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INTRODUCTION

The purpose of this paper is two fold. Firstly, it gives a thorough introduction to the topological cyclic
homology theory, which to a ring R associates a spectrum TC(R). We determine TC(k) and TC(k[e])
where k is a perfect field of positive characteristic and k[e] its dual numbers, and sets the stage for further
calculations. Secondly, we show, as conjectured in [M], that the cyclotomic trace from Quillen’s K(R) to
TC(R) becomes a homotopy equivalence after p-adic completion when R is a finite algebra over the Witt
vectors W (k) of a perfect field of characteristic p > 0. This involves a recent relative result of R. McCarthy,
stated in theorem A below, the calculation of TC(k) and Quillen’s theorem about K (k), and continuity
results for TC(R) and K (R), the latter basically due to Suslin and coworkers. In particular, we obtain a
calculation of the tangent space of K (k), i.e. the homotopy fiber of the map from K (k[e]) to K (k) given by
e— 0.

The functor TC(R), and more generally TC(L) where L is a ‘functor with smash product’, for short FSP,
was initially introduced in [BHM], but its more formal properties were maybe not so well elucidated in that
paper. The present account focuses upon the concept of cyclotomic spectra. These are a special class of
equivariant S*-spectra for which the associated fixed point spectrum (suitably defined) with respect to finite
subgroups of the circle are equivalent to the original spectrum. The defining extra property is analogous to
the property shared by free loop spaces £X, namely that the fixed set (£X )¢ is homeomorphic to £LX, for C
finite. Indeed, the S'-equivariant suspension spectrum of the free loop space is a cyclotomic spectrum. More
generally, Bokstedts topological Hochschild homology spectrum THH(L) is always a cyclotomic spectrum,
so they are in rich supply. The construction TC(—), given in paragraph 3, can be applied to any cyclotomic
spectrum, and applied to THH(R), or more generally to THH(L), gives TC(R) or TC(L). If R (or L) is
commutative then TC(R) (or TC(L)) is a homotopy commutative ring spectrum. It is (—2)-connected in
the sense that m; TC(R) = 0 for ¢ < —2; in general m_; TC(R) # 0.
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Theorem A. (McCarthy) Let R — R be a surjection of rings whose kernel is nilpotent. Then the square
K(R) —* TC(R)

l l

K(R) —* TC(R)
becomes homotopy cartesian after profinite completion.

The proof of this result is unfortunately indirect. It is based upon Goodwillie’s calculus of functors and
a reduction of his to the case where R is a split extension of R by a square zero ideal.

Let k be a perfect field of characteristic p > 0 and let F: W (k) — W (k) be the Frobenius homomorphism
of its (p-typical) Witt vectors. The kernel of F' — 1 is the Witt vectors of F, = k) i.e. ker(F — 1) = Z,. If
k is finite then coker(F — 1) = Z,; it vanishes if k is algebraicly closed, but can be a large group in general.
In §4.5 below we calculate TC(k) to be

Theorem B. Topological cyclic homology of a perfect field k of positive characteristic is the generalized
Eilenberg-MacLane spectrum
TC(k) = HZ, A X' H(coker(F — 1)).
It follows that the connective cover TC(k)[0,00) is H(Z,,0); this is also the value of K(k); by [K], [Q],

and the cyclotomic trace tre: K (k) ; — TC(k)[0, 00) is an equivalence. For a Z,-algebra we define continuous
versions of K(R) and TC(R) to be

K'"P(R) = holim K(R/p"), TC"P(R) = holim TC(R/p"),

cf. [W].

Theorem C. Suppose that A is a W (k)-algebra which is finitely generated as a W (k)-module. Then
(i) K'*P(A4), = TC'*P(A), [0, )

(ii) TC"P(A), ~ TC(A),,

(iii) K"P(A), ~ K(A),.

The first part of this result follows from the two previous theorems. The second part is proved in §5
below. The final third part is a recast of results from [SuY]. This uses quite different methods from the rest
of the paper, and is proved in Appendix B. In conclusion we have

Theorem D. For the rings of theorem C, K(A) ~ TC(A); [0, 00).

It is fair to remark that TC(R ); is of course not very easy to evaluate. It does however lend itself to
analysis by the well-tried methods of algebraic topology more readily than K (R) does. This is demonstrated
here for R = k[e] and in [BM], [BM1] when R is the Witt vectors of a finite field. One might hope in the
future to get a thorough grasp of TC(A) for the rings of theorem C, and maybe even a closed formula when
A is a k-algebra.

We next describe the tangent space of algebraic K-theory,
K (k[e]) = hofiber(K (k[e]) — K(k)), €0,

when k is a perfect field of characteristic p > 0. We have K, (kle]) ®Q = HC,_ 1( [€]) ® Q = 0 by a theorem
of Goodwillie, [G2], and on the other hand, by theorem A, K (k[¢])" ~ TC(k[e])". Since the latter turns out
to be rationally trivial we get in turn ~ ~

K(kle]) = TC(kle]).
We evaluate the right hand side in paragraph 7 below. The result is best stated in terms of the big Witt
vectors. Let W(R) denote the multiplicative group of the power series with constant term 1, and let W, (R)
be the quotient of big Witt vectors of length n, i.e.

W, (R) = (1 + XR[X])*/(1 + X" M R[X])*.

Sign change X — —X induces an involution on W, (R) whose (—1)-eigenspace will be denoted W, (R){D,
If we write TC,,(R) = 7, TC(R) then we have from §8.2::



Theorem E. For the dual numbers kl[e|, TC(k[e]) is a generalized Eilenberg-MacLane spectrum whose
non-zero homotopy groups are

(1) p>2: TCanl(k[E]) = W2n,1(k})<_1>.

(i) p = 2: TCop_1(k[e]) = k®".

We remark that for p > 2 there is higher torsion in TCg,_1(k[€]) in general, and that our results are in
agreement with the Evens-Friedlander calculation of K;(Fy[e]) for i < 3 and p > 5, [EF]. Indeed the above
theorem gives TC3(Fple]) = Z/p & Z/p for p # 3 and TC3(Fsle]) = Z/9. The dichotomy between p = 2 and
p > 2 in theorem D disappears in the Poincaré series when k = F is a finite field. One has in all cases

> (I TCAFIm = . = F

m=1

Let us finally mention the following general result is proved in §2.3:

Theorem F. For any commutative ring A,
mo THH(A) P = W, 11 (A),

the p-typical Witt vectors of length n + 1.
The cyclotomic structure of THH(A) induces two maps

R, F: THH(A)®»" — THH(A)%"".

In earlier writings on topological cyclic homology, and in particular in [BHM], R was called ® and F was
called D. The reason for the change of notation is that mo(R) and mo(F') under the identifications of theorem
F become the restriction map and Frobenius homomorphism, respectively, from W, 11(A) to W,,(A). Thus
the new notation is in agreement with the notation used for Witt vectors.

We say that a spectrum T is connective if 7;(T") = 0 when ¢ < 0. A space will mean a compactly generated
topological space which is weakly Hausdorff, i.e. the diagonal X C X x X is closed when the product is given
the compactly generated topology. We shall use equivalence to mean a map which induces isomorphisms on
homotopy groups, and a G-equivalence to be a G-equivariant map which induces an equivalence on H-fixed
sets for all closed subgroups H C G. Unless otherwise stated, G will denote the circle group S*.

It is a pleasure to acknowledge the help we have received from M. Bokstedt at various points in time
during the preparation of this paper.
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1. THE TOPOLOGICAL HOCHSCHILD SPECTRUM

1.1. Throughout this paper G will denote the circle group, C, or just C the cyclic group of order r and J
the quotient G/C. We recall briefly some notions from equivariant stable homotopy theory. The standard
reference is [LMS].

A G-prespectrum indexed on a ‘complete G-universe’ U is a collection of G-spaces t(V'), one for each finite
dimensional sub inner product G-space V' C U, together with a transitive system of G-maps

o:t(V) — QY =Ve(w).
Here W — V denotes the orthogonal complement of V' in W. It is a G-spectrum if the structure maps o
are all homeomorphisms. A map f:t — ¢ of G-prespectra consists of G-maps f(V):¢(V) — (V) which
commute strictly with the structure maps. The category of G-prespectra indexed on U is denoted GPU and
GSU denotes the full subcategory of G-spectra. The forgetful functor I: GSU — GPU has a left adjoint L.
It is given by the colimit over the structure maps
Lt(V) = lim QY VW),

—

wcu
provided that each ¢ is an inclusion, i.e. induces a homeomorphism onto its image. This, for instance, is
the case when t is good as defined in the appendix. We show in lemma A.1 that any G-prespectrum can be
replaced by an equivalent good one, and we shall tacitly assume that G-(pre)spectra be good.

Suppose C is a closed subgroup in G with quotient J and T' € GSU. There are two possible notions of an
associated fixed point spectrum in JSU C, in [LMS] denoted T¢ and ®T respectively. Their V’th spaces
are

V) =T(WV)C,  3°T(V) = lim QW VW),
wcu
and the structure maps are the evident ones. There is a natural map s¢:T¢ — ®CT.

Lemma 1.1. Ift is a bounded below G-prespectrum, then ®“t ~, OCLt.

Proof. We assume for convenience that (W) is dim(W) — 1-connected; the general case is similar. The
composition
(e} Sk
@V W) T QYW 4 2) T (VYW + 2))C
is a map in the limit system which defines ®“#(0). Therefore it induces a homeomorphism on colimits over
W. The lemma states that o€ induces a J-equivalence on colimits over W, so it suffices to show that i*
does.
Let H be a subgroup of GG containing C'. The map induced by i* on H-fixed points is a fibration with

fiber

Map(SWH2 A (822 /80 t(W + Z))H.
By elementary equivariant obstruction theory the connectivity of an equivariant mapping space AH =
Map(X,Y)H satisfies

conn(A") > Ir(n<i%(conn(YK) — dim(X¥)),

when X is a G-CW-complex. In the case at hand we have
(SWC-i-ZC A (SZ—ZC/SO))K _ gWEzZoE | (SZK /SO, if K% C
= % Jif KD C.
Thus dim(X%) < dim(WEK + ZK) while conn(Y ) = dim(W¥ + ZK). It follows that the difference
conn(Y ) — dim(X¥) > dim(WX — WCK) tends to infinity as W runs through the f.d. sub inner product

spaces of Y. Under our standard assumption, that ¢ is good, this implies that the map induced by i* on
colimits over W is an equivalence on H-fixed points. |

_yCK

Next we evaluate the homotopy fiber of s¢:T¢ — ®CT in the case where C' = Cp has prime order.
We recall that the smash product of a G-space X and a G-prespectrum t is the G-prespectrum with V’th
space X At(V) and the obvious structure maps. If T' is a G-spectrum we let X AT denote the G-spectrum
L(XAT).

Let j:U% — U be the inclusion of the G-trivial universe and let D be a J-spectrum. We call j*D with
its J-action forgotten for the underlying non-equivariant spectrum D.
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Proposition 1.1. Suppose C' is a cyclic p-group. Then for any bounded below G-spectrum T there is a
cofibration sequence of non-equivariant spectra
<O/ Cp
The -5 T —Z2 s (9 T)C/Cr,
Here T,c = ECy NA¢ j*T is the homotopy orbit spectrum.
Proof. Consider the cofibration sequence of G-spaces
EG, 5 8° — EG,
where 7 maps FG to the non-basepoint in S°. We can smash with 7' and obtain a cofibration sequence of
G-spectra which in turn induces a cofibration sequence of non-equivariant spectra
[EG, AT)C — T - [EG ATC.
The identification of the first term goes in two steps. Let i:U4¢ — U be the inclusion. The forgetful
functor i*: GSU — GSUC has a left adjoint 7, given by

i.D(V) = lim QV=Y(sW=W A DW)).
wcU

Since the functors ¢* and F(X, —), the pointed mapping space functor, commute the same hold for their left
adjoints ¢, and X A —. Thus the counit of the adjunction i, 4 ¢* induces a map

e i (EGy Ni*T) — EG4 N T.
On V’th spaces e spells out to the map
e(V): lim QVV(SWE A EGL AT(WE)) - lim @YV (EG, AT(W))
wcu wcu
induced by the spectrum structure maps

&SV ANTWE) = T(W).
Since T is bounded below, e(V) is a G-equivalence if & is dim W + k(W )-connected and k(W) — oo as W
runs through the f.d. sub inner product spaces of U, ¢f. [A]. The composition
T(WC) 2 Q=W (sW-WE AW ) T QW W)
is a homeomorphism and the suspension map is 2 dim(W¢) — 1-connected. Hence e(V) is a G-equivalence.
Finally we have the transfer equivalence
7 EGy Ao i*T ~ [i,(EG, Ni*T)]|¢
of [LMS, p.97]. Combined with e this identifies the first term.
The natural map sc, : T — ®C»T may be written as a composition
TS — [EG AT 2%, g5,
where 5¢, (V') is the map on colimits induced by the restriction map to C)-fixed sets
QY Y(EG AT(W))% — QW VT (W)Cr.
This is a fibration whose fiber is the equivariant mapping space
Map(SW =V /sWer =V EG A T(W))>.
If we regard W as a C-space, then W is the singular set. Thus SW*V/SWCP’V is a based free C-CW-
complex, and since EG is non-equivariantly contractible it follows that 5¢, is a C'//Cp-equivalence. 0

FEzxample. It is illuminating to consider the case of a suspension G-spectrum g X. We let EgH denote a
universal H-free G-space, that is EgHY ~ x when HNK =1 and EgH¥ = @ when HN K # 1. Then on
the one hand we have the tom Dieck-Segal splitting

(SFX)© o, \/ SP(Equ(C/H)+ Aoy XM,
H<C
[tD1], and on the other hand lemma 1.1 shows that ®¢ (X% X) >~ Y¥XCY. Moreover the natural map
(¥ X)¢ — Y (X2 X) is simply the projection onto the summand H = C.
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1.2. Suppose C is finite of order r. Then the r’'th root pc: G — J is an isomorphism of groups, and a
J-space X may be viewed as a G-space p-X through pc. We also use pc to view J-spectra as G-spectra.
When D is a J-spectrum indexed on U, then the G-spaces

PeD((pct)* (V)

for V C ptU®, form a G-spectrum indexed on pU¢. From now on we fix our universe. Let C(n) = C with
G acting through the n’th power map, g - z = g"z. Then we set

U= P Ccma.

neZ,aeN

and note that

peld® = @ C(n/r)q.

nerZ,aeN

Identifying Z and rZ in the usual way we get U = p*cl/{c. Thus a J-spectrum D indexed on ¢ determines
a G-spectrum indexed on U and we denote this pﬁD.

Definition 1.2. A cyclotomic spectrum is a G-spectrum indexed on U together with a G-equivalence
ro: pﬁ@CT - T

for every finite C' C G, such that for any pair of finite subgroups the diagram

pt. ®Crpf, dC-T pt. ®CrT
PG, @ e, l TCrs l
pﬁr CrT AN T

commutes.
We spell out the definition in the following
Lemma 1.2. A G-spectrum T, indexed on U, is a cyclotomic spectrum if and only if for each index space
V C U and each finite subgroup C C G there is a G-map
re(V):peT(V)© — T(peV©)

subject to the following conditions
i) For each pair V.C W C U the diagram

§peW =\ pe (V) 220CW) Goa (W) (e C)

p’é(ﬁ)cl 15

peT(W)C RACHLEN T(pW©)
commutes.
ii) For each pair of finite subgroups the diagram
e, T(V)Ore LT (g, vy
ren ) | | ezt ver
T(pg, V) == T, (e, VE)™)

commutes

w



iii) For any V' C U the induced map on colimits
h_H)l Qp*cwchp»éT(W)C N hiQ Qp*cwcf\/T(p*CWc)
wcu wcu
is a G-equivalence. O

In this formulation we could as well take T" to be a G-prespectrum ¢. This gives us the notion of a
cyclotomic prespectrum. We define a map of cyclotomic (pre)spectra to be a map of G-prespectra which
strictly commutes with the ¢-maps.

Ezample. The free loopspace £(X) is the space of unbased maps from S! to X. Rotation of the loops defines
a G-action on L(X). Suppose C is a subgroup of G of order r. Then there is an equivariant homeomorphism
Ac: L(X) — p&L(X)C given by the r'th power map of the circle S*. We can use this to give the suspension
prespectrum of £(X) the structure of a cyclotomic prespectrum. Indeed we define

ro(V):pe(SY A L(X)4)C = $92Y A prl(X)S 220 596V A L£(X),

and 1), ii) and iii) in the lemma/definition are readily verified.
The maps s¢, and r¢, give rise a map of G-spectra

pﬁTSTCTs _ pgs (pgTTCT)Cs N pgs (pgTQCTT)CS _ pgsTCs
and hence a map
(1.2.1) R.: T — T

of the underlying non-equivariant spectra, which will play a fundamental role in the following. We call it
the r’th restriction map.

Let Z C U be a representation. Then, slightly more general, we let Tz denote the smash product G-
spectrum T A SZ. The cyclotomic structure maps give a G-equivalence

(1.2.2) re.z p® Ty — Ty ge.
Indeed, for each V' C U we have a G-map

re.z(V): p(S7 ANT(V)E 222V, 5002 A 1, 2),

and iii) in the lemma shows that the induced map on colimits over V is a G-equivalence. We note that
Tz(V - Z) =, T(V). As above we get a map of non-equivariant spectra

(1.2.3) Ry 7: TS — Tpcg e

We can restate proposition 1.1 for cyclotomic spectra as

Theorem 1.2. For any bounded below cyclotomic spectrum T and any Z C U there is a cofibration sequence
of non-equivariant spectra

N Cpn Rpz Cpn
(TZ)thn — TZ — Tp*c ZCp - O
P

Remark. The spectrification T of a cyclotomic prespectrum ¢ is a cyclotomic spectrum. To see this we define
amap ro(V): peT(V)C — T(pEVE) as the map on colimits over W C U induced by the composite

* — i % c_yC * C_yCy 4
PV HW))E S pp (VW) ) = e TV (W) ©
TeM-, e (WO V )y e W)

Then i) and ii) are easily checked, and iii) follows from lemma 1.1.
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1.3. Suppose T is a cyclotomic spectrum, then so is p?@CT but in general pch is not. We proceed to
explain the situation. First we recall the notion of a family of subgroups.

A collection F of subgroups of G is called a family if it is closed under passage to subgroups. A map
f: X — Y of G-spaces (G-spectra) is called an F-equivalence if the induced map f on H-fixed points is an
equivalence for all H € F, or equivalently, if f A EFy is a G-equivalence. Here EF is the join of the free
contractible G/H-spaces E(G/H) for H € F. It is the terminal object among G-spaces with orbit types
G/H, H € F, and G-homotopy classes of maps; cf. [tD]. We let F,, denote the family of finite p-subgroups
in G.

Definition 1.3. ([BM]) A p-cyclotomic spectrum is a G-spectrum indexed on U together with an F,-
equivalence ry: pﬁpfl)cPT —T.

Of course a cyclotomic spectrum is p-cyclotomic for every prime p. Also note that for a p-cyclotomic
spectrum, theorem 1.2 holds for the prime p.

Proposition 1.3. Let T be a cyclotomic spectrum. Then p?Tc is a p-cyclotomic spectrum if p does not
divide the order of C.

Proof. Let S = p#’ch, then we want to define a G-map
rp(V): 5, S(V)r — S(pe, VEr),
that is, a G-map
e, (PET (') V)9 — peT () (08, VE))©

We have a G-map
e, (0T (') V)9 = pelo, T((pe!) V) 7)©
p*C(TCP)C * * —1y\* Cp\C
pcT(pe, ((pc )" V)™")
so we need the following equality to hold
e, (pc )Y V)T = (pch) (0, V).

Now ((pg") V) and (pg')*(VEr) are equal when (p, |C]) = 1. O

1.4. In this section we define the topological Hochschild spectrum. It is a cyclotomic spectrum whose zero’th
space is naturally C-equivalent to Bokstedt’s topological Hochschild space THH(L).

We briefly recall the definition of THH(L) and refer to [B], [BHM] and [PW] for details. Let I be the
category whose objects are the finite cardinals n = {1,2,... ,n} and whose morphisms are the injective
maps, and let L be a functor with smash product. Then THH(L), is the cyclic space with k-simplices equal
to the homotopy colimit

holim F(S% A ... A S™ L(S™)A...AL(S%))

—
Ik+1

and with Hochschild-type structure maps. The realization THH(L) is a G-space. More generally we let
THH(L; X), be the cyclic space with k-simplices

holim F(S™ A ... AS™, L(S®)A...AL(S*) A X),

Ik+1

where X acts as a dummy for the cyclic structure maps, c¢f. (6.1.1) below. If X has a G-action then
THH(L; X) becomes a G x G-space, and hence a G-space via the diagonal A:G — G x G.

We define a G-prespectrum ¢(L) whose 0’th space is THH(L). Let V be a f.d. sub inner product space of
some G-universe U, and let S be the one-point compactification. Then

t(L)(V) = THH(L; SY)

5



and the obvious maps
o t(L) (V) — QV=VH(L)(W)
are G-equivariant and form a transitive system. Finally we let T'(L) be the associated G-spectrum of the
thickened G-prespectrum ¢ (L), that is
T(L)(V) = lim QW= (L)(W).
wcu

In order to define the cyclotomic structure maps we need the edgewise subdivision of [BHM] §1.

The realization of a cyclic space becomes a G-space upon identifying G with R/Z, and hence C = C, may
be identified with r~1Z/Z. Edgewise subdivision associates to a cyclic space Z, a simplicial C-space sd¢ Z., .
It has k-simplices sd¢ Zy = Z,(r4+1)-1 and the generator r~! 4+ Z of C acts as 7*T1. Moreover, there is a
natural homeomorphism

D:|sde Z.| — |Z.],
and an R/rZ-action on |sd¢ Z,| which extends the simplicial C-action. The map D is G-equivariant when
R/rZ is identified with R/Z through division by r.
We consider the case of THH(L; X).. Let us write G5 (io, ... ,ix) for the pointed mapping space

F(SA...ANS* L(S™)A...ANL(S™) A X).
Then the k-simplices of the edgewise subdivision is the homotopy colimit
sde THH(L; X )y, = holim G 1)
17‘(k+1)
Suppose that X, is a diagram of C-spaces. Then the homotopy colimit is again a C-space and its C-fixed
set is the homotopy colimit of the C-fixed sets X$. However the C-action on sdc THH(L; X); does not
arise in this way. We consider instead the composite functor Gi((k-i-l)—l o A, where A,.: [Ft1 — ([F+1)" ig
the diagonal functor. It has a C-action and the canonical map of homotopy colimits
by: holim Gi((kﬂ)fl o A, — holim Gi((kﬂ)fl
Ik_ﬁ»’l 17‘(76_4;1)
is a C-equivariant inclusion and induces a homeomorphism of C-fixed sets. Let R be the regular represen-
tation RC and let iR denote the i-fold direct sum. Then
Glpiry_1 © Arlio, - yik) = F(S®T AL AS®EL(S™)N AL AL(S™)N A X),

where C' acts by cyclic permutation on L(S%)""

discussion of edgewise subdivision.

and by conjugation on the mapping space. This ends our

Lemma 1.4. Let H be a compact Lie group and let Y, be a simplicial H-space such that YkK is n(K)-
connected for all k, n(K) > 0. Suppose X is a based H-CW-complex with finitely many orbit types, and
such that dim X% < n(K) for all K < H. If YX is proper in the sense of [May] for the occuring orbit types
then the natural map

Y F(X, Y| = F(X Y]
is an H-equivalence.

Proof. We prove that v is an equivalence by induction over the H-cells in X. Let Xg be obtained from
X, by adjoining an H-cell H/K A S™. Then we have a simplicial Hurewicz fibration
F(Sna}/.K) - F(XﬁaK)H - F(XOHK)Hv

and the condition that dim X% < n(K) ensures that its realization is quasi-fibration. We consider the
diagram
|F(S", V) —— [F(X5,Y)!| —— |F(Xa,Y.)"]

‘| ‘! ‘|
F(S"|VE]) —— F(X5,[Y.))7 —— F(Xa,[Y.])".
The map 4™ is an equivalence by [May, 12.4] and we are done by induction.

Since an H-CW-complex is also a K-CW-complex for K < H, the same argument shows that v is an
equivalence. This concludes the proof. (]



Proposition 1.4. The canonical map t(L)(V) — T(L)(V) is an F-equivalence, where F is the family of
finite subgroups of G.

Proof. We must prove that the prespectrum structure map o: (V) — QW=V#(W) is a C-equivalence for any
C € F. We use edgewise subdivision to get a simplicial C-action and factor o as

|sde THH(L; SV)| — |QY Y sde THH(L; SY)| — QW =V |sdc THH(L; S|,

where the latter map is a C-equivalence by the lemma above. It follows from [L] that the simplicial spaces
involved are ‘good’ in the sense of [S] or ‘strictly proper’ in the sense of [May]. Therefore it is enough to
show that the map on homotopy colimits

Gg:holim F(S©OR A A SR TSN AL A LS™ )M ASY)

Ik+1

— holim F(S®B A ... ASWEASW=V LSOV AL AL(S™ )N ASW),

—
Ik+1

induced by the adjoints of evaluation maps, is a C-equivalence. Furthermore we may assume that W—V = [R.
We consider the map

T holim F(SOR A . A S A SR L(SOVN A AL(S™) M A SEASY)
1’71
— holim F(S©f A A SGHDE [(GioyAT A A L(§HH)AT),

Ik+1

given by the identification S'% = (S1)"" and the stabilization L(S%) A S! — L(S%**!). Tt is a C-equivalence
by [BHM], 3.11 and 3.12, and the approximation theorem [B1], 1.6. The composition 7 o 6} is a map
in the limit system and induces therefore a C-equivalence on homotopy colimits. It follows that 6 is a
C-equivalence. O

1.5. In this section we define the cyclotomic structure on ¢(L) and T(L). The restriction of a C-map
frSOf A ASER S L(SOYN AL ANLSE)NAX
to the C-fixed set induces a simplicial map
¢c..:sde THH(L; X)¢ — THH(L; X©),

and we define 7c: pit(L)(V)C — t(L)(p&VC) as the composite

pe| THH(L; SV)|€ 275 |sde THH(L; §V)|C 2% | THH(L; §7¢V)).

The maps r¢ (V') induce similar maps in the thickened prespectrum ¢”(L). In order to show that these makes
t™(L) into a cyclotomic prespectrum we need

Lemma 1.5. Let j be a G-prespectrum and let J be the G-spectrum associated with j7. If J' ~ x for any
finite subgroup T' C G and j(V)¢ ~  for any V C U then J S

Proof. Let F be the family of finite subgroups of the circle, then J is F-contractible. Since J A EF, — J is
an F-equivalence, J A EF. is also F-contractible. However J A EF, is G-equivalent to an F-CW-spectrum
and therefore it is in fact G-contractible by the F-Whitehead theorem, [LMS] p.63. Now

(J ABF)(V) 2 mQ" (57 (V + W) A BFy),
w

and j7(V) A EFy — j7(V) is an G-equivalence since j(V)¢ ~ x. Therefore J ~. J A EF; and we have
already seen that the latter is G-contractible. |



Proposition 1.5. t"(L) is a cyclotomic prespectrum and T'(L) is a cyclotomic spectrum.

Proof. The remark following theorem 1.2 shows that T(L) is a cyclotomic spectrum if ¢ (L) is a cyclotomic
prespectrum. The map
res pEt(LY(V)E — H(L) (V)

is G-equivariant by construction so we have left to check the three conditions in lemma 1.2. We leave i) and
ii) to the reader and prove iii).

We define an auxiliary functor a®: GPU — GPU as follows. For each Z C UY choose V(Z) C U such
that V(Z)¢ = Z and such that the union of all V(Z) is equal to U, then define a® by

a“t(pZ) = pet(V(2))°
with the obvious prespectrum structure maps. The maps r¢ (V') above defines a map of G-prespectra
ro: a®t — t.

In this formulation lemma 1.2 iii) states that the map of the associated spectra is a G-equivalence; we apply
the lemma with j being the homotopy fiber of r¢.
Let T’ be some finite subgroup of G and let H be the inverse image of I' under the composition

G IS /oS

To show that JU is contractible it suffices to show that (r¢ (V) is dim(V#) + k(V)-connected, where
kE(V) — oo as V runs through the f.d. sub inner product spaces of . Indeed ¢(L) is connective and one can
proceed as in the proof of lemma 1.1. Recall that ro (V) is defined as the composition of three maps, two of
which are homeomophisms. Therefore we need to show that

(QbC)F: (sz| sdc THH(L; SV)CDF — | THH(L; Sp*CVC)|F

is dim(VH) + k(V)-connected. We recall from [BHM] that sdr sdc = sdy and that we have a commutative
diagram
pilsdy THH(L; SV)C| —2— |sdp THH(L; §7¢V))

p|= o]

pi|sde THH(L; , §V)C| —2<— | THH(L; S#&V°)]

IR

In the top row I' acts simplicially. Furthermore
(e sdpy THH(L; SV) — sdy THH(L; §7°)F

is a fibration whose fiber is an equivariant mapping space, and one can proceed as in the proof of lemma 1.1
to show that this is dim(V#) + k(V)-connected.

It remains to deal with G-fixed points. If X, is a cyclic space, then |X,|% may be idenfied with the
subspace in X of those O-simplices x for which spz = T1s0z. In the case of THH(L; S") this is SVG, and
(V)¢ is the homotopy fiber of the identity. O

1.6. In [BHM] C-equivariant deloops of THH(L) were defined using the I'-space machine of Segal and
Shimakawa. We show in this section that the equivariant deloops obtained in this fashion are C'-equivalent
to the deloops ¢(L)(V') defined in 1.4, but first we give a brief discussion of I'-spaces.

Let T'c be the category of the finite based C-sets S, whose underlying set is of the form n = {0,1,... ,n},
based at 0. A I'c-space is a functor A from I'c to C-spaces. It is special if A(0) =~ * and if the canonical
map is a C-equivalence

A(SVT)— A(S) x A(T),
for any S,T € T'¢. A C-spectrum A defines a special I'c-space, A(S) = S A A.
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Suppose X,: A°? — T'¢ is a finite simplicial C-set, then A(X,) is a simplicial C-space, which we want to
realize. To get the correct homotopy type, however, we need that A(S) — A(T) be a closed C-cofibration
whenever S »— T is an inclusion. In [S1] Segal obtains this by replacing A by a thickened version T7A given
by

7A(S) = holim (T | ) 25 T 2 Top,),
where (I'c | S) is the category over S. It has idg as terminal object, so TA(S) — A(S) is a C-homotopy
equivalence. Furthermore an injection f:S — T induces an inclusion of over-categories and therefore a
closed C-cofibration 7A(S) — TA(T).

Alternatively one may consider the two sided bar construction B(A,T'¢, X). It is the realization of a
simplicial space B,(A,I'c, X) with k-simplices

IT A(So) x F(So, 1) x -+ x F(Sk_1, k) x F(Sk, X),

S0, Sk

with the coproduct taken over tuples of finite C-sets in I'c. We have

Lemma 1.6. B(A,T¢,|X.|) ~¢ [TA(X.)|, for any X,: A°P — T'c.

Proof. A bisimplicial space Y, , may be realized as |k — |Yj .|| or as |1 — [|Y, ||, the two realizations are

homeomorphic. Hence B(A4,T¢,| X.|) ¢ |B(A4,T¢, X.)|. Now by [Wo] lemma 1.3 the ‘evaluation map’
B(A,T¢, Xi) — A(Xk)

is a C-equivalence for all £ > 0. We want the map on realizations to be a C-equivalence. This requires that
the simplicial spaces are ‘good’ in the sense of [S]. The space on the left is good, but the one on the right is
not necessarily so. Therefore we must replace it by its thickening 7A(X,). O

Following [Sh] we define a C-prespectrum BA whose V’th space is the quotient
BYA = B(A,T¢,SY)/B(A,Tc, ).
Finally, recall that A(1) is a C-homotopy commutative, C-homotopy associative H-space, with product
A1) x A(1) =, A(1V1) — A(1).

Proposition 1.6.1. ([Sh]) If A(1) has a C-homotopy inverse, then BA is an Q-C-spectrum, that is the
structure maps induce C-equivalences BVA ~c QW =V BWA, d

We have two Q-C-spectra with zero’th space THH(L). The first is BTHH(L), arising from a special
I'o-structure on THH(L), and the other is ¢(L), defined in 1.4. We know that ¢(L) is an Q-C-spectrum by
proposition 1.4. To show that they are equivalent we construct a 2-C-bispectrum, which contains both.

The T'c-space on THH(L) constructed in [BHM] works equally well for the space ¢(L)(V) = THH(L, S").
Specifically, in the notation of [BHM] §4:

HL)(V,S) =\ [sde(B.(n,k)+ ATHH(Lg, SV).)|.
k:Pon—Ng

Here n is the underlying set of the finite C-set S. In view of [BHM] 4.20 these I'c-spaces are special, and
we obtain 2-C-spectra Bt(L)(V') for each V. Hence the equivalence follows from the

Proposition 1.6.2. BYV=Vt(L)(V) ~¢ t(L)(W).

Proof. Tt suffices to treat the case where W —V is the regular representation R = RC. We choose a simplicial
model S! for the circle, e.g. S = A[1]/0A[1] or S} = A[0]. Then S! A ... A S (r times) with C acting by
cyclic permutation is a simplicial model S® for S¥. From lemma 1.4 and the lemma above we get

QEBRH(L)(V @ R) ~¢ |QFt(L)(V @ R, SE)| ~¢ |7t(L)(V, SB)| ~c BRt(L)(V).

Since QEBE is C-homotopic to the identity functor the proposition follows. |



1.7. We conclude this paragraph with a list of some additional properties of topological Hochschild homology.
We shall need the following extension of Bokstedt’s notion of a functor with smash product.

Let L be a functor with smash product. The definition of THH(L; X) does not require the full functoriality
of L. In effect, we only need a collection of spaces L(S™), n > 0, with a ¥,,-action together with unit and
multiplication maps

(1.7.1) 1,:8" = L(S™),  ptmn: L(S™) A L(S™) — L(S™+™),

which are ¥,,-equivariant and ¥,, X X, -equivariant, respectively, and satisfies the relations

1) Hpn,m © (171 A 1m) = 1n+m
i) Omon © fimn © (In Aid) = fin.m o (Id ALy) o tw
iii) Hi+m,n © (,Ul,m A id) = Ki,m+n © (id /\/Lm,n)

In the commutative case we require, in addition, that

iV) Om,n © kmn = Mn,m © tw.
where o, € X4 permutes the first m and last n elements and tw permutes the two smash factores.
We call such a set of data an FSP defined on spheres. These are precisely the commutative monoids in the
symmetric monoidal category of spectra which has recently been constructed by Jeff Schmidt, [Sch].
We let L be an FSP defined on spheres and consider a version of topological Hochschild homology where
we replace the index category I by the n-fold product I"™. By the approximation theorem, [B1] theorem 1.6,
this will not change the homotopy type:

(1.7.2) THH(L™; X) ~ THH(L; X), for n > 0.
In more detail, we let THH(L("); X). be the cyclic space with k-simplices

holim F((S™ A... AS™O) AL A (S AL ASSE) L(S™ AL AST) AL ALS AL ASTEYAX)

(e

and with Hochschild-type cyclic structure maps. Then the realization THH(L(");X ) is a G x X,-space,
where the ¥.,,-action is induced from the permutation action on I"™. When X = S™ we get another X,,-action
induced from the X,,-action on S™. Hence THH(L(”); S™) becomes a G X ¥, X X,,-space which we consider
a G x X,-space via the diagonal in the second factor.

Proposition 1.7.1. Let L be a commutative FSP defined on spheres. Then the spaces THH(L(™); S™),
n > 0, again form a commutative FSP defined on spheres and the multiplication maps

fom.n: THH(L(™); §™) A THH(L(™; S™) — THH(L(™+™); gm+n)

are G-equivariant when the domain is given the diagonal G-action. Moreover, the restriction and Frobenius
maps
R,, F,: THH(L™); §")% — THH(L™; §™)°"

are Y, -equivariant, multiplicative and preserve units.

Proof. Let G5¥ be as in 1.4 and let y,: I"™ — I be the iterated multiplication functor, i.e. concatenation of
sets and maps. Then we have
THH(L™; X); = holim G5 o pf+1.

(In)k+1
We first recall that the canonical map
can: holim G\ o pf! A bolim Gy o pp ™ —  holim Gy o AGY o ™!
(Im)k+1 (In)k+1 (I7n)k+1><(ln)k+1
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is a homeomorphism, when the spaces are given the compactly generated topology. Next, we note that there
are natural transformations
X k41 Y k41 A AXAY k41 k+1y 9. AXAY k+1
Girpr © i A Gy o™ = Goyliy o (g™ X ™) = GRfy' o -

Indeed, A is concatenation of maps and if tw: (I"™)*+1 x (I")k+1 — (J™+n)k+1 denotes the isomorphism of
categories given by

tW((ilO,.. . 77;777,0)7" . 7(i17€7' o 7im/€)7(j107" . 7jn0)7" . 7(j1/€7" . 7jnk)) -

(((i107"' 7im07j107"' 7jn0)7"' 7(i1/€7"' 77;777,/67.7.1/67"' 7jnk))7

then o is the obvious shuffle permutation covering tw followed by multiplication in L. We may now compose
can~! with the map on homotopy colimits induced from A and ¢ to get a map

THH(L™); X), A THH(L™;Y), — THH(L™: X AY),.

These maps are X,, X X,-equivariant and form, for varying k, a cyclic map. Accordingly, we get a GX X, X X~
equivariant map
fim.n: THH(L™: X) ATHH(L™;Y) — THH(L(™*™: X A Y)

upon realization. If we let X = S™ and Y = S™ we obtain the required product map. The unit map is given
as the composition

1,:8" — F(SOA...ASY L(S°A...AS%) AS™) — THH(L™; S™) — THH(L™; 5™)

where the first map is given by smashing with the unit map in L, the second is the canonical inclusion in
the homotopy colimit and the last is the inclusion of the zero skeleton. We leave it to the reader to verify
that the maps 1,, and p, , in fact make the spaces THH(L™); S™) a commutative FSP defined on spheres.

The spaces THH(L("); S™) again form a commutative FSP defined on spheres and the Frobenius maps
F,. are multiplicative. Indeed, the multiplication maps fi,, », are G-equivariant and the unit maps 1,, factor
through the inclusion of the G-fixed set. Finally, we consider the restriction map which, we remember, is
defined as the composite

—1

R,: |THH(L(n);Sn).|CTS Drs |sde, THH(L(”); §m)Crs

s

~ [sde, THH(LM; $™)5| =5 | THH(L™; S™). |

The subdivision sd¢ ftm,n defines a product on the second and third term and the naturality of the homeo-
morphism D makes it multiplicative. Moreover, sdg,., ftm,» restricts to sde, fim,» under ¢c,. . and hence ¢,
is multiplicative. O

Next, let L be an FSP, then the associated n x n-matrix FSP is defined by

M,(L)(X) = F(n,nA L(X)),

where n = {0,1,... ,n} with 0 as basepoint. In view of proposition 1.6 above we may restate [BHM] 3.9
and 4.24 as
Proposition 1.7.2. (Morita invariance) T(L) ~, T(My(L)). O

For an FSP L and V C U%, we define the underlying spectrum L* of L by

L%(V) = holim F(S*, L(S*) A SY).
I
Lemma 1.7. Suppose f:L; — Ly is a natural transformation such that f° is an equivalence of spectra.
Then T(f): T(L1) — T(L2) is a G-equivalence. O
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2. WITT VECTORS

2.1. Let A be a commutative ring and let p be a fixed prime. The associated ring W(A) of (p-typical)
Witt vectors will play an important role in the sequel, and we briefly recall its definition, refering to [Se], [I]
and Bergman’s lecture in [Mu] for details. The underlying set W (A) = ANo; the infinite product. The ring
structure is specified by the requirement that the ghost map
w: W(A) — AN,

given by the Witt polynomials,

wo = ap

wy = ab + pay

(2.1.1) .
we = ab + pa¥ + p2as

be a natural transformation of functors from rings to rings. More concretely,

a+b=(so(a,b),si(a,b),...)

a-b = (pO(av b)apl(aa b)7 .- )
for certain integral polynomials s; and p; which depend only on (ag, ... ,a;). The integrality follows from
the Kummer congruences

n n—1

2 =2  (mod p"), x€Z.

Hence W (A) is well-defined for any ring. The a; are called the Witt coordinates of the Witt vector a =
(ag,as,...) and the w; are called the ghost or phantom coordinates. The element 1 = (1,0,...) € W(A) is

the unit.
There are operators

F:W(A) - W(A), (Frobenius homomorphism)
(2.1.2) V:W(A) - W(A), (Verschiebung map)
w:A— W(A), (Teichmiiller character)

characterized by the formulas
F(wo,wl,...) = (wl,wg,...)

V(ao,al,...) = (07(10,&1,...)
w(z) = (2,0,0,...).

Any relation which holds true in ghost coordinates also holds in W(A). This is obvious for a Z[1/p]-
algebra since the ghost map is a bijection. In general it follows from the functoriality of W: every algebra
is the quotient of a p-torsion free algebra which embeds in a Z[1/p]-algebra. It follows that F' is a ring
homomorphims, that V is additive, that w is multiplicative, and that we have the relations

(2.1.3) v-V(y) =V(F(x)-y), FV=p VF=multyq.

Moreover, when A is an Fp-algebra, V(1) = p and F' = W () where ¢ is the Frobenius endomorphism of A,
F(ag,a1,...) = (ah,a},...). For any a € W(A),

(2.1.4) a="Y Viw(a)),
i=0
where the a; are the Witt coordinates of a.
The additive subgroup V"W (A) of W(A) is an ideal by (2.1.3) whose quotient
Wi (A) = W(A)/V"W(A)

is the ring of Witt vectors of lenght n in A. The elements in W,,(A4) are in 1-1 correspondance with tuples
(ag, . .. an—1) with addition and multiplication given by the polynomials s; and p;. Hence W (A) is the inverse
limit of the W, (A) over the restriction maps

R:W,(A) - W,_1(A), R(ag,-..,an-1) = (ag,... ,an_2).
It follows that W (A) is complete and separated in the topology defined by the ideals V"W (A), n > 1.
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Theorem 2.1. (Witt) If k is a perfect field of positive charactesitic p then W (k) is a complete discrete
valuation ring with residue field k and uniformizing element p. In particular, W (F,) = Z,.

Proof. We have already seen that the ideals V"W (k) define a complete and separated topology on W (k)
and that W (k)/VW (k) = k. Therefore, it suffices to show that V"W (k) is generated by p™. Now by (2.1.3)

pr-W(k) =V )" - W(k) = V" (F"(W(K))),

and since F' = W () is invertible the statement follows. O

We shall also need the ring of big Witt vectors W (A). Its underlying set is AN but its n’th ghost coordinate
s wn =34, dag/ ¢ and again one requires that w: W (A) — AN be a natural transformation of rings. As

an abelian group, W (A) may be identified with the multiplicative group of power series with constant term
1. The isomorphism is given by

(2.1.5) v:W(A) S (L+ XAIXD®,  v(anaz,as,...)(X) = [[(1 - aX?).

=1

We call the a; (resp. the w;) the Witt coordinates (resp. the ghost coordinates) of a Witt vector. Again
there are Frobenius and Verschiebung operators, one for each n > 0, defined by

(2.1.6) { Ay, if M

Vn m) =
(@m) 0, otherwise.

We note that under the isomorphism (2.1.5),

n

Fu(P(X)) =[[P&),  ValP(X)) = P(X"),

i=1
where &1, ..., &, are the formal n’th roots of X. The formulas

F,(zy) = Fo(x)F(y)
Vi(Fr(z)y) = 2V, (y)
FV.=r, V.F.=V.(1)
F.Vs =V,F., if (r,s)=1.

(2.1.7)

are easily verified in ghost coordinates.

We call a subset S C N a truncation set if it is stable under division. Since w,, only involves the a; where
d|n, we may replace N above by any truncation set S to obtain a ring Wg(A) with underlying set A%. If
S C S are two truncation sets then the obvious projection Wg/(A) — Wg(A) is a ring homomorphism.
One can use (2.1.6) to define

We note that W(A) = Wy, 2 1(A) such that F' = F,, and V' = V},. Moreover, if (n) = {d | d divides n}
then WS+1(A) = W<ps> (A)

2.2. In section 2.3 below we relate Witt vectors to moT(A)“" but first we recall some notions from abstract
induction theory, ¢f. [D] and [tD]. We shall only need this when G is the circle group, but in this section G
may be any compact Lie group.

We let Or(G; F) denote the category of canonical orbits G/H with H finite, and all G-maps. Let M be
an abelian group valued bifunctor on Or(G;F), i.e. M = (M*, M,) is a pair of functors from Or(G;F) to
abelian groups with M* contravariant and M, covariant, and M*(G/H) = M,.(G/H) for all H. M is called
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a Mackey functor if i,¢* = id for any isomorphism i: G/H — G/H and if the double coset formula holds: if
H,H' C K and K = [[, Hx;H' then

* iiH/lﬂfl * *
(2.2.1) (7B o (nK). = Z(wgm(m,x;l))* O (M frra1)” O T

K2

where 78:G/H — G/K is the projection and r,: G/xHz~' — G/H is right multiplication by .

A Green functor is a Mackey functor M for which M (G/H) is a ring, and such that for all f:G/H — G/K,
f* is aring homomorphism and f, is a map of M (G/K)-bimodules when M (G/H) is considered an M (G/K)-
bimodule via f*, i.e.

f@f (W) = f(@)y,  f(fF()z) = yful2),

for any x € M(G/H) and y € M(G/K).
Now, suppose T is a G-spectrum indexed on a complete G-universe . For H C G the fixed point
spectrum is given by
™ =~ F(G/H.,T)C.

A G-map f:G/H — G/K induces a map f*:T% — TH. If H and K are finite, one has the equivariant
transfer f': YXG/K. — Y¥G/H,. The map f' depends on choosing a G-embedding of G/H into some
V C U; one gets f: SV ANG/K, — SV ANG/H, and defines f, to be the composite

TH =~ (s A G/K4,2VT)¢ Y1 sV AG/KL,SVT) = TX.
The homotopy class of fi is independant of the choice of embedding. Now the statements of [LMS], IV 6.3,
5.6. and 5.8. easily translate to the following

Proposition 2.2. Let G be a compact Lie group and let T be a G-spectrum indexed on a complete G-
universe. The functor which to G/H assigns w.(TH") and to f:G/H — G/K assigns the homomorphisms

f* and f. is a Mackey functor on Or(G; F). If T is a G-ring spectrum then this becomes a Green functor.If

H C K and 7%:G/H — G/K is the canonical projection then the composite (1), o (w%)* is multiplication

by (w1 )«(1). O

Let H C G be a finite subgroup. In section 1.1 we used the norm map N: T,z — TH. We can include H
in FH as an orbit to get a map

tp: T =TNg Hy -TANg EHy =Thy.
Later in the paper we need the following

Lemma 2.2. Let T be as above and let mg: G — G/H be the projection. Then the diagram

T T, TH

e

Thg —>— TH

is homotopy commutative.

Proof. We consider the diagram

TAgHy —— (I'ANH)? S 1H

l | H

c

TAg EH, —— (ITNEH )" —“— TH
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where the equivalences on the left are as in the proof of proposition 1.1 and where the maps ¢ collapses
H (resp. EH) to a point. The left hand square homotopy commutes and the right hand square is strictly
commutative. We claim that the following diagram homotopy commutes

F(GJHT)G R F(G/HJHT)G

/

F(HJHT)H i} F(H/HJHT)H

- !

(TANH)? —— (TANH/H)H.
For the lower square this follows from [LMS] V.9.7. For the upper square note that we have a pullback

G - G/H

Tincl Tincl

H -, H/H.

Therefore, the corresponding square of transfers, and hence the upper square homotopy commutes. O

2.3. We apply the general theory discussed above to the topological Hochschild spectrum T(A). Let
m5:G/Cs — G/Crs be the projection, s > 1. We have the maps, with V,. only well-defined up to ho-
motopy:

F. = (n7*)":T(A) = — T(A)%:,

T

= (WTS)*:T(A)CS — T(A)C”.

T

5

(2.3.1)

3

They are called the r’th Frobenius and the r’th Verschiebung, respectively. We shall write F' (resp. V') instead
of F, (resp. V,) when the subgroups considered are p-groups. We note that F, is just the obvious inclusion
map T(A)¢ — T(A)%. Recall from (1.2.1) the restriction maps R,:T(A)° — T(A)%. On homotopy
groups we have

Lemma 2.3. For any commutative ring A the following relations hold on 7, (T (A)¢"):

F.Vs=V,F,., if (r,8)=1
RT‘FS = FSRT‘7 Rr‘/s = VSR’I‘

Proof. Relations (1), (2), (3) and (4) follow from proposition 2.2 since T'(A) is a G-ring spectrum when A is
commutative. For example, the double coset formula (2.2.1) shows that

FV,=1+t+t>+.. .+t 1
where t € C,¢ is any generator. But the C).¢-action extends to the circle G and is therefore trivial on homotopy

groups, so F,.V, = r. Finally, (5) is an immediate consequence of the fact that R,: png(A)C” — pﬁST(A)CS
is G-equivariant. O
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Proposition 2.3. For any commutative ring A the sequence

0 — mT(A) L5 moT(A)" L ryT(4)%m 1 =0

is exact.

Proof. The fundamental cofibration sequence of theorem 1.2 gives a long exact sequence of homotopy groups
- — mT(A)n N 70T (A)nc,n RN moT(A)Ce" RN moT(A)% =1 — 0.

We claim that the map tc,,.: T(A) — T(A)nc,. induces an isomorphism on mo(—). Indeed, the skeleton
filtration of ECpyn gives rise to a first quadrant spectral sequence

E? = H,(Cpn; mT(A)) = m.T(A)nc, .

whose edge homomorphism is induced by tc,.. Since T(A) is a connective spectrum the claim follows.

Moreover, lemma 2.2 shows that V'* = N o LCpn -

It remains to show that V™:myT(A) — moT(A)C»" is injective. Since F"V™ = p™ by lemma 2.2 (3), we
are done if A has no p-torsion. To treat the general case suppose that A — A is a surjection of rings and
that A has no p-torsion. We consider the diagram

7T1T(A)hcpn _N 7T1T(A)Cp" _R 7T1T(A)Cp"*1 d 0

! l l

WlT(A)hcpn N, T T(A)C» _R 7T1T(/_1)CP"*1

in which the rows are exact. We prove by induction on n that the vertical maps are surjective. Since A is
commutative

Therefore, the spectral sequence of the skeleton filtraion gives a short exact sequence
(2.3.2) 0 — HH1(A) = mT(A)ne,. — A/p"A — 0.

But HH; (—) preserves surjections so the proof is complete by induction. O

The proposition shows that there is a set bijection 9T (A)»" = A"*T!. We proceed to define a preferred
bijection. Consider for any finite subgroup C,. C G the diagonal map (notation as in 1.4)

A,: THH(A)o 2 (sde, THH(A))C" — |(sde, THH(A).)C"| 2 | THH(A)|.
The first map is given by f +— fa...af (r factors), the second is the inclusion of the zero-skeleton and D is

the homeomorphism from 1.4.

Lemma 2.3. The composition R0/, and F.oA, are equal to the inclusion of the zero-skeleton, i: THH(A)q —
THH(A) and the r’th power endomorphism of the topological monoid THH(A), followed by i, respectively.

Proof. The claim for R, o A, is obvious from the definitions, c¢f. 1.5. To prove the claim for F;. o A, recall

that for any simplicial space Z, the homeomorphism D: |sd¢, Z.| — |Z.] is homotopic to the realization of

the simplicial map which in degree k is
d((JkJrl)(Tfl): Z(k+1)r71 — 7.

This follows from the proof of [BHM] proposition 2.5. But the composite

THH(A) 2 sde, THH(A)o = THH(A),_; °— THH(A),

is precisely the r’th power endomorphism. (I
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Theorem 2.3. Let A be a commutative ring. Then there is natural isomorphism of rings
I: W, 1(A) — moT(A)CPn

such that RI = IR, FI =1F and VI =1V.

Proof. The inclusion of the zero-skeleton mg THH(A)g = mg THH(A) is an isomorphism because A is com-
mutative and both groups are copies of A. Hence by the lemma,

(2.3.3) R.oA,=id, F.oA,=nr.
Now an easy induction argument based on proposition 2.3 shows that the sequence
0 — mT(A)m—2 Y, moT(A)CPn £, moT(A) — 0

is exact, and since Ap,» gives a natural splitting of R™ (as a set map), we may define a bijection
(2.3.4) I:Wni1(A) = mT(A)", Iag,... ,an) = YV (Ap-i(ai)).

As an immediate consequence of (2.3.3) we have that RI = IR, F)I = IF and VI = IV. In particular, if we
define

w: moT (AP — H A
=0

by w; = R'F™ % then wol = w. It remains to be seen that I is a ring homomorphism. If A has no p-torsion
this is obvious because w is injective. In the general case, suppose A — A is a surjection of rings where A
is without p-torsion and consider the diagram

Wai1(A) —— mT(A)C

l |

W1 (A) —L— 7T (A)Co.

The vertical maps are both surjective and the upper horizontal map is a ring homomorphism. Hence so is
the lower horizontal map. O

Recall from proposition 1.3 that péT(A)CT is p-cyclotomic if p does not divide r. In analogy with
proposition 2.3 we have short exact sequences

Vs R
0 — mT(A)" == mT(A) ' =5 T (A) % =0
and induction on the prime divisors of n gives us a natural bijection

LW () (A) = mT (A", I(agld divides n) = Va(An/a(ansa)).
d|

We can argue as above to get

Addendum 2.3. Let A be a commutative ring. Then
I Wiy (A) — moT(A),

is natural isomorphism of rings such that R,.I = IR,, F,.I1 = IF, and V.I = IV, where (n) denotes the
truncation set of natural numbers which divides n.
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3. TororLoGIcAL CycLic HOMOLOGY

3.1. This section is inspired by T. Goodwillie’s paper [G1].
Let I be the category where objects are the natural numbers, obI = {1,2,3,...}, and with two morphisms
R,, F,.:n — m, whenever n = rm, subject to the relations

Ry =F, =id,
RT‘RS = R’I‘87 F’I‘FS = Frs
R.Fs = FsR,.

For a prime p, we let I,, be the full subcategory with obI, = {1,p,p?,...}. A cyclotomic spectrum T defines
a functor from I to the category of non-equivariant spectra. Indeed when n = rm we have two maps of
non-equivariant spectra

R,,F: T — T,

The map R, was defined in (1.2.1) and F, is the inclusion of fixed points spectra. The relations above is a
consequence of the compatibility condition in definition 1.2.

Topological cyclic homology at p, denoted TC(T; p), was defined in [BHM]. In the present formulation it
is the homotopy limit of the restriction of the functor defined above to I,.

Definition 3.1. If T is a cyclotomic spectrum, then
TC(T;p) = holimT%*, TC(T) = holim T,
T, T
For a functor with smash product L, TC(L) = TC(T'(L)) and similarly for TC(L;p).

Remarks. i) The homotopy limit which defines TC(T; p) may be formed in two steps. First we can take
the homotopy limit over F), (resp. R,). Since R, and F, commute, R, (resp. F},) induces a self-map of this
homotopy limit, and we may take the homotopy fixed points. More precisely, let

(3.1.1) TR(T;p) = holim T, TF(T;p) = holim T,
Ry F,

then F), induces an endomorphism of TR(T'; p) and R, an endomorphism of TF(T’; p) and
TC(T;p) = TR(T; p)" ™) 2 TF(T;p)" ).
Here (F,) is the free monoid on F, and X"(¥») denotes the (F,)-homotopy fixed points of X. It is naturally

equivalent to homotopy fiber the of id —D, which was the definition used for TC(T;p) in [BHM].
There is a similar description of TC(L). Let

(3.1.2) TR(T) = holim T,  TF(T) = holim T,
’R F
then

TC(T) = TR(T)" = TF(T)"E,

where the decoration hF' denotes the homotopy fixed set of the multiplicative monoid of natural numbers
acting on TR(T) through the maps Fs, s > 1.

ii) The inclusion I, C I induces a map TC(T') — TC(T;p) which is a (spacewise) fibration. Similarly the
inclusions {1} C I, induce fibrations TC(T,p) — T In section 3.5 below we prove:

Theorem 3.1. The projections TC(T) — TC(T; p) induce an equivalence of TC(T) with the fiber product
of the TC(T';p)’s over T. Moreover, the functors agree after p-completion, TC(T); ~ TC(T; p);.
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3.2. We evaluate the realizations of the index categories I, and I:
(3.2.1) Il ~ 8", I =TI L] ~ T, S*

where H/ denotes the weak product over the prime numbers. Indeed, the full subcategory I, ; C I, whose
objects are {1, p} has realization | I, 1| = S*, and by theorem A of [Q] the inclusion functor K:I,; — I, is a
homotopy equivalence provided that the under-categories (p™ | K) are contractible for all p” € obI,. If we
write R"F* for the object (p¢, R"F*:p™ — p°) in (p" | K), then (p™ | K) is the category

RP—R" 'S R"'D—R"2D— ... F" ! o F"

Its realization is |(p™ | K)| 22 [0, 2n] which is contractible.

Let S = {pl, ...,Ds} be a finite set of primes and let Ig be the full subcategory of I whose objects are
the numbers pi* ...p2, n; > 0. Then as categories I = lim[g and Ig =T, x ... x I, . Since realization
commutes with cohmlts and finite products we obtaion (3 2.1).

3.3. Let ¥71Q/Z be a Moore spectrum with integral homology Q/Z concentrated in degree —1, and let T
be any spectrum. Then the profinite completion of T is the function spectrum

T" = F(27'Q/Z,T).

We may replace Q/Z by its p-part Q/ Z, to obtain the p-completion T Since Q/Z is the dlrect sum over
the primes p of its p-parts, the proﬁnlte completlon T" is the product of the p-completions T One proves
immediately that the homotopy groups of T" are given by the exact sequence

0 — Ext(Q/Z, 7, T) — mo(T") — Hom(Q/Z, ws_1T) — 0.

Let T be G-spectrum indexed on a trivial G-universe and consider the homotopy orbit spectrum Tpc,, =
T ACpn ECpyny. There are transfer maps

tn  Thoyn — Thoym, n>m

associated to the projections Thc,m — Tho,n, cf. [LMS, p.186], and we have the following key lemma.

Lemma 3.3. Suppose T is a bounded below G-spectrum. Then the homotopy fiber of t]' is a p-complete
spectrum; in particular it is profinite complete.

Proof. We can assume that m = 0, and we will write ¢, = 9. Let B, denote the Serre class of abelian
p-groups A which are annihilated by some Ny > 0. If we can prove that tn*:ﬂ'*Thcpn — w1 is an
isomorphism modulo 95, then the homotopy fiber of ¢,, will have homotopy groups in 9B8,, and therefore it
will be p-complete by [BK], p.166.

The composition m,T' RGN W*Thcpn LN w1 is multiplication p™ and therefore an isomorphism modulo
8,. Hence we may as well show, that pr, is an isomorphism modulo B,. We have the right halfplane
homology type spectral sequence (see §4.2 below)

Eit = HS(Opn N 7TtT) = 7T5+tTthn .
Since the Cpr-action on T is the restriction of the G-action, m¢T" is a trivial Cp»-module and therefore
Ej,=mT, E2,€ B, s>0.
Furthermore the edge homomorphism ES + — EG% is the surjection by pr, of m/T" onto its image in mThc,n -

It follows that the edge homomorphism is an isomorphism modulo 9B, and that £J5 € 9B, when s > 0. Smce
T is bounded below, pr, is an isomorphism modulo 5, g
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3.4. Let K:I — J be a functor and C a category which have all limits; then the forgetfull functor K*:C’ —
C' has a leftadjoint R. If T: T — C is a functor, then the right Kan extension of T along K is the functor

T

RT(j) =1lim((j | K) =1 = C),

cf. [IML]. We apply this to the inclusion K:I; — T of the full subcategory on {1}. The under-category (n | K)
is the discrete category on the set of morphism I(n,1) and a functor from I; to spectra is just a spectrum
T. Thus the right Kan extension is simply a product of copies of T',

RT(n)=F{(n,1)4+,T),
where I(n, 1) = { R, qFuld divides n}.
If n=pi*...p% then #I(n,1)=(n1 +1)+...+ (ns + 1).

Lemma 3.4. holim RT = F(|(T | 1)|+,T) =~ T.
I

Proof. Let S denote the categoty of spectra. We recall from [BK] that holim is right adjoint to the functor

CAIEL S H

which takes a spectrum T to the diagram n +— T A|(I | n)|+. We have the commutative diagram of functors

—AAD[+
_

S S

SRl | H

*

st —— sh,

All the functors in the square have right adjoints and accordingly these also commute; this proves the first
claim. Finally (1,id:1 — 1) is terminal object in (I | 1), which therefore has contractible realization |(I | 1)].
O

3.5. From now on T will be a cyclotomic spectrum, e.g. T = T(L). The counit of the adjunction above
supplies a map of I-diagrams e: T¢~ — RT(—) such that

€n: T — F(I(n,1)4,T)
is the adjoint of the ‘evaluation’ map I(n, 1)y AT — T.
Lemma 3.5. The homotopy fiber of €, is a profinitely complete spectrum.
Proof. Suppose first that n = p® is a prime power. By induction it is enough to show that the iterated

homotopy fiber, i.e. the homotopy fiber of the induced map on homotopy fibers, of the square

R
TCps P Tcpsfl

FPJ( FPJ(
R
TCP57 1 P TCP572

is profinitely complete. We recall from the theorem 1.2 the cofibration sequence
Cps RP C s
Thcps—>T pe — Tt

It determines the horizontal homotopy fibers in the square above. Furthermore the map induced by the
vertical arrows F), precisely correspond to the transfer map ¢57!, and so lemma 3.3 shows that the iterated
homotopy fiber is a p-complete spectrum.

Next we consider the general case and write n = pk with (k,p) = 1. Then T°* is a p-cyclotomic spectrum
by proposition 1.3 and the lemma follows by induction over the prime divisors in n. O

We let ®(T') denote the fiber of the fibration TC(T') — T'; similarly for ®(T’; p).
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Corollary 3.5. ®(T) is profinitely complete, and ®(T';p) is p-complete.

Proof. Homotopy limits commute with profinitely completion, so by the lemma the homotopy fiber of

€,: holim T¢* — holim RT
I I

is a profinitely complete spectrum. Finally under the equivalence of lemma 3.4 we can identify e, with the
projection TC(T) — T. O

Proof of theorem 3.1. We first show that TC(T); ~ TC(T;p); via the projection. To this end we define a
new full subcategory I,y of I. It has as objects the set {k|(k,p) = 1} of positive integers prime to p. Then
I=1, xI, so

TC(T) = holim T°* = holim(holim 7*),

— —

I L, L,

We may proceed as in lemma 3.5 and show that the fiber spectrum of the projection

holim 7€+ — TC»*

L

vanishes after p-completion. This proves the last claim in proposition 3.1. We have left to show that the
map from TC(T) to the fiber product over T of TC(T;p), indexed by the primes p, is an equivalence. This
is the same as to show that ®(T) — Hp ®(T;p) is a homotopy equivalence. Now a profinitely complete
spectrum ®(7T') is equivalent to the product of its p-completions, with p varying over the primes. Since
@(T); o~ @(T;p); by the above and @(T;p); ~ ®(T'; p) by corollary 3.5, we are done. O

3.6. We recall from 1.7 that if L is a commutative FSP defined on spheres, then the ¥,,-spaces THH(L(™); §™)
again form a commutative FSP defined on spheres. The same holds for the C-fixed sets THH(L(™); §7)¢
and the restriction and Frobenius maps are Y,,-equivariant and multiplicative. In particular, the homotopy
limit
TC(L™; ™) = holim THH(L(™); §™)¢~
I
carries a X,-action.

Proposition 3.6. Let L be a commutative FSP defined on spheres. Then the spaces TC(L(™); S™) again
form a commutative FSP defined on spheres. The associated spectrum is equivalent to TC(L).

Proof. In view of proposition 1.7 it is enough to prove that a homotopy limit of commutative FSP’s defined
on spheres is again a commutative FSP defined on spheres. So let L; be a J-diagram of FSP’s defined on
spheres. We define the product on the homotopy limit by

fim.n: holim L, (S™) A holim L, (S™) <% holim L, (S™) A L;,(S™)
J J IxJ

2%, holim L;(S™) A L;(S™) — holim L;(S™+),
J J

where the second map is induced from the diagonal A:J — J x J and the last map is induced from the
multiplication in L;. The first map is the canonical map, defined as follows: We have the counits

€;:(J L )+ Aholim L;(S™) — L;(S™)
J

and since (J x J | (j1,72)) = (J | j1) x (J | j2) we get

€y N €y |(J xJ | (j17j2))|+ /\h(Oiijl(Sm) /\h?l_lijz(Sn) - le(Sm) /\sz(sn)'
J J
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The canonical map is the adjoint, ¢f. [BK]. Similarly the unit is the adjoint of the composition
(7 L)+ A 8™ 22 5™ 2 L(S™).

We prove that the product is commutative and leave the remaining verifications to the reader. We have the
commutative diagram

holim L;, (S™) A holim Lj, (S™) “*— holim Lj, (S™) A L;,(S™)
2 v JxJ
lTW*
(3.6.1) Tw holim L, (S™) A L;, (S™)

JxJ
ltw*

holim L;, (S™) A holim L, (S™) “*— holim L, (S™) A L;,(S™),
J J IxJ

where Tw permutes the smash factores and where tw is the functor which permutes the two factores in
J x J. Indeed, the adjoints of the two compositions tw* o Tw, o can and cano Tw are equal. Now consider
the diagram

holim L;, (S™) A holim L, (S™) 222 holim L;(S™) A L;(S™) -2 holim L;(S™™)
J J J J

ES k2 [

holim L, (S™) A holim L, (S™) 22 holim L;(S™) A L;(S™) -2 holim L, (S™™)
J J J J

The commutative of the square on the left follows from (3.6.1) and the fact that A = A o tw as functors
from J to J x J. Finally, the commutativity of L; implies that the right hand square is commutative. This
completes the proof. O

Given any commutative FSP L we have from proposition 3.6 a sequence of spectra
TC(L), TC*(L), TC*(L),...

upon iterating the construction. In view of theorem B of the introduction and the calculation of TC(Z,) in
[BM] it would seem a very interesting question in homotopy theory to determine the iterates TC"(F,). In
particular one may wonder about the socalled chromatic filtration of TC?(Z,) or TC*(F,,).

4. TOPOLOGICAL CYCLIC HOMOLOGY OF PERFECT FIELDS

4.1. To each ring R there is associated a functor with smash product, which we denote R. Tt takes a
based space X to the configuration space of particles in X with labels in R, i.e. the space of formal linear
combinations Y 7;z; modulo the relation r - x = 0- % = %. It is a generalized Eilenberg-MacLane space with

mR(X) = H,(X;R),
the reduced singular homology groups of X with R-coefficients.
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In this paragraph we evaluate TC(E) in the case where R = k is a perfect field of characteristic p > 0.
We note that TC(k) ~ TC(k;p) by 3.5. For T(k) and its fixed sets are p-complete by theorem 1.2. In the
sequel we write T(R) and TC(R) instead of T(R) and TC(R).

We begin with the basic calculation when k& = I, is the prime field. The general case follows by a descent
argument given in section 4.5 below. The strategy for obtaining information about TC(F,) is to compare
the fixed sets which defines it with the corresponding homotopy fixed sets.

For any C-spectrum T € CSU, with C finite, there is a norm cofibration sequence of spectra, which we
now recall. Following [GM] one defines

The J*T Ne ECK (homotopy orbit)
ThC F(EC,,T)¢ (homotopy fixed points)
H(C;T) = [ECAF(EC.,T)]¢ (Tate spectrum)

Here j:U® — U, EC is the unreduced suspension of EC (as in §1) and the smash product in the definition
of H takes place in CSU, i.e.

H(C;T)(V) = lim F(S"~Y, EC A F(ECy, T(W)))“
wcu

One has
[F(EC,,T)ANEC]° ~ [T ANEC{] ~ Theo,

cf. the proof of proposition 1.1. Thus one can smash the cofibration sequence of C-spaces

(4.1.1) EC, — S8° — EC

with F(EC4,T) € CSU and take C-fixed points to get the ‘norm cofibration sequence’ of [GM],
R

h ~
The ~ T Z5 (05 7).

We now assume that T € GSU (where, we remember G = S'), and let C' be a cyclic p-subgroup. In
proposition 1.1 we identified [EC' A T]¢ with (®»T)¢/Cr. Therefore, we may smash the obvious inclusion

v:T — F(EG4,T)

to obtain a C'/Cp-equivariant map 4: ®“»T — H(C,; T) and taking fixed sets and using that H(C,; T)°/Cr =
H(C; T) we obtain from (4.1.1) a cofibration diagram

The N TC ((I)CPT)C/CP
(4.1.2) H lrc lfc
The —Ys ThC B s,

For a cyclotomic spectrum pﬁp oCrT ~. T and (4.1.2) reduces to

Proposition 4.1. ([BM]) For a (p-)cyclotomic spectrum T there is a commutative diagram

Tthn N TCpm R TCpn—1

ek

Nh hCon Rh N
Then — T ——— H(Cpn; T)

pn
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in which the rows are cofibration sequences of non-equivariant spectra. O

The point of this is that there are spectral sequences

E2(C;T) = H7(CimT) = mop H(C;T)
(4.1.3) E2 (ThC) = H"(C;mT) = mpThC
Eg,s(ThC) = HT(C;TFST) = 7T7‘+5ThC

which in favorable cases can be used to completely calculate the homotopy exact sequence of the norm
fibration sequence, cf. [BM], §2. The spectral sequences are associated with the skeleton filtration, and for
E" a filtration due to Greenlees. One may then attempt a calculation of the actual fixed points, and hence
TC(T;p), starting with a calculation of

0y:mT — mH(C,; T).

This was the strategy used in [BM] for T' = T'(Z,) and will below be used for T' = T'(F)).
The spectral sequences in (4.1.3) are strongly interrelated. For any C-spectrum T there is a map of
spectral sequences

(4.1.4) RMTLET (T"C) — ET(C;T)

which is an isomorphism for » = 2 and s < 0 and an epimorphism for r > 2 and s < 0. Similarly, there is a
map of degree —1

(4.1.5) 0" EL,(C;T) — EL_y (The)

which is an isomorphism for » = 2 and s > 2 and a monomorphism for r > 2 and s > 2. The situation for
r =2 and s = 0,1 is described by the exact sequence

N 2 h,2 .
0— E2,(C;T) 5 B2 (The) 5 EZ(ThC) 25 B2 (C;T) — 0,

where N is the norm map N: Ho(C;m.T) — H°(C;7.T). For r > 2 the relationship is explained in [BM],
§2.
4.2. We now recall Bokstedt’s and Breen’s basic result on 7. T'(IF,,) and sketch briefly the proof, in Békstedt’s
formulation.

Since T'(R) is the realization of a simplicial space it has a skeleton filtration, and there is a first quadrant

spectral sequence
E*(R) = HH..(AR) = H.(T(R);Fy)

where Ag = H.(HR;F,) and H,(—) is spectrum homology. When R =TF,,, Ag is the dual Steenrod algebra,
i.e. Ap, = A where

A { Sp, 161,62, .- } @ Ap, {70, 71,...}, podd
S]F;,{&laé?v"'}a p:2

Here deg&; = 2(p" — 1) (or 28 — 1 if p = 2), deg7; = 2p" — 1 and Sg, resp. Ap, denotes the symmetric resp.
the exterior algebra over F,,. Since A is a connected Hopf algebra one has with A° = A® A

HH. (A) = Tor* (A, A) = A ® Tor(F,, F,),
see [CE] p. 194, and

AFF{U§17U§2,".}7 p:2

TorA(F,,F,) =
o (Ep ) {AIFP{U&,U&,---}®FJFP{U7’0,UT1,---}7 p odd
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where I'g, {—} is the divided power algebra, e.g.

Tr, {om} 2 @ Sr, {7 (07)}/ (pi (073)7)-

Jj=0
The (bi-)degrees of the generators are

deg(c&;) = (1,2(p" — 1)) (resp. (1,2° — 1) for p = 2)
deg (v, (07:)) = (7,0’ (2p" = 1)).

Let HF, — T'(F,) be the inclusion of the 0-skeleton and consider the composition
(4.2.1) 0: St ANHF, — S AT(F,) 5 T(F,).

Then o¢; and o7; are the images under o, of [S'] ® & and [S'] ® 7;. There are homology operations in
H,(T(F,)), which commute with o. The homology operations in H,(HTF,) were examined by Steinberger
in [BMMS] chap. III, theorem 2.3, and twenty years before by L. Kristensen (unpublished). The result we
need is that

Q"' (73) = Tiy1, Qpi(&) =&i11, Bri=6&.

Here 7; and &; are not the usual Milnor generators, but the images of these under the canonical anti auto-
morphism (antipode) of A.

For degree reasons there are no differentials in the spectral sequence when p = 2. In the case of odd
primes the first possible non-zero differential is d?~!. Bokstedt proves in [B1] that

A" (v (073)) = (Vi1 (073) - p(0m))P 7 - 0ia

This can be viewed as a ‘Kudo principle’ since ;11 = ﬂQpi (o7;) by the above. In any case one gets for
odd p
E? = A® Sp,{o7|i > 0}

and for degree reasons EP = E°°. Finally the homology operations solve the extension problems,
(om3)P = Qpi (o) = UQpi (1:) = 0Tit1
so that
H. (T (Fp); Fp) = A® Sp,{om0}

and hence 7, T(F,) = Sg,{o70}.

Let [S'] € m¥(S1) be the image of the generator in 75 (S?) under the boundary map 0: 75 (S%) — 7¢(5%)
of the cofibration S} — S% — 52. Let & € mo(T(F,); F),) be the image of [S'] A 7o under the map in (4.2.1),
and let o € mT'(F,) be the preimage of & under the reduction to F,-coefficients, which is an isomorphism.
We have proved

Theorem 4.2. ([Br], [B]) 7.T(F,) = Sr,{0}. O

The above calculation shows that T'(F,) is a wedge of Eilenberg-MacLane spectra. But this is also clear
from the beginning because the composition

T(R)~ S°ANT(R) - HRAT(R) — T(R) ANT(R) £ T(R)

is homotopic to the identity, so that T'(R) is a retract of HR A T'(R) which is always a wedge of Eilenberg-
MacLane spectra.
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4.3. We return to the spectral sequences of 4.1 for . (]I:]I(Cpn;T(IE‘p); Fp);
(4.3.1) E? = H* (Cprimu(T(Fp);i Fp)) = Ap, {un} ® Sr,{t,t '} ® As, {e1} ® Sr, {7},

where degu, = (—1,0), degt = (—2,0), dege; = (0,1) and degd = (0,2). Indeed, the Bockstein exact
sequence which relates integral and modulo p homotopy groups gives m.(T(F,);F,) = Ap,{e1} ® Sr,{c}.
The Bockstein on ey is 1, so that the odd degree homotopy groups map isomorphically onto the even
dimensionally ones. We also consider the spectral sequence for 7, H(Cpn; T(F,)), (integral homotopy groups)

(4.3.2) E? = H*(Cpn; mT(Fy)) = Ap, {us} ® Sp, {t,t 7'} ® Sp, {0}

There is a map of spectral sequences res: E™ — E” which is injective for r = 2. Both spectral sequences are
homology type and lie in the second quadrant, E” is multiplicative and E" is a module over E”.

Lemma 4.3. The non-zero differentials in E" are generated from d?e; = t& in the module structure over

E". In particular, X
T (H(Cprs T(Fp)); Fp) 2 Ap, {un} ® Sk, {t, 671}

Proof. For degree reasons there are no d?-differentials in E". Therefore, if d?e; = to we get

E? = Ap, {un} ® Sr, {t,t7'}

and there can be no further differentials. The idea of the proof is to compare with the spectral sequence
which calculates . (H(G; T(F,)); Fp). It has E*-term

H*(BG; 7, (T(Fp); Fp)) = Sp, {t.t 7'} @ Ax, {e1} ® Sr, {5},

and there is a map from this spectral sequence to E” which injects the E2-term. The differential d?: E§, —
E2272 in this spectral sequence is the composite

(s
! (T(Fp)? IE‘;D) - 7T2(S-1|- A T(Fp)? IE‘;D) - 2 (T(Fp)? Fp)v

cf. [BM], §5. The first map is exterior multiplication by [S'] € 77 (S1) and the second map is induced by
the S'-action on T'(F,). Hence, d’e; = t5 as claimed. O

Corollary 4.3. The integral homotopy groups W*H(Cpn ;T(Fp)) are cyclic Z,-modules.

Proof. We may compare the spectral sequence (4.3.2) with the spectral sequence for W*H(G;T(Fp)) to see
that ¢ and o are permanent cycles. Hence there is a differential

(4.3.3) >y, =t"o",

for some r > 1, or there are no differentials at all. (We prove in lemma 4.4 that »r = n.) On the other hand,
the mod p spectral sequence shows that the extensions in the passage from E*° to the actual homotopy
groups are maximally non-trivial. Hence the claim. |

We use that T'y: T(F,) — H(C,; T(F,)) is a map of ring spectra to determine the differential (4.3.3). Since
I preserves the unit, and as 7oT'(F,) = F,, and moH(C,; T'(F,)) is cyclic,

r.: moT'(Fp) — 71'OH(C]D; T(Fp))
is an isomorphism. This can only happen if r = 1 in (4.3.3), that is, if
dPuy = t%c
in (4.3.2). It is then easy to solve the spectral sequence to get
(4.3.4) mH(Cp; T(Fy)) = Se,{6,67'}
where & is a generator of degree 2.
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Proposition 4.3. The map I'y: T (F,) — H(C,; T(F,)) induces an equivalence of connective covers.

Proof. Since I is multiplicative theorem 4.2 and (4.3.4) show that it is enough to prove that
I.: m T (Fp) — WZH(OM T(Fp))
is an isomorphism. We have T'(F,) ~ , pgp @ T(F,) and the following commutative square of G//C)-spectra,

O T(F,) —2— ST(Fp)nc,

H(Cy; T(Fy)) —— ST(F,)nc,,

cf. (4.1.2). Thus we may instead prove that

0u: 1@ T (Fp) — mT(Fp)ne

P

is an isomorphism. One has (by the spectral sequence) m;T'(Fp)nc, = F,, for i = 0,1, see (2.3.1).
Theorem 4.2 translate under the equivalence T'(F;) ~ pﬁp ®C»T(Fp) to the statement that

[ ﬂ—f(G/CZH‘) ® m ((I)CPT(FP); Fp) - W2(¢CPT(FP)5 Fp)

is surjective, and the generator of the right hand group is the mod p reduction of the generator of the integral
group me®»T(F,). Since 0 is a G/Cp-equivariant map it is therefore enough if we prove that the two maps
(a) . Wl(‘bCPT(Fp)?Fp) — 7o(T(Fp)nc,: Fp)

(b) fi: 1 (G/Cpy) @ moT (Fp)ne, — mT (Fp)ne

P

are epimorphisms. Claim (a) follows from the diagram

T (DO T (F,); Fp) —2— To(T'(Fp)nc,: Fp) —N no(T(F,)C; Fy)

I = I

O *
m®GT(F,) —2n  wT(Fhe, —=—  wT(F,)Cr.

because 0T (F,)“» = Z/p? and m (9T (F,);F,) = Z/p by theorems 2.3 and 4.2. To prove (b) we note
that the map
T(F,) Ao, Gy — T(F,) Ac, EGy,

given by the inclusion G C EG induces an isomorphism on 7;(—) for ¢ = 0, 1, and use the G-homeomorphism
T(Fp) Nep Gy = |T(Fp)| A G/Cp+

where the bars on the right indicate T'(F,) with trivial G-action. O
Addendum 4.3. The maps

L,:T(F,) %" — T(F,)"“»",  T,:T(F,) " — H(Cpn; T(F,))

induce equivalences of connective covers.

Proof. Since the spectra are all p-complete it is enough to show that the maps induce isomorphism on
7+(—;Fp) in non-negative degrees. For n = 1, this follows from the lemma and from a 5-lemma argument
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based on proposition 4.1. In the general case we have H(Cpn; T/(F,)) = ? H(C,; T(F,)) "~ and T',,_; =

4m~1, where 4 is the G-equivariant map

T(F,) — pl, H(Cp; T(F,)).

We can now compare with the homotopy fixed point situation via the diagram

TE) s TE)

[0 [

) 1 G 0 n—1
2 H(Cy; T(Fy)) %ot —=— pf, H(Cy; T(F,)) 2.

Since 4 = I'; is a non-equivariant equivalence on connective covers by the lemma, so is 'yhcp" . Inductively,
I',,—1 may be assumed to be an equivalence on connective covers, so it remains to show that G is. There is
a commutative diagram

A N 1
pﬁpH(Cp;T(FP))hC,‘pn71 E— pC H(CPaT( )) P

H &

Pt H(C T e, —— plh H(Cyi T(F,)) o

and we claim
(i) 7o (H(Cpr; T(Fp)); Fp) = . (pf H(C; T(Fp))hcp"*l;le)
(ii) H(Cprr; g H(C; T(Fp))) ~

Given these claims, (ii) and the norm cofibration sequence for the Cjn-1-spectrum /’c ]HI(C,,, T(F,)) show

that N” is an equivalence, and hence that 7, (G; F,) is a surjection of abstractly isomorphic finite groups,
thus an isomophism.

It remains to prove (i) and (ii). This uses the spectral sequences of (4.1.3),
H* (Cpn13m(pf, H(Cp; T(E) )i Fp)) = malpl H(Cp3 T(F,)) o1 Fy)
H*(Cpn-v5m(pf, H(Cy; T(Ep))iFy)) = me(H(Cpnss pf H(Cyi T(F,))); Fy)

We have already proved that
T (H(Cp; T(Fp)); Fy) 2 Ag, {61} ® S, {6,67 '}
with degé; = 1, deg & = 2. The two E2-terms are consequenctly

E? = A]Fp{un_l} ® S]Fp{t} ® A]Fp{él} ® S]Fp{5'76_1}
= Ag, {tn—1} ® S, {t,t 7'} ® A, {é1} ® Sg,{6,67'}.

Combining lemma 4.3 and proposition 4.3 one has that d?(é1) = t& in both cases. This differential and its
multiplicative consequences are the only ones. Hence

= Ap, {tn_1} ® Sp,{6,67"}

and E® = B>, so m,(H(C,; T(F,))"“»"~*;F,) has a copy of F, in each degree. Now compare with corollary
4.3 to prove (i). For (ii), note that
(et te ) =1

so that E3 = 0. O

Remark 4.4. S. Tsalides, [T], has given a quite different and more general proof of addendum 4.3, assuming
lemma 4.3.
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4.4. We can now give a complete description of the fixed point structure of T'(F,). We begin by solving the
spectral sequences in (4.3.2).

Lemma 4.4. In the spectral sequence E" which converges to m,H(Cyn; T(F,)) the differentials are multi-
plicatively generated from d?>"*'u, = t"T1o™ and the fact that t and o are permanent cycles. In particular,

W*H(Cp" s T(Fp)) = Sz/pn {6, o'},

where deg 6 = 2.

Proof. We may combine addendum 4.3 and theorem 2.3 to get
ToH(Cpn; T(Fp)) = moT(Fp)Som 1 = Z/p".
Now the claim for the differentials follows from corollary 4.3 and its proof. We get
En+2 — Sk, {t,t™ " o}/ (t" ™)

and since all elements are in even total degree there are no further differentials. 0

Proposition 4.4. The integral homotopy groups of the fixed point spectra T(FP)CP" is a copy of Z/p"*1
in each positive even degree,
W*T(FP)Cpn = SZ/;D71+1 {O’n},

where deg o, = 2. Moreover, F(o,) = op—1, V(0n-1) = po, and R(o,) = pAnon—_1 where \, € Z/p™ is a
unit.

Proof. The claim for the homotopy groups is immediate from addendum 4.3 and the lemma. We have the
following commutative square

T(Fy)"  —— T(F;D)C’)nfl

l,ycpn l;ycpnfl

H(Cyp; T(F,)) ——s H(Cppus; T(F,)),

where the vertical maps are the equivalences of addendum 4.3 and F” is the obvious inclusion of fixed sets.
It induces the restriction map in Tate cohomology,

ves: H* (Cpn; 1T (Fp)) — H*(Cpn-1; . T(F,))

on the E?-term of the spectral sequences E". Since this is an isomorphism in even degrees it follows that
we can choose the generators o, such that Fo, = o,-1. Next, V(o,-1) = VF(0,) = po,. Finally, the
calculation of R follows from the exact sequence

n _1 0 .
7T2T(FP)CP = 7T2T(Fp)cpn = WIT(FP)’LCM = WlT(Fp)Cp

since mT(Fp)ne,. = Fp and mT(Fp)“r" = 0. O
4.5. In this section we extend the extend proposition 4.4 to any perfect field k of positive characteristic.
Lemma 4.5. If k is a perfect field of positive characteristic then HH, (k) = k.

Proof. We choose a transcendence basis {X;|i € I} of k over F,,. Since k is perfect it contains as a subfield
the field -
= @FP(X;D |iel).
T
Moreover, k is a separable algebraic extension of [. For [ is perfect by construction, and any algebraic
extension of a perfect field is separable. We may write k = E}nka where the colimit runs over the finite

29



o~

extensions | C ko C k. Each ko /I is a finite separable extensions and hence étale. Therefore, HH, (kq)
ko @ HH, (1), [WG], and since Hochschild homology commutes with filtered colimits,

HH, (k) 2 k ®; HHL ().
Now HH, () = I. Indeed, by [HKR]
HH*(FP[X1| ’L E I]) g QEP[XI‘ ,L-GI]/IFP

and both sides commute with filtered colimits and locationzation, so HH, (1) & QZ*/]FP. Now since [ is perfect

Qur, =0, as de = d(y?) = py*~'dy = 0. O
We thank Chuck Weibel for help with the argument above.

Corollary 4.5. 7, T(k) 2 k@ m.T(F,).

Proof. We consider the spectral sequence E"(R) of 4.2 with R = k. The inclusion F, — k defines A — Ay,
and since the target is a k-algebra we get a ring homomorphism

ke A— A

This is in fact an isomorphism. For as an abelian group k is just a direct sum of copies of F,, and taking
homology commutes with direct sums. We get

HH, (Ay) = HH, (k ® A) = HH, (k) ® HH,(A) = k ® HH, (A),

where the last equality is the lemma above. Thus E?(k) & k® E?(F,) and since E" (k) is a spectral sequence
of k-modules
E>*(k) = ke E™(F)p).

The statement follows. O

Suppose that 7" is any C-ring spectrum and that X is any C-space. Then (7' A X)¢ is a T%-module
spectrum. The action map is the composition

(4.5.1) TS AT AX)C — (TATAX)C 225 (T A X)),
When T is T(A) and X is any of the C-spaces in (4.1.1) this shows that
T(A)nc,n — T(A)" L T(4)Cm

is a cofibration sequence of T'(4)“»"-module spectra. In particular, the associated long exact sequence of

homotopy groups

2 T (A, X w4 2 mT(A) 2

is a sequence of W, 41 (A)-modules. Moreover, (4.1.3) is a spectral sequence of W, ;1(A)-modules,
(4.5.2) E? = H,(Cpn; (F")'m.T(A)) = 7T (A)nc,n

where F': W,,41(A) — A s the iterated Frobenius. Indeed, the identification of the E'-term uses the transfer
equivalence (T A X"C, )¢ ~ YT, and under this equivalence (4.5.1) becomes

incl Al

TN T 2288 PAYT L 3T,
which gives (4.5.2).
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Theorem 4.5. For any perfect field k of positive characteristic p,
ﬂ'*T(k)CP" = SWHH(,C){J"}, deg o, = 2,
and F(o,) = op—1, V(0n-1) = pon, and R(oy) = pAnon—1 where A, € W, (F,) =Z/p™ is a unit.

Proof. We argue by induction on n starting from the case n = 1 was established in corollary 4.5 above. Let
W = Wp41(k) and consider the diagram

= W® WiT(Fp)thn N, W ® ﬂ',L-T(]Fp)CP" _R, W ® ﬂ',L-T(Fp)C

! l |

oo T (k) peyn ———> mT(k) o —— > 2, T(k)

pn—1 —> ...

Cpn—1 -

By induction the right hand vertical map is an isomorphism. Indeed,

Wit (k) @ m T (Fp) o=t 2 W, (k) @ m T (k)%= 22 0, T (k).
Therefore, we are done by induction if we prove that the left hand vertical map is an isomorphism. We let
i denote the Frobenius automorphism on k& and consider the diagram

Whti(er,) n
Wn+1(Fp) 4?;;) Wn+1(Fp) R—’ ]Fp

l I I

Waa(k) 25 W (k) — k.

The left hand square is cocartesian because the horizontal maps are isomorphisms and the right square is
cocartesian because p generates the maximal ideal of W, 1 (k). Moreover, the compositions of the horizontal
maps are equal to F™ and therefore we have

Wosr(k) ® (F")'m.T(F,) = (F")'k © m.T(F,) = (F") T(k).
Now the spectral sequence discussed above supplies the conclusion. O

Proof of theorem B. Theorem 4.5 shows that TR(k) = HW(k), with the notation of (3.1.1). Moreover,
F:TR(k) — TR(k) corresponds to the Frobenius on Witt vectors, and hence we obtain an exact sequence

0 — TCo(k) — W (k) =5 W (k) — TC_1(k) — 0.

When k = F, we have 1 — F = 0, proving TC(F,) & HZ, VvV ¥"'HZ,. In particular, TC(F,) is an
Eilenberg-MacLane spectrum. For general k, TC(k) is a module spectrum over TC(F,) and hence an
Eilenberg-MacLane spectrum. O

Remark 4.5. We may also extAend addendum 4.3 and lemma 4.4 to general perfect fields. The map [, in
proposition 4.1 shows that m.H(Cpn; T'(k)) is a W, (k)-module, and we claim that

(4.5.2) T H(Cp; T(K)) 2 Wy (k) © mH(Cpn; T(F,)).
Indeed, the spectral sequence of (4.1.3) is a spectral sequence of W, 11 (k)-modules,
E? = H*(Cpn; (F™)' 1, T (k)) = mJH(Cpn; T(k)),

where F™: W,,11(k) — k is the iterated Frobenius. This follows from the discussion preseeding theorem 4.5.
Therefore, we can repeat the proof of theorem 4.5 and get that

Wit (k) @ W*H(Cp" s T(Fp)) = W*H(Cp" s T'(k)).

Since the W, 1 (k)-module structure on 7, H(Cpn; T(k)) comes from the W, (k)-module structure via the
restriction map R: W, 11(k) — W, (k) we get the claimed isomorphism.
Quite similarly, the proof of addendum 4.3 generalizes to show that

(4.5.3) T, T(k)Sr — T(k)"Cr", T, 1:T (k)% — H(Cpn; T(k))

induce equivalences of connective covers.
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5. TOPOLOGICAL CYCLIC HOMOLOGY OF FINITE W (k)-ALGEBRAS

5.1. If the ring R is given as an inverse limit of rings R,, R = @Rn, then one can define continuous
versions of K(R) and TC(R) by setting

K'*P(R) = holim K(R,,), TC'"P(R) = holim TC(R,,),

c¢f. [W]. One may then ask when the natural maps from K(R) to K*P(R) and TC(R) to TC'*P(R) are
equivalences.

The cyclotomic trace from K(R) to TC(R) defines by naturality a corresponding map between the con-
tinuous versions, so we have a diagram

K(R) —X TC(R)

! !

K'P(R) —%, TCYP(R).

Let k be a perfect field of positive characteristic p and let W (k) be its ring of Witt vectors. We have the
following result about the above diagram:

Theorem 5.1. Let A be a W (k)-algebra which is finitely generated as a W (k)-module.
(i) The cyclotomic trace induces an equivalence KtOP(A); ~ TCtOp(A); [0, 00).
(ii) The natural map TC(A); — TC™P (A); is an equivalence.

In both statements the superscript top refers to the p-adic topology on A.

We note that since W (k) is a P.I.D. the structure theorem for finitely generated modules shows that A is
p-adically complete: A = @A/An, where A, = A/p™A.

Proof of 5.1(i). By McCarthy’s theorem A of the introduction it suffices to prove that
tre: K (Ay), — TC(A;), [0, 00)

is an equivalence. As a finite dimensional k-algebra, A; is artinian, and hence its radical J = rad(4;) is
nilpotent. Therefore, by one more application of theorem A we are reduced to prove that K(A;/J ); ~

TC(Al/J); [0,00). Now A;/J is semi-simple, and since both functors preserve product it suffices to prove
that

tre: K (A), — TC(A), [0, o)

is an equivalence for a central simple k-algebra. If the class of A in the Brauer group Br(k) is trivial, i.e. if
A= M, (k), then we are done by theorem B since both K(—) and TC(—) are Morita invariant, cf. 1.7.

However, Br(k) might not vanish for perfect fields in general; one knows only that the p-primary part of
Br(k) vanishes, [Se|, chap. X, §4. Let K be a Galois splitting field for A and G the Galois group of K/k,
and let L = K%» where G is a Sylow p-subgroup of G. Then we have a commutative diagram

0 —— H?*G;K*) —— Br(k) —— Br(K)

[ | |

0 —— H*Gp;K*) —— Br(L) —— Br(K).
Since ,, Br(k) = 0, [A] is p'-torsion in H?(G; K*) and since H?(G,; K*) has vanishing p'-torsion one must
have [A ® L] =0 in Br(L). Thus
B=A®,L=M,L).

32



On the other hand, L is perfect (being an algebraic extension of k), so by the previous remarks the middle
vertical map in the diagram below is an isomorphims:

=\ A ' i =\ A

K(4), —— K(B), —— K(A),

(5.1.1) l l l

(A)) —=— TC(B)), ——— TC(A)

A
p*

Both the horizontal compositions are isomorphisms since B is a free A-algebra of rank |L : k|, prime to p.
This is well-known for K-theory and for TC we may argue as follows. First, the composition

HH, (A) 2= HH, (B) - HH, (4)
is an isomorphism. The spectral sequence of 4.2 then implies that the composition
T(A) *= T(B) -5 T(A)
is an equivalence. The obvious inductive argument, using the cofibration sequence of theorem 1.2 shows that
T(A)%" 2 T(B)r L T(A)Cr
is an equivalence. The same will then be the case for the lower horizontal composition in (5.1.1). It follows

now from (5.1.1) that K(A) ~ TC(A) [0, 00). O

The proof of theorem 5.1 (ii) occupies the rest of this paragraph. It is based on the corresponding
statement for Eilenberg-MacLane spectra,

HA ~ holim HA,,.

Indeed, 7r*h011m HA, = hm m« HA, by [BK], X1.7, and Eilenberg-MacLane spectra are characterized by their
homotopy groups Let us write HA®™ for the r-fold smash product of HA.

Lemma 5.1. Let A be as in theorem 5.1. Then the natural map

HA™ — holim HA(",

becomes an equivalence upon p-completion.

Proof. We begin with the special case where A = W(k) and A,, = W,,(k). Completion of a spectrum at a
prime p is the same as localization with respect to the Moore spectrum S°/p, and hence the thing to show
is that
(r). =1 (r).
m (HAT)E,) = limm, ((HA,)O:F, ),

see [Bo]. We have
HANAS°/p ~ HA;, HA, AS°/p~ HA, v X HA;,

and moreover the map HA}H'1 — HA,, induced from the reduction when smashed with S°/p becomes the
self-map of HA; V X HA; which is the identity on the first factor and trivial on the suspension factor. These
remarks follows easily from the cofibration diagram

HA, —2— HA, HA, AS°/p
[ [ [
HA —2 - HA HA,
[ [ Jo
HA — HA HA,.
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Thus we have
mo(HAR) T Fy) 2 H, (HA) "V k) @ Hy 1 ((HA,)"~V; k)

and the maps in the inverse limit system are trivial on the second summand. This gives
; (r). ~ i (r=1).
lim ., ((HA,) ") F,) = lim H, ((HA,)"~D; k).
Let A = H.(HA;k). Then
H,.(HA.; k) = A®k Ar{en}, dege, =1
and the map induced from the reduction map Z/p"** — Z/p™ sends €,41 to zero. Indeed, the cofiber of
HA, NHk of p" Nid: HAN Hk — HA AN Hk is HA A C,,, where
C,, = cofiber(p": Hk — Hk) = Hk vV ¥ Hk,
and C,, — Cj,_1 maps the first wedge summand by the identity and the second trivially. If follows that

@w*((HAn)(T);IFp) =~ ABC =D o~ 7 (HAT):F,)

where the tensor product if over k.
If A is a free W (k)-module of finite rank we can use that

HA~HW(k)V...vHW(k), HA,~HW,(k)V...VvHW,(k)

to get the conclusion. Finally, for general A, let T(A) be the submodule of torsion elements, and let F/(A) be
the free quotient. Since W (k) is a local P.1.D. and since T'(A) is finitely generated p°T(A) = 0 for a suitable
exponent e. Hence

HA, = HT(A) A HF (A),

and the map HA,, — HA,_; is the identity on HT(A) for n > e. Since
holim HF(A)(") ~ HF(A)")

for all r by the above, the same follows for HA,, upon decomposing HA%T). 0

5.2. We next consider the continuity of THH(R). This is the realization of the simplicial space with k-
simplices _ o o
THH(R) = holim F(S*® A ... AS™, R(S®)A... ANR(S"™) A X).

Ik+1

The k-simplices is a spectrum with n’th space THH (R, S™), ¢f. 1.4, and in fact it is one way to make sense
of the smash product HR*+1) . Thus we can restate lemma 5.1 as

THH, (A), = holim THHj(A,,).

We want to prove the similar statement for the geometric realization THH(A) of the simplicial spectrum
THH, (A).

In general it is a sticky point to commute realizations with inverse limits. For example realization does
not in general commute with infinite products. A counter example is provided by [] S!, where S! is the
simplicial circle with one non-degenerate 1-simplex. However for Kan complexes there are no problems, and
we can take advantage of the fact that THHy(R) is equivalent to Q THHy(R; S1).

More precisely, we consider the tri-simplicial set

Xii(R) = G, THH(R; SY),

where G.Y denotes the Kan loop group of the singular set Sin, Y, and write X (R) for the realization of the
diagonal complex, X (R) = |0X(R),| ~ THH(R).

34



Lemma 5.2. Suppose that HR*) = holim HR;’“) for all k > 1. Then

A

THH(R), ~ holim THH(R,,), .

Proof. We may rephrase the assumption to give that

A
p-

| X. 4(R)],, = holim [ X.1(Ry)|
Since simplicial groups are Kan we have

holim | X, ;(R,)| ~ | holim X, ;(R,,)|
holim [0 X, ,(R,)| ~ | holim 6 X, , (R,)|-

Indeed, the homotopy groups of the realization of a Kan complex can be combinatorially defined, the homo-
topy limit of Kan complexes is again Kan, and one has a spectral sequence

E?, = @FS)WT&X”,(RH) = Ty s holim 6 X, . (Ry),
see [BK], p. 309. There is also a spectral sequence

E;, =1lim" 9w [6X. .(Ry)| = mrps holim [§X. . (Ry)],

and it maps to the former by a map which is an isomorphism on E?2; the claim follows. Thus we have
THH(R) ~ [[I] — | holim X, ;(R,)|| = |§ holim 6 X, . (R,,)|
=~ | holim0X, .(R,)| ~ holim [0 X, ,(R,,)]
~ holim THH(R,)). -

The above lemma works equally well for THH(R; S™), so with the notation of §1, the underlying non-
equivariant spectrum of T(R); is equivalent to that of holim T(Rn);.

Proof of theorem 5.1. We first note that after p-completion

T(A)®"™ ~ holim T'(A,,)"*™

—

for each m. This follows inductively from theorem 1.2 since for bounded below spectra taking homotopy
orbits commutes with homotopy inverse limits,

hOlim(T(An)hcpm ) >~ (hohm T(An))hcpm .

—

Second, we have a cofibration sequence of spectra

TC(A), — holim[T(A)% ] F=E, holim[T(A4) %1,

since TC(A); ~ T C(A;p); by proposition 2.1, and we have a similar cofibration sequence for each A,.
Finally, homotopy inverse limits commute. O
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Addendum 5.2. Suppose R is a ring which is finitely generated as a Z-module and let R, = R® Z,. Then
the natural map from TC(R); to TC(Rp); is a homotopy equivalence.

We leave the argument which is very similar to the proof of theorem 5.1 to the reader, and note that this
property clearly distinguishes K (R)  from TC(R) for non-complete rings. For in the commutative square

A trc A

K(R), —"~ TC(R),

! l

A trc A
K(Rp)p - TC(RP);D
the left hand vertical map is not in general an equivalence. For example a result of C. Soulé, [So] shows that
for R =Z and p = 691, K22(Z) does not map injectively into K22(Z,). In general the Lichtenbaum-Quillen
conjecture asserts that the numerators of the Bernoulli numbers enter into the torsion subgroup of K;(Z)
but they do not enter into the structure of TC(ZP); o~ K(Zp);.

Remark 5.2. Suppose A is a complete discrete valuation rings with perfect residue fields of positive charac-
teristic. One may ask if TC(A); ~ TCtOp(A); when the topology is given by powers of the maximal ideal,
i.e. A, = A/m™. In the unequal characteristic case this follows from theorem 5.1 since the m-adic topology
agrees with the p-adic topology. However, in the equal characteristic case, where A = k[X] lemma 5.1 fails,
and it seems unlikely that the theorem should hold. The problem is that

T (HA"): F,) = 1 (Hk; Fp) [2] 7 2 mu(HE; Fp)[21, - - - 5 2]

1%

lim 7. (HA{) ).

6. POINTED MONOIDS

6.1. By a pointed monoid we mean a monoid in the monoidal category of based spaces and smash product,
that is, a based space II equipped with a multiplication and unit

pIIATT — 10, 1150 - 11

satisfying associativity and unit laws up to coherent isomorphism. The cyclic bar construction of II is the
cyclic space N¥(II) whose k-simplices are the (k + 1)-fold smash product

N ) =

)

with the Hochschild-like structure maps

di(ﬂ'o/\.../\ﬂ'k) = TOA « o c ATGTG 1A - AT ,OS’L<,Z€

(6.1.1) = METQATIA « . . ATTE_1 ,1 = k
$i(moA .. ATE) = ToA . ATALAT 1A oA 0 <0 <k
Ti(TOA o ATTR) = TRATQA « .. ATT—1.

Since it is a cyclic space the C’th edgewise subdivision sdc N, (IT) has a simplicial action by the cyclic group
C and completely analogous to [BHM; §2] we have an isomorphism of cyclic spaces

Ac: N (IT) — (sde N&Y(IT)°.

If T is an ordinary monoid then T'y is a pointed monoid and N;¥(I'y) = N%(T'),. Conversely a pointed
monoid, for which u* (xay) = * implies that zay = *, is of this form. We define for each n > 1 a pointed
monoid

I, = {0,1,v,2%, ... ,v" '}

with 0 as basepoint and the multiplication determined by the rule v = 0. These are not of the form T";.
In the pointed situation we have no analog of the (usual) bar construction since in general we lack the
projections pr;: II A1l — II.

36



Suppose A is a ring and II is a discrete pointed monoid. Then we can give the quotient A[Il] = A(II)/A(x)
the structure of a ring with multiplication and unit

e A @ Al — AT AT 2250 A, gz — Aps9] 222 Apm),

If I =T for a discrete group I" and A is commutative, then A[II] is the usual group algebra A[T']. Note also
that A[IL,] is the truncated poloynomial algebra A[v]/(v™). Moreover, A[NY (I1)] = HH(A[II]), provided
that the multiplication map A ® A — A is an isomorphism, so in this case

(6.1.1) H,(INY(II)|; A) = HH, (A[]).

We want to replace the coefficient ring by an FSP.
Definition 6.1. Let L be an FSP and II a pointed monoid. We define a new FSP denoted L[II] by

with the structure maps uf([g,] = (pk yru™) o (id A tw Aid) and lf([n] =151

Let us write A for the FSP associated with the ring A, ¢f. section 4.1.

Proposition 6.1. Let A be a ring and II a discrete pointed monoid. There is a natural transformation

b: A[IT] — A[II] which induces an equivalence of cyclotomic spectra

T(A[M]) =, T(A[L]).

G

Proof. Let R be any ring. The multiplicative monoid (R, -) acts on the functor R. Indeed R = R(S°) and
the action is given by the composition

RAR(X) = R(S™) A R(X) 25 R(SO A X) = R(X).

Hence II C A[II] acts on A[II]. Now b(X) is the adjoint of the map

I — FAX), A]); 77 n(X).

Note that b(X) is the inclusion of a wedge of copies of A(X ) indexed by II — % in the corresponding weak
product. The proof that T'(b) is a G-equivalence, is completely analogous to the proof of the theorem below.
O

If ¢ is a cyclotomic prespectrum, the smash product G-prespectrum tA|N Y (IT)| may be given the structure
of a cyclotomic prespectrum. Indeed, the composition

* % IAD!
pet(V)C Apg |NZY (IT)|© A

-1
%’(V)/\Ac

Pet(V)C A pilsde NS (D)°

t(pe V) AN (D)

is G-equivariant, and conditions i), ii) and iii) in lemma 1.2 are trivially satisfied. The spectrification
T AN (IT)] is a cyclotomic spectrum by the remark following theorem 1.2.

Theorem 6.1. Let L be an FSP and II a pointed monoid. Then there is a natural equivalence of cyclotomic
spectra

T(L{)) =, T(L) A INZ (D).
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Here the smash product on the right has lim QY (7 (L)(V) AN (I1)]) as its 0’th space.

Proof. We define a map f(i,k, V) as the cVo%[l]position

F(S™n ... AS™, SYAL(S®)n ... AL(S™)) AN, (IT)
— F(SA...AS% SYAL(S™)A.. ./\L(Sik)/\N/C\B:k(H))
— F(SA...AS% SYAL[I](S™)A ... AL[I](S%)).

The first map is the adjoint of ev Aid while the second map is a ‘twist’ map.

The maps f(i,k, V) for different i’s in the indexing category I**! are compatible so we obtain maps
f(k, V) on the homotopy colimits. It is straight forward to check that these commute with the face and
degeneracy maps such that we get maps of the geometric realizations. The maps f(V) which result form a
map of cyclotomic prespectra and we obtain a map of the associated cyclotomic spectra

frT(L) AINR ()] — T(L{IT]).

In order to prove that f is a G-equivalence, we apply lemma 1.5 with j(V') the homotopy fiber of f(V). We
claim that f induces an equivalence on C-fixed points for any finite subgroup C' C S*. Indeed let R = RC
be the regular representation of C. It follows from (the proof of) [BHM] 6.10 that sd¢ f(i, k, IR)¢ is 21 — 1
connected. By the approximation lemma, [B] 1.5, the same holds for sd¢ f(k,IR). Now since the C-action is
simplicial the C-fixed points of the realization is the realization of the C-fixed points. Therefore the spectral
sequence of [S] shows that f(IR)® is homology 2] — 1 connected. But when [ > 1 the domain and codomain
for f(IR)® are both simply connected and consequently f(IR)® is 2] — 1 connected. Hence J¢ >~ * To see

that j(V)“ =~ * note that the G-fixed set of t(L)(V) is SV Indeed it is those O-simplices z € t(L)Y(V)o
for which sgz = t1s0x. O

Remarks. (i) We can write the theorem as a statement for RO(G)-graded homology theories,
T(LIT)«(X) = T(L).(X A [N (IT)])

for any G-space X
(ii) The theorem shows in particular that the underlying non-equivariant spectra are equivalent. Combined
with Bokstedt’s calculation of T'(F,) and T(Z), cf. 4.2 and [Br], we obtain (Z-graded)

T(F,[I1)). = @) HH, _:(F, [I1)),
i>0
T(Z[M)). = HH. (Z[11)) & @ HH. ;41 (Z/i[1T).
i>1

Results of this form has also been proved by T.Pirashvili and A.Lindenstrauss by different methods.

6.2. We evaluate the cyclic bar construction of the pointed monoid Il5, which in view of the above corre-
sponds to dual numbers. First we need a description of the cyclic n-simplex A™.

Recall from [G], [J] the isomorphism A" 22 S* x A" of cocyclic spaces. It is chosen such that on the right
the cosimplicial structure is simply the product of that on A" and the identity map on S*. As a consequence
the action of 7, is complicated; let R/Z be our model of S and identify A™ with the convex hull of the
standard basis in R**!, then

T (T5U0, .« yun) = (& — wo; UL, -+« Un, Up)-
We want, however, to choose the isomorphism A" 22 S* x A" differently so that the action by 7,, becomes
diagonal

Ta(x;ug, ... yun) = (@ —1/(n+ 1);u1,... ,Un,up).
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Let us write A™ for S' x A" with the C,,-action which is given by Jones’ isomorphism and let S! x A"
have the diagonal C,,;1-action. Then we want a G x C,, 4 1-equivariant homeomorphism Fj,: A" — S! x A",
which covers the identity on A™. We introduce an auxiliary function f,: A” — R and write

Fo(z5u0, ... yun) = (@ — fo(uo, ..y Un); Ugy .. Un).

We obtain the following equation for f,,
fo(ut, ... sun,uo) — fuluo, ... yun) =1/(n+ 1) — uo.

For each choice of f,,(1,0,...,0), the equation has a unique affine solution f,; we choose the affine function
fn whose value on (1,0,...,0) is 0. This gives us the desired isomorphism A" =2 S x A", Of course in this
description the cosimplicial structure on the right is no longer a product.

We say that a k-simplex v ... v in Ny (IL,) has degree ig + --- + i and that the basepoint 0 has
all degrees. The cyclic structure maps preserve degree, so the simplices of degree s form a cyclic subset
N (I,,; s) and we get a splitting
(6.2.1) N (M) = \/ N (IL; s)

. s>0
as cyclic sets.

Lemma 6.2. As G-spaces |[N;¥(Ily;s)| = S} A, S(RC,), with G acting by multiplication in the first
variable.

Proof. Let us write Iy = {0, 1, ¢}, with €2 = 0, and N(s) instead N~ (Il2; s). The degree counts the number
of €’s in a simplex, so the k-simplices in N(s) different from 0 has exactly s €’s. Thus when k < s — 2 there
is only one k-simplex 0 whereas for k = s — 1 there is also the simplex e ... A€ (s times) and this generates
N(s) as a cyclic set. It follows that the realization of N(s) is a quotient of A*~! and in fact that

IN(s)| 2 (A7 OATY)/Cy 2= (AT71/C,) [(0M°7H/ ).
In view of the above description of A*~! the claimed homeomorphism is evident. O

For s = 2r even we define an equivariant version of RP? defined as the mapping cone

(6.2.2) S1/C, . T 1/, — RP(s).

The regular representation RC splits as R @ Wy if s is odd and R & R_ § W if s is even, where Wy is the
maximal complex subrepresentation. We have the

Corollary 6.2. There are G-equivariant homeomorphisms
INY (My; 8)| 22 ST /Cyy ASYs, if s is odd
=~ RP?(s) ASWs, ifs is even,
with G acting diagonally on the spaces on the right.

Proof. When s is odd, S(RCs) = S(R @ Wy) = SV and since Wy is a complex representation we have the
usual G-homeomorphism

S} A, 8 5 (81/C) ASWL ((uw) = (u,uw),
where G acts diagonally on the target. When s = 2r is even, we get similarly
S Ac, S(RCS) =6 (St Ac, S%) A ST,
and Cy acts on R_ through the quotient Cs — Cs/C,., so
Sh Ae, S = (81/Co)y Aoy, ST
Finally, the right hand side is the Thom space
Th(S'/Cy xc, /0, R — S'/Cy) = (S*/Cy) Urs CS'/C, = RP(s). O
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6.3. We end this paragraph with a partial description of the (realization of the) cyclic sets N~ (I1,; s) for
n > 2. In particular we calculate their singular homology.

Let R be a commutative ring and suppose A = R[v]/(f(v)), where f(x) is monic. We write z = v ® 1,
y=1®vand A = (f(z)— f(y))/(z—y). Then there is the following free resolution of A as an A-A-bimodule

0 A AQAEY A9 AL AAE L AgA s .

see e.g. [LL]. The Hochschild homology of A is now immediately calculated from the complex

0eAL g L@ 40 4 S @

Combined with (6.1.1) we get

=

[v]/(v™), ifi=0
ﬁi(|Nﬁy(Hn)|;R) ~{ LR(1)® R{v,...,v" 1), if ¢ > 0 is even
(Lv,...,0"2)® R/nR(®" 1Y), ifiisodd

=

Recall from 6.2 the splitting of N3 (I1,,) as a cyclic set. It induces a splitting of the realization and we
want to calculate the homology of the individual wedge summands |N,¥ (I,,; s)|. We compare the resolution
above for A = R[v]/(v™) with the bar-resolution and choose a chain equivalence f,,

L ARA 2 AA T ApA M A 0
lf2 lfl lfo H
LY oaes Y 4@ Y o4e2 Mg 0.

We will not need explicit formulas for f;. The degree defined on N~ (II,,) extends such that A, and therefore
also A®% become graded rings. Moreover

deg(x —y) =1, degA=n—1, degb' =0,

and we immediately get
deg fa; = jn, deg f2j41 =jn+1.

Next we form the tensorproduct with the A-A-bimodule A. Since the multiplication u: A ® A — A has
degree 0 the induced chain map f, has deg f; = deg f;. We compare with the homology calculation above
and get

Lemma 6.3. (i) If (j — 1)n < s < jn then
Haj—1 (INY (ILa; 5)|; R) 2 Hajoo(INY (I3 8)|; R) = R,
(ii) if s = jn then there is an exact sequence
0 — Haj(INY(IL,;8)[; R) — R =% R — Haj_1(INY (IL,; 8)[; R) — 0
and these are the only non-zero reduced homology groups.

7. A FORMULA FOR TC(Lle])

7.1. In §6 we evaluated T(L[e]), the topological Hochschild spectrum. We now determine its fix point
structure and give a formula for TC(L[e]). In the first section we recall some equivariant duality theory, and
here G may be any compact Lie group.
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For any finite subgroup H C G and any G-spectrum 7' indexed on a complete G-universe U we have the
following duality, natural in 7',

(7.1.1) SAOP(G/HL, T) ~, T ANG/Hy.

Here Ad(G) denotes the adjoint representation of G on its Lie algebra and the smash product on the right
takes place in GSU.

To define the duality map we choose an embedding of G/H in an orthogonal G-representation V' and
consider the normal bundle v. As an H-representation V = L @ L+, where L = Ty (G/H) is the tangent
space. Indeed, H acts by left translation on G/H and hence on L and the embedding identifies L as a sub
H-representation of V. Therefore the normal bundle is G x i L+ — G/H. In general this is non-trivial.

When H is finite we may identify L with Ad(G). Indeed, left translation by h on G/H coincides with
conjugation by h and the projection G — G/H is a local diffeomorphism. Now G/H embeds in V @& L with
normal bundle G x g (LT @® L) = G x5 V. The action by G on V gives a trivialization of the normal bundle.
Thus the Thom-Pontryagin construction yields a G-map

(7.1.2) (76 8tV . G/H, NSV,
and the duality map in (7.1.1) is then given by the composite

1INt (ev,1)

F(G/Hy,T)ANSt®Y 25 F(G/H , TYNG/H NSV —5TAG/H, NSY.
We refer to [LMS] p. 89 for the proof that this is a G-equivalence. We shall need the

Lemma 7.1. Let H C K be finite subgroups of G, let 7&%:G/H — G/K be the projection and let
(B S¥G/Ky — YXG/H, be the associated equivariant transfer. Then the diagram

yAMOPG/H, T) —— TANG/H,

l(ﬂfq‘)!* llMIé
YAMOP(GQ/K,, T) —— TANG/K,
is G-homotopy commutative.
Proof. We may write (7.1.1) as the composite

(§)'A1 (1,ev)

LAY G/GL A F(SSG/H,,T) Y¥G/HL NF(EFG/HL,T) —=>Y¥G/HL AT

where (Wg)! is the map of equivariant suspension spectra induced from (7.1.2). The transitivity triangle
YXG/K
TADT2G/Gy (m5)"
(v§)'
Y¥G/Hy

is G-homotopy commutative and reduces us to prove the following kind of Frobenius reciprocity: The diagram

S22/ Hy AF(ESG/H, T) — 0 L seoq/H, AT
T(wf{‘)‘m
$2G /K, A F(SS5G/H,y,T) e
lm((wéﬁ)’)*
(ev,1)

NXG/K, NF(S$G/K,,T)

SXG/Ky AT.
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is G-homotopy commutative. This in turn is a straight forward consequence of the standard fact that the
square

71_K
seG/H, T, w6/, AG/H,)
[ty [1rgy
SXG/K, —2 S¥(G/Ky AG/K,)
is G-homotoy commutative. O

7.2. We return to the calculation of TC(L[e]). Again G will be the circle group. Let T'(L[e]) be the reduced
topological Hochschild homology of Lle], i.e. the homotopy fiber

T(Lle]) = hofiber(T(L[e]) — T(L)), € 0.

Recall that for any representation W C U we write Ty for the smash product G-spectrum 7'A S". Then
from §6 we have the cofibration sequence of G-spectra

\/ T(D)w,, AS'/Cri = \] T(L)w, AS*/Csr — T(L[€),

r>1 s>1

where the first maps takes the summand 7 to the summand s = 2r by the map induced from the projection
78:81/C, — S1/C,. If we take C,-fixed points we still get a cofibration sequence. Moreover, we may replace
the wedge sums by the corresponding products and get

(7.2.1) [T (T@ywa, A5 /Co) = T (T@Iw, A S/ Coi) " — T(LLe) .

r>1 s>1

This is because T'(L)w, A S*/Cs, is (s — 2)-connected and hence by theorem 1.2 so is its C,,-fixed sets.

Lemma 7.2. For any G-spectrum T indexed on U the inclusion of the G-fixed set induces a natural map

(T'AS*/Cy )¢ — holim(T A S*/Cyy)Cn
F

which becomes an equivalence after profinite completion. Here the limit on the right runs over the inclusion
maps and the smash products are taken in GSU.

Proof. The adjoint representation of G is trivial so the duality of (7.1.1) becomes
(T'ASY)Co ) ~2F(SY)Cuy, T)Cm
For C,, D Cs we have a cofibration sequence of C),-spaces
Cp/Csy — S'/Cy — |SY/Cul A C,/Csy,

where the bars on the right indicate S!'/C,, with trivial G-action. This implies a cofibration sequence of
function spectra

F(IS/Cul A Cn/Css, )" — F(8'/Coyr, T) — F(Cn/Csy, T),
or equivalently the cofibration sequence
F(8'/Cp, T%) — F(S'/Cyy, T)" =% T
and one readily verifies commutativity in the diagram
F(S/Cyy, TC) —— F(S'/Cyy., T)Cr —2 TC
(7.2.2) l(wzr)* lFT H
F(S'/C,,T¢) —— F(8'/Cy,,T)» — TCs,
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The homotopy limit of the left hand term is

holim F(S'/C,,, T%) = F(holim S*/C,,, T%) = F(S'Q, T%),

n

where S1Q is a Moore space with integral homology Q, concentrated in degree one. It vanishes after profinite
completion:,
F($'Q,T) =F(S7'Q/Z,F(S'Q,T)) = F(ST'Q/ZA S'Q,T) ~ x.

Finally, the evaluation maps in (7.2.2) are split by the inclusion of the G-fixed set,

T% = F(S')C,y,T)% — F(S'/C,y,T)C
and the lemma follows by one more application of (7.1.1). O
Proposition 7.2. After profinite completion there is a cofibration sequence of spectra

Sholim T(L)y/* 22 Sholim T(L)G: — TC(L[d]),
R R

where the homotopy limits runs over the natural numbers ordered by division and where T(L)f;s/ * is a point
when s is odd. O

Proof. The lemma gives us a cofibration sequence for TF (L[e]) = holim T(L[e])°". Indeed, from lemma 7.1
we have the commutative square F

YT —=— (T ASY/C.p)E
v .
NTCr — = (T'ASY/Cyy)C,

where, we remember, Vo = ((727)")*. Therefore, upon taking homotopy limits over the inclusion maps in
(7.2.1), we get the cofibration sequence

(7.2.3) [1srw)g;, = [ =T(0)§: — TF(L[),

r>1 s>1

where the first map takes the factor r to the factor s = 2r by the map V5.
The restriction maps B N
Ry: T(L[e) — T(L[e))m

induce self maps of TF(L[e]), again denoted R,,, and
TC(Lle]) = TF(L)",

the homotopy fixed points of the multiplicative monoid of natural numbers acting through the maps R,
n > 1. When n divides s,

an:pgnsl/C& Ei Sl/cé/na pénpvg% ::M@/n

and R, maps a factor s (resp. r) in (7.2.1) to the factor s/n (resp. r/n). The factors with s not divisible by
n are annihilated by R,. In fact, we have

Ry = YRy w,: 2T(L)y — ET(L)SVSS//Z’

where R, w. are the restriction maps of (1.2.3) associated with T'(L). This is direct from the discussion of
NY(II3) in 6.1. Hence the claim. O
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Addendum 7.2. After p-completion there are equivalences of spectra
(i) For p odd

TC(Ll)~ [ = hohmT(L)W 9
(d,2p)=1 R
(ii) For p =2
TC(L] H ¥ cofiber(Va: hollmT(L)M,?fldl — holim T (L), ).
(d,2)= R R

Here Wy C RC5 is the maximal complex subrepresentation. Moreover, the projection map
n C m
hohrnT( )W}’nd — T(L)prmd
R

is (p™*T1d — 1)-connected for p odd and (2™ 1d — 2)-connected for p = 2.
Proof. For every k prime to p the map

(7.2.4) 11 RejaFu: T( Wpffk [[rw
d|k d|k

becomes an equivalence after p-completion. This follows from the proof of lemma 3.3. Note that (7.2.4)
induces an equivalence after p-completion

holimT(L)iz =[] hohmT(L)W 29
R @p=1 R
We evaluate the cofiber of the map
Vo T(L)yy* = (L),
under the equivalence of (7.2.4).
First, suppose that p is an odd prime. The composition

T(L)y* 5 T(L), 2 T(L)y"
induces multiplication by 2 on homotopy groups. Hence the map from the cofiber of V5 to the homotopy
fiber of Fy becomes an equivalence after p-completion. We write s = p™2k with (k,p) = 1 and consider the
commutative square

Cpngk Fy Cpngk
7
ll‘[ RoksaFa ll_[ RaokyaFa
T pre\/en T L
W prd ( )W prd”
d|2k d|2k, d even

It shows that after p-completion
cofiber(T(L)y* = T(D)G) ~ [[ TWS..,
d|2k, d odd

Taking homotopy limits over the restriction maps as s runs through the natural numbers we get ().
For p = 2 we have a commutative square

T(L)g ' 2 (L)

lan/dFd J{an/dFd
Con—1 Va Can
H (L Wznd H T(L)Wznd
dk dlk

from which (ii) follows by taking homotopy limits over the restriction maps. Finally, the claimed connectivity
of the projection map follows from theorem 1.2 since taking homotoy orbits preserves connectivity. O
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8. TOPOLOGICAL CYCLIC HOMOLOGY OF k[e]

8.1. We use the scheme set up in §4 to evalulate the fixed point spectra T(k)g}’" for any complex represen-
tation W C U. We first consider the case k = [F,, where we use that (4.1.2) gives a diagram of cofibration
sequences

N Cyn R C on—
(T(F;D)W)hcpn — T(]Fp)v[}) — T(Fp)pgp chp
(8.1.1) H lrn,w lfn,w

(TE)W)hcyn — T(Ep)ye™" —2 H(Cpn; T(Fp)w).

Indeed, lemma 1.1 and (1.2.2) gives us the G-equivalences
Pt o, T(F)w ~ pf, T (Fy) e, =, T(Fp),ye, wes-

We start we the following

Lemma 8.1. Let T be a C-spectrum and X be a finite C'-CW-complex. Then the inclusion of the C-singular
set X*"& C X induces an equivalence

H(C;T A X) ~H(C;T A X578),

Proof. Recall from 4.1 that H(C’; T) is the C-fixed point spectrum of the C-equivariant spectrum
ke(T) = ECy A F(ECL,T).

We prove by induction over the C-cells that ko (T A (X/X512)) is C-contractible. Since X/X®"¢ is a free
C-CW-complex in the based sense, it is enough to show that ko (T A Cy) is C-contractible. Now by (7.1.1)

F(EC-HT/\ C—i—) gc F(EC+7F(C+7T)) = F(EC-l‘ A C+7T)7
and EC4 A Cy is C-contractible. Hence ko (T A Cy) is C-contractible. d

Corollary 8.1. The map f‘l)w induces isomorphisms on homotopy groups in dimensions greater than or
equal to dim W%,

Proof. We consider the following commutative diagram
(@FT(Ep)wer —— Sw(T(Fp)we,) —— T (Fp)w
o b b
H(Cp; T(Fp))ywer — H(Cpi T(Fp)ye,) —— H(Cp3 T(Epw).

The right hand horizontal maps are equivalences by lemma 1.1 and lemma 8.1, respectively, and the left
hand horizontal maps are equivalences because S W s a Cp-trivial finite C,-CW-complex. Now proposition
4.3 shows that the left hand vertical map induces an isormorphism on 7;(—) when i > dim W, and the
corollary follows. O

We next consider the spectral sequence of 4.1 for 7, (Fl(Cyn; T(F,)w); Fp). It has E2-term

E% = (Ap,{un} ® Sp, {t,t 7'} ® Ax, {e1} ® Sg, {5 })[W],

where the decoration [W] indicates that the bidegrees are shifted (0,dimW). The spectral sequence is a
module over the spectral sequence E” of (4.3.2), and one may repeat the proof of lemma 4.3 and show that
the differentials are generated from d?e;[W] = ta[W] in the module structure over E". It follows that

(8.1.2) T (H(Cpr; T(Fp)w ); Fp) = (Ar, {un} ® S, {t,t ' H[W],

where again [W] indicates that the degrees are shifted up by dim W. Note also that the proof of corollary
4.3 shows that the integral homotopy groups of H(Cyn; T'(Fp)w ) are cyclic Zy-modules.
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Addendum 8.1. The maps I', w and f‘n,w of (8.1.1) induces isomorphisms on homotopy groups in
dimensions greater than or equal to dim WS,

Proof. We prove the claim by induction over n starting from the case n = 1, which was proved in corollary

8.1. The induction step uses the diagram

Con— I, . _
Pg WlCP - pépH(Cp;T(FP)W)Cpn '
D

lrn—l,p* WCP lGn %%
Cp ’

hC o1 Taw A hC . _
p*c:;ch - P?JPH(Op?T(Fp)W) prt

T(Fyp)

T(Fp)

By induction the left hand vertical map induces isomorphism on ;(—) for i > dim W?2. Moreover, since
taking homotopy fixed sets preserves connectivity, it follows from corollary 8.1 that the lower horizontal map
induces isomorphism on 7;(—) for i > dim W¢». Finally, Gn,w is an equivalence. Indeed, when W = 0 this
was proved in 4.3, and given (8.1.2), the argument of 4.3 extends verbatim to the case of a general W. This
proves the induction step, and hence the addendum. O

We can now repeat the proof of lemma 4.4 and solve the spectral sequence
EAIQ,V = (Af, {un} ® Sk {t, T ® Sk, {o})[W] = W*H:H(Cpn;T(IE‘p)).

It is a module over the spectral sequence E” of (4.3.2) and the differentials are generated from d*"~ 1w, [W] =
t"T1g"[W]. The extensions in the passage from E; to the actual homotopy groups are maximally non-trivial
so we obtain

(8.1.3) T H(Cpns T(Fp)w) 2 Szypn {6,671 W]

We can now evaluate the promised the homotopy groups.

Proposition 8.1. Let k be a perfect field of positive characteristic and let W C U be a complex represen-
tation. The non-zero integral homotopy groups of T (k)%” are concentrated in even degrees greater than or
equal to dim WY . They are given by

()" { Wo(k),  dimW =0 <2i < dimW = s=1,... ,n
T4 =

W W1 (k), 2i > dimW.

Moreover, the maps

F: 7T21'T(I€)$Vpn — WQiT(k)g}Jn71 5 V. WQiT(k)g}Jn71 — WQiT(k)gvpn

are the Frobenius F: Wy (k) — Ws_1(k) and the Verschiebung V:Ws_1(k) — W(k), respectively.

Proof. First, suppose k = [F),. We let W denote the representation of Cpnt1 on W through the reduction
map Cpynt1 — Cpn. Then W = pﬁchp and addendum 8.1 and (8.1.3) shows that

C,n & mn
T (Fp)y = mH(Cpnta; T(Fp)) = Z[p 1,

when ¢ > dim W and even. By theorem 1.2 the restriction map

Cpn

C e
Ryw:T(Fp)pt" — T(F,) "

e, WP

is (dim W — 1)-connected, and hence a downward induction on n gives the claimed homotopy groups. One
may repeat the proof of proposition 4.4 to see that F' and V are as claimed.
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Next, let k£ be any perfect field with char k = p. The proof of theorem 4.5 shows that

(k)" = W, (k) @ m T (F,)5r".
Indeed, T'(k)y7 Cr'isaT (k)»"-module spectrum, so in particular, the homotopy groups are W, 11 (k)-modules.
Since Wy11(k) @ Wi(Fp,) = Wy (k) we see that the homotopy groups of T'(k);f o are as stated. Finally, the
diagram

W1 (k) ® m.T(F,) " ——= mT (k)"

vov| |ror ol |r

Conn =
Wo(k) @ mT(Fy)yt" — mT (k)
commutes, and the proposition follows. 0.

8.2. In this section k is a perfect field of characteristic p > 0. Let n = n(i,d) be the unique positive integer
with p"~1d < i < p"d.

Theorem 8.2. The homotopy groups of’f‘é(k[e]) are concentrated in odd positive degrees. If char k is odd,
then

= D W ®), i odd
(d,2p)=
and if char k = 2, then 1§dSz

TCi(k[e]) = k®0HD/2 i odd.

Proof. Since k is an F,-algebra TC(k[e]) ~ TC(k[e]); ~ TC(k[e];p); and we use addendum 7.2 with L = k:
for p odd,

(8.2.1) TC(k[) ~ [] EhohmT(k)W A
(d,2p)=1 R
and by theorem 1.2,
m S holim (k)" 2wy 1 T(k)y?,  for i < dim Wyeerg + 1.
R

On the other hand, if further i — 1 > dim Wpcnpd = p"d — 1 then by proposition 8.1

n

ﬂ-l_lT(k)W pnd = W (k)

when i is odd, and the groups vanish when i is even. Thus for p"d < i < p"*'d and i odd, the d’th factor
in (8.2.1) contribute one copy of Wy, (k). For i < d — 1 the d’th factor does not contribute. This finishes the
proof when char k is odd.

Assume now that char k = 2, where by addendum 7.2 (ii),

(8.2.2) TC(k[e]) H % cofiber (Va: holim T (k). e — holim T'(k)i2" ).
(d,2)= R R

This time dim Wang = 2™d — 2, and the projections

Ti—1 h(Ol;lm T(k)%;:ld - Wi*lT(k)gvz;;da

R
i1 holim T(k) 52" — ;1 T(k)o2"
1—1 pudne Wom g i—1 Waong ?
R
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are isomorphisms when i < dim Wan+14 — 1. We have left to evaluate the Verschiebung map

Con n
‘/2: 7Ti—].{Z—‘(k)m?zndl - Tri_lT(k)gVind'

By proposition 8.1

C n— ~Y
mia T (k)i = Walk),

mia TRy = Wi (k),

for ¢ > dimWang + 1 and ¢ odd, and they vanish for ¢ even. Moreover, the Verschiebung map on the
left corresponds to the Verschiebung map on Witt vectors, c¢f. 2.1. This in an injection with cokernel
k= W,11(k)/W, (k). Hence for n > 1 and an odd i with 2"d — 1 <14 < 2"T'd — 1, the d’th factor in (8.2.2)
contributes one copy of k to 'fé(k:[e]) Ford<i<2d-—1

: C m ~Y ~Y
FiE h(OAmT(k)VVimd = Wi—lT(k)Wd = k,
R
S holim T'(k) 2" " =0
U (O;lm ( )W2md -
R
which gives one copy of k in the d’th factor of (8.2.2) when 7 is odd. Finally, for ¢ < d there is no contribution
from the d’th factor. This proves the case chark = 2. O
We are now ready to prove theorem E of the introduction.

Proof of theorem E. In view of theorem 8.2 above it suffices to show for char k = p, an odd prime, that

(8.2.3) Wik) V= @ Wi (k).

(d,2p)=1
1<d<i

For any Z,)-algebra R, and in particular for R = k, we have the Artin-Hasse exponential

E(X) = eXP(i Xty = I (1—=x4) /4 eW(R),
s=0 (d,p)=1

where p is the Mobius function given by p(d) = 0 if d is divisible by a prime square, p(py -+ pr) = (=1)" if
P1,...,pr are distinct primes, and p(1) = 1. It gives rise to an injective map of sets

E: H R—W(R); Elag,a1,...)(X) = HE(asXpS),
s=0

n=0

whose image is a (non-unital) subring of W(R), isomorphic to the ring of p-typical Witt vectors W(R) (in
the induced ring structure). R
For any d > 1 with (d,p) = 1 we consider the following slight modification of F,

Ed(ao,al, . )(X) — H E(QSXde>l/d,
s=0

which again is a (non-unital) ring homomorphism Ed:W(R) — W(R) Is is not hard to see that any
p(X) € W(R) can be written uniquely as

p(X) = [ Elanx™),
n=1
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so using all E, we get a decomposition of the ring W(R) as a product of rings

(8.2.4) W(R) = [[ W®R).
(d,p)=1
The V-filtration of W(R) can be compared to the obvious filtration of W(R),
F'W(R) = (1+ X""'R[X])*,
through Ey. One finds that R _
E;(V*W(R)) C F'W(R) < i<p"d.

We write W;(R) = W(R)/F""'W(R) and call it the big Witt vectors in R of length i. When p is odd the
involution 7 on W(F) given by X +— —X can be compared with the splitting (8.2.4). The fixed set of T
corresponds to the factors W(R) with d even and the (—1)-eigenspace corresponds to the factors W (R) with
d odd. When R = k this gives us (8.2.3) and hence theorem E. O

We owe to M. Bokstedt the formula (8.2.3).

APPENDIX A: SPECTRA AND PRESPECTRA

A.1. This appendix concerns the passage from G-prespectra to G-spectra. We introduce a class of good
G-prespectra and a functor which replaces a G-prespectrum by one which is good.

The forgetful functor I: GSU — GPU has a left adjoint L: GPU — GSU, which to a G-prespectrum ¢
associates a G-spectrum Lt, see [LMS]. The need for such a functor comes from the fact that many spacewise
constructions leaves the subcategory of G-spectra. As an example let T" be a G-spectrum and X a G-space,
then the obvious map

XAT(V) = QY V(X AT(W))
is not in general a homeomorphism. Similar a spacewise (homotopy) colimit of G-spectra is not in general
a G-spectrum. However, for general G-prespectra the functor L is rather badly behaved; for example one
might very well have
T Lt(V) # lim m, QY ~VH(W).
wcu
We call a G-prespectrum ¢ good if the structure maps

a2V — (W)
are all closed inclusions. Goodness is preserved by smash products and homotopy colimits, and since the
adjoints o: (V) — QW=V¢(W) are inclusions, the spectrification functor takes the simple form,
Lt(V) = lim QY =V¢(W).
—
wcu

In particular the homotopy groups are what one expects.

Now let ¢ be any G-prespectrum indexed on U and let V' C U be a f.d. sub inner product space. The sub
inner product spaces Z C V form a poset and hence a category, and for Zy; C Zs C V we have a map of
G-spaces

YWo2g. 2V -21t(2)) — BV 224(Z,).

These data specifies a functor and we define

Definition A.1. The thickening t” of a G-prespectrum ¢, is the G-prespectrum with V’th space the homo-
topy colimit
t™(V) = holim XY ~%¢(Z)
Zcv
and structure maps the compositions
YW=V holim =V ~4#(Z) = holim " ~Z¢(Z) — holim XV ~%#(2),
e e Zcw
where the last map is induced by the inclusion of the category of sub inner product spaces of V in that of
w.

49



Lemma A.1. t7 is good and comes with a map w:t™ — t of G-prespectra, which is a spacewise G-equivalence.

Proof. The map on homotopy colimits induced by the inclusion of a subcategory is always a closed G-
cofibration, hence 7: XW=V#7¢(V) — t(W) is a cofibration. Since the category of sub inner product spaces
of V has V as terminal object, there is a natural G-map «(V):t"(V) — ¢(V), with «(V):¢(V) — ¢t7(V) as
G-homotopy inverse. Finally the maps 7(V') form a map of G-prespectra. g

Note that the functor (—)7 produces extremely large spaces, because we use all sub inner product spaces
of V. A smaller version is considered in [LMS] p. 37. Alternatively one could topologize the index category.
We call a G-spectrum good if it is the spectrification of a good G-prespectrum, e.g.

T(V) = lim QV=ViT(W).
wcu

Let us note that a good G-spectrum is not good regarded as a G-prespectrum. We claim that smashing
with a G-space X and taking homotopy colimits preserve good G-spectra. To see this we recall that if
a: GPU — GPU is a functor, then the associated functor A: GSU — GSU is the composite Lal. If a has a
right adjoint b, then B is the right adjoint of A, and if moreover b preserves G-spectra, i.e. b(IT) = [B(T)
for any T' € GSU, then

A(Lt) = La(t).

Smash products and homotopy colimits are examples of such functors a. Moreover they both preserve good
G-prespectra, and the claim follows.
APPENDIX B: CONTINUITY PROPERTIES OF K-THEORY

In this appendix we prove theorem C (iii) of the introduction. The proof amounts to a recollection of
facts due primarily to Suslin and coworkers, [Su], [SuY].

Let k be a perfect field of positive characteristic p, and W (k) its Witt-vectors. We consider finite W (k)-
algebras, i.e. W (k)-algebras whose underlying W (k)-module is finitely generated.

Theorem B.1. For a finite W (k)-algebra A,

where p = char(k).
In view of theorem C (i), (ii) the statement is equivalent to the continuity statement that

A

D

(B.2) K(A), ~ K*“P(A)

where the right-hand side is the homotopy limit of K(A/ pSA);. We begin by reducing to a special case. Let
F denote the fraction field of the local ring W (k), and let E = A @y ) F.

Lemma B.3. If theorem B.1 is true when E is semisimple then it it true in general.

Proof. Let J(E) be the radical of E. It is nilpotent since F is finite dimensional over F, hence artenian.
Then J = J(E) N A is a nilpotent ideal of A, so by theorem A of the introduction the diagram

K(A) —% TC(A)

| l

K(A)J) —2< TC(A/J)
is homotopy cartesian after p-completion. But A/.J is finite over W (k) and
AlT @ww F = E/J(E)
is semisimple. 0
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So from now on we assume that F' = A @y () I’ is semisimple, and hence

(B4) E =[] M.(Dy)

for certain division algebras whose centers Fj are finite extensions of F'. If A; C D; is the maximal order of
D;, cf. [R], ch. 5, then

t
B =[] M,(A)
i=1

is the maximal order in £, and A C B. As I’ comes from W (k) by inverting p and A @y ) F' = B Qwu) F,
p°*B C A for some integers. We give E the topology whose neighborhoods of 0 has {p?A} or equivalently
{p'B} as a basis. Let GL, (A, p'A) be the kernel of the reduction map

GL,(A) — GL,(A/p'A).

Then {GL,(A,p*A)} is a basis of the neighborhoods of 1 in GL,(E).
Suppose now first that A is commutative, and consider the variety

Xi;(E)=GLp(E) x---x GL,(E), 1 factors.

Let O0,,i(E) and Oy, ;(E) denote the germs at 1 of rational and continuous E-valued functions on X, ;(E),
and let M, ;(E) and Mj, ,(E) be the maximal ideals of functions which vanish at 1. To prove (B.2) it
suffices to show that the natural map

(B.5) Hy(GL(A);Fy) — lim Hy(GL(A/p' A); Fy)

is an isomorphism (Here GL(A) is considered as a discrete group). Indeed if this is true with F, coeflicients
then it is true for p-adic coefficients, and the pro-Hurewicz theorem of [P] supplies the corresponding theorem
for p-completed K-theory.

In section 3 of [Su], (B.5) is derived from the following two statements

(B.6)

(i) He(GL(O5 ,(E), M5, (E));F,) =0
(ii) Hp(GL,(A/p?);F,) — Hi(GL(A/p?);F,) are isomorphisms for n > k and 1 < o < 0o (A/p®A =
A).

A few words of explanation is in order. Write G = GL(Oy, ;(E), M;, ,(E)). An element g € G lies in
GL,(O;, (E), M, ,(E)) for some r > n, say, and g amounts to a continuous germ from (GL,(E)’,1) to
(GL,(E),1). Thus for each o > 0 there exists a 7 > o so that the germ g induces a map

g4#:GLp(A,p"A) — GL,.(A,p° A).
A (finite) chain ¢ € C;4+1(G;F,) = F,[G*"1] in the bar construction then induces a homomorphism
c: Ci(GLn (A, pT A);Fp) — Cipa(GLr(A,p7 A); Fp).
Using (B.6) (i), [Su], proposition 2.2 exhibits chains ¢, ; € Ci+1(G;Fp) such that (¢, ;)% becomes a con-

tracting chain homotopy of the natural inclusion of C;(GL,(A,p™ A);F,) in C;(GL,(A,p” A);F,). Hence for
given n, o, i, there exists r > n, 7 > ¢ such that the natural inclusion induces the zero homomorphism

(B.7) Hi(GLn(A,p"A);Fp) — Hi(GL, (A, p" A); Fp).
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Finally, in theorem 3.6 and corollary 3.7 of [Su] it is shown, via a study of the Hochschild-Serre spectral

sequence of
BGL,(A,p°A) — BGL,(A) — BGL,(A/p° A),

that (B.6) (ii) and (B.7) implies (B.5).

It remains to discuss (B.6). The first part of the statement follows from [Gab]. Indeed, as A was assumed
commutative, £ is a product of fields F};, and Oy, ;(E) is a product of Oy, ;(F}), the germs of Fj-valued
functions on X, ;(F). Then

GL(O;, ,(E), M}, ;(E)) = H GL(Oy, i (Fj), M3, i (F})).

Since (Oy, ;(E), M;, ;(E)) is a henselian pair, [Gab], theorem 1 implies that the reduced homology of each of
the ¢ factors above is trivial. Then use the Kunneth theorem.

The second part of (B.6) follows from van der Kallens work on stability, and does not use the fact that A
is commutative, cf. [vdK], (2.2) and theorem 4.11.

The general case where A is not commutative is quite similar, only the argument for producing the
contracting homotopy (¢, ;)4 is different.

Let O} ;(F;) denote the henselization of Oy ;(Fj). It is proved in [SuY], that

GL(O} ,(F;) ®F, Dj, M} J(F;) ®F, D;) = GL(O} ;(F}) ®p, My, (D;), Mh ((F;) ®p, My, (D;))

has vanishing homology, and universal chains ¢}, ; are exhibited. But (O} ;(F;), M" ;(F;)) maps into

O¢ (F;), M¢ .(F;)) by the universal properties of henselizations, and the images of the chains ¢ . give
( n,a\"J/ T, Yy prop ’ g n,t g
the required chains ¢, ;, hence the contracting chain homotopy.
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