A SPECTRAL SEQUENCE FOR MOTIVIC COHOMOLOGY

S. BLOCH AND S. LICHTENBAUM

§0. Introduction

(0.1). The purpose of this paper is to construct a spectral sequence from the
motivic cohomology of a field F to its algebraic K-theory:

(0.11) EL = B (Spec(F), Z(—q)) = K _p_o(Spec(F).
Here we define motivic cohomology via higher Chow groups [2], [5]
H\(X,Z(s)) :=CH*(X,2s — ).

Briefly, we write

(0.1.2) AP := Spec (Flto, ..., /(> _ti — 1))

for the affine p-simplex. We have face and degeneracy maps defined in the usual way.
Let Z7(X,p) denote the free abelian group spanned by codimension r subvarieties
of A% meeting all faces properly. Let Z7(X,+) be the simplicial abelian group thus
defined, with boundaries given by pullback of cycles along face maps. Finally, let

CH"(X,n) := 1, (Z"(X,") = H,(2"(X,")).

We admit to a certain presumption in defining motivic cohomology via higher Chow
groups. At this point, one can only say that the higher Chow groups have some
of the expected properties. Those who search for unicorns must beware being led
astray by cows with one horn.

In §1 we use multi-relative K-theory with supports to define a graded complex

of the form
.- D—-D—-F—-D—D—F— ...

We show that, assuming a rather innocuous looking ”"moving lemma” called The-
orem A, this complex is an exact couple, and the resulting spectral sequence has
the form (0.1.1). §2 - §6 of the paper are devoted to proving theorem A. Finally, in
§7, we prove that t>1(Z%(Spec(F),+)[—4]), the higher Chow complex shifted to the
right 4 steps and then truncated so the resulting complex is supported in degrees
1 and 2, is quasi-isomorphic to the complex I'(2) introduced by Lichtenbaum [7].
It would follow from a variant of the Soulé Beilinson conjecture that truncation
was unnecessary in this context. Indeed, one might formulate a “CEO” (cock-eyed
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optimist) conjecture that Z" (X, +)[—2r], sheafified for the étale topology on X, sat-
isfies the six axioms listed in [17] and that the hypercohomology of this complex is
linked to the value of the Zeta function of X at the point s = r as suggested in [op.
cit.].

This paper (we are embarrassed to admit) has taken six years to write. Along
the way, any number of people have been helpful. We acknowledge many conver-
sations over the years with S. Landsburg, as well as some very useful recent e-mail
correspondence with M. Levine, J.-L. Loday, and C. Weibel.
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§1. The Exact Couple

(1.1) Introducing the players. We fix a field F, and we write A? = Ab, for
affine p-space over F' as in (0.1.2). A subvariety o : t;, = ... =1t; = 0 is called a
(codimension q) face. A subvariety V' C AP is said to be in good position if V No
has codimension in V' > ¢ for any codimension ¢ face o. Let

Yt =V"(AP) C AP
denote the union of all codimension n subvarieties of AP in good position. Let
Wn—l—l C Vn

denote the union of all subschemes of codimension > n + 1 contained in V". A
number of arguments in this and subsequent sections involve general position so it
will be convenient to assume the field F' is infinite. The reduction to this case is
straightforward using the fact that the K-groups have norms for finite extensions of
fields and the fact that finite fields admit Zs-extensions for all £. For example, the
proofs of (1.2.2) and (2.4.1) involve showing that certain maps between K-groups
are zero. If one knows that an element maps to zero after an /-power extension, it
follows that some power of £ kills the image of the element. Since ¢ was arbitrary,
one concludes that the element maps to zero.

Given a scheme X, we write K(X) for some space, functorial in X, whose ho-
motopy groups calculate the Quillen K-theory K, (X). For Y C X a closed subset,
we write K(X,Y) = homotopy fibre(K(X) — K(Y)). This construction can be
iterated. Given Y7,...,Y,, C X, we define the multi-relative K-groups

K(X;Yq,...,Y,) := homotopy ﬁbre(K(X;Yl, ey Yooq)
S KV V1N Y, Y 1 NY,)).

Of particular interest will be the case X = AP, Y, = 81-(Ap_1) where 0; denotes the
inclusion of the codimension 1 face defined by ¢t; = 0. We write

K(AP,0) resp. K(AP %)

for the multi-relative K-theory relative to all (resp. all but the last) codimension 1
faces. Given V C AP a closed subset, let U = AP — V. Define for ¥ =0 or X

Ky (AP, V) := homotopy fibre(K (A?, ¥) — K(U N AP, U N ¥)).
This is covariant in the sense that for V. C W we have
Ky (AP U) — Ky (AP, ).
Define

Kyn(Ap,\I/) = h_II)l Kv(Ap,\I/).
vcyn
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Finally, abusing notation, we write

Kvn_vn+l (Ap, \P> = ]E)l h_H)l KV_W(Ap — I/I/7 \P)
vVcynr wcyntl

(1.2) The contractible case. The groups Kyn(AP,3) are relatively easy to
understand.

Lemma (1.2.1). We have

Kr’yn(Ap, E) C Knyn (Ap; o, - - -, 8p_2) c...C Knyn (Ap)
Kr’Vn_Vn-i—l (Ap, E) C Kn];n_vn—&-l (Ap; 80, ey ap_Q) C “ .. C KT,V”—Vn+1 (Ap).

proof. This is a formal consequence of the simplicial structure. For example, to
show the first inclusion note we have fibrations

Kyn (AP, X)) — Kyn (AP; 0y, ..., 0p_2) — Kyn(APTH )
KV?L_V'/H»l (Ap, E) — Kvn_vn+1 (AP; 80, ey 6p_2) — Kvn_vn+1 (Ap_l, E),

so it will suffice to show the inclusion
(Ap_l, 60, e ap_2> C (Ap, 80, cey 6p_2)

admits a splitting, and that pulling back along this splitting carries cycles in good
position to cycles in good position. On the level of rings, this follows because the
surjection

Flto,...,tp]/(>_ti=1) = Flug, ..., up1]/(>_u; — 1)

defined by ¢, — 0 is split by mapping u; +— t; for ¢ <p —1 and up—1 — tp—1 +1p.
QED

Lemma (1.2.2). (i) The map K, ynt1(AP,X) — K, yn (AP, X) is zero for all 7.
(ii) The map K, yyn+1(AP) — K, yn(AP) is zero for all r.

proof. First, by (1.2.1) it suffices for the proof of (i) to verify the map
KT‘,V"+1 (AP) — KT’V'/L (AP)

This map factors through the map in (ii), so it suffices to prove (ii). Note that
by the localization theorem, these K-theory with support groups coincide with
K!.(wWntl) — K (V™) (K-theory of coherent sheaves.) For the proof we may assume
the field F' is infinite. Indeed, if F' is finite, for any prime ¢ there exists a Z,-
extension Fy of F. Assuming the map in question is zero over F, and using that
these K-groups admit norms, one sees that the image of the map over F' is ¢-torsion.
Since ¢ was arbitrary, this image is zero.

The proof of (ii) now is a sort of linear version of the Quillen trick [10], Th.
5.11. Given W C W"*! of finite type, we can use Noether’s lemma to show that
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a “general” surjective linear projection L : AP — AP~! is finite when restricted to
W. Consider the fibre square

X =W Xpp-1 AP —F— AP

7| |2

W AW g,

Since AP =2 AP~ x Al we get X =2 W x A'. The map f admits a section o such
that 7w o o is the natural inclusion W — AP. We have o, : K, (W) — K. (X) is
the zero map by the structure of K’-theory for affine space. The map 7 is finite,
hence proper, and m(X) = L1L(W) C V" because L is general. It follows that
K/ (W) — K/(V") is also the zero map. Passing to the limit over larger and larger
such W completes the proof. QED

Recall that Z™(Spec(F),+) is the simplicial abelian group built from cycles on
simplices. Define
Z"™(Spec(F),*) Norm C Z"(Spec(F),*)

to be the elements on which all but (perhaps) the last face vanish. By standard
homotopy theory, the last face map makes Z"(Spec(F),*)Norm a complex with
homology isomorphic to the higher Chow groups.

Lemma (1.2.3).

KO’V'/L (Ap, E) = KO,V"—V"+1 (Ap, E) = Zn(SpeC(F),p)NOTm.

proof. We prove by induction on i for —1 <:i<p—1

Koyn (AP; 00, ..., 0;) = Ko yn_yn+1(AP; 0o, . . ., 0;)
= ﬂgzg ker (8; : Z™(Spec(F),p) — Z™(Spec(F),p —1)).

For i+ = —1 we have
KO,W"‘H (Ap) — K07V7L(Ap> — K07V7L_Wn+1 (Ap) — O

The left hand map is 0 by (1.2.2)(ii), and since V™ — W™ consists of generic points
of components of V", the right hand group is Z"(Spec(F), p).

Assume now p—1 > i > 0 and suppose the result established for fewer than 7 rel-
ative components. To simplify, write i in place of y, ..., d; and Z"(Spec(F'), p); =
Mi—o ker(9;). We have a diagram with exact rows

0— Kown(AP;i) —  Koye(AP;i—1) —  Koyn(AP7L—1)
l | |
O — KO,V"—V”+1 (Ap, Z) — KO,V"—V"+1 (Ap, Z — 1) — KO,V"—V"+1 (Ap—l; Z — 1)

| I
0— Z"(Spec(F),p)i — Z"(Spec(F),p)i-1  — Z"(Spec(F),p—1)i-
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from which the assertion at step ¢ follows. QED

(1.3) The candidate Our candidate for the exact couple comes from the diagram
(defining i, 7, and k.)

K07V7L+1 (Ap; 8) E—— K07V7L+1 (Ap; E)

} L
(1.3_1) Ko,vn(Ap;3> ;) KO’V,L(AP;E) _k KON,L(AP—I;B)
o |
Ko, yn—1(AP;8) ——— Kqyn1 (AP 9)

The middle row is exact (k is pullback to the last face) so Im(j) = ker(k). Also the
two squares are commutative, so joi =140k = (0. We thus get a complex which we
may write using Lemma (1.2.3)

(13.2) ... — Koynst(A7;8) 5 Ko pn (A?;9) L Z%(Spec(F), p) Norm
5 Kopn (AP710) 5 Ko ypnr (AP710) — ..
Theorem (1.3.3). The complex (1.3.2) is exact.
Corollary (1.3.4). There is a spectral sequence
EY? =CH™(Spec(F), —p — q) = K_,_,(Spec(F)).
proof of (1.3.4). Define
(1341)  DITPTim Koy (A%0) ; BV P = 27 (Spec(F), p) Norm
The exact sequence (1.3.2) now looks like
- D—-D—-FE—-D—->D—-FE—....
The formalism of exact couples [4] yields a spectral sequence with the desired E5

term converging to Ko(A™P~7,0). We have by standard K-theory that K, (AP) =
K. (Spec(F)), from which an easy induction argument yields

K. (AP X)) = (0).
The long exact multi-relative sequence
o= K. (AP,0) — K. (AP, Y) — K.(AP™10) — K, _1(AP,9) — ...

shows
K, (Spec(F)) =2 Ko(AP?,0).
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This completes the proof of the corollary. QED

Define ¢ and C' to be the maps in the multi-relative sequence

Ky yn oy (AP ) = Ky yn_yni1 (AP 8) —
Kb,V"—V’“rl (Ap§ 6) - K()’Vn_];'rwkl (Ap; E) — ...

The main technical point in the proof of (1.3.3) is

Theorem (A). With notation as above, the map C is onto. Equivalently, the
map ¢ is injective.

proof of (1.3.3) assuming Theorem A. Consider the diagram with exact rows
and columns

Kiypn(APS)  — Ky (A% E) — Kopaa (A7 S) =5 K ype (AP X)

cl ,{ l
Kiyn(AP50) o Ky yn_ynsn (AP719) 5 Ko pnsa (AP159) 5 Ko yn (AP~ 0)
b !
KO,V" (Ap’ 8) £} KO7V7L_V7L+1 (Ap’ 8)

J

Koy (AP; %)

(Though there was not room to fit it on the page, note that ker(D) = Im(i) for
a different value of p.) With reference to the maps defined in this diagram, and
letting n and p vary, we have:

sequence (1.3.2) exact < ker(j) C Im(i) and ker(i) C Im(k) < Im(b) C Im(7) and
Im(6) C Im(k) & Im(b) C ker(D) and Im(é) C Im(k) < Im(B) C Im(C) and
Im(0) C Im(k) < C surjective. QED

Remark (1.3.5). For certain general position arguments in the sequel, it will
be convenient to assume the field F' is infinite. The proof of theorem A may be
reduced to this case by the following standard argument. Let L/K be an extension
of degree n. All the K-groups involved admit norm maps for finite field extensions.
Assume theorem A holds for infinite fields, and let F' be a finite field. Let x € ker(¢)
be non-trivial, and let ¢ be a rational prime such that no power of ¢ kills x. Let
Q/F be a Zs-extension. By assumption, theorem A holds over the infinite field 2,
so x dies when pulled back to €2. By a limit argument, x then dies over some finite
extension L/F of degree a power of £. Applying the norm, it follows that some
power of ¢ kills x, a contradiction. QED
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§2. Theorem A—Reduction to a moving lemma

(2.1) We will prove theorem A by showing the map
(2]_]_) KO,V"—V"‘H (Ap,a) —L> KO,V"—V"‘H (AP,E>

is injective. In this section we will reduce the problem to a moving lemma. Given
a collection of varieties, we will say we are in the normal crossings situation if all
the varieties are smooth and all intersections are transverse.

Lemma (2.2). Let Z,Y1,...,Y, be subvarieties of X. Assume we are in the
normal crossings situation then

Kz(X:Y1,...,Y) 2 K(Z;YiNZ,...,Y,NZ).

proof. Induction on n. For n = 0 this is a standard localization theorem. The
general argument follows from the multi-relative sequence. QED

In the following proposition it is convenient to use ring-theoretic rather than
scheme-theoretic notation. Our original argument for the proposition used a theo-
rem of Ellis on multi-relative K. Unfortunately, Ellis’ theorem is not correct. We
are indebted to C. Weibel and J.-L.. Loday for giving us counterexamples and to
Weibel and M. Levine for help in finding a correct proof.

Proposition (2.3). Let R be a regular ring essentially of finite type over a field
F, and let z1,...,2, € R be such that x = [[x; defines a reduced divisor with
smooth components and normal crossings. Let I = (z) and I; = (z;). Then

KO(R7 I) = KO(R7 Il7 . :In)

Lemma (2.3.1). With notation as above, R/I is Kj-regular, i.e. for indetermi-
nants 17, ...,T,, we have

Ki(R/I) = K{(R/I[TY, ..., T)]).

proof. Since the pair R[TY,...,T,]|, IR[Th,...,T,] satisfy the same hypotheses
as R, I, it suffices to verify the lemma with p = 1, i.e. to show NK;(R/I) = (0).
(Here NK denotes the “nil” groups [13].) By [op. cit.]

NE.(R/I) = [[ NK.(R/D)w),

where the product is taken over all localizations at maximal ideals m, so we may
assume R local and x4, ..., z, part of a system of parameters. By [12],

NK.(R/T) — NK.(R/IR),

(completion) so we may assume R complete. By the structure theory of complete
regular local rings over a field, we may assume R = F[[x1,...,zyN]] with N > n.
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We now argue by induction on n (compare [14], appendix). If n = 1, R/I is
regular and NK,(R/I) = (0). Assume n > 1, and let J = I, N...N I,. Milnor’s
excision sequence [9] gives

NK»>(R/J)® NKy(R/I,) — NKo(R/(I, + J)) — NK1(R/I)
— NKi(R/J)® NK1(R/I)

From the structure of R, we see that the surjection R/J — R/(I; + J) is split, so
NEKy(R/I) — NK1(R/J) & NK1(R/I,) = (0),

proving the lemma. QED

proof of (2.3). Weibel has introduced a K-theory K H,(R) which satisfies excision
and is given by K H,(R) = 7. K H(R) for a certain non-connective spectrum K H(R)
[15]. There is a functorial map K(R) — K H(R) which is a homotopy equivalence
for R regular. Let I and J be as in the proof of (2.3.1), and let K (R; I1,...,1,) be
the spectrum calculating multi-relative Quillen K-theory. Write I; for the image of
I; in R/I;. Note that J/I = I,N...N1I,. By induction, the middle and right hand
vertical arrows in the diagram of fibrations below are defined and are homotopy
equivalences

KH(I)  ——  KH(J) ——— KH(J/I)

w w 1

KR L,...,I,) —— K(R;Is,...,I,) —— K(R/I1;I,...,1,).

It follows that the left hand arrow is defined as well and is a homotopy equivalence.

If Ais a K,-regular ring, KH;(A) = K;(A) for i < n [op. cit., prop. 1.5].
Applying this to the sequence

KHy(R) — KHy(R/I) — KHo(I) — KHo(R) — K Ho(R/I)
and using (2.3.1), we get
Ko(R;I) = KHo(I) = Ko(R; Iy, . .., I).

This proves (2.3). QED
Corollary (2.3.2). With hypotheses as above,

K. (RiI,...,1,) = KH,(R;I) =~ KH.(I).

Corollary (2.3.3). With hypotheses as above, suppose further that I C Rad(R).
Then K()(R; Il, ceey In> == (O)

proof. In this case, Ko(R;I) = (0) by [1], chap.IX, prop. (1.3).
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(2.4). Consider the commutative diagram

KO,V"—V"JF:L (Ap, (9) % KO,V"—V"“Fl (Ap, 2)

| J

KO,V7L—W"L+1 (Ap;a) E—— KOJ;n_Wn«kl (Ap, E)

All but the upper left hand group are known to be contained in Z™(Spec(F), p).
To show ¢ is injective and prove theorem A, it will suffice to show the map labeled
a is injective. Said another way, we will show the map

(241) KO7W'IL+1_V7L+1 (Ap, 6) — KO,V"—V"‘H (Ap, 3)

is zero. Intuitively, a class in bad position, i.e. supported on W™t can be “moved”
to one in good position, i.e. on V" T,

(2.5).To clarify the proof of theorem A for the reader, we finish this section with
an outline of the argument. We consider diagrams of the form

(2.5.1)

S(N) — ... — S(1) — [

dl H

X(N) — ... - X(1) — X(0) — OP2xA? — ... — O x AP — AP

o

AP

Here 0P = Spec(F[z1,...,x,|) with distinguished divisors defined by z; = 0, 1.
The S(j) are iterated blowups of faces. (For details, see (3.1).) The X (j) are
unions of cubes [I? glued along divisors z; = 1 (see (3.4)). Each cube in X(j)
coincides with the local structure at a vertex of S(j). The vertical arrows ¢; and
cq are correspondences constructed in (3.6) and (4.5.2), and the other arrows are
regular morphisms. Each of the S(j) and X (j) come with a Cartier divisor which
we frequently abbreviate 0. We work with K Hg spp(Z; 0) where Z denotes either
X(j), S(j), or a variety of the form A" x [0°. Here ”"supp” refers to some given
support. Note that by (2.3.2), K H in this context coincides with the multirelative
Quillen K-theory Ko supp(Z;0) when Z is smooth and 0 is a union of divisors with
normal crossings. This is not the case, however, for Z = X (j).

A class z in the image of (2.4.1) will be said to be supported on W"1. Con-
cerning such a class, we prove three basic results:
(i) Pulling z back to X (N) and then via ca to AP is the identity.
(ii) Pulling z back to S(IN) and then via ¢; to X (V) coincides with pulling back
directly to X (V).
(iii) For a suitable choice of diagram (2.5.1) (i.e. a suitable tower of blowups of
faces of (0P), the pullback of z to S(IV) is zero.
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§3. Towers of cubes

(3.1). Let S be a smooth algebraic scheme over our given field F'. Let Dq,..., D,
be smooth Cartier divisors on S. We assume we are in the normal crossings situa-
tion, i.e. that all intersections are transverse. We refer to the D; as distinguished
divisors and to intersections of the D; as faces. Faces of dimension 0 (resp. 1) are
called wvertices (resp. edges). In our applications, vertices will consist of a single
point.

We define V" 1(S) ¢ WL (S) C V*(S) just as in (1.1) by looking at subvari-
eties of the appropriate codimension meeting faces properly.

Let # : 8 — S be the blowup of S along a face. We define distinguished
divisors on S’ to be the exceptional divisor together with the strict transforms of
all distinguished divisors on .S. Obviously, we can iterate this construction, defining
S — S’ by blowing up a face on S’, etc. It is easy to check that

(3.1.1) L (V(S)) c v(S) ; atwrt(S)) c wrt(S).

(3.2).  We take S = S(1) = Spec(F|z1,...,x,]) with distinguished divisors
defined by z; = 0,1. We consider a tower of blowups of faces

S(N)—...— S(1)

Let v € S(N) be a vertex. By induction on N we define an open immersion of
some Zariski open neighborhood of 0 € 0P = Spec(F|[ty,...,t,]) onto an open
neighborhood of v € S(N),

fy : P DU — S(N) ; puy(0,...,0)=w

so that the distinguished divisors through v pull back to the coordinate hyperplanes
t; = 0. When N =1 define the pullback on functions by

() = { t;, if x;(v) = 0;
PO =0 C i o) = 1.
This defines p, for N = 1. Suppose now N > 1 and let ¥ be the image of v in
Sn_1. Let t1,... ,Zp be the coordinates at v defined inductively via uz. Over some
neighborhood of 7, S(N) is defined from S(N — 1) by blowing up {t; =0 | i € I}
for some (possibly empty) I C {1,...,p}. If I = 0, we take ¢; = t;. Otherwise
there will be a unique i € I such that v does not lie on the strict transform in S(V)
of {t; = 0}. Define

G, ij¢r
t; = fj/fi, ifjelandj#i;
5, ifj =1

The coordinate system at a vertex v defined in this way will be called the dis-
tinguished coordinate system at v.
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Lemma (3.2.1). (i) The composition
mo : PIEHS(N) — S

is everywhere regular.

(ii) The assignment

TWHDP

veT
v vertex

is functorial for blowups of faces on T
proof. These assertions are straightforward. QED

Lemma (3.2.2). Every edge in S(N) contains exactly two vertices.

proof. This is clear for N = 0. For N > 1, let p : S(N) — S(N — 1) and let
¢ C S(N) be an edge. If p(¢) has dimension 1, then p|¢ is an isomorphism, p(¢) is
an edge of S(N — 1), and the vertices of £ and p(¢) coincide under p. If p(¥¢) is a
point, it is a vertex of S(N —1). The fibre p~!p(¢) is then a projective space which
is an intersection of distinguished divisors. The intersection of other distinguished
divisors with p=1p(¢) form the coordinate hyperplanes of the projective space. One
is thus reduced to the situation where the ambient space is projective space, and
the distinguished divisors are coordinate hyperplanes, where it is clear. QED

Definition (3.2.3). Let v, w be the two vertices on an edge ¢, and let ¢4,... ,t,
(resp. w1, ...,up) be the distinguished coordinate system at v (resp. at w). The
coordinate for ¢ at v is the unique ¢, which does not vanish on ¢. Suppose ¢, (resp.
us) is the coordinate for £ at v (resp. at w). We define g = g(v, w) in the symmetric
group S, such that g(r) = s and, for i # r, the distinguished divisors defined locally
by t; = 0 and ug;) = 0 coincide.

(3.3). Our “little cubes” 7, : O, — S are not yet really cubes. The sides t; = 0
are defined, but we want to choose appropriate scale factors c, ; so the other sides
are given by t; = ¢, ;. Choose once for all a point

c=(c1,...,cp) € S —U{distinguished divisors}.
Note that 7,1 : S — U{distinguished divisors} — [J,, is defined. Let
o = (Co1s--- 5 Cop) €0,
be the image of c.

Lemma (3.3.1). Let the situation and notation be as in (3.2.3). Define divisors
Dy = {tr = cpr} CTOP (resp. Dy = {us = cy,s} COP). Note Dy (resp. Dyyy)
has coordinates to, a # r (resp. ug, 8 # s). We have D,,, isomorphic to D,,, over
S, the isomorphism carrying to t0 Ug(y,w)(a)-

proof. To see that the two divisors are isomorphic over S, we argue by induction
on N. When N =1 the assertion is immediate. Suppose now that N > 1. Assume
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first that the image of the edge ¢ in S(N — 1), £ C S(N — 1) is an edge with
vertices U and w. We have [P — [O2 (resp. [0F — [2). The divisors D,,, and
D,,, are the inverse images of the corresponding divisors Dy and Dgz on D% and
0P By induction, Dy & Dy, the isomorphism carrying (with obvious notation)
coordinates t,, o # r into coordinates ug, § # s, upto a permutation of indices.
the origin in these coordinates is where the image of the edge ¢ on O2 (resp. on
%) meets Dyw (resp. Dgg). Further, D, and D, are coordinate patches on
the blowup of Dy and Dz along the intersection of the center for the blowups
on the [I’s with these divisors. The coordinate patches coincide, so D, = D,,, as
claimed.

It remains to consider the case when the image of the edge ¢ in S(NV — 1) is a
single vertex z. Let y1,...,y, be the coordinates at z. Let {y; = 0|i € I} define
the center of the blowup S(N) — S(N —1). Then for some r, s € I, the coordinates
at v (resp. w) are y;/y,, i € I, together with y, and y;, j ¢ I (resp. yi/ys, ¢ € I,
together with ys and y;, j ¢ I). We have

Dvw . ys/yr — Cz,s/cz,r (reSp- Dwv : yr/ys = Cz,r/cz,s)'

The identification in question arises from the natural isomorphism

k[yi/yT7yT7 yj]/(ys/yr - Cz,s/cz,r) = k[yi/y&ys,yj]/(yr/ys - Cz,r/cz,s)

which sends y, — (c..r/c..5)ys. QED

Remark (3.3.2). Carrying along the constants ¢, ; defining the divisors D, is
painful. We will tend to scale the coordinates at a vertex v so D, :t,, = 1.

(3.4). Let
X(0)=Y(0)=S5(1) =0O° = Spec(F[z1, ..., tp)])

with distinguished divisors defined by x; = 0, 1. Define

Y(1):=[]@ - Y(0)

where v runs through the 27 vertices of S(1) and the maps on each 0P are the

obvious isomorphisms mapping the origin to v. Fix a general point (c1,...,¢p) on
Y (0) and define

Y (1) — X(1) := U

where L) and [J) are glued along the divisor z; = ¢; if and only if v and p lie on a
common edge ¢ C [P and z; is the (necessarily unique) coordinate whose restriction
to ¢ is non-constant.

Assume now we are given a tower S(N) — ... — S(1) of blowups of faces. Define

Y(i) =[]
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with v running through vertices of S(i). By (3.2.1), the association S(i) — Y (1) is
functorial, so we get a tower of disjoint cubes

Y(N)—...—=Y(1) = Y(0).

By (3.3.1) if v and p lie on an edge in S(7), there are well defined divisors D,,,, C P
and D, C [P defined by setting appropriate distinguished coordinates equal to
(appropriate) constants such that D,, and D,, can be identified over Y (0). We
define

Y(i) — X(7) := 0

by identifying cubes (associated to vertices on an edge) along these divisors. We
get another tower

The divisors D,,,, depend only on the point ¢ = (c1,...,¢,) € OP. Asin (3.3.2),
we will frequently scale the coordinates on [P so the preimage of ¢ is the point
(1,...,1). One can think of the coordinate hyperplanes ¢, ; = 0 as front faces and
the D, defined after scaling by some t,; = 1 as back faces. The cubes are glued
along all back faces. Given Z C [P we can choose ¢ in general position so all
intersections of back faces meet Z properly (or not at all). Note finally that the
front faces glue to give Cartier divisors on X (V).

(3.5) General position on S(N) and X (). The basic result on general position
is

Lemma (3.5.1). Given Z C X(0) = [OP closed such that no component of
Z is contained in a face, we can find a tower S(N) — ... — S(1) such that for
¢ € [P general as above, the strict transform of Z in Y (INV) meets all faces properly.
In other words, for v a vertex in S(N), the strict transform of Z in [OF meets all
intersections of faces (both front and back) properly.

proof. This is straightforward from [16] Th. (2.1.2) and general position for back
faces. QED

Lemma (3.5.2). Let Z and S(N) be as above, so the strict transform of Z on
Y (N) meets faces properly. Then the strict transform of Z on S(N) also meets
faces properly.

proof. Given s € S(N), let 0 C S(N) be the smallest face such that s € o.
Let v € o be a vertex. Then the rational map S(N) --+ O, is biregular on a
neighborhood of s and carries germs of faces through s isomorphically to germs of
faces on [O,. If the strict transform of Z meets a face on S(N) badly at s, the same
will be true for the strict transform of Z on [J,. QED

(3.6) Correspondences in K-theory. We need some mechanism to transfer
classes in K-theory from S(N) to X(N). By [16], lemma (1.2.1), given v a vertex
of S(N), we can find a diagram

r,
qu / . Dby
0O, S(N)
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such that ¢, is an iterated blowup of front faces. Indeed, we consider a diagram

FVU) — 0,

l l

SG+1) —— SU) —— S(1)

We construct I', (j) by induction, starting with I', (1) = O,. By [16], lemma (1.2.1),
(take S(j) =5, S(j+ 1) =5’, and I',(j) = V in the notation of [op. cit.]), there
exists an iterated blowup of faces I',(j + 1) — ', (j) fitting in a diagram

LG+1) —— L)

l l

SG+1) —— S3)

Finally, we take I, = ', (V).

Lemma (3.6.1). Let Z C S(NNV) be a closed subvariety of codimension r meeting
faces properly. Then q,p,(Z) coincides with the strict transform of Z.

proof. Let w be the image of the vertex v in S(1). As explained in [16], there is
an obvious torus action on [,, and [J, admits a torus action such that the map
(1, — O, is compatible with the actions. This torus action lifts to a toric structure
on I',. There is also a compatible toric action on S(N) which, however, does not
stabilize all the faces. If A C I, is an orbit under this action, then so is p, (A4), and
the map A — p,(A) has equidimensional fibres. Orbits in S(/N) are dense opens
in (certain) faces, so if Z C S(N) has codimension r and meets faces properly,
p,1(Z) N A has codimension > 7 in A. On the other hand, if we compute p,1(2)
by intersecting I'), x Z with the graph of p, on the smooth scheme I, x S(N) we
find that every irreducible component of p;1(Z) has codimension < r. Thus, no
component of p;1(Z) can be contained in the complement of the open orbit of T',,,
proving the lemma. QED

I

We can choose the I',, in a uniform way using [16], cor. (1.2.2) so that g, *(D,,,)
q;l(DW), and we can glue along these divisors to get a diagram

I'=ur,
Q/ \p
(3.6.2) X(N) S(N)
X "\ /TS
P = 5(1).

Recall we have already used (in the proof of (2.3)) the groups K H, defined in [15].
These will be particularly useful in working with the K-theory of the non-normal
schemes X (N). We write 0 C S(N) (resp. 0 C X (N)) for the Cartier divisor which
is the sum of all the distinguished divisors (resp. the sum of all the front faces).
The relative groups K H,.(S(N),0) (resp. relative groups with support) coincide
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with the multi-relative K-groups (resp. multi-relative with support) (cf. the proof
of (2.3)).

Lemma (3.6.2). Let R™ C V"*(S(V)) be the union of codimension n subvarieties
of S(N) whose strict transform on X (N) meets faces properly.

(i) 75} (V" (@P) € R™,

(ii) There is a well-defined correspondence

q*p* . KH*7R7L_R7L+1 (»S((]\[)7 8) — KH*7V7L_V7L+1 (X(N), 6)
(iii) We have
@p' g =7y : KHy yn_ynt1 (OP,0) = KH, yn_yn+1(X(N),0).

proof. Assertion (i) follows from (3.6.1). For (ii), we claim first that ¢ is a
local complete intersection morphism. This is straightforward for each ¢, , because
iterated blowups with smooth centers are l.c.i. The D,,,, being in general position,
are Tor-independent for the ¢q,. It follows that for any set I of indices p and any
point z € ¢, (NuerDy,) we can find a set of local defining equations g, ..., g,
realizing g, ' (NuerDy,) as a complete intersection of codimension r in some affine
space over the local ring at ¢(z) on N,erD,,. Moreover, we can lift each g; to a G,
defined on a neighborhood of z in I' in such a way that the G; give local defining
equations for I' in affine space over some neighborhood of ¢(z).

We have that
O := ¢ (X (N)) = p~H(3S(N))

is a Cartier divisor in I', so ' — 0X(N) is also an l.c.i. morphism. The existence
of a covariant map ¢, on K-theory and on K-theory relative to 0 is now straight-
forward. The assertion with supports follows by a homotopy fibre argument.

For the proof of (iii), we have q.p*7% = g.q¢* 7%, so it will suffice to show
g+q" = identity

on K-theory relative to 9. (Strictly speaking, it is necessary to show this identifi-
cation is compatible with restriction to open sets, so we get the same equation on
K-theory with supports. This will be clear.)

Consider the map of “doubles”
qUq:THor I' = X(IV) Uy x(ny X(N).

Since K H, satisfies excision, the relative K-theory will be a direct summand of the
K-theory of the double, so it suffices to show

(¢11q)«(q 11 ¢)* = identity of K-theory.

Writing O for the structure sheaf on the target, standard arguments in K-theory
(the projection formula) reduce us to showing the natural map

O —R(qq)(¢Tqg)*O
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is a quasi-isomorphism. Let 0X(N): f =0 on X(N). Let i1,i9 : I' — I'llgr T be
the inclusions of the factors. We have an exact sequence

. xXf .
0 — 41+O0r = Ormger — 12:0r — 0.

The ¢; are closed immersions and have no higher derived images, so an exact se-
quence argument reduces us to showing Ox(n)y — Rg.Or is a quasi-isomorphism.
We have decompositions X (N) = U0, and I' = UT',, so a similar argument reduces
us to showing Or, — Rq,.Or, is a quasi-isomorphism. But g, is a iterated blowup
with smooth centers, and by induction one reduces to the case of a single blowup.
This case is well known. QED
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§4. Simplicial constructions

(4.1). We want to relate K-theory classes on one of the assemblages of cubes X (V)
to classes on AP. We begin by recalling some standard constructions in topology.
As usual, we write AP = Spec (Fto, . .., t,]/(3_t; —1)). By Map(AP, A7) we mean
the set of increasing maps 0,...,p — 0,...,q. We identify Map(AP, A?) with a set
of algebraic maps AP — A? in the obvious way. We define

Map (AP, A% x ... x A%) := [IMap(AP, A%).

For fixed A% x ... x A% there is a natural simplicial set given in degree p by
Map(AP, ATt x ... x A?). We write A.(A? x ... x A?) for the chain complex
computing the homology of this simplicial set. Thus

A(AT x .. x AT) = Z[Map(AP, AT x ... x A%)].

There is a chain map, the Eilenberg-MacLane map (cf. [8], p. 133)
g:A(AT")R...0 A(AT) - A (AT x ... x AT)

This map is functorial in the sense that a map A® — A% induces a commutative
square

AAN) Q... @A (A)®...0 A(AT) —L— A (AT x ... x A® x ... x AT)

l l

A(AN @ ... @A (A7) — AJ(AT x . x AT)
When r = 1, g = identity.
Let id(q) € A4(A?) be the identity map. Let 0P = (A)P. Write
(4.1.1) F,:=g(d(1)®...®id(1)) € A,(OP).

It will be convenient to treat such formal sums of maps as though they were them-

selves maps, so we will write
F,: AP — [P,

Let 0 € 8P be a permutation, and write ¢ : 0P — [P for the corresponding
permutation of coordinates. By [8], lemma 29.11, we have

(4.1.2) oo F, = sgn(o)-F,.

Write .
9=> (~1)'0;: A1 — AP,
Let 6° and ¢! : A® — A! be the inclusions at 0 and 1 respectively. Let

(55 Pt P
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put j in the i-th place, 7 =0,1; 1 < i < p. Since g is a chain map, the diagram

(A (A ®..® A.(Al))p —7 A, P)

4| |2

(AAY®...@AAY)  —F— A, (OP)

p—1

commutes. Also

d(id(1) ® ... ®id(1)) =) (-1)Mid(1) ® ... ® §-id(0) ® ... @ id(1)

SO

Fped = ged(id(1) @ ... ®@id(1)) = Y (~1)"6, F,_1.
If we define
(4.1.3) § = Z(—l)i“ég Pl P,

the above formula becomes

(4.1.4) Fpod =60F, 1 : AP — [P,

(4.2). Let G be a simplicial abelian group. Write C(G) for G viewed as a chain
complex with boundary maps d = 3_(—1)!9;. Define N(G) C G by

N(G), =ker(dp) N...Nker(0,-1).

Note N(G) — C(G) as a subcomplex. Let D(G) C C(G) be the subcomplex
generated by degenerate elements of G.

Lemma (4.2.1). We have C(G) = N(G)®D(G). This decomposition if functorial
in G.

proof. This is well known in topology (e.g. [8], Cor. 22.2.) QED
We apply this with G = A,(AP). Define
Np € N(A(AP))p

to be the projection of id(p) € C(A(AP)),. We view N, as a formal sum of maps
AP — AP
N, : AP — AP,

Lemma (4.2.2). (i) Npod; =0; 0<j<p—1.
(ii) Nyodp = 9o Np_1.

proof. Assertion (i) is clear. For (ii), write n : A, — N(A,) for the projection.

We have ‘ ‘
id(p)ed = (—1)fid(p)ed; = Y (—1)'d;eid(p — 1).
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Since n is a functorial chain map,

Npodp = Npod = n(id(p))-0 = n(id(p)-9) = » _(=1)'n(d;id(p — 1)) =
= (=1)'9son(id(p — 1)) = 0 N,_1,

proving (ii). QED

(4.3). Recall we have constructed towers X(N) — ... — X(0) where each
X(7) is a union of cubes [P with given coordinate system x1,...,x, and vertex
v = (0,...,0). For each vertex v € X(j) one has a (possibly empty) subset I =
I, c {1,...,p} such that the cubes (0P on X (j + 1) lying over [(J? are open affines
in the blowup of [J? along the subscheme defined by x; =0, 7 € I. Define

(4.3.1) Oy . Pt =0 x O - 075 (wny .-y upit) = (O11,...,0,7)

where ©; 1 = tu; if ¢ € I and ©; 1 = u; otherwise. The composition ©704 : [P — [P
is given by

p
Or00 = (=1)"O708] + (—1)" *identity + F if I # 0
=1
p .
O => (-1)"'O50; +F ifI=0
=1

where F consists of maps [P — [0 with image in the front faces (i.e. faces where
some x; = 0). Notice that for i € I there exists a w — v such that writing
lw Oy — X(j+1) and 7, : 0, — O, we have

@1053 = Tpoly-

For i ¢ I, i < p we have
61(0P) = 07 H{z; = 1}.

Finally,
@Io(S;H = identity : [P — [P,

We now assign signs €(v) to vertices of X (j) as follows. When j =0 so X(j) =
OP = Spec(F[t1,...,tp]), €(v) := (—1)" with r being the number of i such that
t;(v) = 1. In general, writing 7(j) : X(j) — X (0) we define ¢(v) := e(n(j)(v)).
Define

(4.3.2) G(j) = Y e 0P = X())
vertices of X (j)
H(j)= Y e 0" — X(j)

vertices of X (j)
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Lemma (4.3.3).
H(j)o0o Fy = (=1)P(G(j)e Fp = 7(j +1,§)G(j + 1) F,) + €

where £ is a sum of maps AP — 90X (j) and 7(j+1,7): X(j+ 1) — X (j).

proof. This is a repeat with slightly different notation of the proof of Prop. (3.4.2)
in [16]. The letter n in [op. cit.] is here replaced by p, and ¥"*! becomes F, 1.
(The crucial point is that ¥ and F' are both alternating with respect to permutation
of coordinates.) The terms H(j)o6Yo F), map AP to X (j) and can be subsumed in
E. The same is true for terms H(j )052 110} at vertices where there is a nontrivial
blowup. At vertices v where no blowup occurs, (—1)?1H(j)-d), 1+ F}, contributes
(—1)PH iy By Also (~1)PP2H(j)edk, 1o Fy = (~1)PG(j)- F,

Given a vertex v € X (j), and an integer i with 1 < i <p,let I =1, C {1,...,p}
be as above. Let t,1,...,t,, be the coordinates on [J,. Suppose first that i ¢ I.
Let £ C S(j) be the edge defined near v by {t,, = 0 | r # ¢}, and let p be the
other vertex on ¢ ([16], lemma (1.3.2)). Let ¢,,1,...,%,,p be the coordinates on OJ,,,

and let t,, 5, be the unique coordinate not vanishing on ¢. It follows from [op. cit.],
lemma (3.4.2.3) that

(—1)'e()Or,08; < Fp = (1) 1e(1)O1,,2 8}, Fp,

so these terms cancel in H (j)odo F),.

Finally, if i € I,, there exists a unique vertex w € X (j + 1) lying over v such
that the strict transform of {¢, ; = 0} in S(j +1) does not vanish at w Let as above
Twy © Ow — O,. The argument at the end of the proof of Prop. (3.4.2) in [op. cit.]
shows (note €(v) = e(w))

(_1)i+1€(y)@IV062‘10Fp = (_1)p+1€(W)7Twyo Lwon,

This completes the proof of the lemma. QED

(4.4). A final simplicial construction we will need is subdivision. This is done in
some detail in [op. cit.], §3, so we will only sketch the construction and leave the
reader with a picture. Consider a product of simplices [[A := A% x ... x A% with
> q; = p. Depending on the choice of a general point ¢ = (¢1,...,¢5) € [[A one
defines a linear combination of maps

subdivisionpa : AP — IIA.
In the case when all ¢; = 1, we have
(4.4.1) subdivision = 7(1,0).G(1)- F), : AP — [OP.

Write
O(MA) :=1 (AT x ... x A%1 x ... x A%).

Let
Ona : O(ITA) — TIA
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be the obvious sum with appropriate signs. This doesn’t quite make sense since the
various maps are not defined on the disjoint union. However, the formula

(4.4.2) subdivisiony , 0 = 0y, -subdivision,, ,, ,,

makes sense and is true.
(4.5) Another correspondence. The following construction will be used:

Construction (4.5.1). Let X be a variety, Y C X a closed subvariety. Let W
be a smooth variety, D C W a normal crossings divisor. (We refer to intersections
Dy of components D; of D as faces.) Let f; : W — X be morphisms, and write f =
2221 n; f; for a finite formal linear combination. Assume for any face ¢ : Dy — W
we have that for: Dy — Y in the sense that if S C {1,...,r} is the set of integers i
such that f;(Dy) ¢ Y, one has formally > . g n;fior = 0. Then there is an induced
map well defined upto homotopy

f KH(X;Y)— KH(W;D).

proof. By excision, we can identify KH(D) with the homotopy limit (cf. [15], cor.
4.10)

KH(D) = [[ KH(D)= [ KH(D:y) = [[ KHDiw) -+

Let

S=1[sw)=1]sDi) ;j)

denote the homotopy fibre of the map

o: [[KH(D) — KH(D)

given by mapping (z1,...,x,) — Y n;z; in the sense of the H-space structure. We
will show the map

(fi,-- ) KH(X;Y) — [[KH(D)

lifts to a map with target S. To this end, it suffices to show the map

KH(X;Y)— [[KHEW) - [[ KH (D))

lifts to a map py : KH(X;Y) — S(Dy) and that this lifting is functorial in the sense
that for D; C Dy the composition KH(X;Y) — S(Dy) — S(Dy) coincides with
py. Let v: Dy — W. Let S C {1,...,7} be the set of ¢ such that f;ce(D;) ¢ Y.
The map
Se [[(fier)* : KH(X) — [[ KH(D1) — KH(Dy)
ieS i€S
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is canonically homotopic to a point because ), ¢ n;fi|Dr cancels formally. Thus

Do [ (Fier)* = 2o [ (i)™

1<i<r i¢s

But for i ¢ S, the composition
KH(X;Y)— KH(X) % KHW) — KH(D;)

is again canonically homotopic to a point because f;ot(Dy) C Y. We get

o [ (fie)” = pt.

1<i<r
This defines the desired lifting p; : KH(X;Y) — S(Dy). Finally, the diagram

KH(W;D)

J

KH(X;Y) —— [[, KHW) —— KH(W)

l l l

S — [[,KH(D) —— KH(D)
with bottom row and right hand column fibrations defines the map
KH(X;Y)— KH(W;D).

QED.

We consider several examples of this construction.

Example (4.5.2). Take W = AP and D = 0(AP). Let f = G(j)oFpoNp : AP —
X (7). It follows from lemma (3.4.2.3) in [op. cit.] (this argument was already used
in the proof of lemma (4.3.3) above) that G(j)o Fpo0 : AP~1 — 9(X(4)), i.e. that
the back faces cancel. Using (4.2.2), we get a map

(GU)oFye Ny)* + KHL(X(5);0) — K. (A 9).
(As usual, the group on the right is multi-relative K-theory. Since the faces are
smooth, we could also have written K H,.) We will see in (5.2)(ii) below that this

map preserves supports,i.e given V. C V*(X(j)) and T C VN V" we can choose
c general so one has

(4521) KH*’V_T(X(j);a) — K*’Vn_Vn-Q—l (Ap,a)
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Example (4.5.3). Take W = A? and D = 0(AP). Let f = H(j)oFpt10Npt100pt1 :
AP — X (7). Since Npt100p4100; = 0 for 0 < i < p, we may apply the construction
with Y = (). We get a commutative triangle

KH,v_7(X(j),0) = KH.v_7(X(5))
N
KH, yn_ynt1(AP;0)

(Again, the fact that f* preserves good position is checked in (5.2)(ii).) On the
other hand, using (4.3.3), (4.1.4) and (4.2.2) we have

(4.5.3.1) f=H(j)oFps1oNpy100pp1 = H(j)odo Fpo N =
= (=1)P(G(j)e FpoeNp — m(j + 1,§)eG(j + 1)o Fpo N,,) + &

where & consists of maps AP — 90X (j).

Example (4.5.4). Take W = AP and D = O(AP). Fix r < p and let
subdivisiongy o : APTH — O7 x APTI=T be subdivision (4.4). Define

f = subdivisiongx Ao Npy100p41.

Again given V. C V*(d x A) and T C V N V"L of finite type, we may choose
¢ € O x A general and get a factorization

f* : KH()’V_T(D X A,&(D X A)) — KH()’V_T(D X A) — KHO’Vn_Vn—‘,-l (Ap,ﬁ)

Example (4.5.5). By [16], Prop.(3.2.1), there exists H, : APT™! — AP such that
identity + subdivision,, = H,c0 — 0o Hp,_1.
Composing with N, yields
Hp,oNpt100,41 = N, £ subdivision,, o N, + &,
where £ : AP — JAP. As in the previous two examples, pullback via the map on
the left factors through absolute (i.e. non-relative) K-theory. Similarly, because
N =~ id, there exists h, : APT! — AP such that

hyod = N, + identity + &’

and N, and identity differ by a map factoring through absolute K-theory.
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§5. From simplices to cubes and back

(5.1). Define

Mp - APTL s A — AP,
77p((“07 s 7U’p—1)7 (U()? 'Ul)) = (UOU()? -+ 5 Up—1Y0, Ul);
byt AP x Al 5 AP,
wp((y(b cee 7yp)7 (.’L‘(), .’131)) - (iﬁoyO, -5 X0Yp—1,T1 + .TIJpr).

The following identities are straightforward

YpoOo a1 = p = constant map to point (0,...,0,1): AP — AP
(S)
YPpo 01, a1 = identity : AP — AP
PpoOiar = O arothp_1 : APTH X AV - AP 0<i<p-—1
VpoOp.av =np : AP X AL — AP,

From these, we deduce the identity in the free abelian group of (not necessarily
linear) maps between products of simplices:

(5.1.1) Onrethp_1 — UpoOarxar = (—1)PT(identity —p — n, — Oporbp_1).

(Here Oapx a1 is the sum of maps AP~1 x Al € AP x Al and AP C AP x Al with
the usual signs.)

Consider the diagram

A% x (Alyp—L A3 x (At)p=2 AP x Al
(5.1.2) U \, 2 u AVEER U N Gp
0= (AP —  AZx (A)YP2 o S APTE AL AP
b2 bp

where a; = ¥; x (id)?~% and b; = n; x (id)P~*.
We will augment our tower of cubes and consider

w(1,0)
—_—

X(N)—...—»X(1) X(0) =P 22 A2x (A2 & . APTIxAL LN

Let Q : X(N) — AP be the composed map.

Proposition (5.2). Let V C V"(AP) be of finite type. Then for a general choice
of ¢ = (c1,...,¢p) € 0P we have
(1) Q71(V) C V(X (N)).

(ii) Let f : AP — X(N) be some component of the formal linear combination of
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maps G(N)oF,o N, : AP — X (N) defined in §4. Then f~1Q~1(V) c V" (AP).
(iii) Let W c WnHl and T C W N V"™ *! be of finite type. Then the induced map

(QG(N)eFyeN,)* : Ko —2(A7,0) = Ko yn ymss (A7, )
coincides with the natural map defined by the inclusions W C V™ and T C V"*!.

proof. We begin with a general lemma.

Lemma (5.2.1). Let X and Y be smooth varieties. Let D; C X (resp. E; C Y
be smooth Cartier divisors, and assume we are in the normal crossings situation.
For ¢ C X a face, let Jdo C o be the union of all subfaces. Let f : X — Y be a
morphism. Assume for all faces 0 C X, there exists a face 7 C Y such that the
restriction of f induces a dominant map with equidimensional fibres c—0o — 7—0T.

Then f~1(V*(Y)) C V" (X).
proof of lemma. Straightforward. QED

Turning to the proof of (5.2), it is easy to see the map 7, (and hence also
the maps b;) satisfies the hypotheses of (5.2.1). Thus by ' .. (V) € V(X (0)).
Recall we wrote Y (j) — X (j) for the disjoint union of the cubes. Again by (5.2.1)
it is straightforward to check that the inverse image of V™([OP) in Y (IV) meets the
front faces properly. We can insure that the inverse image of any given subset of
finite type in V" (JP) meets the back faces properly by choosing the point ¢ general.

This proves (i).

Note for (ii) that if say g was a component of F), : AP — [0 and T' C O met
faces properly, one could not assert that f~1(T) C AP met faces properly. (E.g.
take T' = (1/2,1/2) € (J2.) However, pulling back to X (1), one cube is replaced by
2P cubes with back faces in general position. More precisely, let [0, <— X (j) be a
cube with j > 1. Let g be a component of Fj,o N, and let o be a face of AP. Note
the image g(o) C O, depends on the point ¢ € X(0). In fact, the fixed set of g(o)
as c¢ varies is a front face of [J,. Thus, if T C [, has codimension n and meets
front faces properly, then for a general choice of ¢, g=1(T') € V*(AP). The proof of
(ii) is now straightforward.

For (iii) we first consider the case N = 1, i.e. we look at
(bpo NN ObQOﬂ'(l, O)OG(l)OFPONp)* : KO’W_T(AP, 8) — KO’Vn_Vn-J—l (Ap, (9)

For z € Ko w_7(AP,0) we find from (5.1.1) (ignoring maps with image in 9(A?))
that (ape0arxm1)*(2) = 2 £b5(2). This can be iterated in an obvious way using
the diagram (5.1.2) to get

r=p
Z :i:(bpo ce br+1oaroaArx[]p7r+l)*(Z) =tz+x (bpo s °b2)*(z>
r=2

We combine this formula with (4.4.1) and example (4.5.4) to get

r=p

Z +(bpo - . .byy10aposubdivision . oL, o pi100pt1) (2) =
r=2

= :t(subdivisionApoNp)*(z) + (bpo ... obgosubdivisionmoNp)*(z).
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By (4.5.4), the left hand side factors through the absolute (i.e. non-relative) K

of the various A" x [(P*1=". Since z has support on W"+1(AP), an argument like
(1.2.2)(ii) shows the left side vanishes, so

(5.2.2) (subdivision,, » N;)) " (2) = £ (bpe . . . sbyesubdivision,, o N},) ().
The same argument, using (4.5.5) shows

(5.2.3) (subdivision,, - N,)) " (2) = .

Finally, for N > 1, the same sort of argument using (4.5.3) and (4.5.3.1) gives
(5'2'4) (G<j)°Fp°Np)*<w) = (77'(] + 17j)OG(j + 1)°Fp°Np)*(w)7

with w the pullback of z to X(j). Combining (5.2.2)-(5.2.4), summing over j, and
using (4.4.1) proves (iii). QED

Remark (5.3). G(N)oFpoN, is ¢z from (2.5.1).
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6. The Key Point

Proposition (6.1). Let W C WY (AP) and T C W N V™! be of finite type.
Let z € KHy w_r(0P;0). Then there exists a tower 7 : S(N) — ... — S(1) =0P
such that 7*(z) = 0 in KHy yn_ynt1(S(N); 0).

Lemma (6.1.1). Let S be a smooth variety with normal crossings divisor 0 (e.g.
S = S(j) in some tower over [IP). Let A C W™ +1(S) be closed of pure codimension
n + 1. Assume no component of A lies in 9. Let 7 : S” — S be an iterated blowup
of faces such that the strict transform A’ C V"1 (S"). Let n=1(A) = A’ U E. Let
7 C S be the union of those faces ¢ such that the intersection A N o is not proper,
i.e. has some component of codimension in S < n+1+cod(c). Then 7(E) C TNA.

proof. On S — 7, A meets faces properly, so the strict transform coincides with
the total transform. Thus, E C 7~!(7), proving the lemma. QED

proof of (6.1). We may assume that W C 0 N V™. Indeed, the map
KHoywns1_ynt1(S) = KHoyn_yni1_gayn (S)

is seen to be 0 by an argument like (1.2.2), so the image of z in the group with
supports in V" — V" T lifts to some w with supports in 9 N V™. We may replace z
by w. We also fix projective embeddings of S and S’ simply so we can talk about
hypersurface sections.

Suppose, we have an iterated blowup of faces 7 : S’ — S and we are given
E c onV*(S’). Let R = n(E) and assume E = 7 1(R). Assume 7%(2) €
K Hyyn_ynt1(S';0) lifts to a class 2/ with support on E — V"t N E. We argue
by induction on dim(R) beginning with " =S, R=FE = W.) Let V.C S be a
complete intersection of large degree and codimension n such that R C V and V
is general containing R. Since £ = 7~ }(R) C W"T1(S’) it is easy to check that
R C W"TH(S), so by general position V' C V*(S). Let V' = 7= 1(V). We have
E Cc V' cV*(S’). By general position again, V'’ meets faces transversally outside
E and also transversally over generic points of R. In other words, if ¢/ C S’ is a
face, then writing (0’ N V')sing for the singular set, we have 7((¢/ N V')ging) C R
and the left side has dimension strictly smaller than the right. Let B C 9NV’ be
a hypersurface section of 9 NV’ of large degree with B D (¢’ N V’)ging for all faces
o’. We assume B general with that property. Let C' C 9 NV’ be a hypersurface
section such that C C V"1 and the class 2’ lifts to E — C N E.

Let D C V' be the union of all Cartier divisors D C V' such that DN9 C (BUC).
The pair (V' —D,0NV’'— B —C) has normal crossings and is Jacobson. By (2.3.2)
and (2.3.3) we have

KH07V/_D(S,; 6) = K()(V, - D; on V/ — B - C) == (O)

This means we can find a Cartier divisor D C D a closed subset F' C D, and a class
yin KHy p_p(S’;0) such that the image of y with supports in V"*(S") — V" T1(S")
coincides with the image of z’.

Let p : 8" — S’ be an iterated blowup of faces such that the strict transform
D" of D is in good position, i.e. D" C V" T1(S"). Let p~1(D) = D" UE". By
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(6.1.1) p(E") is contained in the union of bad (i.e. improper) faces D No’. But
Dno' Cc (BUCNGa'). Since C C 9NV* ! we must have BN o’ bad. By the
general position condition for B, this means (0’ NV’)gne contains some component
of o/ NV'. Since V' meets faces transversally over generic points of R, we must
have dim(7op(E")) < dim(R). Since our class y pulls back to a class with support
on D" U E", and since D" C V"*1(S"), we replace E by (mep)~(mep)E” and R
by mep(E") and conclude by induction on dim(R). QED

(6.2).  We can now complete the proof of theorem A. Let 7 : S(N) — P
be as in (6.1). Let R™ C V"(S(N)) be the union of codimension n subvarieties
of S(N) whose strict transform on X (NN) meets faces properly (cf. (3.6.2)). Let
M?® C Vi(S(N)) be of finite type such that 7*(z) dies in

KHO,(R”UM7L)—(R"L+1UM”+1)(S(N>; 8)

Blowing up more, replacing S(N) by some S(N7) and taking the base point c
general, we can arrange that the inverse image of the M* (which coincides with the
strict transform since these sets are in good position) in S(N7) has strict transform
on X (1) meeting faces properly. Replacing N by N; we see that 7*(z) vanishes
in KHy gn_gn+1(S(IV);0). It follows from (3.6.2)(iii) that

0= 7T;( (Z) € KHO,V"—V"‘H (X(N), @)
Take
20 - Image(KH07Wn+l_V7L+l (Ap, 6) — KHO7V7L_V7L+1 (Ap, 6)

and (With notation as in (5.1.2)) z = b3o ...obj(20). We conclude from (5.2)(iii)
that zop = 0. This shows the map (2.4.1) is zero and completes the proof of theorem
A.
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§7. The Chow Complex and I'(2)

(7.1). The purpose of this section is to compare the complex I'(2, Spec(F))), in-
troduced in [7], with Z2(Spec(F),+). We view the latter as a complex in negative
degrees which we shift four steps to the right and truncate to get a complex

tzl(ZQ(SPeC(F)a ) [—4])
satisfying
CH?*(F,2) i=2

H'(t>1(Z2%(Spec(F),*)[-4])) = { CH*(F,3) i=1
0 i 40,1

Theorem (7.2). There is a canonical isomorphism in the derived category
(2, Spec(F)) ~ t>1(Z?(Spec(F),*)[—4]).

In particular,
CHZ(F7 3) = K3 (F>indecomposable-

proof. Let P C A' be the set of all F-rational points distinct from 0 and 1. By
definition ([7], 1.5), I'(2, Spec(F')) is the complex, placed in degrees 1 and 2

(7.2.1) Ky(A' = P,0) - @5 Ki(P).
PeP

Let @ C AL be the set of all closed points. We consider the complex in degrees 1
and 2

(7.2.2) Ky(A' - Q,0) — P K1(Q).
QeQ

We assert that the obvious map of complexes from (7.2.1) to (7.2.2) is a quasi-
isomorphism. To see this, one considers the diagram

L Ka(F) % Ky(A'=P,0) — @pep Ki(P) L Kay(F) — 0

my | L

L Ky(F) L KAk - 0,0) — @Poeo Ki1(Q) L Ko(F) — 0

The two rows arise from localization and the identification K;(AL,0) = K;1(F)..
To show they are exact, it suffices to show f surjective. This is clear since Ko(F)
is generated by symbols, and for z € F*, f(z|p) = {z, 525 }. The image of 1 is
known ([7], 2.6) to coincide with K3(F);nq := Coker(KYinor(F) — K3(F)). Using
this together with the compatibility of the bottom sequence in (7.2.3) with the
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norm map in a finite extension L/K, one shows easily that Image(¢) = K3(F)ind
also. It now follows that (7.2.1) and (7.2.2) are quasi-isomorphic.

Next consider the diagram

C:  Ky(AZ—-V'10) L Ky 12(A2,0) — Kgy2(A2,0) — 0

7| : |
0 — Ky(AZ —VL ) — Ky 12(A%Y) — Koy2(A%L ) — 0
(7.2.4) 5l N l

0 — KQ(A};—Vl,@) — Kl’yl(Al,a) — 0

0

where C'is the top row, viewed as a complex in degrees [0, 2]. Note that K; yn (A", %) =
Kiyn(A™,0) = @ pean_g closed Ki(P). This explains the equality sign in the last
column and makes it straightforward to check surjectivity of ~. (Surjectivity of ~
also follows from theorem A in §1.) The columns are parts of multi-relative exact
sequences and are exact.

Lemma (7.2.5). For any n and any p, the complex
0— Ky(A" = VL 8) = Ky 11 2 (A", %) — ... — Ko ypr_ypr+1 (A", ) — 0
is exact. (If p > n the complex ends with K,_, y»(A",X).) In particular, the

middle row of (7.2.4) is exact.

proof of lemma. As a consequence of (1.2.2)(i) we have exact sequences
0= Kpp:(A", X) = K, ps_per1 (A", X) = K, 1 per1 (A", X) — 0.
The lemma follows by linking these sequences for various r and s together. (For
the case p < n one needs (1.2.3) to get surjectivity on the right.) QED
Lemma (7.2.6). The map § in (7.2.4) is surjective.

proof. We remind the reader that the notations K, (A", ) and K,(A",d) intro-
duced in §1 refer to multi-relative K-theory. In what follows we shall need to work
with both ordinary relative and multi-relative groups. Let A be a ring, and let
I,..., I, C Abeideals. Let J = NI,. Write K,(A,J) for the relative K-theory
and K,(A;I,...,I,) for the multirelative groups. The following two facts are
straightforward from the definitions.

(7.2.6.1) There exists a functorial map K, (A, J) — K.(A; I,...,1,).

(7.2.6.2) If I; + (Nix;1;) = A for every j, then K, (A,J) = K.(A; I1,...,1,).
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In the sequel, the ring A will be the ring of functions on some localization of
A™ and Iy,...,I, will be the ideals defining the codimension 1 faces. We will
frequently use geometric notation for A. For example, by (7.2.6.1) and (7.2.6.2) we
have a commutative diagram

Ky(A?2 -V IgNIL) —— Ky(A?2 -V Iy, 1))

(7.2.6.3) l 5l
Ko(A =V IgN 1) ——— Ky(A' = V1o, Ih).

The scheme A™ — V! is the prime ideal spectrum of the semi-localization R,, of the
ring of functions on A™ at the vertices. We have IoN...NIL, C IpN...NI,_1 C
Rad(R,,), from which it follows that Ko(A™ — V!, T) (where Z denotes either of the
above ideals) is generated by “pointy bracket symbols” [18] < a,b > with a € R,
and b € 7 or vice versa. In particular, the left hand vertical arrow in (7.2.6.3) is
surjective, so ¢ is onto as well, proving the lemma. QED

Lemma (7.2.7). The map « in (7.2.4) is injective.
proof. By the remark just below (7.2.4), it will suffice to show the map

(7.2.7.1) Koyi_y2 (A% %) — ) Ky (P)
PeAl—{0,1} closed

is onto. Define 7 : A% — A by 7(zq, 21, 72) = (20, 71 +x2). Given P € A' —{0,1}
a closed point, let Rp denote the localization of the line 7—!(P) at the two points
where it meets (A?). Let T C Rp be the ideal of 7=1(P)N{z; = 0}. Note the map
in (7.2.7.1) is restriction to the locus {zxs = 0}. We have a commutative diagram

Ky (Rp,I) —— Ky yi_y2(A% %)

! J

K2<P) - @QGAl—{O,l} closed KQ(Q)

For x € Rp and y € Z such that 1 + zy € Ry, the symbol < z,y > is defined in
Ks(Rp,T). It maps to the Steinberg symbol {x(P),1+ z(P)y(P)} € K2(P). It is
now easy to check (using the fact that Ko(P) is generated by Steinberg symbols)
surjectivity for the left hand vertical arrow and hence, since P was arbitrary, for
the right hand arrow as well. QED

Returning to the proof of (7.2), we now can rewrite (7.2.4) as a diagram with
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exact columns and exact middle row:

Combining (7.2.3) and (7.2.8), we deduce a quasi-isomorphism in the derived
category

(7.2.9) ['(2,F) 5 ts1C.

where C is defined in (7.2.4).

Lemma (7.2.10). Let I; be the ideal defining the i-th face of A% and let
Ki = ﬂj;ﬁin. Let J = I() ﬂIl N IQ. Then

Kop1 (A% ) 2 K1 (A% 1L KG) 2 K1 (A% 0o, I, ) = K, 1 (A%,0).

proof. Let X be a scheme, Y, Z, W closed subschemes of X with ZNW = (). Let
K(X) be some space which is functorial in X whose homotopy groups calculate
K-theory. We have a diagram

Kz(X,Y) —— K(X,Y) —— K(X -2, Y -YNZ)

l | l

Kz(X) —— (X) —— K(X - 2)

J J

)
Kzy(Y) —— K(Y) —— K -2ZnY),

where the middle and right columns are homotopy fibrations (defining K (%, *)) as
are all three rows (defining K, (x)). It follows that the right hand column is a
fibration as well. Assume now Y (resp. X) is regular in some open set containing
Y N Z (resp. Z). Then by the existence of K’-theory and localization we have
Kz(X) ~ Kz(X = W) and Kzny(Y) ~ Kzny(Y =Y nW). It follows that
Kz(X,)Y) ~ Kz(X — W, Y =Y NW). More generally, if Y7,...,Y,, are closed
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subschemes of X which are regular and meet transversally in some neighborhood
of Z, an obvious induction in n gives

Ky(X:Yh,... . Y)~ Kz (X - W, Y, —YinW,...,Y, — Y, nW).

We apply this with Z C V! ¢ A% = X and Yy, Y7, Ys faces. We take Z of finite
type and W a principal divisor containing the vertices of A? and not meeting Z.
From (7.2.6.2) applied with A the ring of functions on A2—W, we get K, z (A%, J) =
K. 7z(A% 1, K;) 2 K, z(A?,0). Lemma (7.2.10) follows by passing to the limit over
larger and larger Z. QED

Returning to the proof of (7.2), we consider the following diagram of complexes,
where D is the complex on top, placed in degrees [0,2]. (Here f and g are the
evident restrictions and v := o f.)

(7.2.11)

D: Kyyio12(A%0) ® Ka(A% = VL %) — Kiyi12(A% %) - Ko y2(A%,0)

) ] |

C: Ky(AZ — V1, 0) L Kiyn_y2(A2,0) 2 Koye(A2,0)

Lemma (7.2.12). The diagram (7.2.11) induces a quasi-isomorphism

ts1D S t51C.

proof. f is surjective (theorem A from §1) with ker(f) = Kj y1_y2(A®,9) C D°.
The lemma will follow once we show that Image(¢og) DO Image(v)). Writing ¢ as

a composition, Ky(AZ — V1 9) 2, K11 (A%0) — Ky y1_y2(A2%,0), it will suffice
to show

(7.2.12.1) Image(1og) D Image(1)).

Let T = Flzg,x1,22]/(>_ x; — 1, xoz122) be the coordinate ring of the triangle.
Consider the two diagrams

Ko (T)/K2(F)
Ky(A2 V1)) —  Kiw(A% ) 5 K(A%))

Ko(A? =V 1L K) 2, Kiyvi (A% LK) — Ki(A% 1K)

L

K(A2—V10) L K w(A20) —  Ki(A20)

oY

K3(F)
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Ko(A3 — VLI K —220 Ko(A2 — VU 1L K;)

! !

Ko(A3 =V 9) —L—  Ky(A2 -V 9)

The rows in the top diagram are exact. Surjectivity for the top arrow in the second
diagram follows from work of Loday and Guin-Waléry [18, Th. 3|. Let A be a
ring with ideals J; and J. Given z; € J; such that 1+ 2129 € A, they define an
element << 21,29 >>€ Ks(A; Ji,J2). (They use the notation < 21,29 >.) When
J1 N Jo C Rad(A), these symbols generate Ko(A; Jy, J2), from which surjectivity in
our situation is clear.

Let z : Ko(T)/K2(F) — K3(F') be the composition of the vertical arrows on the
right of the upper diagram. To prove (7.2.12.1), it will suffice (as a few moments
thought shows) to verify that v(ker(z)) is contained in the subgroup of K (A2, J)
generated by the images of ues~109; for i = 0,1, 2. Dayton and Roberts [19] define
elements < z;,axjz; >€ ker(z) for a € F and {4, j,k} = {0,1,2}. They show the
mapping

2 2 2
(a1,a9,a3) —< xg,a1x175 > + < Tg, aaT2x] > + < X1, a3T2T; >

defines an isomorphism F® = ker(z). Lemma (7.2.12) will now follow once we
verify:

(7.2.12.2) V(< Ty axTR >) = us 10;(<< i, az T >>).

Let X be a smooth variety, and let E,T C X be closed with ENT = (). Let
X — K(X) be a functor to spaces such that the homotopy of K(X) is K.(X).
Consider the diagram

K'(E) —— K(X,T)

K(X - E) —— K(T).

The bottom square is commutative, and the columns are taken to be fibrations,
defining the spaces at the top. We apply this with X = A%, T : J = (zoz122) =
0, £:1+ axixjxi = 0. We get

<< xi,axjx% >> € KQ(AQ — F; Ii,Ki) — KQ(AQ — E) — KQ(T)
l l |
KI,E<A2;IZ'7KZ') == Ki(E) :Kl’E<A2,J) — Kl(Az,J)

which implies (7.2.12.2). This proves lemma (7.2.12). QED
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Back yet again to the proof of (7.2). Consider yet another diagram:
(7.2.13)

D: Kyiyi_12(A%0) ® Ka(A% = VL %) — Ky 12(A%,3) = K 12(A%,0)

o) y |

€ Ky y1y2(A2,0) 2y Koyeovs (A%, D) — Koy2(A%,5)

Lemma (7.2.14). Diagram (7.2.13) defines a quasi-isomorphism t>;D — t>1€.

proof. The map ( is surjective by lemma (7.2.5). The same lemma implies exact-
ness of
Ko(A? =V 3) — Ky 12 (A3 %) — Ko yz_ys (A3 S).

Lemma (7.2.14) follows immediately. QED

This is the last diagram. We promise:

Kiyioy2(A%,0) —%— Koye_ya(A3,0) —— Koy2_ys(A3,5)

d |

Ky 2 (A 3) —— Kgye ps (A4 D)

The map ¢ is surjective by theorem A in §1, and & is surjective by (7.2.5), so o
and o ¢ have the same image. We now have (OK. So we lied):

£ Kiyi12(8%0) 2% Koye ys(A%E) — Ko pe(A% )

] H

F: Koyeys(ALY) — Koyz_ys(A%%) — Kgy2(A% ),

and t>1€ — t>1F is a quasi-isomorphism. It follows from (1.2.3) that t>1F =
t>1(Z2(F,+)[—4]). We get a string of quasi-isomorphisms

r@2 F) T2 0 U2y p T2y et F = 1o, (22(F, ) [-4).

This completes the proof of (7.2). QED



A SPECTRAL SEQUENCE FOR MOTIVIC COHOMOLOGY 37

Bibliography

1. H. Bass, Algebraic K-theory, W.A.Benjamin Co., New York, (1968).

2. S. Bloch, Algebraic Cycles and Higher K -theory, Adv. Math. 61 (1986), 267-304.
3. R. Godement, Thedrie des faisceaur, Hermann, Paris (1964).

4. S.-T. Hu, Homotopy Theory, Academic Press, New York, (1959).

5. M. Levine, Bloch’s Higher Chow Groups Revisited, Preprint (1993).

6. M. Levine, Relative Milnor K -theory, K-theory 6, 113-175, (1992).

7

S. Lichtenbaum, The construction of weight-two arithmetic cohomology, Inv.
math. 88, 183-215, (1987).

8. J. P. May, Simplicial Objects in Algebraic Topology, Van Nostrand Mathematical
Studies 11, D. Van Nostrand Co. Inc., New York (1967).

9. J. Milnor, Introduction to Algebraic K -theory, Annals of Math. Studies 72,
Princeton University Press, Princeton, N.J., (1971). 10. D. Quillen, Higher alge-
braic K-theory I, Lecture Notes in Math. 341, Springer Verlag, New York, 85-147,
(1973).

11. M. Spivakovsky, A Solution to Hironaka’s Polyhedra Game, in Arithmetic and
Geometry, Vol. 11, Birkhauser Progress in Mathematics, Boston (1983).

12. W. van der Kallen, Descent for the K-theory of Polynomial rings, Math.
Zeitschrift, 191 (1986).

13. T. Vorst, Localization of the K-theory of polynomial extensions, Math. Ann.
244, 33-53 (1979).

14. T. Vorst, A survey on the K-theory of polynomial extensions

15. C. Weibel, Homotopy algebraic K -theory, Contemporary Mathematics 83, 461-
488 (1989).

16. S. Bloch, The moving lemma for higher Chow groups, Journal of Algebraic
Geometry, to appear.

17. S. Lichtenbaum, Values of zeta-functions at non-negative integers, Number
Theory, Noordwijkerhout 1983. LNM 1068, pp. 127-138. Springer Verlag, Berlin-
Heidelberg-New York (1984).

18. D. Guin-Waléry and J-L. Loday, Obstruction a l’excision en K-theorie al-
gebrique, Algebraic K-theory Evanston 1980, LNM 854, Springer Verlag, Berlin-
Heidelberg-New York (1981).

19. B. Dayton and L. Roberts Journal of Pure and Applied Algebra, Vol. 15, pp.
1-9.

DEPT. OF MATHEMATICS, UNIVERSITY OF CHICAGO, CHICAGO, IL 60637



38

S. BLOCH AND S. LICHTENBAUM

E-mail address: bloch@math.uchicago.edu

DEPT. OF MATHEMATICS, BROWN UNIVERSITY, PROVIDENCE, RI 02912

E-mail address: SLICHT%BROWNVM.BITNET



