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1 Introduction

The goal of this paper is to construct for any noetherian base scheme S a
triangulated category DM(S) and a functor M : Sch/S −→ DM(S) from
the category of schemes of finite type over S to this category. This functor
satisfies the usual properties of homological theories. Moreover if we denote
by DMft(S) the full triangulated subcatgeory of DM(S) generated by the
image of the functor M , then the pair

(DMft(S) ⊗ Q,MQ : Sch/S −→ DMft(S) ⊗ Q)

is universal among functors from the catgeory Sch/S to Q-linear triangulated
catgeories which satisfy some analog of the Eilenberg-Mac Lane axioms for
homological theories.

According to the Grothendieck’s original approach to the theory of mo-
tives it is natural to call DMft(S) the category of effective mixed motives
over S. The subcategory DMft(S) is “dense” in the category DM(S), i.e.
any object of the last category is a countable inductive limit of direct sums of
objects of the former category. We call the category DM(S) the homological
category of schemes over S.

In the present paper we are only going to define the categoriesDM(S) and
to prove some of their elementary properties. The proof of the universality
theorem is rather long and technical and will appear in another paper.

In the first section we describe a general construction which assigns to any
site T equipped with an object I+ called “interval” a triangulated category
H(T, I+) and a functor

M : T −→ H(T, I+).

In particular if we set I+ = A1
S then for any Grothendieck topology t on

the category Sch/S of schemes of finite type over a scheme S there is a
“homological theory”

Mt : Sch/S −→ H((Sch/S)t,A
1
S).

Unfortunately for the topologies usualy used in algebraic geometry (like
Zariski, etale or flat topology) this functor does not satisfy the properties
one would expect from the “theory of motives”.
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In the next section we define two new Grothendieck topologies on the
categories Sch/S which are called h− and qfh− topologies. We also prove
some of their basic properties. We define the homological category DM(S) of
schemes over S to be the categoryH((Sch/S)h,A

1
S). Though the main object

of our interest is the h−topology and the associated theory M : Sch/S −→
DM(S) we have to use qfh−topology as an intermediate step and we mostly
consider the theory Mqfh in this paper.

In the last section we prove some properties of the theories M and Mqfh

associated with the h− and qfh−topologies.
The original idea of the present construction appeared as a result of a

joint attempt by M.Kapranov and the author to understand the possible role
of simplicial sheaves in the Beilinson’s approach to motives through the idea
of “motivic sheaves” and was developed in the author’s Ph.D. thesis [11].

The final version of this paper was prepared during my stay at the Insti-
tute for Advanced Studies in Princeton1.

I am very grateful to David Kazhdan who was the adviser of my thesis
and to A.Beilinson, A.Goncharov and A.Levin for inspiring discussions.

2 Generalities.

2.1 Freely generated sheaves.

Let T be a site and R be a sheaf of commutative rings on T . We will only
be interested in the case when R is the constant sheaf associated with a ring
R.

For any R we denote by R −mod(T ) the abelian catgeory of sheaves of
R-modules.

Proposition 2.1.1 Let T be a site and R be a sheaf of rings on T . Then
there exists a functor R(∗) : Sets(T ) −→ R − mod(T ) which is left adjoint
to the forgetful functor R−mod(T ) −→ Sets(T ).

Proof: For any sheaf of sets X on T we define the sheaf R(X) to be the sheaf
associated with the presheaf U −→ R(U)(X(U)), where R(U)(X(U)) is the
free R(U)-module generated by the set X(U). The proof of the adjointness
property is trivial.

1Supported by NSF grant DMS-9100383
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In the case when R is the constant sheaf associated with a ring R we will
denote the functor R(∗) just by R(∗). The sheaf Z(X) is called the sheaf of
abelian groups freely generated by the sheaf of sets X.

We will also use the notation R̃(∗) for the functor which takes a sheaf
of sets X to the kernel of the morphism R(X) −→ R(pt) induced by the
canonical morphism from X to the final object of Sets(T ).

The following proposition summarizes the elementary properties of the
functors R(∗).

Proposition 2.1.2 1. The functor R is right exact, i.e. it takes direct
limits in Sets(T ) to the direct limits in R −mod(T ). In particular it
preserves epimorphisms.

2. The functor R preserves monomorphisms.

3. Sheaves of the form R(X) are flat.

4. For a pair X, Y of sheaves of sets T one has a canonical isomorphism:

R(X × Y ) ∼= R(X) ⊗ R(Y ).

Proof:

1. It follows from the general properties of adjoint functors.

2. One can easily see, that the functor which takes a sheaf of sets X to the
presheaf U −→ R(U)(X(U)) preserves monomorphisms. The statment
of the proposition now follows from the fact that the functor of the
associated sheaf is exact.

3. Easy.

4. It follows directlly from the construction of the functor R(∗) and the
definition of tensor products of sheaves of R-modules.

Proposition is proven.
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Proposition 2.1.3 Let T be a site, R be a sheaf of rings on T and L(X) be
the sheaf of sets representable by an object X of T . Then for any sheaf F of
R-modules and any n ≥ 0 one has canonical isomorphisms:

Hn
T (X,F ) = ExtR−mod(R(L(X)), F ).

Proof: It follows immediately from the adjointness property of the functor R
and the description of cohomological groups in terms of injective resolutions
of sheaves.

Let f : X −→ Y be a morphism in Sets(T ). Denote by R(Č(f)) the complex
of R-modules of the form:

. . . −→ R(X ×Y X)
R(pr1)−R(pr2)

−→ R(X)
R(f)
−→ R(Y ) −→ 0.

Proposition 2.1.4 For any morphism f : X −→ Y in the category Sets(T )
the complex R(Č(f)) is a resolution of the sheaf coker(R(f)),

Proof: Easy.

There is a different approach to the definition of the functor R which is
sometimes more convinient than the one we described above.

Let U be an object of T . Denote by T/U the site which underlying
category is the category of objects of T over U and the topology is definied
in the obvious way. There is a natural morphism of sites p : T/U −→ T such,
that the functor p−1 takes an object X of T to the object X × U −→ U of
T/U .

Proposition 2.1.5 There exists a functor p! : p∗(R) −mod(T/U) −→ R −
mod(T ) left adjoint to the functor of the inverse image p∗.

Proof: Let F be an object of the category p∗(R)−mod(T/U). Consider the
presheaf p#(F ) of R-modules on T of the form:

p#(F )(V ) =
⊕

f∈HomT (V,U)

F (f : V −→ U).

We define p!(F ) to be the sheaf associated with the presheaf p#(F ).
To prove, that the functor p! defined by this construction is indeed left

adjoint to the functor of the inverse image, we have to show that for any
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pair of sheaves F ∈ ob(p∗(R)(T/U)),G ∈ ob(R(T )) there exists a natural
bijection:

Homp∗(R)(T/U)(F, p
∗(G)) = HomR(T )(p!(F ), G).

By the adjointness property of the functor of the associated sheaf the right
hand side is canonically isomorphic to HomR(T )(p#(F ), G).

Therefore a morphism a : p!(F ) −→ G is a natural family of morphisms
of the form:

af :V −→U : F (f : V −→ U) −→ G(V ).

From the other hand one has:

p∗(G)(f : V −→ U) = G(V )

and therefore a morphism F −→ p∗(G) is a family of morphisms of exactly
the same form. Proposition is proven.

Proposition 2.1.6 The functor p! : p∗(R) −mod(T/U) −→ R−mod(T ) is
exact.

Proof: Since p! is the left adjoint to p∗ it is right exact by the general
properties of adjoint functors. From the other hand the proof of proposition
2.1.5 shows, that p! is the composition of the functor p# with the functor of
the assoociated sheaf. Since both functors are left exact, the same holds for
p!.

The connection betwen the functors p! and the functors R is given by the
following proposition.

Proposition 2.1.7 For any object U of T there is a canonical isomorrphism:

p!(p
∗(R)) ∼= R(L(U))

where p : T/U −→ T is the canonical morphism of sites and L(U) is the
sheaf of sets representable by the object U .

Proof: It follows immediately from the explicite constructions of the func-
tors R and p!.
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2.2 The homological category of a site with interval

Let T be a site. An interval in T is an object I+, such that there exists a
triple of morphisms (µ : I+ × I+ −→ I+, i0, i1 : pt −→ I+) satisfying the
conditions

µ(i0 × Id) = µ(Id× i0) = i0p

µ(i1 × Id) = µ(Id× i1) = Id,

where p : I+ −→ pt is the canonical morphism. We will also assume that the
morphism

i0
∐

i1 : pt
∐

pt −→ I+

is a monomorphism.
The goal of this section is to assign to any site with interval a tensor

triangulated categoryH(T, I+) (or justH(T )) which is called the homological
category of T and to prove its elementary properties.

Let I1 be the kernel of the canonical morphism Z(I+) −→ Z. Denote
by D(T ) the derived category of the category Ab(T ) of sheaves of abelian
groups on T constructed by means of bounded complexes. It is known to
be a tensor triangulated category. We are going to define the homological
category H(T ) of (T, I+) as a localization of the category D(T ) with respect
to the class of “contractible” objects.

Consider the morphism

i = Z(i0) − Z(i1) : Z −→ I1.

Since i0
∐

i1 is a monomorphism the morphism i is a monomorphism. Denote
its cokernel by S1. We define In (resp. Sn) to be the n-th tensor power of I1

(resp. S1). Note that there is a canonical morphism

∂ : S1 −→ Z[1]

in D(T ) which corresponds to the extension of the sheaf S1 by means of Z
defined by the exact sequence:

0 −→ Z
i

−→ I1 −→ S1 −→ 0.

Definition 2.2.1 A sheaf of abelian groups F on T is called strictly con-
tractible if there exists a morphism

φ : F ⊗ I1 −→ F
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such that the composition IdF ⊗ i : F −→ F is the identity morphism. A
sheaf of abelian groups F on T is called contractible if it has a left resolution
which consists of strictly contractible sheaves.

Denote by Contr(T ) the thick subcategory (see [2, Appendix]) of the category
D(T ) generated by contractible sheaves.

Definition 2.2.2 The homological category H(T ) of a site with interval
(T, I+) is the localization of the category D(T ) with respect to the subcat-
egory Contr(T ).

The following lemma provides us with some trivial examples of strictly con-
tractible sheaves.

Lemma 2.2.3 1. The sheaf ker(Z((I+)n) −→ Z) is strictly contractible
for any n ≥ 0.

2. For any sheaf F and any strictly contractible sheaf G the sheaves
F ⊗G,Hom(G,F ) are strictly contractible.

Proposition 2.2.4 Let X be an object of D(T ) and Y be an object of Contr(T ).
Then X ⊗ Y belongs to the category Contr(T ).

Proof: It follows easily from our definitions and lemma (2.2.3.2).

To get more sophisticated examples of contractible sheaves we need the fol-
lowing construction.

Let f : (0, . . . , n) −→ (0, . . . , m) be a morphism in the standard simplicial
category ∆. We define a morphism of sets φ(f) : {1, . . . , m} −→ {0, . . . , n+
1} as follows:

φ(f)(i) =

{

min{l ∈ {0, . . . , n}|f(l) ≥ i} if this set is not empty
n+ 1 otherwise

Denote by prk : (I+)n −→ (I+)1 the k-th projection and by p : (I+)n −→ pt
the canonical morphism from (I+)n to the finial object of T . We define the
morphism a(f) : (I+)m −→ (I+)n setting:

prk ◦ a(f) =











φ(f)(k) if φ(f)(k) ∈ {1, . . . , n}
p ◦ i0 if φ(f)(k) = n+ 1
p ◦ i1 if φ(f)(k) = 0
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One can easily see, that for a composable pair of morphisms f, g in ∆ we
have a(f ◦ g) = a(f) ◦ a(g) and hence our construction gives a cosimplicial
object a : ∆ −→ T in T . To be more specific we will denote it by aI+.

Let F be a sheaf of abelian groups on T . Denote by C∗(F ) the complex of
sheaves which terms are the sheaves Hom(Z((I+)n),F) and the differentials
are the alternated sums of the morphisms induced by th coface morphisms
of the cosimplicial object aI+.

Lemma 2.2.5 Let F be a sheaf of abelian groups on T such that the complex
C∗(F ) is exact. Then F is contractible.

Proof: It follows easily from our definitions and lemma 2.2.3.

Denote by H0(T ) the localization of the category D(T ) with respect to the
thick subcategory generated by objects of the form X ⊗ I1, X ∈ ob(D(T )).

For any object X of Sets(T ) denote by Z̃(X) the kernel of the natural
morphism Z(X) −→ Z. We define the functor M : Sets(T ) −→ H(T ) (resp.
M̃ : Sets(T ) −→ H(T )) as the composition of the functor Z(−) (resp. Z̃(−))
with the canonical functor Ab(T ) −→ D(T ). We will also use the notations
M0, M̃0 for the corresponding functors to the category H0(T ).

Proposition 2.2.6 Let X, Y ∈ obD(T ) then one has:

HomH0(T )(X, Y ) = limn→∞HomD(T )(X ⊗ Sn, Y [n])

where the direct system on the right hand side is defined by tensor multipli-
cation of morphisms with ∂ : S1 −→ Z[1].

Proof: Note first of all that the morphism ∂ : S1 −→ Z[1] is an isomorphism
in H0(T ) and therefore there is a canonical morphism:

limn→∞HomD(T )(X ⊗ Sn, Y [n]) −→ HomH0(T )(X, Y )

Let F : D(T ) −→ D′ be an exact functor from D(T ) to a triangulated
category D′. such that F (g) is an isomorphism for any morphism g which
it cone lies in the thick subcategory generated by objects of the form X ⊗
I1. Then there exists the unique extension of the map HomD(T )(X, Y ) −→
HomD′(F (X), F (Y )) to the map

limn→∞HomD(T )(X ⊗ Sn, Y [n]) −→ HomD′(F (X), F (Y )).
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The universal property of localization imply that to prove our theorem it is
sufficient to show, that for any object Y of the thick subcategory generated
by objects of the form X ⊗ I1 there exists n such that IdY ⊗ ∂⊗n = 0. It is
sufficient to show that the class of objects satisfying this property contains
objects of the form X ⊗ I1 and is thick.

Let Y = X ⊗ I1. Then IdY ⊗ ∂ : Y ⊗ S1 −→ Y [1] can be included in the
exact triangle:

Y −→ Y ⊗ I1 −→ Y ⊗ S1 −→ Y [1]

The morphism µ : I1 ⊗ I1 −→ I1 gives us a splitting of the morphism
Y −→ Y ⊗ I1 and, therefore IdY ⊗ ∂ = 0.

Let us show now, that our class of objects is indeed thick ([2, Appendix]).

Let X −→ Y −→ Z
f

−→ X[1] be an exact triangle such that for some m
and n one has IdX ⊗ ∂⊗m = 0 and IdY ⊗ ∂⊗n = 0 (we can restrict ourself to
this case because if IdU ⊗ ∂⊗n = 0 for some n then the same holds for any
U[k]). Let us show that IdZ ⊗ ∂⊗(m+n) = 0. Consider the diagram:

.....................�

.........
-

??

--

Y [n] Z[n]

x[1] ⊗ SnZ ⊗ SnY ⊗ Sn

Doted arrow exists because the upper string is a part of an exact triangle
and Y ⊗ Sn −→ Y [n] is equal to zero. Denote it by α. One obviously has

IdZ ⊗ ∂⊗(m+n) = (IdZ ⊗ ∂⊗n) ⊗ ∂⊗m = (α⊗ ∂⊗m)(f ⊗ IdSm)

and
α⊗ ∂⊗m = α[m](IdX[1]⊗Sn ⊗ ∂m) = 0.

The proof of the second axiom of thick classes is similar to this one.

Corollary 2.2.7 Let X, Y be a pair of objects of the D(T ) such that for any
n and m one has

HomD(T )(X ⊗ In, Y [m]) = 0

then
HomH0(T )(X, Y [m]) = HomD(T )(X, Y [m]).
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Proof: We have to show that the morphisms

HomD(T )(X, Y [m]) −→ Hom(X ⊗ Sn, Y [m + n])

are isomorphisms for all n. We will prove it by the induction on n. For
n = 0 our statment is trivial. To make the inductive step consider the exact
triangle

X ⊗ Sn−1 −→ X ⊗ I1 ⊗ Sn−1 −→ X ⊗ Sn −→ X ⊗ Sn−1[1].

It is sufficient to show that HomD(T )(X ⊗ I1 ⊗ Sn−1, Y [m]) = 0. Obviously,
if X satisfies the conditions of our proposition so does X⊗ I1. Therefore, by
the induction we have

HomD(T )(X ⊗ I1 ⊗ Sn−1, Y [m]) = HomD(T )(X ⊗ I1, Y [m− n]) = 0.

Definition 2.2.8 An object Y ∈ ob(D(T )) is called strictly homotopy in-
variant if for any X ∈ ob(D(T )) one has Hom(X ⊗ I1, Y ) = 0.

Proposition 2.2.9 Let Y ∈ ob(D(T )) be a strictly homotopy invariant ob-
ject. Then for any X one has

HomH(T )(X, Y ) = HomD(T )(X, Y )

Proof: Obvious.

An object X of D(T ) is called an object of finite dimension if there exists N
such that for any F ∈ ob(Ab(T )) and any n > N one has

HomD(T )(X,F [n]) = 0.

Proposition 2.2.10 Let (T, I+) be a site with interval and X be an object
of D(T ) such that the objects Z,X⊗ In are of finite dimension. Then for any
Z ∈ ob(D(T )) one has

HomH(T )(X,Z) = HomH0(T )(X,Z)
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Proof: It follows easily from our definitions and proposition 2.2.6.

Let (T1, I
+
1 ), (T2, I

+
2 ) be a pair of sites with interval. A morphism F :

(T1, I
+
1 ) −→ (T2, I

+
2 ) is by definition a morphism of sites F : T1 −→ T2

such, that F−1(I+
2 ) is isomorphic to I+

1 . For example if T1, T2 have the same
underlying categories and topology of T1 is stronger than that of T2 and
I+
1
∼= I+

2 then an identity functor is a morphism of sites with interval.

Proposition 2.2.11 Let F : (T1, I
+
1 ) −→ (T2, I

+
2 ) be a morphism of sites

with interval, then it induces an exact tensor functor

H(F ) : H(T2) −→ H(T1).

Proof: There is a functor F ∗ : D(T2) −→ D(T1) which is induced by
the functor of inverse image of sheaves. One can easily see, using the
universal property of localization, that it can be descended to a functor
H(F ) : H(T2) −→ H(T1) which obviously satisfies all the properties we need.

There is an obvious analogue of this proposition for the categoriesH0(T1), H0(T2).
We denote the corresponding functor by H0(F ).

3 The h-topology on the category of schemes.

3.1 The h-topology.

Definition 3.1.1 A morphism of schemes p : X −→ Y is called a topologi-
cal epimorphism if the underlying topological space of Y is a quotient space
of the underlying topological space of X, i.e. if p is surjective and a subset
A in Y is open if and only if the subset p−1(A) is open in X.

A topological epimorphism p : X −→ Y is called a universal topological
epimorphism if for any morphism f : Z −→ Y the projection Z×Y X −→ Y
is a topological epimorphism.

One can easily see that any open or closed surjective morphism is a topolog-
ical epimorphism in this sense and any surjective proper or flat morphism as
well as any composition of such morphisms is a universal topological epimor-
phism .
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Definition 3.1.2 The h-topology on the category of schemes is the Grothendieck
topology associated with the pretopology which coverings are of the form
{pi : Ui −→ X}, where {pi} is a finite family of morphisms of finite type such
that the morphism

∐

pi :
∐

Ui −→ X is a universal topological epimorphism.
We will also use qfh-topology, which corresponds to coverings of the same

type such that the morphisms pi are quasifinite.

Examples:

1. Any flat covering is an h-covering. Moreover, since any flat surjective
morphism of finite type admits a section over a quasi-finite surjective
flat morphism, even the qfh-topology is stronger then the flat one.

2. Any surjective proper morphism of finite type is an h-covering.

3. Let X be a scheme and G be a finite group acting on X. Suppose that
there exist a categorical quotient X/G (see [3, ex.5 n.1]). Then the
canonical projection p : X −→ X/G is a qfh-covering.

4. Consider the blowup p : Xx −→ X of a surface X with center in a
closed point x ∈ X and let U = Xx − {x0} where x0 is a closed point
over x. Then the natural morphism pU : U −→ X is not an h-covering.
In fact, let us consider a curve C in X such that p−1(C) = p−1({x})∪C̃
and C̃ ∩ p−1({x}) = {x0}. Obviously, p−1

U (C − {x}) is closed in U but
C − {x} is not. Therefore pU is not a topological epimorphism.

We are going to define now a special class of h-coverings which are called
coverings of normal form. The main result of this paragraph is the theorem
which says that any h-covering of an excellent noetherian scheme admits a
refinitement which is an h-covering of normal form.

Proposition 3.1.3 Let {Ui
pi−→ X} be an h-covering of a noetherian scheme

X. Denote by
∐

Vj the disjoint union of irreducible components of
∐

Ui such
that for any j there exists an irreducible component of Xi of X which is
dominated by Vj. Then the morphism q :

∐

Vj −→ X is surjective.

Proof: Suppose first that X is irreducible. Let x ∈ X be a point of X. We
want to prove that x lies in the image of q. Considering the base change
along the natural morphism Spec(Ox) −→ X we may suppose that X is the
spectrum of a local ring and x is the closed point of X.
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Denote by Z the closure of the image of those irreducible components of
∐

Ui which are not dominant over X. Since this image is a constructible set
which does not contain the generic point of X one has Z 6= X. It follows
from [5, 10.5.5 and 10.5.3], that the set of points of dimension one is dense
in X. Therefore, there exists a point y ∈ X of dimension one which does
not belong to Z. If x does not lie in the image of q then the preimage
q−1(y) is closed which implies that p−1

i (y) are closed as well, which gives us
a contradiction with the condition that {pi} is an h-covering since y is not
closed in X = Spec(Ox).

Suppose now, that X is an arbitrary scheme and let Xred = ∪Xk be the
decomposition of the maximal reduced subscheme of X into the union of its
irreducible components. Consider the natural morphisms Xk −→ X and let
{Ui ×X Xi −→ Xi} be the preimages of our h-covering. Then the morphisms
∐

Vjk −→ Xk, where Vjk are the irreducible components of
∐

Ui×XXk which
are dominant over Xk are surjective, which implies that

∐

Vj −→ X is sur-
jective, since

∐

Vj =
∐ ∐

Vjk.

Remark: This proposition leads to the following generalization of the ex-
ample 4 above. Let Z be a closed subscheme of an integral scheme X and
XZ −→ X be the blow-up with the center in Z. Suppose, that for an open
subscheme U ⊂ XZ the composition U −→ XZ −→ X is an h-covering.
Then U = XZ. To show it, let us consider the base change along the pro-
jection XZ −→ X. Then U ×X XZ is an open subscheme in XZ ×X XZ .
This last scheme is a union of the diagonal ∆ and a component, which is not
dominant over XZ . According to our proposition (U ×X XZ) ∩ ∆ −→ XZ is
a surjection, which implies that U = XZ .

Proposition 3.1.4 Let {pi : Ui −→ X} be a finite family of quasi-finite
morphisms over a normal connected noetherian scheme X. Then {pi} is a
qfh-covering if and only if the subfamily {qj} consisting of those pi which are
dominant over X is surjective. In that case {qj} is also a qfh-covering of X.

Proof: The “only if” part follows immediately from the previous proposition.
To prove the “if” part it is sufficient to notice that in the case of a normal

connected noetherian scheme X a dominant quasi-finite morphism is univer-
sally open [3, p.24] and therefore a surjective family of such morphisms is an
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h-covering.

Remark: The statment of the proposition above is false for schemes which
are not normal. To show it, consider a surface X over an algebraically closed
field and let x, y ∈ X be two different closed points ofX. Let Y be the scheme
obtained from X by glueing the point x, y together. Let U = X − {x}. The
natural morphism p : U −→ Y is dominant and surjective but it is not a
qfh-covering. In fact, let us consider a curve C ⊂ X in X, which contains x
and does not contain y. Then the subscheme p−1(C − {x}) is closed in U ,
while C − {x} is not closed in Y .

Definition 3.1.5 A finite family of morphisms {Ui
pi−→ X} is called an h-

covering of normal form if the morphisms pi admit a factorization of the form
pi = s ◦ f ◦ ini, where {ini : Ui −→ Ū} is an open covering, f : Ū −→ XZ

is a finite surjective morphism and s : XZ −→ X is the blowup of a closed
subscheme in X.

Beginning from this point, we restrict our considerations to excellent
noetherian schemes (see [5, 7.8]).

Let us recall several properties of excellent schemes, which we will use
below without additional references. Any scheme of the form X = Spec(A)
where A is a field or a Dedekind domain with the field of fractions of char-
acteristic zero is excellent. If a scheme X is excellent and Y −→ X is a
morphism of finite type, then Y is excellent. Any localization of an excellent
scheme is excellent.

For any excellent integral scheme X and any finite extension L of the
field of functions on X, the normalization of X in L is finite over X.

Lemma 3.1.6 Let f : Y −→ X be a finite morphism such, that Y is an
irreducible scheme. Then the underlying topological space of the diagonal
Y ⊂ Y ×X Y is an irreducible component of Y ×X Y .

Proof: Obvious.
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Lemma 3.1.7 Let X be an excellent normal connected noetherian scheme
and L be a finite purely inseparable extension of the field of functions K(X)
of X. Then the normalization f : Y −→ X of X in L is a universal homeo-
morphism (see definition 3.2.4).

Proof: Since X is excellent, the morphism f is finite and surjective , which
implies that it is universally surjective. It is sufficient to show, that f is uni-
versally injective. According to [6, 3.7.1] it is equivalent to the surjectivity of
the diagonal morphism ∆ : Y −→ Y ×X Y . Since X is normal the morphism
f is universally open ([3, p.24]). In particular, considering the base change
along f we see that the projection Y ×X Y −→ Y is an open morphism.
It implies that each irreducible component of Y ×X Y is dominant over Y .
According to the previous lemma our statment would follow if we prove that
the general fiber of the projection Y ×X Y −→ Y is connected. This fiber
is the scheme Z = Spec(L) ×Spec(K(X)) Spec(L) and since our extension is
purely inseparable one has Zred = Spec(L) which finish the proof.

Let Z be a closed subscheme of a scheme X. We denote by pZ : XZ −→ X
the blowup of X with center in Z. For a scheme Y −→ X over X, denote by
p̃Z(Y ) the closure in Y×XXZ of the open subscheme Y×XXZ−pr

−1
2 (p−1

Z (Z)).
The scheme p̃Z(Y ) over XZ is called the strict transform of Y with respect
to pZ .

Theorem 3.1.8 (platification par eclatement) Let f : Y −→ X be a
morphism of finite type, which is flat over an open subset U ⊂ X. Then there
exists a closed subscheme Z disjoint with U such that the strict transform
p̃Z(Y ) is flat over XZ .

Proof: See [8, 5.2].

Theorem 3.1.9 Let {Ui
pi−→ X} be an h-covering of an excellent reduced

noetherian scheme X. Then there exists an h-covering of normal form, which
is a refinitement of {pi}.

Proof: Suppose first, that X is a normal connected scheme and all the
morphisms pi are dominant and quasi-finite. Considering the normalizations
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of the schemes Ui we may suppose, that Ui are normal and connected as
well. Let p̄i : Ūi −→ X be the finite morphisms such that Ūi are normal and

connected and there exist factorizations of the form Ui
ini−→ Ūi

p̄i−→ X, where
ini are open immersions ([7, 1.1.8]).

There exists a connected normal scheme V̄ and a finite surjective mor-
phism q̄ : V̄ −→ X such that it can be factorized through all the morphisms

p̄i and there exists a factorization of q̄ of the form V̄
ḡ

−→ W̄
r̄

−→ X where W̄
is a connected normal scheme and r̄,ḡ correspond to purely inseparable and
Galois extensions of the fields of functions respectively. Let Vi = V ×Ūi

U .
The compositions {qi : Vi −→ V̄ −→ X} define an h-covering which is a
refinitement of the initial one. Let G be the Galois group of the extension
of the fields which corresponds to the morphism ḡ. The group G acts on
V̄ . Consider the open subsets σ(Vi) for σ ∈ G. Since ∪qi(Vi) = X and the
morphism r̄ defines a homeomorphism of the underlying topological spaces
(lemma 3.1.7), we have ∪σ(Vi) = V . The covering {σ(Vi) −→ X} is of nor-
mal form and we claim that it is a refinitement of the covering {Vi −→ X}.
To see it it is sufficient to define a morphism from one to another as the
family of morphisms σ−1 : σ(Vi) −→ Vi.

Let now X be a noetherian exellent reduced scheme and pi be flat quasi-
finite morphisms. Consider the normalization Xnorm −→ X of X. It is a
finite morphism and Xnorm is a disjoint union of connected normal schemes
Xj. Applying the above construction to the covering Ui ×X Xj −→ Xj we
obtain in this case the refinitement we need.

Consider now the case of the general h-covering {pi : Ui −→ X} of
a noetherian exellent reduced scheme X. It follows from [5, 11.1.1] that
there exists a dense open subscheme X0 of X such that all the morphisms
pi are flat over X0. Let Z be a closed subscheme disjoint with X0 such
that the morphism f : p̃Z(

∐

Ui) −→ XZ is flat (theorem 3.1.8). Since
XZ ×X (

∐

Ui) −→ XZ is an h-covering and the closure of the complement
XZ ×X (

∐

Ui) − p̃Z(
∐

Ui) lies over p−1
Z (Z) and, therefore is not dominant

over any irreducible component of XZ , the proposition 3.1.3 implies that
f is a surjection. There exists then a quasi-finite flat surjective morphism
U ′ −→ XZ which can be factorized through f . The normal refinitement for
such type of coverings was constructed above.
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3.2 Representable sheaves.

Denote by Sch/S the catgeory of separated schemes of finite type over a
noetherian exellent scheme S. All through this section a scheme means an
object of Sch/S and all morphisms of schemes are morphisms over S.

Let L be a functor Sch/S −→ Shvh(S) which takes a scheme X/S to the
corresponding representable sheaf, i.e L(X) is the h-sheaf associated with
the presheaf Y −→ MorS(X, Y ). We will also use the notation Lqfh for the
corresponding functor with respect to the qfh-topology.

Since both the h-topology and the qfh-topology are not subcanonical, the
functors L and Lqfh are not full embeddings. The question we are interested
in in this paragraph is what can be said about the set of morphisms L(X) −→
L(Y )? Since this set coincides with the set of sections of the sheaf L(Y ) over
X to answer our question we have to describe the sheaf L(Y ) associated with
the presheaf representable by Y .

Let us recall first the general construction of the sheaf associated with
a presheaf [7, 2.2],[1]. Let P be a presheaf. For any scheme X define an
equivalence relation on the set P (X), setting sections a, b ∈ P (X) to be
equivalent if there exists a covering {pi : Ui −→ X} of X such that for any i
one has p∗i (a) = p∗i (b). Denote by P ′ the presheaf such that P ′(X) is the set
of equivalence classes of elements of P (X).

For any covering U = {pi : Ui −→ X} denote by H0(U , P ′) the equal-
izer of the maps

∐

P ′(Ui)
−→
−→

∐

P ′(Ui ×X Uj) which are induced by the
projections. For any refinitement U ′ of U there is defined an obvious map
H0(U , P ′) −→ H0(U ′, P ′). We set

aP (X) = lim
−→

H0(U , P ′).

It can be shown that aP is indeed a sheaf associated with P and the natural
morphism of presheaves P ′ −→ aP is injective.

We are going now to apply this construction to the representable presheaves.

Lemma 3.2.1 Let X be a scheme and Xred be its maximal reduced sub-
scheme. Then the natural morphism Lqfh(i) : Lqfh(Xred) −→ Lqfh(X) is an
isomorphism.

Proof: Since the morphism i : Xred −→ X is a monomorphism in the cat-
egory of schemes and the functor L is left exact, so is L(i). From the other
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hand, i is a qfh-covering which implies that L(i) is an epimorphism. There-
fore L(i) is an isomorphism.

Lemma 3.2.2 Let X be a reduced scheme and U −→ X be an h-covering,
then it is epimorphism in the category of schemes. In particular for any
reduced X and any Y the natural map MorS(X, Y ) −→ Mor(L(X), L(Y ))
is injective.

Proof: It follows immediately from the fact that h-coverings are surjective
on the underlying topological spaces of schemes.

For a scheme X denote by L0(X) the presheaf we obtain on the first step of
the construction of the sheaf L(X) which was described above. Two previous
lemmas shows that for any scheme Y one has L0(X)(Y ) = MorS(Yred, X).

Lemma 3.2.3 Let X = Spec(K), where K is a field, then for any scheme
Y one has Mor(L(X), L(Y )) = Mor(Lqfh(X), Lqfh(Y )) = Y (K ′), where K ′

is a maximal purely inseparable extension of the field K.

Proof: It follows immediately from the previous lemma and the remark
that the extension L of K is purely inseparable if and only if the diago-
nal ∆ : Spec(L) −→ Spec(L) ×Spec(K) Spec(L) induces an isomorphism of
Spec(L) with (Spec(L) ×Spec(K) Spec(L))red.

Definition 3.2.4 Let f : X −→ Y be a morphism of finite type. It is called
radicial (resp. universal homeomorphism) if for any scheme Z −→ Y over Y
the morphism X ×Y Z −→ Z induces an immersion (resp. homeomorphism)
of the underlying topological spaces.

Proposition 3.2.5 Let f : X −→ Y be a morphism of finite type. Then
one has:

1. the morphism L(f) (resp. Lqfh(f)) is a monomorphism if and only is
f is radicial,
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2. the morphism L(f) is an epimorphism if and only if f is a universal
topological epimorphism,

3. the morphism L(f) (resp. Lqfh(f)) is an isomorphism if and only if f
is a universal homeomorphism.

Proof: It follows from lemma 3.2.1 that we may suppose X, Y to be reduced
schemes.

1. The “if” part follows from the trivial observation that any radicial mor-
phism with the reduced source is a monomorphism in the category of
schemes and left exactness of the functor L. The “only if” part follows
from proposition 3.2.3 and the criterion that the morphism is radicial if
and only if it induces monomorphisms on the sets of geometrical points
(see [6]).

2. It is easy to show that a morphism of schemes f : X −→ Y induces an
epimorphism on the corresponding representable sheaves if and only if
there exists a covering U −→ Y which can be factorized through f . It
implies the result we need, since if there exists a universal topological
epimorphism which can be factorized through f then f is a universal
topological epimorphism itself.

3. Suppose that f is a universal homeomorphism. Then it is a qfh-
covering, and, therefore, Lqfh(f) is a surjection. From the other hand
any universal homeomorphism is a radicial morphism which implies,
according to (1), that L(f) is a monomorphism as well. Suppose now,
that L(f) is an isomorphism, then by (1) and (2), f is a radicial uni-
versal topological epimorphism, which obviously implies that f is a
universal homeomorphism.

Let X, Y be a pair of schemes and f ∈ Mor(L(X), L(Y )). We say that an
h-covering {pi : Ui −→ X} realises f if there exist morphisms fi : Ui −→ Y
such that L(fi) = f ◦L(pi). It follows from lemma 3.2.2 that in that case one
has fi ◦ pr

red
1 = fj ◦ pr

red
2 , where prred

i are the restrictions of the projections
Ui ×X Uj −→ Ui and Ui ×X Uj −→ Uj to the maximal reduced subscheme
(Ui ×X Uj)red of the scheme Ui ×X Uj. Note, that if {Vij −→ Ui −→ X} is
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a refinitement of the h-covering {pi : Ui −→ X} and {Vij −→ X} realises f ,
then the coverings {Vij −→ Ui} realises f ◦ L(pi).

Lemma 3.2.6 Let X be a reduced scheme and f ∈ Mor(L(X), L(Y )) be
such a morphism, that it can be realised on the open covering of X, then
there exists a morphism f̃ ∈MorS(X, Y ) such, that L(f̃) = f .

Proof: It is sufficient to notice, that since for open subschemes U, V of a re-
duced scheme X one has U×X V = U ∩V = (U×X V )red and open coverings
are effective epimorphisms in the category of schemes, one can descend the
morphisms which realise f to a morphism f̃ : X −→ Y .

Lemma 3.2.7 Let p : X ′ −→ X be an h-covering such that p∗(OX′) = OX .
Then for any f ∈ Mor(L(X), L(Y )) which can be realised by p there exists
a morphism f̃ ∈MorS(X, Y ) such that L(f̃) = f .

Proof: Denote by f ′ : X ′ −→ Y the morphism such that L(f ′) = f ◦ L(p).
Then since p is a topological epimorphism there exists a continuous map
f̃ from the underlying topological space of X to the underlying topological
space of Y such that f ′ = f̃ ◦ p as continuous maps. Since p∗(OX′) = OX ,
the morphism of sheaves OY −→ f ′

∗(OX′) defines a morphism of sheaves
OY −→ f ′

∗(OX′) = f̃∗(p∗(OX′)) = f̃∗(OX), and, therefore f̃ corresponds to a
morphism of schemes, which obviously satisfies the condition we need.

Proposition 3.2.8 Let f̃ ∈ Mor(L(X), L(Y )) be a morphism of repre-
sentable h-sheaves, then there exists a finite surjective morphism p : X ′ −→
X such that f̃ ◦ L(p) = L(f ′) for a morphism f ′ : X ′ −→ Y .

Proof: Let {pi : Ui −→ X} be an h-covering which realises f̃ and fi : Ui −→
Y be the corresponding morphisms. According to theorem 3.1.9 we may

suppose that our covering is of normal form. Let Ui
ini−→ Ū

s
−→ XZ

r
−→ X

be the normal decomposition of pi. Consider the morphism r ◦ s. Since it is
proper there exists the Stein decomposition of it of the form r◦s=r′◦s′ where
s′ is a proper surjective morphism Ū −→ X ′ such that s′∗(OŪ) = OX′ and
r′ is a finite surjective morphism. Our proposition follows now from lemmas
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3.2.7, 3.2.6.

Theorem 3.2.9 The category L(Sch/S) (resp. Lqhf(Sch/S)) of representable
h-sheaves (resp. qhf-sheaves) is a localization of the category Sch/S of schemes
over S with respect to the class of universal homeomorphisms.

Proof: It follows from proposition 3.2.5(3) that it is sufficient to show, that
for any schemes X, Y and a morphism f ∈ Mor(L(X), L(Y )), there exists
a universal homeomorphism X0 −→ X which realises f . Let p : X ′ −→ X
be a finite morphism such that there exists a morphism f ′ : X ′ −→ Y sat-
isfying L(f ′) = f ◦ L(p). Let us define a sheaf R of finite OX-algebras over
X as follows. Let U be an open subset of X. Then R(U) is a subalgebra in
OX′(f ′−1(U)) which consists of those functions g ∈ OX′(f ′−1(U)) that there
exists an element g̃ ∈ Mor(L(X), L(A1)), such that L(g) = g̃ ◦ L(p). One
can easily see, that the morphism Spec(R) −→ X is a finite surjective mor-
phism, which realize f . To finish the prove it is sufficient to show that it is
a universal homeomorphism. It is almost obvious.

Proposition 3.2.10 Let S be a scheme of characteristic zero. Then there
exists a functor R : L(Sch/S) −→ Sch/S left adjoint to L. For a scheme X
the scheme R(L(X)) is a semi-normalization of X (see [10]).

In particular for any seminormal scheme X and any scheme Y one has

Mor(L(X), L(Y )) = MorS(X, Y ).

Proof: Let X be a normal scheme of characteristic zero. Suppose, that p :
Y −→ X is a universal homeomorphism. Considering the base change along
the immersion of the generic point of X we conclude, that p is birational.
From the other hand p is universally closed and quasi-finite, which implies
that it is finite. Then p is an isomorphism by [4, 4.4.9].

Therefore, for any scheme X of characteristic zero and any f ∈Mor(L(X), L(Y ))
there exists a finite morphism p : X ′ −→ X which realises f such that p is
a universal homeomorphism and the normalization of X can be factorized
through p. It follows easyly from the results of [10], that the seminormaliza-
tion of X is exactly the universal morphism satisfying this property, which
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finish the proof.

The situation in positive characteristic is a bit more complicated. Roughly
speaking, there exists an analog of the functor R in that case. Namely
R(L(X)) for an integral scheme X should be a seminormalization of X in
the maximal purely inseparable extension of its field of functions. The prob-
lem is that this scheme is not in general a noetherian scheme, and, therefore
we can not construct R in the category of noetherian schemes.

The following proposition provides us all the information we will really
need about the sets Mor(L(X), L(Y )) in the general case.

Proposition 3.2.11 Let X be a normal connected scheme. Then for any
scheme Y one has:

Mor(L(X), L(Y )) = lim
→

L

MorS(XL, Y )

where the limit is defined over the category of purely inseparable extensions
of the field of functions of X and XL denotes the normalization of X in the
extension L.

Proof: It follows almost automaticly from the above results.

Proposition 3.2.12 Let Y be a scheme of finite type over S, then the nat-
ural morphism

MorS(X, Y ) −→Mor(L(X), L(Y ))

is a bijection for any X if and only if Y is etale over S.

Proof: It follows from the valuative criterion for etale morphisms (see [5,
ex.17])

3.3 Sheaves Z(X) in h-topology.

Let X be a scheme over S. We denote by Z(X) ( resp. Zqfh(X)) the h-sheaf
(resp. the qfh-sheaf) of abelian groups freely generated by the sheaf of sets
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L(X). We will also use notations N(X),Nqfh(X) for the corresponding freely
generated sheaves of abelian monoids.

For an abelian monoid A we denote by A+ the abelian group associated
with A in the obvious way.

Proposition 3.3.1 For any schemesX, Y over S and a section a ∈ Zqfh(X)(Y )
there exists a finite surjective morphism p̄ : Ū −→ Y such, that p̄∗(a) =
∑

a+
j −

∑

a−k , where a+
j , a

−
k correspond to morphisms Ū −→ X.

Proof: According to the construction of the associated sheaf and theo-

rem 3.1.9 above for any a ∈ Zqfh(X)(Y ) there exists a covering {Ui
ini−→

Ū
p̄

−→ Y of normal form such, that in∗
i p̄

∗(a) =
∑

a+
ij −

∑

a−ik where a+
ij, a

−
ik ∈

MorS(Ui, X) are elements such that a+
ij 6= a−ik for any j, k.

For a pair i1, i2 of indexes we have

pr∗1(
∑

a+
i1j −

∑

a−i1k) = pr∗2(
∑

a+
i2j −

∑

a−i2k)

in Zqfh(X)(Ui1×UUi2). Since Ui1×U Ui2 = Ui1∩Ui2 is reduced it implies, that
this equality also holds on the level of formal sums of morphisms Ui −→ X.
It means, that with respect to some order on the set of indexes one has

pr∗1a
+
i1j = pr∗2a

+
i2j

pr∗1a
−
i1k = pr∗2a

−
i2k

There exists then a family of morphisms a+
ij, a

−
ik ∈ MorS(Ui1 ∪ Ui2 , X) such,

that
a+

ij|Ui1
= a+

i1j

a+
ij|Ui2

= a+
i2j

a−ik|Ui1
= a−i1k

a−ik|Ui2
= a−i2k

The statment of our proposition follows now by the induction by the
number of open subschemes Ui of Ū .
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Proposition 3.3.2 Let X be a normal connected scheme and p : Y −→ X
be the normalization of X in a Galois extension of its field of functions. Then
for any qfh-sheaf F of abelian monoids the image of p∗ : F (X) −→ F (Y )
coincides with the submonoid F (Y )G of Galois invariant elements in F (Y )

Proof: Obviously Im(p∗) lies in F (Y )G. Let a ∈ F (Y )G be a Galois invariant
element of F (Y ). Consider the scheme Y ×X Y . It is a union of irreducible
components of the form

Y ×X Y = ∪g∈GYg

and Yg can be identified with Y in such a way that the restriction of the
first projection Y ×X Y −→ Y becomes an identity and the restriction of
the second one is the isomorphism Y −→ Y induced by g ∈ G. To prove,
that a ∈ Im(p∗) it is sufficient to show, that pr∗1(a) = pr∗2(a) in F (Y ×X Y ).
Since the decomposition of Y ×X Y in the union of its irreducible compo-
nents is a qfh-covering it is sufficient to shopw that for any g ∈ G one has
pr∗1(a)|Yg

= pr∗2(a)|Yg
, which means exactly, that a is a Galois invariant.

Theorem 3.3.3 Let X be a scheme and Y be a normal scheme, then one
has:

Zqfh(X)(Y ) = Nqfh(X)(Y )+.

Proof: Denote by F the presheaf of the form

Y −→ Nqfh(X)(Y )+

Obviously the qfh-sheaf associated with F is isomorphic to Zqfh(X). In
particular, there is a natural map

φ : Nqfh(X)(Y )+ −→ Zqfh(X)(Y )

and we have to prove that it is a bijection for normal Y . Let us show
first that φ is an injection. It follows immediately from the construction of
the associated sheaf, that it is sufficient to show that for any qfh-covering
{Ui −→ Y } the natural map

F (Y ) −→ ⊕iF (Ui)
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is injective. Note, that according to the axioms of sheaf the map

Nqfh(X)(Y ) −→ ⊕iNqfh(X)(Ui)

is injective. Our statment now follows easily from the following lemma:

Lemma 3.3.4 Let a, b ∈ Nqfh(X)(Y ) be a pair of sections such that a+x =
b + x for some x ∈ Nqfh(X)(Y ), then a = b.

Proof: There exists a covering {pi : Ui −→ Y } of Y such, that

p∗i (x) =
∑

xij

p∗i (a) =
∑

aik

p∗i (b) =
∑

xil

where xij, aik, bil ∈ L(X)(Ui).
Since Nqfh(X) is a sheaf it is sufficient to show that p∗i (a) = p∗i (b). An

equality
∑

aik +
∑

xij =
∑

bil +
∑

xij

in Nqfh(X)(Ui) means that there is a covering {qim : Vim −→ Ui} such that
for any m one has the equality

∑

q∗imaik +
∑

q∗imxij =
∑

q∗imbil +
∑

q∗imxij

which holds on the level of formal sums of sections of the sheaf L(X) over
Vim. It implies, that

∑

q∗imaik =
∑

q∗imbil

and, therefore, p∗i (a) = p∗i (b).

Let us prove now that in our case the map φ is also surjective. By
proposition 3.3.1 for any a ∈ Zqfh(X)(Y ) there exists a finite surjective
morphism p̄ : Ū −→ Y such that p̄∗(a) =

∑

a+
j −

∑

a−k . We may suppose,
that Y is connected. Since Y is normal we may suppose, that p̄ admits a
decomposition of the form

Ū
p̄0−→ Ū0

p̄1−→ Y
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where p̄1 is the normalization of Y in a purely inseparable extension of its
field of functions and p̄0 is the normalization of Ū0 in a Galois extension of
its field of functions with a Galois group G. For any g ∈ G we have

∑

a+
j −

∑

a−k =
∑

ga+
j −

∑

ga−k

in Zqfh(X)(Ū) and, since Ū is reduced the same equality holds on the level
of the formal sums of morphisms Ū −→ X. It implies, that

∑

a+
j =

∑

ga+
j

∑

a−k =
∑

ga−k

in Nqfh(X)(Ū) and, according to proposition 3.3.2, that there exist a pair
ak, a− of elements of Nqfh(X)(Ū0) such, that p̄∗0(a

+) =
∑

a+
j and p̄∗0(a

−) =
∑

a−k . By lemma 3.1.7 we have Nqfh(X)(Ū0) = Nqfh(X)(Y ) which finish the
proof.

Theorem 3.3.5 Let X be an affine scheme over S, then one has

Z(X) = Zqfh(X).

Proof: It is sufficient to show, that for an affine scheme X the qfh-sheaf
Zqfh(X) is an h-sheaf. By theorem 3.1.9 we have to prove only, that Zqfh(X)
satisfies the axioms of sheaf for h- coverings of normal form Let Y be a
scheme over S and {Ui −→ Ū −→ YZ −→ Y } be its covering of normal
form. Let us show first that the map u : Zqfh(X)(Y ) −→ ⊕iZqfh(X)(Ui)
is injective. Let a ∈ Zqfh(X)(Y ) be an element such, that u(a) = 0. By
proposition 3.3.1 there exists a finite surjective morphism q̄ : V̄ −→ Y such,
that q̄∗(a) =

∑

a+
j −

∑

a−k where a+
j , a

−
k correspond to morphisms V̄ −→ X.

Denote the morphism YZ −→ Y by s. Since {Ui −→ Ū −→ YZ} is a
qfh-covering an equality u(a) = 0 implies, that s∗(a) = 0 as an element of
Zqfh(X)(YZ). Consider the fiber product YZ ×Y V̄ and let pr1, pr2 be the
projection to YZ and V̄ respectively. We have pr∗2 q̄

∗(a) = pr∗1s
∗(a) = 0 in

YZ ×Y V̄ . It implies that with respect to a suitable order on the index set we
have a+

j ◦ pr2 = a−j ◦ pr2 as morphisms (YZ ×Y V̄ )red −→ X. Therefore, since
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(YZ ×Y V̄ )red −→ V̄red is an epimorphism in the category of schemes we have
a+

j = a−j on V̄red which implies, that a = 0.
Now let ai ∈ Zqfh(X)(Ui) be a family of sections such, that pr∗1(ai) =

pr∗2(aj) in Zqfh(X)(Ui ×Y Uj) where pr1 : Ui ×Y Uj −→ Ui,pr2 : Ui ×Y

Uj −→ Uj are the projections. We have to prove, that there exists an element
a ∈ Zqfh(X)(Y ) such that its restriction on Ui is equal to ai. Passing to a
refinitement we may suppose, that ai =

∑

a+
ij−

∑

a−ik where a+
ij, a

−
ik correspond

to morphisms Ui −→ X. As in the proof of proposition 3.3.1 we see, that
there exists a family of morphisms a+

j , a
−
k ∈MorS(Ū , X) such, that

a+
j|Ui

= a+
ij

a−k|Ui
= a−ik.

Consider the Stein decomposition Ū
f

−→ W
g

−→ Y of the morphism Ū −→
YZ −→ Y . Since f∗OŪ = OW and X is affine over S one has MorS(Ū , X) =
MorS(W,X). Therefore our family a+

j , a
−
k can be descended to a family

b+j , b
−
k of morphisms W −→ X. Since

pr∗1(
∑

a+
j −

∑

a−k ) = pr∗2(
∑

a+
j −

∑

a−k )

in Zqfh(Ū ×Y Ū) and the natural morphism Ū ×Y Ū −→ W ×Y W is an
h-covering it follows from the injectivity result proved above, that the same
equality holds in Zqfh(W ×Y W ). Since W −→ Y is a finite surjective mor-
phism and, therefore a qfh-covering, it implies that there exists an element
a ∈ Zqfh(X)(Y ) such, that g∗(a) =

∑

b+j −
∑

b−k in Zqfh(X)(W ), which finish
the proof.

Proposition 3.3.6 Let X be a scheme over S such that there exist symmet-
ric powers SnX of X over S. Then the sheaves N(X),Nqfh(X) are repre-
sentable by the (ind-) scheme

∐

n≥0 S
nX.

Proof: It is obviously sufficient to prove our proposition in the case of qfh-
topology. Note first that the sheaf representable by

∐

n≥0 S
nX is a sheaf of

abelian monoids. To prove the proposition it is sufficient to show that it
satisfies the universal property of Nqfh(X). It means that for any qfh-sheaf
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of abelian monoids G and any section a ∈ G(X) of G over X there should
exists a unique element f ∈ Hom(L(

∐

n≥0 S
nX), G) = G(

∐

n≥0 S
nX) which

is a homomorphism of sheaves of abelian monoids and which restriction on
X = S1X is equal to a.

Consider the natural morphism q : Xn −→ SnX and let yn =
∑

pr∗i (a) ∈
G(Xn). This element is obviously invariant with respect to the action of the
symmetric group Sn. Exactly in the same way as in the proof of proposition
3.3.2 one can show that there exists an element fn ∈ G(SnX) such, that
q∗(fn) = yn.

It is easy to see now that an element 1 ⊕ y1 ⊕ ...⊕ yn ∈ ⊕n≥0G(SnX) =
G(

∐

n≥0 S
nX) satisfies our conditions.

Proposition 3.3.7 Let Z be a closed subscheme of a scheme X and p :
Y −→ Z be a proper surjective morphism of finite type which is an isomor-
phism outside Z. Then the kernel of the morphism of qfh-sheaves

Zqfh(p) : Zqfh(Y ) −→ Zqfh(X)

is canonically isomorphic to the kernel of the morphism

Zqfh(p|Z) : Zqfh(p
−1(Z)) −→ Zqfh(Z).

Proof: The inclusion of schemes p−1(Z) −→ Y induces a morphism of
sheaves

ker(Zqfh(p|Z)) −→ ker(Zqfh(p))

which is obviously a monomorphism. It is sufficient to show that it is an
epimorphism. By proposition (2.1.4) we have epimorphisms of sheaves

Zqfh(Y ×X Y ) −→ ker(Zqfh(p))

Zqfh(p
−1(Z) ×Z p

−1(Z)) −→ ker(Zqfh(p|Z)).

The last morphism is obviously zero on the diagonal Y ⊂ Y ×X Y and the
statment of our proposition follows from the fact that the morphism

∆
∐

i : Y
∐

p−1(Z) ×Z p
−1(Z) −→ Y ×X Y
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is a qfh-covering and hence induces epimorphism of the corresponding freely
generated sheaves of abelian groups.

Theorem 3.3.8 Let X be a normal connected scheme and f : Y −→ X
be a finite surjective morphism of the separable degree d. Then there is a
morphism

tr(f) : Zqfh(X) −→ Zqfh(Y )

such, that Zqfh(f)tr(f) = dIdZqfh(X)

Proof: We may suppose, that Y is the normalization of X in a finite exten-
sion of the field of functions on X. There is a decomposition f = f0f1, where
f1 corresponds to a separable and f0 to a purely inseparable extensions re-
spectively. By lemma 3.1.7 and proposition 3.2.5 the morphism f0 induces an
isomorphism on the qfh-sheaves. It implies that we may restrict our consid-
erations to the case f0 = Id. Let f̃ : Ỹ −→ X be the normalization of X in a
Galois extension which contains K(Y ). The morphism Zqfh(X) −→ Zqfh(Y )
is a section of the sheaf Zqfh(Y ) over X. Let G = Gal(Ỹ /X) be the Galois
group of Ỹ over X and H = Gal(Ỹ /Y ) be its subgroup which corresponds
to Y . By proposition 3.3.2 to construct such a section it is sufficient to find
a section a of Zqfh(Y ) over Zqfh(Ỹ ) which is G-invariant. We set

a =
∑

x∈G/H

x(g),

where g : Ỹ −→ Y is the natural morphism. It is easy to see, that the
corresponding section of Zqfh(Y ) over X satisfies all the properties we need.

3.4 Comparison results and cohomological dimen-

sion.

Theorem 3.4.1 Let X be a normal scheme and F be a qfh-sheaf of Q-vector
spaces, then one has

H i
qfh(X,F ) = H i

et(X,F ).
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Proof: It follows from the Leray spectral sequence, that to prove our theorem
it is sufficient to show that for any normal strictly local ring R one has

H i
qfh(Spec(R), F ) = 0

for i > 0. It is easy to see that we actually need only to consider the
case i = 1. Let a ∈ H1

qfh(Spec(R), F ) be a cohomological class. Then

there exists a qfh-covering {Ui −→ Spec(R)} and a Čech cocycle {aij} ∈
⊕F (Ui ×Spec(R) Uj) which represents a. To prove, that a = 0 it is suf-
ficient to show, that the natural surjection of sheaves of Q-vector spaces
Z(

∐

Ui)⊗Q −→ Z(Spec(R))⊗Q splits. It follows from theorem 3.3.8 above
and the next lemma.

Lemma 3.4.2 Let X be the spectrum of a strictly local ring and {pi : Ui −→
X} be a qfh-covering. Then there exists a finite surjective morphism p :
V −→ X and a morphism s : V −→

∐

Ui such that

p = (
∐

pi) ◦ s.

Proof: We may assume that U1 −→ X is finite and the image of all other
Ui does not contain the closed point of X (see [7, I.4.2]. We should prove
that if our family of morphisms is a qfh-covering then U1 −→ X is surjective.
Let us do it by the induction by dimension of X. The result is obvious for
dimX < 2. Let x ∈ X be a point of dimension one. Considering the base
change along the embedding Zx −→ X, where Zx is the closure of x we
conclude that x lies in the image of U1. Therefore the image of U1 contains
all points of dimension 1 in X. Since it is closed it implies that it coincide
with X.

Our theorem is proven.

Lemma 3.4.3 Let k be a separably closed field. Then for any qfh-sheaf of
abelian groups F and any i > 0 one has

H i
qfh(Spec(k), F ) = 0.
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Proof: Obvious.

Theorem 3.4.4 Let X be a scheme and F be a locally constant in the etale
topology sheaf on Sch/X, then F is a qfh-sheaf and one has

H i
qfh(X,F ) = H i

et(X,F ).

Proof: The fact that F is a qfh-sheaf is obvious. To prove the comparison
statment it is sufficient to show that if X is a strictly henselian scheme then
Hq

qfh(X,F ) = 0 for q > 0.
Denote by Finite(X) the site which objects are schemes finite over X and

coverings are surjective families of morphisms. We have an obvious morphism
of sites

γ : (Sch/X)qfh −→ Finite(X).

Lemma (3.4.2) implies that for any qfh-sheaf of abelien groups G on Sch/X
this morphism of sites induces isomorphisms

H i
finite(X, γ∗(G)) = H i

qfh(X,G).

Hence it is sufficient to show that H i
finite(X, γ∗(F )) = 0 for i > 0.

Let x : Spec(k) −→ X be the closed point of X. For any finite morphism
Y −→ X the scheme Y is a disjoint union of strictly henselian schemes (see
([7])) and hence the number of connected components of Y coincide with the
number of conected components of the fiber Yx −→ Spec(k). It implies that
the canonical morphism

γ∗(F ) −→ x∗(γ∗(F ))

of sheaves on the finite sites is an isomorphism. Lemma (3.4.3) implies now
that one has:

H i
finite(X, γ∗(F )) = H i

finite(Spec(k), γ∗(F )) = H i
qfh(Spec(k), F ) = 0

for any i > 0.
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Theorem 3.4.5 Let X be a scheme and F be a locally constant torsion sheaf
in etale topology on Sch/X. Then F is an h-sheaf and for any i ≥ 0 one has
a canonical isomorphism

H i
h(X,F ) = H i

et(X,F ).

Proof: See [9].

Remark: The theorem above is false for sheaves which are not torsion
sheaves, but it can be shown that it is still valid for arbitrary locally constant
sheaves if X is a smooth scheme of finite type over a field of characteristic
zero (we need this condition only to be able to use the resolution of singu-
larities).

Theorem 3.4.6 Let X be a scheme of the (absolute) dimension N , then for
any h-sheaf of abelian groups and any i > n one has:

H i
h(X,F ) ⊗ Q = 0.

Proof: We need first the following lemma

Lemma 3.4.7 Let X be a scheme of the absolute dimension N , then for any
etale sheaf of abelian groups F and any i > N one has:

H i
et(X,F ) ⊗ Q = 0.

Proof: (cf. [7, p.221]) We use an induction by N . For N = 0 our stat-
ment is obvious. Let x1, ..., xk be the set of general points of X and inj :
Spec(Kj) −→ X be the corresponding inclusions. Consider the natural mor-
phism of sheaves on the small etale site over X:

F −→ ⊕k
j=1(inj)∗(inj)

∗(F ).

Then kernel and cokernel of this morphism have the support in the codimen-
sion at least one and, therefore, there cohomology vanish in the dimension
greater then N − 1 by the inductive assumption. To finish the proof it is
sufficient now to notice, that H i(X, (inj)∗(inj)

∗(F )) ⊗ Q = 0 by the Leray
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spectral sequence of the inclusions inj.

It follows from this lemma and theorem 3.4.1 above, that for a normal scheme
X of the dimension N and any i > 1 one has H i

qfh(X,F ) ⊗ Q = 0.

According to the spectral sequence which is connected Čech and usual
cohomology to prove our theorem it is sufficient to show, that Ȟ i

h(X,F ) ⊗
Q = 0 for i > N . Let a ∈ Ȟ i

h(X,F ) ⊗ Q be a cohomology class and
{Ui −→ Ū −→ XZ −→ X} be an h-covering of normal form which realize
a. Passing to a refinitement we may suppose, that XZ is normal. Since
{Ui −→ Ū −→ XZ} is a qfh-covering the restriction of a to XZ is equal to
zero. It follows from the propositions 3.3.7 and 2.1.3, that there are two long
exact sequences:

... −→ Exti−1(G,F ) −→ H i
h(X,F ) −→ H i

h(XZ , F ) −→ Exti(G,F ) −→ ...

and

... −→ Exti−1(G,F ) −→ H i
h(Z, F ) −→ H i

h(PNZ, F ) −→ Exti(G,F ) −→ ...

and, since dim(PNZ) < dim(X) our result follows by the induction by
dim(X).

Corollary 3.4.8 Let X be a scheme of absolute dimension N . Then for any
qfh-sheaf of abelian groups F on Sch/X and any i > N one has

H i
qfh(X,F ) = 0.

4 Categories DM (S).

4.1 Definition and general properties

Consider the category Sch/S of schemes over a base S as a site with either
h- or qfh-topology. It has a structure of a site with interval if we set I+ =
A1

S. Morphisms (µ, i0, i1) from the definition of a site with interval are the
multiplication morphism and the points 0, 1 respectively.
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Denote by ∆n
S the scheme S ×S Spec Z[x0, . . . , xn]/

∑

xi = 1. One can
easily see that ∆n

S is (noncanonically) isomorphic to An
S. For any morphism

f : [n] −→ [m] in the standard simplicial category ∆ we denote by a′(f) :
∆n

S −→ ∆m
S the morphism which corresponds to the homomorphism of rings

a′(f)∗ of the form:

a′(f)∗(xi) =











∑

xj
such, that f(j) = i
iff−1(i) 6= ∅

0 otherwise.

This constructions defines a cosimplicial object a′ : ∆ −→ Aff/S.

Proposition 4.1.1 The cosimplicial object a′ is isomorphic to the cosimpli-
cial aI+ of the site with interval ((Aff/S)cl,A

1
S).

Proof: Denote the functor aI+ by a. We have to construct for any n ≥ 0 an
isomorphism

φn : ∆n
S −→ An

S

such, that for any morphism α : [n] −→ [m] in ∆ one has

φm ◦ a′(α) = a(α) ◦ φn.

Denote by ψn
i : [n] −→ [1], i = 0, . . . , n + 1 the morphisms of the form:

ψn
i (k) =

{

0 for k < i
1 for k ≥ i

One can easily see that the morphisms

a(
n+1
∏

i=0

ψn
i ) : (I+)n

S −→ (I+)n+2

a′(
n+1
∏

i=0

ψn
i ) : ∆n

S −→ (∆1)n+2

are closed embeddings.
It implies, easily, that it is sufficient to construct isomorphisms φn such,

that
φm ◦ a′(ψn

i ) = a(ψn
i ) ◦ φ1
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for all n ≥ 0 and i = 0, . . . , n+ 1.
We obviously have:

a(ψn
i )(x1, . . . , xn) =











xi for i ∈ {1, . . . , n}
1 for i = 0
0 for i = n + 1

a′(ψn
i )(z0, . . . , zn) =











(
∑i−1

j=0 zj,
∑n

j=i zj) for i ∈ {1, . . . , n}
(0, 1) for i = 0
(1, 0) for i = n+ 1.

We can define φn by the formula:

φn(z0 . . . , zn) = (
n

∑

k=1

zk,
n

∑

k=2

zk, . . . , zn).

Proposition is proven.

We define the category DMh(S) (resp. DMqfh(S)) to be the homological
category of the site with interval ((Sch/S)h,A

1
S) (resp. ((Sch/S)h,A

1
S)).

Let Mh, M̃h : Sch/S −→ DMh(S) (resp. Mqfh, M̃qfh) be the corresponding
functors.

We will identify sheaves of abelian groups on Sch/S with the correspond-
ing objects of DM(S) and schemes with the corresponding representable
sheaves of sets.

We will also omit the specification of topology in all the statements below
which hold for both h− and qfh−topologies.

It follows immediately from our construction that the categories DM(S)
are tensor triangulated categories and for any morphism of schemes f :
S1 −→ S2 there is defined an exact tensor functor f ∗ : DM(S2) −→ DM(S1)
such that for a scheme X over S2 one has f ∗(M(X)) = M(X ×S2

S1).
The properties of the functor Z(−) imply that for any schemes X, Y over

S one has
M(X

∐

Y ) = M(X) ⊕M(Y )

M(X ×S Y ) = M(X) ⊗M(Y )

Proposition 4.1.2 Let X = U ∪ V be an open or closed covering of X.
Then there is a natural exact triangle in DM(S) of the form

M(U ∩ V ) −→M(U) ⊕M(V ) −→M(X) −→M(U ∩ V )[1]
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Proof: It follows from proposition 2.1.4.

Proposition 4.1.3 Let p : Y −→ X be a locally trivial in Zariski topology
fibration which fibers are affine spaces, then the morphism M(p) : M(Y ) −→
M(X) is an isomorphism.

Proof: It follows from proposition 4.1.2 and an obvious remark that for any
scheme X the morphism M(pr1) : M(X×An) −→M(X) is an isomorphism.

Proposition 4.1.4 Let f : Y −→ X be a finite surjective morphism of nor-
mal connected schemes of the separable degree d. Then there is a morphism
tr(f) : M(X) −→M(Y ) such, that M(f)tr(f) = d IdM(X).

Proof: It follows from the theorem 3.3.8

Proposition 4.1.5 Let Z be a closed subscheme of a scheme X and p :
Y −→ X be a proper surjective morphism of finite type which is an isomor-
phism outside Z. Then there is an exact triangle in DMh(S) of the form

Mh(X)[1] −→Mh(p
−1(Z)) −→Mh(Z) ⊕Mh(Y ) −→Mh(X).

Proof: It follows from the fact that p is an h-covering and from proposition
(2.1.4).

Remark: The above proposition is false for the qfh−topology.

It follows easily from our construction that for any sheaf F on Sch/S and
any object X of this category we have canonical morphisms

H i(X,F ) −→ DM(M(X), F [i]).

Proposition 4.1.6 Let F be a locally free in etale topology sheaf of torsion
prime to characteristic of S , then for any scheme X one has a natural
isomorphism

DM(M(X), F [n]) = Hn
et(X,F )
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Proof: It follows from proposition 2.2.9, theorems 3.4.4,3.4.5 and the homo-
topy invariance of etale cohomologies with locally constant coefficients (see
[7, p.240]).

Proposition 4.1.7 Let S be a scheme of characteristic p > 0, then the
category DM(S) is Z[1/p]-linear.

Proof: It is sufficient to show that the sheaf Z/p is isomorphic to zero in
the category DM(S). Consider Artin-Shrier exact sequence

0 −→ Z/pZ −→ Ga
F−1
−→ Ga −→ 0

where Ga is the sheaf of abelian groups represented by A1 and F is the geo-
metrical Frobenious morphism. Since Ga is obviously a strictly contractible
sheaf the existence of this sequence implies the result we need.

The following two theorems follow easily from the results of [9].

Theorem 4.1.8 Let X be a scheme of finite type over C. Then one has
canonical isomorphisms of abelian groups

DMh(Z,M(X) ⊗ Z/n[k]) = Hk(X(C),Z/n).

Let us call an object X of the category DM(S) a torsion object if there exists
N > 0 such that N IdX = 0.

Theorem 4.1.9 Let k be a field of characteristic zero. Denote by Dk the
derived category of the category of torsion sheaves of abelian groups on the
small etale site of Spec(k). Then the canonical functor

τ : Dk −→ DMh(Spec(k))

is a full embedding and any torsion object in DMh(Spec(k)) is isomorphic to
an object of the form τ(K) for K ∈ ob(Dk).

Remarks:

1. We do not know whether or not the analogs of the above two theorems
hold for the qfh−topology.

2. Using the resolution of singularities in positive characteristic one can
drop the condition char(k) = 0 in the last theorem considering instead
objects of torsion prime to char(k).
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4.2 Tate motives.

All through this section we are working with the categories DM(S) with
respect to the qfh-topology. All the results below obviously hold for the
h-topology as well.

Since the results of this section do not depend of the base scheme S we
will omit S in all the notations below where it is possible.

Definition 4.2.1 The Tate motive Z(1) is the object of the category DM
which corresponds to the sheaf Gm shifted by minus one, i.e.

Z(1) = Gm[−1]

We denote by Z(n) the n-tensor power of Z(1) and for any object X of DM
by X(n) the tensor product X × Z(n).

Proposition 4.2.2 For any n and k there exists an exact triangle of the
form

Z(n)
k

−→ Z(n) −→ µ⊗n
k −→ Z(n)[1]

where µ⊗n
k denote the object of the category DM which corresponds to the

n-th tensor power of the sheaf µk of k-th roots of unit.

Proof: It is sufficient to show that one has an isomorphism Z(n)⊗Z/kZ ∼=
µ⊗n

k , i.e. isomorphism G⊗n
m ⊗Z/kZ ∼= µ⊗n

k [n] (note that the tensor product on
the left hand side is a tensor product in the category DM which corresponds
to the L-tensor product on the level of the derive category of sheaves).

Note first that µk is, by the definition, the kernel of the morphism of
the sheaves Gm −→ Gm which corresponds to the morphism of schemes
A1 − 0 −→ A1 − 0 which takes z to zk. In h-topology it is a surjection.

Therefore one has Gm

L
⊗ Z/kZ ∼= µk[1]. To finish the proof of the

proposition one should show that µ⊗n
k

L
⊗ Gm

∼= µ
⊗(n+1)
k [1], which is easy.

For any scheme X we define its motivic cohomology to be the groups

Hp(X,Z(q)) = DM(M(X),Z(q))

When it is necessary we will use the notationsHp
qfh(X,Z(q)) andHp

h(X,Z(q))
for these groups defined with respect to the qfh- and the h-topology respec-
tively.
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There is defined an obvious multiplication of the form

Hp(X,Z(q)) ⊗ Hp′

(X,Z(q′)) −→ Hp+p′

(X,Z(q + q′)

which satisfies all standard properties. In particular the direct sum

⊕p,qH
p(X,Z(q))

has a natural structure of a bigraded ring, which is commutative as a bigraded
ring.

Proposition 4.2.3 Let X be a scheme. For any q and any k prime to
characteristic of X one has a long exact sequence of the form

... −→ Hp(X,Z(q))
k

−→ Hp(X,Z(q)) −→ Hp
et(X, µ

⊗n
k ) −→ Hp+1(X,Z(q)) −→ ...

Proof: It follows from proposition 4.2.2 that the only thing we have to prove
is that under our assumptions one has an isomorphism

DM(M(X), µ⊗n
k [p]) ∼= Hp

et(X, µ
⊗n
k ).

It follows from proposition 4.1.6 and the fact that µ⊗n
k is a locally free in

etale topology sheaf over Spec(Z[1/k]).

Proposition (4.1.7) implies that for a schemes X of characteristic l > 0 the
groups Hp(X,Z(q)) are Z[1/l] modules.

Proposition 4.2.4 Let X be a regular scheme of exponential characteristic
p. Then for any i ≥ 0 one has a canonical isomorphism

H i
qfh(X,Z(1)) = Hi−1(X,Gm) ⊗ Z[1/p].

Proof: It follows from our comparison results and homotopy invariance of
etale cohomology with coefficients in Gm over regular schemes.

Theorem 4.2.5 The tautological section of the sheaf Gm over A1 − {0}
defines an isomorphism in DM

M̃(A1 − {0}) ∼= Z(1)[1].
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Proof: Note first that the morphism

φ : Z̃(A1 − 0) −→ Gm

defined by the tautological section of Gm over A1 − 0 is an epimorphism. It
is sufficient to show that its kernel is a contractible sheaf.

Let ∆. be the cosimplicial scheme over S which terms are the schemes

∆n = Spec(Z[t0, . . . , tn])/(
∑

ti = 0) ×Spec(Z) S

and coface and codegeneracy morphisms are defined in the obvious way.
Theorem (3.3.6) implies that the sheaf Z(A1−0) is isomorphic to the sheaf

of abelian groups associated with the sheaf of abelian monoids representable
by the scheme

∐

Sn(A1 − 0).
The scheme Sn(A1 − 0) for n > 0 is isomorphic to the scheme (A1 − 0)×

An−1 and one can easily see that the sheaf ker(φ) is isomorphic to the sheaf
of abelian groups associated with the sheaf of abelian monoids representable
by the scheme A∞. It implies easily that the complex of sheaves C∗(ker(φ))
is exact. Hence ker(φ) is contractible by lemm 2.2.5.

Corollary 4.2.6 The morphism M̃(P1
S) −→ Gm[1] which corresponds to

the cohomological class in H1(P1,Gm) represented by the line bundle O(−1)
is an isomorphism in DMqfh(S)

Proof: It follows easily from the theorem by consideration of the open cov-
ering of P1 by means of two affine lines.

Theorem 4.2.7 Let X be a scheme and E be a vector bundle on X. Denote
by P (E) −→ X the projectivization of E. One has a natural isomorphism in
DM

M(P (E)) ∼=
dimE−1

⊕

i=0

M(X)(i)[2i].

Proof: We may suppose X to be our base scheme. Let O(−1) be the tauto-
logical line bundle on P (E) and a : M(P (E)) −→ Z(1)[2] be the morphism
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in the category DM(X) which corresponds to the class of this bundle in
H1(P (E),Gm). Using the morphism M(P (E)) −→ M(P (E)) ⊗M(P (E))
induced by the diagonal we can define elements ai ∈ DM(M(P (E)),Z(i)[2i])
as tensor powers of a = a1. We claim that the direct sum

φ :
dimE−1

⊕

i=0

ai : M(P (E)) −→
dimE−1

⊕

i=0

Z(i)[2i]

is an isomorphism in DM(X).
Consider a trivializing open covering X = ∪Ui of X. Let us suppose

for simplicity of the notations that this covering consists only of two open
subsets. By proposition 4.1.2 we have an exact sequence of sheaves

0 −→ Z(U ∩ V) −→ Z(U) ⊕ Z(V) −→ Z = Z(X) −→ 0.

Since our construction of the map φ is natural with respect to restrictions to
open subsets it is easy to see that the existence of this exact sequence let us
restrict our considerations to the case of a trivial bundle E.

In other words we should consider a scheme Pn over S and to prove, that
the morphism in DM(S) which is defined as the direct sum

φ =
n

⊕

i=0

ai
n

where a corresponds to the line bundle O(−1) is an isomorphism. We use an
induction on n. For n = 0 our statement is trivial. Consider the covering of
Pn of the form

Pn = Pn − {0} ∪ An

where {0} is the point with coordinates [1, 0, ..., 0]. We have the following
exact triangle in DM

M(An − {0}) −→M(Pn − {0})⊕M(An) −→M(Pn) −→M(An − {0})[1].

Let us construct a morhpism from this exact triangle to an exact triangle of
the form

Z(n)[2n − 1] ⊕ Z −→ ⊕n−1
i=0 Z(i)[2i] ⊕ Z −→ ⊕n

i=0Z(i)[2i] −→ Z(n)[2n] ⊕ Z,
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and to show that it is an isomorphism on the first two terms, which would
imly that it is an isomorphism of exact triangles. Define a cohomological
class ψ ∈ Hn−1(An − {0},G⊗n

m ) as follows. Consider the covering of the
scheme An − {0} of the form

An − {0} =
n
⋃

i=1

An −Hi

where Hi is a hyperplane xi = 0. A Čech cocycle in Zn−1(An − {0},G⊗n
m )

with respect to this covering is a section of the sheaf G⊗n
m over ∩n

i=1A
n −Hi.

We set ψ to be the cohomological class which corresponds to the tautological
section of the form

(x1, ..., xn) −→ x1 ⊗ ...⊗ xn.

Define a morphism f : M(An − {0}) −→ Z(n)[2n− 1]⊕Z as the direct sum
of the morphism which corresponds to ψ and the structural morphism.

Lemma 4.2.8 f is an isomorphism.

Proof: Easy by the induction on n starting with theorem 4.2.5

Let p : Pn − {0} −→ Pn−1 be a natural projection which fibers are affine
lines. It is obviously an isomorphism in DM . Define now a morphism

g : M(Pn − {0}) ⊕M(An) −→ ⊕n−1
i=0 Z(i)[2i] ⊕ Z

as the direct sum of the morphism

⊕n−1
i=0 M(p)ai

n−1

and the structural morphism of An. Note, that g is an isomorphism according
to our inductive assumption. One can easily see that the family of morphisms
f, g, ψ, f [1] is indeed a morphism of the exact triangles.

Theorem is proven.
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4.3 Monoidal transformations

All through this section we are working with the qfh-topology. In particular
the notation DM(S) is used for athe category DMfqh(S). All the reults
below obviously hold for the h−topology as well.

Let us recall some notations. For a scheme X and its closed subscheme Z
we denote by XZ the blow up of X with center in Z and by pZ : XZ −→ X
the corresponding projection.

By PNZ we denote the projectivization of the normal cone to Z in X and
by p : PNZ −→ Z the morphism, which is the restriction of pZ . Let OX(Z)
be the kernel of the morphism of qfh-sheaves

Zqfh(p) : Zqfh(PNZ) −→ Zqfh(Z).

By proposition 3.3.7 it is naturally isomorphic to the kernel of the morphism
Zqfh(pZ).

Theorem 4.3.1 Let Z ⊂ X be a smooth pair over S, then the sequence of
sheaves

OX(Z) −→ Zqfh(XZ) −→ Zqfh(X)

defines an exact triangle in DM(S) of the form

OX(Z) −→M(XZ) −→M(X) −→ OX(Z)[1].

In other words the cokernel of the morphism Zqfh(pZ) is isomorphic to zero
in DM(S).

Proof: Let us prove first the following lemma.

Lemma 4.3.2 Let X ∪ Ui be an open covering of X and XZ = ∪Vi be a the
corresponding covering of XZ . Consider the long exact sequences of sheaves
which are defined by this coverings and the natural morphism between them

0 → Zqfh(∩Vi) → ... → ⊕Zqfh(Vi) → Zqfh(XZ) → 0
↓ ↓ ↓

0 → Zqfh(∩Ui) → ... → ⊕Zqfh(Ui) → Zqfh(X) → 0

Then the complex which is the cokernel of this morphism is exact.
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Proof: The exactness of the cokernel of this morphism is equivalent to the
exactness of the kernel of this morphism. By the proposition 3.3.7 this kernel
is isomorphic to the kernel of the morphism of complexes

0 → Zqfh(∩Vi ∩ PNZ) → . . .→ ⊕Zqfh(Vi ∩ PNZ) → Zqfh(PNZ) → 0
↓ ↓ ↓

0 → Zqfh(∩Ui ∩ Z) → . . .→ ⊕Zqfh(Ui ∩ Z) → Zqfh(Z) → 0

This two complexes are obviously exact, since they correspond to the covering
of PNZ and Z respectively which are induced by {Ui}. From the other hand
in our case the normal cone to Z is a vector bundle and, therefore, the
morphism PNZ −→ Z is flat. In particular it splits over some qfh-covering
which implies that the vertical arrows in the diagram above are surjections.
Since the kernel of a surjection of exact complexes is exact our lemma is
proven.

It follows from this lemma, that it is sufficient to prove our proposition locally.
More precisely, it is sufficient to construct an open covering X = ∪Ui of X
such that all the cokernels of the morphisms Zqfh(pZ∩Ui

) are isomorphic to
zero in DM(S).

Since Z ⊂ X is a smooth pair there exists a covering X = ∪Ui such that
for any i there is an etale morphism fi : Ui −→ AN such that Z ∩ Ui =
f−1(Ak), where N = dimSX and k = dimSZ (see [3, 2.4.9]). Let U be one
of those open subschemes. It is sufficient to prove that coker(Zqfh(pZ∩U)) is
isomorphic to zero in DM(S). Denote the scheme U ∩Z by Y . Consider the
diagram

0 → Zqfh(U − Y ) → Zqfh(UY ) → Zqfh(UY )/Zqfh(U − Y ) → 0
|| ↓ a ↓ b

0 → Zqfh(U − Y ) → Zqfh(U) → Zqfh(U)/Zqfh(U − Y ) → 0

It is easy to see that the morphism coker(a) −→ coker(b) is an isomorphism.
It is sufficient, therefore, to prove, that coker(b) is isomorphic to zero in
DM(S). We will need the following lemma.

Lemma 4.3.3 Let Z −→ X be a closed embedding and f : U −→ X be an
etale surjective morphism such that U ×X Z −→ Z is an isomorphism. Then
one has a natural isomorphism of sheaves

Z(U)/Z(U − f−1(Z)) = Z(X)/Z(X − Z)
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.

Proof: Consider the diagram of sheaves:

0 −→ Z(U − f−1(Z))
i

−→ Z(U) −→ Z(U)/Z(U − f−1(Z)) −→ 0
↓ ↓ ↓

0 −→ Z(X − Z) −→ Z(X) −→ Z(X)/Z(X − Z) −→ 0

We have to prove that the right vertical arrow is an isomorphism. It is
obviously epimorphism, so, it is sufficient to prove that kerZ(f) lies in Im(i).
Note that it is sufficient to prove it for presheaves of the form Z0(X)(W ) =
⊕Z(Hom(Wi,X)), where Wi are the connected components of a scheme W .
Let W be a connected scheme. Then ker(Z0(f)) is the group of formal sums
of the form

∑

i∈I nigi, where gi : W −→ U are morphisms such that there
exists a decomposition I =

∐

Ik such that f ◦ gi = f ◦ gj for i, j ∈ Ik and
∑

i∈Ik
ni = 0 for any k. Therefore, we have to prove only that if f◦g = f◦h for

some g, h : W −→ U then either g = h or g and h can be factorized through
U − f−1(Z). Let g, h be such morphisms. Then there exists a morphism
g × h : W −→ U ×X U , which compositions with the projections are the
morphisms g and h resp. To finish the proof it is sufficient to notice that
under the assumptions of our lemma there is a decomposition of the form
U×XU = ∆(U)

∐

U0 where ∆ is the diagonal embedding and the projections
pr1, pr2 : U0 −→ U can be factorized through U − f−1(Z). Lemma is proven.

Let W = AN−k × (Ak ∩ f(Y )). We may replace U by f−1(W ) and suppose,
that f(U) ⊂ W . Denote by V the product AN−k × Y . There is an etale
morphism of the form

IdAN−k × f|Y : V −→W.

Consider the fiber product V ×W U and let

U ′ = (V ×W U) − (pr−1
1 (Z) − ∆(Z))

where ∆(Z) −→ V ×W U is the diagonal. One can easily see that both
projections pr1 : U ′ −→ V and pr2 : U ′ −→ W satisfy the conditions of the
lemma above.

Note now, that since our construction is based on etale morphisms it is
natural with respect to blowups. It implies that coker(b) is isomorphic to
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the cokernel of the morphism

Zqfh(Y × (AN−k
{0} /(AN−k − {0}))) −→ Zqfh(Y × (AN−k/(AN−k − {0})).

We reduced our problem, therefore to the case of the bloWup of a point on
the affine space.

It is sufficient to show that the cokernel of the morphism
Zqfh(A

n
{0}) −→ Zqfh(A

n) represents zero in DM(S), or, equivalentely, that
the kernel of this morphism is isomorphic to its cone in DM(S). It follows
from proposition 3.3.7 and the fact that An

{0} is isomorphic to the total space

of the vector bundle O[−1] on Pn−1 and, therefore, M(An
{0}) is isomorphic

to M(Pn−1). Theorem is proven.

Theorem 4.3.4 Let Z ⊂ X be a smooth pair over S. Then one has a natural
isomorphism in DM(S):

M(XZ) = M(X) ⊕ (
codimZ−1

⊕

i=1

Z(i)[2i]).

Proof: By theorem 4.3.1 we have an exact triangle

OX(Z) −→M(XZ) −→M(X) −→ OX(Z)[1].

By definition OX(Z)[1] is a cone of the natural morphism M(PNZ) −→
M(Z). Since PN(Z) is the projectivization of the normal bundle to Z in X
it follows from theorem 4.2.7, that

OX(Z) ∼=
codimZ−1

⊕

i=1

Z(i)[2i].

To prove our theorem it is sufficient to construct a splitting of the exact
triangle above. Let i0 : X −→ X × A1 be the embedding of the form
i0 = IdX × {0}. Consider the diagram

OX(Z) −→ OX×A1(Z × {0})
↓ ↓

M(XZ)
ĩ0−→ M(X × A1

Z×{0})

↓ ↓

M(X)
i0−→ M(X × A1)

(1)
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There is a canonical splitting of the morphism M(pZ×{0}) by the morphism
M(X × A1) ∼= M(X) −→ M(X × A1

Z×{0}) induced by the obvious lift-

ing of the embedding IdX × {1} : X −→ X × A1. To define a splitting
of the projection M(XZ) −→ M(X) (or, equivalently, of the embedding
OX(Z) −→ M(XZ)) it is sufficient to define a splitting of the morphism
OX(Z) −→ OX×A1(Z×{0}). It existence (and, moreover a canonical choice)
follows from theorem 4.2.7. Theorem is proven.

4.4 Gysin exact triangle.

The goal of this section is to prove the following theorem. Similarly to the
previous section we denote by DM the category DMqfh and again our results
hold for the h−topology as well.

Theorem 4.4.1 Let Z ⊂ X be a smooth pair over S and U = X−Z. Then
there is defined a natural exact triangle in DM(S) of the form

M(U) −→M(X) −→M(Z)(d)[2d] −→M(U)[1]

where d is codimension of Z. In other words we have a natural isomorphism
M(X/U) ∼= M(Z)(d)[2d] in DM(S).

Proof: Let us construct first a morphism M(X/U) −→ M(Z)(d)[2d] in
DM(S). Consider again the diagram (1). The morphism Id × 1 : X −→
X × A1 has a natural lifting to X × A1

Z×{0}, which in the composition with
the morphism M(pZ) : M(XZ) −→M(X) defines a morphism

ĩ1 : M(XZ) −→M(X × A1
Z×{0}).

One obviously has
M(pZ×{0})ĩ1 = M(pZ)ĩ0,

which implies that there exists a lifting of ĩ0 − ĩ1 to a morphism M(XZ) −→
OX×A1(Z × {0}). It follows from theorem 4.3.4, that this lifting is well
defined. It composition with the natural morphism

OX×A1(Z × {0}) −→ OX×A1(Z × {0})/OX(Z)

47



can be descended to a morphism M(X) −→ OX×A1(Z × {0})/OX(Z) which
is also well defined by theorem 4.3.4. We have by 4.2.7

OX(Z) ∼= ⊕d−1
i=1M(Z)(i)[2i]

OX×A1(Z × {0}) ∼= ⊕i=1dM(Z)(i)[2i]

and, therefore

OX×A1(Z × {0})/OX(Z) ∼= M(Z)(d)[2d].

This construction provides us with a morphism M(X) −→ M(Z)(d)[2d].
Considering it more carefully one can easily see, that this morphism can, in
fact, be factorized throughM(X/U). Denote this last morphismM(X/U) −→
M(Z)(d)[2d] by G(X,Z). To finish the proof of our theorem it is sufficient to
show that it is an isomorphism in DM .

Consider the special case X = Pn, Z = {x} where x is an S-point of PN .
In this special case the diagram (1) has the following form

M̃(Pn−1) −→ M̃(Pn)
↓ ↓

M(Pn
{x})

ĩ0,ĩ1−→ M((Pn × A1){x}×{0})

↓ ↓

M(Pn)
M(i0),M(i1)

−→ M(Pn × A1)

By theorem 4.3.4 we have

M(Pn
{x})

∼= (⊕n
i=0Z(i)[2i]) ⊕ (⊕n−1

j=1 Z(j)[2j]) (2)

M((Pn × A1){x}×{0}) ∼= (⊕n
i=0Z(i)[2i]) ⊕ (⊕n

j=1Z(j)[2j]) (3)

Let us describe these isomorphisms explicitly. Denote by

a, b ∈ H1((Pn × A1){x}×{0},Gm)

the classes which correspond to the divisor p−1
{x}×{0}(P

n−1 × A1) and the
special divisor respectively. It is easy to see that the isomorphism (3) is of
the form ⊕n

i=0a
i⊕⊕n

j=1b
j. Similarly, if we denote by a0, b0 ∈ H1(Pn

{x},Gm) the

elements which correspond to p−1
{x}(P

n−1) and the special divisor respectively

the isomorphism (2) can be written as (⊕n
i=0a

i
0) ⊕ (⊕n−1

j=1 b
j
0).
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One obviously has
ĩ0a = ĩ1a = a0

ĩ1b = 0, ĩ0b = b0.

which implies that with respect to the isomorphisms above the morphism
hPn,{x} has the form hPn,{x} = bn0 . To prove that it is an isomorphism it
is sufficient to show, that bn0 = an

0 . Since a0b0 = 0 it is equivalent to the
equality (a0 − b0)

n = 0.
Consider the morphism q : Pn

{x} −→ Pn−1 which corresponds to the

projection from the point x to Pn−1. Let c ∈ H1(Pn−1,Gm) be the class of
a hyperplane. One can easily see, that

q∗(c) = a0 − b0

which implies our result, since cn is obviously zero.
To prove the theorem in the general case one should use exactly the same

localization technique as in the proof of theorem 4.3.1.
Theorem is proven.
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