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Abstract. We show that the entire cyclic cohomologyof Banach algebrasde�ned
by Conneshas the simplicial normalization property. A key tool in the proof is the
notion and properties of supertraceson the Cuntz algebra QA . As an exampleof
further applications of this technique we give a proof of the homotopy invarianceof
entire cyclic cohomology.
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1 In tro duction

One of the basic featuresof the non-commutativ e geometry introduced in the fun-
damental work of Connes[Co1, Co3] is that in order to have a good analogueof
the de Rham homology for non-commutativ e spacesone needsto introduce cyclic
cohomology, or more generally, theoriesof cyclic type, like periodic cyclic cohomol-
ogy. In particular, the periodic cyclic cohomologyis the natural target for the Chern
character map from K -homology. In the `�nite dimensional'situation, the K -cycles
are described by meansof p-summableFredholm modules,which are determinedby
a representation of an algebra A in a Hilbert spaceH together with an involution
F , acting on H , such that [F; a] 2 L p(H ) , for all a 2 A , where L p(H ) is the p-th
Schatten ideal in the algebraof boundedoperators on H . There are examplesthat
demonstrate that in certain situations the hypothesisof �nite summability should
be replacedby a weaker condition. The new condition of � -summability [Co2] is re-

ected on cyclic cohomologyby introduction of a growth condition on the cochains,
which are now elements of a certain Z=2-gradedcomplex, the entire cyclic cochain
complex.

We de�ne the entire cochain complexas follows. A cochain in this complex is a
possibly in�nite sequenceof multilinear functionals on A

(f 0; f 1; : : : ; f n ; : : :)

where f n : A 
 n+1 ! C . A cochain is called even (odd) if its components f n are
nonzerowhen n is even (odd). This way we obtain a Z=2-gradedcomplexequipped
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with the di�erential b + B acting between spacesof cochains of opposite parity.
This complex is not very interesting as its cohomology is trivial. When A is a
Banach algebra,insidethis cochain complexthere is a subcomplexof entire cochains
satisfying the following growth condition

X

n� 0

jj f 2n jj n! r n < 1(1.1)

for all positive real r . There is an identical condition to be satis�ed by odd cochains.
The cohomologyof this complex is the entire cyclic cohomology. We can de�ne a
similar theory when we considerthe samegrowth condition but we require that the
cochains be simplicially normalized. In other words, if f is a cochain, we require
that

f n (a0; a1; : : : ; an ) = 0

whenever ai = 1 for some 1 � i � n . It is a standard statement of the cyclic
cohomologythat replacing cochains by normalizedcochains is a quasi-isomorphism
[LQ], and in fact the sameis true in theory of simplicial complexes[MacL]. It is our
aim in this paper to present a proof of a similar statement in the caseof entire cyclic
cohomology.

In our approach we usethe fact that we can associate with a unital algebra A a
universalalgebraQA = A� A , the Cuntz algebra,which is de�ned asthe freeproduct
of A by itself. Then there is a universal model for the simplicial normalization
problem, which may be described as follows. On the onehand we may considerthe
free product with amalgamationover the identit y element of A , thus obtaining the
Cuntz algebra QA in the categoryof unital algebras.On the other hand, following
Connes,we can adjoin the unit to A , thus obtaining the augmented algebra ~A , and
then we can form the Cuntz algebra Q ~A wherethe amalgamationis taken over the
new unit. We show that, roughly speaking, the two ways of associating the Cuntz
algebra with A are equivalent from the point of view of entire cyclic cohomology.
More precisely, we show that there is a homotopy between Q ~A and gQA = C � QA
which induces a quasi-isomorphismon the entire cyclic cohomology. We do this
by constructing a family � t of homomorphismsof Q ~A and studying the e�ect of
its action on the supertraces on a completion Q�

~A of Q ~A . We show that this
family of homomorphismsrespects the homotopy classof a supertrace. Sincewe are
interestedin the casewhere A is a Banach algebra,we needto introducea suitable
topology on the Cuntz algebraand considerhomomorphismsand supertraceswhich
are continuouswith respect to that topology.

The reasonfor introducing supertraceson the Cuntz algebrais that they lead to
certain entire cyclic cocyclesand, moreover, in each entire cyclic cohomologyclass
there is an entire cyclic cochain coming from a supertrace on QA . Even more,
supertracesthat arehomotopic in a certain sensecorrespond to entire cyclic cocycles
which are in the sameentire cyclic cohomologyclass. One of the di�culties which
we have to faceis the problem of adapting the purely algebraicformalism of Cuntz-
Quillen to the present topological situation.
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Even if the problemthat weaddressin this paper may seemtechnical, the method
which we employ should prove useful in other situations. We seethe proof of sim-
plicial normalization property of entire cyclic cohomologyas a �rst step towards
adapting the Cuntz-Quillen formalism to the study of cohomologytheoriesof topo-
logical algebras. As another example of a possibleapplication of this method we
present a proof of the homotopy invarianceof the entire cyclic cohomology.

2 Univ ersal algebras associated with an algebra

We begin with a discussionof two universal algebrasassociated with an algebra A ,
namely the algebraof non-commutativ e di�erential forms 
 A and the Cuntz algebra
QA . In our exposition weusethe approach presented in the seriesof papersby Cuntz
and Quillen [CuQ1, CuQ2, CuQ3], to which we refer the readerfor more details.

Let A be a unital algebra. We shall denoteby 
 1A the A -bimodule of 1 forms
over A . Denoting by d the canonicalderivation of A with valuesin 
 1A , we have
that 
 1A is spannedby the symbols a0da1 , for a0 and a1 in A . The spaceof
n-forms is then de�ned by


 nA = 
 1A
 A
n

� � � 
 A 
 1A(2.1)

Let 
 A =
L

n 
 nA . We de�ne a product on this graded spaceas follows. Let
! 1 � � � ! n , for ! i 2 
 1A , be the imageof ! 1 
 � � � 
 ! n in 
 nA . Then put

(! 1 � � � ! n )( � 1 � � � � m ) = ! 1 � � � � m(2.2)

We extend the di�erential d to 
 A so that it becomesa di�erential gradedalgebra
with respect to the above product.

An equivalent descriptionof the spaceof forms is provided by a family of isomor-
phisms


 nA = A 
 �A 
 n

where �A = A=C .
The Hochschild boundary operator b is de�ned on homogeneousformsof positive

degreeby
b(! da) = (� 1)j ! j(! a � a! ) = (� 1)j ! j[! ; a]

In degreezerowe put b = 0. Thus b is a di�erential of degree� 1 and squarezero.
The Karoubi operator � is de�ned by

� (! da) = (� 1)j ! jda!

This operator of degreezerosatis�es the following `homotopy' formula

bd+ db= 1 � �(2.3)

Moreover, � commutes with both di�erentials b and d. Finally, on the spaceof
n-forms 
 nA , the operator B of Connesis de�ned by

B =
nX

i =0

� i d
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The operator B is a degree+1 di�erential, i.e. B 2 = 0. Equipped with the two
di�erentials b and B the DG algebraof forms 
 A becomesa mixed complexin the
senseof Kassel[Ka1].

The homotopy formula (2.3) suggeststhat we can treat the operator 1� � asthe
formal analogueof the Laplacian on a Riemannianmanifold. In particular, we have
direct sumdecomposition of the algebraof forms into the eigenspacesof the operator
� . Of most interest is the (generalized)eigenspacein 
 A where � haseigenvalue 1.
Denoting by P the spectral projection onto this eigenspacewe may write


 A = P
 A � P? 
 A

Usinga formal analogywith the situation of a Riemannianmanifold, the subcomplex
P
 A is called the spaceof harmonic forms. Moreover, the complexes 
 A and
P
 A are quasi-isomorphicfrom the point of view of cyclic homotopy types. The
relevanceof this decomposition in the entire cyclic cohomologywill be explained in
the following sections.

We may considerthe following natural algebraiccompletion of the algebra 
 A .
The subspaceJ =

L
n� 1 
 nA of forms of degreeat least 1 is an ideal in 
 A which

givesa decreasing�ltration of 
 A

: : : J n � : : : � J 2 � J � 
 A

and we let 
̂ A be the J -adic completion of 
 A


̂ A = lim
 �


 A=Jn

It is not di�cult to seethat 
̂ A =
Q

n� 0 
 nA . We shall make useof this algebraic
completion when describingvarious other topologiesthat can be introducedon the
algebra 
 A .

If the algebra A is nonunital we let ~A be the augmented algebra ~A = C � A .
We then form the DG algebraof non commutativ e di�erential forms 
 ~A as above,
but we note that in the present casethe algebra of forms has the following new
properties. First, this algebrais itself augmented, i.e.


 ~A = C � �
 ~A

where the reducedpart �
 ~A is the canonical nonunital di�erential graded algebra
generatedby A . Furthermore, there is an isomorphismA 
 n+1 � A 
 n ! �
 n ~A . Thus
all the standard operators on �
 ~A may be given by suitable 2 � 2 matrices. In
particular we have that

~d =

 
0 0
1 0

!

; ~b=

 
b 1 � �
0 � b0

!

;

~� =

 
� 0

b0 � b �

!

; ~B =

 
0 0

N � 0

!

;
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where

b0(a0; : : : ; an ) =
n� 1X

i =0

(� 1)i (a0; : : : ; ai ai +1 ; : : : ; an )

� (a0; : : : ; an ) = (� 1)n (an ; a0; : : : ; an� 1)

and N � =
P n� 1

i=1 � i in degree n. The algebra 
 ~A equipped with the operators
described above is identical to the �rst two columnsin the classicaldouble complex
of Connes-Loday-Quillen-Tsygan.

We now pass to the description of the Cuntz algebra QA associated with an
algebra A . If A is a unital algebrathen the Cuntz algebraQA is de�ned asthe free
product QA = A � A in the categoryof unital algebras,i.e., with amalgamationover
the identit y of A . There are two canonicalhomomorphisms�; � 
 from A to QA and
a canonicalautomorphism of QA of order two: ! 7! ! 
 which interchanges� and
� 
 . The algebra QA is a superalgebrawhich meansthat QA is Z=2-gradedand the
grading is compatible with multiplication.

For a 2 A , let p(a) and q(a) denote the even and odd components of �(a)
with respect to the Z=2-grading of QA . If we put a = �(a) and a
 = � 
 (a) then
p(a) = (a + a
 )=2 and q(a) = (a � a
 )=2. The following relations determine the
product in QA .

p(a1a2) = p(a1)p(a2) + q(a1)q(a2)
q(a1a2) = p(a1)q(a2) + q(a1)p(a2)

We deducefrom these relations that any element in QA may be represented as a
linear combination of elements of the form p(a0)q(a1) � � � q(an ) . Note �nally that the
unit of the algebra A is also the unit of QA and we have p(1) = 1, q(1) = 0.

There is a canonicalmap QA ! A which identi�es the two copiesof the algebra
A inside QA . This map is called the folding map, and its kernel is denotedby qA .
As in the caseof the algebraof forms, there is a natural completion of this algebra
which is the inverse limit of the system Q̂A = lim

 �
QA=qAn . This completion is

again a Z=2-gradedalgebra.
There is a linear isomorphism � betweenthe underlying gradedvector spaceof

the Cuntz algebraQA and the gradedvector spaceof forms 
 A which on generators
is de�ned by

� : p(a0)q(a1) � � � q(an ) 7! a0da1 � � � dan

In particular, if a 2 A as a subalgebraof QA then � (a) = � (p(a)) + � (q(a)) =
a + da 2 
 A .

The map � becomesan isomorphismof Z=2-gradedalgebraswhen the algebra

 A is equipped with the Fedosov product de�ned as follows. If ! and � are two
homogeneouselements of 
 A we put

! � � = ! � � (� 1)j ! jd! d�(2.4)

We may therefore think of the Cuntz algebra as a deformation of the algebra of
di�erential forms 
 A equipped with the Fedosov product. In particular, under this
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isomorphism,the ideal J in 
 A is identi�ed with the folding ideal qA of the Cuntz
algebra.

Using this isomorphismit is easyto seethat if ~A is an augmented algebrathen
Q ~A is alsoaugmented

Q ~A = C � �Q ~A

where �Q ~A , the reducedpart of the Cuntz algebra, is the Cuntz algebraassociated
with A in the nonunital category.

If A is in fact a unital algebra then the unit 1 of A has two imagesu and u


in Q ~A which are idempotents. The corresponding involutions f = 2u � 1 and f 


generateinside the algebra Q̂ ~A an algebra which is isomorphic to Q̂ ~C , the group
algebraof the in�nite dihedral group. We shall record its basicproperties for future
use[Cu2].

The dihedral group generatedby the two involutions f and f 
 may be presented
using the following two generators.First, let

L = log(f f 
 ) = �
X

n� 1

(2f q(f ))n=n

Since (f f 
 )
 = f 
 f = (f f 
 )� 1 , we have on the onehand (eL )
 = e� L while on the
other (eL )
 = e(L 
 ) from which follows that L 
 = � L , i.e. L is odd with respect to
the canonicalautomorphism 
 .

We put W = eL=2 . Since f f 
 = expL we have

Wf 
 = Wf eL = eL=2e� L f = e� L=2f = f eL=2

so that
f 
 = W � 1f W(2.5)

It is now a good moment to state explicit formulae for L and W that we will
needlater [B].

2.6 Pr oposition. Let L = log(f f 
 ) = �
P

n� 1(2f q(f ))n=n. Then

log(f f 
 ) = �
X

i � 1

(( i � 1)!)2

(2i � 1)!
p(f )q(f )2i � 1:

Let us now de�ne Wt = exp(tL=2) for t 2 [0; 1].

2.7 Pr oposition. For all t 2 [0; 1] we have

Wt = 1 +
X

n� 1

(� 1)n22n� 1

 
t=2 + n � 1

2n � 1

!

(( t=2n)q(f )2n + p(f )q(f )2n� 1)

Moreover, we havethat W� t = W 

t . Thus p(W� t ) = p(Wt ) and q(W� t ) = � q(Wt ) .
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Proof. The �rst part of the proposition followsif weusethe binomial seriesexpansion
for Wt = etL = (f f 
 )t=2 = (1 � 2f q)t=2 , together with combinatorial formulae in [B].

We have seenthat L 
 = � L , from which it follows that

W 

t = (etL= 2)
 = etL 
 =2 = e� tL= 2 = W� t

Wenote that whenwe comparethis statement with the explicit formula for Wt given
above, we �nd the following symmetry of the binomial coe�cien ts which appear in
the decomposition of Wt

 
� t=2 + n � 1

2n � 1

!

= (� 1)2n� 1

 
t=2 + n � 1

2n � 1

!

which is not very di�cult to check directly. The secondstatement of the present
Proposition is now clear.

3 Topology on 
 A and QA

Let A be a unital Banach algebraequipped with a norm jj jj . Let us denoteby �A =
A=C the quotient spacewhich is a Banach spaceequipped with the quotient space
norm. The spaceof one-forms 
 1A becomesa Banach spacewith the completed
projective tensor product norm 
 1A = A
̂ �

�A . The operator d : A ! 
 1A is now
a continuous operator of unit norm. For any n � 1 we equip the spaceof n-forms

 nA with the topology of the completedprojective tensor product [Arv , p. 260 �].
The di�erential d becomesa continuous derivation of unit norm and the product
(2.2) is now a continuousmap.

Giventhis topologicalstructure, wemay now equipthe di�erential gradedalgebra

 A =

L
n� 0 
 nA with the following family of norms jj jj r parametrizedby a positive

real r . If ! =
P

n� 0 ! n we put

jj ! jj r =
X

n� 0

jj ! n jj � r n

The derivation d becomesa continuous map d : (
 A; jj jj r ) ! (
 A; jj jj r ) . In
particular, jjdajj r � r jjajj for a 2 A . If ! n is a homogeneousform of degreen then

jj ! n jj r = r n jj ! n jj ; jj d! n jj r = r n+1 jj d! n jj � r n+1 jj ! n jj = r jj ! jj r

For any two r 0 < r , let

f r r 0 : (
 A; jj jj r ) � ! (
 A; jj jj r 0)

be the identit y map, which in this caseis norm decreasing. This way we obtain
a direct system f (
 A; jj jj r ); f r r 0g. Let 
 r A denote the completion of the space
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(
 Ajj jj r ) with respect to the norm jj jj r . This is now a Banach algebra, which
meansthat for any two forms ! , � in 
 r A we have [Arv, p. 262]

jj ! � jj r � jj ! jj r jj � jj r :

This formula follows directly from the de�nitions of the product (2.2) and the norm
jj jj r .

There is an induceddirect system (
 r A; f r r 0) of Banach algebras.We denoteby

 � A the direct limit of this systemas r ! 0:


 � A = lim
� !


 r A

Finally, we denoteby f r the canonicalmaps f r : 
 r A ! 
 � A , which are continuous
algebrahomomorphisms.The derivation d extendsto a continuous derivation dr :

 r A � ! 
 r A . The composite f r � dr : 
 r A � ! 
 � A is a continuous derivation
of 
 r A with values in 
 � A and all derivations f r � dr are compatible with the
maps f r 0r . Thus this family of derivations is equivalent to a continuous derivation
d : 
 � A � ! 
 � A which makes 
 � A into a topological di�erential graded algebra
equipped with the locally convex topology induced by the topologieson 
 r A .

In the casewhen A is a unital Banach algebra, for any positive real r , the
completion 
 r

~A is an augmented Banach algebra


 r
~A = C � �Qr

~A

from which it follows that also the direct limit of the corresponding direct systemis
an augmented algebra


 �
~A = C � �
 �

~A

We now de�ne a topology on the Cuntz algebra QA using the families of norms
jj jj r on 
 A together with the isomorphism� betweenthe two superalgebras.And
soif ! is an element of the Cuntz algebraQA then its norm jj ! jj Qr , for any positive
r is de�ned by

jj ! jj Qr = jj � (! )jj r

In particular, for a 2 A , jjajj Qr = jja + dajj r = jjajj + r jjdajj . This meansthat the
isomorphism� inducesa new norm on the the algebra A which is equivalent to the
original Banach norm on A .

We shall needthe following estimatesfor the Fedosov product.

3.1 Lemma. For any r > 0, and for any ! ; � 2 
 r A we have

jj ! � � jj r � Cr jj ! jj r jj � jj r

where Cr = 1+ r 2 and � denotesthe Fedosovproduct of forms. If either of the forms
! , � is closed then this estimatereduces to

jj ! � � jj r � jj ! jj r jj � jj r
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Proof. If ! =
P

! n and � =
P

� n then

! � � =
X

n� 0

X

i + j = n

! i � � j

=
X

n� 0

X

i + j = n

! i � j � (� 1)j ! i jd! i d� j

The norm jj jj Qr of this form may then be estimatedas follows.

jj ! � � jj r �
X

n� 0

0

@
X

i + j = n

jj ! i � j jj

1

A r n +
X

n� 0

0

@
X

i + j = n

jj d! i d� j jj

1

A r n+2

�
X

n� 0

0

@
X

i + j = n

jj ! i jjjj � j jj �

1

A r n + r 2
X

n� 0

0

@
X

i + j = n

jj ! i jjjj � j jj

1

A r n

= (1 + r 2)jj ! jj r jj � jj r

The last statement of the lemma is now clear.

3.2 Cor ollar y. If x; y 2 Qr A then

jjxyjj Qr = jj � (x) � � (y)jj r � (1 + r 2)jj � (x)jj r jj � (y)jj r = Cr jj xjj Qr jj yjj Qr

This meansin particular that multiplication in the Cuntz algebra is continuous
in this topology.

We now introduce a direct systemof normed spaces(QA; jj jj Qr ) as in the case
of the algebraof di�erential forms. For any pair r 0 < r there is a map

f r r 0 : (QA; jj jj Qr ) � ! (QA; jj jj Qr 0)

which is the identit y map. Using the estimates

jj ! jj Qr 0 = jj � (! )jj r 0 < jj � (! )jj r = jj ! jj Qr

we seethat for any two r 0 < r the map f r r 0 is continuousand norm decreasing.Let
us denote by Qr A the completion of the space(QA; jj jj Qr ) , then there is a direct
system (Qr A; f r r 0) of completenormed spaces.We denote by Q� A its direct limit
taken as r ! 0.

As before, in the caseof a unital Banach algebra A , the Cuntz algebra Q�
~A is

alsoan augmented algebra. This follows from the fact that for any r we have

Qr
~A = C � �Qr

~A
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so that we have
Q�

~A = C � �Q�
~A

where �Q�
~A is the direct limit of the direct subsystem �Qr

~A .

Our last task in this section is to show that the elements L and Wt of the
algebraiccompletion Q̂ ~A are in fact elements of the locally convex algebra Q�

~A .

3.3 Pr oposition. If respecting the notations intr oduces previouslywe de�ne

L = logf f 
 = �
X

n� 1

1
n

(2f q(f ))n

and Wt = exptL=2, t 2 [0; 1], then L and Wt are elementsof Q�
~A . More precisely,

they belongto Qr
~A for all r < 1=jjq(f )jj .

Proof. Recall from lemma 2.6 that L is given by the following explicit formula

log(f f 
 ) = �
X

n� 1

((n � 1)!)2

(2n � 1)!
p(f )q(f )2n� 1

Since
((n � 1)!)2

(2n � 1)!
=

(n � 1)!
n(n + 1) : : : (2n � 1)

� 1

for any n > 1, we have that

jjL jj Qr �
X

n� 1

jj p(f )q(f )2n� 1jj Qr

�
X

n� 1

jj p(f )q(f )jj 2n� 1r 2n� 1:

The last seriesabove is clearly convergent for r < 1=jjq(f )jj , which proves the �rst
part of our statement.

We note herefor future usethat the sameestimatemay be written as

jjL jj Qr � r jjp(f )q(f )jj
X

n� 0

jj q(f )jj 2nr 2n =
r jjp(f )q(f )jj

1 � (jjq(f )jj r )2

Thus if we restrict r to r < r 0 = 1=2jjq(f )jj , say, we may write

jjL jj Qr � rN(3.4)

where N = (4=3)jjp(f )q(f )jj .
We now turn to the family of operators Wt = exp(tL=2). Note that if ! 2 Qr

~A
then also e! 2 Qr

~A . Indeed,we have

jje! jj Qr �
X

n� 0

Cn� 1
r

jj ! jj n
Qr

n!
� exp(Cr jj ! jj Qr ) < 1
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since jj ! jj Qr is �nite by hypothesis. This is su�cien t to prove the secondpart of our
hypothesis.

It is now a good moment to record a more preciseestimate of the norm of the
odd part of Wt which will be neededin what follows.

3.5 Pr oposition. For any t 2 [0; 1] and any r < r 0 = 1=2jjqjj we have

jjq(Wt )jj Qr � rN

where the constant N is as in the formula (3.4).

Proof. From our explicit expressionfor Wt it follows that

q(Wt ) =
X

n� 1

cnp(f )q(f )2n� 1

where

cn = (� 1)n22n� 1

 
t=2 + n � 1

2n � 1

!

The binomial coe�cien t above may be estimatedas follows. Note �rst that

jcn j
jcn� 1j

=
j4(t=2 + n � 1)(t=2 � n + 1)j

(2n � 2)(2n � 1)
=

4j(n � 1)2 � (t=2)2j
2(n � 1)(2n � 1)

� 1

so that jcn j � jcn� 1j for all n � 1. Since jc1j � 1 we have that jcn j � 1 for all n .
It now follows that

jjq(Wt )jj Qr �
X

n� 1

jj cnp(f )q(f )2n� 1jj Qr � r jjp(f )q(f )jj
X

n� 0

jj q(f )jj 2nr 2n � rN

for r � 1=2jjq(f )jj .

4 A homotop y

A �rst step in the proof of the simplicial normalization theorem for entire cyclic
cohomologywill be to show that the algebras Q�

~A and C � Q� A are homotopy
equivalent. At the sametime we shall establisha homotopy equivalencebetweenthe
superalgebras �Q�

~A and Q� A . We establish the required homotopy using a certain
family f � tg of continuoussuperalgebrahomomorphisms� t : Q�

~A ! Q�
~A . The de�-

nition and properties of the family � t , which have beensuggestedto us by J. Cuntz
(seealso [Cu2]), will depend in an important way on the properties of the operators
L and Wt establishedin the previoussection.

For any t 2 [0; 1] we put

a 7! at = e� tL= 2aetL= 2 = W� taWt

a
 7! a

t = etL= 2a
 e� tL= 2 = Wta
 W� t

(4.1)
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We note that the �rst of the two maps is a homomorphismfrom the algebra A to
the underlying algebraof Q�

~A and that the other map is induced from the �rst by
applying the canonicalautomorphism 
 which sendsat to a


t . This pair of algebra
homomorphismsextends to the following family of homomorphisms� t : Q ~A � !
Q�

~A . For ! 2 Q�
~A , ! = p(a0)q(a1) � � � q(an ) , we have

� t (! ) = ! t = pt (a0)qt (a1) � � � qt (an )

where
pt (a) = p(at ) = 1=2(at + a


t )
qt (a) = q(at ) = 1=2(at � a


t )

We remark that � 0 is the identit y map whereas� 1 is the map which sendsf to f 


by (2.5).

4.2 Theorem. The family � t de�ned above is a family of continuous superalgebra
homomorphismsfrom Q�

~A to Q�
~A .

The proof dependson a few estimates,which we derive below. Beforewe begin we
note that, for any t 2 [0; 1] and any � 2 C , pt (� ) = � and qt (� ) = 0 so that � t

acts nontrivially only on the reducedpart �Q�
~A of the algebra Q�

~A , and therefore
we shall concentrate on this case.

First we needto estimate norms jj jj Qr of pt (a) and qt (a) , for any a 2 A � ~A .

4.3 Pr oposition. For any t 2 [0; 1] and any r < r 0 = 1=2jjq(f )jj we have the
following estimatesfor any a 2 A

jjp(at )jj Qr � M 0jj p(a)jj Qr

jj q(at )jj Qr � M 00jj q(a)jj Qr

where M 0 and M 00 are constants which only depend on r 0 . We may then replace
them with M = max(M 0; M 00) .

Proof. As both estimatesareproved in the sameway, we give the details of the proof
of the secondof the two.

Using the de�nition of the product in the Cuntz algebrawe may write that the
odd part q(at ) of at is given by

q(at ) = p(Wt )p(a)q(Wt ) + p(Wt )q(a)p(Wt )

� q(Wt )p(a)p(Wt ) � q(Wt )q(a)q(Wt )

wherewehave usedthe fact that p(W� t ) = p(Wt ) and q(W� t ) = � q(Wt ) . The terms
containing q(a) present no problem from the point of view of our estimates,so let
us concentrate on the other two terms. Using proposition 3.5 we have that

jjp(Wt )p(a)q(Wt )jj Qr � C2
r jj p(Wt )jj Qr N r jjp(a)jj Qr

= C2
r jj p(Wt )jj Qr N jjq(a)jj Qr

= M 1jj q(a)jj Qr

12



for any r < r 0 and any a 2 A , and similarly with the secondterm containing p(a) .
We have usedherethat r jjp(a)jj Qr = jjq(a)jj Qr for a 2 A . Thus the norm of q(at ) is
boundedfrom above by the sum of four terms of the form M i jj q(a)jj Qr , which leads
to the requiredformula whenwe put M 00to be the sumof the M i 's, for i = 1; : : : ; 4.

It follows that if ! n = p(a0)q(a1) : : : q(an ) then

jj ! t;n jj Qr � M n+1 r n jj p(a0)jjjj q(a1)jj � � � jj q(an)jj = M n+1 r n jj ! n jj

Let us now assumethat ! 2 �Q�
~A . This meansthat there exists an r , which may

always be chosento be smaller than r 0 , such that ! 2 �Qr
~A , i.e. that ! =

P
n� 0 ! n

and
jj ! jj Qr =

P
n� 0 jj ! n jj Qr

=
P

n� 0 jj ! n jj r n < 1

We now want to �nd an estimate of the norm of ! t . We have

jj ! t jj Qr 0 = jj
X

n� 0

! t;n jj Qr 0 �
X

n� 0

M n+1 jj ! n jj Qr 0

= M
X

n� 0

jj ! n jjM n r 0n � M jj ! jj Qr

if r 0 � r =M . We have thus proved that for any ! 2 �Q�
~A there exist two norms

jj jj Qr 0 and jj jj Qr , where r 0 < r < r0 , such that

jj � t (! )jj Qr 0 � M jj ! jj Qr(4.4)

whereM is the constant determinedin the estimatesof the normsof pt (a) and qt (a)
above. But this meansthat, for any t 2 [0; 1], � t is a continuous homomorphism
Q�

~A ! Q�
~A in the locally convex topologywith which Q�

~A is equipped asthe direct
limit of the system (Qr

~A; f r r 0) . This givesthe proof of Theorem4.2.

It is clear that the folding map in Q ~C

0 ! q~C ! Q ~C ! ~C ! 0(4.5)

inducesa canonicalprojection

Q ~A � ! C � QA

The kernel of this projection is an ideal I generatedin Q ~A by q~C , the kernel of
the folding map (4.5). In the analytic situation, in any of the completions Qr

~A we
considerthe closedideal I r , which is the completion of the ideal I in the topology
de�ned by the norm jj jj Qr . Thus we deducethat there are the following continuous
isomorphisms

C � Qr A = Qr
~A=I r ; Qr A = �Qr

~A=I r(4.6)

This observation, together with the propertiesof the family f � tg of homomorphisms
of Q�

~A allows us to de�ne a lift of Q� A back into Q�
~A . In fact we prove

13



4.7 Pr oposition. We havethe following continuous isomorphismof locally convex
superalgebras

� 1=2( �Q�
~A) ' Q� A

Proof. First let us note that � 1=2(f ) = � 1=2(f 
 ) from which it follows that also
� 1=2(u) = � 1=2(u
 ) . Thus if we apply the family � t to the superalgebra Q̂�

~A then
the e�ect of this action, whenwelet t vary between0 and 1=2, is that it continuously
deformsthe subalgebraQ̂ ~C to C . Indeed,weseethat � 1=2(L) = 0 and � 1=2(W) = 1.
Thus from the purely algebraicpoint of view � 1=2(Q̂ ~A) is the augmented freeproduct
C � � 1=2(A) � � 1=2(A) . From the universalpropertiesof the algebrasinvolved follows
that the freeproduct � 1=2(A) � � 1=2(A) is isomorphicto Q̂A . We now needto adapt
this situation to our analytic context.

First we de�ne a map � 1=2( �Q�
~A) ! Q� A . Since � t : �Q�

~A ! �Q�
~A is a continuous

homomorphismfor any t 2 [0; 1], there existsa positive real r such that � 1=2( �Q ~A) �
�Qr

~A . We then put for any ! 2 �Q�
~A

� 1=2(! ) 7! [� 1=2(! )] 2 �Qr
~A=I r

Sincethis map is just the restriction of the canonicalprojection �Qr
~A ! �Qr

~A=I r to
the imageof � 1=2 , it is continuous.

To de�ne the inversemap, let [! ] 2 �Qr
~A=I r and let us choosea representativ e

! 0 2 Qr A of this class.We de�ne

� : �Qr
~A=I r 3 [! ] 7! � 1=2(! 0) 2 Qr 0 ~A

This map is well de�ned, since for any r > 0, � 1=2 vanisheson the ideal I r , so
that the above assignment doesnot depend on the choiceof ! 0 . To show that it is
continuous we note that, as the space �Qr

~A=I r is equipped with the quotient space
norm

jj [! ]jj Qr = inf
� 2 I r

jj ! + � jj Qr ;

for any r there exists ! 0 2 [! ] such that jj ! 0jj Qr � 2jj [! ]jj Qr . Since� t is continuous
for any t 2 [0; 1], from the estimate (4.4) it now follows that there is an r 0 < r such
that

jj � ([! ])jj Qr 0 = jj � 1=2(! 0)jj Qr 0 � M jj ! 0jj Qr � 2M jj [! ]jj Qr

This shows that the map � is continuous for all r and so it is continuous in the
locally convex topology on the union of �Qr

~A=I r ' Qr A . This �nishes the proof.

With this proposition we have constructedthe following homotopy

Q�
~A � ! C � � 1=2( �Q�

~A) ' C � Q� A
l

,! Q�
~A(4.8)

wherethe map l is the lift provided by the previoustheorem. There is a correspond-
ing homotopy of the reducedpart �Q�

~A onto Q� A

�Q�
~A � ! � 1=2( �Q�

~A) ' Q� A
l

,! �Q�
~A
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This homotopy will bea key ingredient whenwecomparethe entire cyclic cohomology
of �Q�

~A with the entire cyclic cohomologyof Q� A .

5 Con tin uous supertraces on the Cun tz algebra and the entire cyclic

cohomology

In this sectionweshalldescribesupertraceson the Cuntz algebraandthe notion of
homotopy of supertraces. In our discussionwe shall frequently usethe identi�cation
of the Cuntz algebra QA with the spaceof di�erential forms 
 A equipped with the
Fedosov product.

A cochain on 
 A is a linear functional f with values in C . Any cochain is
uniquely determinedby its components

f n (a0; a1; � � � ; an ) = f (a0da1 � � � dan )

where f n : 
 nA ! C . Cochains de�ned by the above formula are called simplicially
normalized sincethey satisfy f n (a0; a1; : : : ; an ) = 0 if ai = 1 for some i � 1. The
spaceof all cochains is a Z=2-graded complex 
 A � equipped with the di�erential
b+ B , which is the transposeof the di�erential introducedon 
 A . A cochain f 2 
 A �

is called harmonic if it is invariant under the action of P , the operator of spectral
projection. If f is a cocycle in the b + B complex then f bB = f (b+ B)B = 0.
Recall now the following fact [CuQ2, Propn. 8.5].

5.1 Pr oposition. If f bB = 0 then f is harmonic, i.e. f P = f , if and only if f
is � -invariant, where � is the Karoubi operator intr oduced in Section 2

It follows that a cocycle is harmonic if and only if it is invariant under the action of
the Karoubi operator � .

If A is a Banach algebra, the cochain complex 
 A � contains the simplicially
normalized entire cochain complex 
 � A � , which by de�nition is a subcomplex con-
sisting of all cochains satisfying the entire growth condition (1.1). We denote the
cohomologyof this complexby H E �

sn and call it simplicially normalizedentire cyclic
cohomology.

5.2 Remark. In the preprint version of their paper [CuQ2] Cuntz and Quillen
proved that H E �

sn(A) = H � ((P
 � A)� ; b+ B) .

A supertrace on the Cuntz algebra QA is a linear functional � which satis�es
the following identit y

� (! � ) = (� 1)j ! jj � j � (� ! )

for any two homogeneouselements ! and � of QA .
Sincethe Cuntz algebra is a superalgebra,any functional f on QA is uniquely

represented asthe sumof even and odd components. By de�nition, a cochain is even
if f 
 = f and is odd when f 
 = � f where 
 is the canonicalautomorphismof QA .
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If we identify the Cuntz algebrawith the algebraof di�erential forms equipped
with the Fedosov product then wecanrelatesupertraceswith cocyclesin the complex
(
 A; b+ B) . And soa cochain � is a supertrace if and only if

� n� 1b= 2� n+1 d

and � n � = � n , for n > 0. Let

z2m =
(� 1)m

m!
; z2m+1 =

(� 1)m 2m

(2m + 1)!!

and put � z = � z. When we usethat � nB = n� nd when � is � -invariant, then we
derive instantly the following property satis�ed by the rescaledcochains:

� z
n� 1b+ � z

n+1 B = 0

for all positive n. In other words we have the following [CuQ2, Cor. 8.2].

5.3 Pr oposition. A linear functional � on 
 A is a supertrace on QA if and only
if the rescaled cochain � z satis�es the identities � z(b + B) = 0 and � z = � z� in
positive degrees.

Let us now considerthe caseswhere � is an even or an odd supertrace. In the even
casethere is clearly an equivalencebetweeneven supertraceson QA and harmonic
cocycles. In the odd casethe situation is slightly di�erent since now the cocycle
condition in the lowest degreeis equivalent to

(� z(b+ B))0(a) = (� zB)1(da) = � z(da) = 0

Thus � z is a cocycle if and only if � zda = 0 for any a 2 A . The samecondition
expressedin terms of the Cuntz algebra reads � z(q(a)) = 0 for any a 2 A . Thus
odd harmonic cocyclescorrespond to odd traces � on QA for which � z(q(a)) = 0
for all a 2 A . To summarisewe state the following.

5.4 Pr oposition.

1. There is a bijection (given by the family z of constants intr oduced above) be-
tween the evenharmonic cocyclesin (P
 � A � ; b+ B) and continuous evensu-
pertraceson Q� A .

2. There is a bijection between the odd harmonic cocyclesin P
 � A and odd con-
tinuous supertraces � on Q� A satisfying the condition � (q(a)) = 0, for all
a 2 A .

Another crucial ingredient of our reasoningis the notion of homotopy of super-
traces. To describe homotopy of supertraces on QA we use the X -complex ap-
proach of Cuntz and Quillen [CuQ3]. We therefore needto discusssupertraceson
the superbimodule 
 1QA over the Cuntz algebra QA . As before, supertraceson
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 1QA are linear functionals T which vanishon the supercommutator quotient space

 1QA \s = 
 1QA=[QA; 
 1QA]s . First of all, it turns out that we may identify the
supercommutator quotient space
 1Q\s with the space
 1A � 
 A [CuQ4]. We shall
usethe following notation. Let � be the inclusion � : A ! QA and � 
 the composi-
tion of � with the canonicalautomorphism 
 of Q. We let p denotethe cochain on
A given by p = (� + � 
 )=2 and similarly q = (� � � 
 )=2. We then have the following
identi�cation of the even part (
 1Q\s )ev of the supercommutator space

M

n� 0

A 
 �A2n+1 '� ! (
 1Q\s )ev

This isomorphismis given by the cochains (� 
 q2nd� )ev . The odd part of the super-
commutator spaceis


 1A �
M

n� 1

A 
 �A 
 2n '� ! (
 1QA \s )od

where this time the isomorphismis given by cochains (� d� )od , (� q2n� 1d� )od . Using
this coordinate system,Cuntz and Quillen show [CuQ4] that the components of an
even supertrace T on 
 1Q are given by the following cochains

T2n+1 = T(� 
 q2nd� ) : A 
 �A2n ! C

On the other hand, an odd supertrace T hasthe following cochainsasits components

T2n = T(� q2n� 1d� ); T1 = T� d� ; T1b= 0

To summarise,using the above isomorphisms,we have can represent any supertrace
T on 
 1Q in termsof cochainson 
 1A� 
 A . From now on components of functionals
on 
 1QA will always be written in terms of theseisomorphisms.We can now state
the following [CuQ4]

5.5 Pr oposition. Let T be a supertrace on 
 1QA and let � be the di�er ential
� : QA ! 
 1QA . Then we have

(T � � )2n = � nPbT2n� 1 + BT2n+1

(T � � )2n+1 = (n + 1=2)PbT2n � BT2n+2
(5.6)

We say that two supertraceson QA are homotopic if and only if there exists a
supertrace T on 
 1QA such that

� 0 � � 1 = T � � :

5.7 Pr oposition. If � 0 and � 1 are homotopic supertraces on QA then the corre-
sponding cocycles� z

0 and � z
1 are cohomologousin the cochain complex (
 A � ; b+ B) .
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Proof. Let us �rst assumethat � 0 and � 1 are even homotopic supertraceson QA .
Sincethe di�erence of two even supertracesis an even supertrace, we may use the
rescalinggivenby the family z of constants to write the formula for the corresponding
cocycleon 
 A equipped with the di�erential b+ B . Using the formula (5.6) we have

(� 1 � � 0)z
2n =

(� 1)n

n!
(� 1 � � 0)

=
(� 1)n

n!
(T � � )2n

=
(� 1)n

n!
(� nPbT2n� 1 + BT2n+1 )

The rescaledcochain (� 1 � � 0)z is a � -invariant cocycle in the complex (
 A; b+ B) ,
and so it follows from proposition 5.1 that it is invariant under the operator P . The
above identit y indicatesthat thereforethe right hand sidemust alsobe P -invariant,
and sowe have

(� 1 � � 0)z = (� 1 � � 0)zP = � nbPT2n� 1 + BPT2n+1

where we have used that P commutes with b and B . If we denote by ~T2n+1 =
(� 1)nPT2n+1 =n! we may write

(� 1 � � 0)z
2n = b~T2n� 1 + B ~T2n+1

which demonstratesthat the cocycle (� 1 � � 0)z is a coboundary.
Let us now assumethat � 0 and � 1 are odd supertraces. In this case,the rescaled

cocycle (� 1 � � 0)z satis�es the following homotopy identit y

(� 1 � � 0)z
2n+1 =

(� 1)n2n

(2n + 1)!!
((n +

1
2

)PbT2n � BT2n+2 )

= b~T2n + B ~T2n+2

where ~T2n =
(� 1)n2n

(2n + 1)!!
PT . We have usedagain the fact that the cocycle (� 1 � � 0)z

is P -invariant.

Finally, in the casewhen A is a Banach algebra,oneshows asin [Co2,Prop. 2.4]
that cocyclescomingfrom a continuoussupertraceon Q� A satisfy the entire growth
condition.

Our next step is to prove that the family � t of homomorphismsestablishesan
isomorphismbetweenthe homotopy classesof supertraceson �Q�

~A and Q� A .

5.8 Pr oposition. Let � be a continuous supertrace on �Q�
~A . Then � t = � � � t is a

continuous supertrace on �Q�
~A whosehomotopyclassdoesnot depend on t .
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Proof. Since � t is a superalgebrahomomorphism,it is clear that � t = � � � t is a
continuoussupertracefor all t 2 [0; 1]. Let usde�ne the following map T on 
 1Q�

~A .
For any ! , � in �Q�

~A we put

T(! � � ) =
Z 1

0
� (� t (! ) _� t(� ))dt

We claim that T is a well-de�ned continuoussupertraceon 
 1Q�
~A . Let us put aside

for the moment the problem of di�erentiabilit y of � t , and concentrate on the purely
algebraicsupertrace condition.

If � 2 �Q�
~A and ! , � are asabove, then the supercommutator [� ; ! � � ]s is given

by
[� ; ! � � ]s = � ! � � � (� 1)j � jj ! jj � j ! � � �

= � ! � � � (� 1)j � jj ! jj � j(! � (� � ) � ! � � � )
(5.9)

Using the fact that � is a supertrace on �Q�
~A we have for any t 2 [0; 1]

� (� t (! ) _� t (� � )) = � (� t (! ) _� t(� )� t (� ))

+ � (� t (! )� t(� ) _� t (� ))

= (� 1)j � jj ! jj � j � (� t (� )� t (! ) _� t (� ))

+ � (� t (! )� t(� ) _� t (� )

we seethat applying T to both sidesof (5.9) shows that T vanisheson supercom-
mutators and so it is a supertrace.

We now need to check that we can di�erentiate and integrate � t in the way
requiredby the above de�nition of the supertrace T . First of all, from the de�nition
(4.1) it followsthat _at = _� t (a) = W� t [L; a]Wt , for any a 2 A , sinceL commuteswith
Wt = etL= 2 . Similarly, we have that _a


t = e� tL= 2[a
 ; L ]etL= 2 . Using this observation
we have

_� t (p(a)) = p([L; at ])
_� t (q(a)) = q([L; at ])

Wecannow �nd estimatesfor the normsof theseelements with respect to the norm in
the algebraQr

~A . Usingthe two formulaeabove togetherwith our previousestimates
we seethat for all r < r 0

jj p([L; at ])jj Qr � 2Cr jj L jj Qr jj q(at)jj Qr

� 2Cr jj L jj Qr M jjq(a)jj Qr

= 2Cr r jjL jj Qr M jjp(a)jj Qr
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where,as usual, Cr = 1 + r 2 . Moreover, using the estimate (3.4) we have

jjq([L; at ])jj Qr � 2Cr jj L jj Qr jj p(at )jj Qr

� 2Cr M N r jjp(a)jj Qr

= 2Cr M N jjq(a)jj Qr

It follows that if ! n = p(a0)q(a1) � � � q(an ) then

jj ( _! n;t )jj Qr = jj _pt (a0)qt (a1) � � � qt (an ) +
P

i pt (a0)qt (a1) � � � _qt (ai ) � � � qt (an )jj Qr

� 2Cr (jjL jj Qr r + N )M n+1 jj ! n jj Qr

Let us put s = 2Cr (jjL jj Qr r + N ) . We then have in generalthat if ! =
P

! n 2 Qr 0 ~A
then

jj _� t (! )jj Qr �
X

n� 0

sM n+1 r jj ! n jj Qr

and the serieson the right hand side is convergent for r < r 0=M .
It is slightly easierto show that � t behaveswell with respect to integration. We

have
jj

Z 1

0
� t (! )dtjj Qr �

Z 1

0
jj � t (! )jj Qr dt �

Z 1

0
M jj ! jj Qr dt � M jj ! jj Qr

The above results show that indeed the homotopy classof the supertrace � t =
� � � t does not depend on t . Sincewe want to use supertracesto describe entire
cyclic cocycles,we must alsocheck that if � is an odd supertrace on �Q�

~A such that
� (q(a)) = 0 for any a that � t has the sameproperty. But this follows directly from
the trace identit y

� � � tq(a) = (1=2)� (at � a

t ) = (1=2)� (a � a
 ) = � q(a) = 0

This �nishes the proof.

5.10 Cor ollar y. The family � t of homomorphismsof Q�
~A induces an isomor-

phism of homotopyclassesof supertraces on �Q�
~A and Q� A .

6 Simplicial normalization in the entire cyclic cohomology

In his de�nition of entire cyclic cohomology, Connes [Co2] uses the complex
(C(A) � ; b+ B) , whoseelements are simplicially unnormalizedcochains described in
the introduction. By de�nition, the entire cochain complexis the subcomplexC� (A)�

of cochains satisfying the entire growth condition (1:1). Let us denoteby H E � (A)
the cohomologyof this complex,which we shall call the entire cyclic cohomology.

Inside the entire complexC� (A)� there is a subcomplexof simplicially normalized
entire cochains (
 � (A)� ; b+ B) . We shall call the cohomologyof this complex the
simplicially normalizedentire cohomologywhich we shall denoteby H E �

sn(A) . Our
main goal in this paper is to prove the following simplicial normalization theorem.
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6.1 Theorem. The inclusion


 � A � ! C� (A)�

inducesan isomorphism
H E �

sn(A) ' H E � (A)

Proof. A starting point for the proof of this theorem is the following theorem
proved by Connes[Co2,Lemma1.6,Propn. 2.3and 2.4]. First we say that a cochain
 2 C(A) � is normalized in the senseof Connes(or simply normalized) if and only
if  B0(1 � � ) = 0, where B0 = (1 � � )h and h is any operator of degree+1 such
that [b0; h] = 1.

6.2 Theorem.

1. Any entire cyclic cocycle is cohomologousto a normalized entire cocycle.

2. There is a 1-1 correspondence between even normalized entire cocycles and
continuous supertraceson �Q�

~A given by  7! ( ; B0 ) .

Moreover, there is the following commutativ e diagram of Z=2-gradedchain com-
plexesequipped with the di�erential b+ B .

�
 ~A
j

� ! C(A)
& � #p


 A

(6.3)

where the map j : �
 ~A ! C(A) is given by j (! ; � ) = ! + B0� . The map � :
�
 ~A ! 
 A is inducedby the canonicalprojection p :

L
n� 0 A 
 �A 
 n ! 
 A given by

pn (a0; a1; : : : ; an ) = a0da1 � � � dan . When elements of �
 ~A are represented by column

vectors

 
x
y

!

2 A 
 n+1 � A 
 n then the projection � is given by � n = (pn ; dpn� 1) .

Let us assumethat f is a cocycle in 
 � A . Following Remark 5.2 we may assume
that f is harmonic. Then it is also � -invariant, so there is an associated supertrace
� = f z� 1 on QA . The image of f in �
 ~A is (f p; f dp) , which is the same as
(f p; f B0p) , since pB0 = dp. Therefore, this cocycle corresponds to a supertrace on
�Q ~A and so descendsto a normalized cocycle f p in C� (A)� . But this proves that
the image f p of the cocycle f is a normalized cocycle. It follows that the map
H E �

sn(A) ! H E � (A) is injective.
Let us now take a normalizedcocycle g 2 C� (A)� . This cocycle lifts to a super-

trace � on �Q�
~A , which in coordinates is given by (gz� 1; gB0z� 1) . Corollary 5.10

implies that � is homotopic to a supertraceof the form � 0� , where � 0 is a supertrace
on Q� A . To be precise,� 0 = � � l . It is clear that in our usual coordinateson �
 �

~A ,
this supertrace corresponds to the cocycle

(� 0� )z = ((� 0p)z; (� 0dp)z) = (( � 0p)z; (� 0pB0)z)
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This cocycledescendsto a normalizedcocycle (� 0p)z in C� (A)� . Since� is homotopic
to � 0� the cocycle � z is cohomologousto the cocycle (� 0� )z . It follows that the
cocyclesg and (� 0p)z arecohomologousin C� (A)� . On the other hand, the supertrace
� 0 determinesa � -invariant cocycle(which is alsoP -invariant) cocycle (� 0)z in 
 � A � .
But it is clear that the canonical inclusion 
 � A � ! C� (A)� sends(� 0)z to (� 0p)z .
This shows that

H E �
sn(A) 3 [(� 0)z] 7! [(� 0p)z] = [g] 2 H E � (A)

It follows that the induced map H E �
sn(A) ! H E � (A) is surjective.

6.4 Remark. It is an amusing application of this theorem to calculate the entire
cyclic cohomologyof C . SinceQC = C in degreezeroand zerootherwise,we have
that H E even(C) = C , since supertraceson C are just linear maps C ! C , and
H E odd(C) = 0.

7 Homotop y invariance of the entire cyclic cohomology

As it wasmentioned in the introduction, the useof supertraceson the Cuntz algebra
is a very useful tool in studying entire cyclic cohomology. In this sectionwe present
another exampleof such an application in the caseof homotopy invariance of this
cohomologytheory [K].

Let us then consider two unital Banach algebras A and B and a continuous
family of homomorphismsf t : A ! B . We assumethat each of the homomorphisms
f t is continuous for t 2 [0; 1] and that the family is uniformly bounded, i.e. that
there existsa constant M such that jj f t jj � M for t 2 [0; 1]. We suppose,moreover,
that the corresponding family of derivatives _f t with respect to the parameter t is
continuous and uniformly boundedby a constant N on the interval [0; 1]. We then
have the following.

7.1 Theorem. Let f t : A ! B be a family of homomorphismsof Banach algebras
satisfying the properties given above. Then f 0 and f 1 induce the samemap on the
entire cyclic cohomology H E � (B ) ! H E � (A) .

Proof. The family of homomorphismsf t : A ! B extendsto a family of continuous
homomorphismsof continuoushomomorphismsof the corresponding Cuntz algebras
� t : Qr A ! Qr B for any positive real r if we de�ne

� t (p(a0)q(a1) � � � q(an )) = p(f t (a0))q(f t (a1)) � � � q(f t (an ))

To prove that this map is continuous for any positive real r we �rst need to �nd
estimatesfor jjp(f t (a)) jj Qr and jjq(f t (a)) jj Qr . From the de�nition of the norm on
the Cuntz algebrawe have

jjp(f t (a)) jj = jj f t (a)jj � M jjajj = M jjp(a)jj
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and
jjq(f t (a)) jj = jjd(f t (a)) jj = inf

� 2 C
jj f t (a) + �f t (1)jj

� jj f t jj inf
� 2 C

jj a + � jj = jj f t jjjj dajj

� M jjq(a)jj

Thus if ! =
P

! n 2 
 r A then using the above estimateswe have that

jj ! jj Qr =
X

jj � t (! n )jj r n � M n+1 jj ! n jj r n

= M jj ! jj Qr

This shows that � t is a continuoushomomorphism� t : Qr A ! Qr B for all positive
r and so it extendsto a continuous homomorphism� t : Q� A ! Q� B . This means
that � t inducesa map � �

t from the spaceof continuous supertraceson Q� B to the
spaceof continuoussupertraceson Q� A .

We now want to prove that f 0 and f 1 induce the samemap on the entire cyclic
cohomology. Let us then assumethat T is a continuoussupertraceon Q� B , we want
to show that the supertraceson Q� A T � � 0 and T � � 1 are homotopic. But we can
de�ne a supertrace on 
 1Q� B by the formula

� (! � � ) =
Z 1

0
T(� t (! ) _� t (� ))dt

It is clear that we have T� � = T� 1(� ) � T� 0(� ) which meansthat the supertraces
T� 0 and T� 1 are homotopic. We now needto check that � t and _� t arecontinuous.
But sincewe have for any a 2 A

d=dt(p(f t (a))) = p( _f t (a))
d=dt(q(f t (a))) = q( _f t (a))

we canestimatethe normsof theseelements asbefore,usingthe fact that the deriva-
tive _f t is uniformly boundedby N . We �nd that

jjp( _f t(a)) jj � N jjp(a)jj
jjq( _f t(a)) jj � N jjq(a)jj

>From this point on the proof is the sameas in the caseof simplicial normalization
theorem.
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