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1 Introduction.

In this paper we construct for any perfect field k£ a triangulated category
DM (k) which is called the triangulated category of (effective) motivic
complezxes over k (the minus sign indicates that we consider only complexes
bounded from above). This construction provides a natural categorical frame-
work to study “algebraic cycle cohomology” type theories ([3],[14],[9],[7]) in
the same way as the derived category of etale sheaves provides a categorical
framework for etale cohomology. The first section of the paper may be con-
sidered as a long introduction. In §2.1 we give an elementary construction



of a triangulated category DM ;glf (k) of effective geometrical motives over k

which is equivalent to the full triangulated subcategory in DM/ (k) gener-
ated by “motives” of smooth varieties. In §2.2 we give a detailed summary
of main results of the paper.

We do not discuss here the realtions of our theory to the hypothetical
theory of mixed motives or more generally mixed motivic sheaves ([1],[2])
primarily because it would require giving a definition of what the later the-
ory is (or should be) which deserves a separate carefull consideration. We
woluld like to mention also that though for rational coefficients standard mo-
tivic conjectures predict that DM/ (k) should be equivalent to the derived
category of bounded complexes over the abelian category of mixed motives
most probably no such description exists for integral or finite coefficients (see
4.3.8).

Most of the proofs in this paper are based on results obtained in [7] and
[15]. In particular due to the resolution of singularities restriction in [7] the
results of Section 4 are proven at the moment only for fields of characteristic
zero. As a general rule the restrictions on the base field which are given
at the beginning of each section are assumed throughout this section if the
opposite is not explicitly mentioned.

We would like to mention two other constructions of categories similar to
our DM, (k). One was given by M. Levine in [8]. We do not know whether
or not his category is equivalent to DM, (k) (even for rational coefficients),
but most probably it is. Another one appeared in [16] (in much more general
context of schemes over a Noetherian scheme). At the end of §4.1 below we
give a sketch of the proof that it is equivalent to the present one for rational
coefficients if the base field has resolution of singularities.

I would like to thank E. M. Friedlander and A. Suslin for many usefull
discussions which, I hope, helped to make the paper clearer. I would also
like to thank A. Neeman whose explanations of the localization theory for
“large” triangulated categories were very usefull.



2  Geometrical motives.

2.1 The triangulated category of geometrical motives.

Let k£ be a field. We denote by Sm/k the category of smooth schemes over
k.

For a pair XY of smooth schemes over k denote by ¢(X,Y) the free
abelian group generated by integral closed subschemes W in X XY which are
finite over X and surjective over a connected component of X. An element
of ¢(X,Y) is called a finite correspondence from X to Y'1.

Let now X1, X5, X3 be a triple of smooth schemes over k, ¢ € ¢(X1, X»)
be a finite correspondence from X; to Xy and 1 € ¢(Xs, X3) be a finite
correspondence from X5 to X3. Consider the product X; x X5 x X3 and let
pri X1 X Xg x X3 — X be the corresponding projections. One can verify
easily that the cycles (prq X pro)*(¢) and (pre X pr3)*(v) on X7 x Xs X X3
are in general position. Let 1 x ¢ be their intersection. We set ¢ o ¢ =
(pr1 X pr3)«(¢ * ¢). Note that the push-forward is well defined since ¢ (resp.
1) is finite over X (resp. X3).

For any composable triple of finite correspondences «, (3, v one has

(dof)oy=ao(Boy)

and therefore one can define a category SmCor(k) such that objects of
SmCor(k) are smooth schemes of finite type over k, morphisms are finite
correspondences and compositions of morphisms are compositions of corre-
spondences defined above. We will denote the object of SmCor(k) which
corresponds to a smooth scheme X by [X].

For any morphism f : X — Y its graph I'y is a finite correspondence
from X to Y. It gives us a functor [—] : Sm/k — SmCor(k).

One can easily see that the category SmCor(k) is additive and one has
X11Y] = [X] @ [Y].

Consider the homotopy category H®(SmCor(k)) of bounded complexes
over SmCor(k). We are going to define the triangulated category of effective
geometrical motives over k as a suitable localization of H*(SmCor(k)). Let

!Note that a correspondence belongs to ¢(X,Y) if and only if it has a well defined pull-
back with respect to any morphism X’ — X and well defined push-forward with respect
to any morphism ¥ — Y.



T be the class of objects of H*(SmCor(k)) which consists of complexes of
the following two forms:

1. For any smooth scheme X over k the complex
X = AY P x
belongs to T.

2. For any smooth scheme X over k£ and an open covering X = U UV of
X the complex

belongs to T (here jy, jv, iy, iy are the obvious open embeddings).

Denote by T the minimal thick subcategory of H®(SmCor(k)) which con-
tains 7. It would be most natural for our purposes to define the category
of geometrical motives as the localization of H®(SmCor(k)) with respect to
T. Unfortunately this definition makes it difficult to formulate results relat-
ing our theory to more classical motivic theories (see Proposition 2.1.4 and
discussion of 1-motices in Section 3.4). The problem is that in the classical
approach one usually replaces additive categories of geometrical nature by
their pseudo-abelian (or Karoubian) envelopes, i.e. one formally adds ker-
nels and cokernels of projectors. Note that this operation takes triangulated
categories into triangulated categories and tensor categories into tensor cate-
gories. We follow this tradition in the definition below, but we would like to
mention again that in our case the only reason to do so is to make comparison
statements which involve “classical motives” to look more elegant.

Definition 2.1.1 Let k be a field. The triangulated category DM;,{@f(k) of
effective geometrical motives over k is the pseudo-abelian envelope of the
localization of the homotopy category Hb(SmC'or(k))_of bounded complexes

over SmCor (k) with respect to the thick subcategory T'. We denote by Mg,
the obvious functor Sm/k — DM/ (k).

Note that one has the following trivial but usefull result.



Lemma 2.1.2 Let X be a smooth scheme over k and X = U UV be a
Zariski open covering of X. Then there is a canonical distinguished triangle
n DM;T{Lf of the form

Mo (U N V) —= My (U) & My (V) — Mg (X) — My (U N V)[1].
For a pair of smooth schemes X, Y over k we set
X [Y]=[X xY].

For any smooth schemes X1, Y7, X5, Y5 the external product of cycles defines
a homomorphism:

c(X1,Y1) ® c(X2,Y2) — (X1 x Xo, Y] X Y3)

which gives us a definition of tensor product of morphisms in SmCor(k).
Together with obvious commutativity and associativity isomorphisms it gives
us a structure of a tensor category on SmCor(k). This structure defines in
the usual way a structure of tensor triangulated category on H*(SmCor(k))
which can be descended to the category DM, ;T{Lf (k) by the universal property
of localization. We have proven the following simple result.

Proposition 2.1.3 The category DMEIS (k) has a structure of tensor trian-
gulated category and for any pair X,Y of smooth schemes over k there is a
canonical isomorphism My, (X X Y) =2 Mg, (X) @ Mg, (Y).

Note that the unit object of our tensor structure is My, (Spec(k)). We will
denote it by Z. For any smooth scheme X over k£ the structural morphism
X — Spec(k) gives us a morphism in DM/ (k) of the form Mg, (X) —
Z. There is a canonical distinguished triangle M, (X) — M, (X) —
Z — M,,(X)[1] where M,,(X) is the reduced motive of X represented
in H*(SmCor(k)) by the complex [X] — [Spec(k)].

We define the Tate object Z(1) of DM/ (k) as Mg, (PY)[—2]. We fur-
ther define Z(n) to be the n-th tensor power of Z(1). For any object A of
DM¢ST (k) we denote by A(n) the object A ® Z(n).

Finally we define the triangulated category DM, (k) of geometrical mo-
tives over k as the category obtained from DM ;,J;f (k) by inverting Z(1). More



precisely, objects of DMy, (k) are pairs of the form (A, n) where A is an ob-
ject of DM¢I/ (k) and n € Z and morphisms are defined by the following
formula
Hompn,, ((A,n), (B,m)) = kzl_i?_mHomDM%f(A(k +n), B(k+m)).
The category DM,,,(k) with the obvious shift functor and a class of
distinguished triangles is clearly a triangulated category. The situation with
tensor structure on DM, is more subtle. In general it is not possible to get a
tensor structure on the category obtained from a tensor additive category by
inverting an object (). It is possible though in the case when the permutation
involution on @ ® @ is the identity morphism. We will show below (2.1.5)
that it is true in our case. Moreover for a field £ which admits resolution
of singularities the canonical functor from DME// (k) to DMy, (k) is a full
embedding, i.e. that the Tate object is quasi-invertible in DM¢Z/ (k) (4.3.1).
To prove that the permutation involution is identity for Tate object we
need first to establish a connection between our DM, ;T{Lf (k) and Chow motives.
Consider a category C whose objects are smooth projective schemes over
k and morphisms are given by the formula

Homco (X, Y) = @XiAdim(Xi)(Xi X Y)

where X; are connected components of X and A4(—) is the group of cycles of
dimension d modulo rational equivalence. Its pseudo-abelian enveloppe (i.e.
the category obtained from Cy by formal addition of cokernels of projectors)

is called the category of effective Chow motives over k. Denote this category
by Chow®// (k) and let

Chow : SmProj/k — Chow/ (k)

be the corresponding functor on the category of smooth projective varieties
over k.

Proposition 2.1.4 There exists a functor Chow™! (k) — DM (k) such
that the following diagram commutes:

SmProj/k — Sm/k
Chow ! ! Mgy,
Chow™ (k) — DM (k).



Proof: It is clearly sufficient to show that for smooth projective varieties
X,Y over k there is a canonical homomorphism

Adim(X)(X X Y) — HOmDMeff(Mgm(X), Mgm(Y)).

gm

Denote by ho(X,Y') the cokernel of the homomorphism
(X x ALY) - ¢(X,Y)

given by the difference of restrictions to X x {0} and X x {1}. One can
easily see that the obvious homomorphism

c(X,Y) — Hom ) ers (Mg (X), Mg (Y'))

gm

factors through ho(X,Y’). On the other hand by definition of rational equiv-
alence we have a canonical homomorphism

h,o(X, Y) — Adim(X) (X X Y)

which is an isomorphism by [7, Th. 7.1].

Corollary 2.1.5 The permutation involution on Z(1) ® Z(1) is identity in
DM¢IT,
gm

Proof: It follows from Proposition 2.1.4 and the corresponding well known
fact for Chow motives.

Remark: It follows from Corollary 4.2.6 that if k£ admits resolution of singu-
larities then the functor constructed in Proposition 2.1.4 is a full embedding
and any distinguished triangle in DM ;,J;f (k) with all three vertices being of
the form M, (X) for smooth projective varieties X splits.

2.2 Summary of main results.

We will give in this section a summary of main results of this paper. Their
poofs are based on the construction given in Section 3. Essentially our main
technical tool is an embedding of the category DM ;T{Lf to the derived category
of sheaves with some additional structure (transfers) which allow us to apply
all the standard machinery of sheaves and their cohomology to our category
of motives.



Motives of singular varieties. For a field & which admits resolution of
singularities we construct in Section 4.1 an extension of the functor

Mgn = Sm/k — DM to a functor My, : Sch/k — DM/ from the
category of all schemes of finite type over k. This extended functor has the
following main properties.

Kunnet formula. For schemes of finite type X,Y over k one has a canonical
isomorphism My, (X X Y) = My, (X) @ My, (Y) (4.1.7).

Homotopy invariance For a scheme of finite type X over k the morphism
My (X x AY) — M,,,(X) is an isomorphism (4.1.8).

Mayer-Vietoris axiom. For a scheme X of finite type over k and an open
covering X = U UV of X one has a canonical distinguished triangle of
the form

My (UNV) = My (U) & Mg (V) — My (X) — My (UNV)[1]
(4.1.1).

Blow-up distinguished triangle. For a scheme X of finite type over k and a
closed subscheme Z in X denote by pz : X; — X the blow-up of Z in
X. Then there is a canonical distinguished trianle of the form

My (p7'(2)) = Mgn(Xz) © My (Z) — Myn(X) — Mgm(p7'(2))][1]
(4.1.3).

Projective bundle theorem. Let X be a scheme of finite type over k£ and £ be
a vector bundle on X. Denote by p : P(£) — X the projective bundle
over X associated with £. Then one has a canonical isomorphism:

Mg (P(E)) = G375 My (X) (n)[21]
(4.1.11).

It should be mentioned that our functor My,,(—) provides a way to extend
motivic homology and cohomology type theories to not necessarily smooth
varieties. In the case of homology this extension is essentially the only one
possible. The situation with cohomology is different. For instance the Picard
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group for a smooth scheme X is canonically isomorphic to the motivic coho-
mology group Hom py ers (Mg (X),Z(1)[2]). We do not have any “motivic”
description for the Picard groups of arbitrary varieties though, since the func-
tor X — Pic(X) considered on the category of all schemes is not homotopy
invariant and does not have the descent property for general blow-ups.

We hope that there is another more subtle approach to “motives” of
singular varieties which makes use of some version of “reciprocity functors”
introduced by Bruno Kahn instead of homotopy invariant functors considered
in this paper which gives “right” answers for all schemes.

Motives with compact support. For any field £ which admits resolution
of singularities we construct a functor Mg, from the category of schemes of
finite type over k£ and proper morphisms to the category DM ;T{Lf which has
the following properties:

1. For a proper scheme X over k one has a canonical isomorphism

Mg, (X) = Mg (X)

2. For a scheme X of finite type over k and a closed subscheme Z in X
one has a canonical distinguished triangle

M;m(Z) — Mgcm(X) — M;m(X -7)— M;m(Z)[l]
(4.1.5).

3. For a flat equidimensional morphism f : X — Y of schemes of finite
type over k there is a canonical morphism

Mg, (Y)(n)[2n] — Mg, (X)
where n = dim(X/Y') (4.2.4).

4. For any scheme of finite type X over k one has a canonical isomorphism
M, (X x A') = M, (X)(1)[2] (4.1.8).



Blow-ups of smooth varieties and Gysin distinguished triangles.
Let k be a perfect field, X be a smooth scheme over k and Z be a smooth
closed subscheme in X everywhere of codimension c¢. Then one has:

Motives of blow-ups. There is a canonical isomorphism
M (X7) = My (X) @ (9721 My (Z) () [20])
(3.5.3).
Gysin distinguished triangle. There is a canonical distinguished triangle
My (X — Z) — My (X) = My (Z)(c)[2¢] = My (X — Z)[1]

(3.5.4).
Quasi-invertibility of Tate object. Let k be a field which admits reso-
lution of singularities. Then for any objects A, B of DM}/ (k) the obvious

morphism
Hom(A, B) — Hom(A(1), B(1))

is an isomorphism. In particular the functor
DM} — DM,
is a full embedding (4.3.1).

Duality. For any field £ which admits resolution of singularities the cate-
gory DMy, (k) is a “rigid tensor triangulated category”. More precisely one
has (4.3.7):

1. For any pair of objects A, B in DM, there exists the internal Hom-
object Hompy (A, B). We set A* to be Homp, (A, Z).

2. For any object A in DM, (k) the canonical morphism A — (A*)* is
an isomorphism.

3. For any pair of objects A, B in DM, there are canonical isomorphisms
(AR B) =A"® B*

10



For any smooth equidimensional scheme X of dimension n over k there
is a canonical isomorphism (4.3.2)

Mg (X)" = Mg, (X)(=n)[=2n].

Let X be a smooth equi-dimensional scheme of dimension n over k and Z be
a closed subscheme of X. Applying duality to the localization sequence for
My, we get the following generalized Gysin distinguished triangle

My (X = Z) = Mg (X) — Mg,,(2)"(n)[2n] — Mgm (X — Z)[1]

Relations to algebraic cycle homology theories. Let again k be a field
which admits resolution of singularities and X be a scheme of finite type over

k.

Higher Chow groups. If X is quasi-projective and equidimensional of dimen-
sion n the groups Hom(Z(i)[j], My, (X)) (i.e. Borel-Moore homology
in our theory) are canonically isomorphic to the higher Chow groups
CH" (X, j — 2i) (Corollary 4.2.9, see also [3], [12], [7]).

Suslin homology. For any X of finite type over a perfect field k the groups
(i.e. homology in our theory) Hom(Z[k], M, (X)) are isomorphic to
Suslin homology groups hy(X) (3.2.7, see also [9],[14]).

Motivic cohomology. The groups Hom(Mg,,(X),Z(i)[j]) (i-e. cohomology in
our theory) are isomorphic to motivic cohomology groups H, (X, Z(j))
introduced in [7]. In particular one has the desired relations with alge-
braic K-theory (loc. cit.).

Bivariant cycle cohomology. For any X,Y of finite type over k£ any ¢ > 0
and any j the group Hom(M,,,(X)(i)[j], M;,,(Y')) is isomorphic to the
bivariant cycle cohomology group A; j_o;(X,Y") (see [7]).

Relations to Chow motivies. For any pair of smooth projective vari-
eties X,Y over a field which admits resolution of singularities the group
Hompag,,, () (Mgm(X), Mgy, (Y')) is canonically isomorphic to the group of cy-
cles of dimension dim(X) on X x Y modulo rational equivalence (4.2.6(1)).
In particular the full additive subcategory in DM, which is closed under
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direct summands and generated by objects of the form M, (X)(n)[2n] for
smooth projective X over k and n € Z is canonically equivalent as a rigid
tensor additive category to the category of Chow motives over k. Moreover
any distinguished trinagle with all three vertices being in this subcategory
splits by 4.2.6(2).

Motivic complexes and homotopy t-structure. We construct for any
perfect field £ an embedding of the category DM, geﬂ;f (k) to a bigger tensor

triangulated category DM (k) of motivic complexes over k. The image
of DMl (k) is “dense” in DM (k) in the sense that for any object A in

DM (k) there is an distinguished triangle
A— B—C— All]

such that B and C are direct sums of objects of DM¢// (k). Almost by

definition the category DM/ (k) has a (non degenerated) t-structure whose
heart is the abelian category HI(k) of homotopy invariant Nisnevich sheaves
with transfers on Sm/k. Note that this t-structure is not the desired “motivic
t-structure” on DM/ (k) which heart is the abelian category of (effective)
mixed motives over k. On the other hand it seems to be important to have
at least one non-degenerated t-structure on DM! (k) since one may hope
then to construct the “correct” one by gluing technique.

Motivic complexes in etale and h- topologies. We construct in Section
3.3 the category DMf]f J(k) of etale (effective) motivic complexes. There are
canonical functors

DM (k) — DM (k) — DM, (k)

( where the last category is the one constructed in [16]). We show that the
second functor is an equivalence if k£ admits resolution of singularities and
the first one becomes an equivalence after tensoring with Q. We also show
that the category DMf{gt(k, Z/nZ) of etale motivic complexes with Z/nZ
coefficients is equivalent to the derived category of complexes bounded from
above over the abelian category of sheaves of Z/nZ-modules on the small
etale site Spec(k)y for n prime to char(k) and DM (k,Z/pZ) = 0 for
p = char(k).
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3 Motivic complexes.

3.1 Nisnevich sheaves with transfers and category DMfff(k).

The definition of the category DM geﬂ;f given above being quite geometrical
is very inconvinient to work with. In this section we inroduce another tri-
angulated category - the category of (effective) motivic complexes. We will
denote this category by DM/ (k).

Definition 3.1.1 Let k be a field. A presheaf with transfers on Sm/k is
an additive contravariant functor from the category SmCor(k) to the cate-
gory of abelian groups. It is called a Nisnevich sheaf with transfers if the
corresponding presheaf of abelian groups on Sm/k is a sheaf in Nisnevich
topology.

We denote by PreShv(SmCor(k)) the category of presheaves with trans-
fers on over k and by Shvy;s(SmCor(k)) its full subcategory consisting of
Nisnevich sheaves with transfers.

For a smooth scheme X over k denote by L(X) the corresponding repre-
sentable presheaf with transfers, i.e. L(X)(Y) = ¢(Y,X) for any smooth
scheme Y over k. Note that this presheaf is a paticular case of Chow
presheaves considered in [13]. In the notations of that paper L(X) is the
Chow presheaf c.qi(X/Spec(k),0).

The following lemma is straight-forward.

Lemma 3.1.2 For any smooth scheme X over k the presheaf L(X) is a
sheaf in Nisnevich topology.

The role of Nisnevich topology becomes clear in the following proposition:

Proposition 3.1.3 Let X be a scheme of finite type over k and {U; — X}
be a Nisnevich covering of X. Denote the coproduct [JU; by U and consider
the complex of presheaves:

— LU xxU) — L(U) — LX) —0

with differential given by alternated sums of morphisms induced by projec-
tions. Then it is exact as a complex of Nisnevich sheaves.
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Proof: Note first that presheaves L(—) can be extended in the obvious
way to presheaves on the category of smooth schemes over k which are not
necessarily of finite type. Since points in Nisnevich topology are henselian
local schemes it is sufficient to verify that for any smooth henselian local
scheme S over k the sequence of abelian groups

. — LU xx U)(S) — L(U)(S) — L(X)(S) — 0

is exact. For a closed subscheme Z in X xS which is quasi-finite over S denote
by L(Z/S) the free abelian group generated by irreducible components of
Z which are finite and surjective over S. Clearly, the groups L(Z/S) are
covariantly functorial with respect to morphisms of quasi-finite schemes over
S. For a closed subscheme Z in X x S which is finite over S denote by Uy
the fiber product Z X x«s (U x S). One can easily see that our complex is a
filtered inductive limit of complexes K7 of the form

where Z runs through closed subschemes of X x S which are finite and
surjective over S. Since S is henselian any such Z is again henselian and
hence the covering Z; — Z splits. Let us choose a splitting s; : Z — Zy. We
set sp : (Zu)% — (Zy)5™ to be the product s; x z Id g, -1 the morphisms
s induce homomorphisms of abelian groups

ox : L((Zv)%/S) — L((Zv)5/9).

One can verify easily that these homomorphisms provide a homotopy of the
identity morphism of K, to zero.

Remarks:

1. Proposition 3.1.3 is false in Zariski topology even if the corresponding
covering {U; — X} is a Zariski open covering.

2. The only property of Nisnevich topology which we used in the proof
of Proposition 3.1.3 is that a scheme finite over a “Nisnevich point”
is again a “Nisnevich point”. In particular exactly the same argu-
ment works for the etale topology and moreover for any topology where
higher direct images for finite equidimensional morphisms vanish.
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Theorem 3.1.4 The category of Nisnevich sheaves with transfers is abelian
and the embedding

Shvys(SmCor(k)) — PreShv(SmCor(k))

has a left adjoint functor which is exact.

Proof: Note first that the category PreShv(SmCor(k)) is abelian by obvi-
ous reasons. To prove that Shvy;s(SmCor(k)) is abelian it is clearly sufficient
to construct an exact left adjoint functor to the canonical embedding. Its
existence is an immediate corollary from the following lemma.

Lemma 3.1.5 Let F' be a presheaf with transfers on Sm/k. Denote by Fi;s
the sheaf in Nisnevich topology associated with the corresponding presheaf
of abelian groups on Sm/k. Then there exists a unique Nisnevich sheaf with
transfers such that its underlying presheaf is F;s and the canonical morphism
of presheaves ' — F;s s a morphism of presheaves with transfers.

Proof: Let us show first that Fly;, has a unique structure of a presheaf with
transfers. Let F; and F5 be two presheaves with transfers such that their
underlying presheaves on Sm/k equal Fy;s. Consider a morphism f : [X]| —
Y] in SmCor(k). We have to show that for any section ¢ of Fi;s on Y
one has Fi(f)(¢) = F»(f)(¢). Since F; are sheaves in Nisnevich topology
we may assume that X is a henselian local scheme. Then f is a sum of
morphisms which correspond to local henselian closed subschemes in X x Y
which are finite and surjective over X. We may assume therefore that as a
correspondence f is given by a local henselian subscheme Z; in X x Y. Let
p: U — Y be a Nisnevich covering such that p*(¢) belongs to the image of
the homomorphism F(U) — Fy;s(U). Since Z is henselian there is a closed
subscheme Z, in U which maps isomorphically to Z¢. We conclude that our
morphism f is a composition of a morphism ¢ : [X] — [U] with [p]. Thus

F(f)(¢) = Fi(g) Fi([p)(0) = Fi(g)Fi(lp))(¢) = Fi(f)(¢).

To construct a structure of a presheaf with transfers on Fly;, it is sufficient
for any section ¢ of Fl;s on a smooth scheme X over k£ to construct in a
natural way a morphism of presheaves [¢] : L(X) — F;s such that [¢] takes
the tautological section of L(X) over X to ¢. Let p: U — X be a Nisnevich
covering of X such that p*(¢) corresponds to a section ¢y of F' over U
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satisfying the condition pri(¢y) = pri(év) where pr; : U xx U — U are the
projections. Then ¢y defines a morphism of sheaves [¢y] : L(U) — Fl;s such
that [¢y]o L(pr1) = [¢u]o L(prs). Applying Proposition 3.1.3 to our covering
we conclude that [¢y] can be descended to a morphism [¢] : L(X) — Fiis.

The prove of the following lemma is standard.

Lemma 3.1.6 The category Shvy;s(SmCor(k)) has sufficiently many injec-
tive objects.

Proposition 3.1.7 Let X be a smooth scheme over a field k and F be a
Nisnevich sheaf with transfers. Then for any v € Z there is a canonical
isomorphism:

E$tgthis(SmCor(k)) (L(X)7 F) = HZZst(X7 F)

Proof: Since the category Shvy;s(SmCor(k)) has sufficiently many injective
objects by Lemma 3.1.6 and for any Nisnevich sheaf with tranfers G one has
Hom(L(X),G) = G(X) we only have to show that for any injective Nisnevich
sheaf with transfers I one has HY, (X,I) = 0 for ¢ > 0. It is sufficient to
show that Chech cohomology groups with coefficients in I vanish for all X
(see [10, Prop. III.2.11]). Let Y = {U; — X} be a Nisnevich covering of
X and o« be a class in HY, (U/X,I). Let us set U = [[U;. Then « is given
by a section a of I over U¥t! or equivalently by a morphism L(U¥T) — I
in the category of sheaves with transfers. In view of Lemma 3.1.3 the fact
that a is a cocycle implies that as a morphism it can be factored through a
morphism from ker(L(U") — L(U™ 1)) to I. Since [ is an injective object
in Shuy;s(SmCor(k)) it implies that a can be factored through U", i.e. that
a=0.

Consider now the derived category D~ (Shvn;s(SmCor(k))) of complexes
of Nisnevich sheaves with transfers bounded from above. We will use the
following generalization of Proposition 3.1.7.

Proposition 3.1.8 Let X be a smooth scheme over a field k and K be a
complex of Nisnevich sheaves with transfers bounded above. Then for any
1 € 7 there is a canonical isomorphism

Homp-(shoys, (smcorhy (LX), K[i]) = Hy, (X, K)
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where the groups on the right hand side are hypercohomology of X in Nis-
nevich topology with coefficients in the complex of sheaves K .

Proof: By Proposition 3.1.7 and cohomological dimension theorem for Nis-
nevich topology ([11]) we conclude that the sheaf with transfers L(X) has
finite Ext-dimension. Therefore it is sufficient to prove our proposition for
a bounded complex K. Then morphisms in the derived category can be
computed using injective resolution for K and the statement follows from
Proposition 3.1.7.

Remarks:

1. The natural way to prove Proposition 3.1.7 would be to show that if
I is an injective Nisnevich sheaf with transfers then [ is an injective
Nisnevich sheaf. To do so one could construct a functor of “adding
transfers” from Nisnevich sheaves to Nisnevich sheaves with transfers
which is left adjoint to the forgetfull functor and then to use the same
argument as in the standard proof of the fact that an injective sheaf
is an injective presheaf. The problem is that though the functor of
“adding transfers” clearly exists and is right exact simple examples
show that it is not left exact.

2. Though Proposition 3.1.7 gives us an interpretation of Ext-groups from
sheaves L(X) in the category of Nisnevich sheaves with transfers we do
not know how to describe the Ext-groups from L(X) in the category
of all Nisnevich sheaves.

Definition 3.1.9 A presheaf with transfers F' is called homotopy invariant
if for any smooth scheme X over k the morphism X x A' — X induces
isomorphism F(X) — F(X x Al).

A Nisnevich sheaf with transfers is called homotopy invariant if it is ho-
motopy invariant as a presheaf with transfers.

The following proposition relates presheaves with transfers to pretheories
([15]). Though the proof given here is fairly long the statement itself is
essentially trivial and the only problem is to “unfold” all the definitions
involved.
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Proposition 3.1.10 Let k be a field. Then any presheaf with transfers on
Sm/k is a pretheory of homological type over k.

Proof: Let F' be a presheaf with transfers on Sm/k, U be a smooth scheme
over k and X — U be a smooth curve over U. Let us remind that we denote
in [15] by cequi(X/U,0) the free abelian group generated by integral closed
subschemes of X which are finite over U and surjective over an irreducible
component of U. For any morphism of smooth schemes f : U’ — U there is
a base change homomorphism

cycl(f) 1 Cequi(X/U,0) = Cequi(X x¢g U'JU',0)

and for any morphism p : X — X’ of smooth curves over U there is a
push-forward homomorphism

Pi  Cequi(X/U,0) = Cequi(X' /U, 0).

To give F' a structure of a pretheory we have to construct a homomor-
phism
Ox/U  Cequi(X/U,0) — Hom(F(X), F(U))

such that the following two conditions hold ([15, Def. 3.1]):

1. For an element Z in ¢.q,;(X/U,0) which corresponds to a section s :
U — X of the projection X — U we have ¢x,y(2) = F(s).

2. For any morphism of smooth schemes f : U’ — U an element Z in
Cequi(X /U, 0) and an element u in F'(X) we have:

F(f)(oxw(Z)(w) = dxxyur v (cycd(f)(Z))(F(fx)(w))
where fy is the projection X xy U’ — X.

For (F, ) to be a pretheory of homological type we require in addition
that for any morphism p : X — X’ of smooth curves over U, any element «
in F(X') and any element Z in ¢.q.:(X/U,0) we have

Oxyu(pe(2))(u) = dxyu(Z)(F(p)(u).

Let g :: X — U be a smooth curve over a smooth scheme X and Z be an
integral closed subscheme in X which belongs to c.4,:(X/U,0). Consider the
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closed embedding Idx x g : X — X x U. Then the image of Z under this
embedding belongs to ¢(U, X)) = Homgmcork) (U], [ X]).
This construction defines homomorphisms

ax/u - CeqUi(X/UJ O) - HOmsmCm(k)([U], [XD

and since F is a functor on SmCor(k) we can define ¢ x, as the composition
of ax/y with the canonical homomorphism

Homgmeory([U], [X]) = Hom(F(X), F(U)).

One can verify easily that homomorphisms ax,y satisfy the following
conditions which implies immediately the statement of the proposition.

1. For a section s : U — X of the projection X — U we have ax/y(s) =

[s].

2. For a morphism of smooth schemes f : U’ — U and an element Z in
Cequi(X /U, 0) we have

axw(2) o [f] = [fx] o axxyur v (cycd(f)(Z2))
where again fx is the projection X xy U’ — X.

3. For a morphism p : X — X’ of smooth curves over U and an element
Z 1 Cequi(X/U,0) we have

axu(p«(2)) = [pl o axw(2).

The following proposition summarizes some of the main properties of
homotopy invariant presheaves with transfers which follow from the cor-
responding results about homotopy invariant pretheories proven in [15] by
Proposition 3.1.10.

Theorem 3.1.11 Let F' be a homotopy invariant presheaf with transfers on
Sm/k. Then the Nisnevich sheaf with transfers Fy;s associted with F is
homotopy invariant. Moreover as a presheaf on Sm/k it coincides with the
Zariski sheaf Fr,,. associated with F. If in addition the field k is perfect one
has:
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1. The presheaves H,;,(—, Fyis) have canonical structures of homotopy
invariant presheaves with transfers.

2. For any smooth scheme over k one has

H;ar(X7 FZGT) - H]ZVZS(Xv FNiS)‘

Theorem 3.1.11 implies immediately the following result.

Proposition 3.1.12 For any perfect field k the full subcategory HI(k) of the
category Shvy;s(SmCor(k)) which consists of homotopy invariant sheaves is
abelian and the inclusion functor HI(k) — Shvns(SmCor(k)) is ezxact.

We denote by DM/ (k) the full subcategory of D~ (Shvy,s(SmCor(k)))
which consits of complexes with homotopy invariant cohomology sheaves.
Proposition 3.1.12 implies that DM (k) is a triangulated subcategory.
Moreover, the standard t-structure on D~ (Shvys(SmCor(k))) induces a
t-structure on DM (k) whose heart is equivalent to the category HI(k).
We call this t-structure the homotopy t-structure on DM (k).

The connection between our geometrical category DM, geﬂ;f (k) and the cat-

egory DM7 of (effective) motivic complexes will become clear in the next
section. We will use the following simple fact about DM (k).

Lemma 3.1.13 The category DMfff(k) s pseudo-abelian i.e. each projec-
tor in DM (k) has kernel and cokernel.

3.2 The embedding theorem and tensor structure.

We prove in this section our main technical result - the fact that the category
DM ;glf (k) admits a natural full embedding as a tensor triangulated category

to the category DM (k). All throught this section we assume that k is a
perfect field. Since the objects of DM (k) are essentially some complexes of
sheaves on the category Sm/k of smooth schemes over k the existence of this
embedding let us to apply the machinery of sheaves and their cohomology to
the category DMSIS (k).

Let us define first a tensor structure on the category of Nisnevich sheaves
with transfers. In view of Lemma 3.1.5 it is sufficient to define tensor prod-
ucts for presheaves with transfers. Note that for two presheaf with transfers
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their tensor product in the category of presheaves does not have any rea-
sonable structure of a presheaf with transfers and thus a more sophisticated
construction is required.

Let F' be a presheaf with transfers. Let Ag be the set of pairs of the form
(X,¢ € F(X)) for all smooth schemes X over k. Since a section ¢ € F(X)
is the same as a morphism of presheaves with transfers L(X) — F there is a
canonical surjection of presheaves

Dx,peapr L(X) — F.

[terating this construction we get a canonical left resolution £(F') of F which
consists of direct sums of presheaves of the form L(X) for smooth schemes
X over k. We set

LX) L(Y)=L(X xY)

and for two presheaves with transfers F), G:
F®G=H)L(F)® L(G)).

One can verify easily that this construction indeed provides us with a
tensor structure on the category of presheaves with transfers and thus on the
category of Nisnevich sheaves with transfers. Moreover using these canonical
“free resolutions” we get immediately a definition of tensor product on the
derived category D~ (Shvy;s(SmCor(k))).

Remark: Note that the tensor product of two homotopy invariant presheaves
with transfers is almost never a homotopy invariant presheaf. To define
tensor structure on DM’ (k) we need the description of this category given
in Proposition 3.2.3 below.

For presheaves with transfers F,G denote by Hom(F,G) the presheaf
with transfers of the form:

Hom(F,G)(X) = Hom(F ® L(X),QG)

where the group on the right hand side is the group of morphisms in the
category of presheaves with transfers. One can verify easily that for any
three presheaves with transfers F, GG, H there is a canonical isomorphism

Hom(F,Hom(G,H)) - Hom(F @ G, H),
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i.e. Hom(—, —) is the internal Hom-object with respect to our tensor prod-
uct. Note also that if G is a Nisnevich sheaf with transfers then Hom(F, G)
is a Nisnevich sheaf with transfers for any presheaf with transfers F'.

To construct a functor DM/ (k) — DM /7 (k) as well as to define tensor

structure on DMY we will need an alternative description of DM/ in
terms of localization of the derived category D~ (Shuy;s(SmCor(k))).

Let A be the standard cosimplicial object in Sm/k. For any presheaf with
transfers F' on Sm/k let C',(F') be the complex of presheaves on Sm/k of the
form C,(F)(X) = F(X x A™) with differentials given by alternated sums
of morphisms which correspond to boundary morphisms of A- (note that
C,(F) = Hom(L(A™),F)). This complex is called the singular simplicial
complex of F'. One can easily see that if I is a presheaf with transfers (resp.
a Nisnevich sheaf with transfers) then C,(F) is a complex of presheaves with
transfers (resp. Nisnevich sheaves with transfers). We denote the cohomology
sheaves H~(C,(F)) by hYN*(F). In the case when F is of the form L(X) for
a smooth scheme X over k we will abreviate the notation C,(L(X)) (resp.
ENE(L(X))) to C,(X) (resp. hY*(X)). The complex C,(X) is called the
Suslin complex of X and its homology groups over Spec(k) are called Suslin
homology of X (see [14], [15]).

Lemma 3.2.1 For any presheaf with transfers I over k the sheaves
LY (F) are homotopy invariant.

Proof: The cohomology presheaves h;(F') of the complex C,(F') are homo-
topy invariant for any presheaf F' (see [15, Prop. 3.6]). The fact that the
associated Nisnevich sheaves are homotopy invariant follows from Theorem
3.1.11.

We say that two morphisms of presheaves with transfers fy, fi : FF — G
are homotopic if there is a morphism & : F' ® L(A') — G such that

(Idp ® L(ig)) o h = fo

(Idp ® L(i1)) o h = f

where g, 1 : Spec(k) — A' are the points 0 and 1 respectively. A morphism
of presheaves with transfers f : ' — G is a (strict) homotopy equivalence if
there is a morphism ¢ : G — F such that f o g and g o f are homotopic to
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the identity morphisms of G and F respectively. One can verify easily that
composition of two homotopy equivalences is a homotopy equivalence.
Consider homomorphisms

nn:F_)Qn(F)

which take a section of F' on a smooth scheme X to its preimage on X x A"
under the projection X x A" — X.
We will need the following lemma.

Lemma 3.2.2 Morfisms n, are strict homotopy equivalences.

Proof: Since A" is (noncanonically) isomorphic to A™ we have for any n > 0:
Co(F) = Ci(Cpn(F))

and therefore it is sufficient to show that 7, is a homotopy equivalence. Let
ay : C1(F) — F be the morphism which sends a section of F' on X x A! to
its restriction to X x {0}. Then «; o1 = Id and it remains to show that
there is a morphism h : C,(F) ® L(A') — C,(F) such that

(Id® L(iy)) o h = Id
(Id ® L(ig)) o h =m0 .
We set h to be the morphism adjoint to the morphism
Cy(F) — Hom(L(A'),C,(F)) = Cy(F)

which sends a section of F' on X x A! to its preimage on X x A2 under the
morphism A% — A! given by multiplication of functions.

Lemma 3.2.1 implies that C,(—) is a functor from the category of Nis-
nevich sheaves with transfers on Sm/k to DM/ (k). The following propo-
sition shows that it can be extended to a functor from the correspond-
ing derived category which provides us with the alternative description of
DM (k) mentioned above.

Proposition 3.2.3 The functor C,(—) can be extended to a functor
RC : D™ (Shuyis(SmCor(k))) — DM (k)
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which s left adjoint to the natural embedding. The functor RC identifies
DM (k) with localization of D~ (Shvyis(SmCor(k))) with respect to the

localizing subcategory generated by complezes of the form L(X x A%) Llor)

L(X) for smooth schemes X over k.

Proof: Denote by A the class of objects in D~ (Shvys(SmCor(k))) of
L(pr1)

the form L(X x A') "= L(X)f or smooth schemes X over k and let
A be the localizing subcategory generated by A, i.e. the minimal trian-
gulated subcategory in D~ (Shvy;s(SmCor(k))) which contains A and is
closed under direct sums and direct summands. Consider the localization
D= (Shvy;s(SmCor(k)))/A of D~ (Shuyis(SmCor(k))) with respect to the
class of morphisms with cones being in 4. Our proposition asserts that the
restriction of the canonical projection

D™ (Shuyis(SmCor(k))) — D~ (Shvnis(SmCor(k)))/ A

to the subcategory DM! (k) is an equivalence and that the composition
of this projection with the inverse equivalence coincides on sheaves with
transfers with the functor C, (F').

To prove this assertion it is sufficient to show that the following two
statements hold:

1. For any sheaf with transfers F' on Sm/k the canonical morphism
F — C,(F) is an isomorphism in D~ (Shvy;s(SmCor(k)))/A.

2. For any object T of DM/ (k) and any object B of A one has
Hom(B,T) = 0.

To prove the second statement we may assume (by definition of A) that
B is of the form L(X x A') — L(X) for a smooth scheme X over k. By
Proposition 3.1.8 it is sufficient to show that the projection X x Al — X
induces isomorphisms on hypercohomology groups

H*(X,T) - H(X x AL, T).

which follows by hypercohomology spectral sequence from Theorem 3.1.11.
To prove the first statement we need the following two lemmas.

Lemma 3.2.4 For any object T of D~ (Shvys(SmCor(k))) and an object
S of A the object T ® S belongs to A.
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Proof: Since A is the localizing subcategory generated by A it is sufficient
to consider the case of T being of the form L(X) and S being in A. Then it
follows from the fact that L(X) ® L(Y) = L(X x Y.

Lemma 3.2.5 Let f : F — G be a homotopy equivalence of presheaves with
transfers. Then the cone of f belongs to A.

Proof: We have to show that f becomes an isomorphism after localization
with respect to A. To do it it is sufficient to show that a morphism of
sheaves with transfers which is homotopic to the identity equals the identity
morphism in D~ (Shvy;s(SmCor(k)))/A. By definition of homotopy we have
only to show that for any F' the morphisms

Id® L(ip) : F — F @ L(A")

Id® L(iy) : F — F ® L(A")

are equal. Denote by I' the kernel of the morphism L(A') — L(pt). Then
the difference Id ® L(ig) — Id ® L(i;) can be factored through F @ I'* which
is zero in D™ (Shvy;s(SmCor(k)))/A by Lemma 3.2.4 since I' belongs to A.

Let I be a sheaf with transfers. Denote by C-(F') the cokernel of
the obvious morphism of complexes of sheaves F' — C,(F'). To finish the
proof of the proposition we have to show that C'5,(F) belongs to A. Let
C,(F) = coker(n,). Since the diffrental in C,(F) takes Im(1n,) to Im(n,_1)
the sehaves C, (F) form a quotient complex of C,(F) which is clearly quasi-
isomorphic to Cs(F). Since A is a localizing subcategory it is sufficient
now to note that for each n C, (F) belongs to A by Lemmas 3.2.5, 3.2.2.
Proposition is proven.

We define the tensor structure on DM/ (k) as the descent of the tensor
structure on D~ (Shvy;s(SmCor(k))) with respect to the projection RC.

Note that such a descent exists by universal properties of localization and
Lemma 3.2.4.

Remark: Note that the inclusion functor

DM (k) — D™ (Shunis(SmCor(k)))
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does not preserve tensor structures. In fact many hard conjectures in motivic
theory (Beilinson’s vanishing conjectutes and Quillen-Lichtenbaum conjec-
tures in the first place) can be formulated as statements about the behvior
of tensor structures on these two categories with respect to the inclusion
functor.

The following theorem is the main technical result we use to study the
category DML/ (k).

Theorem 3.2.6 Let k be a perfect field. Then there is a commutative dia-
gram of tensor triangulated functors of the form

HY(SmCor(k)) — D= (Shuyis(SmCor(k)))
! I RC
DM (k) DM (k)

such that the following conditions hold:

1. The functor i is a full embedding with dense image. More precisely, for
any object A in DM (k) there exists an distinguished triangle of the
form A — B — C — All] such that B and C' are direct sums of objects
of DMII ().

2. For any smooth scheme X over k the object RC(L(X)) is canonically
ismorphic to the Suslin complex C,(X)

Proof: The only statement which requires a proof is that the functor i exists
and is a full embedding. In view of Lemma 3.1.13 we may replace DM/ (k)
by the localization of the category H®(SmCor(k)) with respect to the thick
subcategory generated by objects of the following two types:

1. Complexes of the form L(X x A') — L(X) for smooth schemes X over
k.

2. Complexes of the form L({UNV) — L(U) & L(V) — L(X) for Zariski
open coverings of the form X =U U V.

We denote the class of objects of the first type by Th, and the class of
objects of the second type by Ty .
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To prove the existence of 7 it is clearly sufficient that RC' takes T},,, and
Tyv to zero. The fact that RC(Th,m) = 0 follows immediately from the
definition of this functor (see Proposition 3.2.3). Note that RC(L(Y)) =
C.(Y) for any smooth scheme Y over k. Thus to prove that RC(Tyv) =0
we have to show that for an open covering X = U UV of a smooth scheme
X the total complex of the bicomplex

0—C,UNV)—=C(U)®l.(V) = C(X)—0

is exact in Nisnevich topology.

Note that this sequence of complexes of sheaves is left exact and the
cokernel of the last arrow is isomorphic to the singular simplicial complex
C.(L(X)/(L(U) + L(V))) of the quotient presheaf L(X)/(L(U) + L(V)).
The sheaf in Nisnevich topology associated with this presheaf is zero by
Proposition 3.1.3 and therefore C, (L(X)/(L(U)+ L(V))) is quasi-isomorphic
to zero in Nisnevich topology by [15, theorem 5.9]. This proves existence of
the functor i.

To prove that 7 is a full embedding we proceed as follows. Consider the
category D~ (PreShv(SmCor(k))). One can verify easily that
D= (Shvyis(SmCor(k))) is the localization of D~ (PreShv(SmCor(k))) with
respect to the localizing subcategory generated by presheaves with transfers
F such that Fy;s = 0. The functor L from our diagram lifts to a functor

Lo : H*(SmCor(k)) — D~ (PreShv(SmCor(k)))

which is clearly a full embedding. Moreover the localizing subcategory gen-
erated by the image of Ly coincides with D~ (PreShv(SmCor(k))).

Let T = Thom U Thyv and let 7 be the localizing subcategory in
D= (PreShv(SmCor(k))) generated by T'. The general theory of localization
of triangulated categories implies now that it is sufficient to show that for
any presheaf with transfers F' such that Fy;s = 0 we have F € 7.

Consider the family of functors H* : Sm/k — Ab of the form

Hi (X) = HOmD*(PreShv(SmCor(k)))/'T(L(X>7 FM)

It clearly suffice to show that H* = 0 for all i. Note that since 7 contains Thsy
our family has long exact sequences of Mayer-Vietoris type for Zariski open
coverings. Thus by [5, Theorem 1°] we have only to show that the sheaves in
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Zariski topology associated with H%’s are zero. By the construction H"s are
presheaves with transfers and since T}, belongs to 7 they are homotopy
invariant. Thus (H")z4 = (H')nis by Theorem 3.1.11(2).

A morphism from L(X) to F[i] in D™ (PreShv(SmCor(k)))/7T can be
respresented by a diagram of the form

L(X) F

I\ /g
K

such that the cone of g belongs to 7. Since C,(—) is an exact functor from
the category of presheaves with transfers to the category of complexes of
presheaves with transfers it can be extended to D~ (PreShv(SmCor(k)))
and as was establishedd in the proof of Proposition 3.2.3 for any object
K of D= (PreShv(SmCor(k))) the canonical morphism K — C,(K) is an
isomorphism in D~ (PreShv(SmCor(k)))/7. Thus it is sufficient to show
that there exists a Nisnevich covering U — X of X such that the composition:

L(U) = LX) L K — C.(K)
is zero. It follows from the fact that (C,(K))nis = 0.

The following corollary gives an “explicite” description of morphisms in
the category DM ;,{Tf (k) in terms of certain hypercohomology groups. It will
be used extensively in further sections to provide “motivic” interpretations
for different algebraic cycle homology type theories.

Corollary 3.2.7 Let k be a perfect field. Then for any smooth schemes X,Y
over k and any k € Z one has a canonical isomorphism

Homppyers (Mo (X), My (Y)[K]) = Hy;, (X, C.(Y)) = Hz,, (X, C.(Y)).

In particular for any smooth scheme X over k the groups
Homy, e (Z[k], Mg (X)) are isomorphic to Suslin homology of X

(see [14],[9]).
Proof: The first isomorphism follows from Theorem 3.2.6 and Proposition
3.1.8. The second one follows from Theorem 3.1.11 and Lemma 3.2.1.

One of the important advantages of the category DM/ (k) is that it has
internal Hom-objects for morphisms from objects of DM ;,J;f .
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Proposition 3.2.8 Let A, B be a objects of DM (k) and assume that A
belongs to the image of DMEI (k). Then there exists the internal Hom-
object Hompyess (A, B). If A = C,(L(X)) for a smooth scheme X and
px : X — Spec(k) is the canonical morphism then

Hompyers (A, B) = R(px)«((px)"(B)).

Proof: We may consider the internal RHom-object RHom(A, B) in the
derived category of unbounded complexes over Shvy;s(SmCor(k)). It is
clearly sufficient to verify that it belongs to DM/ (k). The fact that its
cohomology sheaves are homotopy invariant follows from Theorem 3.1.11(1).
The fact that H(RHom(A, B)) = 0 for sufficiently big ¢ follows from the
lemma below.

Lemma 3.2.9 Let X be a smooth scheme over a perfect field k and F' be
a homotopy invariant Nisnevich sheaf with transfers over k. Denote by p :
X — Spec(k) the structural morphism of X. Then the sheaves R'p,(p*(F))
on Sm/k are isomorphic to zero fori > dim(X).

Proof: By Theorem 3.1.11 these sheaves are homotopy invariant Nisnevich
sheaves with transfers. Therefore, by [15, Cor. 4.19] for any smooth scheme
Y over k and any nonempty open subset U of Y the homomorphisms

Rip.(p"(F))(Y) — R'p.(p"(F))(U)

are injective and our result follows from cohomological dimesnion theorem
for Nisnevich cohomology ([11]).

3.3 FEtale sheaves with transfers.

To avoid unpleasant technical difficulties we assume in this section that &
has finite etale cohomological dimension. This section is very sketchy mainly
because of Propositions 3.3.2, 3.3.3 below which show that with rational coef-
ficients etale topology gives the same motivic answers as Nisnevich topology
and with finite coefficients everything degenerates to usual etale cohomology.

Denote by Shve(SmCor(k)) the category of presheaves with transfers
on Sm/k which are etale sheaves. One can easily see that the arguments
of Section 3.1 work for etale topology as well as for Nisnevich topology. In
particular one has the following result.
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Proposition 3.3.1 For any field k the category Shve (SmCor(k)) is abelian
and there is an exact functor of associated sheaf

Shvyis(SmCor(k)) — Shve(SmCor(k)).

(
Denote by D~ (Shve(SmCor(k))) the derived category of complexes bounded
from above over Shve(SmCor(k)). Then for any object A of this category
and any smooth scheme X over k one has a canonical isomorphism

HomD*(Shvet)(L(X)v A) = Hgt(X> A)

We denote by DM¢//(k)_ .; the full subcategory of D~ (Shv.(SmCor(k))
which consits of complexes with homotopy invariant cohomology sheaves. Us-
ing results of [15] we see immediately that this is a triangulated subcategory

and that the analog of Proposition 3.2.3 holds in etale case. Moreover we
have the obvious functor DM/ (k) — DM (k)_ .

Proposition 3.3.2 The functor
DM (k) ® Q — DM (k)_.. ® Q
1s an equivalence of triangulated categories.

Proof: It follows immediately from Proposition 3.3.1 and the comparison
Theorem [15, Prop. 5.28|.

Denote by DMf];ft(k, Z/nZ) the category constructed in the same way
as DMffe];(k:) from the abelian category Shuve(SmCor(k),Z/nZ) of etale
sheaves of Z/nZ-modules with transfers.

Proposition 3.3.3 Denote by p the exponential characteristic of the field k.
Then one has:

1. Let n > 0 be an integer prime to p. Then obvious functor
DM (k,Z/nZ) — D~ (Shv(Spec(k)er, Z/nZ))

where Shv(Spec(k)et, Z/nZ) is the abelian category of sheaves of Z /n'Z-
modules on the small etale site Spec(k)es is an equivalence of triangu-
lated categories.
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2. For any k > 0 the category DMf{gt(k, Z/p*Z) is equivalent to the zero
category.

Proof: The first statement follows from the rigidity theorem [15, Th. 5.25].
The second one follows from the fact that Z/pZ = 0in DM f{ J.(k) which was
proven (in slightly different form) in [16].

3.4 Motives of varieties of dimension < 1.

Consider the thick subcategory d<, DML/ (k) in the category DMl (k) gen-
erated by objects of the form DM, (X) for smooth schemes of dimension
< n over k. Similary let dSnDMff (k) be the localizing subcategory in
DM (k) generated by objects of the form C,(X) for smooth schemes X of
dimension < n over k. These categories are called the category of (effective)
geometrical n-motives and the category of (effective) n-motivic complexes
respectively. One can observe easily that the inclusion functors

den DM (k) — dep iy DM (k)

have right adjoints given on the level of sheaves with transfers by taking
the canonical free resolution of the restriction of a sheaf to the category
of smooth schemes of dimension < n. Unfortunately, the corresponding left
adjoint functors most probably do not exist for n > 2. In fact it can be shown
that if the standard motivic assumptions hold existence of such an adjoint
for n = 2 would imply that the group of 1-cycles on a variety of dimension
three is either finitely generated or is not countable, which is known to be
wrong.

In this section we will describe “explicitely” the category d<oDMZl/ (k)
of geometrical O-motives and give some partial description of the category
d<iDM¢]J (k) of geometrical 1-motives. In particular we obtain a description
of motivic cohomology of weight one which will be used in the next section
to construct the standard distinguished triangles in DM (k).

We start with the category d<oDMgl/ (k) of zero motives. As always we
assume that k is a perfect field. Choose an algebraic closure k£ of k£ and let
G = Gal(k/k) be the Galois group of k over k. Denote by Perm(G},) the
full additive subcategory of the category of Z[G)]-modules which consists of
permutational representations (i.e. representations which are formal linear
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envelopes of finite Gy-sets). Tensor structure on the category of Z[G}] mod-
ules gives us a tensor structure on Perm(k) such that Perm(k) becomes a
rigid tensor additive category.

Let Shv(Perm(Gy)) be the category of additive contravariant functors
from Perm(k) to the category of abelian groups. Clearly the category
Shv(Perm(Gy)) is abelian and we have a full embedding

Perm(k) — Shv(Perm(Gy))

which takes an object to the corresponding representable functor. We denote
this functor by Lg(—). Note that objects of the form Lg(—) are projective
objects in Shv(Perm(Gy)) and therefore the corresponding functor

H°(Perm(k)) — D°(Shv(Perm(k)))

is also a full embedding.
Denote by H®(Perm(k))s the pseudo-abelian envelope of H®(Perm(k))q.
Note that the embedding

H°(Perm(k)) — D°(Shv(Perm(k)))
has a canonical extension to an embedding
H(Perm(k))e — DU(Shv(Perm(k)))

since the right hand side category is pseudo-abelian.

The following proposition which gives an explicite description of cate-
gories d<gDME]T (k) and d<oDM/ (k) is a trivial corollary of Theorem 3.2.6
and elementary Galois theory.

Proposition 3.4.1 There is a commutative diagram of the form

Hb(Perlm(k‘))@ — D~ (Shv(Perm(k)))
deoDMII (k) —  d<oDM (k)

with vertical arrows being equivalences of tensor triangulated categories.

Remarks:
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1.

Note that while the category D~ (Shv(Perm(k))) (and thus the cate-
gory d<gDM®7(k)) has an obvious t-structure it is not clear how to
construct any nondegenerated t-structure on the category
H®(Perm(k))e. In particular, even for zero motives there seems to be
no reasonable abelian theory underlying the triangulated theory which
we consider.

The rational coefficients analog of H®(Perm(k))e is canonically equiv-
alent to the derived category of bounded complexes over the abelian
category of Gy-representations over Q. Thus with rational coefficients
our theory for zero dimensional varieties gives usual Artin motives.

The following result which was proven in different forms in [9] and [14]
(see also [6]) contains essentially all the information one needs to describe
the category d<;DMZ// (k) of 1-motives.

Theorem 3.4.2 Let C' be a smooth connected curve over a field k. Denote
by Alb(C) the Albanese variety of C' and let Alb(C) be the sheaf of abelian
groups on Sm/k represented by Alb(X). Then one has:

1.
2.
3.

LYE(C) =0 fori#0,1.
hy"*(C) = G, if C is proper and hy"*(C) = 0 otherwise.

The kernel of the canonical homomorphism h)™(C) — Z is canonically
isomorphic to Alb(C).

Corollary 3.4.3 Let X be a smooth scheme over k. Then one has:

Hom yy,ers (M (X), Z(D)[K]) = HE (X, 07).

Proof: It follows from definition of Z(1), Corollary 3.2.7 and the fact that

Z fori=0
h(PH =< O fori=1
0 fori#0,1.

by Theorem 3.4.2.

Unfortunately we are unable to give a reasonable description of the cat-
egory d<y DM}/ (k) due to the fact that with integral coefficients it most
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probably has no “reasonable” t-structure (see 4.3.8 for a precise statement
about all DM¢/!(k)). The rational coefficients analog d<;DM¢l/ (k, Q) can
be easily described in “classical” terms as the derived category of bounded
complexes over the corresponding abelian category of 1-motives over k with
rational coefficients. We do not consider this description here mainly because
it will not play any role in the rest of the paper.

3.5 Fundamental distinguished triangles in the category of
geometrical motives.

In this section we will construct several canonical distinguished triangles in
DM geﬂ;f (k) which correspond to standard exact sequences in cohomology of
algebraic varieties. We will also prove the standard decomposition results for
motives of projective bundles and blow-ups.

Proposition 3.5.1 Let X be a smooth scheme over k and £ be a vector
bundle over X. Denote by p : P(£) — X the projective bundle over X
associated with €. Then one has a canonical isomorphism in DM;,{lf(k) of
the form: '

My (P(€)) = @525 ™ My (X) (n)[2n].

Proof: We may assume that d = dim(€) > 0. Let O(1) be the standard line
bundle on P(£). By Corollary 3.4.3 it defines a morphism 7 : M, (X) —
Z(1)[2]. For any n > 0 we set 7,, to be the composition

Mgm (D) e
—

Mg (X) Mo (X") = Mgm(X)®" == Z(n)[2n].

Let further o,, to be the composition

Mgm(A) Tdnrg,, (x)®Tn
— —

Mg (X) Mo (X) @ Mg (X) Mg (X)(n)[212].

We have a morphism

Y =

n

;%)Un : Mgm(X) - @gz@(b)g_lMgm(X)(n) [2n)].

Let us show that it is an isomorphism. Note first that > is natural with
respect to X. Using induction on the number of open subsets in a trivializing
covering for £ and distinguished triangles from Lemma 2.1.2 we may assume
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that & is trivial. In this case X is the tensor product of the corresponding
morphism for trivial vector bundle over Spec(k) and Idyy,, (x). It means that
we have only to consider the case X = Spec(k). Then our proof goes exactly
as the proof of the similar result in [16].

Proposition 3.5.2 Let X be a smooth scheme over k and Z C X be a
smooth closed subscheme in X. Denote by p : Xz — X the blow-up of Z in
X. Then one has a canonical distinguished triangle of the form:

My (p™(Z)) = Mym(2) & Mgun(X7) = Mg (X) — Mg (p~'(2))[1].
Proof: Consider the complex in SmCor(k) of the form:
p~(2)] = [Z] & [X7] — [X].

We have to show that the corresponding object of DM, ;,{If (k) is zero. Consider
the complex ® of sheaves with transfers of the form

L(p~(2)) = L(Z) & L(Xz) — L(X).

By Theorem 3.2.6 we have only to show that for any homotopy invariant
sheaf with transfers ' on Sm/k and any ¢ € Z we have

Homp- (Shunss(SmCor(k))) (‘I) F[ ]) =0.

Let &, be the complex of Nisnevich sheves of the form:
Znis(p™(2)) = Znis(2) ® Znis(X7) — Znis(X).

where Zy;s(—) denote the freely generated Nisnevich sheaf. By Proposition
3.1.7 the canonical homomorphisms:

Homp-(Shuy, (SmCor(k)) (P, F[i]) — Homp-(shuy,, (Sm/x)) (Po, Fi])
are isomorphisms for all ¢ € Z. The complex @ is clearly left exact and
CO]CGT’(ZNZ'S(Z) ) ZNis(XZ> — Zst(X)) = COkeT’(ZNZ'S(Xz) ZNL> Zst(X>>

since p~}(Z) — Z is a vector bundle and thus Zy;s(p™'(Z)) — Zyis(Z) is a
surjection in Nisnevich topology. Therefore we have canonical isomorphisms:

Homp-(shuyss(sm/) (Pos F[i]) = Bt sm/m (coker(Znis(p)), F).
The last groups are zero by [15, Prop. 5.21].
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Proposition 3.5.3 Let X be a smooth scheme over k and Z be a smooth
closed subscheme in X everywhere of codimension c. Denote by Xz — X
the blow-up of Z in X. Then there is a canonical isomorphism

Myn(Xz) = Mg (X) & (€721 Mg (Z) (n)[2n]).

Proof: In view of Propositions 3.5.2 and 3.5.1 we have only to show that
the morphisms M,,,(Xz) — Mg, (X) has a canonical splitting. Consider the
following diagram (morphisms are numbered for convinience):

Mgm<§—l1<2>> R Mgm@—lﬁ x {0}))
Myn(2) ® Myu(Xz) = Myu(Z x {0}) & My (X x AV z0))
5] 16
My (X) Mor 220D My (X x AY)
71 18
My (p™ (Z))[1] L My (p~(Z % {0}))[1].

Note that the morphism Mg, (Id x {0}) is an isomorphism equal to the
isomorphism My, (Id x {1}). Since the later morphism obviuosly has a lift-
ing to My, (Z x {0}) & My ((X X A1) z403) we conclude that the morphism
marked (6) has a canonical splitting. Since the vertical triangles are distin-
guished by Proposition 4.1.3 it gives us a canonical splitting of the morphism
(4).

The morphism p~!(Z) — p~'(Z x {0}) is the canonical embedding of
the projective bundle P(N(Z)) over Z (where N(Z) is the conormal bundle
to Z in X) to the projective bundle P(N(Z) @ T') over Z (where T is the
trivial line bundle on Z). Thus by Proposition 3.5.1 the morphism (1) is a
splitting monomorphism with a canonical splitting. Thus the composition of
the morphism (2) with the canonical splitting of the morphism (4) with the
canonical splitting of the morphism (1) gives us a canonical splitting of the
morphism (3). Using the fact that the left vertical triangle is distinguished
we conclude that the morphism (5) also has a canonical splitting.

The diagram from the proof of Proposition 3.5.3 has another important

application. Let X be a smooth scheme over k and Z be a smooth closed
subscheme in X everywhere of codimension c.
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Using this diagram we can construct a morphism
9z : Mgm(X) — Mg (Z)(c)[2¢]

as follows. Consider two morphisms from Mg, (X) to My, (Z x {0}) &
My (X % Al (). One is the composition of the canonical splitting of
the morphism (5) with the morphism (2). Another one is the canonical lift-
ing of the morphism Id x {1}. Let f be there difference. Composition of
f with the morphism (6) is zero. Thus f has a canonical lifting to a mor-
phism M, (X) — My, (p~"(Z x {0})). To get the morphism gz we note
that p~!(Z x {0}) is the projective bundle associated with a vector bundle
of dimension ¢ + 1 over Z and use Proposition 3.5.1.
The composition of this morphism with the canonical morphism

Mym(Z)(€)[2¢] — Z(c)[2(]

which is induced by the projection Z — Spec(k) is the class of Z in the
motivic cohomology group H3%(X, Z(c)).

The following proposition shows that g fits into a canonical distinguished
triangle which leads to the Gysin exact sequences in cohomology theories.

Proposition 3.5.4 Let X be a smooth scheme over k and Z be a smooth
closed subscheme in X everywhere of codimension c. Then there is a canon-
ical distinguished triangle in DML (k) of the form

Mn(X = Z) 257 My (X) 2 My(Z)(€)[26] = My(X — Z)[1]

(here j is the open embedding X — Z — X ).

Proof: Denote by My,,(X/X —Z) the object in DM/ (k) which corresponds

to the complex [X — Z] — [X]. Note that its image in DM/ (k) is canon-
ically isomorphic to C,(L(X)/L(X — Z)) and that there is a distinguished
triangle of the form:

My (X — Z) = My (X) = My (X/X — Z) — My, (X — Z)[1].

To prove the proposition it is sufficient to show that there is an isomorphism
Mg (X)X = Z) — Mg (Z)(c)[2d].
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To do it we consider again the diagram from the proof of Proposition
3.5.3. Exactly the same arguments as before show that there is a canonical
isomorphism

Myn(Xz/ X7 = p~(2)) = Myu(X/X = Z) & (&, Mg (Z) (n)[2n])

which is compatible in the obvious sense with the distinguished triangles for
Myn(Xz/ Xz —p Y (Z)) and M,,,,(X/X — Z). Proceeding as in the construc-
tion of the morphism g, we see that it can in fact be factored through a
canonical morphism

ax.z) : Mgm(X/X = Z) = Mgn(Z)()[2¢].

The word “canonical” here means that in particular the following condi-
tions hold:

1. Let f: X’ — X be a smooth morphism. Denote f~!(Z) by Z’. Then
the diagram

Mgm<X'/lX'—Z'> Rt Mgm<zi><c>[2c1
My (X)X = 2Z) "% M (2)(0)]2d]

comimutes.
2. For any smooth scheme Y over k we have
Q(xxy,zxY) = Q(x,2) @ Ldp,,, (v)-
Consider an open covering X = U UV of X. Let
Zy=7NnU

Zy =2ZNV.

One can easily see that there is a canonical exact triangle of the form
My, (UNV/UNV —ZyNZy) — My (UJU — Ziy) & My, (V/V — Zy) —

— My (X)X = Z) = My (UNV/UNV = Zy 0 Zy)[1]
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and morphisms a_ _ map it to the corresponding Mayer-Vietoris distin-
guished triangle for the open covering Z = Zy; U Zy of Z.

Thus to prove that o (x,z) is an isomorphism it is sufficient to show that
X has an open covering X = UU; such that o,z is an isomorphism for
any open subset V' which lies in one of U;’s. In particular we may assume
that there exists an etale morphism f : X — A% such that Z = f~1(A%).
Consider the Cartesian square:

Y — ZxA°
! L flzx 1d
x 4 Al
Since f (and therefore fiz) is an etale morphism the diagonal is a con-
nected component of Z x A °Z and we may consider the open subscheme

X'=Y —(ZxA¥Z —Z)of Y. Let Z' be the image of Z in Y. Then pry
maps Z' isomorphically to Z x {0} C Z x A€ and pro maps Z’ isomorphically
to Z C X. Moreover
pri (2 x{0}) =27
and
pry'(2) =27
Thus by [15, Prop. 5.18] the obvious morphisms of Nisnevich sheaves
ZNis(X,)/ZNz’s(X/ - Z’) — Zinis(X)/Znis(X — Z)
Znis( X)) Znis (X' — Z") — Zinis(Z X A°) [ Znis(Z x A° — Z x {0})
are isomorphisms. It follows immediately from Propositoon 3.1.7 that the
same holds for the sheaves L(—)/L(—) and therefore by Theorem 3.2.6 the
morphisms
My (X)X = Z") — My (X/X — Z)
My (X' /X" = Z") — My (Z x A°)Z x A° — Z x {0})

are isomorphisms. Due to the naturality properties of morphisms o )
mentioned above it remains to show that a(ac o)) or equivalently aqpe ) is
an isomorphism. It follows easily from the construction of a(_ _y (see [16]).

Corollary 3.5.5 Let k be a field which admits resolution of singularities.

Then DMg%f s generated as a triangulated category by direct summonds of
objects of the form Mg, (X) for smooth projective varieties X over k.
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4 Homology of algebraic cycles and duality.

4.1 Motiwves of schemes of finite type and cdh-topology.

Let X be a scheme of finite type over a field k. For any smooth scheme U
over k consider the following two abelian groups

1. The group L(X)(U) is the free abelian group generated by closed inte-
gral subschemes Z of X x U such that Z is finite over U and dominant
over an irreducible (=connected) component of U,

2. The group L°(X)(U) is the free abelian group generated by closed
integral subschemes Z of X x U such that Z is quasi-finite over U
and dominant over an irreducible (=connected) component of U,

One can define easily Nisnevich sheaves with transfers L(X), L¢(X) on
Sm/k such that for any smooth U over k the groups L(X)(U), L(X)(U) are
the groups described above. In the case when X is smooth over k& our notation
agrees with the notation L(X) for the presheaf with transfers represented
by X. The presheaves L(X) (resp. L¢(X)) are covariantly functorial with
respect to X (resp. with respect to proper morphisms X — X’) which gives
us two functors:

L(—) : Sch/k — PreShv(SmCor(k))

L¢(=) : Sch?™? [k — PreShv(SmCor(k))

(here Sch?™? [k is the category of schemes of finite type over k& and proper
morphisms). Note that the functor L(—) from Sch/k extends the functor
L(—) from Sm/k which we considered before.

For a scheme of finite type X over k we write C,(X) (resp. C$(X))
instead of C,(L(X)) (resp. C,(L°(X))). By Lemma 3.2.1 these complexes
of Nisnevich sheves with transfers are objects of the category DM/ (k). Tt
provides us with two functors:

C.(=): Sch/k — DM (k)
C(=) : Sch?™P [k — DM (k).

We will show latter in this section that if k£ admits resolution of singu-
larities they can be factored through the canonical embedding DM, ;,{Lf (k) —
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DM (k) and therefore define “motives” and “motives with compact sup-
port” for schemes which are not necessarily smooth over k.

Proposition 4.1.1 Let X be a scheme of finite type over k and X = U UV
be an open covering of X. Then there is a canonical distinguished triangle
in DM of the form

C.UNV)—=C.U)@C.(V) = C(X) = CUNV)L].
Proof: It is sufficient to notice that the sequence of Nisnevich sheaves
0—-LUNV)—=LU)® LV)— LX) —0
is exact.

The main technical result which allow us to work effectively with objects of
the form L(X), L°(X) for singular varieties is the theorem below which is a
particular case of [7, Th. 5.5(2)].

Theorem 4.1.2 Let k be a field which admits resolution of singularities and
F be a presheaf with transfers on Sm/k such that for any smooth scheme
X over k and a section ¢ € F(X) there is a proper birational morphism
p: X' — X with p*(¢) = 0. Then the complex C,(F) is quasi-isomorphic to
zero.

The first application of this theorem is the following blow-up distinguished
triangle.

Proposition 4.1.3 Consider a Cartesian square of morphisms of schemes
of finite type over k of the form

p ' (Z) — Xz

! Lp
Z — X

such that the following conditions hold:

1. The morphism p : Xz — X is proper and the morphism Z — X 1is a
closed embedding.

2. The morphism p~ (X — Z) — X is an isomorphism.
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Then there is a canonical distinguished triangle in DM (k) of the form
C.(p7(2)) = C(2) ® Cu(Xz) — Cu(X) — Culp™(2))[1].
Proof: It is sufficient to notice that the sequnce of presheaves
0— L(p~(2)) — L(Xz) & L(Z) — L(X)

is exact and the quotient presheaf L(X)/(L(Xz)® L(Z)) satisfies the condi-
tion of Theorem 4.1.2.

Corollary 4.1.4 Let k be a field which admits resolution of singularities.
Then for any scheme X of finite type over k the object C,(X) belongs to
DM, ;glf (k).

The following proposition explains why C$(X) is called the motivic complex
with compact support.

Proposition 4.1.5 Let k be a field which admits resolution of singularities,
X be a scheme of finite type over k and Z be a closed subscheme of X. Then
there is a canonical distinguished triangle of the form

A7) = CUX) — CUX = Z) — CL(Z)[1].
If X is proper than there is a canonical isomorphism C5(X) = C,(X).

Proof: The second statement is obvious. To prove the first one it is again
sufficient to notice that the sequence of presheaves

0— LY(Z) — LYX) = LY(X — Z)

is exact and the cokernel L¢(X — Z)/L(X) satisfies the condition of Theorem
4.1.2.

Corollary 4.1.6 Let k be a field which admits resolution of singularities.
Then for any scheme X of finite type over k the object CS(X) belongs to
DM (k).

42



Proposition 4.1.7 Let X,Y be schemes of finite type over k. Then there
are canonical isomorphisms:

C. (X xY)=C(X)®C,(Y)

CUX xY) = Ci(X) © CUY)
Proof: One can construct easily natural morphisms

C.(X)oC,(Y)—C.(X xY)

CUX)RC(Y) — CX xY).
For smooth projective X, Y there are isomorphisms by definition. The gen-

eral case follows now formally from Propositions 4.1.3 and 4.1.5.

Corollary 4.1.8 For any scheme of finite type X over k one has canonical
1somorphisms;
C.(X x Al) =C.(X)
CiX x A = Ci(X)(1)[2].
In particular we have:
CL(A") = Z(n)[2n].

Proof: In view of Proposition 4.1.7 it sufficient to show that
C.(AY=7Z

Ci(AY) =Z(1)[2].

The first fact follows immediately from our definitions. The second follows
from the definition of Tate object and Proposition 4.1.5.

We want to describe now morphisms of the form Hom/(C,(X),C,(F)) for
schemes of finite type X over k£ and Nisnevich sheaves with transfers F'. The
first guess that this group is isomorphic to Hy;s(X, C,(F)) as it was proven
in 3.2.7 for smooth schemes X turns out to be wrong.

To get the correct answer we have to consider cdh-topology on the cate-
gory Sch/k of schemes of finite type over k.
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Definition 4.1.9 The cdh-topology on Sch/k is the minimal Grothendieck
topology on this category such that the following two types of coverings are
cdh-coverings.

1. Nisnevich coverings.

2. Coverings of the form X'[1Z pxﬂfnz X such that px: is a proper mor-
phism, pz is a closed embedding and the morphism pxr(X —pz(Z)) —
X —pz(Z) is an isomorphism.

Denote by 7 : (Sch/k)can — (Sm/k)nis the obvious morphism of sites.
Note that the definition of C,(F') given above for presheaves on Sm/k also
works for presheaves on Sch/k. The theorem below follows formally from
Theorem 4.1.2.

Theorem 4.1.10 Let X be a scheme of finite type over k and F' be a presheaf
with transfesr on Sm/k. Then for any ¢ > 0 there are canonical isomor-
phisms

Hom(C,(X),C.(F)[i]) = Hidh(Xa C.(m*(F))) = Hidh(X> T (C(F))).
In particular if X is smooth one has
Hidh(Xa C.(m(F))) = Hidh(X> T (C,(F))) = H?Vis(Xa C.(F)).

Corollary 4.1.11 Let k be a field which admits resolution of singularities
and X be a scheme of finite type over k. Let further £ be a vector bundle
over X. Denote by p : P(€) — X the projective bundle over X associated
with €. Then one has a canonical isomorphism in DM (k) of the form:

C.(P(E)) = 35 ' C.(X)(n)[2n].
Proof: Theorem 4.1.10 implies that we can construct a natural morphism
C.(P(E)) — @5 ' C.(X)(n)[2n]

in exactly the same way as in Proposition 3.5.1. The fact that it is an
isomorphism follows now formally from Proposition 3.5.1, Proposition 4.1.3
and resolution of singularities.
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Let us recall that in [16] a triangulated category DM, (k) was defined as a
localization of the derived category D~ (Shv,(Sch/k)) of complexes bounded
from above over the category of sheaves of abelian groups in the h-topology
on Sch/k. One can easily see that there is a canonical functor

DM S (k) — DM, (k).

Using comparison results of [16] (for sheaves of Q-vector spaces) together
with the techique described in this section one can verify easily that this func-
tor is an equivalence after tensoring with Q. Moreover, using the description
of the category DMfJZt(k, Z/nZ) given in Section 3.3 and comparison re-
sults for torsion sheaves from [16] one can also show that it is an equivalence
for finite coefficients. Combining these two results we obtain the following
theorem.

Theorem 4.1.12 Let k be a field which admits resolution of singularities.
Then the functor
DM (k) — DMy (k)

is an equivalence of triangulated categories. In particular, the categories

DM (k) ® Q and DM, (k) ® Q are equivalent.

4.2  Biwvariant cycle cohomology.

Let us recall the definition of bivariant cycle cohomology given in [7]. For
any scheme of finite type X over k and any r > 0 we denote by zequi(X,7)
the presheaf on the category of smooth schemes over k£ which takes a smooth
scheme Y to the free abelian group generated by closed integral subschemes
Z of Y x X which are equidimensional of relative dimension r over Y (note
that it means in particular that Z dominates an irreducible component of
Y'). One can verify easily that z.q.; (X, r) is a sheaf in Nisnevich topology and
moreover that it has a canonical structure of presheaf with transfers. The
presheaves with transfers 2., (X, ) are covariantly functorial with respect to
proper morphisms of X by means of usual proper push-forward of cycles and
contravariantly functorial with an approprite dimension shift with respect
to flat equidimensional morphisms. For r = 0 the presheave zey,(X,r) is
isomorphic to the presheaf L¢(X) defined in the previous section.

We will also use below the notation z.q,:(Y, X, r) introduced in [15] for
the presheaf which takes a smooth scheme U to z¢qui (X, r)(U x Y).
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Definition 4.2.1 Let X, Y be schemes of finite type over k and r > 0 be an
integer. The bivariant cycle cohomology A, (Y, X) of Y with coefficients in
r-cycles on X are hypercohomology H_j, (Y, 7*(C, (zequi(X,7))))-

It follows immediately from this definition and Theorem 4.1.10 that we

have
A (Y, X) = Hompppers (Co(Y), Oy (Zequi(X, 7))

We will show below (4.2.3) that in fact these groups admit more explicite
interpretation in terms of the category DM/,

The following theorem summarize the most important for us properties
of bivariant cycle cohomology proven in [7].

Theorem 4.2.2 Let k be a field which admits resolution of singularities,
X, Y be schemes of finite type over k and d > 0 be an integer.

1. For any i,7 > 0 there are canonical isomorphisms of the form
Ar,i(Y X Pla X) = Ar,i(Y> X) D Ar-i-l,i(}/v X)

where the projection A,;(Y x P1 X) — A,;(Y,X) (resp. embedding
A (Y, X) — A (Y x P X)) is given by an embedding of Y to Y x P!
by means of a point of P1 (resp. by the projection Y x P* —Y) ([7,
Th. 8.3(3)]).

2. For any i,r > 0 there are canonical isomorphisms of the form

AT+1,i(K X X Al) = AT’,i(K X)
(77, Th. 8.3(1)]).

3. If Y is smooth and equidimensional of dimension n there are canonical
1somorphisms

A (Y, X) = Ay (Spec(k), Y x X)
([7, Th. 8.2]).
4. For any smooth quasi-projective Y the obvious homomorphisms
hi(C(Zequi(X, 7)) (V) = Api(Y, X)
are isomorphisms ([7, Th. 8.1]).
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Proposition 4.2.3 Let X,Y be schemes of finite type over k. Then for any
r > 0 there are canonical ismorphisms

Hompyyers (C.(Y)(r)[2r +14], CUX)) = Ari(Y, X).

Proof: For r = 0 it follows immediately from Definition 4.2.1 and Theo-
rem 4.1.10 since zeqi(X,0) = L¢(X). We proceed by induction by r. By
definition we have C,(Y)(1)[2] = C,(Y) ® Z(1)[2] and Z(1)[2] is canonically
isomorphic to the direct summand of C,(P') which is the kernel of the pro-
jector induced by the composition of morphisms P* — Spec(k) — P!. Thus
by Proposition 4.1.7 C,(Y)(r)[2r] is canonically isomorphic to the kernel of
the corresponding projector on C, (Y x P!)(r — 1)[2r — 2]. By the inductive
assumption we have a canonical isomorphism

Hompppers (C(Y x PH(r—1)[2r —2+14],C¢(X)) = A,_1:(Y x P} X)
and thus by Theorem 4.2.2(1) we have

Hompagere (CL(Y)(r)[2r + 4], C5(X)) = Aa(Y, X).

Corollary 4.2.4 Let f: X — Y be a flat equidimensional morphism of rel-

ative dimension n of schemes of finite type over k. Then there is a canonical
morphism in DM of the form:

[T CiY)(n)2n] — CL(X)

and these morphisms satisfy all the standard properties of contravariant func-
toriality of algebraic cycles.

Proof: Let I'y C X xY be the graph of f. Considered as a cycle on X xY it
clearly belongs to z.q.i(X,n)(Y) and our statement follows from Proposition
4.2.3.

Corollary 4.2.5 Let X be a smooth scheme over k. Denote by A'(X) the
group of cycles of codimension i on X modulo rational equivalence. Then
there is a canonical isomorphism

ANX) = Hom pypers (Mo (X), Z(0)[21]).
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Proof: Tt follows immediately from the fact that Z(i)[2:] = CS(A") (Lemma
4.1.8), Proposition 4.2.3 and Theorem 4.2.2(2).

Corollary 4.2.6 Let X, Y be smooth proper schemes over k. Then one has:

HomDMeff(Mgm(X),Mgm(Y)) = Adim(X)(X X Y)

gm

HomDM;,{lf(Mgm(X)a My (Y)[i]) =0 for i > 0.
Proof: It follows immediately from Proposition 4.2.3 and Theorem 4.2.2(3).

Corollary 4.2.7 Let X be a smooth scheme over k and 'Y be any scheme of
finite type over k. Then there is a canonical isomorphism in DMfff(k:) of
the form:

HomDMEff(k;) (Q* (X)7 Qi(Y» = Q*(ZEQUi(X7 Y, 0))
where zeq;(X,Y,n) is the sheaf of the form
Zequi (X, Y, 1) (=) = Zequi(Y, ) (= x X).
Proposition 4.2.3 has the following “global” reformulation.

Proposition 4.2.8 Let X be a scheme of finite type over a field k which
admits resolution of singularities. Then for any r > 0 there is a canonical
isomorphism in DM (k) of the form:

C(zequi(X, 1)) = Hompyyers (Z(r)[2r], CX(X)).

Proof: It is sufficient to show that isomorphisms in Proposition 4.2.3 are
induced by a morphism

Hompygess (Z(r)[2r], C5(X)) = ClZequi( X, 7))

in DM/

Denote by p, the formal linear combination of endomorphisms of (P41)"
which gives in DM/ the projector from C,((PL)") to Z(r)[2r] and by =
the structural morphism (P})" — Spec(k). By Proposition 3.2.8 the object
Hompyrers (Z(r)[2r], CS(X)) is the direct summand of the complex of sheaves
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R (1*(C, (2equi (X, 0)))) defined by p,. Consider the obvious morphism of
complexes:

C.Zequi(Py)", X, 0) = Colm(m (2equi( X, 0)))) = R (77 (C.(2equi( X, 0)))).

By Theorem 4.2.2(4) this morphism is a quasi-isomorphism of complexes of
sheaves on Sm/k and thus the same holds for the direct summands of both
complexes defined by p,. It remains to construct a morphism

ZGQUi((Pllf)T> Xa O) - Zequl'(X> T)'

Let U be a smooth scheme over k. The group ze,.;((P})", X,0)(U) is
by definition the subgroup of cycles on (P})" x U x X which consists of
cycles equidimensional of relative dimension 0 over (P})" x U. Pushing them
forward with respect to the projection (P1)" x U x X — U x X we get the
required homomorphism.

The following proposition is essentially a reformulation of a result proven by
A. Suslin in [12].

Proposition 4.2.9 Let X be a quasi-projective equidimensional scheme over
k of dimension n. Then for all i,7 € Z there are canonical isomorphisms:

w 4 . Hompyrers (Z(3)[7], CS(X))  for i>0
CH" (X,j—2i) = b VRS .
(%7 -%) { Hompyers (2, CL(X)(=0)[=j) for i<0.
which commute with the boundary maps in the localization long exact se-
quences.

Proof: Consider first the case ¢ > 0. By Propostion 4.2.3 the left hand side
group is isomorphic to the group A; ;_o;(X) which is by definition the (j—2i)-
th homology group of the complex C.(2equi(X,7)). Consider the Bloch’s
complex Z"7(X *) which computes higher Chow groups ([3]). The group
Cr(2equi(X, 1)) is the group of cycles on X x A* which are equidimensional
of relative dimension i over A¥ while the group Z"~(X, k) consists of cycles
of codimension n —i on X x A* which itersect faces of A* properly. One can
easily see that since i > 0 we have an inclusion C(2equi(X, 7)) C Z"74(X, k).
Differencials in both complexes are defined by intersections with faces which
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implies that for any X we have a monomorphism of complexes of abelian
groups of the form:

¥ Co(Zequi (X, 1)) — Z"7H(X, %)

which is clearly canonical with respect to both flat (contravariant functori-
ality) and proper (covariant functoriality) morphisms in X.

Let Z be a closed subscheme in X of pure codimension m. To define
the boundary homomorphism in the localization long exact sequences for
bivariant cycle cohomology and higer Chow groups one considers the exact
sequences of complexes:

0 — Ci(Zequi(Z,1)) = Culzequi( X, 1)) = Cu(zequi(X — Z,1)) — cokery — 0
0— Z"(Z, %) — Z"Y(X, %) — Z"HX — Z,%) — cokery — 0

and then shows that both cokernels are quasi-isomorphic to zero (see [7] for
cokery and [4] for cokers). Our inclusion v gives a morphism of these exact
sequences which implies immediately that the corresponding homomorphisms
on (co-)homology groups commute with the boundary homomorphisms.

By [12] the monomorphism 1 is a quasi-isomorphism of complexes for
any affine scheme X. By induction on dim(X) and the five isomorphisms
lemma applied to the localization long exact sequeneces in both theories it
implies that 1 is a quasi-isomorphism for all X.

Suppose now that ¢ < 0. In this case the right hand side group is
isomorphic to Hom(Z[j — 2], C5(X)(—i)[—2¢]). By Lemma 4.1.8 we have
CX)(—i)[-2i]) = CS(X x A?) and by Proposition 4.2.3 we conclude that
the group in question is isomorphic to the group Ag;_2(X x A™"). By the
reasonning given above it is canonically isomorphic to CH" (X x A~ j—2i).
Finally applying the homotopy invariance theorem for higher Chow groups
we get the assertion of the proposition for ¢ < 0.

4.3 Duality in triangulated categories of motives.

One of the most important for us corollaries of the results of the previous
section is the following theorem.

Theorem 4.3.1 For any objects A, B in DM} (k) the natural map
— ® Idgny : Hom(A, B) — Hom(A(1), B(1))
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1s an ismorphism. Thus the canonical functor
DM (k) — D Mgy (k)
15 a full embedding.

Proof: By Corollary 3.5.5 we may assume that A = M, (X)[i] and B =
M, (Y) for some smooth projective varieties X,Y over k and some i €
Z. By Corollary 4.1.8 we have C, (Y)(1)[2] = CS(Y x A') and therefore
the right hand side group is isomorphic by Proposition 4.2.3 to the group
A1;(X,Y x A'). By Theorem 4.2.2(2) it is isomorphic to Ag,;(X,Y") which is
(again by Proposition 4.2.3) isomorphic to Hompyrers (C,(X),C,(Y)). We
have shown that there is a canonical isomorphism

Hom pypers (Mg (X), Mgm(Y')) = Hompyrers (Mgm (X)(1), Mg (Y')(1)).

gm

The fact that it coincides with the morphism induced by tensor multi-
plication with Idgz( follows trivially from the explicite form of morphisms
which we used to construct it.

We will use Theorem 4.3.1 to indentify DM g%f with its image in DM,,.

Let us show now that the properties of bivariant cycle cohomology given
by Theorem 4.2.2 imply in particular that DM, (k) is a “rigid tensor trian-
gulated category”.

Theorem 4.3.2 Let X be a smooth proper scheme of dimension n over k.
Consider the morphism

Mg (X) @ Mg (X) — Z(n)[2n]

which corresponds to the diagonal X — X x X by Corollary 4.2.5. Then the
corresponding morphism

Mg (X) — Hompyjers (Mg (X), Z(n)[2n])
s an isomorphism.
Proof: We have to show that for any object A of DM¢// the morphism

Hom(A, Myn(X)) — Hom(A® My (X), Z(n)[2n])
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given by the diagonal is an isomorphism. Since these morphisms are natural
with respect to A we may assume that A = Mg, (U)[i] for a smooth scheme
U over k. In this case the statement follows from Theorem 4.2.2(3) and
Proposition 4.2.3.

Proposition 4.3.3 Let X be a scheme of dimensionn over k. Then for any
k > n the morphism

Hompyers (C.(X), Z(n))(k —n) — Homppers (C.(X), Z(k))
s an isomorphism.

Proof: Since our morphisms are natural we may assume using resolution of
singularities that X is smooth and projective. Then the statement follows in
the standard way from Proposition 4.2.3 and Theorem 4.2.2(3).

Corollary 4.3.4 For any scheme X of dimension n over k and any k > n
the object Hompyrers (Co(X), Z(k)) belongs to DME]T.

Corollary 4.3.5 For any pair of objects A, B in DM, (k) there exists the
internal Hom-object Hompyy, . (A, B) in DMg,,.

Corollary 4.3.6 Let X be a variety of dimension n. Then for any k > n
the object Hompyy,, (Mgm(X), Z(k)) belongs to DM/ (k) and its image in
DM (k) is canonically isomorphic to Hompppers iy (Co(X), Z(k)).

Remark: Note that even if the internal Hom-object Hom(C,(X),C,(Y)) in
DM belongs to DM ol its image in DMy, does not coincide in general
with Hompyy,, (Mgm(X), Mgm(Y)). Consider for example X = P! and Y =
Spec(k). Then

Homppers (Cu(X), C.(Y)) = Z

while
Hompyyy, (Myn(X). My (Y)) = Z & Z(~1)[ 2.

For any object A of DM, (k) we define A* as the internal Hom-object
Hompyy,,, (A, Z). The following theorem can be stated by saying that
DM, (k) is a rigid tensor triangulated category.
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Theorem 4.3.7 Let k be a field which admits resolution of singularities.
Then one has.

1. For any object A in DM,,,(k) the canonical morphism A — (A*)* is

an isomorphism.

2. For any pair of objects A, B of DM,,,(k) there are canonical isomor-
phisms:
(AR B)" = A" ® B*

Hom(A,B)=A"® B

3. For a smooth scheme X of pure dimension n over k one has canonical

isomorphisms
Mg (X)* = Mg, (X)(—n)[—2n]

Mg (X)" = My (X)(=n)[=2n].
(

am

Proof: To prove statements (1),(2) we may assume by Corollary 3.5.5 that
A = My, (X), B = My,(Y)[i] for smooth projective varieties X,Y over k
and some ¢ € Z. Then everything follows easily from Theorem 4.3.2.

Let us show that the second statement holds. Since (=)™ = (—)* it is
sufficient by Corollary 4.3.6 to construct a canonical isomorphism

Hompygers sy (Co(X), Z(n)[2n]) — CE(X).

By Corollaries 4.2.7 and 4.1.8 the left hand side object is canonically isomor-
phic to C*(zequi(X, A™,0)). By [7, Th. 7.4] there is a canonical morphism of
sheaves with transfers

Zequi (X, A", 0) — Zequi(X X A" n)

which induces a quasi-isomorphism on the corresponding complxes C,(—).
Finally the flat pull-back morphism

Zequi (X7 O) - Zequi(X X Ana n)
induces a quasi-isomorphism of C, (—) complexes by Theorem 4.2.2(2).
Finally we are going to formulate in this section a simple result which
shows that integrally DM¢// (k) does not have a “reasonable” t-structure.

More precisely let us say that a t-structure 7 = (D=0, D=°) on DM}/ (k) is
reasonable if the following conditions hold:
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1. 7 is compatible with tate twist, i.e. an object M belongs to D=" (resp.
D=%) if and only if M (1) does.

2. For a smooth affine scheme X of dimesnion n one has:
H] (M, (X)) =0fori<0ori>n

H (Mg, (X)) =0fori<nori>2n
where H are cohomology objects with respect to .

Note that in view of Theorem 4.3.7 the last two conditions are dual to
each other.

Proposition 4.3.8 Let k be a field such that there exists a conic X over k
with no k-rational points. Then DMgeglf(k) has no reasonable t-structure.

Proof: One can easily see that our conditions on 7 imply that for any smooth
plane curve C' we have

0 for i#0,1,2
H] (M, (C)) = Z for i=0
Z(1) for i=2.

and for a smooth hypersurface Y in P? we have HJ(M,,,(Y)) = 0.

Let now X be a conic over k with no rational points. The diagonal gives
an embedding of X x X in P? and since M,,,(X) is clearly a direct summand
of My, (X x X) for any X we conclude that

0 for 1#0,2
H] (Mg,(X)) = Z for i=0
Z(1) for =2.
Therefore we have a distinguished triangle of the form
Z(1)[2] = My, (X) = Z — Z(1)[3].
By Corollary 3.4.3 we have:

HOmDMgfnf(Z, Z(1)[3]) = HZ,,(Spec(K), 0*) = 0.
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Thus our triangle splits and we have an isomorphism M, (X) = Z &

Z(1)[2]. It implies that the canonical morphism

HOmDMgfnf(k)(Z, Mgm(X)) — 7

is surjective which contradicts our assumption on X since the left hand side
group is Ag(X) and X has no zero cycles of degree one.
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