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Introduction

Given a pure Shimura variety M*(G,H), it is rather well known how to con-
struct functors associating to a representation V of G an [-adic sheaf py, (V)
on M*(G,’H) and a variation of Hodge structure pz (V) on M*(G, H)(T).
Milne’s results on canonical models of standard principal bundles ([M], III,
64, 5) allow one to show that the vector bundle underlying (7, (V) has a
model over the reflex field E(G,H), and that the flat connection and the weight
and Hodge filtrations descend to this model, giving rise to a bifiltered flat vector
bundle yy pr(V) on M*(G, H).

In this article, we study the analogous functors in the context of mixed Shimura
varieties as defined in [P1]. Let W denote the unipotent radical of the under-
lying group P. The universal envelope of LieWW, completed with respect to
the augmentation ideal, is denoted by $I(LielV). Since Repq(P) is generated
by Repq(P/W) and the finite-dimensional subquotients of U(LieW), it ap-
pears natural to consider the values of the “canonical construction” functors
on tU(Liel). For example, admissibility ([Ka]) of the variations of Hodge struc-
ture coming from representations of P/W follows automatically from Schmid’s
Nilpotent Orbit Theorem ([Sch], Theorem 4.9), since all these variations are
merely direct sums of their weight-graded parts. By contrast, iz o (4(LieW))
is as mixed as one can get by applying the canonical construction. The proof of

admissibility of this pro—variation is one of the main results of this work.

The central observation, that will simplify our task, is that pg,_($(LielV)) co-
incides with the generic pro—sheaf of [W2], §3 for the relative situation given
by the projection [r] : M¥ (P %) — M™ ) (P/W,H) to the underlying pure
Shimura variety. It therefore has a lot of desirable properties, which will en-
able us to show that the canonical construction is just as well behaved as in
the pure case. We decided to rename pg,_(£(Liel)) and call it the logarithmic
pro—sheaf. The motivation for reserving this name of the generic pro—sheaf for
the context of Shimura varieties is the following: the simplest non—trivial case
of a mixed Shimura variety is given by the trivial torus G, q over the “pure
Shimura variety” Spec(Q). The entries of the period matrix of the logarithmic
pro—variation of Hodge structure are essentially powers of the multivalued func-

tion 5--log on Gy, (C). Since its values at roots of unity are rational numbers,



the fibres of fix o (4(LieW)) at such roots of unity are canonically equal to the
direct product of their weight—graded objects. Now Gy, tors is precisely the union
of the pure sub—Shimura varieties of G,,, and the above “splitting principle” of
the logarithmic pro—sheaf over this union is in fact prototypical for all mixed
Shimura varieties. In this sense, we like to think of the splitting principle as

being a generalization of the fact that

10g( G (C)gors) C 27 - Q).

On the other hand, we don’t expect the generic pro—sheaf for arbitrary mor-
phisms to split over a Zariski-dense subset unless the fibres of the morphism in

question are of a specific shape.

§1 starts with a collection of results of [P1], which we hope is self-contained
enough to provide non—experts with an idea of the basic concepts underlying
the theory of mixed Shimura varieties.

We then recall the Hodge version of the canonical construction. While the def-
inition is rather straightforward, by far the best part of §2 is taken up by the
proof of the fact mentioned earlier, that iz o (£(LieW)) is the generic sheaf for
[1] (Theorem 2.1). The proof of admissibility of all variations jix (V) is then
a rather formal matter (Theorem 2.2).

In §3, we define the de Rham version of px. Theorem 2.1 allows us to use the
results of [W2], § 3 and hence reduce ourselves to the pure case, which is covered
by [M], III, §§4, 5.

§4 treats the A—adic component of pug. Again, the definition of the A-adic
sheaves poses no problem. We state a conjecture analogous to [P2], Conjec-
ture 5.4.1, which amounts to saying that the sheaves pix ,(V) are mixed in the
sense of [D2], VI (Conjecture 4.2). By proving the A-adic version of Theorem
2.1 (Theorem 4.4), we are able to show that 4.2 holds for the mixed Shimura
variety if and only if it holds for the underlying pure Shimura variety (Theorem
4.6).

For a functor with values in mixed systems of smooth sheaves ([W2], §2), we
need to define an admissible variation of Hodge structure not just for the canon-
ical embedding o of E(P, X) into €, but for any such embedding. This forces us
to generalize Milne’s and Shih’s results on conjugates of pure Shimura varieties
([M], II, §§4, 5, 7) to the mixed case (§5). For the sake of completeness, we

also include a description of complex conjugation on the C—valued points of a
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Shimura variety, whose reflex field is real (Lemma 5.11, Corollary 5.12).

In §6, we associate to a representation V of P its conjugates ™V, which are
representations of the groups *P obtained by the process of twisting defined in
§ 5. We show that if 4.2 holds then the canonical constructions of all the ™*V fit
together to define a mixed system of smooth sheaves i 1r5(V) on M% (P, X).
In §§2-4, we included results on the compatibility of px _ and pr (k) _ with
higher direct images of [r]. and group cohomology of W (Theorems 2.3, 3.5
and 4.7).

This article is a revised and extended version of § 5 of my doctoral thesis ([W1]).
I would like to thank C. Deninger for his generosity and constant support,
and T. Scholl for valuable comments. I am obliged to the organizers of the
Oberwolfach Arbeitstagung on Shimura varieties in Spring 1992. What I learned
while preparing myself for that conference stimulated the study of the canonical
construction for mixed Shimura varieties.

Finally, I am most grateful to Mrs. G. Weckermann for skillfully TEXing my

manuscript.
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§ 1 Mixed Shimura data and mixed Shimura varieties

We recall the definition and basic properties of mixed Shimura varieties. Our

exposition follows [P1].

Let P/Q be a connected algebraic group,

W := R,(P) its unipotent radical,

G:=P/W, n:P— G,

U < W a normal subgroup of P,

$ := Resqg/rGr,¢ the Deligne torus, w : G, g — S the weight,

X a homogeneous space under P(IR)-U(C),

h: X — Hom(S¢, Pr) a P(IR)-U(C)—equivariant map with finite fibres.
Write h, for h(x).

Let V:=W/U, m : P —» P/U.

Definition: ([P1], Definition 2.1.)
(P, %) is called mized Shimura data if the following holds for some (hence all)
reXx

i) mmohy @S¢ — (P/U)¢ is already defined over IR.

ii) mehyow : Gpr — G is a cocharacter of the center Z(G)gr of GR.

iii) Adpeoh, induces on Lie P a mixed graded—polarizable §—Hodge structure
(Q-MHS) of type

{(_17 1)7 (070)’ (17 _1)} U {(_170)7 (0’ _1)} U {(_17 _1)}'

iv) the weight filtration on Lie P is given by

0 ,n<-3
LieU ,n=—2
W,(LieP)y=14 <7 " .
LieW ,n= -1
LieP ,n >0

v) int (7(h.(v/—1))) induces a Cartan involution on G3<.
vi) G2 has no nontrivial factors of compact type, that are defined over Q.

vii) Z(G) acts on U and on V' through a torus, that is an almost direct product
of a @Q—split torus with a torus of compact type defined over @.
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Because of weight reasons, the algebraic group V' is abelian, and U is contained
in Z(W).
If W =1 then (P, X) is called pure.

Actually, in order to be able to define the canonical construction, we shall re-

strict ourselves to those mixed Shimura data satisfying

vii)" Z(G)? is an almost direct product of a @Q-split torus with a torus of com-

pact type defined over Q).
This condition implies that any real cocharacter of Z(G) is defined over Q).

Again, because of weight reasons, 7 : P — G is injective on Z(P), so Z(P)°

is a torus of the same type. As explained in [P1], § 1, these axioms imply

Theorem 1.1: Let F' C IR be a field.

a) There is a canonical P(IR)-U(C)-invariant complex structure on X.

b) There is a tensor functor

graded—polarizable variations
of F-Hodge structure on X .

Repp(P) — {

c) For every irreducible V. € Repp(P), which is pure of some weight n,
there is a representation of P on F(—n) := (2ry/—1)""F C C and a

P—equivariant bilinear form
U:VxV— F(—n)

such that for all z € X either ¥ or —V is a polarization of the correspond-
ing MHS on V. Here, V is called pure of weight n if for some (hence all)
T € X,

hyew : Gpo — FPo

acts on V¢ by

z — (multiplication by z7").

Proof: [P1], 1.18. q.e.d.



The functor

graded—polarizable variations
of F—Hodge structure on X

Repp(P) — {
is as natural as it could be:
r € X gives a map h, : S¢ — Pg, i.e., a Z?grading on Vg for any repre-
sentation V of P. By definition, the underlying local system is constant, and
x —— h, defines the weight and Hodge filtrations. More precisely, for x € X, we

have
Wao(Vie= € HPUV), F?(Ve) = @ HE(V),

ptg<n p'zp
where HP9(V) is the eigenspace of the cocharacter (z1,23) —— 27257 of $¢

under the action of S¢ on V¢ given by h,.

The complex structure on X is unique with respect to the requirement that the
Hodge filtration of any V € Repp(P) vary holomorphically ([P1], Proposition
1.7.a)). Griffiths transversality is a direct translation of axiom iii), and graded—

polarizability follows from 1.1.c).

Whenever we have a normal subgroup Py < P, we can define quotient mixed
Shimura data (P, X)/Fy, whose underlying algebraic group is P/P, and which
have a universal property ([P1], Proposition 2.9).

In particular, we write (G, H) := (P, X)/W.

As in the classical case, one defines mixed Shimura varieties, or rather, their
topological spaces of C—valued points, as follows:
let A; denote the ring of finite adeles over @, and let K < P(Af) be open and

compact. Set
M"(@) == M (P, %)(C) := P(Q)\ (X x (P(R)/K))

where P(Q) acts on both factors from the left.
We have

Proposition 1.2:
a) M*(C) = UL D(pga) \ (3] x ppi K/ K) = Uy D(pra) \ X7,
where the union is finite and disjoint, X) denotes a connected component
of %,
pri € P(By), and D(py;) := Stabpq)(X?) Npri- K -pr; < P(Q) is an

arithmetic subgroup.



b) For any i, the group I'(p;;) acts properly discontinuously on X?. M*(C)
is a normal complex space, whose singularities are at most quotient sin-

gularities by finite groups.

¢) If K is neat, then for any 4, the group I'(p;;) acts freely on X?, so M*(C)

(3

is a complex manifold.T

Proof: [P1], 3.2 and Proposition 3.3 including its proof. There, it is shown that
b) and c) are true modulo I'(ps;) N Z(P)(@). But Z(P) injects into Z(G) since
Lie W is of weight < —1, and by vii)’, any arithmetic subgroup of Z(G)(Q) is
finite.

Note that by convention [P1], 0.4, the usage of the term “properly discontinu-
ous” in [P1] differs from the usual one. So we cannot quote [P1], Proposition

3.3 directly. q.e.d.

Remark: We note that in order to get the conclusion of 1.2.c) for a fixed K,
we need only assume that any subgroup of P(@Q) of the shape

Stabp((Q) (%0) N pf-K-pj?l

is neat.

The conclusions of this article, in particular 1.3, 1.4, 4.1 and the calculation of
the Galois group preceding 4.1 remain valid under this weaker assumption as
the proofs of the relevant results of [P1] (Lemma 3.11, Corollary 3.12.a)) and
[P2] (Proposition 3.3.3) run through without any problems.

A morphism ¢ : (P,%X;) — (P2, X3) of mixed Shimura data consists of a
morphism ¢ : P, — P, and a P;(IR)-U;(C)—equivariant map ¢ : X; — X
such that

X, — X2

n | | ho

Hom(S¢, P ) P, Hom(S¢, Po¢)

commutes.
If ¢ is injective and ¢ is a closed immersion, then the morphism is called an

embedding.

TFor the definition of neatness, see [P1], 0.6 or [P2], 3.2.



If K; < Pj(By), i=1,2, satisfy p(K;) < Kj, then there is a canonical map
[Pl(C) = [Plxr1a (@) : M5 (Pr, %1) (@) — M52 (P, %2) (),
which is holomorphic ([P1], 3.4.b)).
Similarly, if py € P(Ry) and K’ < pf~K~pJ71, we have
[DA)(@) = [pylaer i (@) : MF (P, 2)(€) — M (P, X)(T),
which is holomorphic, finite and surjective ([P1], 3.4.a)).

We now turn to two of the main results of [P1]:

By [P1], Corollary 8.14 and §9, every M (P, x)(C) is the set of C—valued points
of a quasi—projective variety M (P, %) over C.

By [P1], Theorem 11.18, each M* (P, X)¢ admits a canonical model M* (P, %),
which is a normal quasi—projective variety over a number field F(P,X), the
so—called reflex field of (P, X), which is given together with fixed embeddings
75 : E(P,X) — € and 0p := 00 |B(P.x)-

(For a definition of both the reflex field and the canonical model, see [P1],
Definitions 11.1 and 11.5.)

By [P1], Definition 11.5.a) and Proposition 11.10, all the above holomorphic
maps [¢](C) and [-p](TC) come from algebraic morphisms [¢|¢ and [-pfle, that
descend to the reflex field of the source. These morphisms will be denoted by
the symbols [¢] and [-py] respectively. If K is neat, then [-pf] is étale.

By [P1], Corollary 3.12.a), 3.14, 3.22 and Corollary 3.12.b), up to an error

obtained by dividing out the action of a finite group, we may think of
(7] : ME(P, %) — M™ (G, H)

as a torus—torsor over an abelian scheme over M™5)(G H).
The abelian scheme is of relative dimension %dim V', the torus—torsor is of rel-

ative dimension dim U over the abelian scheme.

We need to be more precise since we want to show that, possibly up to the
geometrical connectedness of M (P, X), we are in the situation studied in [W2],
§ 3.



Fix once and for all a Levi section ¢ : G — P of .

It is not difficult to see that H = (W(IR) - U(C))\ X: see the remark following
[P1], Proposition 2.9. Or look at the proof of [P1], Proposition 2.9 and use
[P1], Lemma 1.17 and Corollary 2.12, together with the connectedness of the
topological group W (IR)-U(C).

Next, if « € X, then iomwoh, and h, are conjugate under W (IR) - U(C): namely,
the map

Levi decompositions of Py, that,
W(R)-U(C) —
modulo Ug, are defined over IR

p+—— p-Centp, (hyow)-p~!

is a bijection; see the proof of [P1], Proposition 1.16.b). Since Lie(W') has nega-

tive weights, the group Centp,(i°moh,°cw) defines such a decomposition, hence
Centp,(iomoh,ow) = p-Centpy (hyow)-p~* = Cent p, (int(p) ° h,ow)

for some p € W(IR)-U(C). But iemweh, and int(p) e h, both lift 7o h,. Since they

land in the same Levi subgroup, they are equal.

This, together with [P1], Corollary 2.12 and the connectedness of W(IR)-U(C)

shows that i : G — P can be extended to an embedding
i:(G,H) — (P, X)
which is uniquely determined by the following properties:
a) meoi=id(g ).
b) for any = € X, the element iox(z) lies in the same connected component

as , i.e., iom(z) and x are conjugate under W (IR)-U(C).

Remark: Note that the existence of such a splitting 7 on the level of Shimura
data shows that the following holds for any V € Rep(P) and z € X:
the decomposition

WaolVie = @ HPU(V), FE(Ve) = D HE(V)

p+g<n p'>p

fNote that by [P1], Proposition 2.17.b), there is exactly one morphism 4 with property a).
That it has property b) can also be seen from the proof there.

6



corresponding to the action of $¢ on V¢ given by h, is the unique decomposition

satisfying

/ !

Har = HP9mod @ HP T |
p'<p
q'<q

Namely, if x € i(H), then by axiom i), h, is defined over RR.

Therefore, we even have the equality

HIP(V) = HP(V).

It clearly also holds for any P(IR)-translate of z. So let u € U(C). Because of
the Hodge—type of Lie U, we have

HYA (V) = HPY(V)mod @ HE (V).
"l

By induction on the smallest weight of V, one shows finally
@ HIY(V) = HY (V).
p'<p p'<p
q'<q a'<q

The uniqueness of a decomposition as above is proven in [CKS], Theorem 2.13.

We use i to write P = Wx G.

Fix a neat open compact subgroup L of G(Af) and an open compact subgroup
KW of W(Ry), which is stable under conjugation by i(L).

Set K :== K"Wx L.

We want to study

(7] = [7)k.p : M*(P, %) — M*(G,H).

Writing
(Pay Xa) := (P, X)/U,
Tm : (P, X) — (P, X,)
Ta t (P X4) — (G, H)

such that = = 7, °m,,, we have
ME(P,x) Tl a0, x,) Tl Ak H) .

By [P1], Corollary 3.12.a), 3.14 and the algebraicity of the group structure, [m,]

is an abelian scheme, the zero section being given by
(] [i] - MP (G, H) — M™ (P, x,) .
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Assume temporarily that (P, X) is irreducible, i.e. ([P1], 2.13), that there does
not exist a proper normal subgroup of P defined over ), through which h,
factors for some (hence any) x € X.

By [P1], Proposition 2.14, P acts on Lie U through a scalar character P — G,,.
This implies that any subgroup of U is normal in P. Choose a basis (ug, ..., u;)

of U = LieU. View U; := (u;)q as a quotient of U and consider the projections
T U —Uj.
Write
(F)jv:{j) = (P7 %)/ker@r;n,j,U)v 71-;n,j : (P7 :{) - (F)]vfj) :
As explained above, the mixed Shimura data (P;, X;) admit morphisms
7T1/’:’L,j : (Pj,:{j) E— (Pm:{a)

/

such that 7, ;om, . = mp, for all j.

It is clear that P is the fibre product of the P; over P,. As before, we have
X; = (ker(m, ;))(@)\X and X, = U(C)\X. Since the action of U(C) on X is
faithful, X is the fibre product of the X; over X,.

It follows that (P, X) is the fibre product of the (P;,X;) over (P,,X,) in the
category of mixed Shimura data (compare [P1], 2.20).

Now if KV := KW NnU(R;) = K NU(R;) happens to be of the shape
KU x ... x KU,

where KV := K N U;(Ry), then K is the fibre product of the =}, ;(K) over
T (K).

We claim that for given K, it is always possible to choose the basis (uq, ..., u)
in such a way that KY = KU x ... x KY: use the fact that

A — A ®Z H Zp
p
gives a bijective correspondence between the set of Z-lattices of rank [ in U(Q)

and the set of open compact subgroups of U(Ry). The claim follows from the

basic theory of principal divisors for free modules over Z of finite rank.

So we assume that our basis has this property.
By [P1], Lemma 3.11 together with the remark preceding its proof, M (P, %)
is the fibre product of the M”%J(K)(Pj, X;) over M”m(K)(Pa, Xa).
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More precisely, we get a morphism of M (P, %) to the fibre product, which by
[P1], Lemma 3.11 is an isomorphism after ®pg(px)C, hence is an isomorphism

altogether.

Now let j € {1,...,l}. We want to study

(7" ] M B(Ps %) — M™ (P, %,).

mij

By [P1], Corollary 3.12.b) (with ¢ := 7, ; and (P, X.) := (G, h(Hop)) as in

[P1], 2.8, using the map (P}, X;) — (P, X.) given by [P1], Proposition 2.14),

[7‘(‘”

m,j] is an algebraic G,,—torsor: the holomorphic maps occurring in the proof

of [P1], Corollary 3.12.b) are all algebraic, and the unipotent extension
(P, xX") — (P, X)

occurring in the claim of [P1], Corollary 3.12.b) is precisely (Fo, h(Xp)) as in
[P1], 2.24. On the level of Shimura varieties, this arrow turns into the morphism

of schemes over ()
Gm,Q XSpec((Q) Spec(EL) — Spec(EL)

for a number field E;. This claim is proven in [P1], Proposition 11.15: the
automorphism of order 2 of (P, Xy) already comes from (G,,, Ho), hence only
affects the field M*"(G,,, Ho) in [P1], Proposition 11.14.

So each [r), ] is the total space of a line bundle over M™)(P,, %,) with the

zero section removed.

Theorem 1.3: Let (P, X) be mixed Shimura data, i : (G, H) — (P, X) as above,
L < G(Ry) neat, open and compact, K < W (RA;) open, compact and stable
under conjugation by (L), K := KW x L.

Then [r] : ME(P,x) — ML (G, H) factors into

M5 (P,x) T2 a9, x,) EL MG H),

where [rm,] is an abelian scheme with zero section [m,,]°[i], and [7,,] is the fi-
bre product over M™ ) (P, %,) of total spaces of line bundles with their zero
sections removed. [i] defines a rigidification of every such line bundle, i.e., a

trivialization along the zero section of [m,].



Proof: If (P, X) is irreducible, the claims, up to the last one, were shown in
the course of the above discussion. For the rigidification of the line bundles, we
apply base change by m,,°7 to the whole situation ([P1], 2.20) and thus may
assume that W = U. But then [n;, ;]°[i] defines a section “one” of [r; .|, which
is a Gy, ~torsor over M* (G, H). So we have defined an isomorphism of [7/ ;] and
G v (G 1) -

In the general case, let P; be the smallest normal subgroup of P containing the
images of all h,. By [P1], 2.13, we have the equality P = P;-7~(Z(QG)): set
$' := ker(Norm : § — @, r). For the proof of the equality, we may suppose
P = G = G*. By axiom v) and since h,($') C P, g, the group (P/P)R is of
compact type, hence equal to 1 by axiom vi). So axiom vii)’ implies that any
neat arithmetic subgroup of P(Q) is already contained in P;(@).

In [P1], 2.13 it is described how (P, X) can be “covered” by irreducible Shimura
data (Pp,X;;) where the X, are simply P;(IR)-U(C)-orbits in X, which turn
out to be unions of connected components of X. In particular, 1.2.a) shows that
M¥X (P, %) is the union of Shimura varieties associated to irreducible Shimura

data (P, X1;), possibly identified by algebraic isomorphisms. q.e.d.

Observe that ML (G, H) won’t in general be geometrically connected. In fact
its finitely many geometrically connected components cannot be expected to be
defined over E(G,H) (= E(P,X) by [P1], 11.2.b)) but over some extension field
EL(G,H), that depends on L.

Corollary 1.4: [r] can be compactified in such a way that M (P, X) is the
complement of a relative divisor with normal crossings in a smooth, projective

M* (G, H)-scheme.

Proof: M™5)(P, %,) and M*(G,H) are quasi-projective over E(P, %), hence
([Ha], II, Exercise 4.8) [r,] is quasi-projective, hence projective.

So it suffices to prove the claim for [m,,] instead of [r]. As in [P1], 5.5 we may
compactify each of the line bundles to give a (IP')!-bundle over M™(5)(P,, x,).
By [Hal, II, Exercise 7.10.c), this is a smooth, projective scheme over

M) (P, %,). The complement of M¥ (P, %) is a relative divisor with normal

crossings. q.e.d.

So except for the geometrical connectedness of ML (G, H), we are in the situation
of [W2], §3.
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Analyzing the proof of 1.3, it is not hard to see that 1.4 holds without the
assumption on the special shape of the neat subgroup K of P(Ry). Also, it is
true more generally for morphisms [p] corresponding to morphisms of Shimura
data

(P, X) — (P, X)/Wq

where Wy < W is a normal subgroup of P.

Definition:
a) Let X be a pathwise connected topological space, T € X such that
71 (X, T) is finitely generated, and denote by W (m(X,Z)) the Tannakian
dual of the category of unipotent representations of 7, (X, Z) over Q).

X is called a unipotent K (m,1) if the natural map

H(W(m(X,7)),Q) — H(X,Q)
is an isomorphism.

b) Let X be a pathwise connected scheme ([SGA4,I11], Exp. IX, Définition
2.12) over an algebraically closed field k of characteristic 0, T a geometric
point such that m (X, Z) is topologically finitely generated, and denote
by W(m1(X,7)) the Tannakian dual of the category of unipotent I-adic
representations of m; (X, T).

X is called a unipotent [-K (m, 1) if the natural map
H-(I/Vl(ﬂ-l (_7 T))? (Ql) - Hét(yv Ql)
is an isomorphism.
Example: If a nilpotent finitely generated group is the fundamental group of a

topological space X, and X is a K (, 1), then X is a unipotent K (, 1) (compare
the remarks preceding and following [W2], Lemma 2.4).

We recall the following result:

Lemma 1.5: ([W2], Lemma 4.1.)

If k can be embedded into €, and if X /k is connected and of finite type, then
for any embedding k < € such that (X (T),7) is finitely generated, X is a
unipotent [-K (m, 1) if and only if X(CT) is a unipotent K (r,1).
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Since we shall always be in the situation of the lemma, we shall always loosely
speak of unipotent K (7, 1)s when considering schemes, the condition being

checked at any prime number [ or over C.

We shall occasionally write [r] for the morphism [7] ® p(p x) E(P, X) of varieties
over the algebraic closure E(P,X) of E(P,%), and [r]¢ for the morphism of
topological spaces underlying [7|(CT).

Lemma 1.6: The fibres of [r]| are unipotent K (m,1)s.

Proof: By 1.5, this can be checked on the level of [r]¢. By [P1], 3.13, the
fundamental groups of the fibres of % are nilpotent. So it remains to show
that the fibres are K (m, 1)s.

But this follows from the very construction of M (P, %X)(T) as a quotient of X:
namely, as H = (W(IR)-U(C))\ X and since W(IR)-U(C) acts faithfully on X,

the universal covering of the fibres of [r]q is the contractible space W (IR)-U(C).
q.e.d.

§ 2 The canonical construction of mixed sheaves: Hodge version

As is apparent from the results recalled at the beginning of § 1, the desire for
a Hodge theoretical version of the construction of mixed sheaves on Shimura
varieties from representations of the underlying group P dictates almost all of
the axioms one imposes on mixed Shimura data.

The main part of this paragraph will be taken up by proving that the variations
of Hodge structure arising via representations satisfy admissibility in the sense
of [Ka].

Let (P, %), (G,H) beasin §1, 7 : (P,X) — (G, H) the projection, K < P(Ry)
an arbitrary neat open compact subgroup, L := 7(K).

Our aim is to define a tensor functor
MK, 00,00 - RepF(P) I [W]@*UV&I‘F(MK(P, :{)(D)

for any subfield F' of IR.

Here, Varp(M* (G, H)¢) is defined to be the full subcategory of those objects of
the category of graded—polarizable variations of F~MH S on M*(G, H)(CT), that
are admissible in the sense of [Ka]. Furthermore, [7]¢—UVarp(ME (P, X)g) is the

category of admissible variations on M% (P, %)¢, which are [r]g—unipotent, i.e.,
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admit a filtration, whose graded objects lie in [r]¢Varp (ML (G, H)¢).
Each V € Repp(P) defines a local system
P@)\(x x (P(Ry)/K) x V) on M"(C) = P(@\(X x (P(Rf)/K)).

So on any connected component I'(pf)\X" of M*(C), the local system is canon-
ically isomorphic to I'(py)\ (X° x V).

By definition, p € P(Q) transforms the M HS on V at z € X into the one at
p(z).

So the variations of F~Hodge structure given by 1.1.b) descend to M*(T), as
does the property of graded—polarizability: by axiom vi), the representation of
P on GV automatically factors through G. Since G is reductive, Rep(G)
is semisimple, hence we may apply 1.1.c) to get a polarization of each Gr)''V
on X, which is P(Q)-equivariant, hence also descends to M (T). Since W acts
trivially on Gr'” V| the variation associated to V is [r](C)-unipotent.

Observe that this construction of variations is well-behaved under the mor-
phisms [ (@) and [-p7](T):

if :(P,%X1) — (P2, X5) is a morphism of Shimura data, and p(K;) < Ka,

then for any V € Repp(F2) there is a canonical isomorphism

KK, 00,00 (QP*V) — [90] ((D)*:U'Kmooﬁo (V)

of variations of Hodge structure.
Similarly, if p; € P(Ry), and K' <p;- K ~p]71, then [-p/](C) induces an isomor-
Phism fix7 00,00 (V) — ['D](C)* tik 00,00 (V) of variations.

In order to prove admissibility it turns out to be necessary to show that the
generic pro—variation of [W2], § 3 arises via the canonical construction.

So let i : (G,H) — (P, X) be as before and assume temporarily that K is of
the shape K" x L. Then [r] admits the section [i].

We recall the definition of Geny,:

Fix y € MX(C), and set x := [i]¢(y). Write Z := z and ¥ := y when considering
x and y as elements of the topological space M (T). The local system under-
lying the restriction of Geny;), to the connected component containing x is the
completion of the group ring of m (M*(C)z,T) with respect to powers of the

augmentation ideal, equipped with the action of
m(M"(C),7) = m (M" (C), 7)< m (M*(C), )
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given by multiplication of the first factor and conjugation of the second. The
weight and Hodge filtration can be defined fibrewise by observing that the fibre
over ¥ € M*%(C) is canonically isomorphic to the local system underlying the
“canonical variation with basepoint y'” of [HZ], § 1.

Since these data provide an example of the “path space variations” considered
in [HZ], §§4 and 6, they define a pro-object Geny, of [r]e—U Varg(M{').

For details see [W2], § 3.

Definition: L0gu,», := L0g(i, K)o,y := Geny, is called the logarithmic pro-

variation on M (P, %)¢.
L0Ggoo.5, comes equipped with a section
1€ (Won FO)I(M*(G, H)e, [15L£0G00.00))-

The pair (L£0gso oy, 1) is rigid, i.e., it admits no non-trivial automorphisms. In
fact, this already holds on the level of underlying pro—local systems ([W2], The-
orem 3.5.iii)). L0geo s, carries the structure of cocommutative coalgebra. It in-
duces on [i]§L0gw », @ Hopf algebra structure. Furthermore, the pair (£0gs oy, 1)

has the universal property of [W2], Theorem 3.5.1).

Now consider the following pro-object of Repg(P):

let {4(Lie W) be the completed universal envelope of Lie TV.

W acts by multiplication, and i(G) acts by conjugation. In addition, there is
an element 1€ HO(i(G), (LieW)). After applying fix so.0, We get a graded-
polarizable pro-variation of Hodge structure G := iz o0 0, (4(Lie W)) on MK (T)
and a section 1€ (Wy N FO)(D(M(T), [{](T)*G)). G carries the structure of co-
commutative coalgebra since this is already true on the level of representations.
Similarly, [i](C)*G is equipped with a Hopf algebra structure.

We don’t know a priori that G is admissible.

However, this follows from the next result:
Theorem 2.1: There is a unique morphism
2 L0g(i, K )oo,0g — 11 00,00 (H(Lie W)

of pro-variations of Hodge structure sending 1 to 1. It is an isomorphism of
cocommutative coalgebras, and [i](C)*(¢) respects the multiplicative structure
of both sides.
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Before giving the proof, which is somewhat involved, we show that 2.1 implies
admissibility of every variation of Hodge structure arising via the canonical

construction.

Theorem 2.2: The construction described further above defines a tensor func-

tor
HEK, 00,00 - RepF(P) I [W]@*UV&I‘F(MK(P, :{)(D)

for any neat open compact subgroup K of P(Ry).

Proof: First suppose P = G is reductive.

Let V € Repg(P). It is the direct sum of its pure constituents. So we may
suppose V is pure. The associated variation is pure, and since I'(py) is an arith-
metic subgroup, it stabilizes a Z-lattice in any algebraic representation of P
over Q. By Schmid’s Nilpotent Orbit Theorem ([Sch|, Theorem 4.9; recall ([Ka],
§0) that we check admissibility via the curve test), the variation associated to
any such representation is admissible. In particular, we may take a faithful rep-
resentation of P over Q). After scalar extension to F', it generates Rep(P) as a
tensor category ([DM], proof of Proposition 2.20.b)).

This proves the claim if P = G is reductive.

For the general case, we recall that admissibility can be checked after base
change with a finite covering of ML (G, H) ([Ka], Lemma 1.9.1).

So we may assume K is of the shape
K=K"xL
and get a section
[i] : MY — MK
of [x].
Now the finite-dimensional subquotients of {(Lie W), together with 7*Repp(G),

generate Repy(P) as a full Tannakian subcategory, that is closed under forma-

tion of subobjects. So the assertion follows from the pure case and 2.1. q.e.d.

In Tannakian terms, Theorems 2.1 and 2.2 admit the following reformulation:
fix y € ME(G, H)(T), and let z := [i]¢(y).

Then if P and Gy denote the Tannaka duals of [r]¢-UVarp(M* (P, %)3,) and
Varp(M* (G, H)Y), where ° denotes the connected components containing = and

y respectively, (k. coo, a0d UL 000, define morphisms

P§—>P, Gg—>G,
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and the diagram

[7]

2 T

1—>W—>P:G—>1

commutes. Here, the isomorphism
Wz — W

is induced by [W2], Corollary 3.4.i) and the identification of the fundamental
group of the fibre of [r]¢ over ¥ with an arithmetic subgroup of W (@) (see the
proof of 2.4).

Theorem 2.3: Let d be the relative dimension of [r], and consider pix o
and /i1, 00,0, as functors into the categories M HMp(M{) and M HMp(ME) of
algebraic mixed F-Hodge modules ([S1], [S2], in particular [S2], Theorem 3.27)
on M¥(P,%)¢ and ML (G, H)¢ respectively.

Then for any ¢, there is a commutative diagram

MK, 00,00

RGPF(P) ———= MHMp(ME)
)l lH"‘d([W]@)*
RepF<G> Mhoon | nrH Mp(ME)

of functors.
Proof: Corollary 1.4 and Lemma 1.6 show that the hypotheses of [W2], Theo-
rem 4.3 are met for gy := co. Our claim follows from the commutativity of the

diagram (x). q.e.d.
We prepare the proof of Theorem 2.1:

Lemma 2.4: The statement of 2.1 holds on the level of underlying pro—local

systems, i.e., there is a unique morphism
@ : FOI(LOg(i, K)OOJO) - For(:U’K,oo,Uo (Q(Lle W)))

of pro-local systems sending 1 to 1. It is an isomorphism of cocommutative

coalgebras, and WZE (p) respects the multiplicative structure of both sides.
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Proof: Choose a base point y € M*(C) and set = := [i]¢(y) € M (C). These

choices give an identification of the split exact sequence

1L — T(py) NW(®) — I(py) # Plgp) —1

and the split exact sequence of fundamental groups

[l

1 — m(MX(@)y,7) — m(ME(T),7) — m(M*(@),5) — 1.

In particular, by [D1], 9.5, we get an identification of W and the pro—unipotent
envelope of the group
T (M"(C)y,T) .

So we obtain an isomorphism of For(Log(i, K)o »,) and For(G) respecting the
multiplicative structure. By [W2], Theorem 3.5.ii) this is the only morphism
sending 1 to 1. q.e.d.

We have to show that % respects the weight and Hodge filtrations. In the course
of the proof of 2.1, we shall frequently apply base change to and from other
Shimura data and compose ¥ with isomorphisms of variations of Hodge struc-
ture.

The rigidity assertion of 2.4 will make it easy to keep track of the identifications
made.

For example, if gy € G(By) and L' = g;-L-g;', K' = i(gs)-K-i(gs)~", then we

have an isomorphism
G' = 17 0,00 (U(Lie W) = [i(g)](C)*G

of variations of Hodge structure sending 1’ € (W, N FO)(I'(M¥ (@), [i](T)*G"))
to [-g7]"1.
On the other hand, by [W2], Theorem 3.5.i), there is an isomorphism

£Og(i7 K/)OOJO — ['i(gfﬂak]EOg(i? K>00,00

of variations respecting the unit sections.

2.4 tells us that under these isomorphisms, ¢’ is transformed into [-i(g;)](C)*p.
In particular, if ¢’ respects the weight and Hodge filtrations at some point
a' € M¥'(T), then 3 respects the filtrations at [-i(gf)](z') € M*(T).
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Lemma 2.5: The statement of 2.1 holds if U = 0, i.e., if [7]¢ is an abelian
scheme.

Proof: First assume that G is a torus. Then M{ is just a finite set of points
([P1], Example 2.6), and M is projective over Spec(C). But then the admissi-
bility condition is empty, and G € [r|¢-UVarg(M* (P, X)¢). By [W2], Theorem

3.5.1), there is a unique morphism
0 :Log(i, K)oy — G

sending 1 to 1.

2.4 tells us that the underlying morphism of pro—local systems is @. So we get
the desired assertion in this case.

Now let GG be arbitrary. Since the weight and Hodge filtrations are sub—vector
bundles it will be sufficient to show that P respects them on a subset of M (T)
not contained in any proper closed analytic subset.

By [P1], Lemma 11.6, there is an embedding of Shimura data
k:(T,Y) — (G'H)
with a torus 7', and by [P1], Lemma 11.7, the union of the images of the maps
[97)(@)°[k](@) : MY (T, Y)(C) — M* (G, H)(@),

for all L’ < T'(RAy) open compact, and gy € G(Ay) such that this map is defined,
is not contained in any proper closed analytic subset of ML({T).

Observe that we may suppose (7', )) to be irreducible. Since the weight cochar-
acter G, g — TR is trivial and $/w(G,,q) is of compact type, T itself is of
compact type, and hence axiom vii)’ is satisfied.

By the remark preceding the lemma, is suffices to show the statement after base
change with [k](T). But by 2.4, this yields the morphism % for the base changed

situation, where we already know the statement is true. q.e.d.
In particular, Lemma 2.5 gives a canonical identification of the variations
(R H([m]0)@(0))"  and  f1 0.0 (Lie W)

if U =0, where d = £ dim V' is the relative dimension of [r].f

fWe follow the notation of [W2], §4, i.e., use the “perverse” rather than the “classical”
numbering of the higher direct images. So H~4*!([r]¢).Q(0) is a variation of Hodge structure

whose underlying local system is R!([7]¢).Q.
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Indeed, since [i|§ @ respects the multiplicative structure, it induces an isomor-
phism of a/a? and iz, s 0, (b/b%), where a and b denote the respective augmen-
tation ideals of [i]5L0g (i, K) s and t(Lie W).

But these quotients are canonically isomorphic to the above variations respec-

tively.

Lemma 2.6: Let i : (G,’H) — (P, X) be the fixed splitting of w. For each
v e W(Q), let
iy (G, H) — (P, X)

be the splitting covering
iy = int(v)ei: G — P,

and

[iy] : M™ (G, H) — M*(P, %), where L, =i, *(K).

Then

U [liue(M™ (@) ¢ MT(T)
veEW(Q)

is not contained in any proper closed analytic subset of M (T).

Proof: The union equals

U P@)\(P@)i(H) x ((G)(Bpv ' K/K))) .

veW (@)

Since W is unipotent, W(R;) = W(Q)- K", and the union is equal to

P@)\ ((P(@)-i(H)) x P(B;)/K).
Now copy the proof of [P1], Lemma 11.7. q.e.d.

Lemma 2.7: Let K = KW' x L and v € W(B;).

Then KW is contained in an open compact subgroup KW of W (Ry) containing
v and stable under i(L).

Proof: The group generated by K", v and its i(L)-translates is still open and
compact. This claim is quite obvious in the case where W is abelian. The general

case follows since W is unipotent. q.e.d.
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Lemma 2.8: The statement of 2.1 holds if W = U, i.e., if
MK(P, .’f)([j = @in,(l] XSpoc((E) ML(G, H)([j

Proof: By 2.6, it suffices to show that m;(@) respects the weight and Hodge
filtrations, for any v € W(Q).
Let K := K" L as in 2.7. K is still neat, and fix 0.0, = (L& ° K7 .4 Where

[1]: ME(P,x) — ME(P,%).

On the other hand, £0g(i, K)o = [-1]5(L£0g(i, K )so.0y) as follows from [W2),
Theorem 3.5.i), so we may assume v is contained in K.

But then, the morphisms on the level of varieties [i| and [i,] coincide, and we
are reduced to the case v = 1.

[i|eLog(i, K)oo o, is the completed symmetric algebra in

(R ([7]e):@(0))" = Q(1)™™Y,

and 17, 0.0, (U(Lie 1)) is the completed symmetric algebra in jiz, o o, (Lie W),
which is also Q(1)4™Y. In order to prove this last claim, observe that pix oo o,
factors through Repg (P ), where P is as in the proof of 1.3. By [P1], Proposition
2.14, P; acts on LieW through a scalar character P, — @,,, and the claim
follows because of weight reasons.

Since m;(@) respects the embeddings of the Lie algebras in their universal

envelopes, and since any morphism

For(Q(1)) — For(Q(1))

respects the weight and Hodge filtrations, we get the desired conclusion. q.e.d.

We recall the definition of the Shimura data (C'Spag.q, Hag), (Vagx CSpagq, Ha,)
and (P, Xa,) for g € N ([P1], Examples 2.7 and 2.25):
let dimg(Va,) = 29,
U Vo x Vog — Q)
a nondegenerate alternating form,
C'Spag.q the group of all f € GL(Va,) such that

V(f (), f(V') = A(f)- ¥ (v, )
for some A(f) € Gy,

By definition, IN is the set of positive integers, and INg is the set of non-—negative integers.
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Hsyg the set of all homomorphisms
k:S — CSpaymr

which induce a pure Hodge structure of type {(—1,0), (0, —1)} on V5, and for
which either ¥ or —W defines a polarization.

CSpag,q is known to be reductive.

By the construction of “unipotent extension” explained in [P1], 2.16 and Propo-
sition 2.17, there exist mixed Shimura data (Pag.q, X29.0) = (Vagx CSpagq, Ha,)
and (Pag, X24), Py denoting the group Wa,x C'Spy, q, where

1 — Uy — Woy — Vog — 1

is the central extension by Us, := G, q defined by W.
We have morphisms

TTm

(P2g’ 3€29) - (P2g,a>%2g7a) = (Cszg,Q, H2g)

of Shimura data.
By Lemma 2.5, the statement of 2.1 holds for (Pay 4, X2g.4)-

In particular, we have the canonical identification of admissible variations

(H7 ([l 0)sQ(0))" == 200,00 (Vay)

for any neat, open and compact L < C'Spy,(Ry).

Lemma 2.9: Let (P, X) be irreducible Shimura data.
Let 2g := dimg(V) > 0 and | — 1 := dimg(U).
Then there exist morphisms
(Plv:{/) - (P7 %)
!
and (P, X') — H(P2ga Xog)
i=1
of Shimura data with the following properties:
a) P’ — P is an epimorphism. Its kernel is of dimension 1 and of weight
—2.
So the pure Shimura data underlying (P’, X') coincide with (G, H).

b) the induced map
!
(P,r%,) - (Gv H) X (P29>x29)

l
Hizl(CSPZg,(DvH?g) 1

(2

is an embedding.
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Proof: In the proof of [P1], 2.26.b), the above morphisms are constructed. a)
follows directly from 2.26.b), while b) follows from the last statement on page
45 in [P1]. q.e.d.

For the proof of Theorem 2.1, we essentially reduce ourselves to this case.
We need one last preparatory result:
Theorem 2.10: Let L < C'Spy,(Ry) be neat, open and compact.

a) In Varg(ML(CSpay,q, Hay)e), every extension
0— Q1) — E — (K ([m]e)-Q(0))" — 0
splits.

b) Any splitting of the underlying extension of local systems in a) is com-
patible with the weight and Hodge filtrations.

Proof: a) On a complex manifold, to give a one—extension of local systems in
the category of perverse sheaves is equivalent to giving a one—extension in the

category of local systems. By [S2], Theorem 3.27, we have to show that

EXth gty (R(—1), H 1 ([ma]e) . Q(0)) =
EXt s a1 (aaey (Q(0), H0H ([0 e)-Q(0)(1)

is zero.
We want to write down the Leray spectral sequence on the level of algebraic

mixed Hodge modules for the map
a: M§ — Spec(CT).

This is possible because H?a, and H?a* are defined not only as cohomological
functors but as cohomology objects of functors a, and a* defined on the level
of derived categories. a, and a* are adjoint, and although they don’t in general
appear as right or left derived functors, it is possible, using the theory of exact
couples ([Hu|, VIII, §6) to construct the Leray spectral sequence.

We get an exact sequence

0 — Exty g, (Q(0), H(V)) = Exty,, ) (Q(0), V) — Homu s (Q(0), (V) ,

Varg
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where we set V := H9"([1,]¢).Q(0)(1).T Also, we write H?(V) for the group
HI(MY(T), V).

H°(V) and H'(V) can be calculated via cohomology of the fundamental group
I(gr) < CSpey(@). Observe that V(—1) corresponds to the representation Vs,
of C'Spy,.

So there are no non-trivial invariants under I'(gy), and
H°(V)=0.

If g > 1, then by [R], §3, Theorem 2,
H'(V)=0.

For g = 1, we have to analyze the Hodge type of H'(V) more closely.

Its weight zero part is H'(V3)(1), which by [Z], § 12, is of Hodge type
{(-1,1),(1,-1)}. By [S1], 5.3.10, this is the same Hodge structure as the one
given by Saito’s formalism.

Hence there are no non-trivial morphisms of M HS
Q0) — H'(V).
Alternatively, it is possible to prove

Ext{,arQ(Mé)((Q(O), V)=0

for g = 1 without making use of Saito’s formalism by directly writing down the
extension data in terms of multi-valued functions on M*(CT). Unsurprisingly,
these functions turn out to be connected to cusp forms of weight 3 with rational
Eichler-Shimura cocycle. By [Z], §12, such cusp forms are 0.

b) Any two splittings of the underlying extension of local systems, or rather the

dual extension, differ by a morphism
@O — For(V)

of local systems.
Since H°(V) = 0, there is at most one such splitting. But by a), at least one

splitting exists on the level of variations. q.e.d.

fActually, the last map is surjective because in the category M HSq of mixed graded—
polarizable Hodge structures, all Ext?s vanish for ¢ > 2 ([J], Remark 9.3.).
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Remark: We note that the vanishing of Ext%,am12 ( M(%)((]Q(O), V), for g = 1, implies
Shioda’s theorem: the group of sections of the universal elliptic curve M over
ME injects, modulo torsion, into this group of extensions via the Abel-Jacobi

map. Hence the Mordell-Weil group of M consists only of torsion.

Proof of Theorem 2.1: Recall that we have to prove that the isomorphism
©? : For(Log(i, K)oo0,) — For(G)

of Lemma 2.4 respects the weight and Hodge filtrations.

Without loss of generality, assume W # 0. By 2.8, we may also assume that
W # U, i.e., that V # 0. By the same argument as in the proof of 2.9, it suffices
to show that m; (@) respects the filtrations.

Since G is reductive and because LielUU and LieV have different weights, the

sequence of G—modules
0 — LieU — LieW — LieV — 0

splits in a unique way:
LieW = LieU @ Lie V',

so by the Poincaré-Birkhoff-Witt Theorem ([Hum], 17.3, Corollary C), we get

a non—multiplicative isomorphism of G-modules
U(Lie W) — $U(Lie U)®qi(Lie V)
sending 1 to 1&1.

We need to show
i) the same statement for the sequence

0 — Lie(Tx) — Lie(Wx) ™ Lie(V5,) — 0

of variations on M§.

Here, [m,,|¢ comes from the projection
T, - (Pr%) - (Pv:{)/U: (waa)a

T, = [mn](C)(),
Uj is the pro—unipotent envelope of 7 (M (C)z,,T), and

Vz, is the pro—unipotent envelope of 7, (M™ ) (C)5, 7,).

ii) that under the isomorphism W;(&), which respects the underlying se-

quences of local systems, the unique splittings correspond.

24



Let us first see why i) and ii) conclude the proof:
first observe that because of the multiplicative structure of [i|§L0g(7, K) oo oy, the

variation Lie(Wz) on M§ determines the variation [i]5L0g(i, K)so s, uniquely.

The isomorphism
For(Lie(Vz,)) — For(ur, co.0 (Lie V))

induced by m; (@) is exactly the one coming from the relative situation
(P,,X,) — (G, H) where we know it is compatible with the filtrations by the
remark following 2.5.

The isomorphism
For(Lie(Uz)) — For(ii1, 00,00 (Lie U))

induced by m; (®) is automatically compatible with the filtrations since Lie(Uz)

and iz, 0.0, (Lie U) are isomorphic to Q(1)4™mV.

So 1) and ii) are necessary and sufficient for mg (®) itself to respect the filtrations.
Now for the proof of i) and ii):

we may replace (P, X) by the Shimura data (P’, X’) of 2.9. This has the effect of
enlarging U. The sheaves and the morphism on the level of (P, X) are obtained
by those on the level of (P’ X’) by taking ker(P’ — P)—coinvariants. Simi-
larly, since (P’,%') has the same underlying pure Shimura data as (P,X) :=
(G,H) KT (CSpapaHas) [1'_,(Pyy, Xa,), we may replace (P’, X') by (P, %). This
has the effect of enlarging V. The sheaves on the level of (P’, X’) are subsheaves
of those on the level of (}3, X), pulled back via the embedding, and an analogous
statement is true for the morphism .

So we may finally assume (P, X) = (P, Xa).

Then i) follows from 2.10.a) while ii) is a direct consequence of 2.10.b). q.e.d.
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§3 The canonical construction of mixed sheaves: de Rham version

The aim of this paragraph is to show that the flat vector bundles together
with their connection, weight and Hodge filtrations defined by ftx 0., descend
canonically to the reflex field E := E(P, X) of our mixed Shimura data.
More precisely, let F' be a subfield of IR. Via &5, we consider E' as a subfield of
C. In particular, the composite F'E is defined as a subfield of €. Recall ([D3],
II, Théoreme 5.9) that any flat analytic vector bundle on the set of C—valued
points of a smooth complex variety carries a canonical algebraic structure. The
algebraic connection is regular at infinity. If the vector bundle underlies an ad-
missible variation of Hodge structure, then the Hodge filtration is a filtration by
subbundles that are algebraic with respect to this canonical algebraic structure
([Kal, Proposition 1.11.3).
So if K is a neat open compact subgroup of P(Ry), the functor pix ~ », induces
a functor

ti.pre : Repp(P) — [r]e-UBIF(M* (P, %)q),

where the right hand side denotes the category of [r]g—unipotent objects in the
category BiF (M% (P, X)¢) of vector bundles on M (P, X)¢, together with a flat
connection, which is regular at infinity, a finite ascending weight filtration W.
by flat subbundles and a descending Hodge filtration F* by subbundles.

We want to define a functor
pik.pr - Repp(P) — [7]pp-UBIF(M" (P, X)rp) |

where the right hand side is defined in a manner analogous to the category
above.” We require that tr,prOreEC = 1k pre and that pg pr is well behaved
under pull-back via morphisms induced by the action of P(A) or by morphisms

of Shimura data.
In the case of pure Shimura data, the existence of j1x pr is due to Milne:

Theorem 3.1: Let (G,H) be pure Shimura data, L < G(Ry) neat, open and

compact. Then there is a functor

pir,pr : Repp(G) — BiF (M*(G, H)ri)

TFor the definition of regularity at infinity of a connection over an arbitrary field of char-

acteristic 0, see [D3], II, remark following Définition 4.5.
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with the required properties. Furthermore, if ¢ > 1 and (G, H) = (C'Spayq. Hay),
then 117, pr maps the representation Vo, of C'Spy,q over @) to the vector bun-
dle R[], x e equipped with the Gau3i-Manin connection and the natural
weight and Hodge filtrations. Here we choose a section ¢ of the morphism

T (Vagxt CSpagq, Hyy) — (CSpagq. Hag) and let K := K"20x L, where K"
is any open compact subgroup of Va,(Ry) stable under conjugation by L, so
[7] : MK — M" is an abelian scheme of relative dimension g.

Proof: Up to the F'E-rationality of the Hodge filtration, the claims follow from
[M], ITI, Theorem 5.1.a), Lemma 3.1.b) and Example 4.2.a)." Note that we may
replace (G, H) by (G, h(H)). Because of our axiom vii)’, the pure Shimura data
(G, H) satisfy (2.1%) of [M], II, and hence (|[M], page 347) G = G° in the nota-
tion of [M], III.

In order to show that the Hodge filtration is defined over F'E, we need to ex-
amine the proof of [M], III, Theorem 5.1.a) more closely.

Let 3 : H — H(C) be the Borel embedding of H = h(H) ([M], III, § 1 or [P1],
proof of Proposition 1.7), and let V € Repp(G).

Define the standard principal bundle

P(G,RH)(C) :=G(@) \ (K x G(T) x G(Ry)).
By [M], III, Propositions 3.4 and 3.5, there is a G(C)—equivariant map
(@) : P(G,H)(C) — H(T),

and if we consider the following diagram:

N
e

HXGﬂ-\f

then the analytic vector bundle Fo(pi1,00.0,(V)) underlying pir, o 0, (V) can also
be obtained as follows: Vg defines a vector bundle on H(C), and Fo(ir,00.0,(V))

fAs can be seen from the proof of [M], III, Theorem 5.1.a), the assumption that FE be a

number field is not necessary for our purposes.
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is uniquely determined by requiring that v(C)*(Vg) = pris(C)*(Fo(tr.coe,(V)))-
Note that we defined fif, o0 0,(V) via the lower branch of the above diagram.
Now H(C) and P(G, H)(T) are the sets of ¢-valued points of schemes H¢ and
P(G,H)¢ over €. The main results of [M], III, §4 state that P(G,H)¢ has a
model P(G,H) over E and that pri3(C) descends to an algebraic morphism pri;
over £ ([M], III, Theorems 4.3.a) and 4.1.a)), which is faithfully flat. Further-
more ([M], ITI, Theorem 4.6.a)), v(C) descends to an algebraic morphism 7 over
E. Here, the model H of Hg over E is given by the fact that E is the field of
definition of the G(C)-conjugacy class of the uy, h € H.

Now the model of Fo(pir.00.00(V)) is defined by the same rule as above, applied

to the algebraic morphisms
H < PG, H) 25 MEG H)

So what we have to show is that the Hodge filtration of the vector bundle V¢ on
H(Q) is defined over FE. In order to prove this, we may replace V by a faithful
representation ([DM], proof of Proposition 2.20.b)). But then Hg is realized as
a subvariety of a Grassmannian GL(V)¢/Q, and our claim follows from the

definition of ' = E(G,H). q.e.d.

Corollary 3.2: Let (P,X) be mixed Shimura data, and let 7 denote the pro-
jection (P, X) — (G, H) = (P, X)/W.

Choose a section i of 7 to write P = W x G.

If Lie W is pure, then uy, pr(Lie W) = R! [W]*QMK/ML, the latter being equipped
with the Gaui—-Manin connection and the natural weight and Hodge filtrations.
Here we let K := K" x L, where K" is any open compact subgroup of W (&)
stable under conjugation by L.

Proof: If U = 0, we use 1.1.c) to reduce ourselves to the situation considered
in 3.1.

So let W = U. We may assume that (P, X) is irreducible. Using [P1], Proposi-
tion 2.14, we see that we may replace (P, X) by the mixed Shimura data (Py, Xo)
of [P1], 2.24. The underlying pure Shimura data is (G, q, Ho), and there is a
morphism ¢ : (CSpeq, H2) — (G, Ho). We replace (Fy, %) by its base
change by ¢, observing that the representation Uy of C'Sps q is the determinant
of the representation V5. Since jiz pr respects the tensor structures, our claim

is proven. q.e.d.

28



One way of extending the de Rham version of the canonical construction to the
mixed case would be to generalize the results of [M], I1I, §§ 1-5 in this direction.
We prefer another approach, which uses the results of [W2], § 3: fix a Levi section
iof m:(P,X) — (G,H), and let K = K" x L be as before. By the construc-
tion described before [W2|, Theorem 3.6, the bifiltered flat pro—vector bundle
underlying the logarithmic pro—variation Log(i, K ) », descends canonically to
E, giving rise to a pro-object Log(i, K)pg of [7]-UBIiF(MX (P, %)).

Definition: Logpgr := Log(i, K)pg is called the logarithmic bifiltered flat pro—
vector bundle on M* (P, X).

Logpr comes equipped with a flat section
1e (W(] N FO)(F(ML(G, H), [Z]*EOQDR))

The pair (Logpr, 1) is rigid, i.e., it admits no non-trivial automorphisms. In
fact, this already holds on the level of underlying flat vector bundles. Logpr
carries the structure of cocommutative coalgebra. It induces on [i|*Logpr a

Hopf algebra structure. These claims all follow from

Theorem 3.3: Let VB(M') and [r]-UVB(M¥) denote the Tannakian cate-
gories of flat vector bundles on M* and [r]-unipotent flat vector bundles on
M*% | whose connection is regular at infinity. Let For(Logpr) be the pro—object
of [7]-UVB(M*) underlying Logpr.

i) The natural transformation of functors from [r]-UVB(M¥) to VB(M?)

ev : [r],Hom(For(Logpgr), ) — ",
pr— (i"p)(1)
is an isomorphism.

ii) In particular, the natural transformation of functors from [r]-UVB(MX)

to Vecg
D'(M*, ev)V=": Hom(For(Logpr), _) — D(M*, i+ )V=0

is an isomorphism.

Proof: This is the remark preceding [W2], Theorem 3.6. q.e.d.
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It follows that for K of the shape above, there is at most one way of defining
Itk pr in a way compatible with both pz pr and ik .6y

let $1(Lie W) be the completed universal envelope of Lie W over @), equipped with
the usual action of P. By functoriality, the pro-object G := g pr(Sl(Lie W))
of [7]-UBIiF(MX (P, X)), that we want to define, admits a flat section

1 e (Won FO)T (MG, H), [{]*G)).

By 3.3.ii) there is a unique isomorphism ¢ : For(Logpr) — For(G) of flat
vector bundles sending 1 to 1. But since pxpr ®r C = px pre, the pro-
object G is the flat bifiltered pro—vector bundle underlying L£0ge ., =
[ 00,00 (U(Lie W)). We conclude from [W2], Theorem 3.5.ii) and 3.5.i) that ¢
must necessarily respect W. and F°, and so we have a unique isomorphism
Logpr — pr.pr(U(Lie W)) sending 1 to 1.

Note that 7*(Repy(G)) and the finite-dimensional subquotients of {i(Lie W)®qF
generate Rep(P) as a Tannakian category. So the extension of 17, pr to Repp(P)
is uniquely determined by its value on $I(Lie W)&qF, and we must define
this to be Logpr®rFE. We have to show that this actually defines a func-
tor g pr : Repp(P) — [r|pp-UBIF(M®(P,X)rg), ie., an F E-structure on
the functor px pre.

Observe that the weight-graded parts of {(Lie W) are subquotients of finite
sums of tensor powers of a/a?, where a denotes the augmentation ideal of
${(Lie W). This together with Corollary 3.2 shows that for any finite-dimensional
subquotient V of {(Lie W)&qF, on which W acts trivially, the corresponding
subquotient g pre(Ve) of Logpr@eC carries an F E-structure, which coin-
cides with that given by [7]spur pr(V).T Given an arbitrary subquotient V of
(Lie W)®qF, the flat vector bundle underlying ux pre(Ve) carries an FE-
structure because the same is true for [i|gux pro(Ve): use e.g. [W2], Lemma
2.10. Lemma 2.6 then shows that the bifiltered flat vector bundle px pre(Ve)
descends to F'E. This is defined to be pug pr(V).

It remains to define the value of x pr on morphisms. We claim that the mor-
phisms on the level of px pre descend to F'E. This is certainly true for mor-
phisms of representations of G. But a morphism V—W can be interpreted

as an element of VV®rW invariant under P. It gives rise to a flat section of

fThe reader should observe that the image of u K,DR,C is a subcategory of
[r]¢-UBIF (M (P, X)¢), that is actually abelian.
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px.pre(VRQMW), whose F E-rationality can be tested over [i] pp(M*(G, H) rE).

Observe that any open and compact K < P(Ry) is contained in a subgroup of

the form K" x L: use Lemma 2.7. So we arrive at the following

Theorem 3.4: There is a functor
/J/K,DR : RepF(P) — [W]FE*UBIF(MK(P, %)FE),

which is uniquely determined by the following properties i)-iii):

i) prpr®reC = K DRO-
ii) If L :=n(K), then the diagram
Repp(P) —2P2 . [n] o UBIF (M¥ (P, %) )
W*T MW]?E
Repp(G) — PR BiF (ME(G, H) i)

commutes.

iii) For any neat open compact subgroup K’ of K, the diagram

[
(P)
[

W]FE*UBiF(MK/(P, :{)FE)

Repp [1]*FE

W]FE*UBiF(MK(P, %)FE)

commutes.
If K is of the shape K" x L, then the pro-object ux pr((LieW)®qF) is

mapped to Log(i, K)pr@pFE. Furthermore, ux pr has the following prop-

erties:
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iv) For any morphism ¢ : (P, X') — (P, X) of Shimura data and any neat
open compact subgroup K’ < P'(Ry) such that o(K’) < K, the diagram

Repp(P') — PR (0] UBIF (MY (P, X) o)

QP*T M‘P]*FE'
FE'
Repp(P) LPREFELE o UBIF(MS(G,X)rs)

commutes, where we let E' := E(P' X').

v) For any py € P(Ry), the diagram

(7] - UBIF (MP75P5 " (P, %) )

Ppikp;t DR
Repp(P) ['pf]*FE
KUK ,DR
[W]FE*UBiF(MK(P, :{)FE)
commutes.
Proof: left to the reader. q.e.d.

If we consider the tensor categories VB(MEy) and [n]pp-UVB(MEL) of flat
vector bundles on MLy, and [r]rp—unipotent flat vector bundles on ME,, whose

connection is regular at infinity, then we have a commutative diagram

For(px pr)

Repp(P) [7]re-UVB(Miy)
W*T MW]?E
Repy(G) —— 2100 ).

The categories on the right are naturally contained in the respective categories
RH(MZEL) and RH(MER) of regular holonomic D-modules. For the definition
and basic properties of these categories see [Bo], V-VIII. Observe that the re-
sults of [Bo], VI, VII are valid over arbitrary base fields of characteristic zero.
Furthermore, the functors “inverse image” and “direct image” are compati-
ble with base change of the field. By [Bo|, VII, Proposition 10.4.i) and [Bo],
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VI, Proposition 1.7, the regular holonomic D—modules, which are coherent as
modules over the structure sheaf, are precisely the flat vector bundles, whose

connection is regular at infinity.

Theorem 3.5: Let d be the relative dimension of [r], and consider For(ux pr)
and For(uz pr) as functors into the categories RH(ME;) and RH(MEy).

Then for any ¢, there is a commutative diagram

Repy(P) ——WEDE) | s,
He(W, _)| | Ho=([x] ).
Repp (@) — W0 prrag,)

Proof: The existence of a natural transformation

For(pir,pr) e HY(W, ) — H*([x]rp).For(ux pr)

is guaranteed by [Hub], Theorem 2.6.

That it is an isomorphism can be checked over €. There, it follows from [W2],
Theorem 4.3 and the compatibility of higher direct images under the Riemann—
Hilbert correspondence ([Bo], VIII, Theorems 14.4.1) and 22.4). q.ed.

§4 The canonical construction of mixed sheaves: \-adic version

We now turn to the A\—adic situation. The picture is incomplete, but at least our

results show that the problem occurring is invariant under unipotent extensions.

Let F/Q; be finite, K < P(Ay) neat, open and compact, and A € F a prime

element. For any open normal subgroup K’ < K, we have the morphism
[1] = ['1]K'7K : MK,(P> %) - MK(P> %)

which identifies M* with MX' /K.

By [P2], Proposition 3.3.3, whose proof works equally well in the case of mixed
Shimura varieties, [-1] is a Galois covering with Galois group K/K'. The more
natural thing is to view this as an action from the right. But we consider the
associated action from the left since this will give us the correct comparison
statement:

k € K acts via ['k_l]K/’K/ .
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So K is the Galois group of the pro—covering

lim M*'(P,x) — M"(P,x).

K'<K

Via the continuous morphism
K — P(By) —> P(Q) = P(F),

each V € Rep(P) defines a lisse A-adic sheaf on M* (P, X).

So we constructed a tensor functor
pix : Repp(P) — [n-UEtL (M (P, X)),

the right hand side denoting the category of those lisse étale F—sheaves on
M¥ (P, x) admitting a filtration, whose graded objects lie in the image of [r]*.

Lemma 4.1: Let V € Repg(P).

Then via the canonical embedding F(P, X) 0, C, the local system underlying
tk.0o(V) on MK () corresponds to the I-adic sheaf (g \(V))y, on ME.
Proof: straightforward. q.e.d.

In the case of pure Shimura varieties, it is conjectured ([LR], § 6; [P2], Conjecture
5.4.1) that the image of ) is contained in the category of mixed sheaves and
that the weights are “the right ones”. It seems reasonable to do the same in the
mixed case.

We start by defining mixedness for representations of P:

Definition: Let F' be any field of characteristic zero, V € Repp(P).
a) V is called pure of weight n € Z if W acts trivally on V and if for one

(hence all) x € %, the rational cocharacter
mohgow : G, — Z(G)

acts on M by

z — (multiplication by z7").

b) V is called mized of weightsny < ... < mn, if V has an ascending filtration
W.(V) by subrepresentations such that

=0 forng¢ {n;li=1,...,r}

is pure of weight n; for n =n;

GrTVLVV{
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Using the fact that Lie W has weights < 0, it is not hard to see that every
V € Repp(P) is mixed. Also, the definition of purity coincides with the one
given in 1.1.c) for F' C IR.

Conjecture 4.2: Let F'/@; be finite.

If V € Repp(P) has weights n; < ... < n,, then pg (V) is a mixed sheaf in
the sense of [D2], VI, and the weight filtration of (V) corresponds via fix »
to the weight filtration of V.

This conjecture is independent of K. It implies that the image of jix ) is con-
tained in [7]-UEt2"(M* (P, %)), the full subcategory of [r]-UEtL(MX (P, X))
of those objects, that are mixed.

We summarize results of Pink:

Theorem 4.3: ([P2], Proposition 5.5.4, Proposition 5.6.2, Proposition 5.6.1.)

a) Conjecture 4.2 is true when P = G is a torus.

b) Conjecture 4.2 is true when P = G and every Q-simple factor of G2 is

of abelian type."
c) If P =G then Conjecture 4.2 is equivalent to
im () C B (M5(P, %)),

the latter denoting the category of mixed lisse [-adic sheaves on M (P, %).

In order to study the mixed situation, we need to show an analogue of Theorem
2.1 in the A-adic setting.

Againlet i : (G, H) — (P, X) be as usual and let K be of the shape K" x L, so
[1] admits the section [i]. We recall the definition of the restriction of the generic
pro—sheaf Geny; to the preimage (M*)? of a connected component (M*)° of M*:

Fix y € ML(E(G,H))? and set = := [i](y).

Let Pr denote the Tannaka dual of the category [7]-U Eté{ln((M £30) with respect
to the functor “fibre at 7", Gy the Tannaka dual of the category Etg"((M*)°)

with respect to the functor “fibre at §”, and define W5 via the exact sequence

TFor a definition of the term “of abelian type”, see [P2], proof of Proposition 5.6.2. It

covers the groups, whose absolute root system is of type A, B or C.
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Wz is pro—unipotent, and [i] defines a splitting of this sequence. We define a
representation of

Py = Wzx Gy
on the completion of the universal envelope of Lie(Wz) with respect to powers of
the augmentation ideal: W7 acts by multiplication, and Gy acts by conjugation.
Recall (proof of Lemma 2.4, [W2], Corollary 3.2.i)) that W5 is canonically iso-
morphic to W ®q Q.

Definition: Log, := Log(i, K); := Geny is called the logarithmic l-adic pro-
sheaf on M* (P, X).

Log; comes equipped with a section
1€ T(M"(G,H), [i] Logy).

The pair (Log;, 1) is rigid, i.e., it admits no non—trivial automorphisms. In fact,
this already holds on the level of underlying pro-sheaves on MX(G, H) ®pcn)
E(G,H) (J[W2], Theorem 3.5.iii)). Log; carries the structure of cocommutative
coalgebra. It induces on [i]*Log, a Hopf algebra structure. Furthermore, the pair

(Log;, 1) has the universal property of [W2], Theorem 3.5.1).

Let {(LieW) € pro-Repg,(P) be the completed universal envelope of LieW
over @);, equipped with the usual action of P.

Theorem 4.4: There is a unique morphism
@ : Log(i, K)y — pgci(U(Lie W)

of [—adic pro—sheaves sending 1 to 1. It is an isomorphism of cocommutative
coalgebras, and [i]*(p) respects the multiplicative structure of both sides.

In particular, g, (4(Lie W)) is mixed.

Proof: The vital observation, that makes the proof much easier than the one
of 2.1 was indicated in the remark following [W2], Theorem 3.5:

namely, the universal property of Log(i, K); actually holds in the larger cate-
gory of [r]-unipotent lisse [-adic sheaves, i.e., with the mixedness assumption
removed. This gives the existence and uniqueness of a morphism ¢ sending 1
to 1. Applying [W2], Theorem 3.5.i) to GG and the section 1®r1, where
G = g, (U(LieW)), we see that o respects the coalgebra structure. Alterna-
tively, we see that the statement analogous to 2.4 holds. This is also how we

prove the last claim. q.e.d.
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As a consequence, we get the following result:

Corollary 4.5: Assume the pure Shimura data (G, H) admit a unipotent ex-
tension

7 (P,X) — (G,H)
such that for a given splitting
1:G— P

of 7, the representation Lie W of G is faithful.

Then Conjecture 4.2 holds for (G, H).

Proof: Rep;(G) is generated by the finite-dimensional subquotients of

i* (U(Lie W)&q, F'). Now apply 4.4 and 4.3.c). q.e.d.

Using 2.9, it is not difficult to see that 4.5 actually also follows from 4.3.b).
It is now a formal matter to deduce

Theorem 4.6: a) Conjecture 4.2 holds for (P, X) if and only if it holds for
(G, H).

b) Conjecture 4.2 is equivalent to
im (juic) © [ UL (M" (P, ).

Proof: To prove b), take V € Repp(P) and assume jux (V) is mixed. As usual,
we may assume K = K" x L as above. Then 4.3.b) shows that after applying
[i]*, the weight filtrations on V and on g (V) correspond. So they correspond

altogether.
For a), use the mixedness of yi;($(Lie W)). Repp(P) is generated by the finite—
dimensional subquotients of {l(Liel)&q, F together with Rep(G). q.e.d.

We conclude by stating the result analogous to 2.3:

Theorem 4.7: Assume that Conjecture 4.2 holds. Let d be the relative di-
mension of [r], and consider ug ) and pp )\ as functors into the categories

Pervii (M%) and Perv’i(M¥) of mixed perverse A-adic sheaves (compare [W2],
§4) on M (P,Xx) and M*(G,H) respectively.
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Then for any ¢, there is a commutative diagram

Repy(P) it Pervi (MX)
Hi(W, _)| [
Repr(G) e Perv'p(M*®)

of functors.
Proof: Corollary 1.4 and Lemmata 1.5 and 1.6 show that the hypotheses of
[W2], Theorem 4.3 are met for gy := occ. q.ed.

Using the remark following [W2], Theorem 3.5, one sees that it is possible to
prove a version of Theorem 4.7, which is independent of Conjecture 4.2 just by
considering perverse A-adic sheaves, i.e., removing the mixedness assumption.
Alternatively, one might restrict one’s attention to those representations of P,

whose canonical construction is mixed.

§5 Conjugates of mixed Shimura varieties

In order to define a “mixed systems” version of the canonical construction, it
turns out to be necessary to extend Milne’s and Shih’s results on conjugates
of pure Shimura varieties ([M], II, §§4, 5) to the mixed case. As in [M], II,
§4, the Shimura data conjugate to given ones under an automorphism of € are
defined using special points. A central observation, which will be of great help
when deducing our results from those in the pure setting, states that special
points on mixed Shimura data are precisely the images under Levi sections of
special points of the underlying pure Shimura data (Lemma 5.2). The reader
will notice that the main results of this paragraph do not require axiom vii)’ of
§ 1. It suffices to assume vii), that Z(G)° splits over a CM-field and that the

cocharacter moh,ow of Z(G)R is defined over @) for some (hence all) z € X.

We start by recalling the definition and basic properties of the Serre and Tani-
yama groups: fix an embedding of @ into @, and let S denote the Serre group,
i.e., the pro—torus over @), which is the Tannakian dual of the category C'M/C
of ®—Hodge structures of C'M—type. Our fixed embedding identifies S with the
Tannakian dual of the category CM /@ of CM-motives over @ with respect to
the Betti fibre functor Hp.

Furthermore, 7 is defined to be the Taniyama group, i.e., the Tannakian dual
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of the category C M /Q of C'M-motives over ().

There is a natural morphism (res§)* : & — 7.

Next, the natural inclusion of the category Art/Q of Artin motives over Q) into
CM /Q defines a morphism ¢ : 7 — GaI@Q. The action of Gal@Q on Hp®q Ay
defines a splitting Galg,q — T(Ry) of g ®q Ay, which is denoted by sp.

The following is the content of [D4], Lemme 1:

Theorem 5.1: The sequence

(res&)*

o) q
1—8 — T—>Gal@Q—>1
1s exact.

According to [M], I, Proposition 4.5, CM/C is equivalent to the category of
CM-motives over €. Hence there is a natural action of Autg,q on CM/C. For
each automorphism 7, there is a fibre functor H, : M —— Hpg(7M). The right—
Aut®(Hp)-torsor Isom®(Hp, H,) is represented by the right-S—torsor

'S :=q () (IM], T, Remark 6.3.b)).

Recall the notion of twisting by "S: assume S acts on an algebraic variety Y/Q
from the left. Then "S x° Y, the twist of Y by S is the variety over @, whose

associated sheaf is the sheafification of
R—S(R) x Y(R)/ ~,

where (ba,y) ~ (b, ay) for a € S(R),b €"'S(R),y € Y(R).

Twisting by S is a functor on the category of varieties over Q with an S—action.
If Y is an algebraic group and S acts by group automorphisms, then 'S x° Y
is again an algebraic group: the unit, which is defined over @, is given by the

class of (b, 1) for any b €’S(R), and the group law is given by

~J

('S x5 Y) xq ('S x5Y) ('S xq"S) x2S (Y xqY)

(A X idYxQY)_l 7S XS (Y Xq Y)

id x mult 7—8 XS Y

If R is a Q-algebra and "S(R) # (), then any by € "S(R) defines an isomorphism
(Sx%Y)@qR Y @ R: [by] — (by')(y)-
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Obviously any two such isomorphisms differ by an automorphism of ¥ ®q R

coming from S ®q R.

Example: Let V be a finite-dimensional vector space over Q), and let

p: S — GL(V) be an algebraic representation of S, which we may think of as
an S—action by group automorphisms on the algebraic group V = @%V The
twist S x V is again a vector space. We may identify GL('S x° V) with

'S x$ GL(V), where the group action of S on GL(V) is given by inner conju-

gation via p. We therefore get the twisted representation
SxTp: 85 'SXSS — GL(CS x5 V).

Here, the first isomorphism is given by sending a € S(R) to the class of (b, a)
for any b € "S(R'); note that S is commutative, hence its action on itself by

inner conjugation is trivial. If p factors over the algebraic group Y:
sy . arLwv,

then because of the functoriality of twisting, 'S x° V is a representation of
S xSY.
Given a neutral Tannakian category C with two fibre functors w; and ws, the

interrelation between Aut®(w;) and Aut®(ws) is given by twisting:
Aut®(ws) = Isom® (wy, ws) x A1) Aut® (wy)

where Aut®(w;) acts on itself by inner conjugation.
It follows that S x® Y is the Tannakian dual of the category Repg(Y) with
respect to the fibre functor

*

Repg(Y) I, Repg(S) i, Vecg, .

The equivalence of tensor categories Repg(Y') — Repg ('S xSY) predicted by

the Tannakian formalism is given explicitely by
V'S x5V,

Now let (P, X) be mixed Shimura data, and let (G, H) = (P, X)/W and
7 (P,X) — (G, H) as before. Because of our axiom vii)’, the pure Shimura
data (G, h(H)) satisfy (2.1%) of [M], II.
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Definition: A point x € X is called special if there is an embedding

(T,Y) — (P, %) of Shimura data, with 7" a torus, whose image contains .

It follows that h, factors through the base change to IR of a maximal Q-rational
subtorus of P. Hence m(h,) is special if and only if it is special in the sense of
[M], II, § 2. Furthermore, z € X is special if and only if h, € h(X) is.

Lemma 5.2: A point © € X is special if and only if there is a Levi section
ip : (G,H) — (P, X) of m and a special point h € ‘H such that z = i, (h). If
this is the case, then x determines h and 7, uiquely.

Proof: The “if”—part of the claim is obvious.

Conversely, assume given a torus embedding (7',)) LN (P, X). mok defines a
torus embedding (7,)) — (G, H). Fix a Levi section i : (G,’H) — (P, X).
For any = € k()), the subgroup i(G)¢ < Pg is the centralizer of iemoh,cow,
and the map

@) — {

Levi decomposition of Pg,
that are defined over () ’

p— Centp, (int(p)eiomeh,ow) = p-i(G)g-p "

is a bijection; see the proof of [P1], Proposition 1.16.b).
It remains to show that the Levi subgroup Cent p, (h, °w) of Py is already defined

over (). But this is the case since h,°w itself is rational. q.e.d.

Let v : Gye¢ — S¢ denote the cocharacter given on (C-valued points by
sending z to (z,1). So if ¢ denotes complex conjugation, we have the formula
(t+1p = we.

The functor sending a Q@—Hodge structure of C'M—type to the underlying semisim-

ple IR—Hodge structure defines a morphism h.,, : $ — SRr, hence a cocharacter

Hean = hcan,([? Y of S(D-

Corollary 5.3: Let x € X be a special point, and let p, := h,°pu. Then there

exists a unique morphism p, : S — P such that the diagram

,ucan

G | Sg
Nz
P

comimutes.
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Proof: The image of p, ¢ must centralize p,, hence h,. Therefore, let 7' C P
be the minimal Q-rational torus such that h, factors through Tr. We have to

show that p, : G, ¢ — T¢ satisfies the Serre condition:
(T=1)(+pe=0=(+1)(1 =1, forall T e Aute/q-

By the universal property of S (see [M], I, Proposition 2.4), the existence and
uniqueness of p, will then be guaranteed. The left equation is obvious:

(t41) e = hyow is defined over @). For the other equation, observe that T, being
the almost direct product of G,, and a torus of compact type, splits over a C' M—
field. Therefore, 7¢ and +7 act in the same manner on the set of cocharacters of

Tg, for any 7 € Autg/q. In particular,
+D(r—Dpe=(T—=-1)(+1u, =0.
q.e.d.

We are now in a position to define the Shimura data conjugate to (P, X) under
an automorphism of €. Fix 7 € Autg/q, and choose a special point € X. Let
pr S — P beasin 5.3.
Write 7P :="S x° P, where the action of S on P is inner conjugation via p,.
If we let T, := p,(S) C P, then by functoriality of twisting, we may consider
T, =S x° T, as a subtorus of ™*P. So T, : G, ¢ — T,,¢ can be regarded as
a homomorphism into *FPg. Since it commutes with its complex conjugate, it
defines a homomorphism
hy : 5 —T"PR .

We define h(™"X) to be the set of "*P(IR) -™*U (C)—conjugates of .
Proposition 5.4: (7P, h(7"X)) are mixed Shimura data.

Proof: We check the axioms of §1:

i) is obviously fulfilled, since 7h, is already defined over IR. We have

Z(™*G) =7*Z(G), and hence the twist ™*pr of the projection pr : G — G
is the projection of ™G onto its adjoint group. We know that

promohgow : G, — G

is the trivial cocharacter. Now "h,ow = (¢ + 1)Tpu, = h,°w when considered as

a cocharacter of T),. Since
ker(T, — P — G*) = ker (T, — ""P —"7G™)
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under the natural identification of T, and ™*T,, the twist ™*pro™*mroTh, cw is
trivial as well. This shows ii).

Similarly, iv) is proven by observing that Lie™ P is the representation of ™"P
obtained by twisting the representation Lie P of P.

This also shows that pu,, considered as a homomorphism
Gne — The — "o

has the correct eigenvalues on Gr' (Lie™P)¢. But this is then also true for any
conjugate of ji,, proving iii).
vii)” holds because Z(G) remains unchanged under twists.

For axioms v) and vi), we refer to [L], page 231. q.e.d.

In order to get "X, we need to replace h(™*X) by a finite covering. We discuss
the case of a torus first.

So let (7,Y) be Shimura data, with 7" a torus. Equivalently ([P1], Example
2.6), ) is a finite set with a transitive action of my(7'(IR)), and h()) is a single
morphism $ — TR.

Choose y € Y. We have ™1 =T, and so "Yh(Y) o = Tp,.

We define ™¥(T',)) to be the Shimura data corresponding to the same finite set
Y with the transitive action of mo(7'(IR)), but with h()) replaced by ™Yh(}).

The following result is due to Pink:

Lemma 5.5: ([P1], Proposition 2.11.)

For any mixed Shimura data (P, X), the canonical morphism
(P,X) — (P, X)/P* x (P,h(X))
is an embedding.

Observe that P/P%" is a torus, which satisfies vii)’ since P does. If we apply
5.5 to the Shimura data ™" (P, X) = (7"P,>"X), that we want to construct, we
see that there is exactly one way of defining (™*P,”*X) is a manner compatible
with morphisms of Shimura data, such that (7*P, h(™*X)) are the Shimura data
already defined:

write (P,%X)/P%" = (T,Y), and let [z] € Y be the image of z under X — ).
We define " € 7#1) x ™= h(%) to be the element ([x],7h,).

Finally, 7*X is defined as the set of 7*P(IR) - 7*U(C)—conjugates of "x.
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Corollary 5.6: 7*(P, X) := (7" P,>*X) are mixed Shimura data.
Proof: straightforward. q.e.d.

Remark: Our definition of conjugates of Shimura data does not obviously re-
spect the property X=h(X). However, as we shall see, if X=h(X), then the data
(7"P,7*X) and (T*P, h("*X)) define the same Shimura varieties. So we may con-
clude a posteriori that indeed " X=h("*X) and hence that we get back Milne’s
definition ([M], 11, §4) if (P, X) = (G, h(X)).

Lemma 5.7: Let ¢ : (P, X;) — (P2, X2) be a morphism of Shimura data, and
assume x; € X; is special. Then there is a unique morphism
@ T (P xy) TPy xy)
of Shimura data, whose underlying morphism of groups coincides with
e, e p @) p,

the morphism obtained by twisting ¢, and which sends "z; to "p(xy).
Proof: straightforward. q.e.d.

The point sp(7) € 'S(By) defines an isomorphism

P(BRy) —T""P(Ry) : py —""py := [sp(T), ps] -

The following is the main result of this paragraph. Since this will reduce the
amount of variables that we will have to introduce, we follow Milne and define
M(P, %) as the projective limit of the M* (P, X), where K runs through the
open compact subgroups of P(Ay). It is a scheme over E(P, X), whose complex
points are P(Q)\ (X x P(&)) ([P1], Lemma 3.7).

It is equipped with a right action of P(Af) by algebraic morphisms. Denote by
"M (P, X) the scheme obtained from M (P, X) via base change by 7.

Theorem 5.8: There is a unique isomorphism
Pr TM(P, X) = M("(P, X))

of schemes over "FE(P, X), such that

a) ra (2, D] — [(2, 1],
b) for all py € P(Ry), we have the equality

QPT,xOT['pf] = ['ﬂxpf] °Pr g -
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Proof: As in [P1], Lemma 1.7, one shows that the set of P(RA)-conjugates of
[(z,1)] is Zariski-dense in M (P, X)g, hence there is at most one map satisfying
a) and b).

(P, X) can be “covered” by irreducible Shimura data ([P1], 2.13), and hence we
may assume that (P, X) itself is irreducible.

Certainly, if the theorem holds for some unipotent extension of (P, X), then it
holds for (P, X) itself.

By 5.7 and [P1], 2.26, we may replace (P, X¥) by Shimura data of the form

(T, V) x (G',H") x (P, %),

where T is a torus, G’ is reductive and H' = h(H') (see the proof of [P1], 2.26),
and E(P,X) =Q.

We treat each of these cases separately:

i) Let (T,)) be Shimura data, with 7" a torus, and let E := E(T,)). So
M(T,Y)(E) = (¥ x T(By))/T(®Q), and Galg,, acts by multiplication from

the left via a homomorphism
U Galgyp — m((T(R) x T(Ry))/T(Q)) ,

the so—called reciprocity law for (7',)) (compare [P1], 11.3, 11.4).
So we may identify "M (T, Y)("E) with (¥ x T'(R;))/T(®), an automorphism
o € Galsg, . acting via multiplication by (7~ 'o7).

Now observe that the reciprocity law for »*(T,)),

" Galegrp — mo((T(IR) x T(By))/T(@))

is given by 0 —— (77 toT).

So the above is exactly the description of the Gal= /= —action on the set of TF—
valued points of M(™*(T,))).

ii) According to [M], II, Theorems 4.2 and 5.5.b), if H =h(H) and (G, H) is

pure, there is a unique isomorphism
Orw: M(G,H) == M(™"G,h(""H))

with the required properties. The diagram
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™M(G,H) — "M((G,H)/G%") x M(G,H)

| ——
| { i) { Pr,x
\{

M(™(G,H))— M(*((G,H)/G*T)) xM (™G, h(""H))

together with the fact that 7[(z,1)] is mapped to [("z,1)] by the isomorphism
on the right shows that the dotted arrow exists. Since its composition with the
finite projection to M (™G, h(™H)) is an isomorphism, it is a closed immer-
sion. But since it is G(Ay)-equivariant, its image is dense, hence it is itself an
isomorphism.

iii) Now assume E(P, X) = @). By i), ii) and 5.5, our claim is true for the Shimura
data (G,H) = (P, X)/W.

We first show that the class of (p,).("S) in H'(@, P) is trivial. Since H'(Q, W)
is zero, this is equivalent to showing that (mwep,).("S) € H'(®, @) is zero. (Al-
ternatively, use 5.2 for this reduction.) But this is the content of [MS], Lemma
7.2.

Choose b € (pz).("S)(®). It defines an isomorphism

wp: P —=""P i pr—[bp],

which is easily seen to underly an isomorphism ¢ : (P,X) — "™%(P,X) of
Shimura data. Let p, € p,(S)(Rf) < P(Rf) be defined by the relation

b= pa(sp(7)) - py-
Then the isomorphism
fra M(P, X) = M(P, %) = M(™*(P, X))

defined by ¢, = [ps]°[-ps] is independent of the choice of b. For p; € P(Ry),

we have the formula

Ora®T['0f] = Orao[0f] = [ 0oy ' D8)] 0 Pre = [T Ds 0 Pr s

SO ¢, has property b).

In order to prove property a), we use 5.2 and the fact that the restriction of
©rz t0 i, ("M (G, H)) is the isomorphism ¢, j for the pure Shimura data (G, H);
see the proof of [M], II, Theorem 5.5. q.e.d.
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If 2/ € X is a second special point, then (p,).("S) and (p.)«("S) define the same
class in H'(Q, P) ([MS], page 283).

Choose an isomorphism 3 : (p,).("S) — (pw)«("S). It defines an isomor-
phism g : (P, X) — ™*(P, %) of Shimura data. The isomorphisms ©s.h,
and "*p; — 7%'p; differ by an inner conjugation. Let "*ps € "P(R;) be such
that

gpgoad(mpgl)(mpf) :T’x/pf , for all "*p; € P(Ry).

Then the isomorphism
(1,2, x) - M(7(P, %)) == M(™" (P, X))

defined by o(1,2',x) := [pg]e[""pg| is independent of the choice of 3. For
pr € P(Ry), we have the formula

(,0(7', xlv I) ° ['T’xpf] = ['T’xlpf] 090(7-7 xlv ZL’) .

Corollary 5.9: For any two special points z and z’ of X, we have

(,0(7', x/’ x) °Pre = Pral -

Proof: Property b) of 5.8 for the left hand side is easy to check. For a), we
again use 5.2 to reduce ourselves to the pure case, which follows from [M], II,
Theorem 4.4. q.e.d.

For an open compact subgroup K of P(Ay), the isomorphism ¢, , induces an
isomorphism ¢, , ¢ : M5 (P, %) — MK(7*(P, X)), where ™K < ™P(R;)
denotes the image of K under the isomorphism P(Rf) — "*P(Ry).

Corollary 5.10: The number of elements of the fibres of h : X — h(X) is
invariant under twisting.

Proof: left to the reader. q.e.d.

We conclude this paragraph with a description of the complex conjugation ¢ on
a mixed Shimura variety, whose reflex field is real:

let (P, %) be mixed Shimura data such that £ = E(P, X) is contained in IR. Let
x € X be special. We define the point z* € Y x h(X) as follows: e = tp,, and

[z'] € ) is the conjugate under ¢ of [x]. Here, we use the local reciprocity law
o
e Gl 7% Galgage oy = 70(Gn( B Bq R)) — m(T(R))
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for (T,Y) to define an action of ¢ on ). We shall see in the proof of 5.12 that

z* in fact lies in X.

Lemma 5.11: With the above notations, choose a maximal torus 7' < P such

that h, maps into Tr. Denote by N the normalizer of = (7).
i) There is an n € i,(N)(IR) such that nh, = hy..

ii) The map 7, : pr — pa* is the unique P(IR)-U(C)—equivariant antiholo-
morphic map X — ) x h(X), which sends = to z*.

Proof: For i), use 5.2 and [MS], Corollary 4.3.

In order to prove ii), write P(IR)-U(C)/Stab(z) = X. By [P1], Lemma 1.17, the
projection 7 : P — G induces an isomorphism of Stab(z) onto Stab(w(z)). It
follows from [MS], page 309 that n normalizes Stab(x) if X = h(X). So 7 is well
defined in this case. But it is obviously well defined if P is a torus, and so it is
always well defined because of 5.5.

Given V € Repg (P), we obviously have F%(Vg) = F'(Vg) for all p. It follows
that the Hodge filtration of 7}V varies antiholomorphically on %, and so 7, is
antiholomorphic ([P1], Proposition 1.7.a)). q.e.d.

Corollary 5.12: Let (P, X) be mixed Shimura data such that E(P, X) is real.
Then 7, maps X to X, and the involution of M (P, X)(C) defined by complex
conjugation is induced by n, x id : X x P(A;) — X x P(Ry).

Proof: The case of (P, X) = (T,)) is easy to check and left to the reader.
Now assume that P is arbitrary but that X = h(X). We first show the second
statement, with 7, replaced by the map

praen, 1 X — X.

Both complex conjugation and the map induced by (pra°m,) x id are antiholo-
morphic and equivariant, so it suffices to show that they agree at [(z,1)]. Using
Lemma 5.2, we reduce ourselves to the pure case, where the statement follows
from [M], II, Theorem 7.2. A diagram similar to the one of the proof of 5.8
shows that 7,(X) C X, and hence that n, = pry°on,.

The same diagram shows the claim in the general case. q.e.d.
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§6 The canonical construction of mixed sheaves: “mixed systems”

version

The results of the preceding paragraph allow us to put the constructions of
§6 2—4 together and show that they define mixed systems of smooth sheaves on
ME(P, x).

Recall ([W2], §2) the following

Definition: Let k& be a number field, X /k smooth, separated and of finite type.
MSg(X), the category of mixed systems of smooth sheaves on X consists of

families
(Vi,Vor, Voo, Lz, IDRo» Inos | | € N prime, o : k— C,7 : k — €),
where
a) V, € Etg"(X),
b) Vpr € BiF(X).

¢) Vo € Varg(X,). The underlying local system of V., together with its
weight filtration is supposed to come from a local system over Z. This
implies that the local system, tensored with @);, can be interpreted as a

lisse [-adic sheaf on X,.
d) I,z is an isomorphism
Fo(Veog),) ®qQ — T F(Vy)

of weight—filtered [—adic sheaves on X,. Here, Fp and F; are suitably
defined forgetful functors.

e) Ipge is a horizontal isomorphism
Fo(Veoo) — VDR @30 C

of bifiltered vector bundles on X, (C). Again, F}, is a suitable forgetful
functor.

It follows that the filtrations in b) are finite and that the Hodge filtration
in b) satisfies Griffiths-transversality:

VFP C FPl @, Qﬁ(/k forallpe Z.
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f) Let ¢ : € — @ denote complex conjugation.

For any o : k — @, conjugation defines a diffeomorphism
Co: Xo(C) — X0o(T).

For a variation of Q-MHS W on X,,,(C), we define a variation ¢ (W)
on X, (C) as follows: the local system and the weight filtration are the pull
backs via ¢, of the local system and the weight filtration on W, and the
Hodge filtration is the pull back of the conjugate of the Hodge filtration
on W.

;. preserves admissibility.

I, is an isomorphism of variations of O-M H S
Voo,o B— c;(voo,cmr)

such that ¢ (Iy) = I

coo 00,co0"

For p € Gy we suppose that [;7, = "(can,)°I; 7. Here, can, denotes the
canonical isomorphism

F(Vi) — p"F(V))
given by the fact that (V) comes from X.
Furthermore, we require the following:
For each o, let ¢, be the antilinear involution of Fyg (Ve s), the C*~bundle
underlying V. ,, given by complex conjugation of coefficients. Likewise, let

cpr, be the antilinear isomorphism

Fiig. (Vo) — ¢ (Fait.(Voocoo))
given by complex conjugation of coefficients on the right hand side of the iso-
morphism in e). Our requirement is the validity of the formula

Fiit (o) = CDR.0°Coo = €, (Coveo) °CDRo -

In the category of data defined so far, it is possible to define Tate twists Q(n)
forn € Z.
The last condition we impose is the existence of a system of polarizations: there

are morphisms

GrV'V, ®q, CrV'V, — Q;(—n), | € N prime ,n € Z,

GIE/VDR ®(9X GI‘,VLVVDR —>(QDR(—TL) ,n e Z
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of [-adic sheaves and flat vector bundles on X, and polarizations
Gr,‘;VVoo,o ®q GrfLVVoo,o —Q(—n),0:k—>CneZ

of variations of M H S such that the I; 7, Ipr » and I, and the corresponding

morphisms of the mixed system Q(—n) form commutative diagrams.

Definition: [7]-UMS§(M" (P, X)) is the full subcategory of MS§(M* (P, X))
of objects admitting a filtration, whose graded objects lie in the subcategory
[W]*MS(E(ML(G, H)).

Now let (P, X) be mixed Shimura data satisfying Conjecture 4.2, and let K be
a neat open compact subgroup of P(Ry) with image L < G(RAy) under .

Let x € X be special, and 7 € Autg/q. Let p, : & — P be the morphism of

5.3. For any field F' over @), there is an equivalence of tensor categories given by
™ _: Repp(P) = Repp(™™P) : V — ™V :="S x5V .
Theorem 6.1: Let ¢, , x :"M5(P,X) = M5 (7*(P X)) be the isomorphism

of Theorem 5.8.

i) T*(P,X) also satisfies Conjecture 4.2, and there is a canonical isomorphism

LT ~ * T,z
Nra, K * UK — Prp g CHreK 17 —

of functors from Repq,(P) to "[x]-U Etfl’)T(TM K(P,x)). It is compatible
with the action of P(A;) and with morphisms of Shimura data.

ii) If 7 is a second automorphism of €, so
Prt e, 7oK ° T/()OT,m,K = @r'ra,K - T,TMK(P7 :{) — MT T'”K(T'T@(P, :{)) )

we have

',z

T/‘Pi,m,K(nr’Fx,Tsz) ° Tlnm,K =Nrirz K ! T,TMK,l — So;k"T,IE,KO/“’L"JTsz,lO -
iii) If 2’ € X is a second special point, and
p(ra ) s MR ((P, %) < MR (P )
the isomorphism of Corollary 5.9, so
P, 0P = Prarac . ME(PX) = MU (7 (P X)),
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we have a canonical isomorphism

x ~ T,z

77(77 SC/,SC)K S s 90(77 x/ax)*x"ﬂr,w’x,zo -

of functors from Repg, (P) to [**n]-UEtg" (M™% ("*(P, %))) such that

T,z

* / _ . T ~ *
Or (T2 0) K ) oMo ik = Nrar i T UKL = P 1 i O Mrarge®

Proof: Let sp;(7) € 'S(Q);) be the [-th component of sp(7). It defines an iso-
morphism
¢T7I : PQl ;)TwPQl P [Spl(7)7p] .

We have a natural isomorphism

* T,T

Xrz ldRele (P) — 2/}7—@0 -

of functors on Repg, (P) given by v —— [spi(7), v].

Let V € Repg, (P), and take the constant sheaves V on "M (P, X) and ™V on
M(™*(P,%)) with their natural P(Rs)- and ™*P(Ry)-actions, which actually
factor through P(@;) and ™*P(Q;). Then by Theorem 5.8, the isomorphism

Nrae(V) = 0rz X X7.0(V) :TM (P, X) x V== M(™"(P, X)) x7*V

is P(As)-equivariant and hence induces an isomorphism 7, , (V) of Tux (V)

and @7 g (pre ki ("7V)).
We leave it to the reader to check that the claim in ii) is true. The isomorphism

n(7,2',x) K in iii) is induced by the isomorphism

of functors on Repg, (P) given by [spi(7), v]s = [spi(7T), V]ar. q.e.d.
Let E := E(P, X) be the reflex field of (P, X).
Theorem 6.2: There is a canonical isomorphism

NraK © JK,DR — Spj-,x,KO:U’T’””K,DRO T

of functors from Repp(P) to "[r]-UBiF("M* (P, %)) with properties analogous

to the ones stated in 6.1.
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Proof: If we write P = Wx G and ™P = "*W x"*G, then the action of
™2P on $(Lie("*W)) is identical to the one on ™*{(LieW). Since we have
Tug prd(LieW) = "Log(i, K)pr and pire . pr U(Lie("*W)) = Log(™i,"* K) pr,
we apply 3.3, [W2], Theorem 3.5.ii) and 3.5.i) (in this order) to conclude that

there is exactly one isomorphism
T/J/K,DR Q(LIGW) SAN SOi,m,KNT'””KDR Q(LIG(T’IW))

respecting the unit sections. We take this to be 7, , x, thus reducing ourselves,
as in § 3, to the pure case. We may assume X = h(X). In [M], III, §4, the theory
of conjugates of the standard principal bundles is developed, and our claim
follows from [M], III, Theorem 5.1.b) and an isomorphism similar to that at the
beginning of the proof of 6.1, which identifies the bundles "V¢ and ¢} (7" V)
on "H. Here, ¢, is as in [M], III, Proposition 1.3. q.e.d.

Theorem 6.3: If 7 fixes E, then there is a canonical isomorphism

. ~ * T,
Nz, K HK 00,00 SOT,:(;,KOIU“T’ZK,OOJOO —

of functors from Repg(P) to [r]¢-UVarg(M* (P, X)¢). The underlying trans-
formation of functors to [7]¢-UBIiF(M¥ (P, X)¢) is compatible with the isomor-
phism of 6.2, and the underlying transformation of functors to local systems is
compatible with the isomorphism of 6.1.

Proof: As in the proof of 5.8, the fact that 7 fixes E implies that the class of
(p2)+("S) in HY(Q, P) is trivial, and the isomorphism ¢, , is of the following
shape: choose b € (p,)«("S)(@Q). It defines ¢y : (P, X) — ™*(P, X), which is an
isomorphism of Shimura data, whose underlying group isomorphism is given by
p — [b,p]. If we define p;, € p,(S)(Bs) < P(Ry) by the relation

b= p.(sp(7)) - b,

then ¢, is given by [py]°[-py]-
Define X, . = idgepy(p) — ¥ °™"~ by sending v to [b, v].

For V € Repg(P), the isomorphism
b X Xra(V) 1 X X (P(Ry)/K) x V —=T7% x (TP (Ry) [op(K)) x "V

is P(@Q)—equivariant. This is still true if we compose it with right multiplication
by ps, and we arrive at the isomorphism 7, , x(V) we were looking for. It is
independent of the choice of b. We leave it to the reader to check the various

compatibilities. q.e.d.
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We are finally in a position to define a tensor functor
puxc mis : Repg(P) — [r]-UMSg(M* (P, X)),

the “mixed systems” version of the canonical construction, which will include
the functors defined in §§2—4.
Given V € Repp(P), for any special point x € X and any 7 € Autg/q, we

["*7|¢—unipotent graded-polarizable variation of Q-Hodge

have an admissible
structure fire ¢ oo rop (7*V) on MK (™%(P X)), a mixed lisse [»®m]-unipotent
l-adic sheaf pira i 1 (7" VRqQ);) and a bifiltered ["*7|-unipotent flat vector bundle
e (V) on MK (7 (P, X)),

Theorems 6.1-6.3 state that all these fit together to form parts a)—e) of the data
necessary for a [r]-unipotent mixed system of smooth sheaves on M% (P, X).
Because we already have e), all we have to show for f) is that the diffeomorphism
induced by complex conjugation respects the rational structure of the local
system. [W2], Theorem 3.6.1) contains this statement for the system Log(i, K)
of logarithmic pro—sheaves. As the finite-dimensional subquotients of ﬂ(LieW),
together with 7*(Repg(G)) generate Repg(P) as a Tannakian category, we are
therefore reduced to the pure case. Also, we may suppose that H = h(H).

Since the diagram
H < PG, H) 28 MEG H)

of §3 is defined over F, complex conjugation on M*(G,H) is compatible with
complex conjugation on H.

But the total space of the trivial bundle “V¢ on “H is given by “H x Vg, and
the isomorphism 7, , k @ C of “V¢ and @7 ,(“*V¢) in Theorem 6.2 respects the

rational structures.

The existence of a system of polarizations is guaranteed by Theorem 1.1.c). So

we finally have
Theorem 6.4: If (P, X) satisfy Conjecture 4.2, then there is a tensor functor
pixcus - Repg(P) — [r]-UMSg(M* (P, %)).

Its l-adic component is jix, its de Rham-—component is pix pr, and its
oo—Hodge-component is [t oo 4. 1t is compatible with morphisms induced by

the action of P(Rf) and with morphisms of Shimura data. If x € X is a special
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point, and 7 € Autg/q, then there is a commutative diagram

K MS

Repg(P) T[W]fUMS(f)(TMK(P, X))
l i Tgoi,x,K
Repg ("¢ P) —LEMS | (ran g MSe(M7K (74 (P, X))

of functors, where ¢, , i is the isomorphism of Theorem 5.8.

As in §2, we may reformulate Theorem 6.4: let M (P, X)° be a connected com-
ponent of MX (P, %), and let ML (G, H)? := [x](M% (P, %)°). Fixx € M¥ (P, %)°,
and let y := [7](x).

Then if P; and Gy denote the Tannaka duals of [7]-UMS§(M" (P, %)°) and
MS§(M*(G, H)?), there is a commutative diagram

7]

1 — ker[n] — P; Gy —1
Zl Luj(,MS LU*L,MS
l— W —P ] G — 1.

In particular, the cohomological derived functor induced by
(73« [ UMSGH(M™ (P, %)°) — MSj(M*(G, H)°)

coincides with cohomology of W. We are confident that once a satisfactory
formalism of mixed systems of (not necessarily smooth) sheaves is established,

an analogue of Theorems 2.3, 3.5 and 4.7 will hold.
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Index of Notations

[7le

/J/K7OO7UO

[7]¢~UVarp(ME(P, X))

Varp(ME(G, H)¢)
Genjilg

L0Gso o

L0g (i, K)oo.0
U(LielV)

g

MHMp(ME)

~N J 3 Ot Ot Ot Ot Ot Ot W W W W = = ===

— =
N DO

12
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MHM(M§)
H4([7]e)-

iy

(C'Spag.q, Hay)
(ng, %29)

Vag

(P2g7a> %2941)

KK, DR,C

[7]e-UBIF(M® (P, X)q)

BiF (M (P, %)

HEK,DR

[W]FE*UBiF(MK(P, %)FE)

BiF (M*(G, H)rr)
H(@©)

P(G,H)(T)

7(T)

P(G,H)

Y

H

Logpr

Log(i, K)pr
VB(ME)
[T|-UVB(ME)
RH(Mfg)
RH(Mfp)

HE X
[7]-UEth (M5 (P, %))
(x| UEt:™ (M5 (P, %))
Eth" (M (P, %))
Log,

16
16
19
20
20
20
21
26
26
26
26
26
26
27
27
27
28
28
28
29
29
29
29
32
32
34
34
35
35
36



,COg(i, K)l
Perv (M)
Pervip(M*E)

CM/T
CM/Q

CM/Q
sp

S
S x°Y

hCCLTL
,ucan

36
37
37
38
38
38
38
39
39
39
39
39
41
41
41
41
41
42
42
42
43
43
43
43
44
44
44
44
44
47
47
47
48
49
49
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[DR,U
Co

*

C

I o

Coo,0

CDR,o

(7] UMS3(MX (P, %))

T,T

Nrz, K

o(r, 2, 1)K
n(r, @', )k
Pra

HEK,MS
Log(i, K)
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