av2 av1 1

1

C
A !

0

B
@

1 0 v1

0 1 v2

0 av1 1 + av1v2

1

C
A

!

0

B
@

1 0 0
0 1 v2

0 av1 1 + av1v2

1

C
A !

0

B
@

1 0 0
0 1 v2

0 0 1

1

C
A !

0

B
@

1 0 0
0 1 0
0 0 1

1

C
A : (2.1)

Keeping track of all the elementary operations involved in 2.1, we get

A = E13(� v1)E23(� v2)E31(� av2)E32(av1)E13(v1)E23(v2)E31(av2)E32(� av1):

In general(i.e., for arbitrary i < j ),

B = I + a

0

B
B
@

v1
...

vn

1

C
C
A � (0; : : : ; 0; vj ; 0; : : : ; 0; � vi ; 0; : : : ; 0)

with vj occuring at the i -th position and � vi occuring at the j -th position.
Therefore,we have

B =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 � � � av1vj � � � � av1vi � � � 0
. . .

...
... 0

1 + avi vj � av2
i

...
...

av2
j 1 � avi vj

...
...

vnvj � vnvi 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A
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=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 � � � 0 � � � 0 � � � 0
. . .

...
... 0

1 + avi vj � av2
i

...
...

av2
j 1 � avi vj

...
...

0 0 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

�
Y

1� l � n
l6= i;j

E l i (avlvj )E l j (� avl vi )

= E it (� vi )E j t (� vj )E ti (� avj )E tj (avi )E it (vi )E j t (vj )E ti (avj )E tj (� avi )

�
Y

1� l � n
l6= i;j

E l i (avlvj )E l j (� avl vi );

wheret 2 f 1; : : : ; ng can be chosento be any number other than i or j . 2

Sincea Cohn-type matrix is realizable,any product of Cohn-type matrices
is also realizable. This observation motivates the following generalizationof
the above lemma.

De�nition 2.4 Let R be a ring and v = (v1; : : : ; vn )t 2 Rn for somen 2 IN .
Then v is called a unimo dular column vector if its componentsgenerate
R, i.e. if there exist g1; : : : ; gn 2 R suchthat v1g1 + � � � + vngn = 1.

Remark 2.5 When R = k[x1; : : : ; xm ] is a polynomial ring and v 2 Rn is
a unimodular vector, we can explicitly �nd these gi 's by either using the
e�ective Nullstellensatz(see[FG90]) or Gr•obner bases(see[CLO92]).

Lemma 2.6 Supposethat A 2 SL n (k[x1; : : : ; xm ]) with n � 3 can be written
in the form A = I + v �w for a unimodular column vector v and a row vector
w over k[x1; : : : ; xm ] suchthat w � v = 0. Then A is realizable.

Pro of: Since v = (v1; : : : ; vn )t is unimodular, we can �nd g1; : : : ; gn 2
k[x1; : : : ; xm ] such that v1g1 + � � � + vngn = 1. This, combined with w � v =
w1v1 + � � � + wnvn = 0, yields a new expressionfor w:

w =
X

i<j

aij (vj ei � vi ej )
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whereaij = wi gj � wj gi . Now,

A = I + v �

0

@
X

i<j

aij (vj ei � vi ej )

1

A

= I +
X

i<j

v � aij (vj ei � vi ej )

=
Y

i<j

�
I + v � aij (vj ei � vi ej )

�
:

Each factor on the right hand side of this equation is a Cohn-type matrix
and thus realizable,so A is also realizable. 2

Corollary 2.7 BE ij (a)B � 1 is realizablefor any B 2 GL n (k[x1; : : : ; xm ])
with n � 3 and a 2 k[x1; : : : ; xm ].

Pro of: Note that i 6= j , and

BE ij (a)B � 1 = I + (i -th column vector of B) � a � (j -th row vector of B � 1):

Let v be the i -th column vector of B and w be a times the j -th row vector
of B � 1. Then (i -th row vector of B � 1) � v = 1 implies v is unimodular, and
w � v is clearly zerosincei 6= j . Therefore,BE ij (a)B � 1 = I + v � w satis�es
the condition of the above lemma, and is thus realizable. 2

Corollary 2.8 For n � 3, En (k[x1; : : : ; xm ]) is a normal subgroup of
SLn (k[x1; : : : ; xm ]).

Pro of: Let A 2 SL n (k[x1; : : : ; xm ]) and E 2 En (k[x1; : : : ; xm ]). Then
the above corollary gives us an algorithm for �nding elementary matrices
E1; : : : ; E t such that A � 1EA = E1 � � � E t . 2

3 Gluing of Lo cal Realizabilit y

Let R = k[x1; : : : ; xm� 1]; X = xm and M 2 Max(R) = f maximal ideals of
Rg. For A 2 SL n (R[X ]), we let AM 2 SLn (RM [X ]) be its imageunder the
canonicalmapping SL n (R[X ]) ! SLn (RM [X ]). We will occasionallywrite
A = A(X ) to emphasizethat we are viewing the entries of the matrix A as
polynomialsin onevariable. Now considerthe following analogueof Quillen's
patching theorem for elementary matrices:
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Supposen � 3 and A 2 SL n (R[X ]). Then A is realizableover
R[X ] if and only if AM 2 SLn (RM [X ]) is realizableover RM [X ]
for every M 2 Max(R).

While a non-constructive proof of this assertion is given in [Sus77]and a
more generalfunctorial treatment of this Quillen Induction Processcan be
found in [Knu91],we will give a constructive proof for it here,thus providing
a patching algorithm with input certain local factorizationsof a given matrix
A and output a global factorization of A into elementary matrices. Sincethe
necessity of the condition is clear, we have to prove the following theorem.

Theorem 3.1 (Quil len Induction Algorithm) Let A 2 SL n (R[X ]). If AM

2 En (RM [X ]) for every M 2 Max(R), then A 2 En (R[X ]).

Pro of: Let a1 = (0; : : : ; 0) 2 km� 1, and let M 1 = f g 2 k[x1; : : : ; xm� 1] j
g(a1) = 0g be the corresponding maximal ideal. Then by assumption,AM 1

is realizableover RM 1 [X ]. Hence,we can write

AM 1 =
Y

j

Esj t j

 
cj

dj

!

(2.2)

wherecj ; dj 2 R; dj 62M 1. Letting r 1 =
Q

j dj =2 M 1, we can rewrite 2.2 as

AM 1 =
Y

j

Esj t j

 
cj

Q
k6= j dk

r1

!

2 En (Rr 1 ) � En (RM 1 ):

Denote an algebraic closure of k by �k. Inductively, let aj 2 �km� 1 be a
common zero of r 1; : : : ; r j � 1 and M j = f g 2 k[x1; : : : ; xm� 1] j g(aj ) = 0g
be the corresponding maximal ideal of R for each j � 2. (See[CLO92] for
details and referencesfor using Gr•obner basesto �nd a common zero of a
�nite set of polynomials.) De�ne r j =2 M j in the sameway as r 1 above, so
that

AM j 2 En (Rr j [X ]):

Sinceaj is a commonzeroof r 1; : : : ; r j � 1 in this construction, we immediately
seethat r 1; : : : ; r j � 1 2 M j = f g 2 R j g(aj ) = 0g. But noting r j =2 M j , we
concludethat r j =2 r1R + � � �+ r j � 1R. Now, sinceR is Noetherian,we will get
to somel after a �nite number of stepssuch that r 1R + � � � + r lR = R. (We
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can useGr•obner basesto determinewhen 1R is in the ideal r 1R + � � � + r lR,
e.g. see[CLO92].)

Let d be a natural number. Then since r d
1R + � � � + r d

l R = R, we can
�nd g1; : : : ; gl 2 R such that r d

1g1 + � � � + r d
l gl = 1. Now, we expressA(X ) 2

SLn (R[X ]) in the following way:

A(X ) = A(X � X r d
1g1) � [A � 1(X � X r d

1g1)A(X )]

= A(X � X r d
1g1 � X r d

2g2) � [A � 1(X � X r d
1g1 � X r d

2g2)A(X � X r d
1g1)]

�[A � 1(X � X r d
1g1)A(X )]

= � � �

= A(X �
lX

i =1

X r d
i gi ) � [A � 1(X �

lX

i =1

X r d
i gi )A(X �

l � 1X

i =1

X r d
i gi )] � � �

� � � [A � 1(X � X r d
1g1)A(X )]:

Note here that the �rst matrix A(X �
P l

i =1 X r d
i gi ) = A(0) on the right

hand side is in En (R) by the induction hypothesis. We will now show that
for a su�cien tly large d, each bracketed expressionin the above equation is
actually in En (R[X ]), so that A itself is in En (R[X ]). To this end, we let
AM i = A i and identify A 2 SLn (R[X ]) with A i 2 SLn (RM i [X ]). Then each
bracketed expressionis of the form

A � 1
i (cX )A i ((c + r d

i g)X ):

Claim: For any c;g 2 R, we can �nd a su�cien tly large d such that
A � 1

i (cX )A i ((c + r d
i g)X ) 2 En (R[X ]) for i = 1; : : : ; l .

Let

D i (X ; Y; Z ) = A � 1
i (Y � X )A i ((Y + Z) � X ) 2 En (Rr i [X ; Y; Z ])

and write D i in the form

D i =
hY

j =1

Esj t j (bj + Zf j )

wherebj 2 Rr i [X ; Y] and f j 2 Rr i [X ; Y; Z ]. >From now on, the elementary
matrix Esj t j (a) will be simply denotedas E j (a) for notational convenience.
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For p = 1; : : : ; h, de�ne Cp by

Cp =
pY

j =1

E j (bj ) 2 En (Rr i [X ; Y ]):

Then the Cp's satisfy the following recursive relations:

E 1(b1) = C1;

E p(bp) = C � 1
p� 1Cp (2 � p � h);

Ch = I :

Hence,using the fact that E ij (a + b) = E ij (a)E ij (b), we have

D i =
hY

j =1

E j (bj + Zf j )

=
hY

j =1

E j (bj )E j (Z f j )

= [E 1(b1)E 1(Z f 1)][E 2(b2)E 2(Z f 2)] � � � [E h(bh)E h(Z f h)]

= [C1E 1(Z f 1)][C � 1
1 C2E 2(Z f 2)] � � � [C � 1

h� 1ChE h(Z f h)]

=
hY

j =1

Cj E j (Z f j )C � 1
j :

Now in the sameway asin the proof of Lemma2.6and Corollary 2.7, we can
write Cj E j (Z f j )C � 1

j as a product of Cohn-type matrices, i.e. for any given

j 2 f 1; : : : ; hg, let v =

0

B
B
@

v1
...

vn

1

C
C
A be the sj -th column vector of Cj . Then

Cj Esj t j (Z f j )C � 1
j =

Y

1� 
 <� � n

[I + v � Z f j � a
 � (v
 e� � v� e
 )]

for somea
 � 2 Rr i [X ; Y ]. Also, we can �nd a natural number d such that

v
 =
v0




r d
i
; a
 � =

a0

 �

r d
i

; f j =
f 0

j

r d
i

10



for somev0

 ; a0


 � 2 R[X ; Y]; f 0
j 2 R[X ; Y; Z ]. Now, replacingZ by r 4d

i g, wesee
that all the Cohn-type matrices in the above expressionfor Cj E j (Z f j )C � 1

j

have denominator-freeentries. Therefore,

Cj E j (r 4d
i gf j )C � 1

j 2 En (R[X ; Y ]):

Sincethis is true for each j , we concludethat for a su�cien tly large d,

D i (X ; Y; r d
i g) =

hY

j =1

Cj E j (r d
i gf j )C � 1

j 2 En (R[X ; Y ]):

Now, setting Y = c provesthe claim, and completesthe proof of the theorem.
2

4 Reduction to SL 3(k[x1; : : : ; xm])

Let A 2 SLn (k[x1; : : : ; xm ]) with n � 3, and let v be its last column
vector. Then v is unimodular. (Recall that the cofactor expansionalong
the last column gives a required relation.) Now, if we can reduce v to
en = (0; 0; : : : ; 0; 1)t by applying elementary operations, i.e. if we can �nd
B 2 En (k[x1; : : : ; xm ]) such that Bv = en , then

BA =

0

B
B
B
B
@

0
~A

...
0

p1 : : : pn� 1 1

1

C
C
C
C
A

for some ~A 2 SLn� 1(k[x1; : : : ; xm ]) and pi 2 k[x1; : : : ; xm ] for i = 1; : : : ; n� 1.
Hence,

BAE n1(� p1) � � � En(n� 1)(� pn� 1) =

 
~A 0
0 1

!

:

Therefore, our problem of expressingA 2 SL n (k[x1; : : : ; xm ]) as a prod-
uct of elementary matrices is now reduced to the sameproblem for ~A 2
SLn� 1(k[x1; : : : ; xm ]). By repeating this process,we get to the problem of

11



expressingA =

0

B
@

p q 0
r s 0
0 0 1

1

C
A 2 SL3(k[x1; : : : ; xm ]) asa product of elementary

matrices, which is the subject of the next section. In this section, we will
develop an algorithm for �nding elementary operations that reducea given
unimodular column vector v 2 (k[x1; : : : ; xm ])n to en . Also, as a corollary
to this Elementary Column Property, we give an algorithmic proof of the
Unimodular Column Property which states that for any given unimodular
column vector v 2 (k[x1; : : : ; xm ])n , there exists a unimodular matrix B , i.e.
a matrix with constant nonzerodeterminant, over k[x1; : : : ; xm ] such that
Bv = en . Recently, A. Logar, B. Sturmfels in [LS92] and N. Fitchas, A.
Galligo in [FG90], [Fit93] have given di�erent algorithmic proofsof this Uni-
modular Column Property, thereby giving algorithmic proofs of the Quillen-
Suslin theorem. Therefore, our algorithm gives another constructive proof
of the Quillen-Suslin theorem. The secondauthor has given a di�erent al-
gorithmic proof of the Elementary Column Property basedon a localization
and patching processin [Woo94].

De�nition 4.1 For a ring R, Umn(R) = f n-dimensional unimodular col-
umn vectors over Rg.

As in Section3, let R = k[x1; : : : ; xm� 1] and X = xm . Then k[x1; : : : ; xm ] =

R[X ]. By identifying A 2 SL 2(R[X ]) with

 
A 0
0 I n� 2

!

2 SLn (R[X ]), we

can regard SL 2(R[X ]) as a subgroupof SL n (R[X ]). As before, we use the
notation A = A(X ) and v = v(X ) to emphasizethat we are viewing the
entries of a matrix A or a vector v as polynomials in one variable. Now
considerthe following lemma and theorem, which will be usedto prove the
Elementary Column Property.

Lemma 4.2 Let f 1; f 2; b;d 2 R[X ] and let r be the resultant of f 1 and f 2.
Then there existsB 2 SL 2(R[X ]) suchthat

B

 
f 1(b)
f 2(b)

!

=

 
f 1(b+ rd)
f 2(b+ rd)

!

:

Pro of: By a property of the resultant of two polynomials,wecan�nd g1; g2 2
R[X ] such that f 1g1 + f 2g2 = r . (See[CLO92] or [GM80] for details.) Let
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s1; s2; t1; t2 2 R[X ; Y; Z ] be the polynomials de�ned by

f 1(X + YZ) = f 1(X ) + Ys1(X ; Y; Z );

f 2(X + YZ) = f 2(X ) + Ys2(X ; Y; Z );

g1(X + YZ) = g1(X ) + Yt1(X ; Y; Z );

g2(X + YZ) = g2(X ) + Yt2(X ; Y; Z ):

Now, de�ne

B11 = 1 + s1(b;r; d) � g1(b) + t2(b;r; d) � f 2(b);

B12 = s1(b;r; d) � g2(b) � t2(b;r; d) � f 1(b);

B21 = s2(b;r; d) � g1(b) � t1(b;r; d) � f 2(b);

B22 = 1 + s2(b;r; d) � g2(b) + t1(b;r; d) � f 1(b):

Then onechecks easily that B =

 
B11 B12

B21 B22

!

satis�es the desiredproperty

and that B 2 SL2(R[X ]). 2

Theorem 4.3 Suppose v(X ) =

0

B
B
@

v1(X )
...

vn (X )

1

C
C
A 2 Umn (R[X ]), and v1(X ) is

monic in X . Then there exists B1 2 SL2(R[X ]) and B2 2 En (R[X ]) such
that B1B2 � v (X ) = v(0).

Pro of: Let a1 = (0; : : : ; 0) 2 km� 1. De�ne M 1 = f g 2 k[x1; : : : ; xm� 1] j
g(a1) = 0g and k1 = R=M 1 as the corresponding maximal ideal and residue
�eld, respectively. By hypothesisv 2 (R[X ])n is a unimodular columnvector,
so its image �v in (k1[X ])n = ((R=M 1)[X ])n is alsounimodular. Sincek1[X ]
is a principal ideal ring, the ideal < �v2; : : : ; �vn > is generatedby a single
element, G1 = gcd(�v2; : : : ; �vn ). Then �v1 and G1 generatethe unit ideal in
k1[X ] since�v1; �v2; : : : ; �vn generatethe unit ideal. Usingthe Euclideandivision
algorithm for k1[X ], we can �nd E1 2 En� 1(k1[X ]) such that

E1

0

B
B
@

�v2
...

�vn

1

C
C
A =

0

B
B
B
B
@

G1

0
...
0

1

C
C
C
C
A

:
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By identifying k1 with a subring of R, we may regard E1 as an element of
En (R[X ]) and G1 as an element of R[X ]. Then,

 
1 0
0 E1

!

v =

0

B
B
B
B
B
B
B
@

v1

G1 + q12

q13
...

q1n

1

C
C
C
C
C
C
C
A

for someq12; : : : ; q1n 2 M 1[X ]. Now, de�ne r 1 2 R by r1 = Res(v1; G1 + q12),
the resultant of v1 and G1 + q12, and �nd f 1; h1 2 R[X ] such that

f 1 � v1 + h1 � (G1 + q12) = r1:

Sincev1 is monic, and �v1 and G1 2 k1[X ] generatethe unit ideal, we have

�r1 = Res(v1; G1 + q12)

= Res(�v1; G1)

6= 0:

Therefore, r 1 =2 M 1. Denote an algebraicclosureof k by �k. Inductively, let
aj 2 �km� 1 be a commonzero of r 1; : : : ; r j � 1 and M j be the corresponding
maximal ideal of R for each j � 2. De�ne r j =2 M j in the sameway asabove.
De�ne also, E j 2 En� 1(kj [X ]); Gj 2 kj [X ]; f j ; hj 2 R[X ], and qj 2; : : : ; qj n 2
M j [X ] in an analogousway. As wesaw in the proof of Theorem3.1, there is a
�nite l such that r 1R+ � � �+ r lR = R. Find gi 's in R such that r 1g1+ � � �+ r l gl =
1. Now, de�ne b0; b1; : : : ; bl 2 R[X ] as

b0 = 0

b1 = r1g1X

b2 = r1g1X + r2g2X
...

bl = r1g1X + r2g2X + � � � + r lglX = X :

Then thesebi 's satisfy the recursive relations:

b0 = 0

bi = bi � 1 + r i gi X for i = 1; : : : ; l :

14



Claim: For each i 2 f 1; : : : ; lg, there exists B i 2 SL2(R[X ]) and B 0
i 2

En (R[X ]) such that v(bi ) = B i B 0
i v(bi � 1).

Usingthis and the fact that En (R[X ])�SL2(R[X ]) � SL2(R[X ])�En (R[X ])
(Corollary 2.7), we inductively get

v(X ) = v(bl )

= B lB 0
l v(bl � 1)

...

= BB 0v(b0)

= BB 0v(0)

for someB 2 SL 2(R[X ]) and B 0 2 En (R[X ]). Therefore, it is enoughto
prove the above claim.
Pro of of claim: Let ~Gi = Gi + qi 2. Then

 
1 0
0 E(X )

!

v(X ) =

0

B
B
B
B
B
B
B
@

v1(X )
~Gi (X )

qi 3(X )
...

qin (X )

1

C
C
C
C
C
C
C
A

:

For 3 � j � n, we have

qij (bi ) � qij (bi � 1) 2 (bi � bi � 1) � R[X ] = r i gi X � R[X ]:

Sincer i 2 R doesn't depend on X , we have

r i = f i (X )v1(X ) + hi (X ) ~Gi (X )

= f i (bi � 1)v1(bi � 1) + hi (bi � 1) ~Gi (bi � 1)

= a linear combination of v1(bi � 1) and ~Gi (bi � 1) over R[X ]:

Therefore,we seethat for 3 � j � n,

qij (bi ) = qij (bi � 1) + a linear combination of v1(bi � 1) and ~Gi (bi � 1) overR[X ]:

15



Hencewe can �nd C 2 En (R[X ]) such that

C

 
1 0
0 E(bi � 1)

!

v(bi � 1) = C

0

B
B
B
B
B
B
B
@

v1(bi � 1)
~Gi (bi � 1)
qi 3(bi � 1)

...
qin (bi � 1)

1

C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
@

v1(bi � 1)
~Gi (bi � 1)
qi 3(bi )

...
qin (bi )

1

C
C
C
C
C
C
C
A

:

Now, by Lemma 4.2, we can �nd ~B 2 SL2(R[X ]) such that

~B

 
v1(bi � 1)
~Gi (bi � 1)

!

=

 
v1(bi )
~Gi (bi )

!

:

Finally, de�ne B 2 SL n (R[X ]) as follows:

B =

 
1 0
0 E(bi )� 1

!  
~B 0
0 I n� 2

!

� C �

 
1 0
0 E(bi )

!

:

Then this B satis�es

Bv(bi � 1) = v(bi );

and, by using the normality of En (R[X ]) again, we seethat

B 2 SL2(R[X ])En (R[X ]);

which provesthe claim and completesthe proof of the theorem. 2

Remark 4.4 Note that the groupsGL n (k[x1; : : : ; xm ]) andEn (k[x1; : : : ; xm ])
act on the set Umn (k[x1; : : : ; xm ]) by matrix multiplication. If the group ac-
tion of En (k[x1; : : : ; xm ]) on Umn (k[x1; : : : ; xm ]) is transitive, then we get a
desiredalgorithm in the following way: For any n-dimensionalunimodular
column vectors v; v 0 over k[x1; : : : ; xm ], we can �nd B 2 En (k[x1; : : : ; xm ])
such that Bv = v 0. Now, let v 0 = en .

Theorem 4.5 (Elementary Column Property) For n � 3, the group
En (k[x1; : : : ; xm ]) acts transitively on the set Umn (k[x1; : : : ; xm ]).
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Corollary 4.6 (Unimodular Column Property) For n � 2, the group
GLn (k[x1; : : : ; xm ]) acts transitively on the set Umn (k[x1; : : : ; xm ]).

Pro of: For n � 3, the Elementary Column Property clearly implies the Uni-
modular Column Property sincea product of elementary matrices is always
unimodular, i.e. hasa constant nonzerodeterminant.

If n = 2, for any v = (v1; v2)t 2 Um2(k[x1; : : : ; xm ]), by using Buch-
berger's algorithm for computing a Gr•obner basis, we can �nd g1; g2 2
k[x1; : : : ; xm ] such that v1g1 + v2g2 = 1. Then the unimodular matrix Uv = 

v2 � v1

g1 g2

!

satis�es Uv � v = e2. Therefore we seethat, for any v; w 2

Um2(k[x1; : : : ; xm ]), U� 1
w Uv � v = w whereU� 1

w Uv 2 GL2(k[x1; : : : ; xm ]). 2

Pro of of Theorem 4.5: Since the Euclidean division algorithm for k[x1]
proves the theorem for m = 1, we may assumeby induction the statement

of the theorem for R = k[x1; : : : ; xm� 1]. Let X = xm and v =

0

B
B
@

v1
...

vn

1

C
C
A 2

Umn (R[X ]). We may also assumethat v1 is monic by applying a changeof
variables (as in the proof of the Noether Normalization Lemma). Now by
Theorem4.3, we can �nd B1 2 SL2(R[X ]) and B2 2 En (R[X ]) such that

B1B2 � v (X ) = v(0) 2 R:

Then by the inductive hypothesis,we can �nd B 0 2 En (R) such that

B 0 � v (0) = en :

Therefore,we get

v = B � 1
2 B � 1

1 B 0� 1en :

By the normality of En (R[X ]) in SLn (R[X ]) (Corollary 2.7), we can write
B � 1

1 B 0� 1 = B 00B � 1
1 for someB 002 En (R[X ]). Since

B � 1
1 =

0

B
B
B
B
B
B
B
@

p q 0 : : : 0
r s 0 : : : 0
0 0
...

... I n� 2

0 0

1

C
C
C
C
C
C
C
A

17



for somep;q; r; s 2 R[X ], we have

v = B � 1
2 B � 1

1 B 0� 1en

= (B � 1
2 B 00)B � 1

1 en

= (B � 1
2 B 00)

0

B
B
B
B
B
B
B
@

p q 0 : : : 0
r s 0 : : : 0
0 0
...

... I n� 2

0 0

1

C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
@

0
0
...
0
1

1

C
C
C
C
C
C
C
A

= (B � 1
2 B 00)en

where B � 1
2 B 00 2 En (R[X ]). Since we have this relationship for any v 2

Umn (R[X ]), we get the desiredtransitivit y. 2

5 Realization Algorithm for SL 3(R[X ])

Now, we give a realization algorithm for matrices of the form

0

B
@

p q 0
r s 0
0 0 1

1

C
A

2 SL3(k[x1; : : : ; xm ]). Again, by applying a change of variables, we may
assumethat p 2 k[x1; : : : ; xm ] is a monic polynomial in the last variable xm .
In view of the Quillen Induction Algorithm developed in Section 3, we see
that it is enoughto develop a realization algorithm for matrices of the form0

B
@

p q 0
r s 0
0 0 1

1

C
A 2 SL3(R[X ]), in the casewhereR is a commutativ e local ring

and p 2 R[X ] is a monic polynomial. A realization algorithm for this case
wasobtained by M.P. Murth y [GM80]. We present below a slightly modi�ed
version.

Lemma 5.1 Let L be a commutative ring, and a;a0; b 2 L. Then, the fol-
lowing are true.

1. (a;b) and (a0; b) are unimodular over L if and only if (aa0; b) is uni-
modular over L.
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2. For any c;d 2 L such that aa0d � bc= 1, there exist c1; c2; d1; d2 2 L
suchthat ad1 � bc1 = 1; a0d2 � bc2 = 1, and

0

B
@

aa0 b 0
c d 0
0 0 1

1

C
A �

0

B
@

a b 0
c1 d1 0
0 0 1

1

C
A �

0

B
@

a0 b 0
c2 d2 0
0 0 1

1

C
A (mod E3(L)) :

Pro of: (1) If (aa0; b) is unimodular over L, there exist h1; h2 2 L such that
h1 � (aa0) + h2 � b= 1. Now (h1a0) � a + h2 � b= 1 implies (a;b) is unimodular,
and (h1a) � a0+ h2 � b = 1 implies (a0; b) is unimodular.

Suppose,now, that (a;b) and (a0; b) are unimodular over L. Then, we
can �nd h1; h2; h0

1; h0
2 2 L such that h1a + h2b= 1; h0

1a0+ h0
2b = 1. Now, let

g1 = h1h0
1; g2 = h0

2 + a0h2h0
1, and consider

g1aa0+ g2b = h1h0
1aa0+ (h0

2 + a0h2h0
1)b

= h0
1a

0(h1a + h2b) + h0
2b

= h0
1a

0+ h0
2b

= 1:

Sowe have a desiredunimodular relation.

(2) If c;d 2 L satisfy aa0d � bc = 1, then (aa0; b) is unimodular, which in
turn implies that (a;b) and (a0; b) are unimodular. Therefore, we can �nd
c1; d1; d1; d2 2 L such that ad1 � bc1 = 1 and a0d2 � bc2 = 1. For example,we
can let

c1 = c2 = c; d1 = a0d; d2 = ad:

Now, consider
0

B
@

aa0 b 0
c d 0
0 0 1

1

C
A = E21(cd1d2 � d(c2 + a0c1d2))

0

B
@

aa0 b 0
c2 + a0c1d2 d1d2 0

0 0 1

1

C
A

= E21(cd1d2 � d(c2 + a0c1d2))E23(d2 � 1)E32(1)E23(� 1)

�

0

B
@

a b 0
c1 d1 0
0 0 1

1

C
A E23(1)E32(� 1)E23(1)

0

B
@

a0 b 0
c2 d2 0
0 0 1

1

C
A

�E23(� 1)E32(1)E23(a � 1)E31(� a0c1)E32(� d1):
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This explicit expressionshows that
0

B
@

aa0 b 0
c d 0
0 0 1

1

C
A �

0

B
@

a b 0
c1 d1 0
0 0 1

1

C
A �

0

B
@

a0 b 0
c2 d2 0
0 0 1

1

C
A (mod E3(L)) :

2

Theorem 5.2 Suppose(R; M ) is a commutativelocal ring, andA =

0

B
@

p q 0
r s 0
0 0 1

1

C
A

2 SL3(R[X ]) where p is monic. Then A is realizableover R[X ].

Pro of: We induct on deg(p). If deg(p) = 0, then p = 1, and A is clearly
realizable. Now, supposedeg(p) = d > 0 and deg(q) = l. Sincep 2 R[X ] is
monic, we can �nd f ; g 2 R[X ] such that

q = f p + g; deg(g) < d:

Then,

AE 12(� f ) =

0

B
@

p q � f p 0
r s � f r 0
0 0 1

1

C
A =

0

B
@

p g 0
r s � f r 0
0 0 1

1

C
A :

Hencewe may assumedeg(q) < d. Now, we note that either p(0) or q(0)
is a unit in R, otherwise, we would have p(0)s(0) � q(0)r (0) 2 M , which
contradicts the fact that ps � qr = p(0)s(0) � q(0)r (0) = 1. Considerthese
two casesseparately.

Case1: Supposethat q(0) is a unit.
We have

AE 21(� q(0)� 1p(0)) =

0

B
@

p � q(0)� 1p(0)q q 0
r � q(0)� 1p(0)s s 0

0 0 1

1

C
A :

So,we may assumep(0) = 0. Now, write p = X p0. Then, by Lemma 5.1, we
can �nd c1; d1; c2; d2 2 R[X ] such that X d1 � qc1 = 1; p0d2 � qc2 = 1 and

0

B
@

p q 0
r s 0
0 0 1

1

C
A �

0

B
@

X q 0
c1 d1 0
0 0 1

1

C
A �

0

B
@

p0 q 0
c2 d2 0
0 0 1

1

C
A (mod E3(R[X ]))
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Sincep0 is monic and deg(p0) < d, the secondmatrix on the right hand side
is realizable by the induction hypothesis. As for the �rst matrix, we may
assumethat q is a unit of R sincewe can assumedeg(q) < deg(X ) = 1 and
q(0) is a unit. Then invertibilit y of q leadseasily to an explicit factorization

of

0

B
@

X q 0
c1 d1 0
0 0 1

1

C
A into elementary matrices.

Case2: Supposethat q(0) is not a unit.
First weclaim that there exist p0; q0 2 R[X ] such that deg(p0) < l; deg(q0) < d
and p0p � q0q = 1. To prove this claim, we let r 2 R be the resultant of p
and q. Then there exist f ; g 2 R[X ] with deg(f ) < l; deg(g) < d such that
f p+ gq = r . Sincep is monic and p;q 2 R[X ] generatethe unit ideal, we see
that r =2 M , hencer is a unit or R. Now, setting p0 = f =r; q0 = � g=r proves
the claim. Also note that sincep0(0)p(0) � q0(0)q(0) = 1 and q(0) 2 M , then
p0(0) =2 M . This meansthat q(0) + p0(0) is a unit. Now, we have that

0

B
@

p q 0
r s 0
0 0 1

1

C
A = E21(r p0 � sq0)

0

B
@

p q 0
q0 p0 0
0 0 1

1

C
A

= E21(r p0 � sq0)E12(� 1)

0

B
@

p + q0 q+ p0 0
q0 p0 0
0 0 1

1

C
A :

Noting that the last matrix on the right hand side is realizableby Case1,

sinceq(0) + p0(0) is a unit and deg(p + q0) = d, we seethat

0

B
@

p q 0
r s 0
0 0 1

1

C
A is

also realizable. 2

6 Eliminating Redundancies

When applied to a speci�c matrix, the algorithm presented in this paper will
producea factorization into elementary matrices,but this factorization may
not have minimal length. The Steinberg relations [Mil71] from algebraicK {
theory provide a method for improving a given factorization by eliminating
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someof the unnecessaryfactors. The Steinberg relations which elementary
matrices satisfy are

1. E ij (0) = I ;

2. E ij (a)E ij (b) = E ij (a + b);

3. For i 6= l, [E ij (a); E j l (b)] = E ij (a)E j l (b)E ij (� a)E j l (� b) = E il (ab);

4. For j 6= l, [E ij (a); E l i (b)] = E ij (a)E l i (b)E ij (� a)E l i (� b) = E l j (� ab);

5. For i 6= p, j 6= l, [E ij (a); E lp(b)] = E ij (a)E lp(b)E ij (� a)E lp(� b) = I :

The realization algorithm of this paper can be implemented together with
a RedundancyElimination Algorithm basedon the above set of relations,
using existing computer algebrasystems.As suggestedin [THK94], an algo-
rithm of this kind hasapplication in SignalProcessingsinceit givesa way of
expressinga given multidimensional �lter bank asa cascadeof simpler �lter
banks called elementary ladder steps.
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