On the non-torsion elements in the algebraic K-theory

of rings of integers

Dominique Arlettaz and GrzegorzBanaszak

In tro duction

The rst goal of this paper is to investigate the problem of the image of non-torsion
elemens of Ky, 1(Or) in Kz, 1(ky) via the reduction map, where Of is the ring of
integersin a number eld F, k, aresidue eld, and n a positive integer. Our main
result is:

Theorem 1. For any number eld F and for any integer n 1, the kernel of the
reduction map %

K2n 1(OF) ! K2n l(kv)
is nite.

Sections 1 and 2 present a proof of this theorem. We then consider in Section 3
the behaviour of the non-torsion elemerts in the algebraic K-theory of number elds with
respect to elds extensions.In particular, the following result is proved.

Theorem 2. Let E=F bea nite Galois extensionof number elds. Then for all integers
n 2, the natural map

Kon 1(F)=torsion ! (K., 1(E)=torsion)®(E=F)

is injective and its cokernel is nite with the property that the order of its odd torsion
subgroupis only divisible by prime numbersthat divide the order of the torsion subgroup
of Kan 1(E).

The secondauthor would like to thank the Swiss National ScienceFoundation and the
University of Lausannefor the invitation during which this paper was written. He also
would like to thank W. Gajda for many interesting discussionswhich stimulated some
ideasusedin this paper. We thank the refereefor his useful remarks about Section 3.
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In Sections4 and 5, we then obsene that the argument of the proof of Theorem 1
provides a better understanding of the homotopy type of the space BSL(Ofr )" in the case
where O is the ring of integers Z , becauseit enablesus to get upper and lower bounds
for the order of the Postnikov k-invariants of BSL(Z)" (seePropositions 5 and 6 and
Corollaries 2 and 4); someof theseresults depend on the Quillen-Lichtenbaum conjecture
for Z . Furthermore, we study the image of the non-torsion elemers of K;(Z) under the
Hurewicz homomorphism

hi :Ki(Z) ! Hi(BSL(2)";Z) = Hi(SL(Z); 2)

for all integers i for which K;(Z) is innite (see Corollary 3). In particular, Section
6 gives a complete determination of the 5-dimensional Hurewicz homomorphism for the
space BSt(Z)* , where St(Z) denotesthe in nite Steinberg group over Z:

Theorem 3. There is a short exact sequence
0 ! Ks(2) i Hs(St(2);z2z) ' zZz=2 ! O0;

where hs is the Hurewicz homomorphism. Furthermore, the torsion subgroupsof Ks(Z)
and of Hs(St(Z); Z) are isomorphic.

Throughout the paper, let us denote, for a prime number p, the p-primary part of a
positive integer N by jNj, .

1. Basic K-theory and etale cohomology computations

Let F be a number eld, O = O its ring of integersand n an integer 2.
Let K () (respectively K®( )) denotethe Quillen (respectively etale) K-theory and
Ho( ;Z=M(n)) (respectively H .. ( ;Zp(n)) ) denotethe etale (respectively cortin uous)
cohomology Choosean odd prime number p suc that p doesnot divide the order of the
torsion subgroup of Ko, 1(O). The nite generationof K,, 1(O) and the choice of p
givethe free Zy,-module (K2, 1(O)=torsion) Z, = K, 1(0) Z,. Obserealsothat the
natural map K, 1(O)=torsion! (K, 1(O)=torsion) Z, is an injection. Henceevery
non-torsion elemer in Ky, 1(O) givesriseto a non-trivial elemen in Ky, 1(0) Z,.

Let x be an arbitrary non-torsion elemen in K5, 1(O) and denote in the same
way its imagein Kzn 1(O) Z,. Let p° be the highest power of p sud that there is
an elemen y in Kyp 1(0) Z, with p°y = x. Choosean arbitrary (big in general)
power of p, sy M = p™ such that m > s, and consider the quotient modulo M
Kon 1(0)M = (K2n 1(0) Zp)=M which is a free Z=M -module. The image of x in
this module (which will alsobe denotedby x) hasorder M=p°.
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It follows from Theorem 8.7 of [DF1] that the map K, 1(0) Zp! K$§} 1(O[ )
is surjective for any odd p. So Theorem 1 of [S1] implies that the homomorphlsm
(K2n 1(0)  Zp)=torsion ! KS§! 1(O[ ])=torsion is an isomorphism. Hence we have

the following isomorphism (for our choice of p): Kz, 1(0) Z, © K 1(O[p])- The
localization exact sequencein algebraic K-theory (see Section 5 of [Q1]) and Theoreme
1 of [S2]) show that K, 1(0O) = Ko, 1(Os) for any nite set of prime numbers S.
We can also ched (cf. [Ba], p. 290) that K§! 1(O[ D = K§ ,(Os) for any nite set
of prime numbers S containing p. Thus, the Dwyer Friedlander spectral sequence(see
[DF1], Remark 8.8) shaws that K5 ;(Os) = HL,,:(Os;Zp(n)) and this isomorphism is
obviously functorial in S by morphisms of Dwyer-Friedlander spectral sequences.

Let E bethe eld F( u), Og its ring of integers, and let G(E=F) denote the
Galois group of E over F. Choosenow a nite set of prime numbers S containing p
sud that Pic(Og.s) = 0 and considerthe following commutativ e diagram:

DIAGRAM 1 1
cont(OS p(n)):M ! Het(OS ;,>Z:M (I’l))
? ?
y y
cont(OE s, Z (n)):M ! Hét(OE s, Z=M (n)) :

The horizontal arrows comefrom the Bockstein sequence# etale K-theory (later identi ed
with continuous and etale cohomologyrespectively). They are obviously injective.

The Hochsaild-Serre spectral sequence
E>* = H'(G(E=F); H&(Oe s;ZM (n))) ) H{ *(Os;Z-M (n))
givesthe exact sequence
0 ! HYG(E=F);ZaM(n)) ! HX(Os;Z=M (n)) ! HZ(Og;s;Z=M (n))CE=F):
On the other hand, by Herbrand quotient we have
#H(G(E=F); ZM (n)) = # H (G(E=F); Z=M (n)) :
In addition:
#HPae (G(E=F);ZM (n))  #H%(G(E=F); Z=M (n)) = # H°(G(F ( p: )=F); Z=M (n))
#HO(G(F( p )=F); Qp=Zp(n)) = jwn(F)j,*
Howewer, the surjectivity of the map
Kan 1(0)  Zp ! Hgont (O[3]: Zp(n))
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and someadditonal etale cohomology computations (see[S1], p. 376) shav that we have
a surjective map:

Kan 1(0)p ! Ha(OIZ]; Qo=Zp(n)) = HY(G(F( pr )=F); Qp=Zp(n)) :

So, by our choice of p, K2, 1(O), is trivial and consequetly, jWn(F)jpl = 1. Hence
H(G(E=F);Z=M (n)) = 0 and the right vertical arrow in Diagram 1 is injective.
Let v be a placeof F corresponding to a prime ideal not over any prime in S. Let
w be a place of E over v. We have the following commutativ e diagram, where , and
w are the reduction mod v and mod w respectively:

DIAGRAM 2

K2n 1()OS)ZM r K2n 1,gkv):M
? ?
y= y
? ?
y= y
Hclont(os;,)zp(n)):M " Héont(kv;?Zp(n)):M
? ?

y y
H&Os:ZM (M) 1 HE(K:ZM ()
? ?

y y

H&(Oe:s;Z=M (n)) r HZ (kw; ZM (n)) :

As explained above, the third and fourth (from top) left vertical arrows are injections.
Thus, we have proved the following

Lemma 1. The composition of the four left vertical arrows in Diagram 2 is injective.

Using now the exact sequence0! Z=M(@1)! G, ! G, ! 0 of sheaes for
etale topology on specOg ;s , we get an isomorphism Og.g=Og" ' HZX(Og;s;Z=M (1))
becauseof the condition Pic(Og.s) = 0. Tensoringit with Z=M(n 1), we get the
isomorphism

Ops=Og's ZM(n 1) T HG(Oes;ZM(n));

and similarly
ko= Z=M(n 1) T Hg(kw;Z=M(n)):

Obsernwe that the bottom horizontal arrow in Diagram 2 is easily identied with the map

Og.s=Og%s Z=M(n 1) ! k,=k Z=M(n 1):



2. An application of the Tchebotarev's density theorem

Let beageneratorof Z=M (1). Then (™ U jsageneratorof Z=M (n 1). Let

(" D be the imagein Og.s=Oy Z=M(n 1) of the elemen x (introduced

in Section 1) of K., 1(0O)=M via the left vertical arrows in Diagram 2. The elemen

above is consideredto be as usual the image of an elemen (also denoted by) from

Og .5 . Lemma 1 shows that the order of (n D js stil M=p°. We want to prove

that the image of (" 1) via the bottom horizontal arrow in Diagram 2 has also

order M=p° for somechoicesof w. To prove it, we use an argumert of Rubin ([Ru], p.
319) in application of the Tchebotarev's density theorem.

Obsernwe that for our purposeit is enoughto considerthe map
. — M 1 M.
w - OE;S _OE S ! kW_k\N .

The element  in Og.o=Og"s hasorder M=p*. Soit is enoughto prove that the image
of via the abovemap  hasorder M=p°. Let t be the highest power of p such that

2 Og's=0"s . Note that the map Og =0 ! E =E M induced by the inclusion
Og ! E is animbedding.

Lemma 2. The integer t is also the highest power of p sudhthat 2 E '=EM . In
addition,  hasorder M=t in Oz g=O"; andin E =E M . Hencet = p°.

Proof. Indeed,if t; isthe maximum power of p suchthat 2 E "=E M then = yhzM
for somey and z in E . Hence = (yzM=:)"* and obviously yzM='* 2 Oz.g. Sotyjt
by de nition of t. On the other hand, t j t; by de nition of t;. Let somepower of p
(call it t; again) bethe order of in Og =0 . Then ' =2zM for 22 Og.5. So

= zM=1 where 2 E and % = 1. But all roots of unity of order M arein E,
sothere is a root of unity 2 E suc that = M= Hence = (z )M, where
obviously z 2 Og.g . By denition of t we have (M=t;) jt. Hence (M=t) j t;. But
M=t annihilates  hencet; j (M=t) by de nition of t;.

Lemma 3. There arein nitely many prime ideals w in Og sud that ,( ) hasorder
M=t in k,=kM .

Proof. Let W denote the subgroup of Og.s=Ogy (or E =E M ) generatedby . By
Kummer pairing we have the following isomorphism:

G(E( *™)=E) = Hom(W;Z=M (1)) :

It shaws that G(E( ™ )=E) is cyclic of order M=t by Lemma 2. Let L denote
E( ™), O_ itsring ofintegersand ageneratorof G(E( ™ )=E). By Tchebotarev's
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density theorem, there are in nitely many prime ideals w of E sud that Fr,, = . Let
| be the prime number in Z belov w (but consideronly these prime numbers | not in
S) and let w be a prime ideal in L over w. Obsene that Fr, hasorder M=t and
generatesthe Galois group G(kw=k,) also of order M=t. For an elemen of Ogs
(respectively O..s ) let uswrite — for its imagein k,, (respectively ky ). Let t; denote
the order of — in k,=k,M . Hence ~* = z™ for some z 2 k,, . Therefore, the elemert
( M)t of O_.s mapsto an elemern of k, comingfrom k, becausethe roots of unity

of order M arein k, . We have the following equalitiesin Ky :

W: Fro(( ™M)t) = Fr,( ™M)tr = (M)t =t =Mt

where is a primitiv e root of unity of order M=t in Og.g by denition of . These

equalities shav that = 1. But asis well known,  has also order M=t. Hence
(M=t) divides t;. In addition, the order of ~ in k,=k, divides M=t. Consequetly,
M=t= t;.

Diagram 2 and Lemmas1 and 3 then imply:

Prop osition 1. Let O be the ring of integersin a number eld F and n an integer

2. Then, for any non-torsion element x of Ky, 1(Of) and any odd prime number p
sudh that Ky, 1(Og) cortains no p-torsion, there are in nitely many prime ideals v of
OrF sud that the order of the cyclic group Kz, 1(ky)p is arbitrarily large and sud that
X mapsto a non-trivial elemert of order (# K2 1(kv)p)=p> via the reduction map

Kon 1(Or) ! K2y 1(kv)p;

where p® is described at the beginning of Sectionl. In particular, if x mapsto a generator
of anin nite cyclic direct summandof K,, 1(Og)=torsion, then p*> = 1: hencethere are
in nitely many prime ideals v sudh that x mapsto a generatorof Ko 1(ky)p .

Theorem 1. Let O bethe ring of integersin anumber eld F and n aninteger 1.
Then, the kernel of the reduction map

Y
Kon 1(Of) ! Kan 1(ky)

\

is nite.

Proof. If n 2, this is an immediate consequencef the previous proposition. If n= 1,
let x 2 K1(Ogr) bean elemen of the kernel of the reduction map; then x 1 mod v for
ewvery prime ideal v, hencex 1 isdivisible by all v andtherefore x = 1. (Unfortunately,
we cannot obtain an assertionanalogousto Proposition 1 for n= 1.)
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Remark 1. In [A2], the rst author consideredthe imagesof the non-torsion elemers of
Ks(Z) in Ks(F,) and proved that they may be non-trivial in general.

Remark 2. For an odd prime p which is not relatively prir&e to the order of the torsion
subgroupof K, 1(Of), the reduction map K2, 1(Of)! v Kan 1(ky)p hasstill nite
kernel, though we are not able to prove in this way that we can map a non-torsion elemernt
to a generatorof K, 1(ky)p for this p asstated in Proposition 1.

3. Some remarks about non-torsion elements in odd K-groups of number elds

The main objective of this sectionis to prove the following result.

Theorem 2. Let E=F bea nite Galois extensionof number elds. Then for all integers
n 2, the natural map

Koy 1(F)=torsion ! (K, 1(E)=torsion)®(E=F)

is injective and its cokernel is nite with the property that the order of its odd torsion
subgroupis only divisible by prime numbersthat divide the order of the torsion subgroup
of K2n 1(E)-

Proof. Let p be an odd prime. The extension E=F givesa map i : specE ! specF
which induceshomomorphismsi K, (F)! Kn(E) andi :Kn(E)! Kn(F) for all
integers m 0 sud that
X
i1 =[E:F]lid and ii = = trg:
2G(E=F)

Hencewe seethat

Kn(F) Q! trg(Km(E) Q)= (Km(E) Q°E):

In addition,
(Km(E) QSEF) = Kn(E)SEF)  Q;

becauseit is actually true for any nitely generatedfree Z-module instead of Q (with
trivial G(E=F)-action) and consequetly alsofor any abelian torsion-free group sincesud
a group is a direct limit of its nitely generatedsubgroups(note that G(E=F) is nite).
Sowe obtain rankz (K, (F)=torsion) = rankz(K  (E)=torsion) and deducethat the map

Km(F)=torsion ! (K (E)=torsion)®(E=F)
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is injective and has nite cokernel sinceit is an isomorphism after tensoring with Q .

Now, take m=2n 1 for n 2 and considerthe commutativ e diagram

DIAGRAM 3

0 0
2 ?
? ?
y y
A | BG(EZF)
2 2
? ?
y y

Kon 1(F) Zp ! (Kan 1(E) Zp)CE=F)
2 ?
? ?
y y

Hgont(F ; Zp(n)) ! Hgont(E;Zp(n))G(E:F) ;
3
y
0

where A and B arethe kernelsof the corresponding obvious maps. The spectral sequence
E;® = H'(G(E=F); Hgon (E; Zp(n)) =) Hegni(F;Zp(n))
givesthe following exact sequence
0! HYG(E=F)0)! Heon(FiZp(n) ! Heon(E:Zp(n)®E) 1 H*(G(E=F); 0)

which shows that the bottom horizontal arrow in this diagram is an isomorphism and
that the bottom right vertical map is surjective. By Theorem 1 of [S1] and the Dwyer-
Friedlander spectral sequencewe know that A Ky, 1(F)p, and B Kgzn 1(E)p (see
Sectionl1). Now, let usassumethat p doesnot divide the order of the torsion subgroup of
Kon 1(E). Then, B = 0 and we deducefrom the snake lemmathat the middle horizontal
arrow in the above diagram is surjective. In the sameway as before we seethat

(Kan 1(E)  Zp)®FF™) = Kon 1(E)®E™F) Z,:
Therefore, the map
(Kan 1(F)=torsion) Z, ! (K2, 1(E)=torsion)®E=F) 7z,
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is surjective. This implies that the cokernel of the map
Kan 1(F)=torsion ! (K., 1(E)=torsion)¢(E=F)

has order (up to 2-torsion) divisible only by primes dividing the order of the torsion
subgroupof K,y 1(E).

Remark 3. The assertionof Theorem 2 holds alsoif we replacethe number elds by their
rings of integerssince K, 1(Or) = K2, 1(F) for all n> 1 accordingto the localization
exact sequencen algebraic K-theory (seeSection5 of [Q1]).

Corollary 1. Let E;j=F be adirect systemof nite extensionsof a number eld F . Let
€ = lim E; . Then the natural map

Ko, 1(F)=torsion ! Ko, 1(E)=torsion

is an injection for all integersn 2. (In particular if E; goesthrough all nite extensions
of F,then E=F )

Wewould liketo nish this sectionwith someresult about the non-divisibilit y property
for non-torsion elemerts in odd K-groups of number elds.

Prop osition 2. Let F be a number eld, p an odd prime number and n an integer
2. Then, no non-torsion elemen of Ko, 1(F( p )) is divisible in this group.

Proof. Let M = p™ and E = F( ) for k m. Considerthe following commutativ e
diagram:

DIAGRAM 4
K 2n 1,$F):M ! K2n 1,$E):M
? ?
y y
(K2n 1(F; Zp):M ! (K2n 1(E,; Zp):M
? ?
y y
Hclont F;,;p(n)):M ! H(}ont E;gp(n))zM
? ?
y y
HL(F;Z=M (n)) ! HL(E;Z=M (n)):

The top left vertical arrow is an isomorphism. Obsene that the middle left vertical arrow
has nite kernelof order #K,, 1(F)p. The bottom left vertical arrow is injective. In
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the sameway asin Section1, we may concludethat # H*(G(E=F); Z=M (n))  jw, (Fip !
and consequetly that the bottom horizontal arrow has kernel of order  jwn (F)j, L. Let
X be a non-torsion elemern in K,, 1(F) and choose M = p™ sud that the image of x
in K,y 1(F)=M has order bigger than the product # K, 1(F)pjwn(F)jp1. Then the
image of x (through Diagram 4) in HL(E;Z=M (n)) is non-trivial. Therefore, the image
of x in Ky, 1(E)=M is non-trivial for eathh k m.

4. The Postnik ov invarian ts and the Hurewicz homomorphism for BSL(Z)*

Let BGL(Z)" , respectively BSL(Z)* , be the spaceobtained by performing the
plus construction on the classifying space of the in nite general, respectively special,
linear group over the integers Z. In order to investigate the homotopical properties of
these spaces,it is sucient to consider BSL(Z)* becauseof the homotopy equivalence
BGL(Z)* ' BSL(Z)" BZ=2. In Section 2 of [A3], we shaved that the Postnikov k-
invariants of BE(R)* aretorsion classedor any ring R and we provided universal upper
bounds for their order (here E(R) is the subgroup of GL(R) generatedby elemeriary
matrices). The purposeof this sectionis to deducefrom Proposition 1 a better description
of the order of these k-invariants in the casewhen R = Z and to explain the conse-
guenceson the Hurewicz homomorphism between the algebraic K-theory of Z and the
integral homology of the group SL(Z) .

If X isasimple m-connectedCW-complex and i aninteger m+ 1, let usdenote
by X ! XJi] its i-th Postnikov section: X[i] is a CW-complex obtained from X by
adjoining cellsof dimensions i+ 2 suchithat (X [i]=0for k>i and X T (X]i]
for kK i. For i m + 2, the k-invariant k'*1(X) of X is a cohomology classin
H*1(X[i 1]; iX) sud that X[i] is homotopic to the bre of the map X[i 1]!
K( iX;i+ 1) correspnding to k'*1 (X). If k'*1(X) is atorsion elemern, the Hurewicz
homomorphism h; : ;X ! H;(X;Z) has the following nice property (see Section 2 of
[A3]).

Prop osition 3. If the k-invariant k'*! (X) is a cohomologyclassof nite order ;(X)
in H*(X[i 1]; iX), then there is a homomorphism ; : H;(X;Z)! ;X sud that
the composition X W H;(X:;Z) ! ;X ismultiplication by ;(X).

We shall needthe following results on the order of the k-invariants of certain spaces.

Lemma 4. Let v be a prime power. Then for any integer n 2, the k-invariant
k>"(BGL(Fy)*) of BGL(F,)* , where F, isthe eld with v elemens, is a cohomology
classof order ged((n 1)L v" 1) in H(BGL(F,\)"[2n  2];K2n 1(Fy)) .

Proof. SeeTheorem C of [H].

10



Lemma 5. For any integer n 2, the k-invariant k2" (U) of the unitary group U is a
cohomologyclassof order (n 1)! in H2"(U[2n 2];2).

Proof. Since U' BU, the cohomologysuspension  :H?"*'(BU[2n 1]; »,,BU)!
H2"(U[2n 2]; 2n 1U) has the property that  (k®"*1 (BU)) = k®"(U) (see[W], p.
438, Example 3). By Lemma 4.4 of [P], the order of k?"*1(BU) is (n 1)!: therefore,
the order of k2"(U) divides (n 1)!. On the other hand, it is known that the image of
a generatorof ,, U = Z under the Hurewicz homomorphismis (n 1)!x, 1, where
Xn 1 isageneratorof degree2n 1 of the exterior algebra H (U;Z) (seefor instance[D],
Section I11). Consequetly, Proposition 3 implies that the order of k2"(U) is a positive
multiple of (n  1)!.

Now, we concerrate our attention to the order of the k-invariants k?"(BSL(2)")
for n 2. For the remainder of the paper, let us denote by 5, 1 the order of
k" (BSL(Z)*) in HZ(BSL(Z2)*[2n 2];K2, 1(Z)) ; obsenethat ,, 1 isalsothe order
of k"(BGL(Z)*) becauseof the homotopy equivalence BGL(Z)* ' BSL(Z)* BZzZ=2.

Remark 4. Since K2, 1(Z) = K2, 1(Q) by the localization exact sequencean algebraic
K-theory (seeSection5 of [Q1]), it is easyto ched that the order of k" (BSL(Q)*) isa
positive multiple of ,, ; for any integer n 2.

If O is the ring of integersin a number eld, Dwyer and Friedlander de ned for any
prime p aspace ®*(O[3]) andamap :BGL(O[Z])* ! K (O[]), and reformulated
the Quillen-Lichtenbaum conjecture asfollows: the p-adic Quillen-Lichtenbaum conjecture
for O istrue if and only if is a p-adic homotopy equivalence(see[DF1], Remark 8.8
and [DF2], Section3). The study of this spacefor O = Z[ ], where | isaprimitiv e p-th
root of unity, givesthe next information on the order of the k-invariants of BSL(Z)* .

Prop osition 4. If p is an odd regular prime and if the p-adic Quillen-Lichtenbaum
conjecture for Z[ ,] holds, then j 2, 1j,* divides j(n 1)lj,* for any integer n 2.

Proof. According to Corollary 4.6 of [DF2], there are p-adic homotopy equivalences

S1pt P et L1y P + Y i
BGL(Z[ 5 1) * (2] »; 1) BGL(F) U;

(v 1)=2

for a suitably chosenprime v, if oneassumeghe p-adic Quillen-Lichtenbaum conjecture
for Z[ p]. Then, it follows clearly from Lemmas 4 and 5 that the p-primary part of
the order of k?"(BGL (Z[ p; %])*) is equalto j(n 1)}, 1 and one can deducefrom the
localization exact sequencein algebraic K-theory (see Section 5 of [Q1]) that the same
result is true for the p-primary part of the order of k" (BGL(Z[ p])*) . Finally, the map
j :BGL(Z2)" ! BGL(Z[ p])* induced by the inclusion Z ! Z[ ,] producesthe diagram
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DIAGRAM 5

k2"(BGL(Z2)*) 2 H2"(BGL(Z)"[2n 2];K2n 1(2))
2

?

Y i
H2"(BGL(Z)*[2n 2[;K2n 1(Z[ p])

%

?]
k2" (BGL(Z[ p))*) 2 HZ(BGL(Z[ p)"[2n  2;K2n 1(Z[ p]):

where j; and j areinduced by j . It follows from the naturality of the k-invariants
that jj(k>"(BGL(Z2)*)) = j (K*(BGL(Z[ p])*)) (see[W], p. 424). The composition
of the homomorphism j : Kz, 1(Z) ! Koy 1(Z[ p]), induced by j , with the transfer
Kon 1(Z[ p]) ! Kon 1(Z) is multiplication by (p 1) on Kz, 1(Z). Consequetly, j;
is split injective on p-torsion: thus, the p-primary part of the order of j;(k*"(BGL(2)*))
IS 2n 1lp 1. Howevwer, this divides the p-primary part of the order of k?"(BGL (Z[ ,])*)
which is j(n  1)}j, 1 under our hypothesis.

Our objective is to extend this result to odd irregular primes p. The crucial point
in the proof of the next assertionis the use of Proposition 1. Since we are working with
non-torsion elemerns in Ko, 1(Z), we consideronly odd integers n.

Prop osition 5. For any odd integer n 3, if p is an odd prime number sud that
K2n 1(Z) cortains no p-torsion, then j 2, 1j,* divides j(n 1)1, *.

Proof. If n isoddand 3, Ky, 1(Z)=2Z T, where T isa nite abelian group (see
[Bo]). Let p™ be the exponert of the p-torsion subgroup of the nitely generatedgroup
H2"(BSL(Z)*[2n 2];K2n 1(Z)) . Becauseof our hypothesis, Proposition 1 shows the
existenceof a prime v for which K2, 1(Fy)p = Z=p™ with p™ maxfp™;j(n D, g
and the homomorphism  : K2, 1(Z) ! K2y 1(Fv)p, induced by the reduction mod v,
is surjective. Now, look at the diagram

DIAGRAM 6

k>"(BSL(Z)*) 2 H2(BSL(Z)"[2n 2];K2n 1(2))
2

?

Yy (v)
H2"(BSL(Z)*[2n 2;K2n 1(FV))

%

?2 (V)

kzn(BSL(Fv)+) 2 Hzn(BSL(Fv)+[2n 2;Kon 1(Fv));
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where ( y); and ( y) are induced by the reduction mod v. The restriction of the
homomorphism ( ); to p-torsion is just reduction mod p™ , and consequetly injective
(becausem ). Since k®"(BSL(Z)*) is a torsion elemen, the p-primary part of
the order of ( );(k*"(BSL(Z)*)) = ( v) (k*"(BSL(Fy)*)) (see[W], p. 424)is then
still j 2n 1jp1: this shows that | o 1jp1 divides the p-primary part of the order of
k?"(BSL(Fy)*) which is equalto j(n 1)!jp1 by Lemma 4, accordingto our assumption
" in D,

If p is an odd prime and n an odd integer, then the p-adic Quillen-Lichtenbaum
conjecture for Z implies that j# Tj,* = jw, (Q)j,* = 1 and we get:

Corollary 2. For any odd prime number p, if the p-adic Quillen-Lichtenbaum conjecture
for Z holds, then j 2, 1j,* divides j(n  1)lj,* for any odd integer n 3.

Remark 5. Notice that (n 1)! is a better upper bound for the order of k?"(BSL(Z)")
than the integer Ry, » introducedin [A3].

Now, considerthe Hurewicz homomorphism
hon 1:Kan 1(Z) ! Han 1(BSL(Z)":Z) = Hay 1(SL(Z); 2)
for odd integers n 3. We are actually interested in the homomorphism
Kon 1(Z)=torsion ! Hjy, 1(SL(Z); Z)=torsion

induced by hy, ;. Recall that it has been understood for the case n = 3 in Theo-
rem 1.5 of [Al]: The homomorphism Ks(Z)=torsion ! Hs(SL(Z); Z)=torsion induced
by hs is multiplication by 2. Furthermore, somegeneralinformation on the Hurewicz

Kon 1(Z;Q) = Q for n odd 3, and the rational Hurewicz homomorphism maps
Kon 1(Z;Q) into ( upy, 1). Thus, if "5, 1 is a generator of the in nite cyclic direct
summand of Ky, 1(Z) = Z T (T nite), we may conclude that hy, 1("2n 1) =

on 1X2n 1+ ton 1, Where o, 1 is apositive integer, X, 1 a generator of an in nite

cyclic direct summandof H,, 1(SL(Z); Z) whoserationalization is uz, 1, and ty, 1 a
torsion elemen in Hy, 1(SL(Z);Z). In order to generalizethe result on hs, we deduce
the next assertionfrom Propositions 3 and 5 and Corollary 2.

Corollary 3. With the notation intro duced above, the Hurewicz homomorphism hy, 1 :
Kon 1(Z)!" Han 1(SL(Z); Z) hasthe following property for all odd integersn  3: if p
is an odd prime number sud that K,, 1(Z) corntains no p-torsion (in particular, if the
p-adic Quillen-Lichtenbaum conjecturefor Z istrue), then j 2, 1j,* divides j(n 1), *.
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5. The Postnik ov invarian ts of the space JK (Z)

In this section, let us considerthe prime 2. Bokstedt introducedin [Bok] the space
JK (Z) de ned by the homotopy bre square

DIAGRAM 7
JK (2) I BO
2 2
? ?
y ye
b
BGL (Fs)* | BU;

where c is the complexi cation and b the Brauer lifting (seealso[M], Section4 or [DF2],
Section4). The bre of both horizontal mapsis U and we shall denote by g the inclu-
sion U ! JK(Z) and by ¢° the inclusion U ! BGL(F3)* . We obtain the following
commutativ e diagram for any positive integer n:

DIAGRAM 8
@ g
nBO ! on 1U ! on 1K (2) ! on 1BO 10
2 2 2 2
? ? ? ?
yc y = y y
@" 1 g°
nBU ! on 1U ! Kan 1(F3) ! 0

If nisodd, 5, :BO and ,,BO areisomorphicto Z=2 or 0 and @ is then trivial
since ., 1U = Z. Thus, we get the short exact sequence

0 ! |2n{zlLiq. on 1JK(Z) ! . :BO ! O:
=7

Since ¢° is surjective, it turns out that g isasplit injection (in particular, ., 1JK (Z) =
Z Z=2if n 1mod 4 and 5, ;JK(Z)=Z if n 3 mod 4). This provides the
next statemert.

Prop osition 6. For any odd integer n 3, the order of the k-invariant k?"(JK (Z)) in
H2"(JK (Z)[2n  2]; 2n 1JK(Z)) is a positive multiple of (n  1)!.

Proof. Look again at the diagram explaining the naturality of the k-invariants:

14



DIAGRAM 9
k2"(U) 2 H2"(U[2n  2]; on 1U)

9

<OV

H2"(U[2n  2]; 2n 1JK(2))
%
?9

k2"(JK(Z)) 2 HZAK(Z)[2n 2]; 2n 1IK(2));

where gy and g areinducedby the map g:U! JK(Z). Becauseg; is actually a split
injection, the order of gj(k?"(U)) = g (k®"(JK (2))) is (n 1)! by Lemma5. Therefore,
(n 1)! divides the order of k?"(JK (2)).

The 2-adic Quillen-Lichtenbaum conjecture for Z implies a 2-adic homotopy equiv-
alence BGL(Z[%])+ ? JK (Z) (seeSection4 of [DF2] or the introduction of [M]) and it
follows from the localization exact sequencen algebraic K-theory (seeSection5 of [Q1])

that BGL(Z)* 2 BGL(Z[%])* . Consequetly, we get the following result on the order
on 1 Of kK2"(BSL(2)").

Corollary 4. If the 2-adic Quillen-Lichtenbaum conjecturefor Z is true, then j 1j21
is a positive multiple of j(n  1)j, ! for any odd integer n 3.

Corollaries 2, 3 and 4 enableus to formulate the following conjectures.

Conjecture 1. Forany odd integer n 3, the order of the k-invariant k?"(BSL(Z)*)in
H®(BSL(Z)*[2n 2];Kan 1(2)) is 20 1= (n D).

Conjecture 2. For any odd integer n 3, the Hurewicz homomorphism hy, 1 :

Kon 1(Z) ' Hgz, 1(SL(Z); Z) hasthe property that 5, 1 = (n 1)! (where ,, 3
is explained in the paragraph before Corollary 3).

6. The Hurewicz homomorphism Ks(Z)! Hs5(St(2); 2)

Let us rst determine exactly the order ; of the k-invariants k'*!' (BSL(Z)*) of
BSL(Z)* in small dimensions.

Prop osition 7. 3=2and 4= 1.

Proof. Since BSL(Z)* is simply connected, its rst k-invariant is k*(BSL(Z)*) 2
H4(K (K2(2);2); K3(Z)) = H4(K (Z=2;2); Z=48) = Z=4. By Section 2 of [A3], we know
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that 2k*(BSL(Z)*) = 0. On the other hand, if k*(BSL(Z)*) would be trivial, then we
would get H3(BSL(Z2)";Z) = H3(K(Z=2;2) K (Z=48;3);Z) = Z=48: but this is wrong
since H3(BSL(Z)*;Z) = Z=24 (seethe introduction of [Al]). Consequetly, 3= 2. The
second k-invariant is k®(BSL(Z)*) 2 H3(BSL(2)* [3];K 4(Z)) . The vanishing of K 4(2)
(see[R02]) implies that k>(BSL(Z)*) = 0, in other wordsthat , = 1.

For the next dimension, let us consider the space BSt(Z)* instead of BSL(Z)" ,
where St(Z) denotesthe in nite Steinberggroupover Z; BSt(Z)* is actually the bre of
the secondPostnikov section BSL(Z)* | K (K,Z;2). Our last objectiveis to understand
exactly the Hurewicz homomorphism

hs:Ks(Z) ! Hs(BSt(2)*;Z) = Hs(St(2):2):

Recall that K5(Z) = Z T and Hs(St(Z2);Z) = Z TO where T and T° are nite
abelian groups by [Bo] and that we proved the following assertionin [Al], Theorem 1.5.

Prop osition 8. The homomorphism K5(Z)=T ! Hs(St(Z); Z)=T° induced by hs is
multiplication by 2.

This enablesus to investigate the 6-th dimensional k-invariant.
Prop osition 9. k8(BSt(Z)*) is an elemen of order 2 in H8(BSt(Z2)* [4];K5(2)) .

Proof. Since BSt(Z)* is 2-connectedand BSt(Z)* = K;(Z) for i 3, it follows from
the vanishing of K4(Z) (see[Ro2]) that BSt(Z)*[4]' K (Z=48;3) and k®(BSt(2)*)
belongsto the group H8(K (2=48; 3); K5(Z)) which is, by the universalcoe cien t theorem,
isomorphic to Hom(Hg(K (2=48; 3);Z2);Ks5(Z)) Ext(Hs(K (Z=48;3);Z);Ks(Z)) . Using
[C], it is possibleto calculate that Hs(K (Z2=48;3);Z) = Z=2 and Hg(K (Z=48;3);2) =
Z=2. Therefore, 2k8(BSt(Z)*) = 0. Propositions 3 and 8 then concludethe proof.

The main result of this sectionis:

Theorem 3. (a) The Hurewicz homomorphism hs is injective and there is a short exact
sequence0 ! Ks(2) 5 Hs(St(2);z) ! z=2 ! 0.

(b) If T and TO° denote the torsion subgroupsof Ks(Z) and Hs(St(Z); Z) respectively,
the restriction of hs: T ! TO is an isomorphism.

Proof. Considerthe bration given by the de nition of k®(BSt(2)").

k8(BSt(2)*)
BSt(Z2)* [5] ! BSt(Z2)" [4] ! K (Ks(Z);6)
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and obsenethat BSt(Z)*[4]' K (Z=48;3) andthat Hs5(BSt(Z)*[5];2) = Hs(St(Z2); 2) .
The Hochsdild-Serre spectral sequencedor integral homology of this bration provides an
exact sequence:

|-|6(K(Z{:Z48;3);Zg! |—|6(K(Kf£2);6);zg M Hs(St(Z): 2) ! |—|5(K(z{:248;3);zg! 0:

=27Z=2 =Ks5(2) =27Z=2

In order to determinethe imageof |, let usconsiderthemap B 7 ! BGL(Z)" induced
by the inclusion of the in nite symmetric group 1 into GL(Z). We denote by B 1
the (2-connected) bre of the secondPostnikov section B 7 ! B 7 [2]. The above
map lifts to amap f : B9 1 | BSt(z)* and produces,becauseof the naturality of the
k-invariants (see[W], p. 424), the following map of brations:

DIAGRAM 10
+ + 6(B H
B 1 [5] I R T 17 K(sB 1:6)
2 2 2
? ? ?
y y y
kS(BSt(2)")
BSt(Z)* [5] I BSt(Z2)"[4] ! K(Ks5(2);6):
It is well known that for any positive i, B = S, the i-th stable homotopy group

of spheres.Since 3= Z=24, ;=0 and 2= 0, we obtain the homotopy equivalence
BJ 1 [4]' K(Z=24;3) and f providesthe commutativ e diagram

DIAGRAM 11
Z=2 = Hg(K(Z=24;3);2) ! =0
2 2
? ?
y fy y f
Z=2 = Hg(K(Z=48;3);2) ! Ks(Z);

where the composition | is obviously trivial. Here f\ is induced by the homomor-
phism f : 3! Kg3(Z) which is injective according to [Q2]: thus, if generates
5 = Z=24, f () = 2a where a is a generator of K3(Z) = Z=48. Howewer, the
computation (following [C]) of Hg(K (G;3);Z) for a nite cyclic group G tells us that
He(K (Z=24;3);Z) = Z=2 is generatedby 12 and that Hg(K (Z2=48;3);Z) = Z=2 is
generatedby 24a. Therefore, f\ is an isomorphism and is trivial. Consequetly, we
get the short exact sequence

0 ! Ks(Z) ¥ Hs(St(2);2) ' z=2 ! 0
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and the asssertion(b) follows from Proposition 8.

If the \connectivity conjecture” for Z is true, then T isa nite 2-group of order at
most 8 (see[Rol], Conjecture 1.2 and Theorem 1.3). Furthermore, if the 2-adic Quillen-
Lichtenbaum conjecture for Z holds, then the 2-torsion subgroup of TO is trivial (see
[A3], Remark 1.11). Consequetly, we can formulate the following

Conjecture 3. Ks(2) = Z.
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