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Introduction

In [B1], §7, elements in the motivic cohomology of a cyclotomic field

H},(Spec(Q(a)), Q(k))

were constructed. Their images under the Deligne regulator were calculated and

shown to give the “correct” Q)—structure on

Hp,(Spec(Q(pa))r, R(K)) ,

i.e., the one predicted by Beilinson’s conjectures.

The latter group can be interpreted as
Ext' (R(0), R(k))
in a certain category of variations of R-Hodge structure on Spec(Q(uq))(CT).

As Beilinson observed in [B2], these elements, for d > 2 and & > 1, can be
interpolated by a one-extension P of pro-variations of Hodge structure on
PL(T)\{0,1, c0}.

More precisely, P is fully described by its period matrix, whose inverse is given

by the pro—matrix multivalued function

1 0 0 0

S Li; 1 0 0

— (&) Ly 5k log 10
(%)3Li3 % (ﬁ log)2 —ﬁ log 1

P should be viewed as a projective system of elements
P € Extp gy 0,1,003 (R(0),a™),

where a(™ is a variation of Tate-Hodge structure whose graded objects are
R(1),R(2),...,R(n).

Over roots of unity unequal to one, al™ splits canonically into the direct sum
of its weight—graded parts. So P gives a collection of one—extensions of IR(0) by
R(k), k > 1, for any such root.



If all d—th primitive roots are taken together, then these one—extensions can be

interpreted as an element of

[T Hp (Spec(@(pa))r, R(K)) -

k>1

Finally, the Galois conjugates of this element generate the same Q)—structure on

[T Hp(Spec(@(pa))r, R(k))

k>1

as does the Deligne regulator.

The essential new information provided by this viewpoint is the action of the
fundamental group of P1(T)\ {0,1,00}. In fact, as Beilinson pointed out, P
satisfies a rigidity principle ([B2], 2.1): it is uniquely determined by the one—
extension of pro—local systems underlying it.

Analogous statements are true in the [—adic setting where the elements in Galois
cohomology constructed by Deligne and Soulé turn out to be specializations of
a one—extension of pro—l-adic mixed sheaves on IPg\{0, 1, oo}, which is uniquely

characterized by the underlying “topological” extension on ]P%\{O, 1,00}.

So if one is prepared to accept the existence of a formalism of mixed motivic
sheaves, meaning in particular that a faithful tensor functor to the category of
perverse sheaves exists, then essentially “the same proofs” should show that the

two versions of P come from one and the same motivic object.

In particular, their specializations at spectra of cyclotomic fields should come
from the same collection of elements in motivic cohomology.
This is precisely what is needed to complete the proof of the Tamagawa number

conjecture for Tate motives ([BK], Theorem 6.1).

When the author first read [B2] some time ago, it was suggested that he con-
sider the possibility of a similar interpolation process for the elements in the
motivic cohomology of a C'M—elliptic curve constructed in [De].

The answer was again provided by Beilinson, in a lecture given in June 1991 at
the MPI Bonn:

there is a one—extension of pro—variations of Hodge structure on any punctured

elliptic curve over €, whose values at torsion points are “closely connected” to
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the Deligne regulators of Deninger’s elements if the curve has complex multi-

plication.

A few months later, the author studied parts of Pink’s thesis ([P]), learning
about the concepts of mixed Shimura data and varieties and the canonical
construction of mixed sheaves from algebraic representations of the groups un-
derlying the Shimura data.

He then realized that what he had learned provided the long sought—after set-
ting for a satisfactory treatment of polylogarithms. Both the classical and the
elliptic polylogarithm are extensions of pro—sheaves on an object, that can be
seen as the complement of one mixed Shimura variety in another.

The pro-sheaves in both cases arise via the canonical construction from cer-
tain pro—algebraic representations, which are formed in a completely analogous
manner.

Finally, and maybe most convincingly, the splitting of these sheaves over tor-
sion points can be seen to follow almost trivially from the semisimplicity of the

representation category of a reductive group.

The material contained in this and in forthcoming work ([W4], [W5]) is orga-

nized as follows:

Part I: Construction and basic properties
§1 Definition of polylogarithms
§2 Rigidity
§3 Interrelation between polylogarithms associated to different unipo-
tent extensions
§4 The small polylogarithmic extension
§5 Norm compatibility

§6 Values at Levi sections

Part II: The classical polylogarithm
§1 The Shimura data (P, Xo)
§2 The topological extension underlying pol
§3 The Hodge version of pol
§4 The [-adic version of pol

§5 Remarks on the Tamagawa number conjecture for Tate motives
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Part III: The elliptic polylogarithm
§1 The Shimura data (P4, X2,)
§2 The topological extension underlying pol
§3 The Hodge-de Rham version of pol

§4 Remarks on Beilinson’s conjectures for C'M—elliptic curves

We give a description of the content of part I:

Let [r] : M® — M?" denote the projection of a mixed Shimura variety to the
underlying pure Shimura variety. In [W3], we defined and studied the logarith-
mic pro-sheaf Log on M¥. Using the results of [W2] and [W3], it is possible
to calculate [r],Log (Proposition 1.1). If MK <y MX is the complement in
M* of a Shimura variety associated to smaller Shimura data, then the mixed
formalism, in particular purity for smooth sheaves, enables one to calculate
HI([r]°7)«(j*Log) as well (Theorem 1.3). Typically, these higher direct images

will vanish up to some “large” degree qo. This observation allows us to define

the polylogarithmic extension associated to the situation

ME L pE
N ]
ML

it is the universal g,—extension by j*Log of a sheaf coming from M*. The name
“polylogarithm” will be justified in part II.

Let us note that one might occasionally (part IV, ...) find it necessary, in or-
der to generate “interesting” extensions, to remove from M¥ a finite union of
sub—Shimura varieties or even subvarieties of more general type, e.g. divisors as-
sociated to mixed Shimura varieties, which are torus torsors over other Shimura
varieties etc.

The techniques used for these more general situations don’t differ dramatically
from those used here, and we chose to postpone their discussion until they are
really needed.

The rigidity principle (Theorem 2.1) says that the polylogarithm is uniquely
determined by the underlying extension of topological sheaves. It turns out to
be a most useful device, both for the further development of the general theory

and the explicit construction of polylogarithms in special situations (parts II
and TIII).
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In §4, we generalize Beilinson’s and Levin’s definition of the small elliptic poly-
logarithm ([BL], 1.3.13) to the general case. We prove the analogue of [BLp],
Remark 2.5.5: it is possible to recover the large from the small polylogarithm
(Theorem 4.3).

663 and 5 explore the interrelation between polylogarithms associated to dif-
ferent unipotent extensions and different levels, respectively.

We conclude with another basic property of polylogarithms, “values at Levi
sections” (§6). While the constructions of §1 could be performed in a much
more general context (compare [BLp], §§1-2), the splitting principle 6.1 is true
only if the fibres of the morphism in question are of a very specific homoge-
neous nature. At least in the examples of parts II and III, the restrictions of
the polylogarithm to pure Shimura varieties via Levi embeddings turn out to
deserve our full attention, and we consider these extensions as one of the main
justifications for the study of polylogarithms. We have no general statement for
the subgroups of the relevant Ext—groups generated by them, yet admit that
we find the following question very tantalizing:

is the polylogarithmic construction a way to generate interesting extensions on

pure Shimura varieties?

This article is a revised version of §§6 and 7 of my doctoral thesis ([W1]).
I thank C. Deninger for allowing me enough time and leisure to develop the
ideas put forward here. I am obliged to U. Jannsen and T. Scholl for useful
conversations, and to A. Beilinson for supplying me with copies of [BLpp| and
[BLp]. Readers familiar with the preliminary versions of [BL] will note that
many of the general constructions and results of this article are modelled after
those of Beilinson and Levin in the elliptic case, and I don’t find it difficult to
admit that without their work the present article would not have been possible.
Finally, it is a pleasure to thank G. Weckermann for her friendly and patient

collaboration while typing my manuscript.



§ 1 Definition of polylogarithms

For a survey of the results of [P] relevant for us, see [W3], §1. We use the
notation of [P]. We let

P/@ be a connected algebraic group,

W := R,(P) its unipotent radical,

G:=P/W,n:P—G,

U < W a normal subgroup of P,

$ := Resg/rGm,¢ the Deligne torus, w : Gy, g — $ the weight,

X a homogeneous space under P(R)-U(C),

h: X — Hom(S¢, Pr) a P(R)-U(C)—equivariant map with finite fibres.
Write h, for h(x).

Let V:=W/U, my : P — P/U.

Definition: ([P], Definition 2.1.)
(P, X%) is called mized Shimura data if the following holds for some (hence all)
rex

i) mpohy 1 S¢ — (P/U)¢ is already defined over R.

ii) mohyow : G r — G is a cocharacter of the center Z(G)g of GR.

iii) Adpeoh, induces on Lie P a mixed graded—polarizable Q—Hodge structure
(Q-MHS) of type

{(_17 1)? (070)7 (17 _1>} U {(_170)7 <07 _1)} U {(_17 _1)} .

iv) the weight filtration on Lie P is given by

0 , n< -3
LieU , n=-2
LieW | n=-1
LieP , n>0

W, (Lie P) =

v) int (m(hy(v/—1))) induces a Cartan involution on G
vi) G2 has no nontrivial factors of compact type, that are defined over Q.

vii) Z(G) acts on U and on V' through a torus, that is an almost direct product
of a @Q—split torus with a torus of compact type defined over @.
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Because of weight reasons, the algebraic group V' is abelian, and U is contained
in Z(W).
If W =1 then (P, X) is called pure.

As in [W3] we shall restrict ourselves to those mixed Shimura data satisfying

vii)" Z(G) is an almost direct product of a Q-split torus with a torus of com-

pact type defined over ().
This condition implies that any real cocharacter of Z(G) is defined over Q.

Again, because of weight reasons, 7 : P — G is injective on Z(P), so Z(P)°

is a torus of the same type.

E = E(P, X) denotes the reflex field of (P, X), and for an open compact subgroup
K of P(Ry), we let M® (P, %) denote the Shimura variety of level K. It is a
normal quasi—projective variety over E. The number field F is given together
with fixed embeddings 7y : m — € and 0¢ := 75 | p(p,x)- The set of complex
points of M (P, %) is P(Q)\(X x (P(R;)/K)).

For K < P(Ry) neat, open and compact, there are functors (W3], §§2 and 4)

I 00,00 RepQ(P) — [W]@*UV&FQ(MK(P, X)¢) and
pri: Repg,(P) —  [n]-UEtq,(M* (P, %)).

The categories on the right hand sides are defined to be the full subcategories of
those objects of the category Varg(MX (P, X)¢) of graded-polarizable admissible
variations of Q-M H S or the category of lisse [—adic sheaves Ethl(M K(P %))
respectively, that admit a filtration, whose graded objects come from M (G, H),
where L := 7(K) and (G, H) := (P, X)/W.

It is expected ([W3], Conjecture 4.2) that in fact ux,; lands in the full sub-
category [r]-UEtg" (MX (P, %)) of objects of [x]-UEtg, (M*(P, X)), which are
mixed in the sense of [D1], VI. It will however not be necessary for us to as-
sume this. Fix a section i : (G,’H) — (P, X) of m. It defines an action of P on
the completion Q(Lie W) of the universal envelope of Lie W with respect to the
augmentation ideal a: W acts by multiplication, and (G) acts by conjugation.

If K is of the shape K" xi(L), then the pro-object g, _((Lie W)) coincides
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with the logarithmic sheaf Log(i, K) of [W3], §§2 and 4 ([W3], Theorems 2.1
and 4.4). In particular, g ;(£(Lie W)) is mixed, and in both settings, the higher
direct images under [7| of Log(i, K) can be calculated using cohomology of W

([W3], Theorems 2.3 and 4.7.)

In what follows, we treat the Hodge and [—adic version in parallel. Since this will
reduce the amount of notation, we use the conventions of [W2], §4. So whenever

an area of paper is divided by a vertical bar:

(usually)

or

(rarely)

the text on the left of it will concern the Hodge—theoretic setting, while the text
on the right will deal with the [-adic setting. This understood, we let

A:=C, | A:= anumber field,

[ := a fixed prime number,

¢ : X — Y a morphism of type (S) between schemes over A, that is, a
smooth morphism with geometrically connected fibres between smooth, sepa-
rated schemes of finite type over A, ¢ being compactifiable in such a way that
X is the complement of a relative divisor with normal crossings in a smooth,

projective Y —scheme,

X = X(C), X=X @4 A,
Y :=Y(Q) as topological spaces, | Y :=Y ®,4 A,
[ X =Y. [ X Y.



Sh*(Y) = Varg(Y), Sh*(Y) Etg"(Y),
Sh (X) ¢-UVarg(X), Sh (X) ¢-UEtg"(X),
Sh*(Y) := the category of local Sh*(Y) the category of lisse
systems of Q—vector constructible
spaces on Y, @);—sheaves on Y,
Shs@(Y) = the category of Shg(Y) the category of
P—unipotent local P—unipotent lisse
systems of Q)-vector constructible
spaces on X . @);sheaves on X.

Each of these categories is naturally contained in one of the following:

Sh(Y) := MHMgp(Y), Sh(Y) := Pervi(Y),
Sh(X) MHMp(X), Sh(X) Perv’i(X),
Sh(Y) := Pervp(Y), Sh(Y) := Pervp(Y),
Sh(X) := Pervy(X). Sh(X) := Pervgy(X).

Here, M HMp denotes the category of algebraic mixed F-Hodge modules ([S],
§4), and Pervy is the category of mixed perverse Q;—sheaves (see [W2], §4).
Pervr denotes the category of perverse sheaves on the topological space underly-
ing a complex manifold ([BBD], 2.1) or on a smooth scheme over an algebraically

closed field of characteristic zero ([BBD], 2.2).

Now let 7 : (P, X) — (G, H) be as before, and let ¢ be a fixed splitting.
Let W' 2 W be a closed subgroup, stable under conjugation by i(G) but not
necessarily normal in WW.
By [P], Proposition 2.17.a), there are mixed Shimura data (P’,X’) and a mor-
phism
7 (P,X)— (G,H)

covering

7 P=Wxi(G) S P - G

and inducing an isomorphism of (P, X')/W’ and (G, H).
(P',x') and 7" are unique up to isomorphism.

Futhermore, by [P], Proposition 2.17.b), there is a unique morphism

k:(P,x")— (PX)



covering the immersion k£ of P’ into P.

It follows from the proof of [P], Proposition 2.17.b) that k is an embedding.

Also, the morphism i factors uniquely through (P’, X'), giving an embedding
(GH) = (P,%)

of Shimura data. Let h="7! := dim U, and >~ := L dim V.

So d := h™71 + %71 is the relative dimension of [x], and N := h= b1 4 2p%~1
is the dimension of W.

Similarly, 2=V~ := dim U’ etc., and A" =51 := =171 — B/~ ete.

So [k] is of codimension d”.

Let K < P(Ry) be neat, open and compact and of the shape K = K" x L. Set
K=k Y(K).

We have the following commutative diagram:

’ k 4
MK (P/,:{,) [ ]K K

ME(P, %)

Here,

ji= gk ME(P,x) = M%(P, %) — [k](M"' (P, %)) — M%(P, %)

is the open immersion complementary to [k], and [r] := [7T~] k.o = [TlrLoJK.
By purity, which is a formal consequence of relative duality ([S], (4.3.5); sheafi-
fied version of [SGA4,III|, Exp. XVIII, Théoreme 3.2.5) and the usual adjoint-
ness property of the pairs [k];, [k]' and [k]*, [K]., for any V € Sh*(M% (P, %))
we have canonically

[K]'V = [k]"V (=d")[-2d"],



hence an exact triangle

[EL[k]V(=d")[-2d"] —  V
shift by [1] "\, e (*)
JxJ*V
in D°(Sh(ME (P, %))).
Using the exact triangle [7]. (%) for V = Log(i, K)(d), it is possible to calculate

(7], Log(i, K)(d):
thanks to [W2], Corollary 4.4, we know [7].Log(i, K)(d).

Proposition 1.1: There is a canonical isomorphism

[m)«Log i, K)(d) — Qquy(0)[-N +d] .1

Remark: This should be regarded as a statement on the projective system of
higher direct images under [r] of the noetherian quotients of Log(i, K)(d). See

the remark following 1.2.

Proof of Proposition 1.1: There is an exact sequence
0 — LieU — LieW — LieV — 0.

By [W2], Corollary 4.4 and [W3], Theorems 2.3 and 4.7, we have to calculate
pr, (AN (LieW)Y), and by [W3], Theorem 1.3 we are reduced to one of the fol-
lowing cases:

1. [r] is an abelian scheme. Here, N = 2d.

Then there are canonical isomorphisms

p, ((LieW)Y) == H="x].Qu)(0)

,—

and
ANH_d+1[7T]*Q(l)(O) -~ H—d-l-N[ﬂ‘]*(Q(l)(O) AN Q(l)(_d)

given by the cup product.

fThe subscript (1) takes the two values blank and I, depending on whether we are in the
Hodge theoretic or the [—adic setting.



2. [n] is a product of copies of G,,. Here, N = d.

Then there is a canonical isomorphism
pr, ((LieW)") == H™ " [x].Qq)(0) = (Qu)(—1))

given by the map “residue at 0”. q.e.d.

A similar formula holds for [7'].[k]*Log(i, K)(d')[—2d"]. Before stating it, note

that due to our conventions,
[K]" Log(i, K) = ([K]*)" Log (i, K)[d"]

where ([k]®)* is the inverse image in the category of smooth sheaves:
on M ¥ we identify a smooth sheaf V with the complex of sheaves, concentrated

in degree — dim(M*), the cohomology object H~ dm(M ) being equal to V.
On M*', the same rule applies with — dim(M*") instead of — dim(M¥).
Proposition 1.2: There is a canonical isomorphism

7). () Logli, K)(@)[—2d")) > g, Ho(W', A(Lie W) [~ N' + &' — d'].

Proof: This is due to [W2], Theorem 4.3 and Corollary 1.13 and the canonical
isomorphism
p (A (LieW")") = Qqy(~d')

y—

of the proof of 1.1. q.e.d.

As before, such a statement on direct images of pro—sheaves should be inter-
preted appropriately: here, the projective systems of cohomology objects sitting
in the wrong degrees are M L—zero, while the projective system in the highest

possible degree coincides with the system
(pr, Ho(W', &(Lie W) /a"))pen -

Theorem 1.3: Let m:= N —d +d" —1=hr""14+p"" b1 -1,

o _ Ofor N—d#q<m
Ha L K)(d) =
a) [7],5"Log(i, K)(d) { Q(0) for N—d=¢g<m

In particular, if A" ~%~! < 1, then the second possibility does not occur.



b) W_i(H"[r],j*Log(i, K)(d)) = pr, (b(W’ i), where we set
bW’ i) == W_y(Ho(W’, dh(Lie W))) .

More precisely, there is a canonical morphism of projective systems

(M (], 5", ((Lie W) /a")(d))nen — (ur, Ho(W', 4(Lie W) /a"))nen -
The weight < —1—parts of the projective systems of kernels and cokernels

are M L—zero.

Proof: We apply [r]. to the exact triangle (x), distinguishing three cases:
1. B"-bt=o0:
som="h%1—-1=N—-d-1,and 1.1 and 1.2 yield the following:

H4[x], =0 for g ¢ {m,m +1}.

Furthermore, there is an exact sequence

0 — H™[x], — pr,_ Hy — Q) (0) — H™x], — 0,

where we used appropriate abbreviations.

2. Kbl =1:
som= N —d. We get

Hq[;]*:0forqsém

and an exact sequence

0 — Qu(0) = H"[x], = pr,_Hy — 0.

*

3. K> 1
we get
0, q&{N—d m}
Hinl, ={ Qu©0), ¢=N-d
pr, Ho, qg=m



As the proof shows, we could give more precise statements on the higher direct

images of j*Log(i, K)(d). However, for our purposes the result in 1.3 will do.

The polylogarithmic extension will be defined as a certain extension of pro—
sheaves. To make sure that the naive conception of such an extension as a

projective system of extensions is correct, we state the following

Lemma 1.4: Let SS(B) be the category of spectral sequences in an abelian
category B admitting countable products.

Let go € IN, (S,)nenw @ countable projective system in SS(B),
Sn = (ES) = EFT9).1

Assume that for all n, E5? = 0 for p < 0 or ¢ < 0. For any ¢ € {qo, g + 1} and

any 0 <1 < qp, assume that the projective system
—1,l
(Eg,n y )TLE]N

is M L—zero.

Then the projective limit of the edge homomorphisms
Ef — Ey}

is an isomorphism.

Proof: The condition for gy + 1 implies

@E%Zo—l = l{iin E??,’Zo_z = ... = @Eggillg =0,

nelN nelN nelN
hence lim ES;,%O = lim B2,
The condition for ¢y implies that the systems

(Egg;zl’l%E]N
are M L—zero as well, for all 0 <[ < qqo.
Hence the projective limit of the homomorphisms
By — B

remains surjective and has trivial kernel. q.e.d.

By definition, IN is the set of positive integers, and INg is the set of non-—negative integers.



We are now able to state the main result so far:

Theorem 1.5: Let qo := N’ +2d” —1 = N 4+ h"~5»"1 — 1, and assume that
V € Sh*(ML(G,H)) has weights < —1.

a) B, iy (7] )V, 5" Log (i, K)(d)) = 0

for ¢ < qo.

b) There are canonical isomorphisms

i}

BN, iy (7] )7V 5" Log G, K) ()

- HOIIISh(ML(G7H)) (V, qu_d[ﬂ'] *]*EOQ(Z, K) (d))
—  Homgye(my) (V, iz, (bW, 1))

More precisely, the first isomorphism is the projective limit of the edge

homomorphisms

Eth(L(JVIK(P,%)) (([7])*V, j*pue,_ ((Lie W) /a™)(d))

—  Homg, (ar(6ry) (V, HO 4w 5", ((W(Lie W) /a™)(d))

in the Leray spectral sequence for [r].

The second isomorphism is induced by the isomorphism of 1.3.b).
Proof: Note that as usual (ms)*V = [7]*Vd].
Our central technical tool will be the Leray spectral sequence for [;] It exists

because HY[r|

as cohomology objects of functors [fﬂ

and H? [7‘(‘]* are defined not only as cohomological functors but
and [;]* defined on the level of derived

categories. [;]* and [;]* are adjoint, and although they do not in general appear

*

*

as right or left derived functors, one may employ the theory of exact couples
([Hu], VIII, §6) to construct the Leray spectral sequence.
We have to analyze its values at the j*ug _(S(Lie W)/a")(d),n € N. In order

to see that the hypotheses of Lemma 1.4 are met, we have to show that
(Bt (V, 7] e (U(Lie W) /") (d))nen

is M L-zero for any ¢ < qo+ 1,0 <[ <4¢q, [ < qo.

This follows from Theorem 1.3 and the next proposition. q.e.d.
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Proposition 1.6: Let X be a smooth variety over k, and assume V € Sh*(X)
is of weights < —1. Then Extg, (V. Q) (0)) = 0 for any g.
Proof: Extgh(x)(V,(l)(l)(O)) = Extgh(x)((Q(l)(O),Vv), and we apply the Leray
spectral sequence for

a: X — Spec(k) .

Since a is smooth, any H%a. (V") has weights > 1 as follows from

[S], 4.5.2. Note that as a Hodge mod- | [D1], Théoreme 6.1.2, generic base
ule, VV has weights > dim X + 1 | change ([SGA4 1/2], Th. finitude,
([S], Theorem 3.27), hence the same | Théoreme 1.9) and [D1], Corollaire
is true for the complex a,(V"). So | 3.3.5.

the Hodge structure H%. (V") has
weights > dim X + ¢ + 1, for
qg=—dimX,... dimX.

Hence Extgy speciy (Qq (0), Ha.(VY)) = 0 for any p, q. q.e.d.

Definition: The polylogarithmic extension
Pol(W',i, K)
is the universal gy—extension in

Ext%

" gy U TGOV, 0)), 7 Log(i, )(d))

with b(W', 1) = W_,(Hy(W', 44(Lie W))) as in 1.3.b), corresponding to

id € Homgpase @m)) (e, (6(W',4)), iz, (b(W', )

under the isomorphism in 1.5.b).
More precisely, if we have projective systems (V,,)men and (W,,),en of mixed
sheaves on X, such that the respective projective systems of quotients of weight

> w become constant for any integer w, we denote by

Extd, x,(im V.., lim W,,)

m n

the vector space
lgn(liin Extgh(X) (Vin, Wo)).

n m

11



In the case of Pol(W’, i, K), observe that by the semisimplicity of Repy(G),
b(W’,4) is canonically the product of its weight—graded objects:

bW’ i) = [ Gi¥ (b(W", ).

m<—1

So Pol(W' i, K) is an element of

T T BN g OOV 57 (e W) ),

where we let

b (W', 1) := §* g, _reso(Gr)Vo(W', 1)) .

§ 2 Rigidity

The first basic property of polylogarithms will turn out to be an extremely
powerful tool. It will allow us (Corollary 2.2) to conclude that there is a version
of the polylogarithmic extension in the category of smooth mixed systems of
sheaves (see [W2], §2 or [W3], §6) if ¢o = 1 and also (Theorem 2.3) that in
some cases Pol(W’ i, K) can be represented by an extension of smooth sheaves.
Furthermore, it indicates how to actually construct polylogarithms; at least
under the hypotheses of 2.3.a), which are met in the examples of parts II and I1I,
it will be comparatively easy to construct the extension of topological sheaves
underlying Pol(W’', i, K). Theorem 2.1 then predicts that there is exactly one
way to equip it with a mixed structure, and that this will be the polylogarithmic

extension.

Theorem 2.1: (Rigidity principle.)
Pol(W' i, K) is uniquely determined by the underlying extension of topological

sheaves. More precisely, for any m < —1, the natural map

Eth(;l(MK(P,X)) (bm(W/7 7’)7 ]*,COQ(Z, K) (d))
SN EthO (bm(Wlu Z),]*(,COQ(Z, K)/Wm_lﬁOg(’L, K))(d))

Sh(MX (P,X))

is injective.
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Proof: The first isomorphism of 1.5.b) is part of a commutative diagram

EX’L?\%K — Eth%—K

| l

Homy;r — Homgz

where we have omitted the arguments.
The lower horizontal map is injective as the forgetful functor is faithful.

More precisely, it identifies Ext‘]’\%K with

Homspec(k) ((Q(l) (O), Homm) .

It remains to show the following:
let V € Sh*(M1) be pure of weight m < —1.

Then the homomorphism

HomSpec(k) ((Q(l) (0)7 HOHIW(V, qu_d [ﬂ-] *]*,COg(d) ))

— Homgpee(r) (R (0), Homyze(V, HO (7] j* (Log/Win—1)(d)))

is injective.

Since we may replace Hq‘)_d[WN]* j*Log(d) by its W_j—part, V being of weights
smaller or equal to —1, we may apply 1.3.b) and replace qu_dm*j*ﬁog(d) by
. Ho(W', 4(LieW)).

Composing with the boundary homomorphism of the exact triangle [r]. (%),

applied to ux,_(U(LieW)/W,,_1)(d), we have to show that the map

Homgpec(r) (Qy (0), Homz(V, ur,_ Ho (W', th(LieW))))
— Homspec(k) ((Q(l) (0), Homm(V, ,LLLWHO(W,, ﬁ(LleW>/Wm_1)))
is injective.
But this homomorphism equals

HOIHML (Vv ,UL,,HO(W/a iA'l(LleI/V)))
— Homy . (V, i, Ho(W' (LieW) /W, 1)) .

Now observe that
,UL,,HO(W,> Wm—l)

surjects onto
L :=ker(pp,_ Ho(W', W(LieW)) — pp,_ Ho(W', 4(LieW ) /W,,_1))

13



since Hy is right exact. So £ is of weights < m — 1.

But the kernel of our homomorphism equals
Hom . (V, L),
which therefore is trivial. q.e.d.

Remark: As was pointed out in the proof of Theorem 1.5, the Leray spectral
sequence exists because the functors qu* and qu* are cohomology objects
of adjoint functors [77]* and [7r~]* on the level of derived categories. It is precisely
this point that prevents us from defining polylogarithmic extensions in the con-
text of mixed systems of sheaves (see [W2], §2 or [W3], §6 for the definition of
smooth objects in this category). While it is conceivable that one may define
Hq[WN]* and qu* “componentwise” without to great an effort, it would require
a lot more work to show that they are actually induced by functors [;]* and
m* of derived categories.

However, if ¢o = 1, we may think of Pol(W’ i, K) as a collection of framed
pro—sheaves. The rigidity principle allows us to show that the Hodge and [-adic
versions defined so far are in fact components of a mixed system of smooth

sheaves on M* (P, X):

Corollary 2.2: Let gy = 1. Then there is a unique one—extension Pol(W', i, K)
of j*px ars rest(b(W' 1)) by j*Log(i, K)(d) in [;]fUMS(B(]\A]K(P, X)) (see [W2],
§3 or [W3], §6), whose (00, 0g)-component is the Hodge theoretic polylogarithm
and whose underlying pro—vector bundle over € carries the canonical algebraic
structure of [D2], II, Théoreme 5.9. Its [-component is the -adic polylogarithm.
Proof: Since Pol., 5, is admissible, its Hodge filtration is a filtration by pro—
subbundles, that are algebraic with respect to the canonical algebraic struc-
ture on the flat pro-bundle For(Polw ,,) underlying Pol », ([Ka], Proposition
1.11.3), as is the weight filtration. On the other hand, note that since gy = 1,
we must have h" =11 < 1. So we may copy the proof of Theorem 1.5 in the cat-
egory of regular holonomic D-modules ([Bo], V-VIII) on MX (P, %): note that
by [W3], §3, the flat bifiltered pro—vector bundle underlying j*Log(i, K)o o,
descends to E(P, X). The calculations of 1.1 to 1.3 run through: in the proofs,
replace [W3], Theorems 2.3 and 4.7 by [W3], Theorem 3.5.

14



We arrive at a universal one—extension Polgy in
Bt o e (7 For (e prrest (W, 1)), 5 For(Log(i, K) pa(d)))

where [;\T/]*U VB(M¥) is the category of [7T~]funipotent flat vector bundles on
M whose connection is regular at infinity. Polzy defines an E(P, X)-structure
on For(Polw o). We need to show that the weight and Hodge filtrations of
Pols s, descend to E(P,X). In order to apply [W2|, Lemma 2.10, we must
know that they are fixed under any automorphism 7 of € over E(P, X). Now the
rigidity principle shows that the extension class defined by Pol 4, is fixed under
any automorphism. The claim follows: by Theorem 1.5.a), the pro—variation
Pol », admits no non-trivial automorphisms, that induce the identity on both
J* K co.ooTeSE(D(W' 1)) and j*Log(i, K)(d).

So we have defined a bifiltered flat pro—vector bundle Polpr on MX . The Hodge
components Poln,, for arbitrary embeddings of E(P, X) into € are defined by
considering Shimura data conjugate to the given ones ([W3], §§5 and 6). Again,
the rigidity principle assures that Polpg does not depend on the choice of o
and hence that the data fit together to define a mixed system of [;]funipotent

smooth sheaves. q.e.d.

One might wonder whether it is possible to find an element of an Ext—group
in a category of smooth sheaves mapping to Pol(W’, i, K). The answer in most

cases is provided by the following

Theorem 2.3:

a) Assume that the codimension d” of [k] is one and that the fibres of [r] are
unipotent K (m,1,< qo)s (see [W2], §4).

Then Pol(W’ i, K) comes from a unique extension in

Ext%

Shs_ (MK(P,%)) (j*uK,freSg(b(Wlu 7’))7 ]*,COQ(Z, K) (d)) )
[7]

which as in 2.1 is uniquely determined by the underlying extension of

smooth relatively unipotent topological sheaves.

b) Assume that d” > 2.
Then it is impossible to represent Pol(W”’, i, K) by an extension of smooth

sheaves.

15



Proof: a) From [W3], Theorem 1.3, it can be deduced that we are in the sit-

uation of [W2], Theorem 4.3. So 1.3 remains correct if we replace H[r], by
Rq+d[7r~]i .

Similarly, 1.5 remains true if we replace Sh(M% (P, x)) by Shf;}(MK(P, X)). In
the proof, replace the Leray spectral sequence for [r] by the Hochschild—Serre
spectral sequence for the category of smooth unipotent sheaves. Note that it
is not necessary to employ an analogue of 1.6 since h'~1~1 < d” < 1, so the
second possibility in 1.3.a) does not occur.

So we may define a smooth version Pol*(W’ i, K) and prove a rigidity principle
as in 2.1.

In order to show that Pol® maps to Pol, we have to convince ourselves that the

diagram
) qo
EXtSh[SN](JV[K) — EXtSh(JV[K)
HOInShS(ML) = HOHISh(ML)
commutes.

Here, the vertical maps are given by the edge homomorphisms of the Leray and
Hochschild—Serre spectral sequences.

Observe that in general this would require more than what was actually proved
in [W2], Theorem 4.3.

Namely, recalling how the edge homomorphisms are defined, we would have to

know that the complexes
Rlx], and [r],[d]

are quasi—isomorphic in degrees < qq.

While one may expect this to be true in our situation, for the time being we
have to think of a different proof: by 2.1, Pol is uniquely determined by the
underlying extension of topological sheaves. Therefore, is suffices to prove that
the topological version of the above diagram commutes. This can be checked,
by [W2], Lemma 1.7, in the respective ind—categories. Now the central point is
that ﬁ* has a natural extension to the derived category of ind-constructible
topological sheaves.

—S

Since the extension of R[], is a derived functor, we get a transformation



which by our hypothesis is a quasi-isomorphism in degree < ¢, when evaluated
on smooth relatively unipotent topological sheaves.

b) Assume that Pol is represented by an extension & consisting of smooth
sheaves. Then since the codimension of the complement of M* in M is greater
than one, £ can be extended to the whole of M ¥ thereby yielding a qy—extension
of

i, resE(b(W' i) by Log(i, K)(d). Namely, because of the codimension con-
dition, H"j, induces an equivalence of categories between smooth topological
sheaves on M* and smooth topological sheaves on M¥ | the inverse being given
by j . Both functors are exact, and analogous statements hold on the level of
smooth mixed sheaves.

But by 1.1 and the Leray spectral sequence for [r], we have for any
V € Sh*(M*):

Ext?, . ([7]°)"V, Log(i, K)(d) = 0 for g # N,
Bt (([]*) V. Log i, K) (d) — Homyye (V. Qp (0))

So even if ¢y equals N, the Ext—group is trivial if the weights of V are < —1.
q.e.d.

Remarks: a) Theorem 2.3.a) will be of great help when we describe explicitly
polylogarithms for special Shimura varieties.

It will be a relatively easy matter to write down an extension of smooth rela-
tively unipotent topological sheaves, which is a candidate for For(Pol). 2.3.a)
asserts that as soon as we manage to equip it with a mixed structure, this will
necessarily be the polylogarithmic extension.

b) As long as there is no satisfactory formalism of mixed systems of sheaves
available, we may use an analogue of 2.3.a) as a preliminary definition of the
“mixed systems” version of Pol(W' i, K) if d” = 1 and if the fibres of [7T~] are

unipotent K (7, 1, < go)s. For the proof of the “smooth mixed systems” version

of 1.3, use the fact that the diagrams
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w-UMSy(ME) — =%, (7] -UVarg(ME)

Ri[x]; | | Be(lrlg): ,
MSy(ME) % Varg(ME)
w-UMSy(MK) —Y [ UB" (M)
RQ[WN]H qu[WN]i and
MSy(mty —Y . Bt
w-UMS(MK) 2P0 ) gvB(ME)
Rix]; | | Rfx],
MS&(ML) Foro (DR) VB(ME)

commute: [W2], Corollaries 3.2.i) and 3.4.i) and Theorem 3.6.b) take care of
the first two diagrams. For the third diagram, we have to define qui — note
that unless M* has E (P, X)-rational points, the categories on the right won’t
be neutral Tannakian: this can be done in two equivalent manners, either by
defining qui to be the restriction of the functor Hq_d[WN]* on the category of
regular holonomic D—modules or by applying Galois descent. In any case, it can

be checked over € that the natural transformation
Fore(DR)°R%[r]. — R[r]. °Fore(DR)

is an isomorphism. There, it follows from [W2], Theorem 3.6.b).

c¢) Let us note that in the situation of b) or 2.2 where we managed to define
a “mixed systems” version of the polylogarithmic extension, the results of §§3
and 4 together with the splitting principle 6.1 will carry over without difficulty.
Furthermore, the morphisms used to construct the norm map in §5 can be
defined in the context of smooth mixed systems, and hence the remaining results

of §§5 and 6 are also true.
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§ 3 Interrelation between polylogarithms associated to different unipo-

tent extensions

In case W’ is nonzero, we are going to identify Pol(W’' i, K) with the cup—
product of a polylogarithmic extension associated to certain quotient Shimura
data and an extension arising via the canonical construction.

In terms of our goal of generating “interesting extensions”, Theorem 3.1 and
the splitting principle we shall establish in §6 tell us that one should either
start with W/ = 0 or remove more than just one sub—Shimura variety. Namely,
by the reductiveness of GG, extensions obtained via the canonical construction
of extensions on the level of representations will always split along embeddings
of pure Shimura varieties given by Levi sections.

This observation is in fact what we would like readers of §3 to keep in mind,

and we advise them to omit the proof of 3.1 at first reading.

So assume W’ is nonzero.
Let 0 #£ Wy < W’ be normal in P.
Set Wll = W’/W(), Wl = W/WQ,

(P{,:{ll) = (Pl,%l)/Wg, (Ph:{l) = (P,%)/W(],
QOIZ(P,,%/)H(P{,%II), 4,03(P,:{)—>(P1,%1),
m (PLX) — (GyH), m o (P, %) — (GLH).

The existence of 7] and m; is guaranteed by [P], Proposition 2.9. The sections
iy =9 G — P and iy :=poi:G— Py
are covered by embeddings of Shimura data
iy (GyH) — (P,X)) and iy : (G, H) — (P, %)

as is the immersion k; : P — P;.

By [P], Proposition 2.17, we have a commutative diagram

k

(P, x') (P, X)
s@’{ { ©
(PLxy M (pLx)
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which by another application of the same proposition is cartesian.

As before, let K < P(RAs) be neat, open and compact and of the shape
K=K"VxL.

Set K := ¢(K), K! := k;'(K}). We have

K' =K, x5 K.

By [P], Lemma 3.11 and the remark preceding its proof, we get a cartesian

diagram

LIS

ME'(P', %) ME(P,x) .5 ME(Px)

[SOI]K’,K{ [o] k) ] K,K1

1)k '
[1]K1,K1 MKl(P1,%1) JK, MK1(P1,%1)

M (P, %))

of M*(G,H)-schemes.

We have universal extensions

Pol(W') € Extg MK(RX))(j}}uK,,resg(b(W’, i)), jxLog(i, K)(d)),
Pol(W]) € Eth;?Mxl(Phxl))(J'}k(lMKl,f(fesgl(b(W{ail))),j}kqﬁf)g(ihKl)(dl)),
Py € Extggp% () (resp, (L(LieWn)), Sl(LieW ) ®q,,, A (LieWy)) .

We have to explain what we mean by the last Ext—group. This time, both

arguments are pro—objects and we define this group to be

lim (hgl Bty (tesh, ((LietV)/ap), ((LieW ) /a™) g, ANO(LieWo») .

meN \ neN
Here, Ny := N — N; = dim W, and we take the adjoint representation of P on
LieW,. So the induced representation on AN (LieWW) factors through G. We saw
in the proof of 1.1 that pg, (A™(LieW,)) is canonically isomorphic to Q) (dy),
where dy := d — d;.

Still, it remains to define the element P of this group.

We apply 1.4 to the direct limit over n of the Hochschild—Serre spectral sequence

for

1l—Wy— P —P —1,
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applied to resh, (U(LieW;)/a}),n € N.
By [W2], Corollary 1.13, we have

0 forq# Ny

HY(W, ,ﬂ LieW))®q, AN (LielW,) = {
(Wo, $i( ) Q) ( 0) { U(LieWr) for g = Ny

As usual, this is a statement on the projective systems
(HY(Wo, W(LieW) /a™) @qy,, A (LieWp))men

which shows that the hypothesis of 1.4 is met.

Therefore, we get an isomorphism of the above Ext—group with
lim (lin HomRepQ(l) (pl)(ﬂ(LieI/Vl)/a’f,ﬂ(Lier)/aT)) )
meN neN

and we define Py to be the extension corresponding to the identity.
By the same argument, replacing the Hochschild—Serre spectral sequence by the
Leray spectral sequence and using [W3], Theorem 4.3 and the remark following

[W3], Corollary 1.4, one sees that there is a universal Ny—extension in

Ext e ) ([0 Log (i1, ) (d), Log (i, K) (d)

which is uniquely determined by its underlying extension of topological sheaves.
Because of the same reason as in the proof of 2.3.a), it is true that via the

isomorphism of [W3], Theorems 2.1 and 4.4, this is precisely the extension

p,_(Pp)(dy).
Note also that

bW’ i) = W_i(Ho(W’, sl(LieW))) = W_,(Ho(W/, th(LieW))) = b(W7, i1)
and that
(o] gy, = puxe,_eresp, .

Theorem 3.1: Up to a sign, Pol(W’) is the cup—product of

(] Pol(W}) and  ji(uxe, (Po)(dy)).

Proof: Observe that because [g] is of type (), [¢]. satisfies base change.
We have to show the following:
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1. given sheaves VZ on ML, VE on M&! and a smooth [va]funipotent sheaf
VE on MX | the diagram

Ext?, ([ma] VE VI x Exti (] VI, VE) Ext 0~ ([x] VE, VE)

(o, 3) —— [Uy] «

edge x edge
edge
Hom . (VE, H‘I[m] VKl) X Hom 7, (VK1 HNo= dO[ . VK)
(h,9)
[ Hom (VL HI+No= do[ ], VK)

Hi[m].(3)h /
edge

Hom 2 (VE, H9 ], HNo~% o] V)

commutes up to a sign.

Here, the morphism
Hq-f-No—dom vK _ Hq[ ] HNO do[ ] VK

is an edge homomorphism in the Grothendieck spectral sequence belong-

ing to the formula

[ﬂ-]* = [7-(1]*0 [ﬂ-]* °
Observe that HP[NQO]*VK vanishes for p > Ny—dy because VX was assumed

to be [;]funipotent and we may apply [W2], Theorem 4.3.

2. assume that the sheaves VX1 and VX of 1. come from sheaves VX! and
VE on MK+ and MX:

VI = i VI VE = v,
and assume that V¥ is smooth and [p]-unipotent. Then the diagrams
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Hom 2 (VE, H9[m1],VEY) % Hom e, (VET, HNo—do[ o] VK

boundary x id Hom 2 (VE, H[m ], VE1) x Hom g, (VX1 HNo—do[ 5] V)

Homye (VE, HI([m) ][k [) V) x Homye (V2 HAOT 0[], VE) (h,9)
|

Hmil.(g)°h

Hom, . (VE, H[m, ], HNo =% o], VE)

Hom (V2 HI[m1], jie, HY =% 0], V)

,/boundary

Hom o (VE, HITL([r)][k1] ) H o0 0] ,VE)

and
,edy Hom,. (V2 Ha+No—do 7] VK)
Hom . (VE Hq[ 1 HNo dO[gp]*VK) \ boundary

Hom . (VE, Ha+HNo—do([7/] [k]' VE)
Hom  (VF, H Fl]*j}k{l HNo~ o [p] , V) \ edge
Homygo (V, B [ %o~ /] (V[0

/

Hom o (VE, HI ([} ], [k [y RO~ [0 . VE)

boundary
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commute up to a sign.

Here, the isomorphism 7, comes from the isomorphism
7 HNT RIS (RVEET]) = (k) HY gl V)],

which is the isomorphism of the cohomology objects of largest degree

induced by the isomorphism of functors

71 [Pk = [Ba]' (o). -

Note that VX is smooth, so [k]' V¥ is concentrated in one degree because
of purity.
Since VE is [p]-unipotent, the sheaf [k]'VE[d"] is [¢/]-unipotent, and
HI[p'].([k]"VE[d"]) vanishes for ¢ > Ny — dy.
The boundary homomorphisms all come from the exact triangles
B[k} — id [Falu[ka] — id
shift by [1] ™\, /S and  shiftby [1] N\ /
(K )«Jk (JK1)+Jke,
3. for asmooth sheaf VX on M with smooth higher direct images H[p], VX,
the diagram

('] [k]' VE — k1) ] VE
purity Z l 2lpurity
(LR VE(=d")[-2d"] < [k]*[], VF(=d")[-2d"]
commutes.

Here, the lower horizontal arrow is the base change isomorphism.

Let us first see why 1.-3. solve our problem:
take a smooth [p]-unipotent sheaf VX on M¥ a sheaf VX1 on M%1 and

g € Hom i, (VEL HNo=do[p] ' VE) . So g induces a map
g:VE .= j}}lVKl — HNO_dO[NQO]*VK,

where VE .= jr VK,
Let VI € Sh(ML) and f € Hom ;o (VL HatHFNo=do (7] [k]') VE). Assume that
we have elements

o€ Bxt® ([m] VE, VK,
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where VK1 .= Jr, VX1, and
B € Bxto o ([p] VL, VE)

satisfying the following:

a) under the homomorphism
(R ([m1][k1]')(9)). o boundary oedge :
Bt ([m] VE, VE) — Homyye (VE HOH ([ ] [l Y HY -0 [ VE),
« maps to the morphism composed of
[ VE— W (7 K] VE,
the homomorphism
edge : HOHEMTD ('], [k])VE — MO L 1Y 0 [ (K] VE)
and the isomorphism
M= [ (7) -
HI=E [ LR L (K] VE[A"]) = H ([ k] Y RN~ [ LV
b) under the homomorphism

(vKlv HNO_dO [Z;]*VK) )

edge : Extj‘]%);d‘)([g;]*vlﬁ,vl() — Hom jx,

£ maps to g.

It follows from the diagram in 1. and the first diagram in 2. that

puU [Ngo]*a € Extggo_do(m*VL,vK)

maps, up to a sign, to the same element in

Homy, 2 (VE, HIFY ([ [k ] YR~ ] VE)

under the homomorphism boundary ° edge ° edge as the one described in a).

By the second diagram in 2., the homomorphism
boundarycedge :

Ext 0~ ([7] V£, V) — Homyye (VE, HOF1HNo—do ([27], [K] ) V)
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maps (U [Ncp]*a to a morphism, whose image under

edge : Hornyyu (VE, HITH N[, (1) V)
— Homys (VM [rf] MY [ (K V')

coincides, up to a sign, with that of f.

More specifically, we let VX run through the finite-dimensional quotients of
Log(i, K)(d) and g through the natural projections of large enough quotients of
Log(i1, K1)(dy). Then the claim follows from the definition of Pol(WW'): namely,
the vital ingredients for that definition (1.5.b)) were edge and boundary homo-
morphisms. Note that because of diagram 3., our identification of b(W', i) and
b(W7,41), which after applying p,  yields [7}]. of the base change isomorphism,

corresponds via 1.2 to the isomorphism H%+'~%"[x/],(7) above, for suitable g.

Now for the proof of 1.-3.:
1. is a statement on the level of cohomology objects which follows from the

commutativity of the diagram

Hom o, ([m] C%, K1) x Hom o, ([p] CK1, CK) —— Hom . ([x] CL, CK)

ME1 MK

—~ %

(@, 3) +—— B°l¢] (a)

| [],
(h,9)
[m].(F)oh Hom,,.(C*, [7],C5)

Hom e (C, [m],[0].C) /

which in turn follows from the projection formula, applied to [¢]:
if o : Y — X is a morphism of varieties over k, then for objects C'%, C%
of D*(Sh(X)) and Cy of D°(Sh(Y)), the diagram
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Homx (C%, C%) x Homy (6*C%, Cy)

\id‘x Oy

o* x id Homyx (C'%,C%) x Homx (C%, 0.Cy)
Homy (6*C%,0*C%) x Homy (0*C%, Cy) { 0
o / Homyx (C%, 0.Cy)
O«

Homy (o*C%, Cy)

comimutes.

This can be checked e.g. on topological level.

2. Again, the claims follow from statements on the level of complexes. For
the first, observe that it suffices to prove the claim for C% := [m;] C

and the universal morphism id. The claim then follows from the fact that
[]{71] * []{71] : —_— id
shift by [1] "\ /
(]Kl)*];}l
is an exact triangle of functors.

Similarly, the second follows from the commutativity of

mllelix [7].Jk
] |
[m1], %, el [7']. [k]'[1]

| L

il [k Tele 1] [l k] 1]

which is [m]. applied to

Ur)«lelgk  «——  [ellir)«dx

i |

(1 )<k, [sp)e [l [k [k]'TL]

! i

Bl [ka] ] [1] e [RadlL[RTTL]
The commutativity of this diagram holds since it comes from a cartesian

situation.
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3. Purity for smooth sheaves is nothing but the isomorphisms
TmE - [k]l — Dy [k Dygre
TmEL [kl]! — ]DMK; (1] Dy

written out.

7 comes from an isomorphism of functors and transforms into
[l Dpprer [k Dase == D ey [a] "D gy [10] -

If [¢] is proper, then [¢]. = [¢]i, hence D yx, [¢]« = [¢]«Dyx and similarly for

[¢]«, and T is the dual of the usual base change isomorphism
[ka] [l — [/i[K]"

Here, we haven’t used anything but the properness of [¢] and the fact that
(0], [K], [¢'] and [k1] constitute a cartesian diagram.

In the general case, we apply this argument to a compactification of [¢] as in
[W3], Corollary 1.4:

mE a2 =T \MK

Base change by
[ka] « M™1 — A

gives a similar diagram for [¢’].

Now the base change isomorphism
k][] — [@]ulRa]”
equals the composition of the base change isomorphism for v, applied to j,:
al* [0l = [Ra] Y — P75
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where [ denotes the immersion of M into M,

and 1!, applied to the base change morphism
g — (G):[R],

which is an isomorphism.

It remains to observe that the isomorphism
T: w;l' — [kl]!w* )
applied to j,, yields an isomorphism

[ k] = il g = [k g = i) )

which coincides with 7. q.e.d.

§4 The small polylogarithmic extension

By [BL], Corollary 1.3.4, our definition in §1 coincides with what Beilinson
and Levin call the large polylogarithmic extension ([BL], 1.3.5) in the elliptic
case. There, they also define the small elliptic polylogarithm. The aim of this
paragraph is to extend this definition to the general case and to prove (Theo-
rem 4.3) that it is possible to recover the large from the small polylogarithm
pol(W' i, K) (compare [BLp], Remark 2.5.5). This means in particular that all
extensions occurring in Pol(W’, i, K) already turn up in pol(W’, i, K).

We keep the notation of the previous paragraphs.

Lemma 4.1: There is a canonical multiplicative isomorphism of G—modules
resf t(Lie W) = ] a"/a™*",
n>0

which is compatible with change of the group G.
Here, a denotes the augmentation ideal of fl(Lie V).
Proof: If W = U, then we have a* = W_y;({(Lie W)). On the other hand, if

the commutator morphism

[,]:V®qV —U
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is surjective, we have a¥ = W_,(&(Lie W)).

In both cases, there is a unique isomorphism as in the claim because of weight
reasons and because G is reductive. In general, choose a G—complement U of
im ([, ]) in U and let W < W be defined by Lie W := Lie V @ im ([ , ]) to get

an isomorphism
¥ - Y(Lie U)Qqil(Lie W) = (Lie W) .

Here we view Lie V' as a sub-G—module of Lie W, as we may because of weight

reasons. The map res%~! induces a multiplicative isomorphism

resG d(Lie W) — Halg/algl@)qg 11 a’;iv/cqi;rl

1>0 m>0
AN H an/an-‘rl ’
n>0
which is easily seen to be independent of the choice of U. q.e.d.

So in particular, the morphism
mult : $(Lie W)&qresires? d(Lie W) — d(Lie W)
of P—modules induces morphisms
mult,, : t(Lie W)®q(a/a?)®" — s(Lie W),
which in turn yield morphisms
Ho(W’ mult,,) : (W', i)&q(a/a®)®" — b(W', i),
where as before b(W,4) = W_y(Hy(W’, th(Lie W))).

Observe that b(W’,q) is a quotient of Ho(W’', a). We get a descending filtration
F'b(W' i) by the images of the Ho(W’', a™). On the other hand, the natural
epimorphism

resG d(Lie W) — Ho(W', l(Lie W))

identifies b(W’,4) with a quotient of res®a, which by Lemma 4.1 is equal to the
product [],s; a"/a™*!. The filtration step F™b(WW’, ) is precisely the image of

Han an/an—i-l .
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Corollary 4.2: The projection
F"o(W' i) — GrlRb(W' 1)

has a canonical right inverse.
Proof: The image of a™/a™"! in F™ is a complement of F™*1:

take a decomposition W = U x W as in the proof of 4.1, such that

W' =UnW)x (WnWw.

In particular, there is a monomorphism Gryb(W’,4) < b(W', ).
Define 0™ (W', i) as pr, Gripb(W’',i).

Definition: The small polylogarithmic extension
pol(W',i, K)
is the go—extension in

([7] b' (W', 4), j* Log i, K)(d))

q0
EXtSh(MK(P,x))

corresponding to the inclusion b'(W' i) < g (b(W’,4)) under the isomor-
phism in 1.5.b).

We now describe how to recover Pol(W’, i, K) from pol(W’, i, K). Consider the
morphism of G—modules

H()(W’,multnfﬂ
— 4

Crhb(W',i) ®q (a/a®)?"= D — bW’ i) @q (a/a?)D b(W',i0).

It is easily seen to map epimorphically to the direct summand Gripb(W’, i) of

Fo(W' 4). Any right inverse v,,_; of this epimorphism induces a map

put Ext([n] V(W 3), j" Log i, K)(d))
— Extqo([z] (W', 1), 7*Log(i, K)(d) ®q /QLKh(a/a?)@(n—l))

Ext® ([x] 6"(W", 1), * Log (i, K)(d)) .

(multy—1)«

Here, the Ext groups are formed in the category Sh(MX (P, %)), and the first
map is the composition of ¥} _; with the map induced by tensoring with
. (a/a?)®@=Y_ The product over all n is a map

o Ext®([x] (W, ), j* Logi, K)(d))

e Bt pse_resE GV, 1)), 5*Logli, K)(d)
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and we have:

Theorem 4.3: For any choice of the 1,1, the morphism ¢ maps pol(W’, i, K)
to Pol(W', i, K).

Proof: By the projection formula, it is possible to calculate the higher direct
images under the morphism [r] of j*Log(i, K )(d) Rqix, (a/a?)2"=D from those
of j*Log(i, K)(d). Furthermore, the maps ¢,, are seen to correspond to the maps
W',i)))

W',4)) @q e, (a/a?)0D)
W',i))) .

The product over all n clearly maps the inclusion b' (W’ i) < pur, (b(W’,4)) to
the identity. q.e.d.

Hom (b (W', 1), pur.._ (b(
— Hom(b" (W', %), ur, (b(

ROy Hom (0 (W, i), . (b(

=

§5 Norm compatibility

The subject of this paragraph is the study of the interrelation of polylogarithmic

extensions of different level K. The first result is quite immediate:

Proposition 5.1:
a) Let Ky = K"Wx Ly < P(Rf) be neat, open and compact, L1 < Ly open,

K, = K" x L;. We have a cartesian diagram

M" (P, %) _ M*"2(P, %)

]| ]
MG H) — L e .

Via the canonical isomorphism
Log(i, K1) — [-1]*Log(i, K3),

Pol(W',i, K;) is the inverse image under [-1] of Pol(W’ i, K5).

b) Let L < G(R;) be neat, open and compact, KV < K3V < W(R;) two
open compact subgroups stable under conjugation by i(L). For j = 1,2,
define K; := K}V x L and K" := K}V N W'(R;). If we have

[K2,1K1 I]I[K;V:Kfv]a
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then the diagram

[

MK{ (P/, %/) MKé (P/, %/)
[] (]
MKl(P,.'f) L MK2(P>%)

is cartesian, we have a well defined map
[1]: M5\(P,x) — M™(P, %),

and Pol(W' i, K7) is the inverse image under [-1] of Pol(W' i, Ks).

Proof: left to the reader. q.e.d.

It remains to study the situation complementary to that of 5.1.b). Namely, let

L, KV < K}V be as before, but assume now that
K =K}
We have a diagram

HUR

MK (P, %) MSI(Px) ~ TS S(Px) L [ AP, %)
| | |
ME' (P, %) K], M¥&2(P, %) JKs M*®2(P, %)
S _—F
MG H)

Here, K' = k= (K1) = k~1(K).

Again, we have the canonical isomorphism

Log(i, K1) — [-1]*Log(i, K3) .

33



For any two sheaves V; and V5 on M K2(P, %), there is a functorial homomor-

phism

(m*Vl, m*vz) — Ext?

. q
NKl,Kg » Ext Sh(J\7IK2

Sh([-1]-1(MK2)) >(V1’ Va)

given as follows:

as [-1] is finite and étale, [-1], = HO[-1], is exact, and

*

[1], =[1], and [1] =[1].

We have natural transformations

—_— — —_— ——x%

a:[1,[1] —id and B:id— [1].[1] .

Nk, i, is defined to be the composite of

. q a1 * q
P s BXCg s iy (L Vi [UTV2) = Bxtg, e

—_— —x% —_— ——x%

(CHLL1 VL[ 1] Vs)

and (a.)v,°By,-

Theorem 5.2: (Norm compatibility.)
J*Pol(W', 1, K1) is mapped to Pol(W’ i, Ky) under Nk, g,.
Proof: Let

K Z = M5 X0, ME' — M5

be the closed immersion complementary to jg, °j. The scheme Z is equipped
with a finite étale map
[1]: Z — M¥,

which has a section.
By arguments similar to the ones used in the construction of Pol, for any
V € Sh*(MF) of weights < —1 we get an isomorphism
Ext? oy (' 1)V, i, Log G K) (@)
— Homy(V, H®4([x][-1]).5"j), Log (i, K1)(d))
(

— Homye (V, HO= Y ([7] o [-1]). ((K)* Log (i, K1) (d')[—2d"])) -

Under this isomorphism, Ny, r, corresponds to the functor H%~%+![x’], applied

to the morphism
[ 1] (K')" Log (i, K1)(d') = [1]u[-1]*[k]" Log(i, K2)(d) — [k]"Log (i, K2)(d')
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coming from the natural transformation
[1],[1] — id.

Observe that since j*Pol(W’, i, K1) can be extended to M*', the composition
of the above isomorphism, for V.= py (b(W’,4)), with the projection to

Homyys (g, (0(W', 1)), O~ ([ o). (K" Log (i, K1) (d')[~2d"]))

maps j*Pol(W',i, K1) to zero. Here, 7 and k are the morphisms

z-mx Eooym
rl (1] 1
MK @ MK

It follows that its image under Nk, g, is equal to its projection to the component

MY’ which by construction is the identity. q.e.d.

§6 Values at Levi sections

The reader may have noted that the construction of the polylogarithmic exten-
sion can be carried out in a much more general context than that of Shimura
varieties. In fact, this is what is done in [BLp]|, §§ 1-2, for relative curves, which
are unipotent K (m,1)s. In this paragraph, we shall study the restriction of the
polylogarithm to closed pure sub—Shimura varieties given by Levi sections. The
essential ingredient, which we feel makes the polylogarithmic extension inter-
esting, will be the splitting principle for the logarithmic sheaf or, in fact, for any
sheaf arising via the canonical construction: its restriction to such subvarieties
splits into the direct product of its weight—graded parts.

So the restriction of Pol can be considered to be a collection of extensions of
proper sheaves, i.e., there is no longer any need to talk about projective limits.
At least in the examples of parts II and III, these restricted extensions turn
out to be very interesting indeed. So one may ask whether polylogarithms can
be used more generally to construct non—trivial extensions of sheaves on pure
Shimura varieties. They are components of a “mixed system” version if this is
true for Pol. A similar remark holds for the property of being of geometric ori-

gin. Trivial as these observations appear, the reader should note that it seems
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reasonable to expect the Hodge— and [-adic versions of Pol to fit together to
form an extension of mixed systems (compare Corollary 2.2 and Remark b)
after Theorem 2.3). It should be true that they are realizations of one and the
same motivic object. This is not at all clear a priori for the Levi restrictions of
Pol. Already in the simplest case of all, the classical polylogarithm (compare
part II), this is up to date the most elegant way of getting any information
about the [-adic regulators of the elements in the K—theory of cyclotomic fields
defined by Beilinson in [B1], §7.

We consider this to be one of the most important observations in [B2] and

certainly one of our main motivations to study and generalize polylogarithms.

The need to look at subvarieties over which the logarithmic sheaf splits forced
us to restrict our attention to Shimura varieties, which appear to be particularly
well suited for that type of considerations. Note however that results similar to

those of this article hold e.g. for any fibre of [r].

Solet K =K"VxL, K':=k7'(K), and the diagram

[kl i

ME' (P!, %) ME(Px) 7 NME(Px)

MG, H)

as in the previous paragraph. For v € W(Q) — K" W'(R;), let
ip: (G,H) — (P, X)
be the splitting covering
iy :=int(v)ei: G — P,
and
[io] : M™ (G, H) — M" (P, %)

1K) < L. Because v is

(2

the embedding on the level of varieties, where L, := i

supposed not to belong to K™ W'(R;), the set
[i) (M (@) = P@)\ (P@)(i(H) x (i(G)(Bs)v™" K/K)))

36



is disjoint from

KM (@) = P@)\ (P@)RE) x (P'(81)K/K))),

so [iy] factors through MX:

ML”(G, H) [ZU] T .jK

[ 1L,z

Proposition 6.1: (Splitting principle.)
[iy]*Log(i, K) splits canonically into the direct product of its weight—graded

parts. More precisely, for any n < 0, the injection
(i) Gryy (Log(i, K)) = [i,]" (Log (i, K) /Wi (Log(i, K)))

has a unique left inverse.

Proof: There is a commutative diagram

ly
RGPQ(Z)(P) - RePQ(l)(G)

,UK,,l LULU,,
S [ZU]* S
Shi, (M%) —"L L she(art),
and Repg, (G) is semisimple ([DM], Proposition 2.23). By [W3], Theorem 2.1
and 4.4, the pro-sheaf Log(i, K) is contained in the image of py, . q.e.d.

Hence [i,]*Pol(W' i, K) is an element of

H H EXt[s]%(MLU (G,H))(NLuﬁGrnvgb(W,a DN (rengrZVﬂ(LieW))(d)),

m<—1n<0

where as before go = N+ k" ~5~! — 1. Because of Theorem 3.1 and the semisim-
plicity of Repg, (l)(G), the extension is zero if W’ £ 0.

So assume W’ = 0. Theorem 5.1.a) has a rather immediate consequence for
[in]*Pol, which we don’t write down explicitly.

The following is no less immediate, but we find it worth to be noted.
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Let L < G(RAy) be neat, open and compact, K" < K} < W(RA;) two open
compact subgroups stable under conjugation by i(L), v € W(Q) — K,
K;:=K}"xL,j=1,2, and Ly, := i, (K;) < L. We have a diagram

Hol Uilén]

ME(G,H) ME(Px) 5 (P x)

=1

8l \ Uiy

ME(G,H) ﬂ— M%2 (P, x) PACEN ME(Px) <2 ML (G,H)

Here, vy,..., v, € W(Q) are chosen such that
Kv-i(G)(By) = | Krvi-i(G)(By)
=1

is a disjoint union. This is possible: since W is unipotent, we can find elements
vy, ..., vy € W(Q) constituting a set of representatives of K;\Kyv = K{"\K} v.
Some of them may define the same class Kqv;-i(G)(Ry).

Define Ly, to be iy ' (K1) < La,.

We claim that the upper right part of the diagram is cartesian. This can be
checked on the level of C—valued points.

We need to show the equality

P@\(P@)(i(H) % (i(G) (B Ko/ K1)
= U P@\(P@)(H) x (i(G)(Ry)o K/ K0)))

the only non—trivial point being that the union is disjoint. This follows from
the next claim:

let 1,z € i(H),p € P(Q) such that x5 = px;. Then p € i(G)(Q):

since P(Q) = W(Q)x G(Q), we may assume p € W(@). We have to show that
p = 1. But this follows from the bijection between W (Q) and the set of Levi
decompositions of P defined over @), which we recalled in [W3], § 1.
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Let N be the norm belonging to the finite étale map

UIBIE U M2 (G H) — M™2(G,H).

l =1

Theorem 6.2: (Norm compatibility.)
(Uiliw,])*Pol(0, i, K;) is mapped to [i,]*Pol(0, 4, K3) under N. Here, the identi-

fications of
(1] pirs,,, (Gry b((W',0) and  pr,,,  (Gry, b((W', 7))
and of
(A aga,_(resG(GVLIW)) and gy, (resE(Cal¥ S(LielV))

are the natural ones given by the canonical construction.
Proof: Theorem 5.2. q.e.d.

Remark: If we have the equality
G(Bf) =G(@) - L,

then all pure sub-Shimura varieties of M% (P, %) associated to (G, H) are of
the shape [i,](M** (G, H)). Else, we have to consider Levi sections of the more

general shape
[iv] [-9¢],
for gy € G(Ry). Of course, the results of this paragraph continue to hold for

these more general morphisms.
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Index of Notations

00

ILLKvoovo—O

(7)o UVarg (M5 (P, %)¢)

KKl

[7]-UEtg, (M* (P, %))
Varg (M5 (P, %)¢)
Etg, (M* (P, x))

(G, H)
[x]-UEtg" (MX (P, %))
U(Lie W)

Log(i, K)

= ok R W W W NN NN NDDNDDNDDND DN DNDNDN N E =

[W]K,L

Q) (0)

([K]*)"

b(W', 1)
Pol(W' i, K)
[E]fUMS(E(MK (P, %))
[T|-UVB(ME)
Py

pol(W"' i, K)
]

mult

mult,,

Fb(W' i)
Nk, Kk,

b
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