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K 4(Z) is the trivial group

By John Rognes

In tro duction

We prove the following theorem about Quillen's higher algebraicK -groups
of the rational integers.

Main Theorem . Kyg4(Z) = 0.

Ki(2) isthe ith homotopy group of the algebraicK -theory spectrum K (2).
The determination of thesegroupsis a fundamertal problem, but hasprovedto
bedicult in higher degrees.Wheni = 0, 1 or 2 the groupswere computed as
soon asthey werede ned (cf. Milnor's book [10]), andareK o(2) = Z, K1(2) =
Z=2 and K,(2) = z=2. K3(2) was found to be z=48 by Lee and Szczarbain
[7]. We recover their result in this paper. K 4(Z) was previously known to be a
nite two{ and three{torsion group, with three{torsion of order at most three,
by the results of Quillen [13], Lee and Szczarba[8], and Soule [22].

Until now, thesewerethe only complete calculations of algebraicK -groups
of the integers, although all the elemers predicted to exist in K (Z) by the
Lichtenbaum{Quillen conjecturesmadein [9] and [14]are known to be detected
by Borel regulators (by Borel [2]) or by etale K -theory (by Dwyer and Fried-
lander [5]; seealso Souke [21]). SeeDwyer and Friedlander [6] and Mitc hell [12]
for an extensionof the Lichtenbaum{Quillen conjecturesto the prime two, and
for the expectedstructure of the groupsK(2) for all i. Our theorem con rms
the predictions for i = 4.

We now outline the argumert. It relies on results from two preceding
papers by the author, [16] and [17].
First, in [16] we constructed a spectrum level rank Itration of prespectra

"FoK(R) ! FiK(R) ! @i 1 FK(R) ! i1 1 K(R)

exhaustingthe freealgebraicK -theory spectrum of R. This construction works
for rings R such that there only exists injections R' | R! with free cokernel
when i j. For sud rings free R-modules have a well{de ned and well{
behavedrank. By the freealgebraicK -theory of R we meanthe K -theory made
from the category of nitely generatedfree R-modules, rather than projective
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R-modules, but this K -theory is isomorphic to Quillen's in positive degrees,
and for R = Z the two theories agree. Conceptually, the kth stage FyK (R)
of the rank Itration is then the prespectrum built asa subspectrum of K (R)
using only the subcategoryof nitely generatedfree R-modulesof rank at most
K.

We have the following description of the subquotients of the rank Itration.
For every k there is a prespectrum with GL (R)-action D (R¥), which we call
the stable building. Its nth spaceD (RK), is called the n-dimensional building,
by analogy with Tits buildings. There is then a homotopy equivalence of
prespectra

FK (R)=Fx 1K (R)"' EGLk(R)+ "oL,(r) D(R¥):

Hencethe map Fx 1K (R) ! FxK(R) is at least as highly connectedas the
prespectrum D (R¥), sincethe homotopy orbit construction on the right pre-
senes connectivity.

Second,in Theorem 1.1 of [17] we computed the spectrum homology of
the third stageof this lItration in the caseR = Z. The result is

HSPEYF3K (2)) = (Z;0;0;2=2;0;Z T4;:::);

where T4 is somegroup of order dividing four. The essetial inputs for this
calculation werethe group homology of GL 3(zZ) asdetermined by Soulk in [20],
the group homology of various parabolic subgroupsof GL 3(Z), and their precise
interplay. To extend the computation above to F4K (Z) would require further
such information about the group homology of GL 4(Z). The calculations in
[17] can be somewhatsimpli ed by the methods of the presen paper, e.g. by
utilizing Proposition 3.2 below.

Third, we needto know somethingabout the connectivity of the inclusion
FsK (Z) | K (Z). We conjectured in Conjecture 12.3 of [16] that D (RK) has
the non{equivariant homotopy type of a wedgeof (2k 2)-spheresfor suitable
R, including the caseR = z. We refer to this assertion as the connectivity
conjecture. Assuming this conjecture, the map FyK (2) ! Fyg+1 K(Z) would
be (2k  1)-connectedfor all k, and in particular F3K (z) ! K (zZ) would be
v e{connected. As a consequencethe spectrum homology computation above
would imply that K4(2) = 0and Ks(Z) = Z Tg, whereTg is a group of order
dividing eight. This argumert wasgivenin [17]. Howewer, we do not currently
have a proof of this conjecture about the connectivity of the stable buildings.

Instead, in this paper we prove enough of the connectivity conjecture to
concludethat the map F3K (2) ! K (2) is at least four{connected. Thus the
spectrum homology of K (2) begins(Z;0;0;z=2;0;:::) asa gradedgroup. Our
main theorem then follows by using the Atiy ah{Hirzebruch spectral sequence
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for stable homotopy theory, as applied to the spectrum K (zZ). We determine
the rst fewdierentials and extensionsin this spectral sequenceby a compatr-
ison with Bekstedt's spectrum JK (Z), which can be thought of asa model for
etale K -theory. This argumert useshis two{complete splitting of the looped
underlying space JK (Z) o from K (2Z), asgivenin [4], and is explainedin
Section 6 of this paper.

The paper is organizedas follows.

In Section 1 we review the spectrum level rank ltration from [16] and
de ne the n-dimensional buildings. We describe how to assaiate a partially
ordered set (poset) to ead simplex of an n-dimensional building, and usethis
to obtain a lItration on these buildings indexed by isomorphism classesof
posets,called the poset Itration.

Section 2 provesa version of the Solomon-Tits theorem for principal ideal
domains. In Section3 we de ne a coarser Itration on the stable buildings than
the poset ltration, calledthe componert lItration. We give a way to analyze
the componert Itration in Section4, by comparing it with a combinatorially
de ned ltration on the so-calledpartition lattice.

In Section5 we apply theseideasto prove connectivity results for stable
buildings when R is a principal ideal domain. Proposition 5.1 provesthe easy
half of the connectivity conjecture in this case,namely that D (RK) is at least
(k 1)-connectedwhen k 2. Proposition 5.2 states that D (R?) is at least
four{connected. It follows that every map FyK(Z) ! Fx+1 K(2) is at least
four{connected for k 3, and thus F3K (Z) ! K (2) is four{connected.

Finally, in Section 6 we recall the computations from [17], and make the
comparisonwith Bekstedt's JK (Z), to evaluate the Atiy ah{Hirzebruch spec-
tral sequenceabutting to K (Z) through total degreefour. This argumert only
usesthe four{connectivity of the map F3K (Z) ! K (2), and may if desiredbe
read beforethe more combinatorial Sections2 through 5.

1. The spectrum level rank lItration

We recall the results we will needfrom [16], referring the reader to that
paper for a more detailed presenation.

The spectrum level rank Itration is de ned by means of a particular
model for the algebraic K -theory spectrum, with nth spacegiven by iterating
Waldhausen'sS -construction n times. Let F(R) be the category of nitely
generatedfree R-modules. It is a category with co brations in Waldhausen's
senseusinginjections with freecokernelsasthe co brations. SeeWaldhausen's
foundational paper [24] for these notions, and for the precise de nitions we
are thinking of when writing \roughly" in the paragraph belon. We call a
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homomorphismf : U ! V of nitely generatedfree R-modules a co bration
if it is injective and has free cokernel, and usethe feathered arrow U V to
denote this situation.

Givena categorywith co brations C, the S -construction givesa simplicial
category with co brations denotedS C. Let [ = fO! 1! I qg. In
simplicial degreeq, SqC is roughly the category of diagrams

Xiag ! G

with X (0) = 0 and the morphisms X (i) X (i + 1) in the diagram given by
co brations. lIterating the S -construction n times, and taking the diagonal,
we obtain a simplicial category S"C whoseobjects are roughly n-dimensional
cubical diagrams

X:[q" ! C

Here[q]" is the cartesianproduct of n copiesof [q]. The nth spaceK (R), of the
free algebraic K -theory spectrum is setto be the geometric realization of the
nerve of the isomorphism subcategory of the n-fold iterated S -construction on
F(R).

K(R)n = jNiS"F (R)j

As usual, the pre x i denotesthe isomorphism subcategory N denotesnerve,
and the vertical bars denote geometric realization.

Note. We assumethroughout the paper that the unital, assaiative ring
R is such that there are no co brations R' Rl unlessi j. This excludes
certain large rings, sud as endomorphismrings of in nite dimensional vector
spacesbut includes all commutativ e rings.

For ewvery rank k let FyK (R)n K (R), be the subspacerealizing the
nerve of the simplicial subcategory of iIS"F (R) consisting of diagrams of mod-
ulesin F (R) of rank at most k. Momentarily xing k, the collection of spaces
fFcK (R)ngn forms a prespectrum F¢K (R), which is the kth stageof the spec-
trum level rank ltration. The sequenceof prespectra

"FoK(R) ! FiK(R) ! =i ! FkK(R) ! 0 I K(R)
is then induced by the obvious inclusions.

The n-dimensional building of rank k, denoted D (R¥),, can be de ned
as the simplicial object set of a full subcategory of S"F(R). The full sub-
category has as objects the diagrams X : [q]" ! F(R) wherethe top module

posedto mereinjections). Wheneer it is corveniert, we will think of D (R¥),
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and the related simplicial setsde ned below as spacesby passingto geomet-
ric realization in the usual way. We now give an explicit reformulation of the
de nition of these generalizedbuildings.

Supposegiven an increasingsequencel  i; < < im nandanobject
(a1;:::;an) 2 [g]" with O ag < g for all s. Thesedata determine a functor
u: 2™t [q", givenby u( 1;:::; m) = (ug;::i:;up) with 2 f0;1g for all s,
whereus = ag+ if s=i; forsomel t m, andus = ag otherwise. We
call afunctor u: [1]™ ! [q]" arising in this way a little subcube of [g]".

Let Sub(R¥) be the subcategory of F (R) of free submodules of R¥ and
geruine inclusions.

De nition 1.1. The n-dimensional building of rank k, written D (R¥),,
is the simplicial setwith g-simplicesthe set of all diagrams

X:[g" ! Sub(R¥)
such that

is a co bration.

In addition there is a basepoint in every simplicial degree.

(Condition (iii) is inherited from the mannerin which S Cis madeinto a
simplicial category with co brations.)

The simplicial facemapsd; for 1 i q are given by deleting the mod-
ules X (az;:::;an) where someags = i. Any diagram then appearing with

maps every nondegeneratesimplex to the base point, and is determined on
degeneratesimplices by the simplicial identities. The simplicial degeneracy

The spacesD (R¥),, for varying n assenble into a prespectrum, which we
denoteD (R¥) and refer to asthe stable building. GL(R) actson eah D (R¥),
through its action on submodulesof RK. The following is Proposition 3.8 0f [16].

Proposition 1.2. FyK (R)=F¢ 1K (R)' EGLk(R)+ “cL,(r) D(R¥).

Fix a g-simplex X 6 in D(R¥),. By induction X is determined by the

locations u(l;:::;1) of little subcubesu: [1]" ! [q]" such that the homomor-
phism (X;u) is not an isomorphism (seeDe nition 1.1(iii)), together with the
modules X (u(1;:::;1)) appearing there. The multiplicit y of such a location

sum of these multiplicities equalsk by Corollary 5.5 of [16].
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in the indexing category[q]", called the speciallocations of the simplex. (These
were called pick sitesin [16].) Each special location occurs as often in this list
as its multiplicit y. The special locations inherit a partial ordering from the
product partial ordering on [q]", which in turn determinesa partial ordering

precedesp; in [q]". This de nes the poset assaiated to X, denoted ! (X).
It is only de ned modulo indeterminacy causedby renumbering the locations

Note that what we for brevity are calling a posetis usually called a quasi{
ordering. We do not insist that if two elemerts i andj of a posetsatisfyi |
and j i theni = j. We say that one partial ordering on a set is stronger
than another partial ordering on the samesetif the former can be obtained by
adjoining relations to the latter.

The simplicial face maps can only intro duce additional relations between
the special locations, or equivalertly strengthen the assaiated poset. Fixing
aposet! we cantherefore de ne a subspaceF, ]D(Rk)n of D(RX),, consisting
of simplices X whoseassaiated poset! (X) is at least as strong as! , up to
isomorphism. The resulting Itration fFp D (R¥)ngy of D(R¥), indexed by

on the n-dimensionalbuilding. Let FI'!ID(RK), bethe [! ]th ltration subquo-
tient of this Itration, i.e. the quotient of F, ]D(R")n obtained by collapsingall
simpliceswith assaiated poset strictly strongerthan ! (up to isomorphism)
to the basepoint.

To analyzethe poset Itration we make a comparisonwith the correspond-
ing construction on the K -theory of nite sets,wherewe completely determined
the homotopy typesof the Itration subquotients in [16].

De nition 1.3. The n-dimensional apartment of rank k, denoted AX, is
the simplicial set with g-simplicesthe set of all diagrams

X:[g" ! Sub(f1;:::;kg)
such that

(iii) for ewery little subcube u: [1]™ ! [q]", the induced map (X;u) from
the iterated pushout of X u over [1]™ (1;:::;1) to X (u(1;:::;1)) is an
injection.

In addition thereis abasepoint in every simplicial degree.The simplicial
structure mapsare de ned by deletion and repetition, asfor the n-dimensional
building.



K4(Z) 1Is THE TRIVIAL GROUP 7

Now we have Proposition 4.5 of [16].
Pr oposition 1.4. AK is homeomorphic to an nk-sphee.

We can think of AK asa subspaceof D (R¥),, by identifying a subsetU of

zero. More generally let aline L RX be a free rank one submodule with
free quotient. Then given a decomposition of R* asthe direct sum of k lines

to the direct sum of the L with s 2 U. The union of the images of these
embeddings™: AK ! D(RK), covers D(R¥),.

The apartments alsoadmit a poset Itration. If X is a simplexin AK, the
ith special location p; 2 [q]" is the minimal location wherei appearsin the

and the assaiated poset! (X) is well de ned, not only up to isomorphism.
Let Fy Ak AK bethe subspaceof simpliceswhoseassaiated posetis at least
asstrong as! . Let F'AK be the quotient of Fy A obtained by collapsing all
simpliceswith assaiated posetstrictly strongerthan ! to the basepoint. The
embeddingsA¥ ! D (R¥), above clearly take F, AX into Fp ;D (R¥),.

The apartments AKX for varying n assenble into a prespectrum AK, called
the stable apartment, which embedsinto the stable building asjust indicated.
There are similar prespectra assenbled from the subspacesand subquotients of
the poset ltrations, denoted by omitting the subscript n from the notations.

Werepeatthat what we are calling a posetis often called a quasi{ordering.
See Section 7 of [16] for more detail on our terminology on posets. Given
two elemerts i and j of a poset with i j and j i we say that i and
j are equivalert, but do not insist that i = j. We call a partial ordering
indiscrete if all its elemerns are equivalent, i.e. if every elemen precedesevery
other elemen. A partial ordering is discrete if every elemen precedesno
other elemen. We call a partial ordering linear if every elemen precedesor is
precededby every other. The componerts of a partial ordering are (the vertex
sets of) the path componerts of the geometric realization of its nerve when
viewed as a category Let comp(! ) be the number of componerts of ! , and let
sizg! ) = comp(! ) + (the number of equivalenceclassesn ! ) 2.

The following description of the stable homotopy typesin the poset Itra-
tion on AE combinesPropositions 9.1 and 11.12with Corollary 13.13from [16].

(i) If ! is indiscrete, then the presgctrum F, AK is homotopy equivalent to
the sphee spectrum 1 SO, Otherwise this prespectrum is contractible.
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(i) If everycomponentof! is linear, thenthe prespctrum F!AX is homotopy
equivalent to the suspension spectrum on a wadgeof (comp(! ) 1)! sphees of
dimension sizg! ). Otherwise this prespgctrum is contractible.

componerts, H *P*“(F! AX) is concertrated in degree(2k 2), whereit is a free
Z-module of rank (k  1)! which we denoteWy. The permutation group  acts

tation, W5 is the sign represertation, and generally Wy maps under complex-
i cation to the (-represenation induced up from a faithful one{dimensional
represenmation over the usual inclusion z=k! k. Seealso Corollary 4.7.

The poset ltrations on buildings and apartments are closely related.
Proposition 8.6 of [16] gives the following splitting result, where we omit to
specify which wedgesummandsoccur, as this would require intro ducing some
otherwise extraneousnotation.

Propositon 1.6. FIID(RK), ' _F'AXK. Hence FI'ID(R¥) is con-
tractible if ! is not componentwise linear.

This completesour review of results from [16].
2. Tits buildings for PIDs

We will need someresults on Tits buildings for principal ideal domains.
We adapt Quillen's proofin [13] of the Solomon{Tits theorem from [19]to this
more generalcase.

Recall that whenR is a eld, the Tits building B (R¥) is the nerve of the
set of proper nontrivial submodules of RK, partially ordered with respect to
inclusion. We now extend the de nition to generalR.

SupposeU V is aninclusion of nitely generatedfree R-modules with
free quotient, i.e. U V. Then let b(U;V) be the set of free R-modules W
with U W V, sud that the inclusions are co brations, partially ordered
by setting W1 W, if W; W, and the inclusion is a co bration. Let B(U;V)
bethe geometricrealization of the nerve of b(U; V). Wewrite B(V) = B(0; V).

The following lemma then provesthat some constructions which can be
made for vector spacesalso make sensein our cortext of modules over a prin-
cipal ideal domain.

Lemma 2.1. Let R be a principal ideal domain. SupmseRX = U V
is a direct sum decomposition, with U and V free submalules of RK. Then
f:B(U)! B(V;R¥) givenbyW 7!V W, and g: B(V;RK) ! B(U) given
bywW 7! U\ W, are well de ned maps which are mutual inverses.
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Proof. f is clearly well de ned. To seethat g is well de ned it suces
to know that given cobratons 0 U RXand0 W  RX, there are
cobratons 0 U\W RK. U\ W isfreesinceU\ W U, U isfree,and R
is a principal ideal domain. HenceO U\ W. TheinclusionU  RX induces
an injection U=(U\ W) ! RX=W, and RkK=W is free, soU=(U\ W) is free.
HenceU\ W U isaco bration, and sois the compositeU\ W U Rk,
This provesthat g is well de ned.

Next weprovethat gf = 1. Given0 W UandRK= U V asabove,
we needto prove that W = U\ (V W). The inclusionW U\ (V W)
is obvious. For the reverseinclusion, let x = v+ w with x 2 U, v 2 V, and
w2W U.Thenv=x w2U\V=0sox=w2W.

Finally we provef g = 1. TheinclusionV (U\ W) W isclear. For the
reverseinclusion, considerthe mapsinduced by inclusionsV I W=(U\ W) !
Rk=U. The secondmap, and the composite, are both isomorphisms; henceso
isthe rst. ThusV (U\ W)= W. O

For the next results we x a maximal ag in RK as follows. Choosethe
usual ordered basis for the free module R¥, and for s < k denote by RS the
free submaodule spannedby the rst s basisvectors.

Pr oposition 2.2. Let R be a principal ideal domain. Then there is a
natural homotopy equivalen@

B(RYY I~ B(RK Y
L

wheee the wedge sum runs over all linesL  RX suchthat R 1 L = RK is
a direct sum decomposition of RX.

Proof. Let b(0; RK) be the set theoretic complemert in b(0; R¥) of the set
of lines L indexing the wedge sum above, with the inherited subset partial
ordering. Let B(RK)  B(RX) be the geometric realization of the nerve of
b(0; R).

Then B(RX) deformation retracts to the cone on B(R¥ 1) with vertex
point R 1 by the map induced by intersectionwith RK 1. On the posetlevel
this is W 7! R* 1\ W. This is immediate from Lemma 2.1, by means of
the natural transformation RK 1\ W W of functors mapping b(0; R¥) onto
b(R¥ 1) union a terminal point represenied by R¥ 1 itself. HenceB (RK) is
cortractible.

The quotient of B(RK) by B(RX) splits as a wedge over the lines L of
suspended copies of the spacesB (L; R¥), eath of which is homeomorphic to
B(RK 1) by the lemma above. O
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For chosen sum decomposition of R¥ into a sum of lines X, Ls, and
U fl:::;kg let Ly = spuls RX. There is then a subspaceof B (RK)
called an apartment (in Tits' sense),which is homeomorphicto Sk 2, and
realizesthe nerve of the setof modulesofthe form Ly with ; 6 U f1;:::;kg.

partially ordered by inclusion. Then AptX is homeomorphicto Sk 2, and the
assaiation U 7! Ly takes Apt“ homeomorphically onto the Tits apartment
above. In more detail, the chain

=flg fl,2g fl,:::;k 1g

is a (maximal) (k 2)-simplex in Aptk, and its orbits under the obvious -
action cover Aptk.

The inclusion of the wedgeof someof the Tits apartments into B (R¥) is
a homotopy equivalence,as stated below, which now follows by induction from
Proposition 2.2.

Theorem 2.3 (Tits{Solomon). LetR be a principal ideal domain. Then
B(RK)' Sk 2 with one wedge summand (apartment) for each sum decom-
position K., Ls = RX into lines with Ls RS RX for all s. O

De nition 2.4. We will say that R hasspherical Tits buildings if B (R¥)
has the non{equivariant homotopy type of a wedgeof (k 2)-spheres,for all
k 1.

By the Theorem above, principal ideal domains have spherical Tits build-
ings. We proved in [18] that nilpotent rings of the form z=p" have spherical
Tits buildings.

3. The comp onent ltration

A certral obsenation in this paper is that there is a useful ltration onthe
n-dimensional building by the number of componerts of the posetsassiated
to its simplices,for which the subquotients have a description givenin terms of
Tits buildings and known homotopy typesarising from the poset ltration on
stable apartments. We obtain our connectivity results about stable buildings
by meansof this lItration.

Let :D (R¥), bethe union of the Fp; ;D (R¥), overthe posets! with at most
c componerts, i.e. whoserealization viewed as a category has at most ¢ path
componerts. Let °D(R¥), = <D (R¥),= 1D (R¥), bethe ltration subquotient
consisting of simpliceswhoseassaiated poset has precisely c componerts.
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Similarly let ;AK bethe subspaceof AK of simpliceswhoseassaiated poset
has at most ¢ componerts, and let Ak = ;Ak=. ;AK bethe lItration subquo-
tient. Stably we obtain a ltration f.D (R¥)gc onthe prespectrum D (RK), with
subquotient prespectra °D (R¥), and similarly for AK.

When V is a nitely generatedfree R-module, let B (V) denotethe sus-
pendedTits building. We will useasa model for B (V) the nerve of the poset
of nontrivial, not necessarilyproper submodules of V, divided out by the Tits
building B (V) realized as the nerve of the poset of proper nontrivial submod-
ulesof V, all subject to the usual co bration conditions. The containing space
is contractible due to the presenceof the maximal elemen V, sothe quotient
hasthe desiredhomotopy type.

Pr oposition 3.1. There is a natural chain of mapsfrom ¢D (RK), to
B(Vi)» "~ B(V)™ Aq

inducing a weak homotopy equivalene of presgctra with GL ¢ (R)-action. The

ulesof Rk with  ¢_; Vs = RX, and GL(R) permutes the wedge summandsvia
the action on the V5. Hence

D(RK)" T BN A B(Vo) N AS:
If R hasspheri@l Tits buildings, then °D(R¥)* _ 1 sk*c 2

Proof. Considerthe subspaceY °D(RX), of simpliceswith posetcon-
sisting of precisely ¢ linear componerts. The componertwise linear posetsare
the strongest among those with precisely c componerts. HenceY is a sub-
space,and by Proposition 1.6 the inclusion inducesa homotopy equivalenceof
prespectra, respecting the group action.

The special locations of a simplex X 6 in Y lie in clinear chains, eath
unrelated to (not succeedingor preceding) the others in the n-dimensional
indexing cube []". Sud a simplex is determined by two things: rst, the c
ags of submodules of R¥ appearing at these special locations, and second,
wherein [g]" thesespecial locations are.

The former amourts to a c-tuple of simplicesin B (V1) through B (V)

isasimplexin B(Vy)™ ~ B(Vo).

The latter deformation retracts to its simplicial subsetof c-tuples of unre-
lated constart linear chains of special locations, or equivalertly the simplicial
set Af, of c unrelated special locationsin [g]". This provesthe splitting result.

Finally supposethat eadh B (Vs) is a wedgeof (ks 1)-spheres,where
ks is the rank of Vs. By Proposition 1.5(ii) we have A¢' 1 S2¢ 2 Hence
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°D (R¥) is non{equivariantly homot equivalent to the suspensionspectrum
on a wedgeof spheresof dimension  ¢_;(ks 1)+ (2c 2)=k+c 2. O

When R has spherical Tits buildings, the Steinberg module St(R¥) is de-
ned asthe GL(R)-represenation 1, »(B(RX)).  actsasthe signrepresen-
tation Zsgn 0N 19 2(AptX). Alsorecallthe y-represeration Wy = HP%%(%AK)
from Section 1. It is free abelian of rank (k 1)

The componert ltration f.D(R*)g. determines a spectral sequencein
spectrum homology, which degeneratedo a horizontal row by Proposition 3.1.
Hencethe El-term (E?;d') is a naturally de ned chain complex whosehomo-

logy computesH P*¢(D (RK)). This provesthe following two results.

Pr oposition 3.2. SupmseR has spherial Tits buildings. The complex
(Z :d) of ZGL(R)-modules ass@iated to the component Itr ation on D (R¥)
satis es M
Zgsc 2= St(Va) St(Ve)  We

where the sum runs over all unordered decompositions of R¥ as the direct sum

naturally isomorphic to H *P*%(D (R¥)). O

Cor ollar y 3.3. Supmwse R has spherial Tits buildings. Then D(R¥)
is (k 2)-connected for all k 1.

There are similar results for the componert ltration on the stable apart-
ment prespectra AX, which we now explain.

Given a sum decomposition Rk = ¥_, L, we have an asswiated embed-
ding “: Ak 1 D(RK),, which mapsonto the subspaceof D (R*),, whereall the
submodules of R¥ occurring are of the form Ly = suyls. The assaiated
componert ltration on AX has subquotients

CAk [ Aptkl N N Aptkc N CAC:

Here the wedgesum runs over partitions of R¥ into unordered sumsof nontriv-
ial submodules Vs all of the form Ly, and the factor Apt*s = Sks 1 enbeds
into B(Vs) asdescribed at the end of Section 2. As before, ks is the rank of
Vs.

Clearly this can be rewritten asthe wedgesum over all unordered parti-

of these subquotients, we obtain the following result.

Pr oposition 3.4. The complex(Y ;d ) of Z -modulesassiated to the

component Itr ation on AK satis es
M
Yk+c 2= ngn W,
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subsets.It mapsnaturally to (Z ;d ) whengivena choice of sum decomposition
RK= X Ls. The complex(Y ;d) is exactwhenk 2.

Proof. The only remaining obsenation is that the prespectrum AK is con-
tractible for k 2 by Proposition 1.4, sothe homology of the complex (Y ;d )
vanishesin these cases. O

4. The partition lattice

There is a conmbinatorial description of the complexin Proposition 3.4 in

tition . We partially order by reversere nement, i.e. 3 2 if 2renes
1.k with this partial ordering is called the partition lattice on k elemers.
k acts on i through its action on f1;:::;kg. For a partition 2

of componerts of , so( k) naturally actson f1;:::;] jg when given an
enumeration of the set of componerts of
Let ¢ 2  bethe initial, indiscrete partition with one componert, and
let ¢ 2  bethe terminal, discrete partition with k componerts. Let (k’:
k frkgand =  f; kgbegiventhe subsetpartial orderings. Write
N «, N 2andN Qfor the nervesof the respective posets. Then N and
N ¢ are cortractible, and N 2°has reducedhomology concertrated in degree
(k  3) sincethe partition lattice is Cohen{Macaulay; compare Theorem 1.2

and Section 3 of [23]. We write
Wy = ¢ 3(N Y

for the homology of the partition lattice, viewed asa Z ¢-module. The nota-
tion is motivated by Corollary 4.7 belov. W, hasrank (k 1)! and restricts
to the regular represettation on ¢ 3 K-

For 2 yletF N 2 N { bethe nerve of the subposetof ¢ con-
sisting of all 12 Q with 4 . Then fF N Qg isa ltration of N ©
indexed by all partitons 2 , andewery F N ‘lj for 6 | is contractible,
due to the presenceof the terminal elemen . F, N (k’ is empty, and it will

be conveniert to think of it asa ( 1)-sphere.
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Supposel ¢ k. Let [N 2 N Q be the nerve of the subposet
of E consisting of partitions with at most c componerts. If  has c num-
bered componerts, we can identify the partitions 1 with partitions of

tient (N 9= ;N { splits asawedgeof copiesof N =N 2* N indexed
by the partitions of k into ¢ componerts. Henceits reducedhomology is con-
certrated in degree(c 2).
For H a subgroupof G andV an H-module, we write indﬁ(V) =ZG LV
for the induced G-module. Let p(k) be a set of orbit represenativ es for the
k-action on |, and let p¢(k) p(k) be the subset of partitions with c
componerts.

Pr oposition 4.1. The complex (X ;d ) of Z x-modules assaiated to
the component Itr ation fcN 2gc on the nerve of the partition lattice satis es

M .
Xc 2= |nd(kk) (W):
2pc(k)

This complexis exactfor k 2. O

By identifying F N 2 with N ¢ in the casewhere hasc componerts
we can inductively describe the boundary map dc 2: X¢ 2 ! X 3 on the
summand corresponding to  in the complex above. When ¢ < Kk it is induced
up from the top boundary map d. » in the corresponding complex for the
partition lattice on c elemerns, via the projection ( ) ! ¢- In the case
c = k, the top boundary map dy » is determined by exactnessof the complex
(X ;d). We make the casek = 4 explicit for later use.

Example4.2. Supposek = 4. The proposition above describesthe exact
complex(X ;d) as

01! w, ind ¢ (wy) ¥ ind ¢ (W,) ind 4 (W) Pw, 1o

We claim that we can choose additive generatorswy and wy for W, = Z2,
and Z 4-module generatorsx; wi and X3 wy in Xy, x(l) 2 ind ‘3‘ 1(W5)
and x3 2 ind 20 ,(W2) in Xo, and nally x 12X 1, sud that the boundary
maps take the following form

di(x1 w1) = x5 X3 do(Xg) = X 1
di(x1 wy) = x3 (34) x} do(x3) = x 1

Here (34) x} meansthe image of x} under the action of the transposition
(34)2 4 onXy.

To seethis, let  be the partition with componerts f1;2g, f3g and f4g,
and make a sketch of F N 9. Choosex} and x3 to generatethe summandsof
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X o corresponding to the partitions f 1;2; 3g; f 49 and f 1; 2g; f 3; 4g respectively.

Thesegeneratorscan be chosento have commonimagex 1 underdg. Then the

existenceof appropriate classeswvy, wp and x1 is immediate from the exactness
of the complex (X ;d ) assxiatedto F N 9.

We now make analogousde nitions for subspectra of AX.

De nition 4.3. We say that a partial ordering ! respects a partition
if the componerts of | rene . For every partition 2 | let F Ak Ak
be the union of the prespectra F; AX with ! respecting . Then fF AKg isa
ltration of AX indexed by the partitions 2 .

Lemma 4.4. Let 2 | bea partition of f1;:::;kg.
() If is not indiscrete, then the presgctrum F AK is contractible.
(i) If is indiscrete, then F AK is homotopy equivalent to the susgension
spectrum on  AptX, as a presgctrum with  -action.

Proof. Suppose is not indiscrete, so has two or more componerts.
Then F AK is covered by the F, Ak where! runs through all partial orderings
with the samecomponerts as . The multiple intersectionsin this covering are
all of the form F, 0Ak where! o hasat leasttwo componerts, hencecontractible
by Proposition 1.5()). Soby a Mayer{Vietoris argumert, the union F AK is
also cortractible.

Next suppose =  isindiscrete. F AKX isthen the union of all F; Ak with
| connected. By Proposition 1.5(i) again, we may replaceF AK by the union
of the F; AX with ! linear (hence connected). Again multiple intersections

in this covering have the form F, 0A", which will be cortractible unless! g is
indiscrete. In this caseit is homotopy equivalert to the spherespectrum with
trivial group action.

A linear poset! determinesan increasingchain of nontrivial subsetsfj j
i ig f1;:::;kg asi varies, ending with the full subset. Conversely such
a chain determinesthe linear poset. The indiscrete poset corresponds to the
constart chain. These chains are the simplicies of the quotient spaceformed

think of these chains as the simplicesin the suspensionof the Tits apartment
AptK.
We now build F AK by starting with the spherespectrum and inductiv ely

Working with  ¢-orbits of suc chains, this recovery can be made (-equi-
variant, and we recover F AX as being homotopy equivalert to the suspension
spectrum on  Apt¥, asa prespectrum with  -action. O
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The following lemma assertsthat the Itrations on the nerve of the parti-
tion lattice and on the stable apartment are essetially the same.

By a homotopy equivalencef of ltered objects, we mean one having a
homotopy inverseg and homotopiesf g' landg f ' 1, all respecting the
given ltrations.

Lemma 4.5. There is a homotopy equivalene of Iter ed presgectra with
k-action

fF Akg " f T (F N 27 2aApthg:

Proof. We proceedby an increasinginduction over -orbits of partitions

2 . The induction beginsfor = | indiscrete by choosing a homotopy
equivalenceF Ak ' 1 Aptk of spectra with -action, using part (i) of
Lemma 4.4. The induction step follows by part (i) of the samelemma, as
there is no obstruction to extending a map from a subspectrum of, say, F A,
to the whole of this contractible spectrum. O

Pr oposition 4.6. The chain complex (Y ;d ) assmiated to the com-
ponent ltr ation on the stable apartment AK is isomorphic as a complex of
Z k-modulesto the chain complex (X ;d ) assiated to the partition lattice,
tensored with the sign representation kZSgn concentrated in degree K.

(Y;d)=(X;d) kzsgn
Proof. These chain complexesare derived from the Itered complexesin

the precedinglemma. Togetherwith the obsenation that K, ( 2Aptk) = Zsgn
asaZ g-represemation, this provesthe proposition. O

Corollar y 4.7. Wy=W, ZsghasZ g-modules.

5. Connectivit y results

We can now prove the following connectivity results for stable buildings.

Pr oposition 5.1. LetR bea principal ideal domain, and suppsek 2.
Then D(RX) is at least (k  1)-connected.

Proof. We have to prove that the last dierential dx: Zx ! Zk 1 in the
complexcomputing H 5P*%(D (R¥)) is onto. Considerthe variousinjectiv e chain
maps® :Y | Z assaiatedto thosedirect sumdecompositionsRK = K_ L ¢
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for which Ls RS RK for every s.

oy ¥y 10
5 2.
y y

vz ¥ oz, 10

By the Solomon{Tits theorem in the explicit form of Theorem 2.3, Zyx 1 =
St(R¥) is generatedby the imagesof Yy 1 = Zsgn Under theseembeddings. By
the exactnessstatemert in Proposition 3.4, the dierential dg: Yx ! Yk 1 is
onto. Hencedy: Zx ! Zg 1 is onto becausethe ° are chain maps. O

Pr oposition 5.2. Let R be a principal ideal domain. Then D(R?) is at
least four{c onnected.

Proof. We establish H;P°9(D (R#)) = 0 by proving exactnessat Z, in the
complex below. This is the complex (Z ;d ) asswiated to the component
ltration on D (R*), whosehomology computesH *P*(D (R%)).

o1 zg ¥ zg ¥ z, ¥ zz 1 o0

The relevant modules are given by Proposition 3.2.

Z3= SI%R“) M

Z4= (St(H) St(Ls) Wa) (St(P) St(Q) Wy)
in\l7|4g fP;Qg

Zs = St(P) St(Lg) St(L 4) W3
fP;L3;Lag

Thesesumsrun over all unordered sum decompositions of R#, with L{;L;L3
and L4 lines,andP=1L; L, Q=L3s LgandH=L; Lo L3

The boundary mapsin the complex are induced from those of the exact
complex (Y ;d ) of Proposition 3.4. These are in turn determined by the
complex (X ;d ) arising from the componert Itration on the partition lattice,
and this complex was made explicit in the casek = 4 in Example 4.2.

In particular wecantakeZ 4-module generatorsys wi andys ws for Ys,
yi and y3 for Y4, and y3 for Ys, corresponding to the generatorsfor (X ;d )
by Proposition 4.6. Here w; and w» are the basis elemerns for W3 chosenin
Example 4.2. Then the relevant boundary mapsin (Y ;d ) satisfy

ds(ys Wwi)=ys: V3 da(yz) = ¥a
ds(ys W2)=ys (34) yi  da(yd) = vz

Letting the lines L1;L»;L3; L4 run through the various sum decomposi-
tions of R4, the imagesof the chosengeneratorsfor Y will map under the
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assciated embeddings® to a generating set for Z , in every degree . This
follows from Theorem 2.3. We let

(zs wi)(L1;::55La) =" (y5  wi)

fori = 1,2. The ~ are chain maps by Proposition 3.4, so
ds((zs  wa)(L1;:iiika)) = zz(Lasiiila)  ZE(Lajiiisla)

and hencezi  zZ modulo im(ds) in Z4.
By Theorem 2.3, d4 hasa sections: Z3 ! Z4 determined by

whenL; L, Lz = H = RS The image of s consistsof the summands
St(H) St(Ls) Ws of Z4 for which H = RS, To prove exactnessat Z4 it
su ces to prove that im(s) generatesZ 4 modulo im(ds).

Considera classzj(L1;Lo;L3;Lg) 2 St(H)  St(Lg) Wy for H = Ly
L, Ls. If H = R3, the classis already in im(s). Otherwise H \ R3 is
free of rank two and includes by a co bration into H, by Lemma 2.1. So by
Proposition 2.2 applied to B (H), the classzi(L1;Ly;L3;L4) canbewritten as
a sum of terms of the form zi(M1;M2;M3;L4) with M3, M2  H\ R® and
Mz H.

Now let U= M; My, andV = M3 Lg4. Modulo im(ds)

z;(M1;M2;Mg;La)  z3(M1;Ma;M3;La) 2 St(U)  St(V)  Wa:

Wehave U RS, soV 6 R3 and V\ RS2 is free of rank one and includes
by a cobration into V. Here we are using Lemma 2.1 again. Hence, by
Proposition 2.2 applied to B (V), the classz3(M1;M3; M 3; L) is asum of terms
z2(M1;M2;N3;Ng) with N3V \ R3. Each sud term is in turn congruert
modulo im(ds) to z3(M1;M2;N3;Ng) with M3 M, Nz = R3, which liesin
im(s) asdesired. O

Remark 5.3. The proof of Proposition 5.2 can be extendedto show that
D(RX) is k-connectedfor all k 3, thus proving Conjecture 12.3 of [16] for
k = 1,2and 3, whenR is a principal ideal domain. When k = 4, the conjecture
assertsthat D (R?) is expectedto be v e{connected.

6. K-theory of the integers

In this sectionwe prove the theorem K 4(z) = 0.
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Proof of Main Theorem. Asscciated to the spectrum level rank Itration
fFsK (R)gs there is a spectrum homology spectral sequence

El = HP(Fsu1 K (R)=FsK (R)) =) HP(K (R)):

By Proposition 1.2 the subquotient Fsi1 K (R)=FsK (R) is at least as highly
connectedasD (RS*1). When R is a principal ideal domain, D (R5*!) is at least
(s 1)-connectedby Corollary 3.3. Hencethis spectral sequences located in
the rst quadrant.

In the proof of Theorem 1.1 of [17], we computedthe spectrum homology of
the rst three subquotients of the rank Itration on K (2), and the di erentials
terminating below total degree v e in the spectral sequence. The result is
displayed asthe rst three columnsin the spectral sequencebelow.

5 z=2 (z=2)3 zZ=2 | ? | ? | 2
4 0 (2=2)? z=2 | ?2 | ? | 2
3 z=2 (2=2)? yA 20 2| ?
2 0 Z=6 ZzZ=3 | ?2 | ? | 2
1 z=2 z=2 0 (o 2
0 z 0 0 0| 0] O

0 1 2 3 4 5

The di erentials shavn are all nonzero. The d-di erentials originating
in bidegrees(2;4) and (2;5) are unknown. The group Z=2 in bidegree(2;5)
was not given in the abovemertioned proof, but follows immediately from the
diagram preceding Lemma 6.10 of [17], and that lemma. Conjecture 12.3 of
[16] would imply a vanishing line of slope onein this spectral sequence.

By Proposition 5.1 the stable building D (z¥) is at least(k  1)-connected
for k 2, and by Proposition 5.2 the stable building D (z?#) is at least four{
connected. This accouns for the vanishing of the remaining groups showvn as
trivial in the spectral sequence.

HenceH P°“(K (2)) begins(Z:0;0;z=2;0;Z ?;:::) in view of Borel's ra-
tional result from [2]. The Atiyah{Hirzebruch spectral sequencefor stable
homotopy theory

E2, = HPY(K (2); ) =) Kset(2)

abuts to the homotopy groups of the K -theory spectrum, which are the higher
algebraic K -groups of Z. In low degreesit looks as follows.
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6 Z= 0 0 7=2 Z= ?
5 0 0 0 0 0 0
4 0 0 0 0 0 0
3 72=24 0 0 =2 Z= ?
2 Z= 0 0 =2 Z= ?
1 Z= 0 0 =2 Z= ?
0 z 0 0 =2 0 z ?
0 1 2 3 4 5

The terms in the zeroth column through degreethree surviveto E* be-
causethe image of J injects into K (Z) below degreeeight by Quillen's letter
[15]. SeealsoMitc hell's paper [11]. We claim that the only nonzerodi eren tial
terminating belowv degreev eis

d2o: HE(K (2)) ' H3P(K (2); D)

Thus there are no classessurviving to E* in total degreefour, and we can
concludethat K 4(z) = 0.

Toestablishthe rst nonzerodi eren tial we compareK (z) with Bekstedt's
spectrum JK (zZ). The non{trivialit y of the extensionin K 3(z) also follows
from this comparison. At the prime two, JK (2) is de ned in [4] asthe homo-
topy b er of the composite

ko 11 bspin  f bsu
where 2 is the Adams operation and ¢ is complexi cation. One easily nds
JK (2) = (Z;,2=2,2=2;Z2=16,0;Z;:::)
modulo odd torsion, and
HSPEYIK (2)) = (Z;0;0;2=2;0;Z;:::):

There is a canonicalmap : K (2); ! JK(Z), of two{completed spectra
in the senseof Bous eld and Kan [3]. Bokstedt constructed a section of two{
completed looped underlying spaces

f: JK(Z), ! K(2)3

with f ' 1. HenceJK3(Z) = z=16 splits o K 3(Z) and we recover the
result K 3(Z) = z=48of Leeand Szczarba[7]. Thus is at leastfour{connected.
Let :S%! S2 denotethe Hopf map, whosestable classgenerates ¥,
and let :S®! K (2) represen a generator of K3(z). Then 0=
generatesJK 3(Z). The class in E§;1 is represered by the composite

12 0 IK@y b K@
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The composite of the rst two maps lies in JK4(Z) = 0. Hencethe class
2 E3, cannot surviveto E* , and the only possibledi erential that can
aect it isad? from EZ,,.
This concludesthe proof of our theorem. O

We add somemiscellaneousremarks.

Lemma 6.1. The spectrum map : K(2); ! JK(Z); induces an iso-
morphism on homotopy through degree four, and a split surjection in degree

ve, hene is at least ve{c onnected. O

Lemma 6.2. There are surjective dier entials d2,: EZ, ! E%; and
dé,: EZ,; ! E3, in the Atiyah{Hirzebruch spectral sequen@ atove. In par-
ticular wecan nd aclass 2 H:P*(K (2)) geneating this group modulo its
torsion sulgroup, suchthat dZq( ) = anddz,( )= ?

Proof. By Arlettaz’ Theorem 1.5 in [1], the Hurewicz homomorphism
Ks(z2) ! Hs(GL(2)) inducesmultiplication by two on the torsion freepart, i.e.
on these groups modulo torsion. The composite Ks(Z) EZ, H™*%(K (2))
arising from the Atiy ah{Hirzebruch spectral sequencds the composite of this
Hurewicz map followed by stabilization Hs(GL(Z)) ! H:P°Y(K (2)) from group
homology to spectrum homology Hencethis composite is not a surjection on
the torsion free part, and the surjective di eren tial dé;o cannot factor through
the torsion in EZ,. Thus there exists a class 2 Hz"°(K (Z)) generating
the torsion{free quotient and with d?( ) 6 0. This classthen has the stated
properties. O

Depar tment of Mathema tics, University of Oslo, Nor way
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