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Abstract. We show that the entire cyclic cohomologyof Banad algebrasde ned
by Conneshasthe simplicial normalization property. A key tool in the proof is the
notion and properties of supertraceson the Cuntz algebra QA. As an example of
further applications of this technique we give a proof of the homotopy invariance of
ertire cyclic cohomology
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1 Intro duction

One of the basic features of the non-comnutative geometryintroducedin the fun-
damertal work of Connes[Col, Co3]is that in order to have a good analogueof
the de Rham homology for non-comnutative spacesone needsto introduce cyclic
cohomology or more generally theoriesof cyclic type, like periodic cyclic cohomol-
ogy. In particular, the periodic cyclic conomologyis the natural target for the Chern
character map from K -homology In the " nite dimensional'situation, the K -cycles
are described by meansof p-summableFredholm modules, which are determinedby
a represetation of an algebra A in a Hilbert spaceH together with an involution
F, actingon H, sudh that [F;a] 2 LP(H), for all a2 A, where LP(H) is the p-th
Sdatten ideal in the algebraof boundedoperatorson H. There are examplesthat
demonstratethat in certain situations the hypothesisof nite summability should
be replacedby a wealer condition. The new condition of -summability [Co2]is re-
ected on cyclic cohomologyby introduction of a growth condition on the cochains,
which are now elemerts of a certain Z=2-graded complex, the ertire cyclic cochain
complex.

We de ne the ertire cochain complexasfollows. A cochain in this complexis a
possiblyin nite sequencef multilinear functionalson A

wheref, : A "1 I C. A cochain is called even (odd) if its componerts f, are
nonzerowhen n is even (odd). This way we obtain a Z=2-gradedcomplexequipped
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with the dierential b+ B acting between spacesof cochains of opposite parity.
This complex is not very interesting as its cohomologyis trivial. When A is a
Banad algebra,insidethis cochain complexthere is a subcomplexof ertire cochains
satisfying the following growth condition

X
(1.1) jifanjjnir" < 1
n O

for all positivereal r. Thereis anidentical condition to be satis ed by odd cochains.
The cohomologyof this complexis the entire cyclic conomolgy. We can de ne a
similar theory when we considerthe samegrowth condition but we require that the
cochains be simplicially normalized. In other words, if f is a cochain, we require
that

wheneer g = 1 for somel i n. It is a standard statemernt of the cyclic
cohomologythat replacing cochains by normalized cochains is a quasi-isomorphism
[LQ], and in fact the sameis true in theory of simplicial complexegMacL]. It is our
aim in this paper to presen a proof of a similar statemert in the caseof ertire cyclic
cohomology

In our approad we usethe fact that we can assaiate with a unital algebraA a
universalalgebraQA = A A, the Cuntz algebra,which is de ned asthe free product
of A by itself. Then there is a universal model for the simplicial normalization
problem, which may be descrited as follows. On the one hand we may considerthe
free product with amalgamationover the idertity elemen of A, thus obtaining the
Cuntz algebra QA in the categoryof unital algebras.On the other hand, following
Connes,we can adjoin the unit to A, thus obtaining the augmerted algebra A, and
then we can form the Cuntz algebra QA wherethe amalgamationis taken over the
new unit. We show that, roughly speaking, the two ways of assaiating the Cuntz
algebrawith A are equivalert from the point of view of ertire cyclic conomology
More precisely we shav that there is a homotopy between QA and @A = C QA
which induces a quasi-isomorphismon the ertire cyclic cohomology We do this
by constructing a family ; of homomorphismsof QA and studying the e ect of
its action on the supertraceson a completion Q A of QA. We show that this
family of homomorphismsrespectsthe homotopy classof a supertrace. Sincewe are
interestedin the casewhere A is a Bana algebra,we needto introduce a suitable
topology on the Cuntz algebraand considerhomomorphismsand supertraceswhich
are cortinuous with respect to that topology:.

The reasonfor introducing supertraceson the Cuntz algebrais that they leadto
certain ertire cyclic cocyclesand, moreover, in ead ertire cyclic conomologyclass
there is an entire cyclic cochain coming from a supertrace on QA. Even more,
supertracesthat are homotopicin a certain sensecorrespnd to ertire cyclic cocycles
which are in the sameentire cyclic conomologyclass. One of the di culties which
we have to faceis the problem of adapting the purely algebraicformalism of Cuntz-
Quillen to the presen topological situation.



Evenif the problemthat we addressn this paper may seentechnical, the method
which we employ should prove usefulin other situations. We seethe proof of sim-
plicial normalization property of ertire cyclic cohomologyas a rst step towards
adapting the Cuntz-Quillen formalism to the study of cohomologytheories of topo-
logical algebras. As another example of a possibleapplication of this method we
presen a proof of the homotopy invariance of the ertire cyclic cohomology

2 Univ ersal algebras associated with an algebra

We beginwith a discussionof two universal algebrasassaiated with an algebra A,
namelythe algebraof non-comnutativ e di erential forms A andthe Cuntz algebra
QA. In our exposition we usethe approad preserted in the seriesof papersby Cuntz
and Quillen [CuQ1, CuQ2, CuQ3], to which we refer the readerfor more details.

Let A be a unital algebra. We shall denoteby A the A-bimodule of 1 forms
over A. Denoting by d the canonicalderivation of A with valuesin !A, we have
that A is spannedby the symbols ayda;, for ag and a; in A. The spaceof
n-formsis then de ned by

(2.1) "A= A A" A A
L .
Let A=, "A. Wedene a product on this graded spaceas follows. Let
I, I, ,for!;2 A, betheimageof!, I'hin LA. Then put
(2.2) ("1 'a)( 2 m)="'1 m

We extend the di erential d to A sothat it becomesa di erential gradedalgebra
with respect to the above product.

An equivalert description of the spaceof formsis provided by a family of isomor-
phisms

"A=A A"

where A = A=C.

The Hochsdild boundary operator b is de ned on homogeneou$orms of positive
degreeby

b!da)=( 1'(ta al)=( D[ ;al

In degreezerowe put b= 0. Thus b is a di erential of degree 1 and squarezero.
The Karoubi operator is de ned by

(! da) = ( 1)''da!
This operator of degreezero satis es the following "homotopy' formula
(2.3) bd+ db= 1

Moreover, = commutes with both di erentials b and d. Finally, on the spaceof
n-forms "A, the operator B of Connesis de ned by



The operator B is a degree+1 dierential, i.e. B? = 0. Equipped with the two
di erentials b and B the DG algebraof forms A becomesa mixed complexin the
senseof Kassel[Kal].

The homotopy formula (2.3) suggestghat we cantreat the operator 1 asthe
formal analogueof the Laplacian on a Riemannian manifold. In particular, we have
direct sum decomposition of the algebraof formsinto the eigenspacesf the operator

. Of mostinterestis the (generalized)eigenspacen A where haseigervalue 1.
Denoting by P the spectral projection onto this eigenspaceve may write

A=P A P? A

Using a formal analogywith the situation of a Riemannianmanifold, the subcomplex
P A is called the spaceof harmonic forms. Moreover, the complexes A and
P A are quasi-isomorphicfrom the point of view of cyclic homotopy types. The
relevance of this decompsition in the ertire cyclic cohomologywill be explainedin
the following sections.

We may considErthe following natural algebraiccompletion of the algebra A.
The subspaceJ = |, ; "A of forms of degreeat least1 is anidealin A which
givesa decreasingltration of A

A LSS AN N A
and we let “A bethe J-adic completionof A
"A=lim A=J"
It is not dicult to seethat “A = Qn o "A. We shall make useof this algebraic

completion when describingvarious other topologiesthat can be introduced on the
algebra A.

If the algebra A is nonunital we let A be the augmened algebraA= C A.
We then form the DG algebraof non comnutativ e di erential forms A asabove,
but we note that in the presem casethe algebra of forms has the following new
properties. First, this algebrais itself augmerned, i.e.

A=C A

where the reducedpart A is the canonical nonunital di erential graded algebra
generatedoy A. Furthermore, there is an isomorphismA "t A "1 "A_ Thus
all the standard operators on A may be given by suitable 2 2 matrices. In
particular we have that | |

_ 00 . _ .
6‘10’ b= ’



where

X 1 .
Hao;:iian) = ( 1)(80r:t; @@ i an)
i=0
(a;::7an) = ( 1)"(an;@0;:i:58n 1)
and N = P{‘zll ' in degreen. The algebra A equipped with the operators

descrilked above is idertical to the rst two columnsin the classicaldouble complex
of Connes-Lalay-Quillen-Tsygan.

We now passto the description of the Cuntz algebra QA asseiated with an
algebraA. If A isaunital algebrathen the Cuntz algebra QA is de ned asthe free
product QA = A A in the categoryof unital algebras,i.e., with amalgamationover
the identity of A. There are two canonicalhomomorphisms; from A to QA and
a canonicalautomorphismof QA of ordertwo: ! 7! ! which interchanges and

. The algebra QA is a superalgebrawhich meansthat QA is Z=2-gradedand the
grading is compatible with multiplication.

For a 2 A, let p(a) and g(a) denote the even and odd componerts of (a)
with respect to the Z=2-grading of QA. If weput a= (a) anda = (a) then
p(a) = (a+ a)=2 and g(@a) = (a a )=2. The following relations determine the
product in QA.

p(aiaz) p(a1)p(az) + g(as)a(az)

q(aiaz) p(a1)d(az) + a(ai)p(az)
We deducefrom theserelations that any elemen in QA may be represeted as a
linear combination of elemerts of the form p(ag)g(a;) d(a,). Note nally that the
unit of the algebra A is alsothe unit of QA and we have p(1) = 1, q(1) = O.

Thereis a canonicalmap QA ! A which identi es the two copiesof the algebra
A inside QA. This map is called the folding map, and its kernelis denotedby gA.
As in the caseof the algebraof forms, there is a natural completion of this algebra
which is the inverselimit of the system OA = lim QA=gA". This completion is

againa Z=2-gradedalgebra.

There is a linear isomorphism  betweenthe underlying graded vector spaceof
the Cuntz algebraQA and the gradedvector spaceof forms A which on generators
is de ned by

p(ag)a(ar)  o(a,) 7! apday  da,

In particular, if a 2 A as a subalgebraof QA then (a) = (p(a)) + (g(a) =
a+da2 A.
The map becomesan isomorphismof Z=2-graded algebraswhen the algebra
A is equipped with the Fedos@ product de ned asfollows. If | and aretwo
homogeneoulements of A we put

(2.4) ! = | ( 1)'idid

We may therefore think of the Cuntz algebra as a deformation of the algebra of
di erential forms A equipped with the Fedose product. In particular, under this
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isomorphism,the ideal J in A isidentied with the folding ideal gA of the Cuntz
algebra.
Using this isomorphismit is easyto seethat if A is an augmerted algebrathen
QA is alsoaugmerted
QA=C QA

where QA, the reducedpart of the Cuntz algebra,is the Cuntz algebraassaiated
with A in the nonunital category

If A isin fact a unital algebrathen the unit 1 of A hastwo imagesu and u
in QA which are idempotents. The correspnding involutions f = 2u 1 and f
generateinside the algebra @A an algebrawhich is isomorphicto QC, the group
algebraof the in nite dihedral group. We shall recordits basic properties for future
use[CuZ2].

The dihedral group generatedby the two involutions f and f may be presened
using the following two generators.First, let

L=logff )=  (2f q(f))"=n
1

n

Since(ff ) =f f = (ff ) 1, wehave onthe onehand (¢-) = e ' while on the
other (¢-) = €&t ) from which followsthat L = L, i.e. L is odd with respect to
the canonicalautomorphism .

Weput W = €72, Sinceff = expL we have

Wf = Wfe = e %ef = e %f = f&?

sothat
(2.5) f =w ffw

It is now a good momert to state explicit formulae for L and W that we will
needlater [B].

2.6 Proposition. LetlL = log(ff )= P n 1(2f g(f ))"=n. Then

X i 2 .
log(f f ) = %pﬁ Yq(f )2 1
i1 '

Let usnow de ne W; = exp(tL=2) for t 2 [0; 1].

2.7 Pr oposition. For all t 2 [0; 1] we have
|

X t=2+n 1
Wy=1+ (2t on 1 ((t=2n)q(f )*" + p(f )o(f )" 1)
n 1

Moreover, we havethat W { = W, . Thus p(W ) = p(W;) and qW ) = q(W,).



Proof. The rst part of the proposition follows if we usethe binomial seriesexpansion
for W, = € = (ff )¥2= (1 2f g)*?, togetherwith combinatorial formulaein [B].
We have seenthat L = L, from which it follows that

W, = (652 =gt 2= g 2=\ ,

We note that whenwe comparethis statemen with the explicit formula for W; given
above, we nd the following symmetry of the binomial coe cien ts which appear in

the decompsition of W,
1 ]

t=2+n 1
- l 2n 1
(1 n 1

t=2+n 1
2n 1

which is not very dicult to ched directly. The secondstatemeri of the presen
Proposition is now clear. [ ]

3 Topology on A and QA

Let A beaunital Banad algebraequipped with a norm jj jj. Let usdenoteby A =
A=C the quotient spacewhich is a Banath spaceequipped with the quotient space
norm. The spaceof one-forms A becomesa Banad spacewith the completed
projective tensor product norm A = A" A. The operator d : A ! 1A is now
a cortinuous operator of unit norm. For any n 1 we equip the spaceof n-forms
"A with the topology of the completedprojective tensor product [Arv, p. 260 ].
The di erential d becomesa continuous derivation of unit norm and the product
(2.2) is now a cortinuous map.
GivLenthis topologicalstructure, we may now equipthe di erential gradedalgebra
A=, , "A with the following family of normsjj jj, parametrizedby a positive
realr. If ! =, ¢! weput
X
itiie= ditaii r"
n 0
The derivation d becomesa cortinuousmap d : ( A;jj jir) ' ( Ajj Jir). In
particular, jjdajj, rjjajj fora2 A. If ! is a homogeneou$orm of degreen then
n+1

itadie = r"itagis dGidvajie = PR el = rii i

For any two r°< r, let
freot C AT di) 1 C AT diro)

be the idertity map, which in this caseis norm decreasing. This way we obtain
a direct systemf( A;jj jjr);frrog. Let A denote the completion of the space



(' Ajj Jjr) with respect to the norm jj jj,. This is now a Banad algebra, which
meansthat for any two forms! , in A we have [Arv, p. 262]

It e IV die
This formula follows directly from the de nitions of the product (2.2) and the norm
i
There is an induceddirect system( A; f;0) of Banad algebras.We denoteby
A the direct limit of this systemasr ! O:

A=lim A

Finally, we denoteby f, the canonicalmapsf, : (A A, which are cortinuous
algebrahomomaorphisms. The derivation d extendsto a cortinuous derivation d; :
(Al +A. The composite f, d. : ;A ! A is a cortinuous derivation
of A with valuesin A and all derivations f, d, are compatible with the
maps f o . Thus this family of derivations is equivalert to a cortinuous derivation
d: A ! A which makes A into a topological di erential graded algebra
equipped with the locally cornvex topology induced by the topologieson [A.
In the casewhen A is a unital Banad algebra, for any positive real r, the
completion A is an augmerted Banad algebra

A=C QA

from which it follows that alsothe direct limit of the correspnding direct systemis
an augmerted algebra
A=C A
We now de ne a topology on the Cuntz algebra QA using the families of norms
ji jir on A togetherwith the isomorphism betweenthe two superalgebras.And
soif I isanelemen of the Cuntz algebraQA then its norm jj! jjq, , for any positive
r is de ned by
it =1 (Miir
In particular, for a2 A, jjajo, = jja+ dajj, = jjajj + rjjdajj. This meansthat the
isomorphism inducesa new norm on the the algebra A which is equivalent to the

original Banadh norm on A.
We shall needthe following estimatesfor the Fedose product.

3.1 Lemma. Foranyr > 0, andforany!; 2 A wehave
it e Citiiedl i

whee C, = 1+r? and denotesthe Fedosovproduct of forms. If either of the forms
I, is closal then this estimatereduesto

ot iie it gie



Proof. If ! :P!nand =P n then

= !i j ( 1)j!ijd!idj

n Oi+j=n

The norm jj jjq, of this form may then be estimated as follows.

0 1 0 1
e e X X e e n X X e e n+2
it i @ ity giiAr"+ @ jidlid jjiAT
n 0 i+j=n n 0 i+j=n
0 1 0 1
X X X X
@ vl i ArM+rE @ it gliArT
n 0 i+j=n n 0 i+j=n

= @+ it i dir

The last statemert of the lemma s now clear. ]

3.2 Cor ollar y. If x;y 2 Q;A then
ixyiigr =1 0 Wiic @+ i iiddi Wiie = CriiXiio, iviie:
|

This meansin particular that multiplication in the Cuntz algebrais cortinuous
in this topology.

We now introduce a direct systemof normed spaces(QA;jj jjo,) asin the case
of the algebraof di erential forms. For any pair r°< r thereis a map

frro i (QATTT i) ! (QATj Jig,0)
which is the identity map. Using the estimates
iMigoe=1i (Miire<ii (Miir = ii'liq
we seethat for any two r°< r the map f,,o is cortinuous and norm decreasing.Let
us denoteby Q;A the completion of the space(QA;jj jio, ), then there is a direct
system (Q;A; f ;o) of complete normed spaces.We denoteby Q A its direct limit
takenasr! O.

As before,in the caseof a unital Banad algebra A, the Cuntz algebraQ A is
alsoan augmerned algebra. This follows from the fact that for any r we have

QA=C QA
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sothat we have
QA=C QA

where Q A is the direct limit of the direct subsystemQ;, A.

Our last task in this sectionis to show that the elemens L and W; of the
algebraiccompletion OA are in fact elemerts of the locally corvex algebraQ A.

3.3 Pr oposition. If respecting the notations intr oduces previouslywe de ne

X 1
L = logff = =@ o(f)"

n 1

and W; = exptL=2, t 2 [0; 1], then L and W, are elementsof Q A. More precisely,
they belongto QA for all r < 15jq(f )jj .

Proof. Recall from lemma2.6that L is given by the following explicit formula

X 2
oaft )= (G R !
n 1 :

Since
(n 1)H? (n 1!
2n 1)  n(n+1):::(2n 1)

for any n > 1, we have that

e e X e 2n l..
JiLljo jip(f)a(f)" “ie,
n 1

X . .
jip(f)af )= > L
1

n

The last seriesabove is clearly corvergert for r < 15jq(f )jj, which provesthe rst
part of our statemer.
We note herefor future usethat the sameestimate may be written as

N . X . rijp(f )a(f)jj
L rijo(f )q(f f)jj2r = AL
jiliio,  riip(f)a )JJn qu( )i 1 Goin?

Thusif werestrict r to r < ro = 1=2jjq(f )jj, sa, we may write

(3.4) jiLiiq: TN

where N = (4=3)jjp(f )a(f )jj -
We now turn to the family of operators W; = exp(tL=2). Note that if | 2 Q;A
then alsoe€ 2 Q;A. Indeed,we have
. X i, .
i€ fia Cr = exp(Giit fio) < 1
n 0 '
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sincejj! jjo, is nite by hypothesis. This is su cien t to prove the secondpart of our
hypothesis. [ |

It is now a good momern to record a more preciseestimate of the norm of the
odd part of W; which will be neededin what follows.

3.5 Pr oposition. Foranyt 2 [0;1] andany r < ro = 1=2jjqjj we have
jjaWoiiq, TN
whetee the constant N is asin the formula (3.4).

Proof. From our explicit expressionfor W, it follows that

X
aWe) = cp(f)af )™ *

n 1

where 5 1!
=2+ n
- 1 n22n 1
&h=1(1 on 1

The binomial coe cient above may be estimated asfollows. Note rst that

jGi _ jAt=2+n (=2 n+1) _4i(n 17 (t=2)%

jon 1 (2n 2)2n 1) 2(n 1)@2n 1)

sothat jc,j jc, 4j forall n 1. Sincejc;j 1 we havethat jc,j 1 for all n.
It now follows that

e e X e 2n l.. . .. X . ..2n 2n
jlaW)ii o, jicap(f)alf )™ o, riip(f)alf)ii  jjalf)ij=r rN

n 1 n O

forr  1=2jjq(f)jj . n

4 A homotop y

A rst step in the proof of the simplicial normalization theorem for ertire cyclic
cohomologywill be to showv that the algebrasQ A and C Q A are homotopy
equivalent. At the sametime we shall establisha homotopy equivalencebetweenthe
superalgebrasQ A and Q A. We establishthe required homotopy using a certain
family f g of cortinuoussuperalgebrahomomorphisms ; : Q A! Q A. The de -
nition and properties of the family , which have beensuggestedo us by J. Cuntz
(seealso[CuZ2]), will dependin an important way on the properties of the operators
L and W; establishedin the previoussection.
For any t 2 [0; 1] we put

a 7! a=e F2ad=2=W aW,

(4.1) a 7' a=€e"%ae™?=WaWw,

11



We note that the rst of the two mapsis a homomorphismfrom the algebra A to
the underlying algebraof Q A" and that the other map is induced from the rst by
applying the canonicalautomorphism which sendsa; to a, . This pair of algebra
homomorphismsextendsto the following family of homomorphisms ; : QA !

QA.For! 2QA,! =p(ag)g(a;) d9(an), we have
(') ="= p(a0)a(a) a(an)

where

p(a) p(a) 1=2(a + &)

a(a) a(a) 1=2(a &)
Weremark that o isthe identity map whereas ; is the map which sendsf to f
by (2.5).

4.2 Theorem. The family  de ned aloveis a family of continuous superalgeba
homomorphismsfrom Q A to Q A.

The proof dependson a few estimates,which we derive belon. Before we begin we
note that, for any t 2 [0;1] andany 2 C, p( )= andqg( ) = 0 sothat
acts nontrivially only on the reducedpart Q A of the algebra Q A, and therefore
we shall concertrate on this case.

First we needto estimate norms jj jjo, of pi(a) and g(a), forany a2 A A.

4.3 Proposition. For any t 2 [0;1] and any r < roq = 1=2jjq(f )jj we havethe
following estimatesfor any a2 A

iir(a)iie, M 9j P(a)ii

iiataiio M *fio(a)ij o,
where M and M °° are constants which only degend on ro. We may then replae
themwith M = max(M %M 9.

Proof. As both estimatesare provedin the sameway, we give the details of the proof
of the secondof the two.

Using the de nition of the product in the Cuntz algebrawe may write that the
odd part g(a;) of a is given by

a@a) = p(Wyp(a)g(W) + p(Wi)a(a)p(Wr)

a(Wo)p(a)p(Wi)  a(Wi)a(a)a(Wi)
wherewe have usedthe fact that p(W ) = p(W;) and q(W ) = q(W,). The terms
cortaining g(a) preser no problem from the point of view of our estimates,so let
us concelttrate on the other two terms. Using proposition 3.5 we have that

lip(Wo)p(a)a(Wh)jj o, CEiip(Wh)iio, Nriip(a)ij o,

CEiip(W)jiq Njia@)ii o,
Myjja(@)jior
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forany r < rqg andany a2 A, and similarly with the secondterm cortaining p(a).
We have usedherethat rjjp(a)jjo, = jja(@)jjo, for a2 A. Thusthe norm of g(a) is
boundedfrom above by the sum of four terms of the form M;jjg(a)jjq, , which leads

It followsthat if | , = p(ag)q(ar) :::q(a,) then

iiYendiq. MM rip(ao)jji a(aa)ii  jia(@n)ii = MM i
Let us now assumethat ! 2 Q A. This meansthat there existsan r, Whlgch may
always be chosento be smallerthan rq, sud that ! 2 Q/A,ie.that ! = !,
and P ..

n oll! nllq

it e
P L
= nooll'nir" <1
We now want to nd an estimate of the norm of ! ;. We have
L . X .. X e e
it dig,o i Tendige M™% i1 njig,o
n 0 n 0

X .. e n 0’] e e
M it aJMTr Ml Jjq
n 0

if r% r=M. We have thus proved that for any ! 2 Q A there exist two norms
iijig,0 andjjjig, , wherer®< r < rq, sud that

(4.4) i (Mg, Miitijg,
where M is the constart determinedin the estimatesof the normsof p(a) and g(a)
above. But this meansthat, for any t 2 [0;1],  is a cortinuous homomorphism

Q A! Q A inthelocally convextopologywith which Q A is equipped asthe direct
limit of the system (Q,A; f;;0). This givesthe proof of Theorem4.2. [ |

It is clearthat the folding map in QC
(4.5) 0! oC! QC! C! O
inducesa canonicalprojection
QA | C OA

The kernel of this projection is an ideal | generatedin QA by qC, the kernel of
the folding map (4.5). In the analytic situation, in any of the completions Q, A we
considerthe closedideal I, , which is the completion of the ideal | in the topology
de ned by the norm jj jjo, . Thus we deducethat there are the following cortinuous
isomorphisms

(4.6) C QA= QA= QA = Q A=l

This obsenation, togetherwith the properties of the family f ;g of homomorphisms
of Q A allows usto de ne alift of Q A bad into Q A. In fact we prove
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4.7 Pr oposition. We havethe following continuous isomorphismof locally convex
superalgebas

12(QA)" QA

Proof. First let us note that 1,(f) = 1=(f ) from which it follows that also
1=(U) = 1-(u ). Thusif we apply the family  to the superalgebraQ A then
the e ect of this action, whenwelet t vary between0 and 1=2, isthat it cortinuously
deformsthe subalgebradC to C. Indeed,weseethat (L) = Oand (W) = 1.
Thus from the purely algebraicpoint of view ;-,(QA) is the augmerted free product
C 1=2(A) 1=2(A). From the universalproperties of the algebrasinvolved follows
that the freeproduct ;(A)  1-(A) is isomorphicto QA. We now needto adapt
this situation to our analytic cortext.
First wedeneamap 1(QA)! QA. Since ;:QA! Q A isacortinuous
homomorphismfor any t 2 [0; 1], there existsa positivereal r sud that ;-,(QA)
Q/A. Wethenput forany ! 2 Q A

1=2(1) 7' [ 1=2(t)] 2 QA=

Sincethis map is just the restriction of the canonicalprojection Q,A! Q,A=l, to
the imageof 1-, it is cortinuous.

To de ne the inversemap, let [! ] 2 Q,A=l, and let us choosea represetative
I 02 QA of this class.We de ne

cQ A=l 3 [! ]7! 1=2(! O) 2 QX

This map is well de ned, sincefor any r > 0, -, vanisheson the ideal I, so
that the above assignmeh doesnot depend on the choiceof ! ;. To show that it is
cortinuous we note that, asthe spaceQ,;A=l, is equipped with the quotient space
norm

il lie. = ipf it + o,
for any r thereexists! ¢ 2 [! ] sudh that jj! ojjo,  2Jj[! liio, - Since  is cortinuous

for any t 2 [0; 1], from the estimate (4.4) it now follows that thereis an r°< r sud
that

I Diigo=1 1=2('diige Miitaio.  2MJi[! liiq,
This shaws that the map is cortinuous for all r and soit is cortinuous in the
locally corvex topology on the union of Q,A=l, ' Q;A. This nishes the proof. =

With this proposition we have constructedthe following homotopy

(4.8) QA ! C 1.(QA)' C QAl' QA

wherethe map | is the lift provided by the previoustheorem. Thereis a correspnd-
ing homotopy of the reducedpart Q A onto Q A

QA ! 12(QA)' QA) QA

14



This homotopy will beakeyingrediert whenwe comparethe ertire cycliccohomology
of Q A with the ertire cyclic cohomologyof Q A.

5 Contin uous supertraces on the Cuntz algebra and the entire cyclic
cohomology

In this sectionwe shall describe supertraceson the Cuntz algebraandthe notion of
homotopy of supertraces. In our discussionwe shall frequerily usethe identi cation
of the Cuntz algebra QA with the spaceof di erential forms A equipped with the
Fedose product.

A cochain on A is a linear functional f with valuesin C. Any cochain is
uniquely determinedby its componerts

fo(agsaq; ;an) = f(aday day)

wheref,: "A! C. Cochainsde ned by the above formula are called simplicially
normalized sincethey satisfy f,(ag;a;;:::;a,) = 0if & = 1 forsomei 1. The
spaceof all cochains is a Z=2-graded complex A equipped with the di erential
b+ B, which is the transposeof the di erential introducedon A. A cochainf 2 A
is called harmonic if it is invariant under the action of P, the operator of spectral
projection. If f is a cocyclein the b+ B complexthen fbB = f (b+ B)B = 0.
Recall now the following fact [CuQZ2, Propn. 8.5].

5.1 Pr oposition. If fbB = 0 then f is harmonic, i.e. fP = f, if andonly if f
is -invariant, whee s the Karoubi operator introduced in Section 2

It followsthat a cocycleis harmonicif and only if it is invariant under the action of
the Karoubi operator

If A is a Banad algebra, the cochain complex A cortains the simplicially
normalized ertire cochain complex A , which by de nition is a subcomplex con-
sisting of all cochains satisfying the ertire growth condition (1.1). We denote the
cohomologyof this complexby H E, and call it simplicially normalizedertire cyclic
cohomology

5.2 Remark. In the preprint version of their paper [CuQ2] Cuntz and Quillen
proved that HE_ (A) = H (P A) ;b+ B).

A supertrace on the Cuntz algebra QA is a linear functional  which satis es
the following identit y
)= yricr
for any two homogeneoulemens ! and of QA.
Sincethe Cuntz algebrais a superalgebra,any functional f on QA is uniquely
represeted asthe sumof even and odd componerts. By de nition, a cochain is even
if f =f andisoddwhenf = f where isthe canonicalautomorphismof QA.
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If we idertify the Cuntz algebrawith the algebraof di erential forms equipped
with the Fedos@ product then we canrelate supertraceswith cocyclesin the complex
( A;b+ B). And soa cochain is a supertraceif and only if

n 1b= 2 n41d
and , = ,,forn> 0. Let

coyr o cymen
m! T 2m + N

Zom =

andput *= 2z. Whenweusethat ,B = n ,d when is -invariant, then we
derive instantly the following property satis ed by the rescaledcochains:

n b+ 74B=0
for all positive n. In other words we have the following [CuQ2, Cor. 8.2].

5.3 Pr oposition. A linear functional on A is a supertrace on QA if and only
if the res@led cochain * satis es the identities *(b+ B) = 0Oand * = * in
positive degrees.

Let us now considerthe caseswvhere is an evenor an odd supertrace. In the even
casethere is clearly an equivalencebetweenewen supertraceson QA and harmonic
cocycles. In the odd casethe situation is slightly dierent since now the cocycle
condition in the lowest degreeis equivalert to

( *(b+ B))o(a) = ( “B)i(da) = ?*(da)= 10

Thus * is acocycleif and only if *da = 0 for any a 2 A. The samecondition
expressedn terms of the Cuntz algebrareads *(q(a)) = 0 for any a2 A. Thus
odd harmonic cocyclescorrespnd to odd traces on QA for which *(g(a)) = 0
for all a2 A. To summarisewe state the following.

5.4 Pr oposition.

1. There is a bijection (given by the family z of constantsintr oduced alove) be-
tween the evenharmonic cocyclesin (P A ;b+ B) and continuous evensu-
pertraceson Q A.

2. There is a bijection between the odd harmonic cocyclesin P A and odd con-
tinuous supertraces on Q A satisfying the condition (g(a)) = 0, for all
a2A.

Another crucial ingrediert of our reasoningis the notion of homotopy of super-
traces. To descrike homotopy of supertraceson QA we usethe X -complex ap-
proach of Cuntz and Quillen [CuQ3]. We therefore needto discusssupertraceson
the superbimodule QA over the Cuntz algebra QA. As before, supertraceson
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1QA arelinear functionals T which vanishon the supercomnutator quotient space

1QAs = QA=[QA; !QAJs. First of all, it turns out that we may idertify the
supercomnutator quotiert space Qs with the space 'A A [CuQ4]. We shall
usethe following notation. Let bethe inclusion :A! QA and the composi-
tion of with the canonicalautomorphism of Q. Welet p denotethe cochain on
A givenby p= ( + )=2 andsimilarly g= ( )=2. We then have the following
identi cation of the even part ( 1Qy)® of the supercomnutator space

M A A2n+1 '! ( 1Q\S)ev
n O

This isomorphismis given by the cochains ( ¢?"d ). The odd part of the super-
comrmutator spaceis

M .
lA A A 2n I ( 1QA\S)Od

n 1

where this time the isomorphismis given by cochains ( d )°¢, ( ¢ d )°d. Using
this coordinate system, Cuntz and Quillen shov [CuQ4] that the componerts of an
ewven supertrace T on 1Q are given by the following cochains

Tonn = T( "d):A A*1 C
On the other hand, an odd supertrace T hasthe following cochainsasits componerts
Ton=T(¢" *d); Ti=Td; Tib=0

To summarise,using the above isomorphisms,we have canrepresenh any supertrace
T on !Qintermsofcochainson A  A. From now oncomponerts of functionals
on QA will always be written in terms of theseisomorphisms.We can now state
the following [CuQ4]

5.5 Pr oposition. Let T be a supertrace on QA and let ke the dier ential
:QA! 1QA. Then we have

(T Don NPbTn 1+ BTons
(T Joansr = (N+ 1=22)PbTy  BTonso

(5.6)

We say that two supertraceson QA are homotopic if and only if there exists a
supertrace T on QA sud that

0 1=T

5.7 Pr oposition. If o and ; are homotopic supertraces on QA then the corre-
sponding cocycles § and { are cohomol@ousin the cochain complex( A ;b+ B).
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Proof. Let us rst assumethat o and ; are even homotopic supertraceson QA.
Sincethe di erence of two even supertracesis an even supertrace, we may usethe
rescalinggiven by the family z of constarts to write the formula for the correspnding
cocycleon A equippedwith the di erential b+ B. Usingthe formula (5.6) we have

(oo = S
oy

- n! (T )2n
(1"

7 ( NPDTan 1+ BTonia)

The rescaledcochain ( 1 ¢)* isa -invariant cocyclein the complex( A; b+ B),
and soit follows from proposition 5.1that it is invariant under the operator P. The
above idertit y indicatesthat thereforethe right hand side must alsobe P -invariant,
and sowe have

(1 0*=(1 0)*P= nbPTy 1+ BPTxu

where we have usedthat P comnutes with b and B. If we denoteby To,+1 =
( 1)"PTyn+1=n! we may write

( 1 O)En = bTZn 1t BT—2n+1

which demonstratesthat the cocycle ( 1 ¢)* is a coboundary.
Let usnow assumethat  and ; areodd supertraces.In this case,the rescaled
cocycle( ;1  o)* satis es the following homotopy idertity

( )z e
Lo T on+
bron + B Tonse

1
((n + é)PbTZn BT2n+2)

( 1)n2n
(2n+ )N
is P -invariant. n

where T, = PT. We have usedagainthe fact that the cocycle ( 1  )”

Finally, in the casewhen A is a Banad algebra,oneshons asin [Co2, Prop. 2.4]
that cocyclescomingfrom a cortinuoussupertraceon Q A satisfy the ertire growth
condition.

Our next step is to prove that the family ; of homomorphismsestablishesan
isomorphismbetweenthe homotopy classesf supertraceson Q A and Q A.

5.8 Pr oposition. Let bea continuoussugertraceon Q A. Then = t IS a
continuous supertrace on Q A whosehomotopyclassdoesnot degendon t.

18



Proof. Since : is a superalgebrahomomorphism,it is clearthat = tIsa
cortinuoussupertracefor all t 2 [0; 1]. Let usde ne the followingmap T on 1Q A.
Forany !, in Q A we put

VA 1

Tt )= Cdh)=()at

We claim that T is awell-de ned cortinuoussupertraceon 'Q A. Let usput aside
for the momern the problem of di erentiabilit y of , and concenrate on the purely
algebraicsupertrace condition.

If 2QA and!, areasabove,then the supercomnutator [ ;! ]s is given

(5.9) R
= | ( 1y tiig ooy )

Using the fact that is a supertrace on Q A we have for any t 2 [0; 1]

(«(*)=(C ) (M) =() ()

+ (e(t) ()=C))
(D) (1))
+ (e(t) ()=()

we seethat applying T to both sidesof (5.9) shovs that T vanisheson supercom-
mutators and soit is a supertrace.

We now needto ched that we can di erentiate and integrate . in the way
required by the above de nition of the supertrace T . First of all, from the de nition
(4.1)it followsthat a; = «(a) = W ([L; a]W,, forany a2 A, sinceL comnuteswith
W, = €52, Similarly, we have that a, = e ““?[a ;L]e""?. Using this obsenation
we have

~+(p(@) = p(L; al)
~+(a(a)) q(L; a])
Wecannow nd estimatesfor the normsof theseelemeits with respectto the normin

the algebraQ, A. Usingthe two formulae above togetherwith our previousestimates
we seethat for all r < rg

Iip(L; aijq, 2CjiLiiq dia(a)iie
2CjiLjjo Mijia(@jiq

= 2CrjiLjjoMip(diiq,
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where,asusual, C, = 1+ r?. Moreover, using the estimate (3.4) we have
iia(L; adiiq. 2CjiLjiq.Jip(adiiq
2CMNrjjp(a)jjq,
= 2CGMNjjg(a)jiq,
It followsthat if ! , = p(ag)g(a;) q(a,) then
oo, = iimE)a@) g@)+ inE)a@)  a@)  al@ie
2C(jiLjiq.r + N)M ™l njiq,

Let usput s= 2C,(jiLjjo,r + N). Wethen have in generalthat if ! = P Ih 2 QA
then
e e X n+l e e
Ii=+(Miie SM™ il njjq,
n 0
and the serieson the right hand sideis corvergen for r < r&m .
It is slightly easierto show that ; behaveswell with respect to integration. We
have Z, Z, Z,
i Dt (e dt M jigdt Ml jio,
The above results showv that indeedthe homotopy classof the supertrace ; =
+ doesnot depend on t. Sincewe want to use supertracesto descrike ertire
cyclic cocycles,we must alsoched that if is an odd supertraceon Q A sud that

(g(a)) = 0 for any a that  hasthe sameproperty. But this follows directly from
the trace idertity

@ =(1=2) (& &)=(1=2) (a a)= q@=0
This nishes the proof. |

5.10 Cor ollar y. The family  of homomorphismsof Q A induces an isomor-
phism of homotopyclassesof supertraceson Q A and Q A.

6 Simplicial normalization in the entire cyclic cohomology

In his de nition of ertire cyclic conomology Connes[Co02] usesthe complex
(C(A) ;b+ B), whoseelemerts are simplicially unnormalized cochains descriked in
the introduction. By de nition, the entire cochain complexis the subcomplexC (A)
of cochains satisfying the entire growth condition (1:1). Let us denoteby HE (A)
the cohomologyof this complex, which we shall call the ertire cyclic conomology

Insidethe ertire complexC (A) thereis a subcomplexof simplicially normalized
ertire cochains ( (A) ;b+ B). We shall call the cohomologyof this complexthe
simplicially normalizedertire cohomologywhich we shall denoteby HE,(A). Our
main goal in this paper is to prove the following simplicial normalization theorem.
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6.1 Theorem. The inclusion
Al C(A)

induces an isomorphism
HE.,(A)' HE (A)

Proof. A starting point for the proof of this theorem is the following theorem

proved by Connes[Co2,Lemmal.6, Propn. 2.3and 2.4]. First we sa that a cochain

2 C(A) is normalizedin the senseof Connes(or simply normalized)if and only

if Bo(l ) = 0, whereBg = (1 )h and h is any operator of degree+1 sud
that [’ h] = 1.

6.2 Theorem.
1. Any entire cyclic cocycleis cohomolg@ousto a normalized entire cocycle.

2. There is a 1-1 correspnden@ betwesn even normalized entire cocycles and
continuous supertraceson Q A givenby 7! ( ;Bg ).

Moreover, there is the following comnutativ e diagram of Z=2-gradedchain com-
plexesequipped with the di erential b+ B.

A 1 c)
(6.3) & #o
A

wherethe mapj : A! C(A) isgiven by j(!; ) = I + Bp . The map

A! A isinducedby the canonicalprojectionp: , ;A A "I A givenby
Pr(a0;a1;::15 ) = @day  da,. When elemerts of A are represeted by column

vectors );/ 2 A "1 A " then the projection isgivenby , = (pa; dp, 1).

Let usassumethat f isacocyclein  A. Following Remark5.2 we may assume
that f is harmonic. Then it is also -invariant, sothere is an assaiated supertrace

= fz 1 on QA. The imageof f in A is (f p;f dp), which is the sameas
(f p;T Bop), since pBy = dp. Therefore,this cocycle correspndsto a supertrace on
QA and so descendgo a normalized cocycle f p in C (A) . But this proves that
the image f p of the cocycle f is a normalized cocycle. It follows that the map
HE.,(A)! HE (A) isinjective.

Let us now take a normalized cocycle g 2 C (A) . This cocycle lifts to a super-
trace on Q A, which in coordinates is given by (gz ;gBoz ). Corollary 5.10
impliesthat  is homotopicto a supertraceof the form © |, where Cis a supertrace
on Q A. To be precise, °= |. It is clearthat in our usual coordinateson A,
this supertrace correspndsto the cocycle

(2= D% (9= D% ( PBo)?)
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This cocycledescendso a normalizedcocycle ( %)% in C (A) . Since is homotopic
to © the cocycle ? is cohomologousto the cocycle ( © )Z. It follows that the
cocyclesg and ( %)% arecohomologousn C (A) . Onthe other hand, the supertrace
O determinesa -invariant cocycle(which is also P -invariant) cocycle( 9% in A .
But it is clear that the canonicalinclusion A ! C (A) sends( 9% to ( %)2.
This shaws that

HE(A) 3 [( )17 [( P1=[612 HE (A)

It follows that the inducedmap HE_,(A)! HE (A) is surjective. [ |

6.4 Remark. It is an amusing application of this theoremto calculate the ertire
cyclic conomologyof C. Since QC = C in degreezeroand zero otherwise,we have
that HE®*"(C) = C, sincesupertraceson C are just linear mapsC ! C, and
HE®°¥(C) = 0.

7 Homotop y invariance of the entire cyclic cohomology

As it wasmertioned in the introduction, the useof supertraceson the Cuntz algebra
is a very usefultool in studying ertire cyclic cohomology In this sectionwe presen
another example of sud an application in the caseof homotopy invariance of this
cohomologytheory [K].

Let us then considertwo unital Banad algebras A and B and a cortinuous
family of homomorphismsf, : A! B. Weassumethat ead of the homomorphisms
fy is cortinuousfor t 2 [0;1] and that the family is uniformly bounded,i.e. that
there existsa constart M sud that jjfjj M fort 2 [0;1]. We suppose,moreover,
that the correspnding family of derivatives f+ with respect to the parametert is
cortinuous and uniformly boundedby a constart N on the interval [0;1]. We then
have the following.

7.1 Theorem. Letf,:A! B bea family of homomorphismsof Banach algebas
satisfying the properties given alove. Then fo and f; induce the samemap on the
entire cyclic conomolgy HE (B)! HE (A).

Proof. The family of homomorphismsf; : A! B extendsto a family of cortinuous
homomorphismsof cortinuoushomomorphismsof the correspnding Cuntz algebras
t - QrA! QB for any positive real r if we de ne

t(P(ao)a(ar)  a(an)) = p(fi(ao))a(fi(ar))  afi(an))

To prove that this map is cortinuous for any positive real r we rst needto nd
estimatesfor jjp(f:(a))jjo, and jjq(fi(a))jjo, . From the de nition of the norm on
the Cuntz algebrawe have

iip(fu(a)ii = jif«(a)ii  Mjjajj = Mjjp(a)jj
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jaffe@)i = jid(fe@)i = inf jife(@ + f Q)i

ifdiint jja+ i = jif.ii daj

5 Mjja(a)ij
Thusif I = 1,2 A then usingthe above estimateswe have that
T X N IR
itiie, = Boeta)iir™ M e

= Mijjljjq
This shovsthat ¢ is a cortinuoushomomorphism : QA ! Q,B for all positive
r and soit extendsto a cortinuous homomorphism : QA ! Q B. This means
that  inducesamap , from the spaceof cortinuous supertraceson Q B to the

spaceof cortinuous supertraceson Q A.
We now want to prove that f, and f, induce the samemap on the ertire cyclic
cohomology Let usthen assumethat T is a cortinuoussupertraceon Q B, we warnt
to show that the supertracesonQ A T gand T ; are homotopic. But we can

de ne a supertraceon 'Q B by the formula
z

()= TCA) (Ot

It isclearthat wehave T =T () T o ) which meansthat the supertraces
T oand T ; arehomotopic. We now needto ched that  and —; arecortinuous.
But sincewe have for any a2 A

d=dt(p(f(a))) p(t(a))
d=dt(q(f (a))) (t+(a))

we can estimatethe normsof theseelemens asbefore,usingthe fact that the deriva-
tive f¢ is uniformly boundedby N. We nd that

iP@) N
jia(f«(a))jj Njja(a)ij
>Hom this point on the proof is the sameasin the caseof simplicial normalization
theorem. |
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