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Abstract

Let k be a eld. Then Gaussianelimination over k and the Eu-
clideandivision algorithm for the univariate polynomial ring k[x] allow
usto write any matrix in SL,(k) or SL,(k[X]), n 2, asa product of
elemertary matrices. Suslin's stability theorem statesthat the sameis
true for SLn(K[X1;:::;Xm]) with n 3andm 1. In this paper, we
preseri an algorithmic proof of Suslin's stability theorem, thus pro-
viding a method for nding an explicit factorization of a given polyno-
mial matrix into elemenary matrices. Grobner basistechniques may
be usedin the implementation of the algorithm.

In tro duction

Immediately after proving the famousSerre'sConjecture (which is now known
asthe Quillen-Suslintheorem)in 1976[Sus76],A.A. Suslinwert on to prove
the following K ;-analogueof Serre'sConjecture [Sus7T.

Suslin's Stabilit y Theorem. Let R be acommnutative Noethe-
rian ring andn  max(3;dim(R) + 2). Then, any n n matrix
A = (fj) of determinart 1, with f; elemens of the polynomial
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Recall that for any ring R, ann n elemetary matrix E; (a) over R is a
matrix of the form | + a &; wherei 6 j; a2 R andg; isthen n matrix
whose (i;j) ertry is 1 and all other ertries are zero. Let SL,(R) be the
group of all the n  n matrices of determinart 1 whoseertries are elemeits
of R, and let E,(R) bethe subgroupof SL ,(R) generatedby the elememary
matrices. Then Suslin's stability theorem can be expresseds

A = E; E;. Implementation of this algorithm involvesuse of the method
of Grebnerbases,an important tool in computational algebraand computa-
tional algebraicgeometry See[CLO92]and [Mis93] for more information on
Grebner basesand applications.

De nition 1.1 A squae matrix A overa ring R is called realizable , if A
can be written as a product of elementarymatricesover R.

The cortents of this paper are as follows:

In Section 3, we give an algorithm for the Quillen Induction Process
a standard way of reducing a given problem over a ring to an easier
problem over a local ring. Using this Quillen Induction Algorithm, we
reduceour realization problem over the polynomial ring R[x] to one

set of a maximal ideals of R.

In Section4, an algorithmic proof of the Elementary Column Property,
a stronger version of the Unimodular Column Property, is given, and
we note that this algorithm gives another constructive proof of the
Quillen-Suslin theorem. Using the Elementary Column Property, we



from a realization algorithm for matrices of the special form

0 1
pqo

Br s 0K 2 SLa(K[Xe::: 1 Xm]);
001

wherep is monic in the last variable X,.

In Sectionb5, in view of the resultsin the precedingtwo sections we note

that a realization algorithm over K[x1;:::;xm] can be obtgjned from a
pPqo

realization algorithm for the matrices of the special form E‘q)r s 0K
001

over R[X], whereR is now a local ring and p is monicin X. A real-
ization algorithm for this casewas already found by M.P. Murthy in
[GM80]. We reproduce Murthy's algorithm in this section.

In Section 6, we suggestusing the Steinberg relations from algebraic
K -theory to lower the number of elemeniary matrix factorsin a factor-
ization producedby our algorithm. We alsomertion an ongoinge ort

of using our algorithm in Signal Processing.

2 En(k[Xq;::iiixm]) 1SLa(K[Xy i Xm]), forn 3

2
Lemma 2.1 The Cohnmatrix A = 1+y)§y 1 X is not realizable,but
!
A O o
0 1 2 SLs(k[x;y]) is.

Pro of: The nonrealizability of A was rst proved by P. M. Cohnin [Coh66],
and a completealgorithmic criterion for the realizability of matricesin

o © 1+ xy  x2 O1
'82 =B yv2 1 xy 0K:
0 0 1



1 0 1

1+ Xy X2 X
Noting that %) y2 1 xy 0K =1 + %} ygi (v; x; 0), we seethat the
0 0 1 0
realizability of this matrix is a special caseof Lemma 2.3 below. 2

Denition 2.2 Letn 2. A Cohn-t ype matrix is a matrix of the form

| +av (vie Vvig)
o 1

Vn
ande = (0;:::;0;1;0;:::;0) with 1 occurring only at the i-th position.

Lemma 2.3 Any Cohn-type matrix for n 3 is realizable.

Pro of: First, considerthe casei = 1;j = 2. In this case,

Vi
B = I+a% § (vo2; v1;0;:::;0)
0 Vo 1
1+ avlvz az 0 0
av2 1 aviv, O 0
aV3V2 aviVvy
In 2
0 1
1+ av1v2 a? 0 0
av2 1 awivo, O 0 .
0 Ein(avv2)Ez( avivi):
E In 2 |:3
0
So, it is enoughto shaw that
1+ av;V, avz 0
A= % avs 1 awv, O
0 0 1



is realizablefor any a;vi; v, 2 K[Xy1;:::;Xm]. Let\! " indicate that we are
applying elemetary operations, and considerthe following:

1+ av;Vs a? 0 o 1+ av;Vy avz vy
A= B avs 1 awv, 0X! B avs 1 aviVvo Vs
0 0 1 0 0 1
0 5 1 0 1 0 1
avy \Z1 1 0 w 1 O 21
! %) 0 1 awuiw VZX ! %} 0 1 VZX ! %)O 1 Vo X
av, 0 1 av, av; 1 0 av; 1+ awv,
0 1 0 0 ! 0 10 100
1 Bo 1 Vo 1 B0 1 wk! Bo 1 0k: (2.2)
0 av; 1+ av1v2 00 1 001

Keepingtrack of all the elememary operationsinvolved in 2.1, we get

A = Eg3( Vv1)E23( V2)Esi( avz)Eszx(avi)Ei1a(vi)E2s(v2)Ezr(ave)Esz( avi):

In general(i.e., for arbitrary i < j),
1
= I+a% : § (0;::5;0,v;0;:::;0; v;;0;:::50)

with v; occuring at the i-th position and v; occuring at the j-th position.
Therefore,we have

0
1 avyV; avlvI

1
1+ avy,
B = :
av? 1 a\/.vJ

Vn VJ Vn V|



0 1

1 0 0 0
: : OE
1+ avy, av? v
= : : Ei(avy))E; ( avivi)
av? 1 awy i’
0 0 1

Ei?( Vi)Ejt( Vi)Ei( avj)Eq (avi)Eir (Vi)Eji(Vvi)Ed (av)Ey ( avi)
Ei(avvi)E; ( avvi);

I n

1
16 iij

Sincea Cohn-type matrix is realizable,any product of Cohn-type matrices
is alsorealizable. This obsenation motivatesthe following generalizationof
the above lemma.

a unimodular vector, we can explicitty nd theseg's by either using the
e ective Nullstellensatz (see[FG90]) or Grebner bases(see[CLO92]).

Pro of: Sincev = (vq;:::;Vvy)! is unimodular, we can nd gi;:::;g, 2
K[X1;:::;Xm] sud that v,0; + + Vo0n = 1. This, conbined with w v =
WiV + + WV, = 0, yields a new expressionfor w:

X
w = g (viei Vvig)

i<j



wherea; = wig,  w;g. Now,
0 1
X
l+v @ agj(vje vig)A

i<j

A

X
I+ v g(ve Vig)

i<j

Y
= I +Vv g (ve Vvig) :
i<j
Ead factor on the right hand side of this equation is a Cohn-type matrix
and thus realizable,so A is alsorealizable. 2

Corollary 2.7 BE; (a)B !is realizablefor any B 2 GL(K[X1;:::;Xm])
withn  3and a2 K[xy;:::; Xm].

Pro of: Notethat i 6 j, and
BE; (@B *= 1+ (i-th columnvectorof B) a (j-th row vectorof B ):

Let v be the i-th column vector of B and w be a times the j -th row vector
of B 1. Then (i-th row vectorof B ') v = 1impliesv is unimodular, and
w Vv is clearly zerosincei 8 j. Therefore,BE; (a)B *=1+ v w satises
the condition of the above lemma, and is thus realizable. 2

Corollary 2.8 For n 3, En(K[X1;:::;xm]) is a normal sulgroup of

Rg. For A 2 SL,(R[X]), welet Ay 2 SL,(Rwm [X]) beits imageunder the
canonicalmapping SL,(R[X]) ! SL,(Rm [X]). We will occasionallywrite
A = A(X) to emphasizethat we are viewing the ertries of the matrix A as
polynomialsin onevariable. Now considerthe following analogueof Quillen's
patching theoremfor elememary matrices:

7



Supposen 3 and A 2 SL,(R[X]). Then A is realizable over
R[X]if andonly if Ay 2 SL,(Rwm [X]) is realizableover Ry [X]
for every M 2 Max(R).

While a non-constructive proof of this assertionis given in [Sus77]and a
more generalfunctorial treatment of this Quillen Induction Processcan be
found in [Knu91], we will give a constructive proof for it here,thus providing
a patching algorithm with input certain local factorizations of a given matrix
A and output a global factorization of A into elemenary matrices. Sincethe
necessy of the condition is clear, we have to prove the following theorem.

Theorem 3.1 (Quillen Induction Algorithm) Let A 2 SL,(R[X]). If Ay
2 En(Ry [X]) for everyM 2 Max(R), then A 2 E,(R[X]).

g(a1) = Og be the correspnding maximal ideal. Then by assumption,Ay ,
is realizableover Ry ,[X ]. Hence,we can write
!

Y G
AM 1 = ESJ' tj e (22)
j d
whereg;d; 2 R;dj 62M ;. Letting rq = Qj d 2 M 1, we canrewrite 2.2 as
Q !
Y . d
Aw,= Eqy W 2 En(Rr))  En(Ruw,):

j 1
Denote an algebraic closure of k by k. Inductively, let a; 2 k™ ! be a

be the correspnding maximal ideal of R for eadvj 2. (See[CLO92] for
details and referencedor using Grobner basesto nd a common zero of a
nite set of polynomials.) De ne r; 2 M ; in the sameway asr; above, so
that

Aw, 2 En(Ry, [X]):

concludethat rj 2r,R+ +r; ;R. Now, sinceR is Noetherian, we will get
to somel after a nite number of stepssud that r;R + + R =R. (We

8



canuseGrebner basesto determinewhen 1y is in the ideal r1R + + R,
e.g. see[CLO92].)

Let d be a natural number. Then sincer{R+ + rfR = R, we can
nd gi;:::;9 2 Rsudthat r{g; +  + rfg = 1. Now, we expressA(X) 2
SL,(R[X]) in the following way:

A(X) AX  Xrig) [A XX Xrig)AX)]
AKX Xrig Xrdg) [A Y(X  Xrig Xrig)AX  Xrig)]

[A HX Xrig)A(X)]

X X k1
= A(X Xrig) [A Y(X Xrig)A(X Xrig)]
i=1 i=1 i=1

[A (X Xr{g)AX)I:

Note here that the rst matrix A(X i |_L Xrdg) = A(0) on the right
hand sideis in E,(R) by the induction hypothesis. We will now shav that
for a su ciently larged, ead bracketed expressionin the above equation is
actually in E,(R[X]), sothat A itself is in E,(R[X]). To this end, we let
An, = Aj andidentify A 2 SL,(R[X]) with A; 2 SL,(Rwu ,[X]). Then eath
bracketed expressionis of the form

A; H(eX)Ai((c+ rig)X):

Claim: For any c;g 2 R, we can nd a suciently large d sud that
Let
Di(X;Y;Z) = Ay H(Y X)AI((Y + Z) X)2En(R,[X;Y;Z])

and write D; in the form

N4
Di = ESjtj (h + ij)
j=1
wherehy 2 Ry [X;Y] andf; 2 Ry [X;Y;Z]. >Fom now on, the elemetary
matrix Egy (@) will be simply denotedas E! (a) for notational corvenience.

9



Cp= ¥ El(Q) 2 En(R,[X; Y]):
j=1

Then the C,'s satisfy the following recursive relations:

El(bl) = Cy
EP() = Cp 1lcp 2 p h)
C, = |I:

Hence,using the fact that E; (a+ b) = E; (a)E; (b), we have

Yoo
E'(f + Zf))
=1

D;

Yo ,
= E'(h)E’(Zf))

i=1
= [EYo)EXZf)IEXD)EX(ZT)]  [EM()EMNZFh)]
= [CiEYZf))]IC,*CEXZT)]  [Ch Y ChE"(ZTh)]

% .
= GE!(zf))C *:
i=1

Now in the sameway asin the proof of LemmaZ2.6 and Corollary 2.7, we can
write C;EJ (Zf, )C; ! aga pr?duct of Cohn-type matrices, i.e. for any given
Vi
j 211 hg, letv = % : § be the s;-th column vector of C;. Then
Vn

Y
CEsy (Zf))C 1 = [ +v zZf; a (ve ve)]

for somea 2 R [X;Y]. Also, wecan nd a natural number d sud that

10



for somev®;a® 2 R[X;Y]; 22 R[X;Y;Z]. Now, replacingZ by r{g, we see
that all the Cohn-type matricesin the above expressionfor C; E! (Z1))C !
have denominator-freeerries. Therefore,

G E! (r{“gf;)C, * 2 En(R[X; Y]):
Sincethis is true for ead j, we concludethat for a su ciently larged,
¥ :
Di(X;Y;rfg) = = GE!(rgf;)C; * 2 Ea(RIX; Y]):
j=1

Now, setting Y = c provesthe claim, and completesthe proof of the theorem.
2

Let A 2 SL,(K[X1;:::;Xm]) with n 3, and let v be its last column
vector. Then v is unimodular. (Recall that the cofactor expansionalong
the last column gives a required relation.) Now, if we can reducev to
en = (0;0;:::;0;1) by applying elememary operations, i.e. if we can nd

0 01
BA:% K E
0
pl : pn 1 1

for someA 2 SL, 1(K[X1;:::;Xm]) @andp 2 K[x1; 5 xpm]fori=1;:::;n 1.
Hence,
I
A O
BAEm( P Enen p( Poi)= g g

11



0 1
pPqgo
expressingA = %)r s 0K 2 SL3(K[X1;:::; Xm]) asa product of elemenary
001
matrices, which is the subject of the next section. In this section, we will
dewelop an algorithm for nding elemenary operationsthat reducea given

to this Elemertary Column Property, we give an algorithmic proof of the
Unimodular Column Property which statesthat for any given unimodular

Bv = e,. Recetly, A. Logar, B. Sturmfelsin [LS92] and N. Fitchas, A.
Galligo in [FG9Q|, [Fit93] have givendi erent algorithmic proofs of this Uni-
modular Column Property, thereby giving algorithmic proofs of the Quillen-
Suslin theorem. Therefore, our algorithm gives another constructive proof
of the Quillen-Suslin theorem. The secondauthor has given a di erent al-
gorithmic proof of the Elemertary Column Property basedon a localization
and patching processin [Wo0094.

De nition 4.1 For a ring R, Um,(R) = fn-dimensional unimodular col-
umn vectors over Rg.

R[X]. By identifying A 2 SL,(R[X]) with 'g‘ Inoz 2 SL,(R[X]), we
canregard SL,(R[X]) as a subgroupof SL,(R[X]). As before, we usethe
notation A = A(X) and v = v(X) to emphasizethat we are viewing the
ertries of a matrix A or a vector v as polynomials in one variable. Now
considerthe following lemma and theorem, which will be usedto prove the
Elemertary Column Property.

Lemma 4.2 Letf;;f,;b;d 2 R[X] and let r be the resultant of f, and f,.
Then there existsB 2 SL,(R[X]) suchthat

o T b
f2(b) - fo(b+ rd)

Pro of: By aproperty of the resultart of two polynomials,wecan nd g;; g, 2
R[X] sud that fig; + fo0 = r. (See[CLO92] or [GM8(Q] for details.) Let

12



S1;So;t1;t2 2 R[X;Y; Z] be the polynomials de ned by

fa(X +YZ) = f.(X)+ Ysi(X;Y;2);
fo(X+YZ) = fo(X)+ Ys(X;Y;2);
a(X +YZ) = ag(X)+ Yt (X;Y;2Z);
R(X +YZ) = qX)+ YtaX;Y;2Z):

Now, de ne

B = 1+ si(bir;d) gu(b) + ta(bsr;d) fa(b);
Biz = si(bir;d) g(b) ta(b;r;d) fi(b);
Bar = sa(bir;d) au(b) ta(b;rid) fa(b);
B2z = 1+ sp(bjr;d) go(b) + ty(b;r;d) fa(b):

Then onecheds easilythat B = S“ 512 satis es the desiredproperty
21 22
and that B 2 SL,(R[X]). 2
0
Vl(X)
Theorem 4.3 Supmsev(X) = % § 2 Um,(R[X]), and vy(X) is
vn(X)

monic in X. Then there existsB; 2 SL,(R[X]) and B, 2 E,(R[X]) such
that B;B, v(X) = v(0).

Proof: Leta; = (0;:::;0) 2 k™ 1. Dene M = fg 2 K[X1;:::;Xm 1] ]
g(a1) = Ogand k; = —M 1 asthe correspnding maximal ideal and residue
eld, respectively. By hypothesisv 2 (R[X])" isaunimodular columnvector,
soits imagev in (ki X])" = ((R=M 1)[X])" is alsounimodular. Sincek;[X]
is a principal ideal ring, the ideal < v,;:::;v, > is generatedby a single
elemen, G; = gcd(vy;:::;Vv,y). Then vy and G; generatethe unit ideal in
ki[X]sincevy; vy, i v, generatethe unit ideal. Usingthe Euclideandivision
algorithm for k;[X ], wecan nd E; 2 E, 1(ki[X]) sud that

e

13



By identifying k; with a subring of R, we may regard E; as an elemen of
E.(R[X]) and G; asan elemen of R[X]. Then,

0 1
V1
! G, +

1 0 - 1q130a2
0 E; B ,
Gin

the resultart of v; and G; + up, and nd f;h; 2 R[X] sud that
fi vi+hy (Gi+ tp2) = ru

Sincev; is monic, and v, and G; 2 k;[X ] generatethe unit ideal, we have

Regqvi; G + th2)
Reqvy; Gy)
6 O

M

Therefore,r; 2 M ;. Denote an algebraicclosureof k by k. Inductively, let

M ;[X]in ananalogouswvay. As we saw in the proof of Theorem3.1,thereis a
nite | sudhthatr;,R+ +rR=R. Findg'sinRsudhthatr,g;+ +rg =

b = O
b = rimX
b = ;X + ragpX

bh = rigX + rgX + +rngX = X:
Then theseh's satisfy the recursiwe relations:
b = 0
h = b 1+rgX fori=1;:::;0:

14



Claim: For eah i 2 f1;:::;lg, there exists B; 2 SL»(R[X]) and B? 2
En(RIX]) such that v(h) = BiBY(h 1).

Usingthis andthe fact that E,(R[X]) SL2(R[X]) SL2(R[X]) En(R[X])
(Corollary 2.7), we inductively get

v(X) v(h)

= BBV(h 1)

; BB (ky)
= BB%Y(0)

for someB 2 SL,(R[X]) and B®2 E,(R[X]). Therefore, it is enoughto
prove the above claim.
Pro of of claim: Let G; = G; + ¢g,. Then

0 1
vi(X)
1 0 | G,(X)
0 E(X) v(X) = qﬁx)
Gn (X)

For3 j n,wehave
g(h) g(b)2( b)) RX]=rigX R[X]

Sincer; 2 R doesn't depend on X, we have

fi(X)va(X) + hi(X)Gi(X)
fi(h 1)va(b 1) + hi(b 1)Gi(b 1)

a linear conbination of vi(h ;) and Gj(h 1) over R[X]:

ri

Therefore,we seethat for3 | n,

gj (b) = g; (b 1) + alinear conbination of vi(hh ;) and G;(h 1) overR[X]:

15



Hencewe can nd C 2 E,(R[X]) sud that

0 1 0 1
vi(h 1) vi(h 1)
1 0 ! Gi(b 1) Gi(b 1)
C E(h 1) v(h 1) =C q3(l? 1) &= qsfb)
qn(h 1) qn(b)
Now, by Lemma4.2,we can nd B 2 SL,(R[X]) sud that

uh ) )
Gi(h 1) Gi(h) -

Finally, de ne B 2 SL,(R[X]) asfollows:

B

1 0 B O C 1 O

B= 0 Em L 0 1, 0 E(h)

Then this B satis es
Bv(h 1) = v(b);
and, by usingthe normality of E,(R[X]) again, we seethat
B 2 SLo(R[X]DEL(R[XD);

which provesthe claim and completesthe proof of the theorem. 2

act on the setUm, (k[x1;:::;Xm]) by matrix multiplication. If the group ac-
tion of E,(k[X1;:::;Xm]) on Umy(K[Xy1;:::;Xm]) is transitive, then we get a
desiredalgorithm in the following way: For any n-dimensionalunimodular

such that Bv = v Now, let v°= e,.
Theorem 4.5 (Elementary Column Property) For n 3, the group

En(K[x1;:::;Xm]) actstransitively on the set Um, (K[X1;:::;Xm]).

16



Corollary 4.6 (Unimodular Column Property) For n 2, the group

Pro of: Forn 3, the Elemenrtary Column Property clearly implies the Uni-
modular Column Property sincea product of elememary matricesis always
unimodular, i.e. hasa constart nonzerodeterminart.

V2o v satises U, v = ey. Therefore we seethat, for any v;w 2

Pro of of Theorem 4.5: Sincethe Euclidean division algorithm for k[x;]
provesthe theoremfor m = 1, we may assumeby induction the sfatemert

Vi
of the theorem for R = K[Xy;:::;Xm 1]. Let X = X, andv = % : § 2
Vn

Um,(R[X]). We may alsoassumethat v, is monic by applying a changeof
variables (as in the proof of the Noether Normalization Lemma). Now by
Theorem4.3,we can nd B; 2 SL,(R[X]) and B, 2 E,(R[X]) sud that

BB, v(X) = v(0)2R:
Then by the inductive hypothesis,we can nd B°2 E,(R) sud that
B% v(0) = en:
Therefore,we get
v = B,'B,;'B° ‘en:

By the normality of E,(R[X]) in SL,(R[X]) (Corollary 2.7), we can write
B,'B% 1= B%, ! for someB%2 E,(R[X]). Since
0 1

pgoO ::: O

r s O ::: 0
Bll: 00

00

17



for somep;q;r;s 2 R[X], we have

v = B,'B,'B?‘e,

— 1p 0 1

= (B,'B 8%1 €n 10 1
pgoO ::: O 0
r s o0 ::: O 0

= (leBOS 00 :
00 1

= (leBOSen

where B, B2 E,(R[X]). Sincewe have this relationship for any v 2
Um,(R[X]), we get the desiredtransitivit y. 2

5 Realization Algorithm for SL3(R[X])

0 1

pPqgo
Now, we give a realization algorithm for matrices of the form %)r s 0K

001
2 SLa(K[x1;:::;%Xm]). Again, by applying a change of variables, we may
assumethat p 2 K[X1;:::;Xm] is @ monic polynomial in the last variable x,,.

In view of the Quillen Induction Algorithm deweloped in Section 3, we see

that it is gnoughto deelop a realization algorithm for matrices of the form
pqo

Br s 0k 2 SL3(R[X]), in the casewhereR is a comnutativ e local ring
001

and p 2 R[X] is a monic polynomial. A realization algorithm for this case

was obtained by M.P. Murthy [GM80]. We presen below a slightly modi ed

version.

Lemma 5.1 Let L be a commutative ring, and a;a%b 2 L. Then, the fol-
lowing are true.

1. (a;b) and (a%b) are unimodular over L if and only if (aa%b) is uni-
modular over L.

18



2. For any c;d 2 L suchthat aa®d bc= 1, there exist ¢;;¢y;dq;dy 2 L
suchthat ad, bcl =1 a4, bg-= 1 and

0 0 1 1
aa® b O b a b

B c d ok Eépcl da o& Eépcz dy o& (mod E3(L)):
0 01 0 01 0 01

Pro of: (1) If (aa%b) is unimodular over L, there exist hy;h, 2 L sud that
h, (@@ + h, b= 1. Now (h;a%) a+ h, b= 1implies (a;b) is unimodular,
and (h;a) a’+ h, b= 1implies (a%b) is unimodular.

Suppose, now, that (a;b) and (a%b) are unimodular over L. Then, we
can nd hy;hy;h?;hg 2 L sud that h;a+ hob= 1; hfa®+ h%b= 1. Now, let
g = hih?; g2 = hY + ah,h?, and consider

hih%aa’+ (h + ah,h9)b
h%%(h.a+ h,b) + hdb
h%%+ hb

= 1L

gqad’+ gb

Sowe have a desiredunimodular relation.

(2) If c;d 2 L satisfyaad bc= 1, then (aa’b) is unimodular, which in
turn implies that (a;b) and (a%b) are unimodular. Therefore, we can nd
C;dqy;di;dy 2 L sudh that ad; bg = 1anda¥, bg = 1. For example,we
can let

cac=c=c d =ad; d,= ad:

Now, consider

0 1 0 1
aa® b 0 aa’ b 0
Bc d0X = Exu(chd, d(c,+ a%idy) B+ a%id, did, 0K
0 01 0 0 1
= E021(Cd1d2 dl(Cz"' a’1d;)) Ez3(d, ]o)Esz(l)Ezs(l 1)

a b o a b o
Bc d 0K E23(1)Ez( 1)E23(1) Bc, d 0K
0 0 1 0 0 1

E2s( 1)Es(1)Ezs(a  1)Esi( a%y)Esa( di):
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This explicit expressionshows that

0 0 1 1
aad® b 0 a 0 al 0
B c d ok Bc d 0K Bo d 0% (mod Es(L)):
0 01 0 01 0 01
2
0 1
pqgo
Theorem 5.2 Supmse(R;M ) is acommutativelocal ring, and A = %)r s 0K
001

2 SL3(R[X]) wher p is monic. Then A is realizableover R[X].

Pro of: We induct on degp). If degp) = O, then p = 1, and A is clearly
realizable. Now, supposedegp) = d> 0 and degqg) = I. Sincep2 R[X]is
monic, we can nd f;g2 R[X] sud that

q = fp+g dedg)<d:

Then,
fp o1 0IO g 01
fr OQ:EN s fr Og:

P g
AE,( f) = Br s
0o o0 1 0o o0 1

Hencewe may assumedegg) < d. Now, we note that either p(0) or g(0)
is a unit in R, otherwise, we would have p(0)s(0) q(0)r(0) 2 M, which
contradicts the fact that ps gr = p(0)s(0) q(0)r(0) = 1. Considerthese
two casesseparately

Casel: Supposethat g(0) is a unit.
We have

° p q0) 'p(0)g ¢ 0

AEx( o0) 'p0) = Br o0) p0)s s 0K:
0 01

So,we may assumep(0) = 0. Now, write p= X p% Then, by Lemma5.1, we
can nd ¢;;d;;c;dy 2 R[X]sudthat Xd; e =1; pd, gc, = 1and

°pago °x q 0. 'p q
Br s 0% B d 0% B d 0K (mod Ex(RIX])
001 0 01 0 01
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Sincep® is monic and degp?) < d, the secondmatrix on the right hand side
is realizable by the induction hypothesis. As for the rst matrix, we may
assumethat qis a unit of R sincewe can assumedegq) < degX) = 1 and
q(Q) IS a unit. Ihen invertibilit y of g leadseasilyto an explicit factorization
X g O
of %)Cl d; OS( into elememary matrices.
0 0 1

Case2: Supposethat g(0) is not a unit.
First we claim that there exist p% o°2 R[X ] sud that degp?) < I; deg® < d
and pb o¥y = 1. To prove this claim, we let r 2 R be the resultart of p
and g. Then there exist f;g 2 R[X] with deqf) < |;dedg) < d sud that
f p+ gg= r. Sincepis monicand p;q 2 R[X] generatethe unit ideal, we see
that r 2 M , hencer is a unit or R. Now, setting p°= f =r; ¢°= g=r proves
the claim. Also note that sincep{0)p(0) q¥0)g(0) = 1 andq(0) 2 M , then
pY0) 2 M . This meansthat g(0) + pY0) is a unit. Now, we have that

0 1

p 0
Epr Og
0 1

0 1
p qo
Es(rp® s B p° 0k
001 )
p+o q+p’ 0
Ex(rp® sPEn( DB ¢ p° o0k:
0 0 1

o n o

Noting that the last matrix on the right hand side is realizaple by Casel,

pgo
sinceq(0) + pX0) is a unit and degp+ ¥ = d, we seethat ®r s 0X is

001
alsorealizable. 2

6 Eliminating Redundancies

When appliedto a speci ¢ matrix, the algorithm preserned in this paper will
producea factorization into elememary matrices, but this factorization may
not have minimal length. The Steinberg relations [Mil71] from algebraicK {
theory provide a method for improving a given factorization by eliminating
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someof the unnecessaryfactors. The Steinberg relations which elemenary
matrices satisfy are

1. E;(0) = I;

2. E; (Q)E; (b) = Ej (a+ b);

3. Fori 6 I, [Ej (a); Eji(b)] = Ej (@)Eji(DE; ( @)Eji( b = Ei(ab);
4. Forj 6 I, [Ej (a);Eii(D)] = Ej (B)Eii(DE; ( @)Ei( b = E;( ab);
5. Fori 6 p,j 6 I, [E;(a);Ep®] = Ej (QEDE;( a)Ep( b=1I:

The realization algorithm of this paper can be implemerted together with
a Redundancy Elimination Algorithm basedon the above set of relations,
using existing computer algebrasystems. As suggestedn [THK94], an algo-
rithm of this kind hasapplication in Signal Processingsinceit givesa way of
expressinga given multidimensional Iter bank asa cascadeof simpler Iter

banks called elemenary ladder steps.
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