Hodge decompositions of Loday Symbols in K-theory and cyclic homology

Susan C. Geller ! and Charles A. Weibel 2

Department of Mathematics Department of Mathematics

Texas A&M University Rutgers University

College Station, Texas 77843 New Brunswick, New Jersey 08903
Abstract

In this paper we study the Hodge decompositions of K-theory and cyclic
homology induced by the operations * and A*, and in particular the decom-
position of the Loday symbols < x,y, ...,z >. Except in special cases, these
Loday symbols do not have pure Hodge index. In K,,(A) they can project into
every component Kff) for 2 < ¢ < n, and the projection of the Loday symbol
< x,y,...,z > into K,S”) is a multiple of the generalized Dennis-Stein symbol
< z,v, ...,z >. Our calculations disprove conjectures of Beilinson and Soulé in
K-theory, and of Gerstenhaber and Schack in Hochschild homology.
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The purpose of this paper is to improve our understanding of the Hodge decomposi-
tions of the higher K-theory K,.(A) and cyclic homology HC,(A) of a commutative ring
with unit A. To do this, we study the action of the operators 1/* and A* on Loday symbols,
which are elements in higher K-theory and/or cyclic homology. For simplicity, we shall

assume A is of finite type over a field ¢ of characteristic 0.

For Hochschild homology and cyclic homology, the Hodge decomposition means the
direct sum decompositions HH,,(A) = @?:OHHS)(A) and HC,,(A) = @?:OHCT(Li)(A) con-
structed in [GS], [FT], and [Lop] (see §1). They are given by the Eulerian idempotents in
the group ring QX,, and take their name from the fact, noted in [GS], that in a special
case they yield the classical Hodge decomposition of complex analytical cohomology. The
operations ¥ and \¥ on HH,(A) and HC,(A) are defined to be scalar multiplication on

each of the Hodge components:

Vi (x) = ke, AF(z) = (=1)*k for z € HHS)(A) or HCS)(A).

By the Hodge decomposition of the K-theory K,(A) of a commutative ring A we mean
the analogous decomposition of K,(A)q = K.(A) ® Q according to the eigenvalues of the

operators ¥ and \*:

K.(A)q = é K9 (A).

Elements of Kii)(A) are eigenvectors for each ¥* and A\*, the eigenvalues being k' and
(—1)*k*=L, respectively ([Hil, 4.7]). The groups K ,Ei)(A) are also the graded quotients for
the y-filtration of K, (A)q. A third interpretation is given by Beilinson in [B, 2.2.1]; for any
scheme X (such as X = Spec(A)) he writes H% (X, Q(i)) for KT(Li)(X), and calls these
the absolute (motivic) cohomology groups of X. Soulé proved in [S, 2.1] that Ky(f)(A) =0
for i > dim(A) + n, so that the Hodge decomposition of each K, (A) is finite.

The Hodge decomposition of Ky(A) is classically part of Grothendieck’s formulation
of the Riemann-Roch Theorem. K(()O)(A) is the “rank” H?(Spec(A), Q); the determinant
map induces an isomorphism Kél)(A) = Pic(A)q, and Kéi)(A) =0 for ¢ > dim(A). If A
is regular then Kéi)(A) is rationally the Chow group of codimension i cycles on Spec(A).
The Hodge decomposition of K7 (A) is less well understood. We know that K fo)(A) =0,
K{l)(A) is (rationally) the group A* of units of A, and that Kfi)(A) =0if i > dim(A)+1.
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For n > 2, the Hodge decomposition is not well-understood. Kratzer observed in [K,
6.8] that KT(LO)(A) = KT(LD(A) = 0, so the only possible Hodge indices 7 with K,gi)(A) #0
are i = 2,...,dim(A) + n. Some individual elements of K, (A) are known to have pure
Hodge index. For example, the Steinberg symbols {x1,...,z,} and generalized Dennis-
Stein symbols < 1, ..., z,, > are known to have pure Hodge index n, i.e., to lie in K,gn)(A).
(This follows from [Hil, 8.1] and [Lsym, 1.6]; see 2.2 below.)

In this paper we study the Hodge decomposition of Loday symbols, and show that
they usually don’t have pure Hodge index. Recall from [Lsym] that the K-theory Loday
symbol < x1,...,x, > is an element of K, (A), defined whenever x1x9 = ... = z;x,41 =

. = xpx1 = 0. There are corresponding Loday symbols in HH,,_1(A) and HC,,_1(A)
introduced in (2.5) below. For clarity, we shall only describe our results for the K-theory

Loday symbols; our results for HC-theory Loday symbols differs only by a shift in indices.

It turns out that the Hodge indices of the K-theory Loday symbol < z1,...,z, >
are restricted to the range 2 < ¢ < n. We prove in Theorem 2.10 that the top Hodge
component of this Loday symbol (lying in K m (A))is £1/(n—1)! times the corresponding
generalized Dennis-Stein symbol < z1,...,x, >. This generalizes Loday’s observation in
[Lsym] that < z,y >=+ < z,y > in Kéz)(A). More interesting results occur in K3, Ky
and K.

Example 0.1 (Fat point). (See §4.) Consider R = {[z,y, z]/(z,y, z)?, an Artinian ring
whose maximal ideal has square zero. The Loday symbol s =< z,y,z >¢€ K3(R) does
not have pure Hodge index. The Hodge components of s are 1(s +3) € Kéz)(R) and
t(s—3) € K:gg)(R), where 5 =< x, 2,y >. Note that 5 — s is the generalized Dennis-
Stein symbol < x,y, z > by [Lsym, 2.6]. On the other hand, in K4(R) the Loday symbols
<L z,y,z,y> and <K x,y,x,y > have pure Hodge index 3, but < z,x,y,y > has pure
Hodge index 2. In K5(R) all the Loday symbols project nontrivially into K é3)(R), but not
all have pure Hodge index 3. In particular, < z,z,y,y, 2 > has Hodge indices 2 and 3.

The difference of Loday symbols
< 37»55»,%.%2’» - <K yayaxaxaz>>

has pure Hodge index 2, i.e., it is a nonzero element contained in K éQ)(R).
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This nonzero element of K éz)(R) provides a counterexample to the conjecture, for-
mulated independently by Beilinson ([B, 2.2.2]; see [Sch, p.12]) and Soulé ([S, 2.9]), that
K,gi)(A) = 0 for i < n/2, or equivalently that HJ(L{) = 0 for j < 0. Here is a more geometric

counterexample:

Example 0.2 (Coordinate axes). (See 2.9.) Let R,,_1 = {[x1,...,zn]/(xix;,1 # j)
be the coordinate ring of the coordinate axes in affine m-space over £. Then the Loday
symbol < 1, ..., T, > in K,,,(R,,—1) projects nontrivially into K%)(Rm_l) for all 7 in the

range 2 < i < m.

Of course our rings are necessarily singular, so the conjecture may still hold for regular
rings. The following example shows that in the Beilinson—Soulé conjecture we cannot

replace b = n/2 by any lower bound b(n,A) which increases with n.

Example 0.3. (See 8.2.) When A = {[x,y,z]/(z,y,2)? every single one of the n — 1

symbols in K,,(A) having n — 2 x’s, one y and one z,
LT, x,..,T,Y, 2>, LT,T,...,T,Y,T, 2>, etc.,

projects nontrivially into KT(Li)(A) for all 7 in the range 2 < i < (n+ 1)/2. If i is outside

this range, the projections into K}(f)(A) are zero.

The corresponding Loday symbols in HH,,_1(A) and HC,,_1(A) have Hodge indices
in the same range, and also project nontrivially into the i component of the Hodge
decomposition for all 7 in the range 2 < i < (n+ 1)/2. This answers negatively a question
posed in [GS2, p.268] by showing that HHii)(A) does not vanish for i >> 0.

After we had found these examples, Soulé pointed out to us that Feigin and Tsygan had
already observed in [FT, 7.5.6] that the Beilinson-Soulé conjecture fails for A = F& I, 1?2 =
0, when I is an infinite-dimensional vector space over F. Our example 0.1 is a finite-
dimensional version of their counterexample, and our results contain more information
than theirs because we use the Eulerian idempotents e/ of [Barr] and [GS] as well as the

generating functions of Hanlon ([H]) for Hochschild and cyclic homology.



Our basic method is to compare K-theory with Hochschild and cyclic homology via
the Dennis trace map D : K,,(A) — HH,(A), where the Hochschild homology of A is
taken over the ground field £k = Q. Suppose that A = Aqg® A1 ® - - - is a graded f-algebra.
We shall use the following notation: if F is any functor from f-algebras to abelian groups,
we write F(A) for the kernel of the augmentation F(A) — F(Ag). A result in [Gw] states
that the map B : I-/I\ém_l(A) — Ij[\f-/Im(A) is an injection. We know from [Wnil] that the
Dennis trace map factors through cyclic homology:

Kn(A)SHC,, 1(A)2HH,,(A).
The following two results are proven in (2.3) and (3.1) below. Theorem 0.4 allows us to
detect nontrivial elements in the Hodge decomposition of K ii); Theorem 0.5 tells us when

an element projects nontrivially into K ii)(A).

Theorem 0.4. If A = Ay ® Ay @ --- is a graded (-algebra, then v commutes with the
operations ¥ and \*. The Dennis trace map only commutes with * and \¥ up to a

factor of k, in the sense that for x € K,(A) we have:
YED(x) = kD(¥*(x)) and \*D(z) = kD(\*(x)).

In other words, the Dennis trace map preserves Hodge filtrations, factoring as:

RO LHCN (A EHHY (4).

Remark 0.4.1. We believe that for every commutative ring A the Dennis trace map as
well as its lift D : K,,(4) — HC,,(A) satisfy ¥*D(x) = kD(¢)*(x)) modulo torsion, but
we have no proof. If the augmentation ideal is nilpotent, Theorem 0.4 is a consequence of

a theorem of Cathelineau ([C]), and was also asserted in [F'T, 7.5.5].

Theorem 0.5. Let A be a discrete Hodge algebra over a smooth Q-algebra /, i.e., an
algebra of the form A = [z, ..., x]/I, where I is an ideal generated by monomials. Then
the main result of [OW] implies that v : K,(A) — I/{\én_l(A) is an injection, the cyclic
homology being taken over Q. In particular, if i > n then Iz}(f)(A) = 0. Moreover, if i <n
then

RO (A) = HCY ) (4).
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The curious phrasing in 0.5 is due to the presence of a gap in the proof of the main
result of [OW]. In order to circumvent this gap, we have included an appendix proving the

following weaker assertion which is adequate for our purposes.

Proposition 0.6. Let zg, ..., z,, be elements of an {-algebra A such that xz;x;.1 = 0 for 0 <
1 <n and z,x9 = 0. Then there is a map from the multiple-relative cyclic homology group
HC,(A;xg,...,xy) to K,11(A; xg, ..., z,) sending the Loday symbol < xq, ..., > to the
Loday symbol < xq, ..., x, > . Moreover, this map commutes with the Adams operations

o,

We have organized this paper as follows. In §1, we describe the Hodge decompositions
of Hochschild and cyclic homology, mentioned above. In §2, we discuss the Dennis trace
map, prove Theorem 0.4, establish Example 0.2, and show that the top Hodge component
of a homology Loday symbol is a multiple of the corresponding Dennis-Stein symbol. In
§3, we use the main result of [OW] to prove Theorem 0.5 for discrete Hodge algebras.
In 84, we grind out explicit calculations of the Hodge decomposition of Loday symbols
in low dimensions (up to Kj5) and establish Example 0.1. In §5, we strengthen a result
of Burghelea and Vigué by showing that, if A = {[zg,...,zm]/(f) is the homogeneous
coordinate ring of a smooth hypersurface in projective space, then I/{\é’p(A) has pure

Hodge index (p if p < m, (p+ m)/2 if p > m). We also calculate these groups.

In the last three sections, we shift gears in order to calculate the dimensions of the
groups I/{\é: )(A). This uses a new tool, which we introduce in §6 — Hanlon’s generating
functions. In §7, we use this tool to calculate the Hodge decomposition of Loday symbols
involving only two variables, such as < z,z,y, ...,y >. In §8 we use Hanlon’s generat-
ing functions to analyze the Hodge decomposition of Loday symbols involving only three

variables, and verify Example 0.3.



§1. Hodge decomposition of HH and HC

1.1. HH ii) If A is a commutative f-algebra with identity and Q C ¢, the Hochschild
homology HH,(A) of A is the homology of the reduced bar complex C,(A) which has
Cn(A) = A®y A" (A = cokernel of ¢ — A). The symmetric group 3, acts on C,(A) on
the left by

o(ap®a1 ® ... @ ap) = ag @ Ag-1(1) @ ... ® Ag-1(p), T € L.

The Eulerian idempotents egf), i=1,...,n of [GS, §1] are mutually orthogonal (non-

central) idempotents in Q[X,] whose sum is 1. They commute with the boundary map
b in the bar complex in the sense that bel) = eg)_lb, so C is the direct sum of the
complexes C| where C) = e C,,. Writing HHT(Li)(A) for Hn(Cii)(A)), we obtain the

Hodge decomposition for Hochschild homology:
HH,(A) = HHY(A) @ --- @ HH{(A), n #0.
When n = 0, we take HHy(A) = HHéO)(A) = A. This choice is dictated by [LP, 2.4].

The idempotent el™ is the signature idempotent %E(—l)"a of Q[X,,] corresponding
to the sign representation ([GS, 1.3.iv]), and HH,(JL)(A) = 0 /4 the A-module of Kéhler
differentials of A over ¢ ([Lop, 3.5.d]). At the other extreme, M. Barr discovered el
in [Barr] and proved that H HT(LI)(A) is Harrison homology (also known as André-Quillen

homology) for commutative (-algebras. (R. Hain rediscovered el in [Hain].)

For 1 < < n, little is known about the idempotents eﬁf ). The character table for the
representations e’ )Q[Zn], n < 4 is given on p.117 of [H]. Hanlon also proves ([H, 5.13])that
the dimension of e )Q[Zn] equals the i*" Stirling number (the number of permutations in
Y, with exactly i cycles). In particular, eld) # 0 for 1 <1i <n. We refer the reader to [H]

for more information.

Examples 1.2. In Q[>¥2] = Q x Q we have:
m _ 1 N
)= L+ (2); ) = 201 (12).
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In Q[X3] we have:
el = %{2 — (123) — (132) + (12) + (23) — 2(13)};
e = L1+ (3));

1
e§3> = 62(—1)”0 =1- eél) — e:(f).

In Q[%4] each idempotent has 24 terms:

e = - (@)} + 5 (- D) + 3 () )

1<J i3,k
1<7j,k

+ (1234) + (1432) 4 (1243) — (1423) — (1324) — (1342) — (13)(24) + (12)(34)};
e = —el¥ + 1{1 + (14)(23)}

e = —efD 1 1 51— (19)(23));

(4):i2—1“
5 (=1)%0.

Since ¥, is large for n > 5, a more compact notation is necessary. Let i(c) be the
number of times i — 1 appears after 4 in the sequence {o~1(1),...,071(n)}, i.e., the number
of twists in the inverse permutation or the number of descents of the permutation. Let
Bj = Si0)=j—1(—1)%0. Thus B; = (—=1)77'4) where ¢}, is defined in [Lop, 1.5a]. Les
Reid (private communication) has shown that the el can be written in terms of the B;
as follows (cf. [Lop,2.8d]).

1
eV = 13 (3B1 = B2+ By — 3Bu);

1
el = —_(24B — 6B, + 4B3 — 6B, + 24Bs5);

120
2 _ 1
es’ = (50B1 — 5By + 5B, — 50B5>
120
1
e = T35 (35B1 + 5B — 5B + 5B4 + 35B5);
@ _ 1
es’ = (10B1 + 5By — 5By — 10B5>
120
) _ 1
€y " = 120(B1+BQ+33+B4+B5)



1
ell) = —(120B; — 24B, + 12B3 — 12B, + 24B5 — 120B);

720
el = 7;0 (274By — 26 B, + 4B;3 + 4By — 26B5 + 274Bg);

e = 7;0(22531 +15By — 15B3 + 15By — 15B5 — 225B4);
e = = 0(8531 + 25B5 — 585 — 5By + 2585 + 85B5);

el = 755 (15B1 +9B2 + 3B5 — 3B — 9B; — 1555);

e® = L (B, 4 Byt Byt Byt Bs + Bo):

720

Caveat lector 1.2.1. There are two ways of defining the multiplication in the symmetric
group, one as composition of functions (i.e.,working right to left), the other in reading
order (i.e., working left to right). For the first, the symmetric group acts on the left
(ie. o(ai,...,an) = (@g-1(1), - 0s-1(n))), and for the second it acts on the right (i.e.
o(a1,...,an) = (Ax(1), .-, Gy(n))). Our convention is the one used in [GS| and [Lop], namely
to use the composition of functions and the attendent left action. The other convention is
used in [LP]. Thus our listed e) are for the left action. In order to find the idempotents

-1 (%)

in each e;’. Many of the Eulerian idempotents

(1)

for the right action, simply send o to o

are invariant under this substitution, but for example e, ’ is not.

1.3. Symmetrizing idempotent. The following observation simplifies many calcula-
tions in Hochschild Homology. (See §4). Let p,, € 3,, denote the order-reversing involution
which interchanges i and n—i. The symmetrizing idempotentis o, = 5(1+(—1)"+1D/2p ).
For small n, we see from (1.2) that oo = eéQ), o3 = egf), and o4 = (2) + 64(14) =
$(1+ (14)(23)). In general, we know from [GS, 5.2] that o, = Sel?”) . Therefore if an
n-cycle is fixed (resp., annihilated) by o, its Hodge decomposition has only even (resp.,

odd) components.

1.4. HC!” Let B: Cn-1(A) — C,(A) be the Connes operator ([Co, p.96]) defined by

Bla1® - ®ay) =" 1 (D" V1Q6¢,0  Qa, Qa1 Q- Q aj_1.



By definition ([LQ)]), the cyclic homology HC,(A) is the homology of Connes’ double
complex ([Co, p.119]) Cpy = C,—, with vertical differential b and horizontal differential B.

, l 1
A®Z® — ARA — A «— 0
L ! !
AR A A — 0
l l
A 0
l
0

From [Lop, 2.14] we see that if A is commutative the map B shifts the Hodge decom-
position of C,(A) in that it sends Cr(f__ll) to C). Thus Connes’ double complex is the direct
sum of double complexes Cii), the p* column of C’ii) being the complex C’ff_p ) shifted P
places vertically so that CY is zero below the it" row. Writing H c (A) for Hn(Cii)), we

obtain the Hodge decomposition for cyclic homology:
HC,(A)=HCY(A) @& - & HCM(A), n#0.

Again, when n = 0, we take HCy(A) = HC'(()O)(A) = A. (This decomposition is from
[Lsym] and [NS]. It is also the decomposition of HC),(A) given in [FT, 5.3] and [LP, 2.4]
determined by the embedding HC,,(A) in H,1(gl(A)) and using the operations A\* on
H,11(gl(A)).) The it row of C') yields an isomorphism HCY" = Q7 /dQ"% " and the
edge maps HCS)(A) — HZ""(A) for 2 < i < n. If Ais smooth, these edge maps are
isomorphisms ([Lop, 4.6]) and HC’S)(A) = 0 for i < n/2. One of the main points of this

paper is that for general algebras A, H C’T(Li)(A) can be nonzero for i < n/2.

Variant 1.4.1. Following Goodwillie ([Gw, I1.3]), we can extend Connes’ double complex
to the entire half-plane above the line p = ¢; the periodic cyclic homology H P.(A) is the
homology of its total complex. Similarly we define the negative cyclic homology HC [ (A)
to be the homology of the total complex of the double complex obtained by taking that
part of the complex with p < 0 (but still above the line p = ¢). These double complexes

break up into the sum of complexes C\ (see [Nuss]), so we obtain Hodge decompositions
HP,(A) 2 T2, HPO(A);, HC; O(4) 2 12, HC,, O(4).
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We remark that H P,(ni)(A) ~H P,g,:i;), and that the map B factors as

HCUV(A) — HC,, D(A) — HHY(A).

Variant 1.4.2. If [ is an ideal in A, the relative Hochschild homology modules HH (A, I)
are obtained from the chain complex C,(A,I) which is the kernel of C,(A) — C.(A/I).

The symmetric group X, acts on C, (A, I) and we obtain a Hodge decomposition
HH,(A, )2 HHM(A,T)®--- & HHY(A,I), n #0.

The argument of 1.4 (and 1.4.1) gives an analogous Hodge decomposition of HC, (A, I),

etc. with the same ranges of Hodge indices as in loc. cit.

Similarly, if I and J are two ideals in A with zero intersection, the double rela-
tive Hochschild homology modules HH,(A,I,J) are obtained from the chain complex
C.(A,I,J) which is the kernel of both the maps C.(A,I) — C.(A/I,J/I) and
C.(A,J)— C.(A/J,1/J). The symmetric group ¥, acts on C,(A, I, J), so the argument
of 1.1, 1.4 and 1.4.1 gives Hodge decompositions for HH (A, I,J), HC.(A,1,J), etc. with

the same ranges of Hodge indices as in loc. cit.

1.5. SBI sequence. The usual SBI sequence of cyclic homology also has a Hodge
decomposition; it breaks up as the direct sum of the sequences

L HCOW

O (A32HCT VW EHED (W)L HCD (A2 HC) (4) -

ending in HHZ-(i)(A) — HC’Z-(i)(A) — 0. (See [Lop, 4.8] and [NS, Thm. 3].) If A =
Ag & Ay & --- is a graded f-algebra, and H is any functor from /-algebras to abelian
groups, we write H(A) for the kernel of the augmentation map H(A) — H(Ap), so that
H(A) = H(Ay) ® H(A). Tt is well-known ([Gw, 3.4.4]) that the S map is zero on HC, so

the SBI sequence breaks up into short exact sequences:

—— (i— B 77 (1)

0— " P 2EEY ()L (1) > 0.

We shall also use an alternate formulation, namely the epi-monic factorization of the map

BI:
(4) —— (i+1)
(A) = HH, 1, (4).

O

HH, (A)™°HC

n

11



1.6. Products. If A is a commutative f-algebra, its Hochschild homology is naturally a
graded algebra, via the shuffle product #. In fact, Ci*) is a bigraded chain algebra ([GS2,
p.267], [Kas|): C’T(Z)#Cflj ) - Cr(:;,ijn) . Consequently, the Hodge decomposition respects
products:

HHD(A)#HHD (A) C HHT) (A).

m—+n

This result was originally proven in [BV, 3.1(3)] using differential graded algebras.

1.7. Adams and Lambda operations. For each k > 1 we define operators ¢* and \*

on Hochschild and cyclic homology via the Hodge decomposition (cf. [Lop,2.8.g]), letting

Y* = multiplication by k! on HHii) and HCS)
A* = multiplication by (—1)*"'k% on HHY and HCW,

We may therefore think of the Hodge decomposition as the spectral decomposition for the
operators ¥ and A* acting on Hochschild and cyclic homology. Note that by (1.5) the
map B : HC,,(A) — HH, 1(A) satisfies ¥*B(z) = kB(y*z) and \*B(x) = kB(\*z).
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§2. The Dennis trace map

For any ring A, the Dennis trace map is a map D : K,,(A) — HH,,(A) from the
K-theory of A to the Hochschild homology of A. If A is a Q-algebra, D factors through
K,,(A)®Q, allowing us to compare the Hodge decomposition on K-theory with the Hodge

decompositions on Hochschild and cyclic homology.

Example 2.1. If ay,...,a, are units of A, the Steinberg symbol {aq,...,a,} lies in
K,gn)(A) by [Hil, 8.1]. Since D(a) = 9 lies in Q} = HHl(l)(A) and D preserves products
([I, 5.c.3]), it follows that D({ai,...,an}) = %1 AERRWA ‘{f—: e Q) = HHan)(A). By
definition (1.7) of the Adams operations in HH,(A), we see that

VED({ay,...,an}) = kD(*{ay, ...,an}) = K" D({aq, ..., an}).

2.2. Generalized Dennis-Stein symbols Suppose that A is a commutative ring and
that ay,...,a, € A are elements such that 1 — a;...a, is a unit. The generalized Dennis-
Stein symbol < ay, ...,a, > in K, (A) was constructed by Loday in [Lsym| and satisfies the

following skew-symmetry property (see [Lsym)]):
(D1) For o0 € Xy, < ag(1)s o Oo(n) >= (—1)7 < ai,...,a, >.
If each a; is a unit, then by [Lsym, 1.6] we have

<Ay, ey >={1—(ay---ay), (—=1)"as, (—=1)"as, ..., (—1)"a,}.

Using this formula, and the ring Z[z1, ..., 2, (1 — 21...2,) "1 27, ..., 2, 1], a well-known

calculation dating back to [D] shows that < aq, ..., a, > lies in Kr(ln)(A) and that
_ —day N--- Nday,

D(< ayy...,an >) = [— e ’A:HHén)(A).

Once again, Y*D(< ay, ..., a, >) = kDY < ay,...,a, >).

Remark 2.2.1. The Dennis-Stein symbol < aj,as > changed meaning circa 1980, the
new symbol being — < —aj,as > in the old notation. When n = 2, Loday’s generalized

symbol agrees with the new notation, i.e., what was once called — < —a1, as >. We include
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this comment in order to clarify [Lsym| where there are several typographical errors in his

explicit description of < a,b >.

Here is a third case in which we can say something about D. Let A = AgPpA1B---bea
graded Q-algebra. Inthe  notation of (1.5) we know from [Wms] and [Wnil] that K,,(A)
is a Q-module and that the image of D lands in the subgroup I-/I\ém_l(A) of Ij[\f-/Im(A).
Thus D factors as

Ko (A)SHC, 1 (A2 HH,,(A).

Theorem 2.3. If A= Ay ® A, @ --- is a graded Q-algebra, then:
(i) the map v commutes with the operations % and \*;
(ii) if # € K (A) then ¢*(D(z)) = kD(¢*(2));

(iii) the Dennis trace map preserves the Hodge decomposition of K,(A) in that it is the

direct sum of the component maps

ROy smeS ) Baa" (4),

Proof. By 1.4 and 1.7, it suffices to prove the assertions about v. Suppose first that
A,, = 0 for large n, i.e., that the augmentation ideal A, is nilpotent. In this case, the result

was asserted in [F'T, 7.5.5] and proven by Cathelineau in [C]. In fact, v is an isomorphism
by [GwK]: K$)(A) = HCU =D (4, Ay).

In the general case, write A(,) for A modulo the ideal A, © A,41 @ - -+, so that the
augmentation ideal of each A, is nilpotent. A simple weight argument (as in [GW, 2.2,
2.3]) shows that HC,(A) injects into the inverse limit of the I-/fé*(A(n)); in effect, the
weight w parts of Tot(C(A)) and Tot(C(A(y,))) are the same for all n > w. From the

diagram
KEW(A) = lime K@ (Awm)
N 2

~ — (i—1
we see that v sends K%)(A) into HC’,(n_l)(A) as desired. =
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Question 2.4. Does D respect the Hodge decomposition in the sense that D (K %)(A)) is

contained in HHLY (A)? Alternatively, for every commutative ring A and every = € K,,(A),
do we have ¥ D(z) = kD()*(x)), at least modulo torsion? It seems likely that this is true
even if we replace D by its lift D~ : K,,,(A) — HC,,(A) and use the Hodge decomposition
on HC, (A) given in (1.4.1). This is the case in (2.1), (2.2) and (2.3) because B factors
through HC (A).

2.5.

Loday symbols. Let A be an associative algebra and =z, ...,x, € A be elements

such that z;x;11 = 0 for 0 < i < n and z,z9 = 0. Attached to this data are three elements:

1)

The class of the cycle zg ® 11 ® -+ - ® x,, in HH,(A), called the Hochschild homology
Loday symbol,

The image I(zg ® 1 ® -+ ® z,) of the above symbol in HC,,(A), called the cyclic
homology Loday symbol and written < xg, ..., 2, >;

The K-theory Loday symbol < xg,...,x, > in K,11(A) constructed in [Lsym, 2.4]
as the Steinberg symbol associated to the pairwise commuting elementary matrices

612(.’130), ceey €n+1’1<.’13n) in Mn+1(A)I
L Lo, -y Tn, >= {e12(0);s oy €n41,1(20) } € Kpy1(A) = Ky (Mny1(4)).

We warn the reader that the K-theory identity < x¢,x1 >= — < x¢, 1 > differs by

a minus sign from [Lsym]|. In all three cases, note that we have the cyclic relation
KL XYy ey Ty To >= (—1)" K 20, T1, .0y Ty > .

For K-theory this is proven in [Lsym, 2.5]; for HH (and HC) it follows from applying
the operator bto 1 ® 1 ® - - - ® x,, ® xg.

Corollary 2.5.1. If A is a commutative Q-algebra, the Dennis trace map preserves the

Hodge decomposition of Loday symbols, and

VED(K zg, .o xn >) = kD(F < x0, ..., 1 >>).

Proof. By 2.3 this is true for the Loday symbol < zot, ..., znt > in K, (A[t]). The

result follows by naturality upon setting t = 1. =

15



Remark 2.5.2. If A is a Q-algebra, the Loday symbols live in a Q-vector space; if
q € Q, we have q < xo, ..., x, >=< qxq, ..., T, >. This is clear for Hochschild and cyclic
homology; for K-theory it follows from [Lsym, 2.5]. As a technical point, the K-theory Q-
vector space should be the space “nilK, (A)” of [Wnil]; the subgroup of K, (A) containing

the Loday symbols is divisible but may not be torsion free.

If n = 1, the K-theory Loday symbol < xg, z; >€ K(A) is the negative of the (new)
Dennis-Stein symbol < zg,x; >, and in HH;(A) & 9}4 we have < xg,x1 >= xodr;. For
n > 1, the following result was derived in C. Ogle’s thesis [Ogle T, 3.4]; cf. [Ogle I, p.243].
Because [Ogle T] is not published, we include the proof here.

Proposition 2.6. If A is an associative Z-algebra, the various Loday symbols are related

by the following equation in HH,,1(A):

D(K xg, ...,y >) = B(K X0, o0y, >) = Bl (g @ -+ @ ).

Proof (Ogle). As in (2.1), D(K xzg,...,zn >) is the shuffle product of the
D(e;j(z)) = eij(—x) ® e;5(x) in Cy(My,11(A)) because D preserves products. When
we take the trace map to C,(A), all the terms in the shuffle product vanish except those
differing by a cyclic permutation 7 from the trace of g ® e12(29) ® - - - ® €p41,1(xy ), Where

g is an upper triangular matrix, yielding

Z(—l)7T QD Tr-1(0) OTr-1(1) D - QTr-1(n) = BI(I‘O & ®l’n) = B(<< X0y ey Ty >>) u

sy

Corollary 2.7. If A is any commutative Q-algebra, then the Adams operations on Loday
symbols are related by

1
D" < xg, ..., wn >) = B* < 20, ... >) = E¢’“B(<< L0y ey Ty, ).

Proof. It suffices to prove this for A = Qlzo, ..., zn]/(zoz1 = ... = zpxo = 0). Since

&L Tg, ooy Ty >E Ky y1(A), we may use (2.3) and (1.7) to get
D(F < xg, ..., zy >) = Br(y* < xq, ..., 2 >)

1
= B(@bk KOy ey Ty >) = E?,ZJ’“B(<< TQy ey Ty > .0

16



Theorem 2.8. Suppose ay, ..., a,, are elements in an associative ring A such that a;a; =0
for © # j. Then the symmetric group ¥, acts on the set of K-theory Loday symbols
< ag, ..., an > by

0 L AQ, ey Uy S>=K A0, Ug-1(1), -+, Gg—1(n) >E Kpy1(A), for each o € Xy,
If A is a commutative Q-algebra and egf ) denotes the Eulerian idempotents in QX,,, then
the projection of < ay,...,a, > into Kf:ill)(A) is given by the Q-linear combination

eD & To, o Ty >

Proof. It suffices to consider the universal case, i.e., to suppose that A is the graded
ring Q[zo, ..., zn]/(x;x; = 0, © # j). By (2.3) and (2.6), el « xo, ..., Tn, > and the
projection of < xy, ..., x, > into [?7(:‘_;1)@@ both map to the linear combination of Loday
symbols e < z0, .2y > in HC,(A) under the map v : K,.1(A) — HC,(A). By

Theorem 3.1 below or by the appendix, v is an injection. =

Application 2.9. The universal ring in (2.8) is the coordinate ring R,, of the coordinate
axes in affine (n 4 1)-space. The Q-vector space K,(Ry,) is a ¥,-module under the per-
mutations o (x;) = x,-1(;) fixing 9. The ¥, -invariant submodule of I?nH(Rn) generated
by < xg,..., T, > is isomorphic to QX, because its image in I/fén(Rn) is isomorphic
to QX,,. The Hodge decomposition of this submodule is the decomposition of Q,, ac-
cording to the Eulerian idempotents. Since egf) # 0 for ¢ = 1,...,n, the corresponding
projections of < xg, ..., x, > into I?SLI)(R,@) are nonzero. This establishes Example 0.2

of the introduction.

Theorem 2.10. Let A be a commutative Q-algebra and a; € A be elements such that

ap] = ... = apag = 0. Then

(i) The Hochschild homology Loday symbol < ay, ..., a,, > projects into 2’y = HH,({L) (A)

as %aodal A= ANday,.

(ii) The composition Kn+1(A)2>HHn+1(A) — Q% sends < ag, ..., an, > to the form
%dao/\-u/\dan.

(iii) The projection pr,(ﬁ:gl) cKpi1(A) — K("+1)(A) sends the Loday symbol
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L AQy .., Ay > to —1/n! times the generalized Dennis-Stein symbol:

(n+1) _ 1
pnﬁrl LAy ey G S>= o L AQy ey Ay >

Proof. Recall from (1.1) that e{™ is the signature idempotent 3, >~(—1)%0. By the
definition of the shuffle product,

apdai N -+ Nda, = Z (—1)%a0 ® ag-1(1) @+ D Ag-1(p) = n!e,(nb”) L aAQy .y Ay >
oEY,

This establishes part (i). By (2.5.1), (2.6), (1.7) and part (i),
D(prg_fgl) LAYy vy Ay >) = egfll)D(<< AQy ey Ay >S>)
= egl?fll)B(<< AQy ey Ay >) = %Bl(aodal A ANday)
= %dao/\dal A+ ANday,.
By (2.2) this equals —% D(< aq, ..., a, >). For part (iii) we consider the universal ring

A = Q[xo, ..., zpn]/(zox1, ..., Trxo). By Theorem 2.3, the above computation shows that

the K-theory element

1
2 = n!prfﬁﬁ ) « A0y oeey Ay S>>+ < AQ,y vvy Apy >

is in the kernel of v : I?r(::;l)(A) — I/{\éin)(A) By Theorem 3.1 below or by the appendix,

v is an injection. Hence z = 0, which is the conclusion of (iii). =
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§3. Discrete Hodge Algebras

Let ¢ be a commutative ring containing Q. A discrete Hodge algebra over ¢ is a com-
mutative ring A of the form ¢[z1, ..., 2]/, where & is an ideal generated by monomials.
(See [DEP] for more details, including applications of discrete Hodge algebras to deforma-
tion theory.) Since A is graded, we know from 2.3 that the map v : K, (A) — I-/I\én_l(A)
is compatible with the Hodge decompositions on K-theory and cyclic homology (of Q-
algebras).

The following result effectively calculates I?n(A) However, it uses the main result of
[OW] which states that if I and J are ideals of a Q-algebra A such that I NJ = 0, then
v I?n(A,I, J) & I/{\én_l(A,I, J). At present, there is a gap in the proof of this result.
Nevertheless, we feel that the usefulness of the following result as an organizing principle

justifies its inclusion here.

Theorem 3.1. Let A be a discrete Hodge algebra over ¢, where £ is a smooth Q-algebra.
Assume that the main result of [OW] holds. Then v : K, (A) — I/{\én_l(A) is an injection,

the cyclic homology being taken over Q. Moreover:

o Ifi<mn, thenv: [?7(3)(14) = I/{\és__ll)(A),

~ ——(n—1
° If 1 = n, then the cokernel of v : Kfln)(A) — HC’;_1 :

puteable, and contains (Areqd/l) Qs Q?_l where A,eq 18 the reduced ring of A;

(A) is effectively com-

o Ifi>n, then I}S)(A) =0.

Example 3.2. When A = {[zy, ..., x|/ (x;x; = 0,7 # j), the ring of the coordinate axes,
Theorem 3.1 gives the Hodge decomposition of the conclusion of [GRW, 7.1], where the
cokernel is exactly (A/f) @, Q}~'. Before proving theorem 3.1, we isolate an important

special case: polynomial rings.
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Lemma 3.3. (Polynomial rings as discrete Hodge algebras) If A = {[zq,...,2,]

and ¢ is a smooth Q-algebra, then
K.(A) = K.(¥),
HCW(A) = HCW(¢), i #n, and

HCM(A) = HCM(0) & ] (a0 ) @0 Q8.
p=0

Proof. The K -theory formula is classical. Since A is graded, its de Rham cohomology is
trivial. By 1.4, }/E‘;Z)(Q[azl, <y Ty]) is zero if i # p and equals

-1 ~ +1
Qi/e/dﬂg/e = dﬂg/e c QZ/@

if # = p. The result now follows from the explicit form of Kassel’s base-change formula
given in [GRW, 5.6]. Note that the p = 0 term for I/féfln) is (A/0) @0 Q) =
Reduction 3.4. The following device allows us to assume that A is reduced, i.e., that
¥ is generated by square-free monomials. The nilradical I = nil(A) of A is generated by
square-free monomials, so A, = A/nil(A) is a reduced Hodge algebra. By [GwK] and [C],
there are isomorphisms v : Kr(li)(A,nil(A)) = H Cff)(A,nil(A)). By chasing the following
diagram we see that the theorem for A, implies the theorem for A.
KD (4,) - EPAD - KP4 - E)A) - ESAD
| 1= lv l 1=

——(i—1) ——(i—1)

. — HCY (A1) — HC,_,'(A) — HC, ,(4,) — .

Proof of Theorem 3.1. We now assume that A is a reduced Hodge algebra. Reduced
Hodge algebras are sometimes called Stanley-Reisner rings after the people who first inves-
tigated the combinatorial interpretation of such rings as “face rings” of simplicial complexes
(see [St], [DEP, I1.4]). Utilizing this interpretation, Vorst showed in [Vo, 3.4] that if A is
a reduced Hodge algebra but not a polynomial ring then for one of the indeterminates x
generating A the ideal I = x A has a complement J generated by squarefree monomials in
the sense that I NJ = 0. Therefore A/zA and D = A/(I + J) are reduced discrete Hodge

algebras generated by fewer variables than A, A/J = D|x], and there is a cartesian square:

A — AzA
| !

Dz] = D.
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We proceed by induction on 7, the number of variables generating A over ¢. Note that D|[z]
is a discrete Hodge algebra over ¢[x] in fewer variables than A, so the inductive hypothesis
and 3.3 apply to show that Kff)(D[a:])/Ky(f) (l]z]) = Ky(Li)(D)/Kff) (¢) injects into

. . . . n—1 e
HC,,(Dla))/HC,, (¢) = HC,),(D)/HC, (0) @ { fal/t®clq ifi=n
0 otherwise.

Moreover, when i = n the cokernel is effectively computeable and contains (D[x]/¢) ®,

QZL/_Ql. Since I = xD|x], it also follows from our inductive hypothesis that

K{P(Dlal, 1) = K (Dla) /R (D) — HOP (Dl 1) = HE, (Dla]) /HE, (D)
is an isomorphism if ¢ # n and when i = n, the cokernel contains I ®y Q?/_Ql > Dlx]/D &y
n—1
.

The main result of [OW] yields the isomorphisms in the following diagram.

K" (D), 1) — KYA L) —  K2AD - KD — e

| inj e v Ling ~|
. — HC A 1,0) — HC AT — HCUMDE,I) — e

n n

The five-lemma shows that the map v in the above diagram is an isomorphism for i # n,

and if 4 = n is an injection whose cokernel contains I ®, Q’Z/_Ql.

Finally, we arrive at the diagram:

KD am - kP4an - KP4 - KPum - KVAD
| | lv | l

. ~ e han — el - HE T -~ e

Since the inductive hypothesis applies to A/I, we can do a case-by-case analysis. If i > n,
then Ky(Li)(A,I) = IE@(A/I) =0, so I}S)(A) = 0. If ¢ < n, the first, second and fourth
vertical maps are isomorphisms, while the fifth map is an injection, so the third map (v) is
an isomorphism by the five-lemma. If ¢ = n, the first map is an isomorphism, the second
and fourth are injections, and the fifth map is the isomorphism 0 = 0; the third map is
therefore an injection by the five-lemma. The sequence of cokernels is therefore exact, so

n—1

the cokernel of the third map (v) is effectively computeable and contains (A/¢) ®, (2, Q- "
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§4. Low dimensional calculations

In this section we use the Eulerian idempotents el for n < 4 (listed in 1.2) to study
the Hodge decomposition of Loday symbols in low dimensions. The decomposition in K-
theory is obtained by computing the Hodge index of the corresponding symbol in cyclic
homology, and then appealing to either theorem 3.1 or the appendix. We shall write
< x,y > for both the K-theory Loday symbol and its image in cyclic homology.

4.1. The smallest Loday symbol which makes sense in a commutative ring A is the
Dennis-Stein symbol < z,y >= — < z,y >. Since Ky and HC; have trivial Hodge

decompositions, we have:

L x,y>€ Kéz)(A) and < x,y >€ HC’fl)(A).

4.2. Loday symbols in HC5; and K3. If xy = yz = zz = 0 then by 1.2 the cyclic
homology Loday symbol < x, vy, z > has Hodge decomposition

—_

eél) LT,Y,2>= _(<< x»y»z>>+<<x,z,y>>) GHCél)(A)

2
2) 1 (2)
es <<a:,y,z>>:§(<<x,y,z>>—<<a:,z,y>>)EHC’2 (A)
L < >
=—=<x2,¥,2
2 7y7

The corresponding Hodge decomposition in K-theory (the average in K éz), the difference

in K:gg)) was described in the introduction in (0.1).

4.2.1. If we specialize < x,y, z > by setting y = 2, the universal ring is
R = Q[z,y]/(zy,y?) which is discussed further in §7 below. By inspection, the Loday
symbol < z,y,y > has pure Hodge index:

L x,y,y S>€ HCS)(R), resp. K?Ez).

4.2.2. Clearly, if we specialize further we still have pure Hodge index, so if y? = 0 then

LY, Y,y >€ HC’él)(R), resp. Kéz).
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4.3. Loday symbols in HC5 and K. We now consider the Hodge decomposition for
the Loday symbol< x >=< z,y, z,w >. Thus we assume that xy = yz = zw = wz = 0.
In this generality the Loday symbol < X >»>=< x,w, z,y > also makes sense. By 1.2 the
Hodge decomposition of < x> in H(C is

1 1
eél) LxX> = §(<<x > - <KX >>)+ 65 € HC’?EI)(A), where

E=2rR20YQ0W + zTRYRWR®2Z — TR2ZOWRY — TRWR YR 2;

1
e < x> = F(€x>+<x>) e HC? (A);

1
6&3) LLX > = _6 < €r,Y,z,w >€ HC§3)(A)

Note that £ has no expression as a sum of Loday symbols in general. Therefore, when we
lift to K4(A) we have no simple expression for the component of Hodge index 2, but we

can say what the components of < x > of Hodge index 3 and 4 are:

1
S (€xX>+<xX>) € K (A);

1
~5 <z,Y,z,w> € Kf)(A).

4.3.1. If we add the equations xz = yw = 0, so that the universal case is the coordinate
axes in 4-space, R3 = Q[zo, x1, x2, x3]/(x;2; = 0,4 # j), then we can lift { to the following

sum of Loday symbols in K4(R3):
§:<< x,z,y,w>> —|-<<x,y,w,z>> - <<$»Z,way>> - <<1"w7y72>> .

This allows us to not only write the Hodge index 2 component of < x > in K f)(Rg), but

also to write the Dennis-Stein symbol as a sum of Loday symbols in K £4)(R3):

<z Y, z,w>=—K<X>+ KX > +E.

4.3.2. If we specialize to y = w so the universal case is A = Q[x,y, 2]/(xy = yz = 0),
then < x >=< X > and both £ and < z,y, 2z, y > vanish. Once more, the Loday symbol
< x > has pure Hodge index:

If zy =yz =0, then < z,y,z,y >€ HC’?EQ)(A) resp. Kf’)(A).
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Clearly any further specialization will lead to a Loday symbol of pure Hodge index. In
particular, this is true of the Loday symbols < z,y, z,y > (coordinates axes in 2-space),

L x,Y,y,y > and <€ z,x, z,r >= 0 (dual numbers).

4.3.3. If instead of setting y = w we specialize to z = w (with 22 = 0), then we get slightly
different phenomena. It is easy to see from 4.3.1 that < z,y, z, 2z >= 0. (This also follows
from axiom D1 of [Lsym]|.) Therefore the Hodge decomposition of < x >=< z,y, 2,2 >
has only 2 components:

1 . (1) (2)

§(<<x>>—<<x>>) € HC3/(A) or K,/ (A)

1
S(€x> +<x>) € HCP (A) or K{V(A).

Both these components are nonzero in the general case, because < X >=< x, 2, 2,y >=

— KL y,x, 2,z > is linearly independent from < x >.

4.3.4. There are two specializations of (4.3.3). They are both defined in zy = y? = 0, and
both have pure Hodge index:

< z,z,y,y> € HCM(A) or K2 (A);
<L T,Y,Y,Yy> € HC:)(,Q)(A) or Kf’)(A).

Of course it follows from this (or the rotation axiom) that < z,z, z,x >= 0.

4.4. Loday symbols in HC; and K;5. Finally, we consider the Hodge decomposition
of the Loday symbol < x >=< x¢, x1, 2, x3, x4 >. Writing < X > for

< X0, %4, T3, T2, T1 >, about the most we can easily say in this generality is that

|
() +e?) < x> = S(«x> - <2 >),

1
64(14) LxX> = _ﬂ < Zg,T1,T2,T3,T4 >,

1 1
e <« x> = 5 (X > + <X ) + o7 < w0, 21,0, 43,74 >

Thus we can describe the Hodge components of < x > in Kég’)(A) and Kés)(A), but we
have no general expression for the components of < x > in K éz)(A) and K §4)(A). All we
can do is describe the images in H Cil) (A) and H C’f’)(A) using the explicit description of
64(11) and 64(13) in Q[X4] provided in (1.2) above.
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4.4.1. If we further specialize to the ring Ry = Qlxo, ..., z4]/(x;2; = 0,7 # j) of the
coordinate axes in 5-space, then we can describe the Hodge decomposition of < x > in

K5(Ry4). For this it is convenient to introduce the notation o < x > as
0 L X >=<K o, La=1(1)s Lo—1(2)s LTo—1(3)) Lo—1(4) >€ K5(R4)

In this way the symmetric group ¥4 acts on the homogeneous Loday symbols, and the
component of < x > in HC’?(R;L) or K§i+1)(R4) is just eff) < x >. For example, the
Dennis-Stein symbol in HC&4)(R4) or K§5)(R4) is

L Ly ey Ty >= —246514) LxX >= Z (D)0 < x>

e A=DIN

4.4.2. Because of axiom (D1), the generalized Dennis-Stein symbol < zg, ..., x4 > vanishes
whenever we identify any two of the x;. By 1.3 we see that in such a case 64(12) L X >=
H(<Kx >+ <x>)in HC’ZEQ)(RAL) or Ké3)(R4). This leads to the question of the Hodge
decomposition of %(<< X > — < X >). By inspection, efll) < x > and eff’) < x>

remain nonzero if we have one pair, or even three of the variables the same.

If we identify two pairs of variables, the results are more interesting. We leave it to

the reader to use 1.2 and check the following assertions:

<tz z,yy>—<t,y,y,r,r> 1sin HCS) or KéQ);

Ltz y,r,y>—<ty,z,y, x> isin HC?E?’) or Ké4);

<Lt x,y,y,r> isin HCf) or Kég’).
People familiar with the card game of Poker will recognize that the further specializations
are the two “full house” Loday symbols < z,x,z,y,y > and < x,z,y,x,y >, the “4 of a

kind” < t,x,z,x,x > and the “5 of a kind” <« z, x, x, x,x >. These are all specializations
of < t,x,y,y, x>, so they have pure Hodge index, i.e., they all lie in HC’E) or Ké3).
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5 Complete intersections

In this section k will always denote a field of characteristic 0. For nice k-algebras, the
Hodge decomposition of Hochschild and cyclic homology partially vanishes. For example,
if A is a smooth algebra over k, then
0 i#En
O i=mn;

0 i<n/2

HCO(A) =S HZ™M(4) nj2<i<n
Q7 /dQ%t i =n.

() = {

(This decomposition follows easily from [LQ, 2.9]; see also [Lop, 4.6].) For example, if
i < n then HC’T(Li)(k[acl, a7t . 2w, 2;1]) is the degree 2i — n part of the exterior algebra
dzx .,

k[4zi .. 92m] which is a vector space over k of dimension ( m ) This shows that all of
x1 Tm, 2i—n

the HC’S)(A) in the range n/2 < i < n can indeed be nonzero.

Recall that a k-algebra A is a complete intersection if A = kl[zq,...,zm]/(f1,-, fr)
for some regular sequence fi,..., f,. The above vanishing result generalizes to complete

intersections.

Theorem 5.1. (Feigin-Tsygan) If A is a complete intersection (or even locally a complete
intersection) then HC’S)(A) =0 fori<n/2.

Proof. Since H C’T(Ll)(A) =H HT(LI)(A) is Harrison/André-Quillen homology (see [Lop,
4.6]), the case i = 1 was proven by André and Quillen (see [Q, 5.4]). Feigin and Tsygan
used this special case to deduce the general result in [FTC, Thm.5] and [FT, 6.5]. Note
that the decomposition used by Feigin-Tsygan agrees with ours by [LP, §4]. =

Corollary 5.2. If a graded ring A=k ® A1 ® ... is locally a complete intersection over a
field k of characteristic zero, then every Loday symbol in K, (A) belongs to the subspace

B KA.

n/2<i<n
That is, it projects to zero in Ky(f)(A) if either i <n/2 ori > n.
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Proof. A is a direct limit of rings which are locally complete intersections over Q, so

we may assume k = Q. The result then follows from 5.1 and 2.8.

In the rest of this section, we shall strengthen a result proven by Burghelia and Vigué
([BV, 4.3]) for k = C. Let f = f(xo,..., ;) be a homogeneous polynomial over k (a field
of characteristic 0), and consider the ring A = k[zg, ..., x]/(f). The Jacobian Criterion
implies that the following conditions are equivalent:

of

. of .
(i) Facs - 3o form a regular sequence in ko, ..., Tm).

(ii) The equations ;—f =0,.., ;—f = 0 have no nonzero solutions in ™+
x0 Tom

(i) If I is the ideal of A which is generated by 2L ... 2L then pu = dimy(A/I) is finite.

Oxg? """ Oxm

(iv) The affine scheme Spec(A) has an isolated singularity at zero.
(v) The equation f = 0 defines a smooth hypersurface in P}, namely Proj(A).

We are going to show that, if any of these equivalent conditions hold, we can calculate
HH,(A) and HC,(A) by following the method of [GRW, 1.10]. Write dz; for 1®x € k® A,
and let t € k® A ® A be any element of Hodge index 1 such that, considering ¢ as an

element of Cy(A):

bt)=Vf=>_ gﬂ{ida:i in Cy(A).

(If b(t) = V f then b(egl)t) = Vf, so the assumption that ¢ has Hodge index 1 is harmless.)

The following lemma is proven exactly as in [GRW, 2.5], and we omit the proof.

Lemma 5.3. HH.(A;k) is the graded algebra k[dxy, ..., dxy,, t]. If f has degree d and we
assign a “weight” of 2 to each x;, then t has “weight” 2d and topological degree 2d — 2.

Proposition 5.4. Suppose that f is a homogeneous polynomial defining a smooth hyper-
surface in P}, with homogeneous coordinate ring A = k[xo, ..., x]/(f). Let I denote the
ideal of A generated by 88—;;, vy % so that p = dimy(A/I) is finite. Then each HH,(A)

has pure Hodge index:
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HHY (A) = QY 0<p<m+1
HHy(A) = HHY"T(A) = A/T p=m+1+2j, j>0
HH™(A) = AT p=m+2j, j>1
Moreover, HH p,42;+1(A) is generated as an A-module by t7dzoA...\dxp,, and HH,y,42;(A)
is generated as an A-module by the cycle 7Y (—1)'z;dxo A ... A dz; A ... A dp,.

Using the well-known fact that H é*R)(A) = 0 for * # 0, we immediately obtain

Corollary 5.5. Let I-/I\é*(A) denote HC,.(A)/HC, (k). Then

- }/fé;p)(A) o in/k - QZJ;}C for0<p<m

HC,(A)=140 ' forp=m+2j+1, j>0
HCé,mﬂ)(A) ~ A/T forp=m-+25, j>1

and the following maps are isomorphisms for j > 1:

m-1q IN(m+.7) B m-+7+1
HHr(n+J5;)(A)—>HOm+2j (A)HHH;J:;;L)(A)-

Proof of 5.4. We use the spectral sequence EY? = A,® HH?(A; k) of [GRW,1.3]. Writing
A% for the graded exterior A-algebra A[dxy, ..., dz,,], we see that the spectral sequence has
te E?’Qd_z and

By =AYy - 2j(d—1)+i=q}.

Note that #/ A% has pure Hodge index j + i.

By multiplicativity ((GRW, 1.9]), the first nontrivial differential occurs in E3;_,, send-
ing t/w to jt/"Y(Vf Aw) for w € A%. Note that A%/(Vf AAL!) = Qi‘/k, so for j =0
the Kéhler differentials Qféx/k in HH;(A) appear in the row ¢ =i of E}%_,. For j # 0, the

E;% | term coming from /A’ is given by the homology of the chain complex

P, : O—>Aﬁ }4v—>-~-ﬁAX+1HO.

If we set R = k[zo, ..., ), then the complex P, is the Koszul complex Kﬁ(g—i., A) for the
sequence % o AL 0F 1 (—1)™ 2L ([SeM, IV-4]). Therefore the terms E3%_, are

° 8x0’_8x1" o 0T
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given by the Koszul homology HI*( ;mf. A). Since the 3 o - form a regular sequence in R
and generate I, we have ([SeM, IV-6])

of
Or,’
Because A = R/(f), the homology is zero for * # 0,1. Moreover, Ho(P,) = Q! =
A/I and Hy(P,) = Tor(R/I, A) = A/I on generator z = Z(—l)ixidxo/\.../\cia?i/\.../\dacm.

(The Tory calculation is an elementary exercise left to the reader.) Therefore the only

H,(P,) = H(

A)=TorB(R/I, A).

nonzero terms of Hodge index j + m in E}5 | are the (A/I)t/z in row ¢ = 2j(d — 1) +m
and the (A/I)t/~dxg...dx,, 2d — 3 rows below it. Consequently, E3% | = EZ*, and we

o

may read off the Hochschild homology of A directly from the rows. =

Application 5.6. (Truncated Polynomials) If £k is a field of characteristic 0 and
A = k[x]/(z"™1), then A/I = k[z]/(z"). The calculations of HH, and HC, of A as
a k-algebra given in 5.4 are well-known (see [GRW, 1.10], [C,1.2]): as an A-module,
HHQ(?(A) = HHQ(?Jrl(A) = A/I. By base-change (see [GRW, §5]) and Goodwillie’s The-
orem ([GwK]), we obtain the following more precise version of [GRW, 9.6], [C, 1.2]: con-
sidering A as a Q-algebra
HCP (k[z]/(a" ) = HCP (k) @ (k[z]/(2")) @1 Qg p/2<i<p
K (k[2]/ (@) = KD (k) @ (k[2]/(2™) @k Qg p/2<i<p.

Summing over ¢ yields
Kp(klz]/(z"11)) = Kp(k) @ (k[2]/(a™) @1 {2F,q ® g © % g @ .}

Taking k = Q, we see that there are no nonzero Loday symbols of the form < zt, ..., 2t» >
in K,(k[z]/(z™*1)) unless p is odd, in which case such Loday symbols (defined whenever
t; +tj+1 > n) have pure Hodge (p + 1)/2, i.e., they lie in Kéz)_l(A)

Application 5.7. (axes in the plane) If A = k[z,y]/(zy) then A/I = k, and the
following is a more precise version of both [GRW, 5.7 and 7.1] and [V]. For the cyclic

homology calculation, we consider A as a Q-algebra.

" “ Qil/Q p/2<i<p
HOP () /() = HOP () & 8 S & (Afky 0, 97, for i — p
0 otherwise
. , 2%i—p—2 .
Rkl o) = K e - { D pf2<i<p
0 otherwise
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The Loday symbols < x,y,x,y, -, z,y > lie in HC’S?_I(A) and Kéerl)(A), and they all

have pure Hodge index.
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§6 Hanlon’s generating functions

To determine the Hodge indices of Loday symbols in graded algebras which are not
complete intersections, we use the generating functions IIH(A) and IIC(A) developed by
P. Hanlon in [H, §7]. An r-fold graded k-algebra A is an algebra graded by r-tuples
w = (o, ...,a,) of nonnegative integers, i.e., A = @ A,. We let ,,C,(A) denote the
subgroup of C),(A) generated by all homogeneous terms ag ®@ a1 @ - - - ® ay,, with a; € A,,
and w = wg + ... + w,. The r-tuple w is called the weight of an element in ,,C),(A); cf.
[GRW, 1.1], [C], [H, 7.1]. As weight is preserved by the operators b and B, C.(A) is the
direct sum of subcomplexes ,,Ci(A). As weight in C,,(A) is preserved by the action of
the symmetric group, ,Cs(A) also has a Hodge decomposition when A is commutative.
Setting wHHii)(A) = H,(wCx(A)), etc., we have a double decomposition

HH.(A) =@ ~HHP(A); HO.(A) =P ~HC(A),...

Definition 6.1. (Hanlon [H, 7.3]) Suppose that k is a field and each A, is finite-
dimensional. Then for each w and i, only finitely many of the groups ,H Hff)(A) and
wH C,(f)(A) are nonzero, and these are finite-dimensional over k. Thus we can define the
Euler characteristics . .
Wi (4) = 3 (~1)"dim , HHD (A)
wx@ (4) = D (=1)"dim , HCP) (4).
For w = (a4, ...,a,), the symbol z" represents the monomial 27" ---z*. We can also
define the generating functions
IMH(A) = Y~ wxf (AN
MC(A) =Y wx @ (A)Nz"

which are power series in Z[A, z1, ..., 2,]. In particular,

Remark 6.1.1. Our notation differs slightly from Hanlon’s in that our A has a unit. If
Ao = k and A, is the augmentation ideal, in his notation we have IIH(A) = II(A4, A)
and IIC(A) = IIC (k) + TIC(A).
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Remark 6.1.2. Suppose / is an extension field of k, and each A,, and wHHy(f)(A) is
finite-dimensional over ¢. Then we can still define Euler characteristics and ITH (A) using
dimension over £. For example, if ¢ has transcendence degree d, then ITH (¢) = (1 — \)¢
and ITH(A®y f) = ITH(A)(1— \)4 for every k-algebra A such that each dimy(A,,) is finite.
The definitions of ., X(é)(A) still make sense for w # 0 if we use the /-module structure on

wHC,(A) given in [DW], but since HC,(¢) is not an ¢ module, we need another definition
when w = 0 to make sense out of IIC(A), such as that suggested by the following lemma.

Lemma 6.2. Suppose that k is a field, and each A,, is finite-dimensional over k. Then:

TIC(A) = %HH(A).

Proof. For each w and ¢ the SBI sequence
cWwHCY (WS eGPV E L HEO )L L HCD(A)- -
is finite. Therefore
wX37 (A) = wx& (A) =3 (-1 dim ,HCT P (4) = — wx&V(A).
Multiplying by A\'z* and adding yields ITH (A) —IIC(A) = —AIIC(A), whence the result. =
We now come to the main result of this section. Recall that the Poincaré series for A

is the power series P4(z) = >_(dim A,)z". Let Pa(z%) denote Pa(2{,...,2%), and let u(d)

denote the Mobius function of d.

Theorem 6.3. (Hanlon) Let A be a commutative r-fold graded algebra over a field k such
that Ag = k and each Ay, is finite dimensional. Then

£
d

[IH(A) = Pu(z) ﬁ Pa(zl) " 2eane HON
=1
and IIC'(A) is given by IIH(A)/(1 — ).

Proof. When r = 1 this is [H, 7.4 and 7.8] with a slight notational change (see 6.1.1).
Phil Hanlon has pointed out to us (in [HL]) that the proof goes through verbatim when
r>1.n
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Remark 6.3.1. The exponent for / = 1 is A, so the first two terms may be written as
P4(z)'™*. The exponent for £ =2 is —5(A? — \).

In order to perform calculations with 6.3, the following identity is very useful. Modulo

a typographical error, it is identity (6.2a) of [H].

Identity 6.4.

oo 1 Y 1
TS D DI CIET
E( z) 1 -z

Lemma 6.5.

- L i 1-)z
1 7z Zd\e p(d)xd — -1 )\z 21 21 1
[ e S

Proof. Since 1+ 2 = (1 — 22%)/(1 — 2%), the first equality follows from 6.4. The

second equality is straight forward. m

Application 6.6. Consider the truncated polynomial ring A = k[z]/(x?). Since Pa(z) =
1+ z, it follows from 6.5 that

TH(A) = (1+z)(11__7;t;)
= (L42)(1+ Y N =221
=1
1=0

IC(A) =TIC (k) + Y N2+,

There are only two terms of weight 2i + 1 in C,(A), namely < z,...,x >€ Cy;(A) and
Bl <z, >=1®02® - -®@x € Oy41(A). As the coefficient of 22T in IIH(A) is
AP — X1 it follows that

HHy) (A) = HCY) (A) = HHG T (4) = k
and that < z, ...,z >¢€ HC’;)(A). This provides an alternate proof of 5.6.
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Application 6.7. Consider the “axes in the plane”, A = k[z,y]/(zy). Since

Pa(z,y)=1+(@+y)+ -+ @ +y")+- = a _1m_)(giy_y),
it follows from 6.4 that
M (4) = Pa(e,y) T =2
= Paep -+ 21 ;fl(;y_ v
= (1= Py + A
=1+ (1= )(Paley) ~ 1) = (1= Ny

IC(A) = HC(k) + (Pa(z,y) — 1) = Y _ Na'y'.
i=1
We know from 5.7 that A'ziy’ corresponds to the Loday symbol < z,¥,...,2,y > in
H C’é:)_l(A) In fact, knowing that HC),(A) is 0 for n even and generated by the Loday
symbols for n odd, we can read off the Hodge indices of the Loday symbols from IIC(A).
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§7 Loday symbols in x and y.

In order to analyze the Hodge decomposition of Loday symbols in which the same
variable appears many times, we need only compute some of the coefficients in the gen-
erating function IIC(A). In the most trivial case, there is only one variable and we have
already seen in 5.6 and 6.6 that < x, ..., x >¢€ HC’S? (A). In the next case, there are many
x’s and only one y: < y,x,....,x >€ HC,(A). In this case we can determine the Hodge

decomposition using representation theory.

Theorem 7.1. Suppose that x> = xy = 0. Then the Loday symbol < vy, x,...x >> has
pure Hodge index. That is

(i) In cyclic homology it lies in either HC’;? (A) or HC’é?_l(A);

(ii) In K-theory it lies in either Kézi—i—l)(A) or Kézii)(A)

(2

Proof. The 1-dimensional subspace of C),(A) generated by the cycle y @z ® - @z
is isomorphic to the trivial representation of ¥,. By [H, 6.3] the multiplicity of this
representation in ey’ QY, is 1 if i = [%+] and 0 otherwise. Hence if i # [2F1] we
have e < Y, &,y ...,x >=01in HH,(A). This proves that the Hochschild Loday symbol
<L Y, x,...,x > lies in HH,(L[n

+1

2 ])(A). Part (i) is immediate. Because the universal ring
A = Qlz,y]/(xy) is a discrete Hodge algebra, part (ii) follows from Theorem 3.1 or from
the appendix. =

Remark 7.1.1. The permutation representation of ¥, is isomorphic to the subspace V'
of C},(A) with basis the other cycles t® -+ @ @y @ ® - - - representing < y, &, ..., >>.
By [H, 6.4], eV #0forl1 <i< ”TH By 7.1, the nonzero cycles in ey represent zero
in H HT(LZ)(A) for i # [”TH] This shows that care must be taken using this approach.

Theorem 7.2. Suppose that 22 = xy = 0. Then in HC,(A):

(1) The Loday symbols with two y’s and n — 1 x’s lie in HC’y(Ll)(A) @B HCr(f_z)(A) ®
HCr(f)(A), ¢ = [2L], and form a basis for the weight (n — 1,2) part of HC\(A).
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(2) For n <5, every Loday symbol has pure Hodge index: < x,y,x,y >€ HC?EQ)(A);

LY, x,Y, T, T >E HCf)(A) and < vy,r,y,T,T,r >E HC’é3)(A).

(3) Forn>6,setn=4p+j, w= (n—1,2) and £ = [%}]. Then dim wHC,(f)(A) =1,

1 7=2,3
: (1) _ J ’
dim ,HC,"’(A) {O =01
and for 2 <i</¥¢—2

j =2 and 7 odd

j =0 and ¢ even
otherwise .

dim ,HCW(A) =

NN -

Corollary 7.3. Consider the Loday symbol < y,y,x, ...,z > in HC,(B), where B =
klz, y]/(2?, zy, y?).

(i)

(ii)

(iii)

For n <5, this symbol has pure Hodge index [%]. That is, it lies in HCS), HC’:E,I),
HC’f), or HC’E(,Q).

Ifn is odd (n > 3), < y,y,,...,x > has pure Hodge index i = ”T_l, i.e., it lies in
HCy1(B).

If n is even (n > 6) the element < y,y,x,z,z,....,x > — < Y, T,Y, T, T, ...,r > has
pure Hodge index [§], i.e., it lies in HC’&)(B).

Proof of 7.2. For simplicity, we shall write z*y7 for z(*7). For A = k[z, y]/(z?, zy)

we have Py(z,y) = 1le + 2. Modulo y3, we have Pa(x,y) = (1 +x +y + y?) and

OO £
TLH(A) = Pa(,y) Pae,y) (1 + 22 + y2) 3O T (1 4 2f) 7 2O
=3

To simplify this, we note that modulo y?:

A1 =N
2

=(1+ x)_’\{l +x+(1-Ny+(1—-XN)[1—- %(1 + x)_l]yz};

Pa(z,y) ™= (1+2) M+ 1 =0 +2) My +y%) - (1+a2)7 7y
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-3 A=A

(L +y) 720 = (L) 2V 14 (14 2?) T S )
Again we compute modulo y? that
A _ A=A
(L) + (1= Ay + (= W= 52+ (102 2 gy

=(1+z)+ (1= Ny + (1= Ny*(1+ A1),

1 1+ 1 4
_ - o —(1— 7,—|—1'
Wherel—2{1 771 F=( x)igox

Combining all this and using Identities 6.4 and 6.5, we see that modulo y3

(T (1) + (1= Ny + (1= A(1+ AT

1— Az 1— Az
1-— )\xz)y+ (1 - )\$2)
The term in IIC(A) involving just one y is given by 6.5:

1 -z — i .2 — i 2i—
(m)y: > NPy = NPy,
i=0 i=1

This provides an alternative proof of Theorem 7.1.

TIH (A)

IC(A) = IC(k[z] /=) + ( y2(1+ \T).

The term in IIC(A) involving exactly two y’s is y? times

L - Az i 2 =
(T (L4 AT) = {1 = 3N (L —a) {1+ M1 —2) )2}
i=1 =
=1+XM1—-2) Zx4j+1 _ Z)\iin—Q[l e szxj(l — 93 4 22)]

=122 + 2% — 32+ A+ 202 — A+ A2+ A28 + - -
For p > 1, the coefficient of (—1)/T1z4P+iy? in TIC(A) is:
AN+ A2 a2t =
A+2A% + A% AP AL o
AFAZE X4 X)) NP2 =9
207 + N 4 AP NPT =3
From our low-dimensional calculations, we see that the first few terms correspond to the
fact that < z,y,x,y >¢€ HC§2)(A), and < y,z,y,x,r >E HCf)(A). Since the cyclic
relation implies that < y, x, z,y, x,x >= 0, we have < y, x,y, x,x,x >€ HC’ég)(A). The

rest of the theorem follows from the following Lemma.
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Lemma 7.4. For A = k[z,y]/(2% xy), the only terms in HC,(A) of weight

w = (n—1,2) liein HC,,(A). A basis for ., HC,,(A), n > 2, is formed by the Loday symbols
<Y, T,...,T,Y,T,...,x > with the second y occurring in the i*" slot for 2 < i < n/2 and
fori = (n+1)/2 when n =45 — 1.

Proof of Lemma 7.4. Set N = (”erl) — (n+1). In the Hochschild complex, there
are N terms in C),(A) and Cj,41(A) of the form -+ - QyR2r®-- - r@YR--- (resp. 1®@---®
YRr®- - Qry---) with the two y’s not cyclically adjacent; call these of “Loday type”.
There are also n + 1 terms in C,(A) and C,11(A) of the form -+ - @y y®--- (resp. 1 ®
e RYUAYR - or lRYyRx---®x ®y); call these “bad”. Finally, there are n terms in
Cn_1(A) and C,,(A) of the form - - -®@y?®@- -+ (resp. 1®---®y?®- - +); call these “induced”.
The above symbols form a basis for ,,C4(A). By inspection, the subcomplex of symbols
of Loday type is a summand of ,,C,(A), and its n‘* homology has the prescribed Loday

symbols as a basis. The complementary summand is the complex

(*) 0 — K12k @ g Bk — 0

generated by the bad symbols and induced symbols. Now the relation
VByRy®r®---®z)=-Bl’r®- - Q)

and the argument given above for one y show that (*) is exact. Hence ,,H H,(A) has the

prescribed Loday symbols as a basis, ,HH,_1(A) = 0, and we have isomorphisms

o

wHHn(A)7wHCn(A)

w | IR

WHH, (1 (A). =

Proof of 7.3. For n <4 the Hodge decompositions are given in (4.2.1), (4.3.2), and
(4.4.2). For n > 5 we calculate using the generating functions. Set w = (n — 1,2). Since
Pg(x,y) = 1+ 2z +y, the calculation of IIC(B) modulo y3 is the same as for IIC(A) except
that the term 1 + AT is replaced by AT. Thus modulo 3

IIC(B) =TIC(A) — y* + Z N(2% 7y — 2%y?),
i=1

Thus for n > 2 we have a short exact sequence

i i koi=l[g
OﬁwHCSL)(A)*chfl)(B)_){O z)the[ris]/ise_)()'
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Since , HC,,(B) is entirely generated by Loday symbols, and all but < y,y, x, ..., x >> come
from Loday symbols in ,, HC),(A), it follows that < y, y, x, ...x > projects nontrivially into
wHC’fL[%])(B). By theorem 7.2, ,, HC,,(A) = 0 for all i > 1; it follows that < y,y, z, ...,z >
lies in H C’éZ)H(B) For n even we need another argument because ., H Cg?(A) = k. We
use the shuffle product HHfl)(B) ®HH§2:})(B) — HHéZ)(B) described in (1.6). We have
just shown that < y,y,zx,...,x >€ HHéij)(B). Since

1I)#YRYRr®---Rz)=(Y®rRYRr®rR - ®z)— (YYRr® - x),

it follows that < y, z,y,z,x, ..., > — < y,y, x, ...,z > lies in HH;)(B). n
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68 Loday symbols in z, y and z

In this section we consider Loday symbols in three variables. For simplicity, we first

consider Loday symbols with exactly one y, exactly one z and many x’s.

Theorem 8.1. Let A = k[z,y,z]/(x,y, 2)? and let V denote the subspace of HC,,(A)
generated by the n Loday symbols < z,y,x,..,x>,...,.< z,x, ...,x,y > with exactly one
y and exactly one z. Then V is isomorphic to the permutation representation of ¥,, in

such a way that the projection of V' into HCT(f)(A) is eV

Forn=1,<K z,y >€ HC’P)(A); for n = 2 the Hodge decomposition eél)V = eéz)V =
k is described in (4.2). For n > 3

1 i=1
' . 92 2<Z‘<n_+1
im(e,,” V') 1 i=%+1andn is even

0 otherwise.

For2 <i< ”TH, each of these n Loday symbols projects nontrivially into H C,(f)(A).

Corollary 8.2. When A = klz,y,2]/(x,y, 2)?, every single one of the n Loday symbols
L Z2,Y, Ly ey >0, KL 2, T, ..., T, Y > projects nontrivially into K,@(A), 2<i1< ”TH and
projects to zero in KT(Li)(A) ifi > 2

Proof of 8.1. Let V' denote the subspace of the Hochschild chain complex C,,(A)
generated by the cycles 2 QyRr® - Qx,....20r® -z ®y. By (1.1), 3, acts on
V', and V' is isomorphic to the permutation representation. Since V'’ maps isomorphically

onto V' C HC,,(A), this proves the first part of the theorem.

Now V'’ is the direct sum of the trivial representation V; and the irreducible represen-
tation V; corresponding to the partition 4 = (n—1,1). On V}, e,(f ) is multiplication by the
multiplicity m;; of V; in egf )QEn, so dim egf 'V is m;o +m;1. Reading off the multiplicities
from [H,6.3 and 6.4] yields the final assertions of the theorem. m

Alternate proof of 8.1. We are interested in the coefficient of z"yz in IIC(A), so

we may compute modulo y? and 22. Setting B = k[z,y]/(2?, xy, y?), and referring to the
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proof of Theorem 7.2, we compute mod y? that

MC(A) = {PZ; Z}l_/\HC’(B)
— (41— )\)ngl)(ll__;\jz)(i = 4y)
— TC(B) + 2(1 4 2)~1(1 — 1ix)<11_‘;;2)(1 +a 4y - Ay).

Using Lemma 6.5, we see that the coefficient of yz in IIC(A) is

-A (1—)\:E
14+2°1— Mz

)\ <
) = +Z/\Z$2Z_3(1—21‘+2(L’2—3$3+--->.
1+=x P

Therefore for n > 3 the coefficient of ™ 1yz is (—1)"*! times

iA”V?] A2 2P NPT ifp =2p >4
v A2\ 4 .+ 20P ifn=2p—1>3 u

We can use the shuffle product in order to find linear combinations of Loday symbols

that have pure Hodge index. For example:

Proposition 8.3. Let A = k[z,y, 2]/(x,y, 2)%. Then using only one z and one y, we have:

L2 Yy Ty ey B> — L 2, LY, Ty ey TS Foa— KL 2,2, .0, T, Y SE HC’énH)(A);

n

L2, XY, Xy ey >+ K 2, T, T T Yy Ty ey T Fnt K 2,2, 0, T, Y, T SE HCéZ)_l(A).

The corresponding K -theory symbols live in KéZﬁ)(A)and KSZH)(A), respectively.

Proof. In order to use the shuffle product we will work in Hochschild homology. By 7.1,
YRITR®...QT € HH;Z)_I(A). Specializing to y = 1 yields 1@z ®...Qx € HHQ(Z)_l(A). By
4.1, 2Qy € HHF)(A). Using (1.6), this yields 2@y # 12 ®..0x = 2QYRr®...QT —
2RrQYRLR...0T+ ... —2R02xQ .. T QY € HH§Z+1)(A). The second calculation is
similar, using the element 1 (2 ® y® z + 2 ®  ® y), which belongs to HHz(l) (A) by (4.2). =

Remark 8.3.1. We saw in (4.3.2) that < z,x,y,xz > is of pure Hodge index 2; this is a
special case of the second part of (8.3). For n > 4 no single Loday symbol has pure weight.

We leave it to the reader to compute such other smash products as suits the reader’s fancy.
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However, we note that if there are 2n x’s, then 1 ® * ® ... ® x is not a cycle, and hence is
not in H Hyy,41(A). Thus we cannot use the same argument as in 8.3 with an even number

of x’s.
Theorem 8.4. Set A = k[z,y, 2]/(zy, vz,yz).

(i) For every n there are only two independent Loday symbols in HC,,(A) with one z, and
the following symbols have pure Hodge index:

Lz, 0,9, 2,Y, ..., x> and < z,Y,T,Y,T,...,y > in HC’S?_l(A);
LT Y Ty Yy ooy T, Y >+ L 2, Y, T, Y, Ty ooy Yy T > in HCéZ)(A),
L2, T, Y, T, Y, oy TY > — L 2,Y, T, Y, Ty ., Y, > 1N HC’%H)(A);

(ii) In HC5(A), the Loday symbols < z,x,z,x,y,x > and < z,Yy,2,Y,x,y > have pure
Hodge index 3. The three Loday symbols with weight (2,2, 2) have mized Hodge indices
1 and 3.

(iii) For n > 6, the Loday symbols with exactly two z’s lie in the sum of the HC’fli)(A) with
1<4i< ”T‘F?’, and with the exception of HC’T(LI)(A)when n = 3(mod 4), all the HC,gi)(A)

contain a nonzero linear combination of these Loday symbols.

Proof. For A = k[z,vy, z]/(zy, z2,yz) we have Py = 1+ > (z° + y* + 2*). Setting
B = k[z,y]/(zy) and computing modulo 2?2 yields
IIH(A) = (Pg + 2)' 7 (P)* " '11H(B)
=1H(B) + (1 - \)z(Pg) 'IIH(B)
IIC(A) = IC(B) + 2(Pg) '1IH(B).
Referring to (6.7), we see that the coefficient of z in IIC(A) is

A —z)(1—y)
1— Ay

=1+ M-z —y+ay) + > Ny (1 -2 —y+ay).
1=2

(1- M)+

The coefficient of A\ corresponds to the Loday symbols < z,z >, < y,z >€ HC’fl)(A)
and (< 2,2,y > 4+ < 2,y,1>>) € HC’él)(A) described in (4.1) and (4.2). The elements
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of Hodge index 2 lying in HC5, HC3 and HC} were described in (4.2), (4.3.1) and (4.4.2);
they are %(<< 2,0,y > — L 2,y,x>>), Lz,x,y,x>, < z,yxy> and

1
§(<< Z7x7y7m7y>>+<<zayaxayax>>)'

We know by [GRW, 3.12] that HC(A) is spanned by Loday symbols, and the only Loday
symbols with one z are < z,z,y,z,... > and < z,y,z,y,z,... >. Thus the assertion (i)

follows from considering the symmetrizing idempotent (see 1.3).

In order to study the coefficient of 2% in IIC(A) it is useful to start with some low-
dimensional remarks. The only term of weight (0,0,2) is 22 € H Héo)(A). After that, the

smallest Loday symbols with 2 2’s are
Lz, x, 2,8 >, L z,x,2,y > and < z,y, 2,y >
which lie in HC’§2)(A) by (3.3.2). By (3.4.2), next come symbols in HC’f)(A):
L z2,x,2, 0,y >+ <L z,x,2,y, x> and <L 2,y,2,Y,x > + <K 2,Y,2,Y, T > .

The differences < z,z, 2, z,y > — < 2,2, 2,y,x > and < 2,y,2,y,r > —
< z2,y,z,x,y > lie in HC’E’)(A). Therefore the first few terms of the coefficient of 22 in
IIC(A) form the polynomial

t=1-X(2? + zy + %) + N2 (2%y + 2y?) + X3 (2%y + z1?).
Computing ITH (A) modulo 23 yields

IIH(A) {PB +z+z2}1—/\{PB(J:2,y2) +z2}%>\(1—/\)

HH(B) PB PB(x2,y2)
A=A A1 —=A
=+ (- NG+t - M gy A N apie oy
Referring to (6.7), we see that Pp(z?,y?) = %PB (z,y). Therefore the coefficient

of 22 is (1 — \)IIH(B)Pg" times

A(l—-2)1—y) MXA+4+2z2)(1+y)
1_5 1—a2y +§ 1+xy =1+

r+y—zy — z2y?)
1 — x2y?

).

From here a straightforward but tedious calculation shows that the coefficient of Az? in

IIC(A) is

—2?y’ + (z+y —ay — 2%y°) Y (2y)*
=1

oo
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the coefficient of A\222 in TIC(A) —t is
2y + {1+ +y— (27 +3zy + %) + 227y + 22y°)} ) (ay)¥,

Jj=1

and for ¢ > 3 the coefficient of A'2? in IIC(A) is

(zy) " {(z +y) — (@® + 22y + y*) + 2%y + 2y?) } + (2y)’

+H{(-2+2(z+y) — (2® + 4oy +y?))} Z(xy)i“j.
=1

Since the Loday symbols of weight w = (p, ¢,2) can only occur in HCpy441(A), we can
read off the dimension of the ., HCY (A) from this. =
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Appendix. A map from relative HC to K-theory

The purpose of this appendix is to prove the following result, which has Propo-
sition 0.6 as a special case.

Theorem A.0. Let Iy,...,1I,, beideals in a Q-algebra A such that NI; = 0. Then
there is a natural map

HC, (AL, ... I,) 2 K (A I, ..., Ly).

If x; € I; are such that x1x9 = ... = xz,21 = 0, then F sends the cyclic homol-
ogy Loday symbol v1 ® ... ® x, to the K-theory Loday symbol < x1...,x, >.
Moreover, if A is commutative then E commutes with the operations \* and *.

Our proof closely follows Cathelineau’s proof for a nilpotent ideal in [C], except
that we have used ideas from Ogle’s thesis [Ogle T] to finesse the gap in [OW].
(If the gap were fixed, the result would be that the map E is an isomorphism.)
We remark that we have chosen to work with combinatorial models rather than
GL(Q)-invariant models in order to simplify the argument. This means that we
must replace the invariant theory in [OW] by a more elementary combinatorial
result due to R. Aboughazi (this part of her thesis appears in [AO] as Thm. 1.1.12).

Let I be an ideal of a ring A. For each n, let T,,(A,I) denote the subgroup
of GL,(A) consisting of all n x n invertible matrices g with are strictly upper
triangular modulo I, i.e., such that ¢g;; € I 'if i > j and g;; — 1 € I for all ¢. The
corresponding Lie subalgebra t,,(A, I) of g, (A) consists of all matrices a € M,,(A)
such that a;; € I if i > j.

The above groups depend upon the choice of an ordered basis of A™. To remove
this dependence, note that for any o € GL,,(A) we can form the conjugate subgroup
T.(A,1)° = {g| ogo=* € T,(A,I)} and the Lie subalgebra t,(A,I)°. Via the
regular representation ¥, — GL,(A) of the symmetric group 3, this allows us to
write 7)Y and t¢ for any permutation o of the canonical basis of A™.

Now suppose we are given an m-tuple o = (01, ...,0,,) and m ideals I,..., I,
of A such that NI; = 0. Write T7(A; I,...,I,) and t7(A;I4,...,1I,,) for the
intersection of the T,,(A, I;)? and of the t,(A, I;)?¢, respectively. The groups 7.7
are nilpotent, because any commutator of length n is congruent to the identity
matrix modulo I; for all 7. Similarly, the t¢ are nilpotent Lie groups. If A is a
(Q-algebra, this implies that the exponential map

exp: 0 (A Iy, ..., I) = T2 (A I, ..oy Iy)

Typeset by AMS-TEX
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is well-defined and bijective. One of the main theorems of rational homotopy (see
[GwL, pp.391-3] or [OW, 2.3]) is that exp induces a natural isomorphism on rational
homology: N N

®:HI(7:Q) — H.(T7;Q) — H.(BT;;Q).

Here the left-hand term is Lie algebra homology, the middle is group homology,
and the right-hand term is the topological homology of the classifying space BT)J
of the group 7.

In order to construct A\-operations, we need to define exterior products on the 77
and t2 based on the canonical identification of A¥A™ with A(k), which is obtained
by putting the usual basis of A¥A™ in lexicographical order. This exterior product
construction requires that A be commutative. Since A* is a functor, it induces
maps A : gl,(4) — gl(»)(A) and AR GL,(A) — GL(7)(A). As observed in [C,
2.2], these are given by the explicit formulas:

(AR g) (i A Av) =) o1 A Ag(u) A A
(Aig) (v Ao Avg) =g(v) Ao A gog).

From these formulas, it is easy to make the following two observations: (1) if g
is upper triangular then so is A¥g; (2) if ¢ is a nilpotent matrix then A% exp(g) =
exp(A% g). From this (and naturality in A), we obtain the following commutative
diagram for all ¢ € GL,,(A):

k

A
(AL, ) = T (A T, T
k

(A.1) exp | exp |

k

A
ToO(A L, ... Iy) — T&’“)U(A;Il,... )

This is the analogue of diagram (1) in [C]. We remark that if o € ¥,, then A*o
is a monomial matrix which is not in general an element of the canonical subgroup
Y(ny of GL(n)(A). However, there is a 7 € X(n) such that (AFo)yr=t = 4§ is a

ka’

dia(g;nz;l matrix. Since ¢ fixes tem) and T| (m), we have té\g 3’ = t(TZ) and T(AZ) = T(TZ)
in (A.1).

Lemma A.2. The following diagram is commutative for every commutative Q-
algebra A, o € GL,(A) and ideals I, ... ,I,, such that NI; = 0:

Ak
H* (t?L(A7Ilv s 7Im)7@) —+> H* (t?’g?(A7Ilv s 7Im)7@)

P | s

A% K
H, (T(Ai L. 1n); Q) —  H. <T(Az)"(z4;11,--- ,Im);Q)-
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Proof: Cathelineau’s proof of Lemma 1 in [C] applies verbatim. We remark that
this proof is implicit in Goodwillie’s argument on p. 392 of [GwL].

Following [OW], we let X,, = XY (A; 1I,,...,I,,) denote the union of topological
subspaces BT7(A; I, ... ,I,,) of BGL,(A), the union being taken as ¢ runs over
all m-tuples of permutations in ¥,,. The superscript C stands for “combinatorial”,
in order to distinguish it from the “linear” model X = XL (A; I,,... , I,,) of [OW],
which is the union of the BT? (A; I1, ..., I,,) as o runs over all m-tuples of elements
in GL,(Q). X,, has an infinitesimal “Lie” analogue represented by the subcomplex

To =2 (AL, L) = > AG(A L. 1y
oceX,

of the Chevalley—Eilenberg complex A*gl, (A) used to compute the Lie algebra
homology H. (gl,,(A); Q).

Proposition A.3. For every Q-algebra A and ideals I; such that NI; = 0, and all
n, the exponential map induces isomorphisms

O, : H. (25 (AL, 1)) — Ho (XS (A5 L, 1) 5 Q)

fitting into a commutative diagram for each n and k:
k

ff*(wn)-ﬁié }¥*<x(z)>
o | o |

k

H(X;Q) = H,(X3)0Q).

Proof: This is Cor. 2.4 of [OW]; cf. IIL1.5 of [GwL]. The subcomplexes A*t¢ form
an “atomic” functor in the sense of [OW], so that H,(z,) is the homology of
the chain complex hocolim(A*tS). Since H.(x,) is the homology of the complex
hocolim(C(BT7)), the result follows from the hocolim spectral sequence 1.4 of

[OW].

Now set z = Uz, and X = UX,,. Following [LP] and [C], we define operations

k .
Y e N Rt
(A.3.1) o

i k =140\ .
AX,R=Z<—1>( | )Ax (X3 Q) — H.(X:Q)

]
=0

Now ¥ acts trivially on H,(x) and H,(X;Q) by an argument of Suslin, detailed
in [OW, 3.2]. Thus the maps )\’fhn and )\’f<7n are compatible with stabilization, and
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we can define endomorphisms )\f“F = lim /\’lfF , and A* = lim A% = on H,(z) and
R ) E— )
H.(X;Q).

As pointed out in [C], the direct sum of matrices provides the stable homology
H,(z) and H.(X;Q) with a product. Since the diagonal map gives them a coprod-
uct, they are in fact Hopf algebras. The map & = th ®,, is in fact an isomophism

of Hopf algebras, from H,(z) to H,(X; Q). Under this isomorphism, the operations
)\f“F and A% correspond. Writing P, for the primitive part of H,(z), we conclude as
in [C] that the operations A* restrict to make P, into a graded A-ring. It remains
to relate P, to cyclic homology and to K-theory.

Let Cp(A; L4, ..., 1I,) denote the intersection of the kernels of the maps m;,7 =
1,...,m. Since all the 7; are surjections, the homology of C.(A;I1,...,1I,) is the
m-~fold relative cyclic homology group HC.(A; I1,... , I,).

Now consider the Loday—Quillen map Tr o A : A*(gl(A) — C._1(A), restricted
to the subcomplex z(A;I1,...,1I,) of A*gl(A). Since composing Tr o A with any
projection m; : Cp(A) — C,(A/I;) sends each APT1t7(A/I;) to zero, it vanishes on
all of x,41. Therefore the image of x,4+1(A;11,...,1y) lands in C,(A; L1, ..., 1),
and the restriction x, — Cy_1(A; 11, ..., I,,) therefore induces a map on homology

P, C H*(CL’) — HC*_l(A;Il,... ,Im)

As pointed out in [C, 2.4], this Loday—Quillen map commutes with the A-operations
by the definition in [LP] of the A-operations on cyclic homology. This proves the
second part of

Theorem A.4. The map Tro\: P, — HC._1(A; I1,...,I,,) is an isomorphism.
If A is commutative, this isomorphism commutes with all the operations \*.

Proof: (Cf. [OW, 4.5]). C,_1(A;11,...,1,,) is generated by terms a1 @ ... ® a,
such that, for every ¢, some a; is in ;. For an appropriate o, the p-form

w=-ejz(ar) N...Nepi(ap)

isin APt (A; Iy, ..., 1) and Tr(A(w)) = a1 ®. .. ®a,. Hence the linear span W), of
forms of the type w forms a subspace of x, mapping onto Cp_1(A; I4,...,I,). By
inspection, each w is primitive. By Theorem 1.1.12 of [AO], P, is isomorphic under
the Loday—Quillen map with the homology of Tr o A\(W,.) = Cu_1(A; 11, ..., L),
which is what the first part of our theorem asserts.

Remark A.4.1. One could also consider the GL(Q)-invariant subcomplex z¥ =

Uxk of A*gl(A) generated by the t,(A;I1,...,I,). Theorems 3.3 and 4.5 of [OW]
state that H,(x") is a Hopf algebra whose primitive part is HC,_1(A4;I1,...,I).
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Therefore H, (%) = H,(2"). Using the natural map H, (%) — H,(X*;Q) —
H.(K(A;I,...,1,);Q) , this would yield a completely parallel proof of the main
result A.0 of this appendix.

We now turn to K-theory. Given ideals Iy,...,I, in a ring A, the m-fold
relative K-groups K, (A; I, ..., I,,) are the homotopy groups of a topological space

K(A;I,...,I,). One way to construct this space is to take the interated homotopy
fiber of the m-cube of spaces which at the vertex (eq,... ,€,) of the m-cube has
the space

K (A/ﬂ{[i L6 = 1}).

By this construction, the natural maps A\* : K,(A) — K, (A) induce endomorphisms
M of each group K,(A;I4,...,1I,) when A is commutative.

Theorem A.5. Let I1,..., I, be any family of ideals in a ring A. There is a nat-
ural topological map X (A;I,... ,I,) — K(A;I,...,1I,). If A is commutative,
the induced map of homotopy groups commutes with the operations \*.

Proof: Suslin proved in [Sus| that X (A) = X (A;0) C BGL(A) is naturally the
homotopy fiber of the plus construction BGL(A) — BGL(A)™. For every ideal I of
A, the map X©(A; 1) — BGL(A/I)* factors through X (A/I) and so is naturally
contractible. Therefore the map

X%(A;1,...,1,) — BGL(A) — K(A)

lifts to a natural map from X = X“(A4;1,,...,1,) to K(A;I,...,I,,). When A
is commutative, the argument used by Cathelineau in [C, 2.4] shows that this map
commutes with the A*. Indeed, the maps A\*¥ : BGL,(A) — BGL(A)T used to
define \* on K,(A) are given by formula (A.3.1), using the H-space structure of
BGL(A)T. These maps restrict to maps Ak : X — X T again given by (A.3.1).

Remark A.5.1. In [OW, 7.3] it is asserted, but not proven, that the map of
Theorem A.5 is a homology isomorphism. This is the crucial gap in the proof of
the Main Theorem 7.5 of [OW].

Definition A.6. For every QQ-algebra A and ideals I; such that NI; = 0, let
denote the composition:

HC,_1(AI,...,I,) = Prim H,2%(A;1h,...,I,) by A.4
>~ Prim H,X(A;I,...,1I,) by A.3
— Prim H,K(A;L1,...,1I,) by A.5

~ Ko (AT, .., 1)

If A is commutative, it follows from A.4, A.3 and A.5 that £ commutes with the
operations \¥. Therefore Theorem A.0 follows from the following calculation, which
is due to Ogle.
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Proposition A.6.1. Suppose given elements a; € I; such that a1as = ...ana; = 0.
Then E sends the cyclic homology Loday symbol < ay, ... ,a, > to the K-theory
Loday symbol < ai,... ,a, >>.

Proof: Given {a;} with ajas = ... = a,a; = 0, there is a map from the group Z" to
T?(A;I,...,I,,) sending the i*" generator to ei i+1(a;). This induces a map from
the torus T" = BZ™ to BT, and therefore a map of the associated Lie algebras
from Q" to t¢. By naturality, rational homotopy theory gives a commutative square

Q = H¢Q“Q — H:;Q — Hy, (29 (As I, ..., In))
o | ~| P ~|

12

Q Hn(TnaQ) — Hn(BTgaQ) I Hn(XC(A;Il7--- 7Im>§Q)-

From the proof of A.4 we see that the generator of the top left side maps to
L a0, >=[a1 ®...®a,] € Hy(x9(A; 11, ... ,I,)). The proof of [Ogle
I, 3.1] now applies to show that the image of a1 ® ... ® a, under the map F to
K, (A;I ..., 1I,) is the K-theory Loday symbol < a1, ... ,a, >.
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