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ABSTRACT. Suppose that A is a C'*-algebra in the bootstrap category N with K K-
filtration
A0%A1‘—>A2;>...

and B is a C'*-algebra with a countable approximate unit. Then the graded Kasparov
group KK, (A, B) is described both by the Universal Coefficient Theorem

0 — Bath (K. (A), Ku(B)) — KK.(A, B) — Homz(K.(A), K« (B)) — 0

and by the Milnor lim! sequence
0 — lim' KK.(A;, B) — KK.(A,B) — lim KK.(A;, B) — 0.

It is demonstrated that these two descriptions are closely related and that KK« (A, B)
decomposes unnaturally as the direct sum of the term

Homgz(K«(A), K«(B))
which stores index information, the term

lim Ext} (K« (A;), K« (B))
which is the Z-adic completion of Ext)(K«(A), K«(B)), and the term

1@1 Homgz (K.« (A;), Ki«(B))

which houses the fine structure of KK.(A, B). (These groups depend only upon
K« (A) and K.(B).) Further, the Milnor sequence itself splits unnaturally.
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1. Introduction

The graded Kasparov group KK, (A, B) associated to C*-algebras A and B has been of
use in a wide variety of applications in operator algebras and topology. It is best behaved
when A is a separable nuclear C'*-algebra and when B has a countable approximate unit,
and we assume these properties throughout.

Let N be the smallest full subcategory of separable nuclear C*-algebras which contains
all separable Type I C*-algebras and which is closed under strong Morita equivalence,
direct limits, extensions, and crossed products by Z and R. We may also require that if .J
is an ideal of A and if J, A € N then so is A/J, and if A and A/J are in N then so is J.
We refer to N as the bootstrap category.

The Universal Coefficient theorem may then be stated.

Theorem 1.1. (Rosenberg and Schochet [RS]) If A € N then the natural degree zero
map
v: KK.(A,B) — Homy(K.(A), K.(B))

induces a natural short exact sequence

(UCT) 0 — Eati(K,(A), K.(B)) > KK.(A, B) % Homy(K,(A), K.(B)) — 0

which splits unnaturally. The map ¢ has degree one (that is, it takes odd degree elements
to even degree elements and vice versa.)

The sequence (UCT) determines KK, (A, B) in terms of K,(A) and K.(B).
Next we recall the Milnor lim® sequence. This was first observed to hold for K K, (4, C)

by L.G. Brown.!

Theorem 1.2. (Milnor, cf. [S3 Theorem 7.1] for a proof of the general case.) Suppose
that C*-algebras A = lim A; and B are given. Then the natural degree zero maps

pi KK.(A,B) — KK,(A;, B)
induce a natural short exact sequence
0 — lim' KK,(A;, B) -2+ KK,(A,B) % lim KK,(A;, B) — 0

with o of degree one and p = lim p;.

O
Next we record a most useful result of Roos.

Theorem 1.3. (Roos [R]) Let {G;} be a direct sequence of abelian groups and let M be
an abelian group. Then there is a natural short exact sequence

IDirect and inverse limits are indexed by the natural numbers when 4 is used as the index and by an
arbitrary directed set when « is used as the index.
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0 — lim" Homgz(G;, M) — Extj(lim Gy, M) — lim Ext},(Gy, M) — 0
and in addition
lim' Ext},(G;, M) = 0.
O

We wish to employ Theorem 1.2 for C*-algebras A € N'. Not every A € N is the direct
limit of commutative or even of Type I algebras. However for our purposes a much weaker

sort of limit condition suffices. Here is the key definition. The unitalization of a C'*-algebra
A is denoted A™T.

Definition 1.4. A KK-filtration of a separable C*-algebra A is an increasing sequence of
commutative C*-algebras
Ao‘—>A1‘—>A2‘—>...
which satisfies the following conditions:
(1) Af =2 C(X;) for some finite CW -complex X;.
(2) Each map K,(A;) — K.(A;+1) is an inclusion.
(3) lim A; is K K-equivalent to A.

It follows that each K, (A;) is finitely generated and that
lim K. (4;) &2 K.(A)

so that the sequence {K.(A;)} is an increasing sequence of finitely generated subgroups
with limit K, (A). Since the UCT is preserved under K K-equivalence, it follows that any
K K-filtered C*-algebra A satisfies the UCT for all B.

Any commutative unital separable C*-algebra C'(X) may be written as the direct limit
of a sequence C(X;) for finite complexes X; by taking successive nerves of finite open
covers of X. Since any A € N is KK-equivalent to a commutative C*-algebra by [RS,
Cor. 7.5], this is close to saying that each A € A has a K K-filtration. We shall prove the
following Theorem in §5.

Theorem 1.5.
(1) Each A € N has a K K-filtration.

(2) If {A;} and {A} are K K-filtrations of A then there are isomorphisms

(a) lim' Homgz(K.(4;), K.(B)) = hﬁl Homg(K.(A)), K.(B))
(b) lim Ext}(K.(A;), K.(B)) = lim Ext}(K.(A)), K.(B))
(c) lim KK, (A;, B) = lim KK.(A}, B)

which depend only upon the K K-equivalences specified, so that these groups de-
pend only upon K,(A) and not upon the K K-filtrations.
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(3) If {A;} and {A]} are K K-filtrations of A then there is an isomorphism of Milnor
sequences

0 — lim' KK,(A;,B) —— KK,(A,B) —— limKK,(A;,B) — 0

: l I

0 — lim' KK,(A,,B) —— KK,(A,B) —— limKK,(A,B) —— 0

—

1%

which depends only upon the choices of K K-equivalences

limA; ~ A =~ limA..
— ' KK KK —

The following is our principal theorem. It gives a complete description of the relation
between the Universal Coefficient Theorem and the Milnor sequence.

Theorem 1.6 Main Theorem. Suppose that A has KK-filtration {A;}. Then the
following diagram

(Main Diagram)

0
0 lim Ext}(K.(A;), K.(B))
l Jems
0 — lim' KK,(A;, B) 2 KK.(A,B) & lim KK,(A;, B) — 0

lw lid lﬁ

0 — Exth(K.(A),K.B)) = KK.AB) - Homg(K.(A),K.(B) — 0
e I
0

lim Exth(K.(A;), K.(B))

I

0

is commutative, is natural with respect to A and B and has exact rows and columns. Each
of the groups is independent of choice of K K-filtration and depends only upon K,(A)
and K,(B). Further, each short exact sequence splits and these splittings are mutually
coherent.?

The remainder of the paper is organized as follows. In Section 2 the Main Theorem is
established. Section 3 is devoted to deducing some important consequences of the Main

2However, the splittings are not natural with respect to the pair (A, B).



DECOMPOSITION OF THE KASPAROV GROUPS 5

Theorem including (3.1) the decomposition of K K, (A, B) into its three components. We
also show how the recent work of Rgrdam and Dadarlat-Loring is clarified by our results:
their functors

KL.(A, B)

and
Homp (K, (A), K, (B))

and associated exact sequences respectively turn out to be easily described in terms of the
basic decomposition given by the Main Theorem and its corollaries. In Section 4 we turn
the situation around and see how the proof of the Main Theorem helps us to understand
the UCT itself. Section 5 is devoted to the existence and “uniqueness” of K K-filtrations.

Acknowledgments. This paper is an extension of joint work with Jerry Kaminker [KS]
on lim' and its relation to K K-theory as well as an extension of joint work with Jonathan

Rosenberg on the UCT [RS2, RS3]. It is a pleasure to acknowledge with gratitude both
collaborations. In addition, we are grateful to Mikael Rgrdam, to Marius Dadarlat and to
Terry Loring for sending us early versions of their work and for freely sharing their ideas
with us.
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2. Proof of the Main Theorem

Proof of 1.6. A K K-equivalence lim A; 2 A induces an isomorphism

—

KK, (lim A;, B) ~ KK,(A, B)

which respects the UCT and the lim! sequences by Theorem 1.5. So for the purposes of

this proof we may assume that A = lim A;. Consider the Main Diagram. The two main

rows are the Milnor lim' sequence and the UCT respectively. For each i there is a natural

commutative square

KK,(A B) —2— KK.(A;, B)

! I

and these induce a natural commutative diagram

KK,(A,B) —2— lim KK, (A;, B) — " . limKK.(4;,B)
lid lli’l’““ b

lim ~ip;

where the bottom row is a factorization of . Thus v = 4p. This implies that the squares
in the Main Diagram commute.

We must identify the kernel and cokernel of the maps 4 and ¢ in the Main Diagram. It
is an immediate consequence of the Snake Lemma that Ker(¢) = 0 and that Cok(5) = 0,
and we also know from that Lemma that

Ker(y) = Cok(p).

In order to identify Ker(5) we argue as follows. The UCT sequence associated to the
pair (A;, B) has the form

(&4) 0 — Exth(K.(4;), K.(B)) % KK, (A;, B) 2 Homz(K.(A;), K.(B)) — 0.

Taking the inverse limit of the short exact sequences (<{»;) over i yields a six term lim -lim?

— —

sequence. However,
lim' Extl(K.(A;), K.(B)) = 0
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by Theorem 1.3. After identifying

Homz (K. (A), K.(B)) = Homg(lim K.(A;), K.(B)) = lim Homz(K.(A;), K.(B))

—

there is a short exact sequence

lim 6;

0 — lim Exth(K.(A;), Ko(B)) —— lim KK.(A;, B) 2> Homg(K.(A), K.(B)) — 0

which is the right column of the Main Diagram. This establishes the exactness of the Main
Diagram.? We see from Theorem 1.5 that each of the groups is independent of choice of
K K-filtration and hence depends only upon K,(A) and K.(B).

It remains to show that each of the exact sequences in the Main Diagram splits. The
UCT sequence map 7 is split by the UCT; choose a splitting map I', so that vI' = 1. Given
this choice there are canonical choices for each of the remaining splittings as follows:

1 is split by T’ = pl.

3
4

is split by X =1 — Pp.

(1) ¥

(2) pis split by P =T45.

3) o

(4) 4 is split by ¥ = 34.

These verifications are quite routine. We note that the choice of I' determines the remaining
splittings, so that the obvious diagrams commute. The map I' cannot be chosen to be

natural, and hence the other splittings share in this defect. [

3This same argument implies that the natural map

lim?! Yi

lim' KK.(A;, B) — lim' Homy(K«(A;), K«(B))

is an isomorphism. We take this isomorphism as an identification henceforth. Note that this group is
the closure of zero in the Salinas [Sal] topology of KK (A, B) and is hence of considerable interest. It
is frequently (but not always) divisible and if non-zero then it is uncountable. It may have torsion. We
study this “fine structure” systematically in [S5].
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3. Some Consequences of the Main Theorem

Theorem 3.1. Suppose that A has K K-filtration {A;}. Then KK,(A, B) decomposes
unnaturally as the direct sum of the terms

Homgz(K.(A), K.(B)),
lim Bath(K.(A)), K.(B)),
and

lim' Homz (K. (4;), K.(B)).

Proof. The UCT splits unnaturally, and hence K K,.(A, B) is the direct sum of two terms,
namely
Homgz(K.(A), K.(B))

and
Exth(K,.(A), K.(B)).

The term Ext}(K.(A), K.(B)) is the middle term in the Roos sequence which forms the
left column of the Main Diagram. This short exact sequence splits, by Theorem 1.6, and
hence Ext}(K.(A), K.(B)) itself is the direct sum of two terms. They are

lim Bty (K. (A;), K.(B))

and
lim* Homg(K,(4A;), K.(B))

which proves the Theorem. [

Corollary 3.2. Suppose that A has K K-filtration {A;}. Further, suppose that each
K.(A;) is free abelian. Then the following diagram

0 — Ilim'KK,(A;,B) 5 KK.,(A,B) % limKK,(A;,B) — 0

I Jo I
0 — Extl(K.(A),K.(B)) > KK.(A,B) L Homz(K.(A),K,(B)) — 0

is commutative, is natural with respect to A and B, has exact rows, and the vertical maps
are isomorphisms.

Proof. Each group
Batl(K.(A;), K.(B)) =0

since each K, (A;) is free, so

lim Ext}(K.(A;), K«(B)) =0

and the result is immediate from the Main Theorem. O
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Corollary 3.3. Suppose that A has K K-filtration {A;}. Then the Milnor lim' sequence
0— lim' KK,(A;, B) = KK,.(A,B) 2 lim KK.(A;, B) — 0

is unnaturally split.

Proof. This is immediate from the Main Theorem. In fact the splitting is canonically
related to the splitting of the UCT, as indicated in the proof of the Main Theorem. [

We note in passing that in the typical situations in algebraic topology where the Milnor
sequence appears the lim' term is divisible and hence the analogue of Corollary 3.3 is

1

immediate. However in the present context the lim! term may well not be divisible.*

—

Nevertheless, in the presence of the UCT the sequence splits.®
Recall (cf. [FI]) that PExt}(G, M) is the subgroup of Exzti(G, M) consisting of pure
extensions.

Corollary 3.4. Suppose that A has K K-filtration {A;}. Then

(1) There is a natural isomorphism

PExt}(K,(A), K.(B)) = 1@1 Homy(K.(4A;), K. (B)).

(2) The natural surjection

Exty(K.(A), K.(B)) — lim Extz(K.(A;), K.(B))

is the Z-adic completion of Ext}(K.(A), K.(B)) .

Proof. If G is any group and G = lim GG, where the G, are finitely generated then for any
group M,
(3.5) PExt}(G, M) = lim' Homz(Ge, M)

by a theorem of Jensen [J, p. 37]. Thus Part 1) is a result from pure algebra depending only
upon the fact that the K,.(A;) are finitely generated. Combining Part 1) with Theorem
1.3 (Roos) yields a short exact sequence

(3.6)

0 — PExt},(K,(A), K.(B)) — Exth(K.(A), K.(B)) — lim Ext},(K.(4;), K.(B)) — 0.

On the other hand, the group PExt}(G, M) may also be described as
PExtL(G, M) = N, nExth(G, M)
ne
which is visibly the closure of {0} in the Z-adic topology. Hence the quotient of Ext% (G, M)

by the subgroup PExt}(G, M) is always the Z-adic completion. Combining this observa-
tion with the sequence (3.6) yields Part 2). O

4See [S5] for a general discussion of such matters.
5We know of no example in K K-theory where the Milnor sequence does not split. Perhaps it splits in
general.
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Corollary 3.7. Suppose that A has K K-filtration {A;}. Then the map

Exty(K.(A), K.(B)) — lim Exty(K.(A;), K.(B))
is the completion of the group Ext}(K.(A), K.(B)) in the topology induced by the K K-
filtration and also in the Z-adic topology.
U

M. Rgrdam [R] defines a group K L,(A, B) to be the quotient of K K,(A, B) by the
subgroup PEzt}(K.(A), K.(B)) (in a context where the UCT holds so that this is a
subgroup of K K.(A, B)).

Corollary 3.8. Suppose that A has K K-filtration {A;}. Then the functor K L.(A, B) is
given by the isomorphism

KL.(A, B) = limKK,(A;, B)

and there is a natural short exact sequence

0 — lim Ext}(K.(A;), K.(B)) — KL.(A, B) — Homz(K,.(A), K.(B)) — 0

which splits unnaturally.

U
Following Dadarlat and Loring [DL] let

K (A) = @,K;(A;Z/n)

=—=J
where n ranges over all positive integers. Let

Homp (K, (A), K, (B))

denote all homomorphisms that respect the direct sum decomposition and the action of
the Bockstein operations [S4]. Dadarlat and Loring use the Milnor sequence to establish
[DL] a universal multi-coefficient exact sequence

(3.9) 0 — PExt;(K,.(A), K.(B)) - KK,(A,B) — Homy (K,(A),K,(B)) — 0

which we may identify.

Theorem 3.10. Suppose that A has K K-filtration {A;}. Then there is a natural isomor-
phism
Homp (K, (A),K,(B)) 2lim KK.(A;, B)

and the Dadarlat-Loring sequence (3.9) coincides with the Milnor sequence

0 — lim' Homz(K.(A;), K.(B)) — KK,(A, B) 2 lim KK, (A;, B) — 0.
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Further, the Dadarlat-Loring sequence unnaturally splits.
Proof. This is immediate by combining (3.9) with Corollary 3.4(1). O

Remark 3.11 It is tempting to think that the Z-adic completion of K K. (A, B) is the
group lim KK,(A;, B). However the situation is more complex. By the UCT we know

that there is an unnatural isomorphism
KK.(A,B) =2 Homz(K.(A), K.(B)) © Ext;(K.(A), K.(B))
and since completions respect sums, there is an isomorphism
KK,.(A,B)" = Homg(K.(A), K.(B))" @ Ext},(K,.(A), K.(B))"
where G~ denotes the Z-adic completion of G. We know that

Ext}(K.(A),K.(B))" = lim Ext}(K.(4A;), K.(B)).

If the group
Homgz(K.(A), K.(B))

were complete then exactness of the right column of the Main Diagram would imply that
lim KK, (A;, B) is complete and from this it would follow that this group is the completion

of KK.(A,B). However, the group Homyz(K.(A), K.(B) ) is not Z-adic complete in
general. An abelian group is Z-adic complete iff it is reduced and algebraically compact,
by [FI, 39.1] so, for instance, Z is not Z-adic complete. However we do have the following
result.

Corollary 3.11. Suppose that A has K K-filtration {A;}. If K.(A) is a torsion group
then the natural map
KK,.(A,B) — lim KK,(A;, B)

is the Z-adic completion of KK,(A, B).
Proof. The fact that K.(A) is a torsion group implies that the group

Homgz (K.(A), K.(B))

is reduced and algebraically compact. Then the discussion of Remark 3.11 completes the
proof. [J
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4. The UCT Revisited

The Main Diagram is overdetermined. We may use this fact to establish the following
theorem. It is a variant of [RS2, Proposition 7.14] which in turn was adumbrated by [KS,
p. 104]. We include a proof to emphasize the relation of the Main Diagram to these results.

Theorem 4.1. Suppose given a direct sequence A; of separable nuclear C*-algebras with
A = lim A; and a C*-algebra B such that each (A;, B) satisfies the UCT. Then (A, B)

satisfies the UCT.

We note quickly that if A; € N (which is the case typically) then this is not a new result;
it follows from the [RS] proof of the UCT itself. However the proof in [RS] is by means of
geometric realization. First one establishes the special case where K, (B) is injective and
then one uses geometric realization to establish the general case. The proof to follow does
not use geometric realization. It is much closer in spirit to the original proof of a special
case of the UCT by L.G. Brown [B].

Proof. Combining Theorem 1.3 and Theorem 1.2 yields a commutative diagram with exact
rows and columns of the form

0 0
0 — lim' KK,(A;, B) % KK.(A,B) % limKK,(A;,B) — 0
" [

(4.2) Exth(K.(A),K.(B)) > KK,

lim Bxt}(K.(4;), K.(B)) =

0

Apply the Snake Lemma to the first two columns of (4.2) and one obtains the long exact
sequence

0 — Ker(o) — Ker(5) — Ker(r) 2 Cok(a) — Cok(8) — Cok(r) — 0
which simplifies to the long exact sequence
0 — Ker(6) — lim Extl(K,(A;), K.(B)) 2 lim KK, (A;, B) — Cok(5) — 0

so that
Ker(d) = Ker(0) and Cok(d) = Cok(0).
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Thus there is a long exact sequence
0 — Ker(d) — Extl(K,(A), K.(B)) - KK,(A, B) — Cok(d) — 0.

On the other hand, since each (A;, B) satisfies the UCT, we may take the inverse limit
of the UCT sequences

0 — Extl(K.(A;), K. (B)) % KK.(A;, B) 5 Homy (K. (A;), K.(B)) — 0

to obtain the short exact® sequence

0 — lim Ext},(K,(A;), K.(B)) — lim KK,(A;, B) A Homy (K. (A),K.(B)) — 0.
It is easy to see that lim 6; = 0 and hence
Ker(0) =2 Ker(limd;) = 0

and similarly
Cok(0) =2 Cok(limé;) = Homgz(K.(A), K.(B))

which yields the UCT for the pair (A, B). O

6since l@l Extl(K+«(A;), K«(B)) = 0 by Theorem 1.3
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5. K K-filtrations

Given a Z/2-graded abelian group G, we used geometric projective resolutions in [S2]
to produce a commutative C*-algebra A with

K.(A) ~aG.

In later work with J. Rosenberg [RS2, RS3] we used more elaborate constructions to
produce geometric injective resolutions. As one resolution is as good as another from the
point of view of homological algebra, there was no reason to be concerned about the exact
nature of these C*-algebras.

The present situation is quite different. We wish to produce K K-filtrations, which
means that not only must C*-algebras A; be produced with

K.(A;) =G,

but each inclusion

G; — Gi—l—l

must be realized as an inclusion of C*-algebras
Ai —> Ai—l—l-

This requires a bit more care but turns out not to be very difficult.

We recall some notation. For any C*-algebra A, the suspension of A is defined by
SA=C,(R)® A. The natural n-fold covering map induces a map n : SC — SC and hence
a mapping cone sequence

0— S?°C = Cn— SC — 0

and the connecting homomorphism in K, corresponds to multiplication by n.

Theorem 5.1. There is a covariant functor F from the category of Z/2-graded finitely
generated abelian groups to the category of commutative C*-algebras of the form C,(X)
where Xt (the one-point compactification of X ) is a finite complex.” This functor respects
finite direct sums, takes monomorphisms of abelian groups to inclusions of C*-algebras,
and has the property that for each Z/2-graded finitely generated group G there is an
isomorphism

Ve K, (FG) — G

and for each Z/2-graded homomorphism « : G — G’ there is a commutative diagram

K.(FG) L2 g (Fa)
l\yc l\yc,
G -2 5 G

"In fact X1 is the wedge of a finite number of compact connected smooth manifolds of dimension at
most 3, since only 2-dimensional spheres, lens spaces, and their suspensions are required in the construction.
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This proposition has a categorical interpretation. If we regard K, as a functor
K. :Crg — Agg

from the category Cs, of C*-algebras with finitely generated K-theory to the category A,
of Z/2-graded finitely generated abelian groups, then F is a functor F : Ay, — Cy¢, and
there is a natural equivalence

UK F 1y,
so that Ay, is a retract of Cyg.

We have chosen to build K K-filtrations as commutative C*-algebras. Note, however,
that commutativity is not at all essential for the present applications: any choices of
A; € NNCy, would do. Similarly, it would suffice to have the various diagrams commute
only up to homotopy, provided that the maps A; — A;;1 are honest inclusions. See
Remark 5.7.

Proof. As the functors F and K, are finitely additive we may immediately restrict attention
to the case where G; = 0, handling the Gi-term separately by taking suspensions. By
unique decomposition of finitely generated abelian groups, we may reduce to the cases
Go =Z and Z/p’. Define

FZ = S*C

so that (S2C)T = C(S?) and define
F(zp) = Cp.
so that (Cp?)* =2 C(L,;), a lens space. The map
Uz : Ko(S?C) — Z
is the isomorphism which sends the canonical Bott generator (n — 1) to 1. The map
Uyt Ko(Cn) — Z/n
is defined as follows. Let
™) 0— S?C ™ Cn— SC —0

be the mapping cone sequence associated to the degree n map of the circle. Then (7). (1)
is a generator of Ko(Cn) = Z/n. Let

\I]Z/n(ﬂ-n)*(l) = [1]

where [1] denotes the image of 1 under the canonical projection p,, : Z — Z,. It is obvious
from the definition that N
\I/G . KJ(FG) — Gj.

It remains to define homomorphisms, and here too we may reduce down to a few cases.
Any homomorphism of finitely generated abelian groups is the direct sum of composi-
tions of the following homomorphisms:
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(1) The multiplication by k maps My : Z — Z, defined for all k € Z;
(2) The canonical reduction map p,, : Z — Z/n, defined for n a power of a prime;

(3) The multiplication by k maps Ny : Z/n — Z/n, defined for 0 < k < n and n a
prime power;

(4) The canonical map w,, : Z/n — Z/mn, defined for both m and n powers of the
same prime;

(5) The canonical map x,, : Z/mn — Z/n, defined for both m and n powers of the
same prime.

The first case is the multiplication by k map My, : Z — 7Z. Define F M} to be the map
FM, : S?°C — S%C
which is the suspension of the degree k map k : SC — SC. Then
F My = FMpF My, .

It is easy to see that MWy = Wy (F My)..
The second case is the reduction mod n = p/ map p,, : Z — Z/n. Define Fp,, = m,, the
natural inclusion in the mapping cone sequence ©. We must show that the diagram

(Fpn)«
_

Ko(S*C) Ko(Cn)
J/\I/Z J/\IlZ/n
7 L, Z/n

commutes. It suffices to check on generators, and then we have

qu/n(Fpn)*(l) = \IJZ/n((ﬂ-n>*(1)) = [1] :pn(l) = pn\IJZ(l)

as required.
To study the third case, fix £ < n and begin with the commuting diagram

SC —— SC

which yields a commuting diagram

0 —— §2C 2P, op — SC —— 0

B |7 [#

0 — S2C TP, cn SC —— 0
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which defines the map F N : Cn — Cn. It is a monomorphism by the Snake Lemma. We
must show that the diagram

Ko(Cn) LX) ko(cn)
J/lI/Z/n J/\IlZ/n
Z]n N Z/n

commutes. This is a direct calculation:
U2 /n (FNR)«(1) = Wz /0 (FNR)« (FPn)« (1) = Wz 0 (Fpn)« (F M)« (1) =

= pnWz(F M) (1) = ppNeWz(1) = Ngpn¥z(1) = NiWz/n(Fpn)«(1)

as required.
The fourth case is the natural map w, : Z/n — Z/mn when both m and n are powers
of p. Starting with the commutative diagram

SC —" SC
IR,
SC —™, SC

one obtains a commuting diagram of mapping cone sequences

0 —— s2¢c I, cn —— SC —— 0
lme l}"wm l]—"Ml
0 —— S2C 222, Cmp —— SC —— 0
which defines the map Fw,, : Cn — C'mn. We must demonstrate that the diagram

Ko(Cn) L) Ko (Cmn)

J/‘IIZ/'IL J/“IIZ/Wnn

Wm

Z/n —— Z/mn
commutes. Enlarge the diagram to obtain

(]:pn)* (]:wm)*
- -

K()(SQC> KQ(CTL) KQ(C?TLTL)

J/\I/Z J/\IlZ/n J/\IlZ/mn

Z L zZ/n s Z/mn
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The left square commutes by the second part of the argument, and the map (Fp,). is
surjective, so it suffices to show that the outer rectangle commutes. This is direct, for

pmn\IJZ(FMm>* = pman\IjZ - wmpn\IJZ

as required. This proves the fourth case.
The final case is the natural map z,, : Z/mn — Z/n. From the commutative diagram

sc ™ sc
b
SC —*— SC
one obtains a commuting diagram of mapping cone sequences
0 —— S2C 2222, Cmp —— SC —— 0
lfMl J/]:xm lm
0 —— s2c I, cn — SC —— 0

which defines the map Fx,, : Cmn — Cn for both m and n powers of p. We must show
that the square

Ko(Cmn) Fm) ko(Cn)
5570 o2
Z/mn ~—"—  Z/n
commutes. Enlarge the square to the diagram
Ko(52C) L) g (0mn) P ko (On)
l\l/z J/II/Z/mn J/\IlZ/n
Z Lmn o Z/mn 2 Zn.

As before, the left square commutes, so it suffices to show that the outer rectangle com-
mutes. This is clear by direct calculation:

\PZ/n(fxm)*(JTpmn)* = \I]Z/n(FMz)*(fpn>* = \yZ/n(Fpn)* = pn\I}Z = pmnxm\IJZ-

We note that by construction a monomorphism G — G’ induces a monomorphism
FG — FG'. Tt is tedious but routine to show that with these definitions F is indeed a
functor. O

Note that the functor F is certainly not unique. For instance, define a new functor J
as follows. Fix a positive integer k£ and let

J(G) = S*(FQ).

It is easy to see that J would do just as well as F. Presumably there are many other such
functors. See also Remark 5.7.
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Proposition 5.2. Suppose that {G;} is an increasing sequence of Z/2-graded finitely
generated abelian groups. Then the sequence {FG;} is an increasing sequence of separable
commutative C*-algebras, each diagram

commutes, and hence K, (lim FG;) = limG,;.

Proof. This is immediate from the constructions of Theorem 5.1. [J

Proposition 5.3. Suppose that o = {«;} : {G;} — {G}} is a morphism of increasing
direct sequences of finitely generated abelian groups. Then there is an induced morphism

{Foi} A{FGi} = {FG}
of increasing directed sequences of C*-algebras, an induced map
Fo: li_n?,]:Gi — lz’_n:L]:G;
and a commutative diagram
lim G =, lim K.(FG;) = K. (lim FG;)
| o=time | i 7 |

limG, —— limK,(FG,) —— K, (limFG}).

Proof. This is immediate from 5.1 and 5.2. [

Theorem 5.4. Let A be some separable C*-algebra in the bootstrap category N'. Write
K,.(A) = lim G; where the G; are an increasing sequence of Z/2-graded finitely generated

subgroups of K,(A). Then A is K K-equivalent to lim FG; and each of the groups

(a)  lim' Homgz(K.(FG;), K.(B)) = lim' KK,(FG;, B) & PExt}(K,.(A), K.(B),)

(b) lim Exty(K.(FG;), K«(B)),

(c) lim KK,.(FG;,B)
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depend only upon K,(A) and upon K.(B).
Proof. First note that

K.(A) 2 limG; = lim K, (FG;) = K,(limFG;)

so that A and lim FG; have the same K-theory groups. The fact that A is K K-equivalent
to lim FG; is tgn an immediate consequence of the UCT [RS Prop. 7.4].

S?ppose that K,.(A) = limG; = lim G, for different choices of subgroups. We may
assume without loss of generﬁty that GT CqG, C G (i) for some strictly increasing function
v : N — N. Proposition 5.3 then yields induced morphisms

{FGi} —{FG} — {FG.u)}

of increasing directed sequences of C'*-algebras, and this morphism induces the identity on
K, upon passage to limits. Thus the groups depend upon A and B alone.

For each group G; we have a UCT sequence associated to K K, (FG;, B). Taking inverse
limits over ¢ yields the usual six term lim - l@l sequence which degenerates to yield the

isomorphisms o

lim' KK,(FG;, B) = lim' Homz(K.(FG;), K.(B)) =
(5.5) ~ PExth(K.(lim FG;), K«(B)) & PExt;(K.(A), K.(B))
and
(5.6)

0 — lim Exty(K.(lim FG,), K.(B)) — lim KK,(FG;, B) — Homz(K.(A), K.(B)) — 0

From (5.5) it is clear that the group (a) depends only upon K,(A) and K,(B). To analyze
(5.6) we note that if
G = limG,; = limG,

for finitely generated subgroups G; and G then arguing as above we may assume that
G; C G C G
and from this it follows that
lim Ext} (G, H) = lim Ext} (G, H)

for any H, so that (b) depends only upon K,(A) and K,.(B) . Using this fact, sequence
(5.6) and the Five Lemma, it follows that

lim KK.(FG;, B) = lim KK.(FG,, B)
and hence group (c) also depends only upon K,(A) and K.(B). O

Finally, we may prove Theorem 1.5.
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Proof of Theorem 1.5. Given A € N, choose some increasing sequence of Z/2-graded
finitely generated abelian groups {G;} with

Define A; = FG;. Then each A; is a commutative C*-algebra of the correct form, and
there are natural inclusions A; — A; 1 corresponding to the inclusions G; — G;1. Thus
there is an isomorphism

K. (A) = K,(lim A;).

Since both A and lim A; are in the bootstrap category N and they have the same K-

groups, they are K K-equivalent by [RS2 Cor. 7.5]. Thus {A;} is a K K-filtration of A.
This proves Part (1) of Theorem 1.5. Part (2) is immediate from Theorem 5.4. [

Remark 5.7. Is it possible to build (presumably non-commutative) K K-filtrations
such that each A; is an idealin A;11?7 This seems to be quite a difficult question. If A has
a K K-filtration by ideals then by [S1] there is a spectral sequence of the form

E;,* = K (Ap/Ap—1) = Ki(4)

so that in some sense the K K-filtration by ideals plays the role of a C'W-decomposition
of A from the point of view of K K-theory.

REFERENCES

[B] L.G. Brown, The Universal coefficient theorem for Ext and quasidiagonality, Operator Algebras
and Group Representations, vol. 17, Pitman Press, Boston, 1983, pp. 60-64.

[DL] Marius Dadarlat and Terry A. Loring, A universal multi-coefficient theorem for the Kasparov
groups, preprint.

[FI] Lészl6 Fuchs, Infinite Abelian Groups, Pure and Applied Mathematics No. 36 , vol. 1, Academic
Press, New York, 1970.

[J] C. U. Jensen, Les Foncteurs Dérivés de lim et leur Applications en Théorie des Modules, Lecture

—

Notes in Mathematics , vol. 254, Springer, Verlag, New York, 1972.

[KS] J. Kaminker and C. Schochet, K-Theory and Steenrod homology: applications to the Brown-
Douglas- Fillmore theory of operator algebras, Trans. Amer. Math. Soc. 227 (1977), 63-107.

M ] C. A. McGibbon, Phantom Maps, to appear.

R
[XXXX] ] N
J.E. Roos, Sur les dérivés de lim . Applications, C.R. Acad. Sci. Paris 252 (1961), 3702-3704.

[RAVjRordam, Classification of certain infinite simple C*-algebras, Odense University
preprint.

[RSR| Jfpsenberg and C. Schochet, The Kiinneth theorem and the universal coefficient
theorem for Kasparov’s generalized K-functor, Duke Math. J. 55 (1987), 431-474.



22 CLAUDE L. SCHOCHET
[RSB|[jpsenberg and C. Schochet, The Kiinneth Theorem and the Universal Coefficient
Theorem for equivariant K- and K K -theory, Mem. Amer. Math. Soc., vol. 348, 1986.

[SaN.JSalinas, Relative quasidiagonality and KK -theory, Houston J. Math. 18 (1992),
97-116.

[S1CPSchochet, Topological methods for C*-algebras I: Spectral Sequences, Pacific J. Math.
96 (1981), 193-211.

[S2C Schochet, Topological methods for C*-algebras II: Geometric resolutions and the
Kinneth formula, Pacific J. Math. 98 (1982), 443-458.

[S3CPSchochet, Topological methods for C*-algebras III: axiomatic homology, Pacific J.
Math. 114 (1984), 399-445.

[S4CPSchochet, Topological methods for C*-algebras IV: modp homology, Pacific J. Math.
114 (1984), 447-468.

[S5CPSchochet, The fine structure of the Kasparov groups, (in preparation).



