
ON THE KAR OUBI FIL TRA TION OF A CA TEGOR Y

MANUEL C�ARDENAS AND ERIK KJ�R PEDERSEN

1. Intr oduction

In [5] Karoubi introduced the notion of an additive category U being �ltered by
a full subcategory A (The precisestatement - de�nition 1.5 pages115-116of [5] -
is recalled in de�nition 3.2). He then usedthis to give an axiomatic description of
negative K-groups, including an exact sequence

K 0(A ) ! K 0(U) ! K 0(U=A) ! K � 1(A ) ! : : : :

This sequencewasgeneralizedto hold for higher K-groups in [7] wherea �bration of
spectra was obtained

K (A ^ K ) ! K (U) ! K (U=A):(1.0.1)

HereA ^ K is a certain subcategoryof the idempotent completion of A . In particular
K (A ) and K (A ^ K ) only di�er at K 0. This �bration wasgeneralizedin [3] to produce
a �bration

K �1 (A ) ! K �1 (U) ! K �1 (U=A)(1.0.2)

Where K �1 is a non-connective spectrum whosenegative homotopy groupsare the
negative K -groupsof A , and whoseconnective cover is the usualK -theory spectrum.
These�brations have beenapplied to produceexcisionresults in controlled algebraic
K -theory, see[1], [2], [3], [4]. Most of theseexcisionresults are easyconsequencesof
the above �brations. As an examplewe derive oneof the excisionresultsof [3] in the
�nal section.

The proof in [7] wasbasedon the doublemappingcylinder construction of Thoma-
son [10]. In recent yearsa number of results in algebraicK -theory have beengiven
easierproofs by using Waldhausen'sS:-construction seee. g. [6], and [9]. In this
paper we give a proofsof 1.0.1using that method. The basicidea is to consider�nite
chain complexesin U and two notions of weak equivalence,chain homotopy equiva-
lenceand chain maps inducing homotopy equivalencein U=A . The proof then is an
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application of Waldhausen'sgeneric�bration lemma [12, Theorem 1.6.4], and iden-
ti�cation of the terms. This identi�cation usesresults of Thomasonand Trobaugh
[11], which we recall in section6. We alsogive a proof of 1.0.2 in the �nal section.

It is our aim to make this paper as self contained as possible. In the �rst sections
we recall the basicnotions and results we shall needin this paper.

2. Categories with cofibra tions and weak equiv alences

In this section we present a quick review of WaldhausensK -theory of a small
categorywith co�brations and weak equivalences[12]. One exampleto keepin mind
is an additive categorywherethe co�brations are inclusionsof direct summandsup
to isomorphism,and the weak equivalencesisomorphisms.Another exampleis �nite
chain complexesin an additive categorywith co�brations the degreewiseinclusions
on direct summandsand weak equivalencesthe homotopy equivalences. If we take
chain complexesand weak equivalencesonly the isomorphisms,we have an example
of an exact category ( exact sequencesare only degreewisesplit exact). In addition
we recall the basic tools which will allow us to decide when two categorieshave
isomorphicK -theory.

Given any small category C, satisfying certain properties described below Wald-
hausenassignsfunctorially to C a topological spaceK (C), which we call K -theory
of C. The homotopy groups are de�ned to be the K -groupsof C. This extendsthe
classicalde�nitions of K -groupsof a ring R by taking C to be the additive category
of �nitely generatedprojective modulesover R.

De�nition 2.1. [12, Sections1.1 and 1.2] A small categoryC with a zeroobject is
said to be a category with co�brations and weak equivalencesif it has two distin-
guishedsubcategories,coC and wC, satisfying the following axioms:
a) coC axioms.

cof 1 Isomorphismsin C are co�brations.
cof 2 For every A 2 C, � ! A is a co�bration.
cof 3 Co�brations admit cobasechange:

a: If A ! B is a co�bration and A ! C any map, then the push out
exists in C.

b: C ! C
S

A B is a co�bration.

b) wC axioms.

weq1 Isomorphismsin C are weak equivalences.
weq2 (Gluing Lemma) If in the commutativ e diagram

B  � � � A � � � ! C
?
?
?
y

?
?
?
y

?
?
?
y

B 0  � � � A0 � � � ! C0



ON THE KAR OUBI FILTRATION OF A CATEGORY 3

the horizontal arrows on the left are co�brations and all three vertical arrows
are in wC then

B
[

A

C ! B 0
[

A

C

is in wC.

The two following axiomsmay, or may not, be satis�ed by C.
Saturation axiom: If a, b are composablemapsin C and if two of a, b, abare in

wC then so is the third.
Extension axiom: Let

A � � � ! B � � � ! B=A
?
?
?
y

?
?
?
y

?
?
?
y

A0 � � � ! B 0 � � � ! B 0=A0

be a map of co�brations sequences(B=A = �
S

A B). If A ! A0 and B=A ! B 0=A0

are in wC then B ! B 0 is in wC aswell.

Having �xed coC and wC, we have a simplicial category:

S:C : � op � ! (cat)

[n] 7�! SnC

whereSnC is the categoryof objects:

� ! A1 ! A2 ! � � � ! An

with chosenquotients A i;j = A i =A j , 1 � i � j � n where A i;i = � always. The
degeneraicymaps are given by inserting identities, and the boundary map di by
omitting the index i . This is almost like the nerve of the category, which sincethere
is an initial object would give a contractible space.The di�erence lies in d0, omitting
the 0th index meanstaking all the quotients, hencethe needfor chosenquotients. It
is a categorywith co�brations and weak equivalences,by de�ning a map A ! A0 to
be a co�bration if

A j � ! A0
j and A0

j

[

A j

A j +1 � ! A0
j +1

areco�brations in C for all j . An arrow A ! A0 is de�ned to be a weakequivalenceif
the arrow A i;j � ! A0

i;j is a weak equivalencefor each pair i � j . We thus have that
S: is a functor from categorieswith co�brations and weak equivalencesto simplicial
categorieswith co�brations and weak equivalences.For more details about this see
sections1.1, 1.2 and 1.3 in [12].

We can think of:
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wS:C : � op � ! (cat)

[n] 7�! wSnC

asa bisimplicial set by taking the nerve of wSnC

De�nition 2.2. [12, Section1.3] The Algebraic K -theory of the categorywith co�-
brations C, with respect to the category of weak equivalenceswC is given by the
pointed space


 jwS:Cj = K (C):

The K -groupsof C are the homotopy groupsof K (C)

K � C = � � (
 jwS:Cj) (= � � +1 jwS:Cj):

Actually K -theory can be described as a spectrum rather than just a space. The
S:-construction extendsnamely, by naturalit y, to simplicial categorieswith co�bra-
tions and weak equivalences. In particular therefore it applies to S:C to produce a
bisimplicial categorywith co�brations and weakequivalences,S:S:C. Again the con-
struction extendsto bisimplicial categorieswith co�brations and weak equivalences;
and so on. Thereforewe get a spectrum

n 7! jwS:� � � S:Cj:

The structural mapsare de�ned as the adjoint of the map � jwCj ! jwS:Cj which is
given as the inclusion of the 1-skeleton in the S:-construction, see[12, page329].

It turns out that the spectrum is a 
-sp ectrum beyond the �rst term (the additivit y
theorem2.7 below is neededto prove this). As the spectrum is connective (the n-th
term is (n-1)-connected)an equivalent assertionis that in the sequence

jwCj ! 
 jwS:Cj ! 
 2jwS:S:Cj ! � � �

all maps except the �rst are homotopy equivalences. HenceK -theory of C could
equivalently be de�ned as the in�nite loop space


 1 jwS:(1 )Cj = lim
� !
n


 n jwS:(n)Cj

We will refer to either of the three versionsas the K -theory of C and denote it as
K (C).

Now we recall criteria that determinewhen two categorieshave homotopy equiva-
lent K -theories. Someextra structure is required on the category. It is necessaryto
have a notion of cylinder in order to de�ne somekind of homotopy theory.
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De�nition 2.3. A functor F : C ! C0, between categorieswith co�brations and
weak equivalencesis said to be exact if F preserves all relevant structures. In a
natural way such a functor inducesa map

wS:F : wS:C ! wS:C0

and thereforea map betweenthe K -theories.

2.4. Becauseof the properties of the product and the realization functor, given a
map (simplicial homotopy)

H : X � I ! Y

whereX and Y are simplicial sets,it inducesa homotopy

H : jX j � I ! jY j

betweenjF j = jH jX j�f 0gj and jGj = jH jX j�f 1gj. This applies,in particular, to our case
when X and Y are the S:-constructionsof categoriesC and C0.

Thereforewe have an idea of homotopy betweenfunctors. To seemore about this
we refer the readerto [13, Section5, Notions of homotopy theory].

De�nition 2.5. [12, Section 1.6] A category C with co�brations and weak equiva-
lenceshasa cylinder functor if there is a functor

T : Ar C ! D iagC

whereAr C is the categoryof arrows of C and DiagC is the categoryof diagramsin
C.

T(f : A ! B) � A //i 1

!!f CC
CC

CC
CC

C T(f )

��
p

Booi 2

idzz
zz

zz
zz

z

zz
zz

zz
zz

z

B
satisfying:

Cyl 1: Front and back inclusion assemble to an exact functor

Ar C ! F1C

(f : A ! B) ! (A _ B >! T(f ))

whereF1C is the full subcategoryof Ar C whoseobjects are the co�brations
in C.

Cyl 2: T(� ! A) = A, for every A 2 C and projection and back inclusion are
the identit y on A.

There is an additional axiom that is often satis�ed:

Cylinder axiom: The projection T(f ) ! B is in wC for every f : A ! B .
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De�nition 2.6. A co�br ation sequence of exact functors C ! C0 is a sequenceof
natural transformations F 0 ! F ! F 00 having the property that for every A 2 C
F 0(A) ! F (A) ! F 00(A) is a co�bration sequencein C0.

Oneof the basictools is the additivit y theorem[12, Theorem1.4.2and Proposition
1.3.2],seealso [6].

Theorem 2.7. There is a homotopyequivalence

jwS:Fj �= jwS:(F 0_ F 00)j(2.7.1)

This statementis equivalent to:

(i) The map

wS:E (A ; C; B) � ! wS:A � wS:B(2.7.2)

A ! C ! B 7�! (A; B)

is a homotopyequivalence.
(ii) The map

wS:E (C) � ! wS:C� wS:C(2.7.3)

A ! C ! B 7�! (A; B)

is a homotopyequivalence.
(iii) Thesetwo mapsare homotopic

wS:E (C) � ! wS:C(2.7.4)

A ! C ! B 7�! C; A _ B

Let's seehow the K -theoriesof a categoryand a subcategoryrelate to each other.

De�nition 2.8. Let A be an exact subcategory of the exact categoryB. A is said
to be co�nal in B if 0 ! A0 ! B ! A00! 0 is exact in B with A0 and A00are in A ,
then so is B , and if for each B in B there is a B 0 in B sothat B � B 0 is isomorphicto
an object in A . (For simplicity we will assumeA is isomorphismclosedin B. This
doesn't changethe K -theory of A ).

The next theorem is known as the co�nalit y theorem.

Theorem 2.9. [9, Theorem2.1]
Let A be co�nal in B and G = K 0(B)=K0(A ). Then there is a �br ation sequence

up to homotopy
K (iS:A ) ! K (iS:B) ! BG

Notice wA = iA and wB = iB, where i denotesthe isomorphisms, the minimal
possiblechoice.
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In general,given a categoryC we will �x the co�brations and then look at the in-
terplay of the two K -theoriesde�ned by two di�erents notions of weak equivalences.
Let C be a categorywith co�brations equipped with two categoriesof weak equiva-
lences,one �ner than the other vC� wC. Let Cw denote the full subcategory with
co�brations of C given by the objects A in C having the property � ! A is in wC. It
inherits weak equivalences:

vCw = Cw \ vC wCw = Cw \ wC

Now recall the generic�bration lemma.

Lemma 2.10. [12, Theorem1.6.4]
If Chasa cylinder functor, and the coarsecategory of weak equivalenceswCsatis�es

the cylinder axiom, saturation axiom and extensionaxiom, then the square:

vS:Cw � � � ! wS:Cw

?
?
?
y

?
?
?
y

vS:C � � � ! wS:C

(�= � )

is homotopycartesian, and the upper right term is contractible.

Next we recall the approximation theorem,a su�cien t condition for an exact func-
tor F : A ! B to induce a homotopy equivalencewS:A ! wS:B.

De�nition 2.11. Let F : A ! B be an exact functor of categorieswith co�brations
and weak equivalences.We say it has the approximation property if it satis�es:

App 1: An arrow in A is a weak equivalencein A if and only if its image in
B is a weak equivalencein B.

App 2: Given any object A in A and any map x : F (A) ! B in B there exists
a co�bration a : A ! A0 in A and a weak equivalencex0 : F (A0) ! B in B
such that

F (A) //x

��
F (a)

B

F (A0)

==

x0

zzzzzzzzz

commutes.

The approximation theorem says:

Theorem 2.12. [12, Theorem1.6.7]
Let A and B be categories with co�br ations and weak equivalences. AssumewA

and wB satisfy the saturation axiom. SupposeA hasa cylinder functor that satis�es
the cylinder axiom. Let F : A ! B be an exact functor having the approximation
properties. Then wA ! wB and wS:A ! wS:B induce homotopyequivalences.
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3. Additive categories. Fil tra tions.

In this and the next section,we recall Karoubi's notion of �ltration of an additive
category[5] and present the natural structures of categoriesof co�brations and weak
equivalencesthat this conceptslead to.

De�nition 3.1. An additive categoryis a small categorywith a zeroobject 0, where
H om(U;V), the groupof morphismsbetweenobjectsU andV, areabelian. Moreover,
the composition is bilinear with respect this operation. Finite product andcoproducts
exist in thesecategoriesand are isomorphic.

All de�nitions that follow in this sectionare taken from [7, Section5].

Let A be a full subcategory of the additive category U. We shall use the letters
A � � F (resp. U � � Z ) to denoteobjects of A (resp. U).

De�nition 3.2. We say U is A -�ltered if every object U hasa family of decomposi-
tions f U = E � � U� g (called a �ltration of U) satisfying the following axioms:

F1: For Each U, the decompositions form a �ltered poset under the partial
order E � � U� � E � � U� whenever U� � U� and E � � E � .

F2: Every map A ! U factors A ! E � ! E � � U� = U for some� .
F3: Every map U ! A factors U = E � � U� ! E � ! A for some� .
F4: For each U, V the �ltration on U� V is equivalent to the sumof �ltrations
f U = E � � U� g and f V = F� � V� g, i.e. to f U� V = (E � � F� ) � (U� � V� )g.

De�nition 3.3. Wenow supposegivenan A-�ltered categoryU. Call a map U ! V
completely continuous, (cc), if it factors through an object in A . U/A is de�ned to
be the categorywith the sameobjects as U but with

H omU/A (U;V) = H omU(U;V)/ f cc mapsg

i.e. two mapsare the sameif their di�erence factors through an object in A .

The additive categoriesU and U/A have a natural structure as category of co�-
brations and weak equivalenceswhere co�brations are the morphisms that are iso-
morphic to split monomorphismsinto direct summandsand weak equivalencesare
the isomorphisms.

Given the A-�ltration of U we can endow U with another, larger, categoryof weak
equivalencesthan the isomorphismsof U. This new one,w, will be thosemorphisms
whoseclassesin U/ A are isomorphisms.We retain the samecategoryof co�brations
as in U. The categoryU with this choiceof co�brations and weak equivalenceswill
be denotedU(A ).

The objective is to apply the generic�bration lemma 2.10, to the identit y functor

U � ! U (A )(3.3.1)
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hoping to obtaining as�b er the categoryA . We can not usethesecategoriesdirectly
sinceneither hascylinder functor as the generic�bration lemma requires. Therefore
we needto considerthe corresponding categoriesof �nite chain complexes.

4. The categor y C(U) and its str uctures

Given an additive categoryU, we can de�ne the categoryof �nite chain complexes
in U, whereobjects are:

C# : 0 ! Cr
d�! Cr � 1

d�! � � � ! Cl ! 0

such that d2 = 0, i.e. d2 factors through the zeroobject. A chain map f : C# ! D#

is a collection of morphisms f = f f r : Cr ! D r g such that dD f = f dC . A chain
homotopy in A

e: f ' f 0 : C ! D

is a collectionof morphismsf e: Cr ! D r +1 g such that dD e+ edC = f 0� f :Cr ! D r .
A chain equivalence is a chain map f : C ! D which admits a chain homotopy
inverse,that is, a chain map g: D ! C such that

9h : gf ' 1 : C ! C and k : f g ' 1 : D ! D :

The co�brations will be thosechain mapswhich degree-wiseare inclusionsinto direct
summands.The weakequivalenceswill be the chain homotopy equivalences.Weshall
denotethis categoryC(U).

4.1. C(U) hasa cylinder functor.

Given f : U ! V a morphism, let T(f ) be the chain complex (T(f )) p = Up �
Up� 1 � Vp with boundary

dp �

0

B
@

dU � 1 0
0 � dU 0
0 f dV

1

C
A

We have the following diagram:

U //i 1

!!f DD
DD

DD
DD

D T(f )

��
�

Vooi 2

idzz
zz

zz
zz

z

zz
zz

zz
zz

z

V

where j 1 and j 2 are the obvious inclusions as direct summands. Degree-wise� is
de�ned as:

� p �
�
f ; (� 1)p� 1f ; 1

�
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It is easyto check that Cyl 1 and Cyl 2 are satis�ed. The cylinder axiom alsoholds.
To seethis, we need to show that � is a weak equivalence,i.e. a chain homotopy
equivalence.The homotopy inverseis the natural inclusion

i2 =

0

B
@

0
0
1

1

C
A

Degree-wise,all is given by the following matrices:

� p =
�
f ; (� 1)p� 1f ; 1

�
dp =

0

B
@

d � 1 0
0 � d 0
0 f d

1

C
A � p =

0

B
@

0 0 0
1 0 0
0 0 (� 1)p

1

C
A

It is easyto check now that � pdp+1 + dp+2 � p+1 = i2� p+1 � 1 and � i 2 = 1.

4.2. C(U) satis�es the saturation and the extensionaxiom as well.

This is proved by elementary chain complexmanipulations involving iterated map-
ping cones.

When C(U) is given as weak equivalencesthe chain maps, that induce homotopy
equivalencein C(U=A), wedenoteit by C(U(A )). Obviously the subcategoryof chain
complexesconcentrated in degree0 is exactly U(A ). C(U=A) hasa cylinder functor
inherited from C(U) satifying the cylinder axiom, saturation axiom and extension
axiom. This follows by working in C(U=A).

At this point, wecanproperly apply the generic�bration lemma2.10to the functor
induced by the identit y

C(U) � ! C (U (A ))

obtaining C(U)w as �b er wherew denotethe weak equivalencesin C(U(A )).
First we would like to show this setting is essentially the onewe wanted originally,

without chain complexes. In order to do this, we needto introduce the conceptof
idempotent completecategoryand restricted idempotent completion.

5. Idempotent completions.

The idempotent completionof an additive categoryA , denotedA ^ , is the additive
categorywith objects (A; p) with p = p2 :A ! A and morphismsf : (A; p) ! (B ; q)
satisfying f = qf p: A ! B . The identit y morphism of (A; p) in A ^ is

1(A;p ) = p : (A; p) ! (A; p)

The embedding of additive categories:

A ,! A ^
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sendingA to (A; 1) is full and co�nal. The morphismsf : (A; 1) ! (B ; 1) in A ^ are
preciselythosein A , and for every (A; p) in A ^

(A; p) � (A; 1 � p)
//(p;1� p)

(A; 1)oo�
p

1� p

�

are isomorphismsexpressing(A; p) asa direct summandof (A; 1) . By the co�nalit y
theorem2.9 we have a �bration up to homotopy:

K (wS:A ) ! K (wS:A ^ ) ! B �

where� = K 0(A ^ ) / K 0(A ) . In particular, this implies

K 0(A ) // //K 0(A ^ )

A ^ has the following properties:

(P): If f : E ! F is a map, and there is a map s : F ! E such that splits
f s = 1F , then f is an admissibleepimorphism.
And its dual:

(P?): If g : F ! E has t : E ! F such that tg= 1F then g is an admissible
monomorphism.

(P) and (P?) imply each other. To seemore about this we refer the readerto [11,
1.11.10]on page283.

5.1. It is easyto seethat (P) holds for A ^ .

Let

(5:2) (U;p)
//r

(V; q)oo
s

be such that r s = q. We have also

qrp = r p2 = p psq= s s2 = s:

Now (sr)(sr) = s(r s)r = sqr = (psq)qr = psq2r = psqr = (psq)r = sr so (U;sr)
makessensein A ^ and moreover it is an idempotent for (U;p). SinceA ^ is complete
by de�nition we have

(U;p) �= (U;p � sr) � (U;sr)(5.2.1)
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Moreover

(U;sr)
//r

(V; q)oo
s

are isomorphic by those morphismsand therefore r in 5.2 is an admissibleepimor-
phism.

5.3. The isomorphism5.2.1 is true by the following argument.

If q: (U;p) ! (U;p) is such that q2 = q, alsopqp = q, then

(pqp)(pqp) = (pqp)

thus by the properties of the idempotent completion we have

(U;p) �= (U;pqp) � (U;p � pqp)

wherethe isomorphismsare given by the matrices
 

pqp
p � pqp

!

and
�
pqp; p � pqp

�
:

Actually the categoryA ^ satis�es a strongerproperty than (P), and its dual (P ?).
A ^ is Karoubian. We say that an additive category E is Karoubian if whenever
p: E ! E such that p2 = p then there is an isomorphismE �= E 0 � E 00under which
p correspondsto the endomorphism1� 0. In other words it is idempotent complete.
Seethis on page398 in [11, appendix A] .

Now let U be an additive categoryand A a full subcategoryof U.

De�nition 5.4. Let K � K 0(A ^ ) be the inverse image of K 0(U) under the map
K 0(A ^ ) ! K 0(U^ ). We shall denote the full subcategory of U^ with objects U �
(A; p), where[(A; p)] 2 K by U^ K . Notice that A ^ is embeddedin U^ , A ^ ,! U^ .

U //�•

!!

p�

CCC
CCC

CC
U^

U^ K

OO

�?

U is co�nal in U^ K and in U^ hence U^ K is co�nal in U^ . We thus obtain a
diagram of monomorphisms

K 0(U) ////

%%

%%

KKK
KKK

KK
K 0(U^ )

K 0(U^ K )

OO

OO
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wherethe imagesof K 0(U) and K 0(U^ K ) in K 0(U^ ) are the same.Hence

K 0(U) //K 0(U^ K )

is an isomorphismand therefore U and U^ K have homotopy equivalent K -theories,
by the co�nalit y theorem.

In a more generalsetting we can give the following de�nition.

De�nition 5.5. GivenU an additive categoryand K a subgroupof K 0(U). Let U^ K

be the full subcategoryof U^ with objects (U;p) so that its stable isomorphismclass
lies in K . When K = K 0(U) we denoteU^ K 0(U) as U.

Remark 5.6.

(i) The categoryU canbeseenin terms of the �rst de�nition asU^ K 0(U) by taking
the trivial �ltration A = U.

(ii) There will be no confusionbecauseof the notation for U^ K in the two de�ni-
tions above, sincein onesituation K � K 0(A ^ and in the other K � K 0(U^ ).

5.7. The categoryU is co�nal in U and therefore

K 0(U) ////

%%

%%

JJJ
JJJ

JJ
K 0(U^ )

K 0(U)

OO

OO

is a commutativ e diagram whereall arrows are monomorphisms.By the sameargu-
ment asabove, K 0(U) �= K 0(U) is an isomorphism. Again, by the co�nalit y theorem
2.9, U and U have homotopy equivalent K -theories.

5.8. Note U satis�es the property (P).
We can usean argument similar to the one usedin the precedingsection for U^ .

If we have the diagram in U

(U;p)
//r

(V; q)oo
s

with r s = q, it is alsoa map in U^ and thus

(U;p) �= (U;p � sr) � (U;sr)

and
(U;sr) �= (V; q):

But (U;p) and (V; q) are in U so by the properties of K 0 and the de�nition of U we
conclude(U;sr) and (U;p � sr) are in U. Hencer is an admissibleepimorphismand
U satis�es the property (P).
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Beforewe can state and prove the Main Theorem, we needsomeresults on chain
complexes.

6. Chain complex categories

In this sectionwe give a proof of the theoremdue to Thomasonand Trobaugh[11]
From now on, we will abusethe languageas follows. Everything has to be thought
of as being passedthrough the K -theory functor. When we say that two categories
are homotopy equivalent we mean that their K -theories are homotopy equivalent
and, any diagram we present must be thought ashaving the categoryreplacedby its
corresponding K -theory and every functor replacedby its induced map betweenthe
appropriate spaces.

As we have alreadymentioned, we wish to usethe generic�bration lemma,but we
can not useit directly becausethe additive categoriesdo not have cylinder functors.
Thereforewe replacethe categoriesby their corresponding categoriesof �nite chain
complexes.

Prop osition 6.1. [11, Theorem 1.11.7]Given U an additive category that satis�es
property (P), let C(U) be its category of �nite chain complexes.Assume U and C(U)
are given the usual `structures' of categories with co�br ations and weak equivalences
as we mentioned in sections 3 and 4 Then, the embedding U ,! C(U), as chain
complexesof length 1, inducesa homotopyequivalence of K -theory spectra.

Proof. It hasbeenshown that C(U) hascylinder functor and satis�es the saturation
axiom, the extensionaxiom and the cylinder axiom, seesection 4. Recall that the
weakequivalencesin C(U) are the chain homotopy equivalences.We will denotethis
(C(U); w). Without changing the subcategory of co�brations, we can regard C(U)
as having as its weak equivalencesjust the isomorphismsof chain complexes.This
`new structure' on C(U) will be denoted as (C(U); i ). The category C(U) can be
thought as lim

a!�1
b! + 1

Cb
a , where Cb

a is the full subcategory of complexesin C(U) with

Ci = 0 whenever i � a � 1 or i � b+ 1. For any a;b 2 Z, w Cb
a is a categorywith

co�brations and weak equivalencesinherited from (C(U); w). The category i Cb
a is

the categoryCb
a wherethe structures are inherited from (C(U); i ) instead. Then we

identify U with C0
0 . It is clear that wC0

0 = i C0
0 .

In this context, we may consider (C(U)w; i ), which is the full subcategory of
(C(U); i ) whoseobjects are those chain complexesthat are contractible in the `w'-
sense,i.e. as objects in (C(U); w). Now, by the generic�bration lemma:

(C(U)w ; i ) ! (C(U); i ) ! (C(U); w)

is a �bration, up to homotopy.
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We shall show that U (= (U; w) = (U; i )), consideringU embeddedin C(U), is the
co�b er of the map

(C(U)w ; i ) ! (C(U); i )

Considerthe exact functor

i Cb
a � !

b� a+1Q
U(6.1.1)

C# 7! (Ca; : : : ; Cb)

We claim it inducesa homotopy equivalenceof K -theories.

For a = b, it is clear. Now, by induction, we will show

i Cb
a � ! i Cb

a+1 � U(6.1.2)

(Ca ! Ca+1 ! � � � ! Cb) 7! ((Ca+1 ! � � � ! Cb); (Ca ! 0 ! � � � ! 0))

induceshomotopy equivalencein K -theory. This is clear by the additivit y theorem
2.7, since

i Cb
a = E( i Cb

a+1 ; Cb
a; U):

Now, we claim that i Cbw

a is homotopy equivalent in K -theory to
b� aQ

U. We do this
by induction on the integersa � b.

For a = b, i Caw

a = i(U)w which is equivalent to the 0-category.

For a = b� 1, it is alsoclear that

i Cbw

b� 1 � f categoryof complexesCb� 1
@�! Cb where@is an isomorphismg

so it is equivalent to U.

We continue by induction on b� a. We shall producea homotopy equivalence:

K (i Cbw

a )
�=�! K (i Cb� 1w

a ) � K (i Cbw

b� 1
�= U)

This is obtained by applying the additivit y theorem 2.7 to the equivalenceof cate-
gories

i Cbw

a = E
�
i Cb� 1w

a ; i Cbw

a ; i Cbw

b� 1

�
:(6.1.3)

We needto show this equality. Given a chain complexC# in i Cbw

a we shouldproduce
an associated extensionwith a chain complexof length b� 1 or less,� � b� 1(C# ), and
other one of length b, � b(C# ). The inverseequivalenceof categoriestakes the total
complexC# and forgetsthe extensions.It is easyto check that both the equivalence
of categoriesand its inverseare exact functors.
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Since

C# �
�

0 ! Ca ! Ca+1 ! � � � ! Cb� 2
db� 2� � ! Cb� 1

db� 1� � ! Cb ! 0
�

is contractible, we have a chain map s such that sd + ds = 1. In casedegreeb� 1,
s is an splitting. Therefore, db� 1 is an splitting epimorphism in U. But U satis�es
(P), so there exist Zb� 1 and an isomorphismsuch that Cb� 1

�= Zb� 1 � Cb. Moreover,
through this isomorphism,db� 1 becomesa projection onto Cb. The mapsdb� 2 and s
factor through Zb� 1. In this way, we obtain shorter contractible chain complexes:

� � b� 1(C# ) � (0 ! Ca ! Ca+1 ! � � � ! Cb� 2 ! Zb� 1 ! 0)

� b(C# ) � (0 ! Cb
id�! Cb ! 0)

Now, C# �ts into the sequence:

� � b� 1(C# ) //// C# //// � b(C# )

0

��

0

��

0

��
Ca

��

Ca
//

��

0

��
Ca+1

��

Ca+1
//

��

0

��
...

��

...

��

...

��
Cb� 2

��

Cb� 2

��

//0

��
Zb� 1

��

//// Cb� 1

��

//// Cb

��
0 //Cb

��

Cb

��
0 0

We have the equality of the formula 6.1.3 as we wanted. The additivit y theorem
2.7 can be applied obtaining the homotopy equivalenceof K -theorieswe wanted.
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In this proof, we have shown that for C# in Cbw

a , Z i a+ 1 � i � bare in U and the
functor C# � ! Z i is an exact functor, for each i . In fact, the homotopy equivalence
is induced by

iC bw

a � !
b� aQ

U(6.1.4)

C# � ! (Za+1 ; : : : ; Zb)

Now, let us considerthe exact inclusion

iC bw

a
//// iC b

a

and the induced mapsof K -theory spectra:

K (iC bw

a ) //

��

K (iC b
a)

��
b� aQ

K (U) //
b� a+1Q

K (U)

Given a chain complex C# in iC bw

a the term in
b� aQ

U is (Za+1 ; : : : ; Zb) and in
b� a+1Q

U is (Ca; Ca+1 ; : : : ; Cb). Since in C# we can identify , for each dimension, the
exact sequence

Zk
//// Ck

//// Zk+1

It can be said, using the additivit y theorem 2.7, that the map, oncepassingto K -
theory, sendingC# to Ck is homotopic to the `sum' of the maps sendingC# to Zk

and C# to Zk+1 .

Therefore,we can assumethe map in the above square

b� aY
K (U) � !

b� a+1Y
K (U)

is induced by

(Za+1 ; : : : ; Zb) � ! (Za+1 ; Za+1 � Za+2 ; : : : ; Zb� 1 � Zb; Zb)

The homotopy co�b er of this map is K (U). It is induced by
b� a+1Y

K (U) ! K (U)

(xa; : : : ; xb) !
bX

k= a

(� 1)kxk
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Taking direct limits (a ! �1 , b ! + 1 ), we get the co�b er homotopy sequence

K (iC w) � ! K (iC ) � ! K (U)(6.1.5)

C# � !
X

(� 1)kCk

By the generic �bration lemma 2.10, the homotopy co�b er spectrum is, up to
homotopy, K (wC). Thus, there is a homotopy equivalence

K (U)
�=�! K (wC)

induced by the exact functor U ! C(U).

Corollary 6.2. Given an additive category U we have

K (U) ' K (C(U))

induced by the inclusion of categories.

Proof. If U doesnot satisfy the property (P) then U does,seesection5. Moreover,
U is co�nal in U and both have the `same'K -theory, seesection 5. Chasing the
following diagram we obtain the result.

iC (U)w //

��

iC (U) //

��

wC(U)

��

ee

3S

KKKKKKKKKK

iC (U)w // iC (U) //wC(U) �= U �= U:

The top and bottom row are �brations by the generic�bration lemma 2.10. The
two isomorphismsat the bottom are consequencesof proposition 6.1 and co�nalit y
2.9. The vertical arrows on the left and on the middle are homotopy equivalences
becauseU is co�nal in U. We can concludethat the vertical arrow on the right is a
homotopy equivalenceby consideringthe long exact sequencesof homotopy groups
corresponding to the two �brations generatedby the rows. The right hand side
diagram commutes and thereforethe result is obtained.

7. Pr oof of the main theorem

In this sectionwe will prove

Theorem 7.1. [7, Theorem5.3] Given U, an additive A -�lter ed category, then

A ^ K ! U ! U/ A

is a �br ation, up to homotopy. Here K is the inverseimageof K 0(U) � K (U^ ) under
the induced map K (A ^ ) ! K (U^ ).
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We will now apply the generic�bration lemma to the functor

C(U) �! C (U (A ))

and show that C (U (A )) and C (U/ A ) are homotopy equivalent in K-theory. By
corollary 6.2 we thus have models for K (U) and K (U=A).

Prop osition 7.2. Let U be an additive A -�lter ed category. The functor

F : C(U(A)) ! C ( U/ A )

whichis the identity on the objects and takesclasseson the morphismsmodf cc mapsg,
inducesa homotopyequivalence of K -theories.

Proof. Wewill usethe approximation theorem2.12. The weakequivalenceswC(U(A))
and wC ( U/ A ) satisfy the saturation axiom. C(U(A)) hasa natural cylinder functor
inherited from C(U) satisfying the cylinder axiom, seesection4.

App 1: is satis�ed trivially , becauseof the de�nition of wC(U(A)).
App 2: will be easyafter the following remark:
By the properties of the A-�ltration of U any D# in C ( U/ A ) is isomorphic
in U/ A to a chain complexfrom C(U) [4, Proof of theorem4.1].

Let C# be in C(U(A)) and F (C# ) x�! D# in C ( U/ A ). We are assuming,
by the remark, that D# is isomorphicby ' to a chain complexD 0

# which is
from C(U). We can apply the cylinder functor to 'x , obtaining an object,
T('x ) in C(U). The diagram is

F (C# ) //x

��

D# //'

� D 0
#

T('x )

66

p

llllllllllllllll

where ' is an isomorphismand hencea weak equivalence. So is p by the
cylinder axiom. Therefore' � 1p is a weakequivalence.All of this only needs
to commute modA becausethe ambient category is U/ A .

ThereforeF veri�es the approximation properties,and by 2.12,it inducesa homo-
topy equivalenceof K -theories.

This last result has told us we are on the right track. Thereforeour next step is
to investigate C(U)w, the �b er of C(U) � ! C (U (A )). We needthe following two
results from [8] (seealso [4]) in order to continue the argumentat.

Prop osition 7.3. [4, Proposition 4.7] Let U be an A-�lter ed category. A chain com-
plex U# in U is A -dominated i� the induced U/ A -chain complexis contractible.



20 MANUEL C�ARDENAS AND ERIK KJ�R PEDERSEN

Lemma 7.4. [4, Lemma 4.8] Let A be a full subcategory of U, U# an A-dominated
chain complex in U. Let K be the inverse image of K 0(U) under the induced map
K 0(A ^ ) � ! K 0(U^ ), and let U^ K be the full subcategory with objects U � (A; p),
[(A; p)] 2 K .

Then the induced chain complex in U^ K under the inclusion U ! U^ K is chain
homotopyequivalent to a chain complexin A ^ K .

In order to apply 7.3 we restate it in the following way.

Prop osition 7.5. Let U be an A-�lter ed additive category and C(U) its category of
�nite chain complexes. Let C(U)w be the full subcategory of chain complexesin U
that are contractible in U/ A and let C(U)A be the full subcategory of chain complexes
in U that are A-dominated. Then C(U)w = C(U)A .

The categoryU^ K / A ^ K is clearly equivalent to U/ A and U is co�nal in U^ K , see
section5. Thereforethe functor induced by this co�nalit y

C ( U/ A ) � ! C
�
U^ K / A ^ K

�

inducesa homotopy equivalence.Also the functor

C(U) � ! C
�
U^ K

�

inducesa homotopy equivalenceof K -theories and both K -theories are homotopy
equivalent to that of U through the respective inclusions.

Let us denote by w0 the weak equivalencesin C
�
U^ K

�
A ^ K

��
. If we apply the

generic�bration lemma 2.10, to

C
�
U^ K

�
� ! C

�
U^ K

�
A ^ K

� �
;

we obtain this �bration, up to homotopy:

C
�
U^ K

� w0

� ! C
�
U^ K

�
� ! C

�
U^ K

�
A ^ K

� �
(7.5.1)

as we did for C(U) in the proof of proposition 7.2. On the other hand, applying the
generic�bration lemma 2.10to

C(U) � ! C (U (A ))

we obtain

C(U)w � ! C(U) � ! C (U (A ))

The co�nalit y givesus mapsto compareboth sequenceswhich with 7.2 producesthe
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following diagram.

C
�
U^ K

� w0

��

C(U)w

��

oo '

C
�
U^ K

�

��

C(U)

��

oo
�=

C
�
U^ K

�
A ^ K

��

��
�=

C (U (A ))

��

�=

oo
�=

C
�
U^ K / A ^ K

�
C ( U/ A )oo

�=

So,by observingthe long exact sequenceof homotopy groupswe canconcludethat

Prop osition 7.6. The induced functor ' : C(U)w � ! C
�
U^ K

� w0

induces a homo-
topy equivalence of K -theories.

We have the natural inclusion F : C
�
A ^ K

�
� ! C

�
U^ K

� w0

and by proposition 7.5

( or more exactly [4, Proposition 4.7]) we have C(U)A = C(U)w and C
�
U^ K

� A ^ K

=

C
�
U^ K

� w0

. The diagram above becomesthen

C
�
A ^ K

�

��

C
�
U^ K

� A ^ K
//

�=
C

�
U^ K

� w0

��

C(U)woo
�=
'

��
C

�
U^ K

�

��

C(U)

��

oo
�=

C
�
U^ K

�
A ^ K

��

��
�=

C (U (A ))oo
�=

��

�=

C
�

U^ K
.

A ^ K
�

C ( U/ A )oo
�=

= C(U)A
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Prop osition 7.7. The functor F : C
�
A ^ K

�
� ! C

�
U^ K

� w0

induces a homotopy
equivalence.

Proof. We want to apply the approximation theorem 2.12 to F . The categories

C
�
A ^ K

�
and C

�
U^ K

� w0

satisfy the saturation axiom. C
�
A ^ K

�
satis�es the cylinder

axiom aswell. Let us check App 1 and App 2.

App 1: holds trivially sinceC
�
A ^ K

�
is a full subcategoryof C

�
U^ K

� w0

and

thereforeinherits weak equivalencesfrom C
�
U^ K

�
.

App 2: follows easierlyafter the following remark:

Given B# in C
�
U^ K

� w0

then B# is U^ K / A ^ K -contractible. But any chain

complex in C
�
U^ K

�
is homotopy equivalent to one in C(U). Seethe proof

of [4, Theorem 4.1]. ThereforeB# is homotopy equivalent to B 0
# in C(U) �

C
�
U^ K

�
. But U^ K / A ^ K = U/ A . This meansthat B 0

# is U/ A -contractible.
Then by 7.5 B 0

# is A -dominatedhenceby lemma7.4 B 0
# is homotopy equiv-

alent, in U^ K , to a chain complex A0
# in A ^ K . We conclude that B# is

homotopy equivalent to an object A0
# in A ^ K .

Now, let us try to verify App 2.

Let A#
f

�! B# bea morphismfrom an object in C
�
A ^ K

�
to an object in C

�
U^ K

� w0

.

By the remark above, we have the homotopy equivalence i : B#
��! A0

# with in-
verser such that @� + � @= r i � 1 where � is a chain homotopy. The composite
A#

f
�! B#

i�! A0
# lies in C

�
A ^ K

�
. We can apply the cylinder functor to it.

A# //j 1

��
f

""

if

EE
EE

EE
EE

T(if )

��
p�=

A0
#

oo j 2

idzz
zz

zz
zz

zz
zz

zz
zz

B# //
i

A0
#

It is left to de�ne f 0: T(if ) � ! B# such that f 0j 1 = f and f 0 is a weakequivalence.
We de�ne f 0 as follows.

(T(i f ))p = Ap � Ap� 1 � A0
p

f 0
p�! Bp f 0

p = (f ; � f ; r )

Let us check f 0 is a chain map.
Since

r@= @r , f @= @f and @� + � @= r i � 1

then
@� = � 1 � � @+ r i
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and hence

f 0d = (f ; � f ; r ) �

0

B
@

@ � 1 0
0 � @ 0
0 i f @

1

C
A = (f @; � f � � f @+ r if ; r@)

= (@f ; @� f ; @r ) = @f 0:

A chain homotopy inversefor f 0 is

0

B
@

0
0
i

1

C
A = j 2 i .

Now,
�
f ; � f ; r

�
�

0

B
@

0
0
i

1

C
A = r i

0

B
@

0
0
i

1

C
A is a weak equivalence,sincej 2 and i are. Then, by saturation, sincer i is a

weak equivalence,so is f 0. Clearly f 0j 1 = f . So we have

A# //// j 1

��

f

T(if )

||

f 0

�=
yy

yy
yy

yy

��

�=p

B#
//i
A0

#oo
r

We have veri�ed App 2, and get the result.

Corollary 7.8. C
�
A ^ K

�
is homotopyequivalent to C(U)A .

Proof. By proposition 7.7 C
�
A ^ K

�
is homotopy equivalent to C

�
U^ K

� w0

, but this
is homotopy equivalent to C(U)w by proposition 7.6, which by proposition 7.5 is h.e.
to C(U)A .

Proof of Main Theorem. Let us condenseall of the above as follows.
Applying the generic�bration lemma 2.10to

C(U) � ! C (U (A ))

we obtain the �bration

C(U)w � ! C(U) � ! C (U (A )) :(7.8.1)
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but by proposition 7.2, C (U (A )) ' C ( U/ A ) and by proposition 7.5, C(U)w �=
C(U)A . So,7.8.1now looks like

C(U)A � ! C(U) � ! C ( U/ A ) :(7.8.2)

But by corollary 7.8, C(U)A �= C
�
A ^ K

�
, therefore7.8.2becomes

C
�
A ^ K

�
� ! C(U) � ! C ( U/ A ) :(7.8.3)

Finally, applying corollary 6.2 to the three terms, we obtain that

A ^ K � ! U � ! U/ A

is a �bration, up to homotopy.

If A is idempotent complete,then A and A ^ K have the sameK -theory. Therefore

Corollary 7.9.
A ! U ! U/ A

is a �br ation, up to homotopy.

We �nally show how to use the theorem to obtain excisionas in [3] for bounded
K-theory. Let M = M 1 [ M2 be a metric spacedecomposedastwo metric subspaces.
Let U1 = C(M ; R) the category of �nitely generatedfree R-modules parameterized
by M and boundedmorphisms,as in [7]. Let A 1 = C(M ; R)M 1 , the full subcategory
with objects having support in a boundedneighborhood of M 1. Then clearly U1 is
A 1 �ltered, and C(M ; R)M 1

�= C(M 1; R). Similarly let U2 = C(M ; R)M 2
�= C(M 2; R)

and A 2 the full subcategorywith objects support in a boundedneighborhood of M 1

intersectedwith a boundedneighborhood of M 2. It is easyto seethat

U1=A 1
�= U2=A 2 ;

and we obtain excisionfrom the diagram

A 1 � � � ! U1 � � � ! U1=A 1
x
?
?
?

x
?
?
?

x
?
?
?

�=

A 2 � � � ! U2 � � � ! U2=A 2:

To give a proof of 1.0.2we needto recall the de�nition of K �1 . Let A be an additive
category, M a proper metric space.

De�nition 7.10. The bounded category C(M ; A ) has objects A = f Axgx2 M , a col-
lection of objects from A indexed by points of M , satisfying f xjAx 6= 0g is locally
�nite in M . A morphism � : A ! B is a collection of morphisms� x

y : Ax ! By so
that there exists k = k(� ) so � x

y = 0 if dM (x; y) > k.
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Composition is de�ned asmatrix multiplication. Given a subspaceN � M , we de-
note the full subcategorywith objectsA sothat f xjAx 6= 0g is contained in a bounded
neighborhood of N by C(M ; A )N . It is easyto seethat C(M ; A ) is C(M ; A )N -�ltered .
We denotethe quotient categoryby C(M ; A )>N . We shall needthis in the particular
casewhen M is euclideanspaceRi . ConsiderC(Ri ; A ) ! C(Ri +1 ; A ) inducedby the
standard inclusion. This inclusion factors through H i +1

� where H i +1
+ and H i +1

� are
the two halfspacesintersecting in Ri . Clearly C(H i +1

� ; A ) has an Eilenberg swindle
shifting modulesby 1 in the direction of the last coordinate, hencethesecategories
have trivial K -theory so the map

K (C(Ri ; A )) ! K (C(Ri +1 ; A ))

is canonicallynull homotopic in two ways thus giving a functorial map

� K (C(Ri ; A )) ! K (C(Ri +1 ; A ))

or by adjointness
K (C(Ri ; A )) ! 
 K (C(Ri +1 ; A ))

It follows from 1.0.1 that this is an isomorphismin homotopy groups in dimensions
bigger than 0. We de�ne

K �1 (A ) = hocolim
 i K (C(Ri ; A ):

It is easyto seethat if U is A -�ltered, then C(R i ; U) is C(Ri ; A )-�ltered and we thus
recover the �bration of spectra

K �1 (A ) ! K �1 (U) ! K �1 (U=A)

by taking the homotopy colimit of the �brations


 i K (C(Ri ; A )K i ) ! 
 i K (C(Ri ; U) ! 
 i K (C(Ri ; U=ca)

whereK i is the appropriate subgroupof K 0(C(Ri ; A )^ .
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