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Abstra ct. Supposethat A is a C -algebra in the bootstrap category N with KK -
Itration
Aol A1}l Al

and B is a C -algebra with a countable approximate unit. Then the graded Kasparov
group KK (A; B) is described both by the Univ ersal Coe cien t Theorem

0! Ext3(K (A);K (B))! KK (A;B)! Homz(K (A);K (B)! 0
and by the Milnor lim?® sequence
0! lim*KK (A;;B) ! KK (A;B) ! limKK (Aj;B)! O

It is demonstrated that thesetwo descriptions are closely related and that K K (A; B)
decomposesunnaturally asthe direct sum of the term

Homz(K (A);K (B))
which stores index information, the term
lim Ext3(K (Ai);K (B))
which is the Z-adic completion of Ext%(K (A);K (B)), and the term
lim*Homz(K (Ai);K (B))

which houses the ne structure of KK (A; B). (These groups depend only upon
K (A) and K (B).) Further, the Milnor sequenceitself splits unnaturally .
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1. Intro duction

The graded Kasparov group KK (A; B) assaiated to C -algebrasA and B has been of
usein a wide variety of applications in operator algebrasand topology. It is best behaved
when A is a separablenuclear C -algebraand when B has a courntable approximate unit,
and we assumethese properties throughout.

Let N be the smallestfull subcategory of separablenuclear C -algebraswhich contains
all separableType | C -algebrasand which is closed under strong Morita equivalence,
direct limits, extensions,and crossedproducts by Z and R. We may also require that if J
isanideal of A andif J, A2 N then sois A=J, and if A and A=J arein N then sois J.
We refer to N asthe bootstrap category.

The Universal Coe cien t theorem may then be stated.

Theorem 1.1. (Roserberg and Scochet [RS]) If A 2 N then the natural degreezero
map
KK (A;B) | Homz(K (A):K (B))

inducesa natural short exact sequence
(UCT) 0! Exti(K (A);K (B))! KK (A;B)! Homz(K (A);K (B))! 0

which splits unnaturally. The map hasdegreeone (that is, it takesodd degreeelemerts
to even degreeelemeris and vice versa.)

The sequencqUCT) determinesK K (A; B) in terms of K (A) and K (B).
Next we recall the Milnor lim?! sequence.This was rst obsenedto hold for K K (A; C)

by L.G. Brown.!

Theorem 1.2. (Milnor, cf. [S3 Theorem 7.1] for a proof of the general case.) Suppose
that C -algebrasA = Iim A; and B are given. Then the natural degreezero maps

i tKK (A;B) ! KK (A;;B)
induce a natural short exact sequence
0! IimtKK (Ai;B) ! KK (A;B) ! limKK (A;;B)! 0

with  of degreeoneand = Iim ;.

Next we record a most useful result of Roos.

Theorem 1.3. (Roos|[R]) Let f Gjg be a direct sequenceof abelian groupsand let M be
an abelian group. Then there is a natural short exact sequence

1Direct and inverse limits are indexed by the natural numbers when i is used as the index and by an
arbitrary directed set when is used as the index.
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0! lim*Homz(Gi;M)! Extz(lim G;;M)! lim Extz(Gi;M)! 0

and in addition
lim'Exti(Gi;M) = O

We wish to employ Theorem 1.2 for C -algebrasA 2 N. Not every A 2 N is the direct
limit of commutativ e or even of Type | algebras. However for our purposesa much weaker
sort of limit condition su ces. Hereisthe key de nition. The unitalization of aC -algebra
A is denoted A*.

De nition  1.4. A KK-Itr ation of a separableC -algebraA is an increasing sequenceof
commutative C -algebras
Aol A1l Azl
which satis es the following conditions:
(1) A7 = C(X;) for some nite CW-complex X;.
(2) Each map K (Aj)! K (Aj+1) is aninclusion.
3) Iim A; is KK -equivalernt to A.

It follows that eadh K (A;) is nitely generatedand that
lim K (Aj) = K (A)

so that the sequencef K (Aj)g is an increasing sequenceof nitely generatedsubgroups
with limit K (A). Sincethe UCT is presened under K K -equivalence, it follows that any
KK -lItered C -algebraA satis es the UCT for all B.

Any commutativ e unital separableC -algebraC(X) may be written asthe direct limit
of a sequenceC(X;) for nite complexesX; by taking successie nerves of nite open
coversof X. Sinceany A 2 N is KK -equivalent to a commutative C -algebra by [RS,
Cor. 7.5], this is closeto saying that eady A 2 N hasa K K - Itration. We shall prove the
following Theorem in x5.

Theorem 1.5.
(1) Each A 2 N hasa KK - Itration.

(2) If fA;gand fA%g are KK - Itrations of A then there are isomorphisms

(a) lim*Homz(K (A));K (B)) = lim*Homz(K (A9);K (B))
(b) lim Ext3(K (A));K (B)) = lim Ext3(K (A%;K (B))
(c) lim KK (Ai;B) = limKK (A%B)

which depend only upon the K K -equivalencesspeci ed, so that these groups de-
pend only upon K (A) and not upon the K K - Itrations.
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(3) If fA;g and f A’y are K K - Itrations of A then there is an isomorphism of Milnor

sequences
0 I lim*KK (A;;B) I KK (A;B) I lim KK (Aj;B) 0
3 3 3
y= y= y=
0 I lim!KK (A%B) I KK (A;B) I lim KK (A% B) 0
which dependsonly upon the choicesof K K -equivalences
lim A, A lim A2
! K K Kk !

The following is our principal theorem. It givesa complete description of the relation
betweenthe Universal Coe cien t Theorem and the Milnor sequence.

Theorem 1.6 Main Theorem. Supposethat A has KK - Itration fA;jg. Then the
following diagram

(Main Diagram)

0
3
y
0 lim Ext3(K (Ai);K (B))
? ?
? 2.
y yllm i
0! lim1KK (A;B) I KK (A;B) ! lim KK (Ai;B) I 0
? ? ?
? ? ?
y yid y-
0! Exti(K (AK (B)) ! KK (A;B) ! Homg(K (A);K (B)) ! 0
; ;
lim Ext1(K (A);K (B)) 0
3
y
0

is commutativ e, is natural with respectto A and B and hasexact rows and columns. Each
of the groups is independert of choice of KK - Itration and depends only upon K (A)
and K (B). Further, ead short exact sequencesplits and these splittings are mutually

coheren.?

The remainder of the paper is organizedas follows. In Section 2 the Main Theorem is
established. Section 3 is dewoted to deducing someimportant consequence®f the Main

2However, the splittings are not natural with respect to the pair (A; B).
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Theorem including (3.1) the decomposition of KK (A; B) into its three componerts. We
also showv how the recert work of R rdam and Dadarlat-Loring is claried by our results:
their functors

KL (A;B)

and
Hom (K (A);K (B))

and assaiated exact sequencesespectively turn out to be easily described in terms of the
basic decomposition given by the Main Theorem and its corollaries. In Section 4 we turn
the situation around and seehow the proof of the Main Theorem helps us to understand
the UCT itself. Section5 is dewted to the existenceand \uniqueness"of K K - Itrations.

Ac knowledgmen ts. This paperis an extensionof joint work with Jerry Kaminker [KS]
onlim?! and its relation to K K -theory aswell as an extensionof joint work with Jonathan

Roserberg on the UCT [RS2, RS3]. It is a pleasureto adknowledge with gratitude both
collaborations. In addition, we are grateful to Mikael R rdam, to Marius Dadarlat and to
Terry Loring for sendingus early versionsof their work and for freely sharing their ideas
with us.
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2. Pro of of the Main Theorem

Proof of 1.6. A KK -equivalencelim Ai <K A inducesan isomorphism
KK (limAi;B) = KK (A;B)

which respectsthe UCT and the lim! sequencesy Theorem 1.5. So for the purposesof
this proof we may assumethat A = Iim A;. Considerthe Main Diagram. The two main
rows are the Milnor lim? sequenceand the UCT respectively. For eadh i there is a natural
commutativ e square

KK (A;B) "l KK (Ai;B)
: 3
Yid y i
KK (A;B) "1 Homz(K (Aj);K (B))

and theseinduce a natural commutativ e diagram

KK (A;B) ! lim KK (A;i;B) ! lim KK (Ai;B)
? 2 2
? 2. ?
yid yllm i y~
lim _
KK (A;B) ' IlimHomz(K (Aj);K (B)) ~ ! Homz(K (A);K (B))
where the bottom row is a factorization of . Thus = ~ . This implies that the squares

in the Main Diagram commute.

We must identify the kernel and cokernel of the maps ~and in the Main Diagram. It
is an immediate consequencef the Snake Lemmathat Ker( ) = 0 and that Cok(~) = 0,
and we also know from that Lemma that

Ker(~) = Cok("):

In order to identify K er(~) we argue as follows. The UCT sequenceassaiated to the
pair (Ai;B) hasthe form

Gi) 0! Exti(K (A);K (B)!' KK (Ai;B)!' Homz(K (A));K (B))! O

Taking the inverselimit of the short exact sequenceg} ;) overi yields a six term lim -lim?!

sequence.However,
limtExt3(K (A));K (B)) = 0
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by Theorem 1.3. After identifying
Homz(K (A);K (B)) = Homz(lim K (Aj);K (B)) = limHomz(K (A;);K (B))

there is a short exact sequence

lim

0! limExti(K (A);K (B)) I limKK (Ai;B) I' Homz(K (A;K (B) ! 0O

which is the right column of the Main Diagram. This establishesthe exactnessof the Main
Diagram.® We seefrom Theorem 1.5 that ead of the groups is independert of choice of
K K - Itration and hencedependsonly upon K (A) and K (B).

It remainsto show that ead of the exact sequencesn the Main Diagram splits. The
UCT sequencemap is split by the UCT; choosea splitting map , sothat = 1. Given
this choice there are canonical choicesfor ead of the remaining splittings as follows:

(1) ~issplit by ==
(2) issplitby P= ~
(3) issplthy =1 P .
(4) issplit by =
Theseveri cations are quite routine. We note that the choiceof determinesthe remaining

splittings, so that the obvious diagrams commute. The map cannot be chosento be
natural, and hencethe other splittings sharein this defect.

3This same argument implies that the natural map
lim 1

limtKK (A;;B) ! ilimlHomz(K (Ai);K (B))

is an isomorphism. We take this isomorphism as an identi cation henceforth. Note that this group is
the closure of zero in the Salinas [Sal] topology of KK (A; B) and is hence of considerable interest. It
is frequently (but not always) divisible and if non-zero then it is uncountable. It may have torsion. We
study this \ne structure" systematically in [S5].
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3. Some Consequences of the Main Theorem

Theorem 3.1. Supposethat A has KK - ltration fA;jg. Then KK (A; B) decompmses
unnaturally asthe direct sum of the terms

Homz(K (A):K (B));
lim Ext3(K (Ai);K (B));
and

lim*Homz(K (Ai):K (B)):

Proof. The UCT splits unnaturally, and henceK K (A; B) is the direct sum of two terms,
namely
Homz(K (A);K (B))

and
Ext1(K (A);K (B)):

The term Ext3(K (A);K (B)) is the middle term in the Roos sequencewhich forms the
left column of the Main Diagram. This short exact sequencesplits, by Theorem 1.6, and
henceExti(K (A);K (B)) itself is the direct sum of two terms. They are

lim Ext3(K (A;);K (B))

and
lim*Homz(K (A);K (B))
which provesthe Theorem.

Corollary 3.2. Suppose that A has KK - Itration fA;g. Further, suppose that ead
K (A;) is free abelian. Then the following diagram

0! lim'KK (Ai;B) ! KK (A;B) ! limKK (Ai;B) ! 0
3 3 3
y yid y-

0! Extl(K (A);K (B)) ! KK (A;B) ! Homz(K (A);K (B)) ! 0

is commutativ e, is natural with respectto A and B, hasexact rows, and the vertical maps
are isomorphisms.

Proof. Each group
Extz(K (Ai);K (B)) =0

sinceeat K (A;) is free, so

lim Ext3(K (A;);K (B)) =0

and the result is immediate from the Main Theorem.
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Corollary 3.3. Supposethat A hasK K - Itration fA;g. Then the Milnor lim! sequence

0! Iim*KK (A;B) ! KK (A;B) ! IimKK (A;B)! 0

is unnaturally split.

Proof. This is immediate from the Main Theorem. In fact the splitting is canonically
related to the splitting of the UCT, asindicated in the proof of the Main Theorem.

We note in passingthat in the typical situations in algebraictopology where the Milnor
sequenceappears the lim?! term is divisible and hencethe analogue of Corollary 3.3 is

immediate. Howewer in the presen cortext the lim! term may well not be divisible.*

Nevertheless,in the presenceof the UCT the sequencesplits.®
Recall (cf. [FI]) that PExt1(G; M) is the subgroup of Ext(G;M) consisting of pure
extensions.

Corollary 3.4. Supposethat A hasK K - Itration fA;g. Then
(1) There is a natural isomorphism

PExt3(K (A);K (B)) = lim*Homz(K (A;);K (B)):

(2) The natural surjection
Ext3(K (A);K (B)) ! limExti(K (Ai);K (B))

is the Z-adic completion of Ext1(K (A);K (B)) .

Proof. If G isany groupand G = Iim G wherethe G are nitely generatedthen for any
group M, '
(3.5) PExt1(G;M) = lim*Homz(G ;M)

by atheoremof Jensen[J, p. 37]. ThusPart 1) is aresult from pure algebradepending only
upon the fact that the K (A;) are nitely generated. Combining Part 1) with Theorem
1.3 (Roos) yields a short exact sequence

(3.6)

0! PExti(K (A);K (B)) ! Exti(K (A);K (B)) ! limExti(K (A));K (B))! O

On the other hand, the group PExt3(G; M) may also be described as
PExt1(G;M) = \ZNnExt%(G; M)
n
which is visibly the closureof f Og in the Z-adic topology. Hencethe quotient of Ext1(G; M)

by the subgroup PExt3(G;M) is always the Z-adic completion. Combining this obsena-
tion with the sequenceg3.6) yields Part 2).

4See[S5] for a general discussion of such matters.
5We know of no example in K K -theory where the Milnor sequencedoes not split. Perhaps it splits in
general.
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Corollary 3.7. Supposethat A hasK K - Itration fA;g. Then the map

Exti(K (A);K (B)) ! limExt3(K (A));K (B))

is the completion of the group Ext1(K (A);K (B)) in the topology induced by the KK -
Itration and alsoin the Z-adic topology.

M. Rrdam [R] de nes a group KL (A; B) to be the quotient of KK (A; B) by the
subgroup PExt1(K (A);K (B)) (in a context where the UCT holds so that this is a
subgroup of KK (A; B)).

Corollary 3.8. Supposethat A hasK K - Itration fA;g. Then the functor KL (A;B) is
given by the isomorphism

KL (A;B) = limKK (A;;:B)
and there is a natural short exact sequence
0! limExti(K (Ai);K (B))! KL (A;B)! Homz(K (A);K (B))! 0

which splits unnaturally.

Following Dadarlat and Loring [DL] let
Ki(A) = nKj(A;Z=n)
where n rangesover all positive integers. Let
Hom (K (A);K (B))

denote all homomorphismsthat respect the direct sum decomposition and the action of
the Bockstein operations [S4]. Dadarlat and Loring usethe Milnor sequenceto establish
[DL] a universal multi-co e cien t exact sequence

(3.9) 0! PExti(K (A);K (B))! KK (A;B)! Hom (K (A);K (B)! 0

which we may identify .

Theorem 3.10. Supposethat A hasK K - Itration fA;g. Then there is a natural isomor-
phism

Hom (K (A);K (B)) = lim KK (Ai;B)
and the Dadarlat-Loring sequencg3.9) coincideswith the Milnor sequence

0! lim*Homz(K (Ai);K (B)) ! KK (A;B) ! limKK (Ai;B)! O
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Further, the Dadarlat-Loring sequenceunnaturally splits.
Proof. This is immediate by combining (3.9) with Corollary 3.4(1).

Remark 3.11 It is tempting to think that the Z-adic completion of KK (A; B) is the
group lim KK (Aj;B). Howewer the situation is more complex. By the UCT we know

that there is an unnatural isomorphism
KK (A;B) = Homz(K (A);K (B)) Ext3(K (A);K (B))
and since completions respect sums, there is an isomorphism
KK (A;B)b= Homz(K (A);K (B))b Exti(K (A);K (B))b
where Gb denotesthe Z-adic completion of G. We know that
Ext3(K (A);K (B))b = lim Ext3(K (A));K (B)):
If the group

Homz(K (A);K (B))

were complete then exactnessof the right column of the Main Diagram would imply that
lim KK (Aj;B) is completeand from this it would follow that this group is the completion
of KK (A;B). Howewer, the group Homz(K (A);K (B) ) is not Z-adic complete in
general. An abelian group is Z-adic completei it is reducedand algebraically compact,

by [FI, 39.1]so, for instance, Z is not Z-adic complete. However we do have the following
result.

Corollary 3.11. Supposethat A has KK - ltration fA;g. If K (A) is a torsion group
then the natural map
KK (A;B) ! IimKK (A;;B)

is the Z-adic completion of KK (A; B).
Proof. The fact that K (A) is a torsion group implies that the group

Homz(K (A);K (B))

is reduced and algebraically compact. Then the discussionof Remark 3.11 completesthe
proof.
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4. The UCT Revisited

The Main Diagram is overdetermined. We may use this fact to establish the following
theorem. It is a variant of [RS2, Proposition 7.14]which in turn wasadumbrated by [KS,
p. 104]. We include a proof to emphasizethe relation of the Main Diagram to theseresults.

Theorem 4.1. Supposegiven a direct sequenceA; of separablenuclear C -algebraswith
A= Iim A;j and a C -algebraB sud that ead (A;;B) satis es the UCT. Then (A; B)

satis es the UCT.

We note quickly that if A; 2 N (which is the casetypically) then this is not a newresult;
it follows from the [RS] proof of the UCT itself. Howewer the proof in [RS] is by meansof
geometric realization. First one establishesthe special casewhere K (B) is injective and
then one usesgeometric realization to establishthe generalcase. The proof to follow does
not use geometric realization. It is much closerin spirit to the original proof of a special
caseof the UCT by L.G. Brown [B].

Proof. Combining Theorem 1.3 and Theorem 1.2yields a commutativ e diagram with exact
rows and columns of the form

0 0
2 2
2 2
y y

0! limlKK (A;B) I KK (A;B) ! IlimKK (A;B) ! 0
3 3
\ yid

(4.2) Ext3(K (AYiK (B) ! KK (A/B)
3 5
y y
lim Ext}(K (Ai);K (B)) ! 0

3
y
0

Apply the Snake Lemmato the rst two columns of (4.2) and one obtains the long exact
sequence

0! Ker()! Ker()! Ker()!@Cok()! Cok()! Cok()! O
which simpli es to the long exact sequence
0! Ker()! limExti(K (A);K (B)) 1€ lim K K (Ai;B)! Cok()! O

so that
Ker() = Ker(@ and Cok( ) = Cok(@:
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Thus there is a long exact sequence
0! Ker(@! Ext3(K (A);K (B)) ! KK (A;B)! Cok(@! O:

On the other hand, sinceead (A;;B) satis es the UCT, we may take the inverselimit
of the UCT sequences

0! Ext3(K (A);K (B))!" KK (A;;B)!" Homz(K (A));K (B))! 0
to obtain the short exact® sequence
lim i _
0! limExti(K (A));K (B)) ! limKK (A;;B)! Homz(K (A);K (B))! O
It is easyto seethat lim ;| = @and hence

Ker(@ = Ker(lim ;) = 0

and similarly
Cok(@ = Cok(lim ;) = Homz(K (A);K (B))

which yields the UCT for the pair (A; B).

bsince lim ' Ext3(K (Ai);K (B)) = 0 by Theorem 1.3
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5. KK -ltrations

Given a Z=2-graded abelian group G, we used geometric projective resolutionsin [S2]
to produce a commutative C -algebra A with

K (A) = G:

In later work with J. Roserberg [RS2, RS3] we used more elaborate constructions to
produce geometric injectiv e resolutions. As one resolution is as good as another from the
point of view of homological algebra, there was no reasonto be concernedabout the exact
nature of theseC -algebras.

The presen situation is quite dierent. We wish to produce K K - Itrations, which
meansthat not only must C -algebrasA; be produced with

K (Aj) = G

but ead inclusion
Gl G

must be realized as an inclusion of C -algebras
Ail A

This requiresa bit more care but turns out not to be very di cult.

We recall some notation. For any C -algebra A, the suspension of A is de ned by
SA = Co(R) A. The natural n-fold covering map inducesamapn : SC! SC and hence
a mapping conesequence

0! S?C " Ccn! SC! O

and the connectinghomomorphismin K corresponds to multiplication by n.

Theorem 5.1. There is a covariant functor F from the category of Z=2-graded nitely
generatedabelian groups to the category of commutativ e C -algebrasof the form Cy(X)
whereX * (the one-point compacti cation of X ) isa nite complex.” This functor respects
nite direct sums, takes monomorphisms of abelian groups to inclusions of C -algebras,
and has the property that for each Z=2-graded nitely generated group G there is an
isomorphism

c:K (FG) T G

and for ead Z=2-graded homomorphism :G! G°there is a commutativ e diagram

K (FG) ok (FGY
? ?
Yy o y co
G I GO

7In fact X * is the wedge of a nite number of compact connected smooth manifolds of dimension at
most 3, since only 2-dimensional spheres,lens spaces,and their suspensionsare required in the construction.
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This proposition has a categorical interpretation. If we regard K asa functor

from the category G 4 of C -algebraswith nitely generatedK -theory to the categoryAs 4
of Z=2-graded nitely generatedabelian groups, then F is a functor F : Afg! G4 and
there is a natural equivalence

K F T 1,
sothat Afq is aretract of G g.

We have chosento build KK - Itrations as commutative C -algebras. Note, howewer,
that commutativit y is not at all essetial for the presert applications: any choices of
Ai 2 N\ Gy would do. Similarly, it would suce to have the various diagrams commute
only up to homotopy, provided that the maps A; ! Aj.; are honest inclusions. See
Remark 5.7.

Proof. Asthe functors F andK are nitely additivewe may immediately restrict attention
to the casewhere G; = 0, handling the G;-term separately by taking suspensions. By
unique decomposition of nitely generatedabelian groups, we may reduce to the cases
Go = Z and Z=p . De ne

FZ = S°C

sothat (S?C)* = C(S?) and de ne
F(z=p) = Cp':
sothat (Cp)* = C(Lp ), alensspace.The map
7 :Ko(S%C) ! Z
is the isomorphism which sendsthe canonical Bott generator ( 1) to 1. The map
z=n - Ko(Cn) ! Z=n
is de ned asfollows. Let
(~) 0! S?C ' cn! SC! 0

be the mapping conesequenceassaiated to the degreen map of the circle. Then ( ) (1)
is a generatorof Ko(Cn) = Z=n. Let

z=n( n) (1) = [1]

where[1] denotesthe image of 1 under the canonical projection p, : Z! Z,. It is obvious
from the de nition that B
G - Kj (F G) T Gj .

It remainsto de ne homomorphisms,and here too we may reducedown to a few cases.
Any homomorphism of nitely generatedabelian groupsis the direct sum of composi-
tions of the following homomorphisms:
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(1) The multiplication by k mapsMy : Z! Z, de ned for all k 2 Z;
(2) The canonicalreduction map p, : Z! Z=n, de ned for n a power of a prime;

(3) The multiplication by k maps Ny : Z=n! Z=n,dened for0 k< nandn a
prime power;

(4) The canonical map wy, : Z=n! Z=mn, de ned for both m and n powers of the
sameprime;

(5) The canonical map x, : Z=mn ! Z=n, de ned for both m and n powers of the
sameprime.

The rst caseis the multiplication by k map My : Z! Z. Dene FMy to be the map
FMy:S?C! S?C
which is the suspension of the degreek map k : SC! SC. Then
FMyko = FMF Myo:
It is easyto seethat My 2z = z(FMy) .

The secondcaseis the reduction mod n = p mapp, :Z! Z=n. Dene Fp, = ,, the
natural inclusion in the mapping cone sequence~. We must show that the diagram

Ko($2C) (Fen) Ko(Cn)
?

N

y y o

Pn | Z=n

N

commutes. It su ces to chedk on generators,and then we have

zzn(Fpn) ()= z=n(( n) (1)) = [1]= P (D) = pn z(2)

asrequired.
To study the third case, x k < n and begin with the commuting diagram
sc "I sc
2 2
? ?
yk yk
sc "1 sc
which yields a commuting diagram
o ! s2¢c ™™ ocn 1 sc 1o
2 2 2
? ? ?
y F Mg y F N y k

0 I s2c P cn I sC I 0
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which de nesthe map FNg : Cn! Cn. It is a monomorphismby the Snake Lemma. We
must show that the diagram

(F Nk)|
Ko Cn) I Ko Cn)
; ;
y Z=n y Z=n
Z=n N zan

commutes. This is a direct calculation:
z=n(FNk) (1) = z=n(FNk) (Fpn) (1) = z=n(Fpn) (FMy) (1) =

= pn z(FMy) (1) = paNk z(1) = Nkpn  z(1) = Nk z=n(Fpn) (1)

asrequired.
The fourth caseis the natural map w, : Z=n! Z=mn when both m and n are powers
of p. Starting with the commutativ e diagram

sc "1 sc
3 3

y1 ym
sc ™ sc

one obtains a comnmuting diagram of mapping cone sequences

0 I s2c P cn | SC I 0
? 2 ?
5 5 5
yFMm yFWm yFM1

0 I s2¢ FP™  cmn I SC I 0

which de nes the map Fwy, : Cn! Cmn. We must demonstrate that the diagram

(FWm)I
Ko()Cn) ! Ko(gmn)
? ?
y Z=n y Z=mn
Z=n i Z=mn
commutes. Enlarge the diagram to obtain
Ko(s2c) P Ko(Cn) FWm} K o(Cmn)
2 2
? ? ?
y z y Z=n y Z=mn
Z P Z=n "™ z=mn
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The left square commutes by the secondpart of the argumert, and the map (Fpn) is
surjective, soit su ces to show that the outer rectangle commutes. This is direct, for
z=mn (FWm) (FpPn) =  zzmn (FPmn) (FMy) =

Pon zZ(FMm) = PmnMm 2= Wnph z

asrequired. This provesthe fourth case.
The nal caseis the natural map x, : Z=mn! Z=n. From the commutativ e diagram

mn

SC I SC
2 2
? ?
ym y1
sc "1 sc
one obtains a comnmuting diagram of mapping cone sequences
0o ! s2¢ ™ cmn ! sC ! 0
2 2 2
? ? ?
yFMl nym ym
0o ! s2¢ "™ cn 1 SsC ! 0

which de nes the map Fx, : Cmn ! Cn for both m and n powers of p. We must showv
that the square

(F Xm )|
Ko(gmn) ! Ko()Cn)
2 2
y Z=mn y Z=n
Z=mn Xmy Z=n

commutes. Enlarge the squareto the diagram

Ko(s2c) P4 kocmn) XA Ko(Cn)
? ?
? ? ?
y z y Z=mn y Z=n
Z Prmn | Z=mn Xm Z=n:

As before, the left squarecommutes, soit su ces to show that the outer rectangle com-
mutes. This is clear by direct calculation:

z=n(FXm) (FPmn) = z=n(FMi) (Fpn) = z=n(FPn) = Pn z= PonXm z:

We note that by construction a monomorphism G ! G° induces a monomorphism
FG! FGY It is tedious but routine to show that with thesede nitions F is indeed a
functor.

Note that the functor F is certainly not unique. For instance, de ne a new functor J
asfollows. Fix a positive integer k and let

J(G) = S*(FG):

It is easyto seethat J would do just aswell asF . Presumably there are many other sud
functors. Seealso Remark 5.7.
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Prop osition 5.2. Supposethat fGjg is an increasing sequenceof Z=2-graded nitely
generatedabelian groups. Then the sequencdF G;g is an increasingsequenceof separable
commutativ e C -algebras,ead diagram

K(EG) ! K (FGiu)
? ?
y= y=
Gi ! Gi+l
commutes, and henceK (Iim FGi) = Iim Gi.

Proof. This is immediate from the constructions of Theorem 5.1.

Prop osition 5.3. Supposethat = f ;g:fGjg! fGP is a morphism of increasing
direct sequence®f nitely generatedabelian groups. Then there is an induced morphism

fF ig:fF Gig! fF G

of increasing directed sequence®f C -algebras,an induced map

F :limFG ! lim FG?
and a commutativ e diagram
Ii{noGi - Iim KO(FGi) 1K (Ii!rp) FGi)
3 =lim | ;Iir!n F g(F )
lim GP T lim K (FG) ~!I K (lim FGY):

Proof. This is immediate from 5.1 and 5.2.

Theorem 5.4. Let A be someseparableC -algebrain the bootstrap category N . Write
K (A)= Iim G;j wherethe G; are an increasingsequenceof Z=2-graded nitely generated

subgroupsbf K (A). Then A is KK -equivalent to Iim F G; and ead of the groups

(@ lim*Homz(K (FGi);K (B)) = lim'KK (FG;;B) = PExt3(K (A);K (B))

(b) lim Ext3(K (FGj);K (B));
and

() lim KK (FGi:B)
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depend only upon K (A) and upon K (B).
Proof. First note that

K (A) = limGi = limK (FGi) = K (limFG;)

sothat A and Iim F G; have the sameK -theory groups. The fact that A is K K -equivalent
to Iim F G; is then an immediate consequencef the UCT [RS Prop. 7.4].

Supposethat K (A) = Iim G = Iim G? for dierent choicesof subgroups. We may
assumewithout lossof generality that G; G? G (iy for somestrictly increasingfunction

:N! N. Proposition 5.3 then yields induced morphisms
fFGg ! fFGg ! fFG ;o

of increasingdirected sequence®f C -algebras,and this morphism inducesthe identit y on
K upon passageo limits. Thus the groups depend upon A and B alone.

For ead group G; we have a UCT sequenceassaiatedto KK (F G;;B). Taking inverse
limits over i yields the usual six term lim - lim? sequencewhich degenerateso yield the

isomorphisms

lim*KK (FGi;B) = lim*Homz(K (FG;);K (B)) =

(5.5) = PExtz(K (limFGi);K (B)) = PExtz(K (A);K (B))

and
(5.6)
0! limExti(K (Iim FGi);K (B))! limKK (FG;;B)! Homz(K (A);K (B))! O

From (5.5) it is clear that the group (a) dependsonly upon K (A) and K (B). To analyze
(5.6) we note that if
G = limG; = lim G}

for nitely generatedsubgroupsG; and GP then arguing as above we may assumethat
G G G%,
and from this it follows that
lim Ext3(Gi;H) = lim Ext3(G%H)

for any H, sothat (b) dependsonly upon K (A) and K (B) . Using this fact, sequence
(5.6) and the Five Lemma, it follows that

lim KK (FGi;B) = limKK (FG’B)
and hencegroup (c) alsodependsonly upon K (A) and K (B) .

Finally, we may prove Theorem 1.5.
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Proof of Theorem 1.5. Given A 2 N, choose some increasing sequenceof Z=2-graded
nitely generatedabelian groups f G;jg with

K (A) = Iim Gi:

Dene A; = FGj. Then ead A; is a commutative C -algebra of the correct form, and
there are natural inclusionsA; ! Aj+1 corresponding to the inclusionsG; ! Gji+1. Thus
there is an isomorphism

K (A) = K (Iim Ai):

Since both A and Iim A; are in the bootstrap category N and they have the sameK -

groups, they are K K -equivalent by [RS2 Cor. 7.5]. ThusfA;gis a KK- ltration of A.
This provesPart (1) of Theorem 1.5. Part (2) is immediate from Theorem 5.4.

Remark 5.7. Is it possibleto build (presumably non-commnutative) K K - Itrations
sud that eat A; is anideal in Aj+; ? This seemsto be quite a di cult question. If A has
a KK - ltration by idealsthen by [S1]there is a spectral sequenceof the form

Ep = K (Ap=A; 1) ) K (A)

so that in somesensethe K K - Itration by ideals plays the role of a CW -decomposition
of A from the point of view of K K -theory.
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