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Abstract. We show that the entire cyclic cohomology of Banach algebras defined
by Connes has the simplicial normalization property. A key tool in the proof is the
notion and properties of supertraces on the Cuntz algebra QA. As an example of
further applications of this technique we give a proof of the homotopy invariance of
entire cyclic cohomology.
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1 Introduction

One of the basic features of the non-commutative geometry introduced in the fun-
damental work of Connes [Col, Co3| is that in order to have a good analogue of
the de Rham homology for non-commutative spaces one needs to introduce cyclic
cohomology, or more generally, theories of cyclic type, like periodic cyclic cohomol-
ogy. In particular, the periodic cyclic cohomology is the natural target for the Chern
character map from K -homology. In the ‘finite dimensional’ situation, the K -cycles
are described by means of p-summable Fredholm modules, which are determined by
a representation of an algebra A in a Hilbert space H together with an involution
F, acting on H, such that [F,a] € LP(H), for all a € A, where LP(H) is the p-th
Schatten ideal in the algebra of bounded operators on H. There are examples that
demonstrate that in certain situations the hypothesis of finite summability should
be replaced by a weaker condition. The new condition of §-summability [Co2] is re-
flected on cyclic cohomology by introduction of a growth condition on the cochains,
which are now elements of a certain Z/2-graded complex, the entire cyclic cochain
complex.

We define the entire cochain complex as follows. A cochain in this complex is a
possibly infinite sequence of multilinear functionals on A

(.anfl)"'afna"‘)

where f, : A1 — C. A cochain is called even (odd) if its components f, are
nonzero when n is even (odd). This way we obtain a Z/2-graded complex equipped
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with the differential b + B acting between spaces of cochains of opposite parity.
This complex is not very interesting as its cohomology is trivial. When A is a
Banach algebra, inside this cochain complex there is a subcomplex of entire cochains
satisfying the following growth condition

(1.1) S fan [ 2l 7™ < 00

n>0

for all positive real r. There is an identical condition to be satisfied by odd cochains.
The cohomology of this complex is the entire cyclic cohomology. We can define a
similar theory when we consider the same growth condition but we require that the
cochains be simplicially normalized. In other words, if f is a cochain, we require
that

fn(a0>a1a .. .,Cln) =0

whenever a; = 1 for some 1 < ¢ < n. It is a standard statement of the cyclic
cohomology that replacing cochains by normalized cochains is a quasi-isomorphism
[LQJ, and in fact the same is true in theory of simplicial complexes [MacL]. It is our
aim in this paper to present a proof of a similar statement in the case of entire cyclic
cohomology.

In our approach we use the fact that we can associate with a unital algebra A a
universal algebra QA = Ax A, the Cuntz algebra, which is defined as the free product
of A by itself. Then there is a universal model for the simplicial normalization
problem, which may be described as follows. On the one hand we may consider the
free product with amalgamation over the identity element of A, thus obtaining the
Cuntz algebra QA in the category of unital algebras. On the other hand, following
Connes, we can adjoin the unit to A, thus obtaining the augmented algebra A, and
then we can form the Cuntz algebra QA where the amalgamation is taken over the
new unit. We show that, roughly speaking, the two ways of associating the Cuntz
algebra with A are equivalent from the point of view of entire cyclic cohomology.
More precisely, we show that there is a homotopy between QA and QA = C & QA
which induces a quasi-isomorphism on the entire cyclic cohomology. We do this
by constructing a family ¢; of homomorphisms of QA and studying the effect of
its action on the supertraces on a completion Q.A of QA. We show that this
family of homomorphisms respects the homotopy class of a supertrace. Since we are
interested in the case where A is a Banach algebra, we need to introduce a suitable
topology on the Cuntz algebra and consider homomorphisms and supertraces which
are continuous with respect to that topology.

The reason for introducing supertraces on the Cuntz algebra is that they lead to
certain entire cyclic cocycles and, moreover, in each entire cyclic cohomology class
there is an entire cyclic cochain coming from a supertrace on QA. Even more,
supertraces that are homotopic in a certain sense correspond to entire cyclic cocycles
which are in the same entire cyclic cohomology class. One of the difficulties which
we have to face is the problem of adapting the purely algebraic formalism of Cuntz-
Quillen to the present topological situation.



Even if the problem that we address in this paper may seem technical, the method
which we employ should prove useful in other situations. We see the proof of sim-
plicial normalization property of entire cyclic cohomology as a first step towards
adapting the Cuntz-Quillen formalism to the study of cohomology theories of topo-
logical algebras. As another example of a possible application of this method we
present a proof of the homotopy invariance of the entire cyclic cohomology.

2 Universal algebras associated with an algebra

We begin with a discussion of two universal algebras associated with an algebra A,
namely the algebra of non-commutative differential forms (2A and the Cuntz algebra
QA. In our exposition we use the approach presented in the series of papers by Cuntz
and Quillen [CuQ1, CuQ2, CuQ3], to which we refer the reader for more details.

Let A be a unital algebra. We shall denote by Q'A the A-bimodule of 1 forms
over A. Denoting by d the canonical derivation of A with values in Q'A, we have
that Q'A is spanned by the symbols agda;, for ap and a; in A. The space of
n-forms is then defined by

(2.1) O"A=Q'AR, -7 @40 A

Let QA = @, 1"A. We define a product on this graded space as follows. Let
Wi -+ Wy, for w; € QYA be the image of w; ® -+ ®@ w, in Q,A. Then put

(2.2) (Wi wn) (- D) = W1 T

We extend the differential d to QA so that it becomes a differential graded algebra
with respect to the above product.
An equivalent description of the space of forms is provided by a family of isomor-
phisms
Q"A=Ar A®"

where A = A/C.
The Hochschild boundary operator b is defined on homogeneous forms of positive

degree by
b(wda) = (—1)*(wa — aw) = (—=1)¥I[w, q]

In degree zero we put b = 0. Thus b is a differential of degree —1 and square zero.
The Karoubi operator  is defined by

r(wda) = (—1)*ldaw
This operator of degree zero satisfies the following ‘homotopy’ formula
(2.3) bd+db=1—k

Moreover, k commutes with both differentials b and d. Finally, on the space of
n-forms Q" A, the operator B of Connes is defined by

B = Z kid
i=0
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The operator B is a degree +1 differential, i.e. B%? = 0. Equipped with the two
differentials b and B the DG algebra of forms (24 becomes a mixed complex in the
sense of Kassel [Kal].

The homotopy formula (2.3) suggests that we can treat the operator 1 — x as the
formal analogue of the Laplacian on a Riemannian manifold. In particular, we have
direct sum decomposition of the algebra of forms into the eigenspaces of the operator
k. Of most interest is the (generalized) eigenspace in QA where k has eigenvalue 1.
Denoting by P the spectral projection onto this eigenspace we may write

OA = PQA® PLOQA

Using a formal analogy with the situation of a Riemannian manifold, the subcomplex
PQA is called the space of harmonic forms. Moreover, the complexes 2A and
PQA are quasi-isomorphic from the point of view of cyclic homotopy types. The
relevance of this decomposition in the entire cyclic cohomology will be explained in
the following sections.

We may consider the following natural algebraic completion of the algebra QA.
The subspace J = @,>; 2" A of forms of degree at least 1 is an ideal in QA which
gives a decreasing filtration of QA

LJPCL..CJPCJC A
and we let QA be the J-adic completion of QA
QA =1lim QA/J"

It is not difficult to see that QA = [1.50 2" A. We shall make use of this algebraic
completion when describing various other topologies that can be introduced on the
algebra QA.

If the algebra A is nonunital we let A be the augmented algebra A = C @ A.
We then form the DG algebra of non commutative differential forms QA as above,
but we note that in the present case the algebra of forms has the following new
properties. First, this algebra is itself augmented, i.e.

QA=Ca QA
where the reduced part QA is the canonical nonunital differential graded algebra
generated by A. Furthermore, there is an isomorphism A®HL g A% On A Thus

all the standard operators on QA may be given by suitable 2 x 2 matrices. In
particular we have that

- (00 - (b 1-2)
S0e) S



where

[aary

n—

b(ag,...,a,) = Z(—l)i(ao, e @iy e Ay)

i=0
Mag, .. ,an) = (=1D)™(an, a0, ,0n-1)

and Ny, = "'\ in degree n. The algebra QA equipped with the operators
described above is identical to the first two columns in the classical double complex
of Connes-Loday-Quillen-Tsygan.

We now pass to the description of the Cuntz algebra QA associated with an
algebra A. If A is a unital algebra then the Cuntz algebra QA is defined as the free
product QA = Ax A in the category of unital algebras, i.e., with amalgamation over
the identity of A. There are two canonical homomorphisms ¢,:” from A to QA and
a canonical automorphism of QA of order two: w +— w? which interchanges ¢ and
7. The algebra QA is a superalgebra which means that QA is Z/2-graded and the
grading is compatible with multiplication.

For a € A, let p(a) and ¢(a) denote the even and odd components of i(a)
with respect to the Z/2-grading of QA. If we put a = t(a) and a” = (7(a) then
pla) = (a+ a”)/2 and ¢(a) = (a — a”)/2. The following relations determine the
product in QA.

plaraz) = plar)p(az) + q(a1)q(az)

qlaraz) = plai)q(az) +q(ai)p(az)
We deduce from these relations that any element in QA may be represented as a
linear combination of elements of the form p(ag)g(a) - --q(a,). Note finally that the
unit of the algebra A is also the unit of QA and we have p(1) =1, ¢(1) = 0.

There is a canonical map QA — A which identifies the two copies of the algebra
A inside QA. This map is called the folding map, and its kernel is denoted by ¢A.
As in the case of the algebra of forms, there is a natural completion of this algebra
which is the inverse limit of the system QA = l&n QA/qA™. This completion is
again a Z/2-graded algebra.

There is a linear isomorphism p between the underlying graded vector space of
the Cuntz algebra QA and the graded vector space of forms (2A which on generators
is defined by

i plag)g(ar) -+ - qla,) — apday - - - day,
In particular, if a € A as a subalgebra of QA then p(a) = p(p(a)) + p(qla)) =
a+da € QA.

The map p becomes an isomorphism of Z/2-graded algebras when the algebra
QA is equipped with the Fedosov product defined as follows. If w and n are two
homogeneous elements of 24 we put

(2.4) won=uwn—(—1)*dwdn

We may therefore think of the Cuntz algebra as a deformation of the algebra of
differential forms QA equipped with the Fedosov product. In particular, under this
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isomorphism, the ideal J in QA is identified with the folding ideal ¢A of the Cuntz
algebra.

Using this isomorphism it is easy to see that if A is an augmented algebra then
QA is also augmented

QA=CaQA
where QA, the reduced part of the Cuntz algebra, is the Cuntz algebra associated
with A in the nonunital category.

If A is in fact a unital algebra then the unit 1 of A has two images u and u”
in QA which are idempotents. The corresponding involutions f = 2u —1 and f7
generate inside the algebra QA an algebra which is isomorphic to QC the group
algebra of the infinite dihedral group. We shall record its basic properties for future
use [Cu2].

The dihedral group generated by the two involutions f and f7 may be presented
using the following two generators. First, let

L=1log(ff")==>_(2fqa(f))"/n

n>1

Since (ff7) = f'f = (ff?)"!, we have on the one hand (e*)” = e~L while on the
other (e*)Y = e*") from which follows that LY = —L, i.e. L is odd with respect to
the canonical automorphism ~.

We put W = el/2. Since ff7 = exp L we have

Wf'y_er L/2 —Lf —L/2f:feL/2

so that
(2.5) fr=w-tfw

It is now a good moment to state explicit formulae for L and W that we will
need later [B].

2.6 PROPOSITION. Let L =log(ff?) = —>,>1(2fq(f))"/n. Then

log(ff") =—=>_

i>1

S an

Let us now define W; = exp(tL/2) for t € [0,1].

2.7 PROPOSITION. For all t € [0,1] we have

n22n—1 <t/2 +n

Wy=1+)> (-1 on

n>1

s 2matr + atr)

Moreover, we have that W_, = W,". Thus p(W_;) = p(W;) and q(W_;) = —q(W,).



Proof. The first part of the proposition follows if we use the binomial series expansion
for W, = ett = (ff)¥? = (1 —2fq)"/?, together with combinatorial formulae in [B].
We have seen that L7 = —L, from which it follows that

Wt“/ — (etL/2)~/ — ethW/2 — e—tL/2 — W—t

We note that when we compare this statement with the explicit formula for W, given
above, we find the following symmetry of the binomial coefficients which appear in
the decomposition of W,

(—t/2 +n— 1) _ (qye <t/2 +n— 1)
2n — 1 2n — 1

which is not very difficult to check directly. The second statement of the present
Proposition is now clear. [ ]

3 Topology on QA and QA

Let A be a unital Banach algebra equipped with a norm || ||. Let us denote by A =
A/C the quotient space which is a Banach space equipped with the quotient space
norm. The space of one-forms Q2'A becomes a Banach space with the completed
projective tensor product norm Q'A = A®,A. The operator d : A — Q'A is now
a continuous operator of unit norm. For any n > 1 we equip the space of n-forms
" A with the topology of the completed projective tensor product [Arv, p. 260 ff].
The differential d becomes a continuous derivation of unit norm and the product
(2.2) is now a continuous map.

Given this topological structure, we may now equip the differential graded algebra
QA = @50 2" A with the following family of norms || ||, parametrized by a positive
real r. If w=73",5ow, we put

llwllr = D~ llwnll=r"

n>0

The derivation d becomes a continuous map d : (QA,|| ||.) — (QA ]| ||;). In
particular, ||dal|, < rl|la|| for a € A. If w, is a homogeneous form of degree n then

llwnllr = r"llwall,  ldwnllr = " Hldw,|| < 7" |wl| = r||w]],
For any two ' < r, let
frr 2 (QA [ ]r) — (QA, [ [[)

be the identity map, which in this case is norm decreasing. This way we obtain
a direct system {(QA,|| ||.), fr}. Let Q.A denote the completion of the space



(QA]|| ||-) with respect to the norm || ||.. This is now a Banach algebra, which
means that for any two forms w, 7 in Q,A we have [Arv, p. 262]

[eonllr <l 71l

This formula follows directly from the definitions of the product (2.2) and the norm
Inlis

There is an induced direct system (€2, A, f,.») of Banach algebras. We denote by
Q. A the direct limit of this system as r — 0:

QA =1imQ, A

Finally, we denote by f,. the canonical maps f,. : 2,4 — Q.A, which are continuous
algebra homomorphisms. The derivation d extends to a continuous derivation d,. :
0,.A — Q,A. The composite f,.od, : 2,A — QA is a continuous derivation
of Q,A with values in Q.A and all derivations f, o d, are compatible with the
maps f-. Thus this family of derivations is equivalent to a continuous derivation
d: QA — QA which makes 2. A into a topological differential graded algebra
equipped with the locally convex topology induced by the topologies on €2, A.

In the case when A is a unital Banach algebra, for any positive real r, the
completion 2, A is an augmented Banach algebra

0LA=CaoQ,A

from which it follows that also the direct limit of the corresponding direct system is

an augmented algebra ~ o
QEA =C S QEA

We now define a topology on the Cuntz algebra QA using the families of norms
|| ||- on QA together with the isomorphism p between the two superalgebras. And
so if w is an element of the Cuntz algebra QA then its norm ||w||g, , for any positive
r is defined by

lwllo. = llu(@)llr

In particular, for a € A, ||allg, = ||la + dal|, = ||a|| + r||da||. This means that the
isomorphism g induces a new norm on the the algebra A which is equivalent to the
original Banach norm on A.

We shall need the following estimates for the Fedosov product.

3.1 LEMMA. For any r > 0, and for any w,n € Q,.A we have
|lwonll, < Cof|w[l[Inll:

where C, = 1+712% and o denotes the Fedosov product of forms. If either of the forms
w, n s closed then this estimate reduces to

[lw o nlly < flwll-Inll,



Proof. If w =3 w, and n =Y 7, then

won = Z Zwionj

n>0i1+j=n

= > > winy — (—1)ldwidn;

n>01+j=n

The norm || ||g, of this form may then be estimated as follows.

lwenll. < Z(Z meju)rwz(z Hdwidmu)rw

n>0 \i+j=n n>0 \i+j=n

< > ( > ||wi||||77j||7r)7°"+7“22 ( > ||wz'||||77j||)7°"
n>0 \i+j=n n>0 \i+j=n
= (1+7)[|wlllnll.
The last statement of the lemma is now clear. ]

3.2 COROLLARY. If x,y € QA then

lzylla, = llu(@) o pWll: < 1+ r)n@)ll /@)l = Crllzllo llylle.

This means in particular that multiplication in the Cuntz algebra is continuous
in this topology.

We now introduce a direct system of normed spaces (QA, || ||g,) as in the case
of the algebra of differential forms. For any pair »’ < r there is a map

frer = (@A N l,) — (@A ] Tla,.)

which is the identity map. Using the estimates

lwlle, = llu@)ll < [[u@)ll: = |l

we see that for any two r’ < r the map f,,~ is continuous and norm decreasing. Let
us denote by @A the completion of the space (QA,|| ||g,), then there is a direct
system (Q,A, f.) of complete normed spaces. We denote by Q.A its direct limit
taken as r — 0.

As before, in the case of a unital Banach algebra A, the Cuntz algebra Q.A is
also an augmented algebra. This follows from the fact that for any r we have

QTA =Co QTA



so that we have ) o
QRQA=CoQA
where QA is the direct limit of the direct subsystem Q,A

Our last task in this section is to show that the elements L and W; of the
algebraic completion QA are in fact elements of the locally convex algebra Q.A.

3.3 PROPOSITION. If respecting the notations introduces previously we define

—log £ = =Y L2sq(n)”

n>1

and Wy = exptL/2, t € [0,1], then L and W; are elements of Q.A. More precisely,
they belong to QA for all r < 1/||q(f)]].

Proof. Recall from lemma 2.6 that L is given by the following explicit formula

(/1) = = 3 (G p( s

Since
(GRS V I
Cn-1)! nn+1)...2n-1) ~
for any n > 1, we have that
ILllo. < > lp(HalH) e

n>1

S ZHp |2n 1,.2n— 1

n>1

The last series above is clearly convergent for r < 1/||q(f)||, which proves the first
part of our statement.
We note here for future use that the same estimate may be written as

IEll0, <l Xl = ALl

Thus if we restrict r to r <o = 1/2||q(f)||, say, we may write

(3.4) ILlle, <N

where N = (4/3)[|p(f)a(f)]l- ]
We now turn to the family of operators W; = exp(tL/2). Note that if w € Q, A
then also e¥ € ), A. Indeed, we have

w w111,
le“ll. < >t nQ < exp(Ch||wllg,) <

n>0
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since ||w||g, is finite by hypothesis. This is sufficient to prove the second part of our
hypothesis. [ ]

It is now a good moment to record a more precise estimate of the norm of the
odd part of W; which will be needed in what follows.

3.5 PROPOSITION. For any t € [0,1] and any r < ro = 1/2||q|| we have
lg(Willg, < 7N

where the constant N is as in the formula (3.4).

Proof. From our explicit expression for W, it follows that

g(We) = > cap(flalf)" ™

n>1
where

t/24+n—1
= -1 n22n—1
e = (=1) ( 2n — 1 )

The binomial coefficient above may be estimated as follows. Note first that

¢l _ |4(t/2 +n—1)(t/2 —n+1)| _ 4/(n —1)% — (¢/2)?| <1
|Cn-1] (2n —2)(2n —1) 2(n—1)2n—-1) —

so that |c,| < |c,—1] for all n > 1. Since |¢1] <1 we have that |c,| <1 for all n.
It now follows that

laWolla, < X Nleap(Ha(H) o, < rllp(Ha(HII D la(HIFr* < rN

n>1 n>0

for < 1/2]la(/)]. -

4 A homotopy

A first step in the proof of the simplicial normalization theorem for entire cyclic
cohomology will be to show that the algebras Q.A and C @ Q.A are homotopy
equivalent. At the same time we shall establish a homotopy equivalence between the
superalgebras Q.A and Q.A. We establish the required homotopy using a certain
family {¢;} of continuous superalgebra homomorphisms ¢; : Q.A — Q.A. The defi-
nition and properties of the family ¢;, which have been suggested to us by J. Cuntz
(see also [Cu2]), will depend in an important way on the properties of the operators
L and W, established in the previous section.
For any t € [0, 1] we put

a — a = e LPgeth/2 = W_,aW,
A — ) =etlPare 2 = W, W,

(4.1)
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We note that the first of the two maps is a homomorphism from the algebra A to
the underlying algebra of Q.A and that the other map is induced from the first by
applying the canonical automorphism ~ which sends a; to a}. This pair of algebra
homomorphisms extends to the following family of homomorphisms ¢, : QA —
Q.A. For we Q.A, w=plag)g(ar) - - - q(ay), we have

(w) = wy = pe(ao)q(ar) - - - g (an)

where

pe(a) = pla) = 1/2(a;+af)

@la) = qla) = 1/2(ay — ai’)
We remark that ¢q is the identity map whereas ¢ is the map which sends f to f7
by (2.5).

4.2 THEOREM. The family ¢, defined above is a family of continuous superalgebra
homomorphisms from Q.A to Q.A.

The proof depends on a few estimates, which we derive below. Before we begin we
note that, for any ¢ € [0,1] and any A € C, p;(A\) = A and ¢(\) = 0 so that ¢,
acts nontrivially only on the reduced part Q.A of the algebra Q.A, and therefore
we shall concentrate on this case.

First we need to estimate norms || ||o, of p;(a) and g(a), for any a € A C A.

4.3 PROPOSITION. For any t € [0,1] and any r < ro = 1/2||q(f)|| we have the
following estimates for any a € A

M'|[p(a)l|q.
M"|q(a)llo.

where M' and M" are constants which only depend on rq. We may then replace
them with M = max(M', M").

[Ip(ar)llq.

<
lg(allo, <

Proof. As both estimates are proved in the same way, we give the details of the proof
of the second of the two.

Using the definition of the product in the Cuntz algebra we may write that the
odd part ¢(a;) of a; is given by

qla;) = pW)p(a)g(Ws) + p(Wy)q(a)p(Ws)
—q(Wy)p(a)p(Wr) — q(Wi)q(a)qg(Wy)

where we have used the fact that p(W_;) = p(W};) and ¢(W_;) = —q(W;). The terms
containing ¢(a) present no problem from the point of view of our estimates, so let
us concentrate on the other two terms. Using proposition 3.5 we have that

lp(Wp(a)gWille. < CRlIp(Wi)llo Nrllp(a)lle.
= Clllp(Wlle,Nlla(a)lle,
= Mllg(a)lle,
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for any r < ry and any a € A, and similarly with the second term containing p(a).
We have used here that r||p(a)||g, = ||¢(a)||g, for a € A. Thus the norm of ¢(a;) is
bounded from above by the sum of four terms of the form M;||g(a)||q, , which leads
to the required formula when we put M” to be the sum of the M;’s, for i =1,...,4.

u

It follows that if w, = p(ag)q(ay)...q(a,) then
lwalla, < M Ip(ao)lllla(a)ll - lla(an)ll = M7 [w,|

Let us now assume that w € Q.A. This means that there exists an r, which may
always be chosen to be smaller than ry, such that w € Q, A, ie. that w =3, - ,w,

and
lwlle, = Xusollwallq.

= §3n20|kunurn <00

We now want to find an estimate of the norm of w;. We have
lwdlle, = 11> wialle, < DM Hwnllg,,

n>0 n>0
= MY |lwa||[M""™ < M]|wllq,
n>0

if 7 < r/M. We have thus proved that for any w € Q.A there exist two norms
| ||, and || ||q,, where 7" < r < 1y, such that

(4.4) 19:w)llq, = Mllwllo,

where M is the constant determined in the estimates of the norms of p;(a) and ¢;(a)
above. But this means that, for any ¢ € [0,1], ¢, is a continuous homomorphism
Q.A — Q.A in the locally convex topology with which Q. A is equipped as the direct
limit of the system (Q,A, f,,v). This gives the proof of Theorem 4.2. ]

It is clear that the folding map in QC
(4.5) 0—¢C—-QC—C—0
induces a canonical projection
QA— CoQA

The kernel of this projection is an ideal I generated in QA by ¢C, the kernel of
the folding map (4.5). In the analytic situation, in any of the completions @), A we
consider the closed ideal I,., which is the completion of the ideal I in the topology

defined by the norm || ||g,. Thus we deduce that there are the following continuous
isomorphisms . o
(4.6) CoQA=QA/L,  QA=QqA/l

This observation, together with the properties of the family {¢;} of homomorphisms
of Q.A allows us to define a lift of Q. A back into Q.A. In fact we prove
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4.7 PROPOSITION. We have the following continuous isomorphism of locally convex
superalgebras

P1/2(QcA) ~ QA

Proof. First let us note that ¢1/5(f) = ¢1/2(f7) from which it follows that also
$1/2(u) = ¢1/2(u”). Thus if we apply the family ¢, to the superalgebra Q.A then

the effect of this action, when we let ¢ vary between 0 and 1 /2, is that it continuously
deforms the subalgebra QQC to C. Indeed, we see that ¢1/2(L) = 0 and ¢; /(W) = 1.
Thus from the purely algebraic point of view ¢, /Q(Qfl) is the augmented free product
C® p1/2(A) * ¢1/2(A). From the universal properties of the algebras involved follows
that the free product ¢1/9(A) * ¢1/2(A) is isomorphic to QA. We now need to adapt
this situation to our analytic context.

First we define a map gbl/z(QEA) — Q.A. Since ¢, : Q.A — Q.A is a continuous
homomorphism for any ¢ € [0, 1], there exists a positive real r such that ¢, /Q(QA> C
Q.A. We then put for any w € Q. A

¢1/2(W) = [¢1/2(W)] € QT‘A/I’I‘

Since this map is just the restriction of the canonical projection QTA — QTA/ I, to
the image of ¢1/,, it is continuous.

To define the inverse map, let [w] € QTA/ I, and let us choose a representative
wo € QA of this class. We define

5 : QT‘A/IT =) [W] — ¢1/2(WO> € QT’A

This map is well defined, since for any r > 0, ¢/, vanishes on the ideal I, so
that the above assignment does not depend on the choice of wg. To show that it is
continuous we note that, as the space ), A/I, is equipped with the quotient space
norm

llw]ll. = inf |lw+nllo,,

for any r there exists wy € [w] such that ||wol|g, < 2||[w]||g,. Since ¢; is continuous
for any t € [0, 1], from the estimate (4.4) it now follows that there is an r’ < r such
that

E(WDlle,, = ll¢12(wo)llq,, < Mllwollo, < 2M||[w][l.

This shows that the map ¢ is continuous for all r and so it is continuous in the
locally convex topology on the union of @, A/I, ~ @, A. This finishes the proof. =

With this proposition we have constructed the following homotopy

(4.8) QA — C®d1p(QA) ~CoQAD QA

where the map [ is the lift provided by the previous theorem. There is a correspond-
ing homotopy of the reduced part Q.A onto Q.A

QEA — (bl/Z(QEA) = QEA # QEA
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This homotopy will be a key ingredient when we compare the entire cyclic cohomology
of Q.A with the entire cyclic cohomology of Q.A.

5 Continuous supertraces on the Cuntz algebra and the entire cyclic

cohomology

In this section we shall describe supertraces on the Cuntz algebra and the notion of
homotopy of supertraces. In our discussion we shall frequently use the identification
of the Cuntz algebra QA with the space of differential forms QA equipped with the
Fedosov product.

A cochain on QA is a linear functional f with values in C. Any cochain is
uniquely determined by its components

fulao, a1, -+, an) = flaoday - - - day,)

where f, : Q"A — C. Cochains defined by the above formula are called simplicially
normalized since they satisfy f,(ag,a1,...,a,) =0 if a; = 1 for some i > 1. The
space of all cochains is a Z/2-graded complex QA* equipped with the differential
b+ B, which is the transpose of the differential introduced on 2A. A cochain f € QA*
is called harmonic if it is invariant under the action of P, the operator of spectral
projection. If f is a cocycle in the b + B complex then fbB = f(b+ B)B = 0.
Recall now the following fact [CuQ2, Propn. 8.5].

5.1 PROPOSITION. If fbB =0 then f is harmonic, i.e. fP = f, if and only if f
18 K-tnvariant, where k is the Karoubi operator introduced in Section 2

It follows that a cocycle is harmonic if and only if it is invariant under the action of
the Karoubi operator .

If A is a Banach algebra, the cochain complex 2A* contains the simplicially
normalized entire cochain complex 2.A*, which by definition is a subcomplex con-
sisting of all cochains satisfying the entire growth condition (1.1). We denote the
cohomology of this complex by HE?, and call it simplicially normalized entire cyclic
cohomology.

5.2 REMARK. In the preprint version of their paper [CuQ2] Cuntz and Quillen
proved that HE? (A) = H*((PQ.A)*,b+ B).

A supertrace on the Cuntz algebra QA is a linear functional 7 which satisfies
the following identity

7(wn) = (=)Wl (nw)

for any two homogeneous elements w and 7 of QA.

Since the Cuntz algebra is a superalgebra, any functional f on QA is uniquely
represented as the sum of even and odd components. By definition, a cochain is even
if fv = f and is odd when fv = —f where 7 is the canonical automorphism of QA.
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If we identify the Cuntz algebra with the algebra of differential forms equipped
with the Fedosov product then we can relate supertraces with cocycles in the complex
(QA,b+ B). And so a cochain 7 is a supertrace if and only if

Tn_lb = 27’n+1d

and 7,k = T7,, for n > 0. Let

(=™ I
ml AT om + D)

and put 7% = 7z. When we use that 7,,B = n7,d when 7 is k-invariant, then we
derive instantly the following property satisfied by the rescaled cochains:

Tpab+ 7B =0
for all positive n. In other words we have the following [CuQ2, Cor. 8.2].

5.3 PROPOSITION. A linear functional 7 on QA is a supertrace on QA if and only
if the rescaled cochain 7% satisfies the identities 7%(b+ B) = 0 and 7% = T°k in
positive degrees.

Let us now consider the cases where 7 is an even or an odd supertrace. In the even
case there is clearly an equivalence between even supertraces on (A and harmonic
cocycles. In the odd case the situation is slightly different since now the cocycle
condition in the lowest degree is equivalent to

(7%(b+ B))o(a) = (1°B)1(da) = 7°(da) = 0

Thus 7% is a cocycle if and only if 7°da = 0 for any a € A. The same condition
expressed in terms of the Cuntz algebra reads 7%(q(a)) = 0 for any a € A. Thus
odd harmonic cocycles correspond to odd traces 7 on QA for which 7%(¢(a)) = 0
for all @ € A. To summarise we state the following.

5.4 PROPOSITION.

1. There is a bijection (given by the family z of constants introduced above) be-
tween the even harmonic cocycles in (PQL.A*,b+ B) and continuous even su-
pertraces on Q. A.

2. There is a bijection between the odd harmonic cocycles in P2, A and odd con-
tinuous supertraces T on QA satisfying the condition 7(q(a)) = 0, for all
a€A.

Another crucial ingredient of our reasoning is the notion of homotopy of super-
traces. To describe homotopy of supertraces on QA we use the X-complex ap-
proach of Cuntz and Quillen [CuQ3]. We therefore need to discuss supertraces on
the superbimodule Q'QA over the Cuntz algebra QA. As before, supertraces on

16



Q'QA are linear functionals 7" which vanish on the supercommutator quotient space
QA = VL'QA/[QA, Q' QA],. First of all, it turns out that we may identify the
supercommutator quotient space Q'Qy, with the space Q' A® QA [CuQ4]. We shall
use the following notation. Let 6 be the inclusion 6 : A — QA and 67 the composi-
tion of # with the canonical automorphism v of (). We let p denote the cochain on
A given by p = (04 67)/2 and similarly ¢ = (6 —607)/2. We then have the following
identification of the even part (2'Qys)¢” of the supercommutator space

@A ® A2n+l i) (Qlth)ev

n>0

This isomorphism is given by the cochains (07¢*"df)¢". The odd part of the super-
commutator space is

QlA D @ A ® A®2n i) (QlQAhs)Od

n>1

where this time the isomorphism is given by cochains (0df)°?, (6¢**~*df)°¢. Using
this coordinate system, Cuntz and Quillen show [CuQ4] that the components of an
even supertrace 7' on Q'Q are given by the following cochains

Toner = T(07¢7"dR) : A® A*™ — C
On the other hand, an odd supertrace T" has the following cochains as its components
Ty, = T(0g*"1d6), Ty = THd6, Tib=0

To summarise, using the above isomorphisms, we have can represent any supertrace
T on Q'Q in terms of cochains on Q' AGQA. From now on components of functionals
on Q'QA will always be written in terms of these isomorphisms. We can now state
the following [CuQ4]

5.5 PROPOSITION. Let T' be a supertrace on Q'QA and let 6 be the differential
§: QA — Q'QA. Then we have

(T 0] 6)2n = —nPngn_l + BTgn_H

5.6
( ) (T o 5)2n+1 = (n + 1/2)PbT2n — BT2n+2

We say that two supertraces on QA are homotopic if and only if there exists a
supertrace T on Q'QA such that

TO—T12T0(5.

5.7 PROPOSITION. If 79 and 7 are homotopic supertraces on QA then the corre-
sponding cocycles 7§ and T{ are cohomologous in the cochain complex (QA*, b+ B).
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Proof. Let us first assume that 75 and 7, are even homotopic supertraces on QA.
Since the difference of two even supertraces is an even supertrace, we may use the
rescaling given by the family 2 of constants to write the formula for the corresponding
cocycle on QA equipped with the differential b+ B. Using the formula (5.6) we have

(1 —70)5, = %(71—70)
a _nl')n (T2 0)an

—~

3

—1
= %(—nPbqu + BTy, 41)
The rescaled cochain (77 — 79)* is a k-invariant cocycle in the complex (2A,b+ B),
and so it follows from proposition 5.1 that it is invariant under the operator P. The
above identity indicates that therefore the right hand side must also be P-invariant,
and so we have

(Tl — T(])Z = (Tl — T(])ZP = —anTQn_l + BPT2n+1

where we have used that P commutes with b and B. If we denote by T2n+1 =
(=1)"PT5,41/n! we may write

(7'1 - To)én = bT2n—1 + BT2n+1

which demonstrates that the cocycle (11 — 79)* is a coboundary.
Let us now assume that 7y and 7, are odd supertraces. In this case, the rescaled
cocycle (17 — 79)* satisfies the following homotopy identity

N G i
(11 = T70)3 1 = m((” + §>PbT2" — BTony)
= VIyn+ BTynio
where Ty, = mPT. We have used again the fact that the cocycle (11 — 79)?
n .o
is P-invariant. .

Finally, in the case when A is a Banach algebra, one shows as in [Co2, Prop. 2.4]
that cocycles coming from a continuous supertrace on Q. A satisfy the entire growth
condition.

Our next step is to prove that the family ¢; of homomorphisms establishes an
isomorphism between the homotopy classes of supertraces on Q.A and Q.A.

5.8 PROPOSITION. Let T be a continuous supertrace on ngl. Then 1. =To ¢ is a
continuous supertrace on Q.A whose homotopy class does not depend on t.
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Proof. Since ¢; is a superalgebra homomorphism, it is clear that 7, = 70 ¢, is a
continuous supertrace for all ¢ € [0,1]. Let us define the following map 7" on Q'Q.A.
For any w, n in Q.A we put

T(win) = [ r(ou()u(n)i

We claim that 7' is a well-defined continuous supertrace on Q*Q.A. Let us put aside
for the moment the problem of differentiability of ¢;, and concentrate on the purely
algebraic supertrace condition.

If o € Q.A and w, n are as above, then the supercommutator [, wdn]s is given
by

(5.9) [a,wdn]s = awdn — (—1)\QIIWI|nlw5na

= awdén — (=)l (w6 (na) — wnéa)

Using the fact that 7 is a supertrace on Q.A we have for any ¢ € 0,1]

T(6w)oe(na)) = T(du(w)du(n)ér(ar))
+ 7(¢1(w)de(1) (@)
= (=Dl (y () du(w)de(m))
+ 7(¢1(w)de(1) e ()

we see that applying 7" to both sides of (5.9) shows that 7" vanishes on supercom-
mutators and so it is a supertrace.

We now need to check that we can differentiate and integrate ¢, in the way
required by the above definition of the supertrace T'. First of all, from the definition
(4.1) it follows that a;, = ¢y(a) = W_,[L, a]W,, for any a € A, since L commutes with
W, = et/2. Similarly, we have that a; = e **/2[a”, L]e**/?. Using this observation

we have )
¢e(p(a)) = p([L a)
di(q(a)) = q([L,a)

We can now find estimates for the norms of these elements with respect to the norm in
the algebra ).A. Using the two formulae above together with our previous estimates
we see that for all r < rg

(L, ail)lle, < 2C[[Lllq.llg(a)]lq.

2G| Lllo. Mllq(a)lle,

A

= 2C,7||L||g, M||p(a)]|q,
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where, as usual, C, =1 + r?. Moreover, using the estimate (3.4) we have

lg(lL, al)lle, < 2G[Lllq,llp(ar)]lq.

< 2C.MNr|p(a)llq,

= 2C.MN||q(a)llq,
It follows that if w, = p(ag)q(ai)---q(a,) then
H@nille. = Ilpe(ao)at(ar) - qe(an) + i pelao)a(ar) - Ge(ai) - - - glan)llq,

< 2C(|ILllg,r + N)M™H|wnllq,

Let us put s = 2C,(||L||g, 7+ N). We then have in general that if w = > w, € QA
then

[01(@)llg, < 3 sM™rllwallq,

n>0
and the series on the right hand side is convergent for r < r'/M.

It is slightly easier to show that ¢; behaves well with respect to integration. We
have

1 1 1
[ ouwrdtlle, < [ llouwla,dt < [ Milwllq,dt < Mlwlle,

The above results show that indeed the homotopy class of the supertrace 7, =
T o ¢y does not depend on t. Since we want to use supertraces to describe entire
cyclic cocycles, we must also check that if 7 is an odd supertrace on Q. A such that
7(g(a)) =0 for any @ that 7, has the same property. But this follows directly from
the trace identity

To¢ug(a) = (1/2)7(ar — af) = (1/2)7(a — a”) = 7q(a) = 0

This finishes the proof. ]

5.10 COROLLARY. The family ¢, of homomorphisms of Q.A induces an isomor-
phism of homotopy classes of supertraces on Q.A and Q. A.

6 Simplicial normalization in the entire cyclic cohomology

In his definition of entire cyclic cohomology, Connes [Co2] uses the complex
(C(A)*,b+ B), whose elements are simplicially unnormalized cochains described in
the introduction. By definition, the entire cochain complex is the subcomplex C(A)*
of cochains satisfying the entire growth condition (1.1). Let us denote by HE*(A)
the cohomology of this complex, which we shall call the entire cyclic cohomology.

Inside the entire complex C.(A)* there is a subcomplex of simplicially normalized
entire cochains (€2.(A)*,b+ B). We shall call the cohomology of this complex the
simplicially normalized entire cohomology which we shall denote by HE?, (A). Our
main goal in this paper is to prove the following simplicial normalization theorem.
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6.1 THEOREM. The inclusion
QA" — C(A)"

mduces an isomorphism

HE: (A) ~ HE*(A)

Proof. A starting point for the proof of this theorem is the following theorem
proved by Connes [Co2, Lemma 1.6, Propn. 2.3 and 2.4]. First we say that a cochain
1 € C(A)* is normalized in the sense of Connes (or simply normalized) if and only
if ¥By(1 —\) =0, where By = (1 — A\)h and h is any operator of degree +1 such
that [V/,h] =1

6.2 THEOREM.
1. Any entire cyclic cocycle is cohomologous to a normalized entire cocycle.

2. There is a 1-1 correspondence between even normalized entire cocycles and
continuous supertraces on Q.A given by ¥ — (1, Byy).

Moreover, there is the following commutative diagram of Z/2-graded chain com-
plexes equipped with the differential b + B.

QA L A
(6.3) Ny
QA

where the map j : QA — C(A) is given by j(w,n) = w + Bon. The map 7 :
QA — QA is induced by the canonical projection p: @, A ® A®™ — QA given by
pn(ag, ay, ..., a,) = apday - - - da,. When elements of QA are represented by column

vectors Z ) € A®"L @ A®" then the projection 7 is given by m, = (pn, dpn_1).

Let us assume that f is a cocycle in 2. A. Following Remark 5.2 we may assume
that f is harmonic. Then it is also x-invariant, so there is an associated supertrace
7 = fz' on QA. The image of f in QA is (fp, fdp), which is the same as
(fp, fBop), since pBy = dp. Therefore, this cocycle corresponds to a supertrace on
QA and so descends to a normalized cocycle fp in C.(A)*. But this proves that
the image fp of the cocycle f is a normalized cocycle. It follows that the map
HE? (A) — HE*(A) is injective.

Let us now take a normalized cocycle g € C.(A)*. This cocycle lifts to a super-
trace 7 on Q.A, which in coordinates is given by (9271, 9Bpz"1). Corollary 5.10
implies that 7 is homotopic to a supertrace of the form 7/7, where 7/ is a supertrace
on Q.A. To be precise, 7/ = 7o l. It is clear that in our usual coordinates on Q. A,
this supertrace corresponds to the cocycle

(7'7)* = ((='p)*, (7'dp)*) = ((='p)*, (7'pBo)’)
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This cocycle descends to a normalized cocycle (7/p)* in C.(A)*. Since 7 is homotopic
to 7'm the cocycle 7% is cohomologous to the cocycle (7'7)*. It follows that the
cocycles g and (7'p)? are cohomologous in C¢(A)*. On the other hand, the supertrace
7’ determines a k-invariant cocycle (which is also P-invariant) cocycle (77)* in Q A*.
But it is clear that the canonical inclusion Q.A* — C.(A)* sends (7')* to (7'p)*.
This shows that

HEG,(A) 3 [(7)] = [(7'p)"] = [9] € HE™(A)

It follows that the induced map HE? (A) — HE*(A) is surjective. u

6.4 REMARK. It is an amusing application of this theorem to calculate the entire
cyclic cohomology of C. Since QC = C in degree zero and zero otherwise, we have

that HE°"(C) = C, since supertraces on C are just linear maps C — C, and
HE(C) = 0.

7 Homotopy invariance of the entire cyclic cohomology

As it was mentioned in the introduction, the use of supertraces on the Cuntz algebra
is a very useful tool in studying entire cyclic cohomology. In this section we present
another example of such an application in the case of homotopy invariance of this
cohomology theory [K].

Let us then consider two unital Banach algebras A and B and a continuous
family of homomorphisms f; : A — B. We assume that each of the homomorphisms
ft is continuous for ¢ € [0,1] and that the family is uniformly bounded, i.e. that
there exists a constant M such that || f;|| < M for t € [0,1]. We suppose, moreover,
that the corresponding family of derivatives ft with respect to the parameter t is
continuous and uniformly bounded by a constant N on the interval [0,1]. We then
have the following.

7.1 THEOREM. Let f, : A — B be a family of homomorphisms of Banach algebras

satisfying the properties given above. Then fy and fi; induce the same map on the
entire cyclic cohomology HE*(B) — HE*(A).

Proof. The family of homomorphisms f; : A — B extends to a family of continuous
homomorphisms of continuous homomorphisms of the corresponding Cuntz algebras
®, : Q. A — Q,.B for any positive real r if we define

®4(p(ao)g(ar) - - qlan)) = p(fi(ao))q(fi(ar)) - - - q(filan))

To prove that this map is continuous for any positive real r we first need to find
estimates for ||p(fi(a))||lg, and ||g(fi(a))||lg,. From the definition of the norm on
the Cuntz algebra we have

p(fe(a))ll = |l fe(a)l] < Mllal] = M]||p(a)|

22



and

laC(fla)ll = lld(fla)ll = inf [Ifi(a) + Af(1)]]

< |IAlling, e+ Al = [1fullldal

< Mlq(a)ll
Thus if w =Y w, € Q,.A then using the above estimates we have that
lwllg, = D_[1Pawa)llr™ < M |w,|[r"
= Mlwlle,

This shows that ®; is a continuous homomorphism ®; : ), A — @, B for all positive
r and so it extends to a continuous homomorphism ®; : Q. A — Q.B. This means
that ®; induces a map ®; from the space of continuous supertraces on Q).B to the
space of continuous supertraces on Q. A.

We now want to prove that fy and f; induce the same map on the entire cyclic
cohomology. Let us then assume that 7' is a continuous supertrace on () B, we want
to show that the supertraces on Q. A T o ®y and T o ®; are homotopic. But we can
define a supertrace on Q'Q.B by the formula

rwtn) = [ T(()b )i

It is clear that we have T'én = T'®;(n) — T®o(n) which means that the supertraces
T®y and T'®; are homotopic. We now need to check that &, and ®; are continuous.
But since we have for any a € A

d/dt(p(fi(a))) = p(fi(a))
d/dt(q(fi(a))) = q(fi(a))

we can estimate the norms of these elements as before, using the fact that the deriva-
tive f; is uniformly bounded by N. We find that

Ip(fea)ll < Nllp(a)l]
lg(fea)ll < Nllg(a)]]

JFrom this point on the proof is the same as in the case of simplicial normalization
theorem. [ ]
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