PRODUCTS AND DUALITY IN CATEGORIES WITH
COFIBRA TIONS AND WEAK EQUIV ALENCES

M.S.Weiss and E.B.Williams

Abstra ct. The natural transformation from L{theory to the Tate cohomology of
Z=2 acting on K {theory (constructed in [WW?2] and [WW3]) commutes with external
products. Corollary: The Tate cohomology of Z=2 acting on the K {theory of any ring
with involution is a generalized Eilenberg{MacLane spectrum, and it is 4{p eriodic.

0. Intr oduction

Categorieswith co brations and weak equivalenceswere introduced in [Wald].
Generalizing earlier constructions due to Quillen and others, Waldhausende ned
the K {theory spectrum K (C) of a categorywith co brations and weak equivalences
C (also in [Wald]). It wasrealized early on [Vo] that suitable notions of Spanier{
Whitehead duality in Cgiverise to involutions on K (C). We formalized this ideain
[WW3, x4] by intro ducing the notion of a Spanier{Whitehead product (SW product
for short) in C. To someextent this will be recalled below. When C is equipped
with an SW product, the following are de ned (quoting from [WW3]):

(1) aduality involution onK (C) (more precisely on somethinghomotopy equiv-

alent to K (O ;

(2) a quadratic L{theory spectrum L (C) ;

(3) a symmetric L{theory spectrum L"(C) ;

(4) maps of spectra

1+T):L(© ! LY©
LY ' A (Z=2:K (0):

Here A (Z=2 ;K (Q)) is the cober of the norm map from the homotopy orbit
spectrum of the Z=2{action on K (C) to the homotopy xed point spectrum:

Hu(z=2:K (Q) " H"(Z=2:K (O):

(See[WW2, x2] and [AdCoDw] or [GreMa].) Our interest in the map , or rather
in the composition (1 + T), stemsfrom the fact that it appearsin an approxi-
mativ e algebraic description of structure spaces (moduli spacesof closedmanifolds
equipped with a homotopy equivalenceto a xed manifold M). See[WW3]. Here
we shav that  commutes with external productsja fact which greatly facilitates
calculations.

Adopting a convention from [WW3], we usualy denote spectra by boldface letters,
and the correspnding (zerof{th) in nite loop spaces by \unbold" letters. For exam-
ple, K (C) is an in nite loop space, and K (C) is a spectrum.

Typesetby Ap S-TEX
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1. External Pr oducts

We assumethat the readeris familiar with the S construction and the de nition
K(O = jwS {, from [Wald]. For reasonsgiven on p. 330 of the same source,
K (O is anin nite loop space(\T o pursue the analogy with Segal'sversion::: ").
For external products, we quote directly from p. 342 (same source):

\W e digressto indicate in which way the twice de-looped K {theory wS S C s
usedin de ning products, or better, external pairings (products are induced from
those). The ingredient that one needsis a bi{exact functor of categorieswith
co brations and weak equivalences.This isafunctor A B! C (A;B)7! A"B,
having the property that for every A 2 A and B 2 B the partial functors A" ? and
?” B are exact, and where in addition the following more technical condition must
also be satis ed; namely, for every pair of co brations A 7! A®and B 7! B%in A
and B, respectively, the induced square of co brations in C must be admissiblein
the sensethat the map A°* B[ ang A2 B%!  A°r BOis aco bration. A bi{exact
functor inducesa map, of bisimplicial bicategories

WSA wSB ! wwSSC
which upon passageto geometric realization factors through the smashproduct
jJWwS AjMjwS B ! jwwS S g
and in turn induces
jwS Aj* jwS Bj ! jwwS S g:

This is the desired pairing in K {theory in view of the homotopy equivalence of
jwS G with  jwS S (, and a (much more innocert) homotopy equivalence of
wS S Cwith wwS S C which we will have occasionlater on to considerin detail
(the “swallowing lemma'::: )."

2. External  products and SW pr oducts

Here we recall as brie y as possiblethe notion of an SW product and combine
it with external products as in the preceding section. As usual, C is a category
with co brations and weak equivalences. In addition we assumethat the weak
equivalencesin C satisfy the saturation axiom [Wald], and that the category Y of
compact pointed CW {spacesand pointed cellular mapsacts on C. The action map

Y C! C; (v;e)7my~rcC
must be bi{exact, and assaiative up to natural coherence:
(2{1) XA(YNMNC)=(XrY)NC:

See[WW3, x4] for details and examples(categoriesof chain complexesqualify asa
rule). A Spanier{Whitehead product on Cis a covariant functor

(C;D)7!'C D



PRODUCTS AND DUALITY 3

from C Cto pointed spaces(meaning: well pointed spaceshomotopy equivalent
to CW{spaces)which takes pairs of weak equivalencesto homotopy equivalences,
and which is symmetric, bilinear, and nondegeneate. Here symmetry meansthat
C D is homeomorphicto D C by a natural homeomorphismwhose squareis
the identit y. Bilinearity means,informally and in the presenceof symmetry, that
for any xed D in Cthe functor C 7! C D takes homotopy pushout squares
in C to homotopy pullback squaresof pointed spaces,and that it takesthe zero
object to a contractible space. Nondggeneate meansthat, for any C in C, there
existsaB in C,ann 0Oandaclassin ,(B C) having properties similar to
those of a Spanier{Whitehead n{dualit y. (Again, see[WW3, x4] for details). The
mother/father of all SW products is in fact the following: C= Y, the category of
compact pointed CW spaces,with

X y= 1 1 (XrY):

To study external products and SW products, jointly, we now make the following

assumptions. A, B and C are categorieswith co brations and weak equivalences,
equipped with SW products 31, , and 3, respectively (and with the additional

featuresrequired, suc asan action of Y). As in x1, we assumethat

(A;B)7! AA B

is a bi{exact functor from A B to C. This must be compatible with the actions of
Y (a big mouthful):

(2{2) (X A)AB=X"(ANB)= A (X * B)

for X 2 Y, and theseisomorphismsmust be natural in X; A; B and consistert with
the isomorphisms(2{1) . (This meansthat any automorphism of X ~ (Y * (A" B))
obtained by combining (2{2) and (2{1) for A, B and Cis the identity, for all X;Y
in' Y and A in A and B in B. Equivalertly, expressionslike X ~ Y ~ A~ B are
well de ned in the sensethat di erent ways of inserting two pairs of brackets give
canonically isomorphic results.) Also, when X = S% in (2{2), there are canonical
isomorphismsX " A=A, X~ (A"B)=A"B, X "B =B by [WW3, 4.3],and
we require commutativit y of the diagram (lower row asin (2{2))

id id

A"NB ! A"NB ! A"B
2 2 2
? ? ?
y= y= y=
(rA)~rB ! SArA~rB) T AN (SN B):
Finally we needa natural map of pointed spaces
(2{3) (A 1A9"(B 2B9)! A~B) 3(A°* B9
(natural in A; B;A%B9. We imposetwo conditions on . Firstly, the square
(A 1AO)Q)(B , B9 I A7B) g(AO"BO)
?

5
=y =y
(A° 1A)" (B? 2B) I A°"B9 3(A"B)
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must commute (for the vertical arrows, usethe symmetry property of SW products).

Secondly supposethat 1 :S"! A ;Alisann{dualityandthat ,:S"! B B°
is an m{dualit y. Then the following composition must be an m + n{duality in C.

SAagn (A A9 (B ,BY 1 AAB) 5 (A°ABY):
Assuming all this, we shall construct external products

LAY~ LHB) | LHO
A Hz=2;K (A)» AH(z=2;K (B)) ! RA"(Z=2;K (C)

and we shall establish the commutativit y of the diagram

LH(A)gLH(B) ! LHg(C)
y * y
A H(z=2;K (A)) » B H(Z=2:K (B)) I A H(Z=2K (O):

3. Space level work

At this point we must refer to [WW3, x4] for notation and terminology. We
make two hypotheseson A, B and C. The rst is identical with [WW3, 4.7].

3.1. Hyp othesis. The suspensionmap [C;D]! [ C; D] is a bijection for all
C;D (in A, B or Casappropriate).

Here [C; D] is the set of equivalence classesof weak morphisms from C to D.
A weak morphism from C to D isadiagram C ! D; D (in A,BorC as
appropriate) where the arrow from D to D, is a weak equivalence.

3.2. Hyp othesis. The SW products ;, » onA and B, respectively, are bispec-
trum valued (two suspensiondirections) ; the SW product 3 on Cis 4{spectrum
valued (four suspensiondirections), and

‘(A 1A9"(B B9 ! (A~B) 3(A°~BH

is a natural map of 4{spectra.

Explanation. . We allow ourseles to modify the de nition of an SW product.
Instead of a detailed list of axioms, we give an example. Let A = B bethe category
of CW{sp ectra with nitely many cells ; let C be the category of CW{bisp ectra
(two suspension coordinates) with nitely many cells. We de ne

A 1A®=A~A% B ,B%=B~B% C sC’=cC~CP°

for A;A%in A and B;B%in B and C;C%in C. Then ; is bispectrum valued for
i = 1;2, and 4{spectrum valued for i = 3. We give the usual meaningto A~ B, so
that

(A;B) 7" AN B
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is a bi{exact functor from A B to C. The de nition of is obvious. The linearity
and nondegeneracyproperties of ; for i = 1;2;3 are well known. As for the
symmetry, note that the \usual' isomorphism from A ~ A%to A%~ A involves a
permutation of the suspension coordinates. The permutation is part of the list of
axioms that we suppressed.

In x5, we will justify these hypothesis by showing: it can be arranged. Recall
now that the maps of in nite loop spaces

LHA) 1 B(Z=2;K (A))

1
(30 LH(B) | H(z=2;K (B))
have been constructed (in [WW3, 4.13] and sequel) as simplicial maps from sim-
plicial setsto simplicial spaces (Here and in the following, simplicial often means:
incomplete simplicial, i.e. simplicial without degeneracyoperators.) If we adopt
this approad for A and B, which we will do, then we have to usea slightly di er-
ernt idea (more bisimplicial) for C, sincethe product of two (incomplete) simplicial
setsor spacesis (incomplete) bisimplicial. To start with, howewver, we recall (very
briey again) the details in (3{1), concerrating on the category A.

Let sp(A) be the set or classof symmetric Poincare objects in A. Suc a thing
is an object C in A together with a Z=2{map from (EZ=2). to C ; C which is
a 0{dualit y (when composedwith any nonzero pointed map from S° to (EZ=2). ).
Using more precise language, one could speak of a symmetric Poincare object of
formal dimension 0.

Let A[m] be the category of covariant functors from the poset pgm] (set of
nonempty facesof ™) to A. This comeswith the structure of a category with
co brations and weak equivalences,and with an SW product, lifted from A. See
[WWS3, 4.13]. Then

LH(A) := [m] 7! sp(A[m]) :

3.3. Remark. The n{th homotopy group ,(L"(A)) isisomorphicto the bordism
group of formally n-dimensional symmetric Poincare objects in A. The proof is
a little tricky, becauseas it stands L"(A) does not have the Kan property (for
incomplete simplicial sets,[RoSa]). Hereis a \hint": Call an object C in A[m] well
behavel (compare [WW2, x3]) if, asa functor from pgm] to A, it can be extended
to an intersection preservingfunctor € from the category of all CW{subspacesof

M to A. Here intersection preserving meansthat, for any two CW{subspaces
XY N the square

C(X\Y) ! E(Y)
2 :
y y
E(X) 1 EXTY)

consistsof co brations and is a pushout square. L"(A) hasan (incomplete) simpli-
cial subsetwhose m{simplices are the symmetric Poincare objects in A[m] which
are well behaved. The inclusion of this simplicial subsetis a homotopy equivalence
(see[WW2, 3.2, 3.3], and the simplicial subsethasthe Kan property.
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A symmetric Poincare object (formal dimension0) in A determinesa homotopy
xed point in the involutive model of K (A), that is, a point in H"(Z=2;K (A)).
Generalizing this from A to A[m], wherem 0, we have

(3{2) [m] 7! sp(A[m]) ! [m] 7! HP(Z=2;K (A[m])) :

This is the map , in view of an identi cation of its codomain with the Tate coho-
mology PI?H(Z:Z; K (A[m])). The identi cation can be made becausethe simplicial
spectrum [m] 7! K (A[m]) is an augmenta& Z,{r esolution of K (A).

Turning to C now, we choose a description of  which is more bisimplicial.
Let C/m; n] be the category of covariant functors from the poset pdm; n] (set of
nonempty facesof ™ ") to C. This comeswith the structure of a category with
co brations and weak equivalences,and with an SW product, lifted from C. Much
asin (3{2), we have

(3{3) [m;n] 7! sp(A[m;n]) ! [m;n] 7! H"(Z=2;K (Om; n]))

and we may hope that this is also a correct description of . Restricting (3{3)
to horizontal or vertical O{skeletons, what we have is in fact exactly in the
description (3{2). But then we only have to prove the following:

3.4. Lemma. The inclusions of horizontal zero{skeletons

[m] 7! sp(A[m; 0]) ! [m; n] 7! sp(A[m; n])
[m] 7t HH(Z=2;K (Om;0])) | [m;n] 7! H"(Z=2;K (Cm; n]))

are homotopy equivalences.

Proof. Let Y be any bisimplicial space(complete or incomplete). The standard
procedure for shaving that the inclusion of the horizontal O{skeleton in jYj is a
homotopy equivalenceis to shav that the appropriate degeneracyoperators induce
homotopy equivalences

[m] 7! Y [m; O] ! [m] 7! Y [m; n]
for all n 0. In the caseY[m;n] = sp(A[m; n]) we can verify this directly by

comparing homotopy groups. In the caseY [m;n] = HH(Z=2;K (dm; n])) we note
that, for xed n, the simplical spectrum with Z=2{action

[m] 7! K (Cm; n])
is an augmerted Z=2{resolution of K (C]0; n]), since

dm; n] = d0; n][m]:
Therefore

[m] 7! H(Z=2;K (dm;n])j ' B(ZzK (CO;n):
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Henceit is su cien t to verify that the degeneracyoperator which maps K (C0; 0])
to K (d0; n]) inducesa homotopy equivalenceof the Tate cohomologyspectra,

A (Z;K (00D T A (Zy;K (KON :

Since @ (Z,;| ) presenes co bration sequencesup to homotopy and annihilates
spectra with Z,{action which are induced [WW?2, 2.5, 2.6], we needonly show that
the co b er of the degeneracymap

K (d0;0]) ' K(CO;n]) orequivalertly K (C0]) ! K (dn])

is induced. But we know this already, aspart of the statemert that [n] 7! K (C[n])
is an augmerted Z=2{resolution.

Now it is easyto write down the required multiplications. From the assumptions
in x2, we have external products

(3(4) sp(A[m]) sp(B[n]) ! sp(Cm n]);
H"(Z=2;K (A[m])) H"(Z=2;K (B[n])) ! H"(z=2;K (Cm;n])):
The rst is obvious ; the secondneedssomecare. For any spectrum X with Z=2{
action, we can think of H"(Z=2;X ) asthe spaceof Z=2{maps from EZ=2 to X,
the zero{th in nite loop spaceof X . Applying this with X equalto K (A[m]) or
K (B[n]) or K (Cm; n]), we seethat what we needis a Z=2{map of spaces

K(A[m]) K(B[n]) ! K(dm;n])

to induce the secondmap in (3{4). We have such a map, using external products
asin x1. Of course,to make it into a Z=2{map, we have to use the appropriate
modelswith involution of K (A[m]), K ([B[n]) and K (CJm; n]), respectively. This is
not dicult. The important thing is to be exible and describe K (Cm; n]) asthe
double loop spaceof a fattened versionof jwwS S Cm; n]j, in cortrast to K (A[m])
and K (B[n]) which should be described in the usual way, as single loop spacesof
fattened versionsof jwS A[m]j and jwS B[n]j, respectively. Having said this, we
can take the geometric realizations of (3{4) to obtain a commutativ e diagram of
spaces and maps

LH(A)g LH(B) [ LHg(C)
y *© y
BH(Z,; K (A) » BH(Z5;K (A)) L BH(ZyK (A))

4. Spectr um level work

In this sectionwe needto allow somevariation of the SW products, which forces
us to write LH(A; 1) and K (A; 1) and so on for what was previously L "(A)
and K (A) and soon. (It may seemthat K (A; 1) doesnot depend on 1, but
as a spectrum with involution it does of course.) In particular, let 1 be the
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spectrum{valued SW product on A givenby A ;A%:= St~ (A ; A9. Dene
similarly 3, a bispectrum{valued SW product on C. We shall construct maps
LAA; D r LA )
LMC 9! LRG a)
RH(Z=2,K (A; 1) | BREZ2ZK (A 1))
AH(Z=2,K (G 3) ! BT(Z=2K (G 3))

(4{1)

with a number of useful properties most of which can be expressedthrough com-
mutativ e diagrams. The commutativ e diagrams are

LH(A; 1) L RREZ2K (A D)
(4(2) " "
LH(A; 1) I RHZ=2K (A 1))
LR(C 5) ! AMEZ=2,K(C 3))
(g 3 3 3
(4{3) y" y"
LH(C  3) I RAEZ=2;K (G 3))
LHA; )ALAB; 2) ! LH(C 3)
- 2 % 3
(4{4) y"~id y"
LH(A;  )ALAB; ) LG )
AHZ=2 K (A7 D) BREZ=2K (B 2) ! AR@EZ=2K (G )
(4(5) §nia =
BH(Z=2;K (A; 1))~ AHZ=2K (B; 1)) ! MHEZ=K(C ) :

Oncethe mapsin (4{1) have beenconstructed, comnmutativit y of the diagrams will

be obvious. The construction of the mapsis not di cult, but we needto be careful
about the meaning of susgnsion. Supposethat Y is a simplicial pointed space
(incomplete to begin with). The geometric realization of Y should be de ned as
the quotient of g, T ~ Y[m] by the usual relations. De ne another (incomplete)
simplicial pointed space Y by

Ym 1] m>0

Y [m] = m=0
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wheref : ,Y[n]! Y[m]equalsg :Y[n 1]! Y[m 1]providedf :[m]! [n]
extendsg:[m 1]! [n 1]andf(m) = n; whenf(m) 6 n, thenf isthe zero
map. It is easyto verify that

Y = JY]

For a complete simplicial spaceY, we must de ne Y in terms of generatorsand
relations: take the free simplicial pointed spacegeneratedby the spacesY[m 1]
in degree[m], for m > 0, and introduce relations to ensurethat

fod)y= g’

where x! is the n{dimensional generator correspnding to somex 2 Y[n 1], and
f :[m]! [n] extendsa monotoneg:[m 1]! [n 1], with f(m) = n. Also,
intro duce relations

f (x!) = basepoint

for any monotone f : [m] ! [n] sud that f(m) 6 n. It may be best to insist
that space meanssimplicial setin this construction, sothat simplicial spacemeans
bisimplicial set.

In the following, we shall not distinguish too much betweena simplicial pointed
spaceand its realization. In this spirit, we may substitute , for in (4{1). Wecan
then construct the required mapsby constructing suitable functors A[m 1]! A[m]
andCdm 1]! dm].

4.1. Construction. Identify nonempty facesof ™ with nonempty subsetss of
[m] = f0;1;:::;mg. For a covariant functor A from pgdm 1] (posetof nonempty
facesof ™ 1) to A, de ne another covariant functor "A from pom] to A by

A(srfmg) ifm2sandfmgé s
if not:

Induced maps are obvious. We now proceedto shaw that the functor A 7! "A from
A[m 1]to A[m] respects SW products up to a shift. In more detail: For A and A°
in A[m 1], there is a canonical inclusion map

(4{6) A (A% 1 A "A°
which is natural in A and A° makesthe diagram

A A A 1 "A°

<IN,
<OV

A0 A I "A0 A

commutativ e, and takes n{dualities to n{dualities for all n 0. In order to make
(4{6) explicit, we must recall the way in which 1 is lifted from A to A[m 1];
namely,
A 1A%= holim A(s) 1AYs)
s [m 1]
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for A and A%in A[m 1]. Then, by inspection,

"A 1 "AC = holim StA (A(s) 1 AYs) (S**(A 1AY A A

(Strictly speaking, the left{hand isomorphismisvalid only if 1 is strictly zero|
not just cortractible. In general,= shouldbereplacedby , but the inclusion s still
a homotopy equivalence.) In any case,we have established(4{6), and we conclude
that " inducesmaps

sp(A[m 1], 1) ! sp(A[m]; 1)
H™(Z=2;K (A[m 1], 1)) ! H"(Z=2;K (A[m]; 1))
of which the rst is a map of pointed sets(or classes)whereasthe secondis a map
of pointed spaces.Varying m now and taking geometric realizations, we get two of
the four mapsin (4{1):
LAA; D r LA )
MHZ=2K (A; 1) © BNEZ2K (A )

The other two are constructed in exactly the sameway.

4.2. Prop osition. The adjoints of the mapsin (4{1) are homotopy equivalences:

LfA; ! LRA; )

LAG o) ! LG )
BHZ=2K (A; 1) | BYEZ=2K (A D)
BHZ=2K (C 3) ! HBHZ=2K(C )

4.3. Remark. The meaning of (4{2) and (4{3) is that is a map of spectra.
The meaning of (4{4) and (4{5) is that certain external product maps are maps
of bispectra. The meaning of 4:2 is that all spectra and bispectra in sight are
{sp ectra.

Proof of 4.2. The rst map in the list is a homotopy equivalenceby a ched on
homotopy groups, so we concetrtrate on the third map in the list. This is adjoint
to the geometric realization of a simplicial map (third item in (4{1)) betweensim-
plicial in nite loop spaces,nduced by a simplicial map betweensimplicial spectra.
Sincethe relevant spectra are all ( 1){connected by construction, geometric real-
ization commutes with passagerom spectra to (zero{th) in nite loop spacesup to
homotopy equivalence[WW2, 1.3].

5. Technical Hypotheses

Note rst of all that in most casesof interest, hypotheses3.1 and 3.2 are satis ed
or can easily be arranged|one good reasonto skip this section. For the reader
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who does not want to skip it, we quote from [WW3, 4.11 "] with minor changes
in notation and numbering:

\ ::: what if A doesnot satisfy hypothesis3.1 ? We then force it by creating a
suitable stablecategory A, . The objects of A, are the sameasthoseof A, and a
morphism from C to D in A, is an elemen of

corl]im mora (S"* C; "2 D):

Sud a morphism is a co bration fweak equivalencey if it can be represered by a
co bration fweak equivalencgf : S"* C! S"~ D, for somen. The next lemma
is an easyconsequencef [Wald, 1.6.2].

5.1. Lemma. Theinclusion A A, inducesa homotopy equivalencefrom K (A)
to K (Ay).

It isnot di cult to extendthe action of Y on A to oneof Y onA, . By corntrast, it
is alittle hairy to extendor lift the product from A to A, . (For better distinction,
write | for the new product.) Let | bethe subcategory of the category of pointed
spacesgeneratedby the diagram of inclusion maps

SO I El
2 ra
? ?
y y
= I st I EZ
2 >
? ?
y y
E2 1 2 1 E}
2 ra
? ?
y y
E3 | S8 !
f)
?
y

where E[] and E" are the upper and lower hemispheresof S", respectively. Let
C | D bethe space(better, simplicial set) of almost natural transformations

XAY | (X~AC) (YAD) (X;Y in 1):

Here an almost natural transformation needonly be de ned for all X and Y in |
whose (nhaive) dimension is su cien tly large, and two almost natural transforma-
tions are consideredequalif they agreefor X and Y whosedimensionis su cien tly
large. Thanks to this little precaution, the rule (C;D) 7! C D is a functor on
A, A, . Finally, we needto know that the functors

(C;D)7'C D and (C;D)7'C | D

on A A arerelated by a chain of natural homotopy equivalences.This is easy(the
chain haslength two).
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5.2. Lemma. The functor (C;D) 7! C , D isan SW{product on A, . Further-
more, A, satis es (hypothesis3.1). "

(End of quotation.)

Now remenber that we are dealing with three categoriesA, B and C and a bi{
exact functor from A B to C, among other things. If we construct \stabilized"
categoriesA, and B, alongthe lines suggestedabove, then we should not construct
G in the sameway|b ecausethat would make it impossibleto extend the bi{exact
functor to one of the form

(5{1) A, B ! G:

Instead, we construct G asfollows: G hasthe sameobjects as C, and a morphism
from C to D in G is an elemen in

cg_li]mmorc(S“"S“"C; S"AS'AD):

Then the extension (5{1) is obvious.

We construct \stabilized" SW products ( 1) and ( 2); on A, and B, , re-
spectively, along the lines suggestedabove, but again we adopt a slightly di erent
approad to construct ( 3); onG . Namely, for CandD in G ,wedene C( 3); D
asthe spaceof almost natural transformations

W X Y Z ! (WAYAC) 3(X"AZAD)

where W; X;Y; Z are objectsin | . Then it is easyto extend the natural transfor-
mation (2{3) to one of the form

(5{2) (AC DAY (B( 2B 1 AAB)( 3) (A°2 B9

whereA; Alarein A, andB;BCarein B, . Summarizing, we have forced hypothesis
3.1 without losing anything substartial.

The SW products ( 1)1, ( 2)r and ( 3), have somespecial properties which
we can put to good use. Working in A, , and writing , instead of ( 1): , we have
natural homotopy eqivalences

A A1 (StAA) | A°

5{3 .
58) A | A%l A | (St~ A9

for A;A%in A,. They are de ned as follows: A point in A , A%is an almost
natural transformation, de ned for \most” X:;Y in | :

f:XAY I (XMA) (YMNAY:
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Fort 2 St, let f; be the natural transformation making

ft

XY | XA (SNA) (YAAD

2 2

(xy ) 7! (xity )y =y
(xAashay T1o((XAShAA) (YAA9

commutative. Thent 7! f, isaloopin (St~ A) , AC which establishesone half
of (5{3). The other half is similar, and we concludethat

(5{4) f(S"*A) (S A)jmin  Og

is an {bisp ectrum. Similarly, for B;B%in B, ,

(5{5) f(s~B) +(8~BYji;j Og

is an {bisp ectrum, and for C;C%in G ,

(5{6) f(s"rs~c) (829~ Chjm;n;i;j Og

is an {4{sp ectrum (four suspensiondirections). If C = A~ B and C°= A%~ BO
in (5{6), then we can use (5{2) to make a map of 4{spectra:

(5{4) * (5{5) ! (5{6):

We have forced hypothesis 3.2 now, taking (5{4), (5{5) and (5{6) asthe de nition
of the bispectrum valued (or 4{spectrum valued) SW products in A, , B, and G,
respectively.

6. Associa tivity and Commut ativity

Two important examplesof bi{exact functors are: the external product of re-
tractiv e spaces,and the tensor product of chain complexes. Both of these can be
madestrictly assaiativewith somee ort, and onemay wonderwhether the induced
external multiplication mapsin K {theory are also assaiative in somesense.The
samequestion can be asked for symmetric L {theory, and for the Tate cohomology
of Z=2 acting on K {theory, when de ned. For simplicity, we consider categoriesof
chain complexes,and for honesty, we consider symmetric L-theory and Tate coho-
mology of Z=2 acting on K {theory. We assumeor pretend that tensor products (of
rings, or of chain complexes)are strictly assaiative. This is one of the things that
\can be arranged", giventhat we are willing to replacethe category of rings, or the
category of chain complexesfor that matter, by any equivalent category See[May]
and further referencesgiven there.

Supposethat F is a covariant functor from rings with involution to spectra. We
shall try to say what an assaiative external product on F is. Naively, we want
mapsfrom F(Ry) " F(R2) to F(R; Rjy) for rings with involution R; and R», but
we cannot have them becauseF (R;) * F(R3) is a bispectrum and F(R; R3y) is
an ordinary spectrum. In the words of [Ad, p.60], we have to allow ab. It seems
that we have to introduce other functors, from rings with involution to bispectra,
trispectra, :::, n{spectra (indexed by Z") for any n > 0.
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6.1. Denition.  An assaiative external product on F consistsof

a sequenceof functors F,, from rings with involution to n{spectra (n > 0),
such that F; = F ;
maps of m + n{spectra

: Fm(Rl) A Fn(RZ) ! I:m+n(R1 RZ);

for all m; n > 0, which are asseiative ;
amap :S°% ! Fy(Z) sud that the following compositions are homotopy
equivalences,for every R and every n > O:

SAFa(R) " Fi@) " Fa(R) ! Fun(Z R)

Fa(R)A SO "

! Fn(R) " Fl(z) S (R Z):

If, in addition, eadh F,(R) comeswith a crosse&l action (explained below) of the
symmetric group n, natural in R, and

Fm(R1) M Fa(R2) ! Fn+n(R1 R2)

isa n n{map for arbitrary R; and R, then we speak of a commutative and
assiative external product.

Explanation. Let X be an n{spectrum (indexed by Z"). Any 2 | determines
an automorphism of Z" by permuting axes; we can usethis to re{index X . Call
the resulting n{spectrum X . Note that (| ) isafunctor. A crossel action of |
on X consistsofmaps X ! X ,for 2 ,,suchthat ( ) =( ) ( ).

6.2. Remark. If F is equipped with a commutative and assaiative external
product, then F(Z) is a homotopy assaiative and homotopy commutativ e ring
spectrum (sinceZ Z = Z). Isit an E; ring spectrum ? We suspect it is.

Essenially by interpreting the results of the previous sections,we are going to
show that the functors

R7!LYR); R 7! AH(Zz=2:K (R))

can be equipped with commutativ e and assaiativ e external products sud that
from L"(R) to A H(Z=2;K (R)) respects external products. Here we have abbre-
viated LH*(R) = LH(C(R)) and K (R) = K (C(R)), where C(R) is the category of
nitely generatedchain complexes(graded over Z) of left projective R{modules.
We must recall the (standard) SW product in C(R), and to do so we start with a
review of the Kan{Dold construction.

6.3. Reminder. The Kan{Dold construction assaiates to a chain complex C,
graded over the integers, a simplicial abelian group C sud that C [n] is the
abelian group of chain mapsfrom the cellular chain complexof the standard simplex

" to C. The Kan{Dold construction, restricted to chain complexesgraded over
the positive integers, is an equivalence of categories. For chain complexeswith



PRODUCTS AND DUALITY 15

nontrivial chain groups in negative degrees,it is useful to know how the Kan{
Dold construction behaveswith respect to suspension: there is a canonical map of
simplicial sets

(C) ! (C)
(The suspensionof a simplicial pointed set or simplicial pointed spacehasbeende-
ned in x4. In particular, if X = ", then we have a uniqgue nondegeneratesimplex
of dimensionn + 1 in N with characteristic map "*! | N, Composing

with the induced map on cellular chains, we have a way to map the n{chains in
( C ) tothe (n+ 1){chainsin ( C) .)

The Kan{Dold construction does not commute with tensor products up to iso-
morphism. Howewer, there is a natural homotopy equivalencefrom C D to
(C D) ,andit can be constructed using Eilenberg{Zilb er ideas.

Returning to our ring with involution R and the chain complex category C(R),
we note that C(R) is a category with co brations (=dimensionwise split injections)
and weak equivalences.For C;D in C(R) welet C D be the bispectrum

(™Y gr("D) min O :

(The tensor product of a simplicial right R{mo dule with a simplicial left R{module
is a simplicial abelian group.) Then is an SW product, and we can de ne

(6{1) F(R)=Fi(R):= L"(CR));  G(R)= Gi(R):= A "(Z=2;K (QR))) :

Here we usethe de nitions from around (3{2), sothat F(R) and G(R) are spectra
made up of simplicial setsand simplicial spacesrespectively. Now for the external
products: We have already seen(around (3{3)) competing de nitions of L "(C(R))
and A "H(Z=2;K (C(R))) as bispectra made up of bisimplicial setsand bisimplicial
spacesyespectively. For better distinction, we denotetheseconstructions by F,(R)
and G, (R), respectively. By a straightforward generalization, we can also construct
n{spectrum versions,made up of n{simplicial setsand n{simplicial spacesrespec-
tively: denotetheseby F,(R) and G, (R). In x3 and x4, we constructed external
products

Fm(R) Fh(R) ! Fm+n(R)
Gm(R)" Gh(R) ! Fm+n(R)

whenm = n = 1, but now it is clear that it will work for m;n > 0. We can
describe : S° ! Fy(Z) by specifying a point (O{simplex) in the zero{th space
of F1(Z), which is LY(Z). We choosethe point corresponding to Z, regardedas a
0{dimensional symmetric Poincare object. We de ne the unit map :S°%! G4(2)
as the composition of : S% 1 Fy(Z) with :Fy(Z)! G1(2). It is then easy
to verify that we have constructed commutativ e and assaiativ e external products
on F = F; and G = G4, and that respects the external products. That is,
:F1! G;pextendsto :F,! G, for all n> 0, commuting with and
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6.4. Prop osition. The spectrum M H(Z=2;K (R)) is a generalized Eilenberg{
MacLane spectrum, for every ring with involution R. It is also 4{p eriodic:

AHZz=2:K (R))' *AHZ=2:K (R)):

Proof. @ H(Z=2;K (R)) is a 2{lo cal spectrum, and a module spectrum over the ring

spectrum L "(Z). Now L H(Z) is 4{p eriodic (with the de nition we use,which agrees
with [Ra2]but not with [Ral]). Further, L "(Z) is a generalizedEilenberg{MacLane
spectrum when localized at the prime 2.

6.5. Remark. For the nonlinear version of 6.1, assumethat F is a functor from
spaceswith spherical bration to CW{spectra. (The \spaces" could be CW{spaces
or ENR's, and the spherical brations should be equipped with a distinguished
section.) The idea is that spacesreplace rings, and spherical brations replace
involutions ; instead of the tensor product of rings with involution, we have the
construction making (X ; ) out of (X; ) and(Y; ), where is our (bad)
notation for the b erwiseexternal smashproduct of and

An assaiative external product on F consistsof a sequenceof functors F, from
spaceswith spherical bration to n{spectra, n > 0, and natural transformations

TFm (X )M FA(Y; ) D Foen(XY; )
which are assaiative, and soon asin 6.1. For example, the functors

F(X; )= L"(&)
G(X; )= A (Z=2;K (&))

admit such external products (where G is the category of nite retractive CW{
spacesover X , with an SW product dependingon , see[WW3 4.17]). The map

L(G) P AR(Z=2K (&)

constructed in [WW2] or [WW3, x4] respects external products. None of this is
surprising. But proposition 6.4 doesnot generalizeto the nonlinear setting: L H(G)
is not 4{p eriodic, and it is not a generalizedEilenberg{MacLane spectrum localized
at 2, when X =
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