ON K3 OF WITT VECTORS OF LENGTH TWO OVER FINITE
FIELDS

THOMAS GEISSER

ABSTRACT. We prove that for W (Fg) the Witt vectors of length two over the
finite field Fq, we have K3(W2(F,r)) = (z/p*) &Z/(p?f —1) in characteristic
at least 5 and K3(Wa(F35)) = (2/9)f 1 & (2/3)2 0 2Z/(3%/ —1) for (3, f) = 1.
The result is proved by using the identity K3(W2(Fq)) = Ha(SL(W2(Fq))) and
calculating the right term with a group homology spectral sequence. Some
information on the spectral sequence is achieved by using the action of the
outer automorphism of SL on the homology groups and recent results on K-
groups of local rings and the ring of dual numbers over finite fields.

1. INTRODUCTION

Some of the higher algebraic K-groups which can be explicitly calculated are the
groups K;(O,/p™) for O, the ring of integers in a local field. The prime-to-p part
is given by the prime-to-p part of K;(O,/p) by Suslin [21]. The groups K2(O,/p™)
have been calculated by Dennis and Stein [5]. In the totally ramified case, the
groups K;(F,[t]/t?) have been determined by Hesselholt and Madsen [10] and in
the unramified case, Evens and Friedlander [7] proved K3(Z/p?), = Z/p? for p > 5.
In this paper we extend this result in two ways. The main theorem is:

Theorem 1.1. a) Let p > 5 then
Ks(Wa(Fyr)) = (2/p*) @ Z/(p*) - 1).
b) Let (3, f) =1 then
Ks(Wa(Far)) = (Z/9)" " @ (2/3)* @ 2/(3*) - 1).
Part b) includes K3(Z/9)s = (Z/3)?, conflicting the result of [1]. The char-
acteristic 3 case is of particular interest, because it is known that 73(im J)s, the
homotopy group of the image of the J homomorphism, gives a direct summand Z/3

of K3(Z) = Z/48 and of K3(Z3,Z3) = Z3 ® Z/3. On the other hand one knows by
Panin [15] that K3(Z3,Z/3) = limK5(Z/3™,7Z/3). So the question arises at which

level the image of J occurs for the first time in the inverse system. The above
theorem says that it arises at the earliest possible level n = 2.
The proof of the theorem uses the identity

Ks(W2(Fq)) = Hs(SL(Wa(Fy))).
The right hand term is then calculated as in [7], [1], [14] and [19], using the
Hochschild Serre spectral sequence associated to the extension
0—V — SL(W,(F,)) — SL(F,) — 0.

Key words and phrases. Higher algebraic K-theory, Hochschild Serre spectral sequence,
Charlap-Vasquez theory, group cohomology, linear groups, local rings.
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Some E2-terms in this spectral sequence have been calculated by Lluis-Puebla [14]
and Friedlander and Parshall [8]. We need the following additional results.

On the one hand, a main lemma 4.2 tells us that the map K3(O0,,Z,) —
K3(Op/p?) is surjective. This gives an upper bound on the number of genera-
tors of K3(O,/p?), because the groups Ks(Oy,Z,) have been calculated by Levine
[13] and Bokstedt and Madsen [2].

On the other hand, we use the action of the outer automorphism of SL on the
terms of the spectral sequence to show that some differentials vanish. Using the
calculation of K;(IF,[t]/t?) of Hesselholt and Madsen [10], which admits a spectral
sequence with the same Es-terms, this suffices to calculate K3(O,/p?) in charac-
teristic at least 5.

In characteristic 3 we have to calculate an explicit differential in the spectral
sequence. This takes the second half of the paper and follows ideas of Evens and
Friedlander|7].

Notation: F, denotes the field with ¢ = p/ elements, W,,(R) the Witt vectors of
length n over R and W(R) all Witt vectors. For a group V, V* denotes the dual
group Hom(V, Q/Z) and V,, the p-part of V. V,,(F,) are the n x n-matrices of trace
zero over F,, and V(F,) is the direct limit of the V;,(F,). We will sometimes write
V' if the field in question is clear from the context. For an R-module V' over the
ring R, ARV is the n-th exterior power and SRV the n-th symmetric power.

I would like to thank the following people for many helpful conversations and
their patience in listening to me: B.Gross, L.Hesselholt, M.Levine, V.Snaith. I
would also like to thank C.Stahlke for his help with the computer calculations and
the Harvard Department of Mathematics for its hospitality during my stay.

2. K-GROUPS AND GROUP COHOMOLOGY

For any ring R and n > 1 the K-groups and K-groups with coefficients are defined
to be

K,.(R) = m,(BGL"(R)),
K, (R, Z/m) = mn(BGL" (R), Z/m),
where GL(R) = lim GL,(R), B is the classifying space and + Quillen’s plus-

construction. As BSL(R)™ is the universal covering of BGL*(R), we get for n > 2
: Kp(R) = m,(BSLT(R)). We also have short exact sequences

0—K,(R)/m —K,(R,Z/m) — ,, K,—1(R) — 0.
If Ko(R), = 0, the Hurewitz theorem shows
K3(R)ZD = H3(SL(R))ZJ7 K3(R5Z/p) = H3(SL(R)aZ/p)

and the latter determines the number of generators of the former. Thus we will be
interested in the low dimensional homology groups of SL(R).
Note that by duality we have

Hy(SL(R), Z/p) = H"(SL(R), Z/p)".

If G is torsion, we get from the long exact sequence to the short exact sequence
0—Z— Q— Q/Z — 0 and duality that H*(G) = 0 and that for n > 2

H"(G)=H"YG,Q/Z) = H,_1(G)*.
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If R is finite, the groups SL,(R) are finite and thus SL(R) is torsion, so we can
also use cohomology groups to calculate K-groups.
For V an abelian group, we have [3, V 6.6]

H*(Vv Z/p) = AZ/p(V/pV) ® FZ/;D(;DV)'

If V is p-torsion, we have H1(V) = V, Hao(V) = A2V [3, V 6.4]. From the long
cohomology sequence associated to the sequence 0 - Z — Z — Z/p — 0 we get

V' = H\(V,Z/p) > HA(V),
and the two dual sequences

0— HXV)=6V* — HX(V,Z/p) > H¥ (V) = A2V* — 0

and

0 — Hy(V) = A2V 5 Hy(V,Z/p) 2 H\(V) =V — 0.
In terms of the bar resolution the map = is given by 7(u A v) = [u]v] — [v|u] for
uAv € A2V = Hy(V) and 9 is given by 9[ulv] = W. The map 7 is split

by [u]v] — 5% and 9 is split by p : [v] — E;Zé [v]jv].
Finally we get

H3(V) = A3V @ S?V = H4(V)*.

As we are interested in Witt vectors of length two Wy (FF,) over finite fields, we
will consider the low terms of the spectral sequences associated to the short exact
sequence induced by reduction modulo p:

0— K — SL(W)(F,)) — SL(F,) — 0.

If one identifies K with the trace zero matrices over F,, then the action of SL(F,)
is the adjoint action.
The sequence gives rise to the Hochschild-Serre spectral sequences

Ez,q(Z) = HP(SL(Fq)v Hq(V(Fq))) = Hp-‘rq(SL(W?(Fq)))
Ez)q(Z/p) = HP(SL(]Fq)v Hq(V(Fq)vZ/p)) = Hp+q(SL(W2(Fq))a Z/p)
and similarly for cohomology.

Lemma 2.1. Let M be the group of all matrices over F,, V be the trace zero
matrices and ¢ > 0. Then we have

Hi(SL(E,), V) = Hi(GL(F,),V) = Hi(GL(F,), M).

Proof: If (n,q—1) = 1, the map det : GL,(F,) — F} issplit by z — diag(z, =, ..., )
and the action of F; on H.(SL,(F,),V,) induced by conjugation is trivial. As Fy
has order prime to p and V,, is p-torsion, the spectral sequence

HZ(FZ, HJ (SLn(Fq), Vn) = HiJrj (GLn(Fq), Vn)

shows that H.(GL,(F,),V,) = H.(SL,(F,),V,,) and this carries over to the limit,
proving the first equation.

If (n,p) = 1, then the map tr : M — F, is split as a GL(F,)-map by = —
diag(Z,...2), and we have

H;,(GL,(F,), M,) = H;(GL,(F,),V,,) ® H;(GL,(F,),Fy).
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According to Quillen’s result [16], the right hand side vanishes in the limit for ¢ > 0,
proving the second equation. O

The following terms of the above spectral sequence are known:

Proposition 2.2.

a) H;,(SL(F,),Z), = 0 >0

b) H;(SL(F,),V)= (Z/p)) i>2 even
0 otherwise

¢) H;(SL(F,),A*V)= 0 1=0,1

F
d) Hy(SL(F,),S*V) = (Z/p)’
€) Ho(SL(F,),\°V) = (Z/

Proof: a) [16, theorem 6]
b) By lemma 2.1 and duality we have

Hi(SL(F,), V) = Hi(GL(F,), M) = H'(GL(F,), M")".

As M = M*, the result follows from [8, prop. 1.6]
c) [14, theorems 2.3e, 2.4b] or [12, théoréme 3.4]
d), e) [14, theorem 2.4c] a

Remark: As [14] only contains sketches of proofs, we like to mention that the
results of this paper remain valid if in d) and e) we only know that the homology
groups have p-rank at least f.

But the compositions

SV Y M F, and APV R U

are SL(F,)-invariant. Composing them with linear forms x : F, — F,,, we see that
H°(SL(F,), S?V*) and H°(SL(F,), A3V*) have dimension at least f over Z/p.

If we denote Ha(SL(F,), A2V) by H we thus get

Corollary 2.3. a) The low terms in the spectral sequence H,(SL(F,), Hy(V)), =
Hpiq(SL(Wa(Fy)))p are

3] (z/p)*f

21 0 |0 H

1 0 0] @/p) 0] Z/p)

0 Z (0] 0 |0 o0
0 il 2 |3 1

b) The low terms in the spectral sequence H,(SL(F,), H,(V,Z/p)) = Hptq(SL(W2(F,)),Z/p)
are

3| (z/p)¥

2 0 0] ((Z/p)oH

1 0 0] @/’ [o]|z/mp)

o Z/p |0 0 o o0
0 1 2 3] 4
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3. K-GROUPS OF LOCAL RINGS

In this section we recall some results on K-groups of dual numbers and local
rings and relate them to the Lichtenbaum-Quillen conjectures.

By Suslin [21] we know that for a complete local ring O, with quotient field F,
and m prime to p we have

Ki(Op, Z/m) = K;(Fy, Z/m).

Thus we will be only interested in the p-part of K-groups, as the prime to p-part is
known by Quillen [16, theorem 8§].

Similarly, Panin [15] has shown that for a complete discrete valuation ring of
mixed characteristic

KZ(OP 3 Z/pn) = lgﬂ KZ(OP/pTa Z/pn)v
which allows us to relate K-groups of local rings to K-groups of their quotients.

The following two theorems have been proved by comparison of K-theory with
topological cyclic homology:

Theorem 3.1. [10] Let k be a finite field of characteristic p # 2, then
K2n(k[t]/(t2))p =0
K2n—1(k[t]/(t2))p = @ W, (k).
(3,2)=1
Here s; is given by ip%—1 < n < ip%i.
Theorem 3.2. [2] Let O, be an unramified extension of Z,, p > 3, of degree f.
Then we have
Kgn(op N Zp) = Ton—1 (HII J)p
Kgn_l(op,Zp) = Z;{; D Wgn_l(im J)p
Here im J is the image of the J-spectrum, i.e. Tan—1(imJ), = (Z/dy)p, where d,,
is the denominator of the Bernoulli-number %.

For K3, the last theorem has also been proven by Levine [13].

Let us compare the last theorem with the Lichtenbaum-Quillen conjectures:

By the localization sequence we have for K, the quotient field of O, and n > 2:
K.(0y,Z,) = Kn(Kp,Zp). One formulation of the Lichtenbaum-Quillen conjec-
tures in this case is that the natural surjection [6]

p: Ki(Ky, Zp) — K{' (Kp)
is an isomorphism for sufficiently large i. By the splitting of the Dwyer-Friedlander
spectral sequence for K¢, [20, theorem 1], we have
K5, (Ky) = H'(Ky, Zy(n)) ® H*(Ky, Zp(n + 1))
K§2—1(Kp) = Hl(KmZp("))-

The right hand side has been calculated in [17, par. 3], and we get with w, (/) =
max{p’ : Ky (1) : Kl ).

Conjecture 3.3. (Lichtenbaum-Quillen conjecture for local fields)
KQn(Opv ZP) = Z/wn(KP)
Kon-1(0p,Zy) = Z) & L/ wn (Ky).
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For K, unramified we have w, (K,) = #map—1(im J),, in particular we see that
the surjections p must be isomorphisms.

We also have an action of Adams operators on both the K-groups and on the
constituents of the Dwyer-Friedlander spectral sequence. The Adams operator Pk
acts like k™ on H'(K,,Z,(n)) = Ey™>" = EL72" see [20, prop. 2, theorem 1], so
we get:

Proposition 3.4. Let O, be an unramified extension of Z, and p > 3. Then we
have

Kon (0, Zp) = Kon(0p, Z,) ")
K2n-1(0p, Zp) = Kon—1(0p, Z;,)!™

4. THE COKERNEL OF K3(0,/p") — K3(O,/p™)

Let O, be a finite extension of Z, with ramification index e and residue degree
f. We will examine the cokernel of the maps K3(O,/p") — K3(Op/p™). We
assume for simplicity Ko(Op/p”) = 0, which is for example true in case O, does
not contain p-th roots of unity or if r» < I%e, [5, theorem 5.1]. This implies that
K3(Op/p") = H3(SL(Op/p")) and similarly for K3(O,/p").

Proposition 4.1. Suppose that n < r < 2n and Ko(O,/p") = 0. Then we have an
exact sequence

K3(Op/p") — K3(Op/p") — Op/p® — 0,
where ¢ = min(r —n, d, (n — 1) + vy(n)), d the exponent of the discriminant of O,.
Proof: Consider the spectral sequence of homology groups associated to the short
exact sequence
0— N:; — SL(OP/]JT) — SL(Op/pn) —
Since r < 2n, the map A — 1+ A induces an isomorphism between V (p™/p"),

the trace zero matrices with entries in p”/p”, and N!. Thus H;(N}) = V(p™/p")
and we have Ha(N") = A2V (p™/p"), [3, theorem 6.4]. This gives us

Ef o= Hi(SL(Oy/p")) = SL(Op /p")* =0
E3 o = Ha(SL(Op/p"™)) = Ka(Op /p") =

Es,o = H3(SL(O,/p")) = K3(Op /p")
(SL( 0
(SL(

\/\/\_/

Ejy = Ho(SL(Op/p"), V(p"/#7)) =0 [12, prop. 1.2]
E§ 5 = Ho(SL(O,/ Vp*/p) =0 [12, théoréme 3.4]

= =
3

=
=

| N

0 | K3(Op/p")
2 3

B,
0
1

oINolo

So we get the exact sequence

2

d 0
K3(0p/p") — K3(Op /p") —% E12,1 — 0.
By [12, théoréme 2.16] we have:
Efy = Hy(SL(Op/p™), V(0" /87) = Qo, s @0, /p " /0"
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Since Qp, = O, /p?dr for m a uniformizer of Oy, d the valuation of the discrim-
inant, and e — 1 < d <e—1+vy(e), [18, p. 58-59], we have the exact sequence

n n g n
p"/p? = Qo, ®o, Op/p" — Qo, /pn — 0,
where 0(z) = dz ® 1. From dr"™ = nz" " ldn we get

0, /pd O, /p™ :
o p/P u ®Op P/p _ Op/pmln(n,d,(nfl)Jrvp(n))'

Q n =

Corollary 4.2. If O, is unramified, then K3(O,/p") — K3(O,/p™) is surjective
for all r > n. Consequently K3(Oy,Z,) surjects onto Kz(Oyp/p™)p.

More generally, for 7 not necessarily less than or equal to 2n, the term E§ ,/im d3 ; =
Ho(SL(O,/p™), Ho(V (p™/p7)))/imd3 | gives an extra contribution to the coker-
nel. For example for e > r, the cokernels grow regularly by (Z/p)/ for r = n +
1, ..., min(2n, 2n—1+wvp(n)) (because Oy /p¢ = Fy) until they reach ]F‘glln(n’"_1+vp(n))
and the E; j-contribution is exhausted. Then there is an irregular contribution com-
ing from Eyo/imd3 ;. In case O, sufficiently ramified (ie. e > r), K3(Op/p"),
eventually equals the cokernel, the precise pattern can be read of from [11, 3.4].

For example the cokernel grows for the following r:

p=3, n=5:  6,7,89,12 18,27 81
p=3, n=9:  10,11,12,13,14,15,16,17,18,21,24,27, 36,45, 54,81
p=5 n=5:  6,7,8,910,1520,25
p=5 n=6:  7,8910,11,15,20,25, 50,125

5. THE OUTER AUTOMORPHISM
The outer automorphism
7:SL(R) — SL(R)
AtATl

induces an automorphism of order 2 on homology groups with coeflicients in any
self-dual representation. For R = F; and as coefficients the homology groups of the
adjoint representation V', the automorphism is compatible with the stabilization
maps SL,(R) — SL,41(R).

For the extension 1 — V(F,) — SL(W3(F,)) — SL(F,) — 1 the induced action
on V is given by A — —!A. The automorphism induces a map on the spectral
sequences, all terms of the spectral sequence decompose into 4+- and —-eigenspaces
and the differentials respect this decomposition.

We will determine the action of 7 on some of the Es-terms:

Proposition 5.1. a) The automorphism 7 acts like +1 on Ho(SL(F,),A*V) and
on Ho(SL(F,),S?V).
b) Forn>2 and p > n, T acts like (—1)™ on Hap_o(SL(Fy), V) =F,.
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Proof: a) We prove the dual cohomological result. The stabilization maps
H°(SLy(F,), A°V;Y) — HO(SLa(E,), A°Vy)
are isomorphisms, as one sees from the diagram

A3V2 abc—bac M2 tr ]Fq ]Fp

! | Lo

abc—bac tr
ARV, M, F, F,

and similarly for S2V*. But on the SLa-level 7 is an inner automorphism, thus the
action must be trivial.

b) By [19, theorem 7.6] we can always go to a bigger field and thus assume that
2n —2 < f(2p — 3) — 2. By duality and lemma 2.1 we have

Hy,—o(SL(F,), V) = H*2(SL(F,), V*)* = H* ?(GL(F,), M*)*

and since we assume 2n — 2 < min(2p — 1, f(2p — 3) — 2) we know by [8] that we
have stably

H2"_2(GL(]Fq), M) = Hzn_Q(Bn(Fq)v M,) = Fq,
where B,,(F,) is the Borel subgroup of upper triangular matrices.

Instead of 7 we consider the composition o of 7 with conjugation by g, where
g = (a;;) with a;; =1 for j +i =n+ 1 and 0 otherwise, because o respects the
Borel subgroup.

An easy calculation shows that ¢ acts on M,, = ker GL,,(W2(Fy)) — GL,(F,) by
(aij) = (—@nt1—jnt1—i) (i.e. —1 times the reflection on the diagonal (1,n)...(n, 1)),
since 7(a; ;) = —(a; ;) and Intg induces a turn by 180 degree.

We define the following o-invariant descending filtration on M,,:

F*My = {(aij)lai; =0 for i—j=n—s}.

The associated graded pieces are isomorphic to

gr® M, = {(a; )|a;; =0 for i—j#n—s—1}.
Lemma 5.2.
Fy for s=2n-2

H2n72 B'n,7 SMn _
( &t ) {O otherwise

Proof: To compute the cohomology of B,, with coefficients in the graded pieces we
use the ”symbolic weight equations” of [8]:
First note that for U,, the unipotent subgroup of B,, and T;, its torus, we have

H*""2(B,,gr* My,) = H" " 2(U,, gr* My,)™ = (H*""2(Un, Fy) @, gr® My,)"".

The first equation follows because the order of T,, is prime to p and gr® M, is a
p-torsion group. The second equation follows because U,, acts trivially on gr® M,,.
In [8] one sees that U,, admits a filtration such that we have for the graded pieces

grU, = F3™ /2 and for the cohomology H2"2(U,,F,) = H>"~2(gr U,,F,). On
the other hand the cohomology of gr U, is given by
H* (gr U,, Fq) = Aﬁvq (Vn) ®]Fq S];q (Wn),

where V,, has a basis {afyj|1 <i<j<n0<s< f}andis of degree 1, and W,,
has a basis {bf)j|1 <i<j<n0<s< f}andis of degree 2. The T,-action on
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this ring is given by the condition that @] ; and b; ; have weight —p*«; ;, where o ;
is the character (¢1,...,¢,) — t;/t;. We write this symbolically as

[a7 ;] = [b7 ;1 = —p°[i] + p°[4].

The T),-action on ey, € gr* M, (u—v =n — s —1) is given by ., so it has
symbolic weight [u] — [v]. We want to determine

(H2”72(gr Un,F,) ®F, gr’ Mn)T"

As T, acts like scalars on all basis elements of H2"_2(gr Un,Fy) and gr® M, it
suffices to consider monomials of the form

z=all. N---ANai™ . ®bk1

21,J1 tmsJm

® - ®bk o ®€u7v€AﬁVn®Sﬁ;an®grsMn

5

form+2r=2n—2and u—v =n—s—1 in order to get all T),-invariant elements.
The monomial z has symbolic weight

2] = =" i) + p ] — -+ P ]+ ] — o] =2 S gele]

Obviously the sum of the positive g. equals minus the sum of the negative g..
In order for z to be T),-invariant, we need g. = 0 mod p/ — 1 for all e.

Let I; be the smallest subscript occurring. If g;; = 0, we must have v = [; and
the only a and b occurring with /7 as the first subscript is a?hkl or b?l,kl for some k.
In this case let i3 be the next smallest subscript occurring. Again, if g;, = 0, then
lo = k1 and there is at most one al iy OF bl o occurring for some k9. Continuing in
this fashion, we either find a smallest [ such that g1 # 0, and all but one coefficients
of [I] are negative (and the positive coefficient can only be 1), or all g. = 0 and z
is made from elements Cl01,l27cl02,l3’ e ’C?mulmd»l with uw =11 <l < lpi1 = .
Clearly m +1 < l;,41 < n, on the other hand deg z = 2n — 2 < 2m, so we conclude
m=mn—1,1; =1 and

2=0,0 @by, ®ern.

Thus we find a unique basic element in H?"~2(B,,,gr® M) for s = 2n — 2.

In case there is a smallest [ such that g; # 0 we similarly find a largest j such
that g; # 0, and all but one coefficients of j are positive (and the one exception
can only be —1).

Consider the minimal p-adic expression

f-1
|ge| = Z ge,up'j7
v=0
where minimal means that Y ge, is minimal. We have
f-1
—g1= Zgz,up” =0 modp’ -1
v=0
Because ¢; # 0 and z has 2n — 2 factors with coefficients at most p/~!, we have
—g < (2n—=2)pf < (2p—-2)pfF Tt < 2(pf —1). So —g; = pf — 1 and we can

conclude > g, > f(p—1). Similarly we get > g, > f(p—1).
Let I be the number of factors of z of the form aj j and b} D then the sum of

degrees of these terms is f + 2(I — f), as there are at most f factors of this form
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of cohomological degree 1. Since the number of factors with an [ occurring as a
subscript is at least Y g; ., we get

2n—2=degz > (D g1v = 1)+ (D_gjw — 1) +(f+2(T = )) = f(2 - 3),
contradicting 2n — 2 < f(2p — 3) — 2. O

We now consider the spectral sequence to the filtration F'*M,,,
Ep' = H*V(By, gr* My) = H*Y (Bn, My).

From
H22(B,,, gr° M,,) = F, for s : 2n —2
0  otherwise
we conclude that we have
H2n_2(Bn, gr2n—2 Mn) — E127l—270 _ EggL—Q,O — H2n_2(Bn, Mn) _ ]Fq

and we can calculate the action of o on H*"~2(B,,, gr* M,).
But as H*"~%(B,,, M,,) = H*"~2(B,,,F,e1 ) is generated by the cocycle

0 0
z = b112 ® t ® bnflﬁn ® el,n7

we have to calculate the action of o on z. An easy calculation shows that o(es ,,) =
—e1pand o(b; ;) = —bpt1—jnt1—i- Asthe b; ; commute we get o(z) = (—1)" 7112
which was to be proven. O

We are now ready to determine K3(W2(F,)) in characteristic at least 5.

Proposition 5.3. For p > 3 we have the following +-eigenspaces under T in the
spectral sequence Hi(SL(F,s), H;(V'))p = Hiyj(SL(Wa(F,1)))p:

3| (@/p)*

2] 0 |0 (@/p)

1 0 0] z/m)’]olo

0 Z o] 0 0[]0
0 1 2 34

Proof: This is an immediate consequence of 2.3 and 5.1 except from the identity
(E3,)T = H* = (Z/p)’. For this consider the extension

0— V — SL(F,s[t]/t*) — SL(F,s) — 0.

The corresponding spectral sequence has the same Fs-terms as the spectral se-
quence to the extension 0 — V' — SL(Wy(Fq)) — SL(F,s) — 0, since the action
of SL(IF,s) on V is the adjoint action in both cases. The differentials are different,
however, as the latter sequence does not split whereas the former does.

From # K3 (F,s[t]/t*) = p*/ we conclude that E§% = (Z/p)! and thus that d3 ,
has rank f. On the other hand we know that Ky(F,s[t]/t*) = 0, so E3% = 0. As
there are no nonzero differentials ending in Es 2, we conclude H = (Z/p)7. O

Proof: of theorem 1.1 a):

By Suslins result the prime to p-part is the same as for ;. For the p-part let us
first determine the +-eigenspaces. By 4.2 and 3.2 we know that K3(W3(F,s)), has
at most f generators. This forces the differential d%Q in 5.3 to be injective. Thus
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we are left with a group with f generators and two graded pieces isomorphic to
(Z/p)*, giving the desired result for the +-eigenspaces.

As K3(W3(F,r)), has at most f generators and the +-eigenspace already has f
generators, we conclude that the —-eigenspace is trivial. O

6. K3(W2(F,)) FOR CHAR F, =3

In this section we determine K5(Ws(Fs;)) for (3, f) = 1. The problem in charac-
teristic 3 is that K3(W2(F3s))3 might have f + 1 generators instead of f generators
and so the differential d%)2 in 5.3 may not be injective (and similar in the mod 3
spectral sequence).

It turns out that cohomological calculations are easier than homological calcu-
lations, so from now on we work with cohomology groups. The dual of 5.3 gives us
the following Fs-terms in the spectral sequences:

3] (2/3)
_ _ 2 0 0] (z/3)2
H'(SL(Fs¢), H (V,7/3)) : 1 0 ol (z/3)7 [o]o
0 Z 0 0 0]0
0 1 2 314
4| (Z/3)*
31 0 0| @Z3Y
- - 21 0 [0](Z/3)7[0]0
i j .
H(SLE) D (V)y:  — 0[O EBT[0[0]
0 Z 0 0 0(0}0
0 1 2 31415
In order to determine H?3(SL(Wa(Fsy)),Z/3) and H*(SL(W2(Fs¢)))s, we have to

calculate the differentials
dy® : HO(SL(Fsf), H3(V,Z/3)) —— H>(SL(Fys), H*(V,Z/3))

s Js
dy" s HO(SL(Fy), HY(V)) ——  H*(SL(Fs), H*(V))
The calculations will be similar to the calculations in [7, par.9-11]. The idea is to

use stability to reduce to the SLs-level first, and then make the calculations for a
3-Sylow group. However, as we are in characteristic 3, the short exact sequence

1— Vo — SLa(Z/9) — SL2(Z/3) — 1

splits. Thus we would have to work on the SLs-level. Instead we make calculations
for W3(Fg) and deduce results for F3, because the 3-Sylow group of SLy(Fy) is
abelian and has only rank 2.

We choose a basis {1,z} of Fg over F3 such that 22 = —1, and consider the
following short exact sequence

1—-Vo—-U— P —1,
where U is the 3-Sylow subgroup of SLa(W3(Fg)) consisting of matrices

<1+3a b

3, 1+3d)’ a+d—bc=0 mod 3.
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We get the following diagram

HO(SL(Fy), H3(V,Z/3)) —%— H2(SL(Fo), HX(V,Z/3)) —>— H2(SL(Fy), H}V))

| I |-

HO(SLy(Fo), H3(Va, Z/3)) —%— H2(SLy(Fo), HX(Va, Z/3)) —>— H2(SLy(Fo), H?(V3))

Jo 1 ls

HO(P,HYV2,2/3)) —"—  HAP.H*(V,Z[3) ——  H*P,H(A))
The map « is an isomorphism as in the proof of 5.1(a). To show that a; and
ag are isomorphisms consider the following diagram:

H?(SL(Fg),V*) —— H?*(SL(Fg), A%V*)

El’y lag
H2(SLy(Fo), V') —— H*(SLa(Fy), A2Vy).

By [8, prop 1.6] and 2.1 the map = is an isomorphism. On the other hand the lower
map 7, induced by aAb — ab—ba, is split by the map induced by e;; — % > ok Cik/\ek;
and thus injective. Since all groups in the diagram equal Fg, we see that ag is an
isomorphism. As «aj is the direct sum of as and «, it must be an isomorphism too.
The maps By and (32 are injective as P is a 3-Sylow group of SLa(Fy).

These considerations show that we can calculate the differential in the lower row
of the image of Gy o ay.

From now on we will write V' for V3, as there is no danger of confusion.

‘We have
HO(S L (Fg), HY(V,2/3)) = (APV) S50 @ (52%)SEal)

The invariants all have the form

1R

@:A3VM>MLF9 X Fy

TRECE (NN VRN R O
where x runs through the linear forms. If we choose the linear forms x1 : a+bz — a
and x2 : a + bz — b as a basis, we find the following basic invariant forms:

A:=—x109p, B:=x30¢p, C:=x10%, D:=x201.
Proposition 6.1. a)
Ks(W2(F9)) =Z/9®Z/3®ZL)3 D Z/80

b)
K3(Z/9) =Z/3® Z/3 ® Z/3.

Proof: a) Consider the spectral sequence

Ey’(2/3) = H'(P,H'(V.2/3)) = H' (U,Z/3)
and its differential

dy? s Ey®(2/3) = (Z/3)* — E3*(2/3) = (Z/3)*.

We will see in 9.1 that d3*(A 4+ C) = 0, so dy® has rank at most 3. On the other
hand it has rank at least 3, because K3(W2(F,)) has at most 3 generators by 4.2
and 3.2. So the number of generators of K3(Ws(Fy)) is 3.
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Now consider the spectral sequence
EY(Z) = H(P,H(V)) = H™(U)
with differential
&' BYA(2) = (2/3) — EF(2Z) = (2/3)2.

We will see in 9.1 that d3*(A4) and d3*(B) are linearly independent, so d3*(Z) has
rank 2, and the cardinality of Kz(Wa(IFg))3 is 3%.

b) The inclusion i : Z/9 — W5(F3s) induces the natural map i, : K5(Z/9) —
K3(W2(F35)). On the other hand we have the transfer map i* : Ks(W2(F3)) —
K3(Z/9) induced by considering a Wy (F3s)-module as a Z/9-module. As Wa(Fss)
is a free Z/9-module of rank f, we have that ¢* o i, is multiplication by f.

Consider now the following diagram

Kg(Zg,Z/g) l—*> K3(W(]F9)5Z/3)

K3(Z/9,7/3) —=— K3(Wa(Fy),Z/3).
As the upper horizontal arrow is injective and the right vertical arrow is an isomor-
phism by a), the left vertical surjection must be an isomorphism and thus K3(Z/9)

has 2 generators.
For the number of elements we use the following diagram:

HO(SL(Fg), H*(V(Fy))) —2— H2(SL(Fo), H}(V(Fy))) = (Z/3)>

HO(SL(F3), H*(V(F3))) —2— H>(SL(F3), H3(V(F3))) = Z/3.

By the dual of [19, theorem 7.6] the vertical maps are surjective. And according
to (a) the upper horizontal map is surjective, so the lower horizontal map must be
surjective as well and thus the cardinality of K3(Z/9)3 is 9. O

Proof: of theorem 1.1 b): As in the above proposition we can conclude from
(3, f) = 1 that the natural map i, maps (Z/3)? = K3(Z/9)s to a direct summand
of K3(Wa(F3¢))3. We know by 5.3 that it is 9-torsion and has at least 32/ elements.
As it has at most f + 1 generators by 4.2 and 3.2, the theorem follows. a

Remark: The result K3(Zs,Z3) = Zs ® Z/3 of [2] contradicts the results of [1].
Similarly, our result on K3(Z/9) contradicts the result K3(Z/9)s = Z/9 of [1]. The
problem seems to be in [1, prop.IT 4.5].

7. CALCULATION OF THE DIFFERENTIAL dy® IN CHARACTERISTIC 3

Recall that we want to calculate a differential in a spectral sequence for the
extension

1—-V—->U—P—1,
where U is the 3-Sylow subgroup of SLa(W2(Fy)) such that P consists of matrices

of the form
1 =z
< 0 1 ) , x € Fy.
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We choose for P the basis

=(o 1) =0 7))

We also choose inverse images of ¢t and s in U of the same form. For V we take as
a basis the matrices (written multiplicatively)

o — 1 0) - 1 0)
3 1 3z 1
2y — 1+3 -3 ) 7 — 1+32z -3z )
0 1-3 0 1-3z
B 1 3 L 1 3z
= Lo 1 B= o 1 )

If we order this basis as (x1,Z1, Z2, T2, 3, 73), then the action of t~! and s~ is
given by the matrices

100000 1 0 0 0 00
010000 0 1 0 0 00
i1 o1oo0o0 i o110 00
010100 [ 1 0 01 00|
0010710 1 -1 0 -1 1 0
00010 1 1 1 1 0 01

for example the second column in s~ is obtained by

(1 oz 10 Loz _(1=3 0 3=\ _ .o
Sons=19 1 3z 1 0o 1) 32 143 ) Tl

If we denote the dual basis of V* by a1, @1, as, s, as, &g, then the action of ¢ and
s on V* is given by the transpose of the above matrices.

Proposition 7.1. The following are bases and dual bases for homology and coho-
mology groups of V:

Hy(V,Z/p) : Ti, T
HY(V,Z/p) : o, Qv
HQ(‘/,Z/])) a:iﬂ:cj,a_:iﬂfj 1< J
T, N T
p(x:), p(T:)
H2(‘/,Z/p)i a; Uaj,a; Uaj 1<
a; U Qg
(), 6(a;)
Hg(‘/,Z/p) T ﬂCCQﬂIg,flﬂﬁ_Cgﬂfg
T, Ny N T, Z; NT; N xg 1<y
xi O p(x5), 2 O p(x;), w3 O p(Z5), 3 N p(Z5)
H3(V,Z/p) : o1 U Uas,a Uag U ag
OéiUOéjUOé_k,O_éiU@jUOék i<j

a; U 5(Oéj), a; U 5(Oéj), a; U 5(6@-), a; U 5(0_éj)

Proof: This follows from explicit formulas for the cup and the Pontrjagin product,
see [3, V.3,V.5]. An analogous result is [7, prop 10.3,10.4]. O
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We will frequently use the graded commutativity of the cup and Pontrjagin
product and identify terms, e.g. when we write x3 N T2 N T we mean the basis
element —x1 NIy N xIs3.

Note that by construction of the Bockstein homomorphism we have for v,v" € V,
v = 7:1171 —|— iQIEQ —|— 7:3173 —|—j1.f1 —|— jQQ_TQ —|— jgfg and ’Ul = ’Lllfbl —|— Z/QIQ —|— Zéfbg —|— ]1'7_71 —|—
JhTo + j4%s, and for {x} the largest integer less than or equal to z:

. +./ _ . + -/
dap([vv]) = {#52},  daw([vv']) = {52}
Proposition 7.2. The following are a description of the SL(Fg)-invariant forms
A, B,C and D in terms of our basis of H>(V,Z/3):
A= oqagas — agdoas — apaaiy — i1 digig
B = q1aatiz — Giyaioiz — vy iaiy — v Qio (v
C = 0435011 + 0415063 - 0425062 - 0615062 - 0425041
— a30a] — 1003 + asdas + a0 + andvy
D= 04355[1 + 04150_63 - 04250_62 — 06150_62 — 04250_41
+ azda; + 10 — pday — by — Qb
Proof: Recall that A, B,C and D are expressions of the form
A3V abc—bac M i} Fg _ F?,
sy 2 o LF, — T

Now we just have to calculate the effect of these maps on our basis of A3V respec-
A(T1 Nz NT3) =

tively S2V (written additively). For example
—otr(OO 1 -1 0 z\ (1 -1 0 0 Oz)
X1 2 0 0 —1 0 0 0 —1 z 0 00
0 O 0 0

so we get a contribution —a;asag for A. ]

8. THE CHARLAP-VASQUES DESCRIPTION OF THE DIFFERENTIAL
In a situation like ours, Charlap and Vasquez [4] described the differential
, , 2,q—1
B E(Z/p) — B3 (2 /)

as follows:
Considering the following cup product

HP(P, HY(V,Z/3))@ H*(P, H ' (V,Z/3)@ H,(V, Z/3)) = H"**(P, H"'(V,2/3)),
the differential is given by

dy?(§) = (=1)P€U (V! = Qu(x))-
Here x € H?(P,V) is the cohomology class of the extension and Q. the functor

H?(P,—) applied to the following map @ induced by Pontrjagin multiplication from
the right:

V = H\(V.Z/3) = Homy j3(H,—1 (V. Z/3), Hy(V, Z/3)) = H* ' (V, Z/3)0H,(V, Z/3).
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On the other hand V¢ is universal in the sense that it only depends on the action
of P on V and not on the specific extension. We will calculate the term £ U V¢ in
the next section by explicitly calculating the differential in the spectral sequence
for the split extension.

In this section we are going to calculate the term £ U Q. (x). To do this we have
to determine the class x of the extension, calculate Q. of x and calculate the above
cup product.

For the cohomology of P we have the following results:

As P is the direct product of the cyclic groups T = (t) and S = (s), we will use
the tensor product of the minimal resolutions of 7" and S as our resolution of P:
the minimal resolution of 7" is given by

E.=.. Mzm 2Lz 2 zim) 2L zim) — o
where N, = 1 4+ t + t2, and similarly we have the minimal resolution F. of S. The
tensor product of the two resolutions is given by

(BE.@F)n= P E,0F, de®f)=deaf+(-1)""cadf
ptg=n
Note that Z[P] = Z[T x S| = Z[T] ® Z[S], so in low degrees the resolution is given
by

(N¢,0),(—s+1,t—1),(0,N5) 9 t—1,s—1

. — Z[P]? Z[P] Z[P] — 0.
The cohomology of P with coefficients in the module M is given by the homology
of the complex Y, = Homgp)(Z[P]7™!, M). We will identify a Z[P]-linear homo-
morphism Z[P]9"! with the ¢ + 1-tupels of images of 1, ordered in the following
way: Eq X F(),Eq,1 X Fl, e

Lemma 8.1. a) H2(P,V) = (Z/3)?, a basis for cycles is given by
(':637 07 0)7 (9_335 07 0)7 (07 Oa 'I3)a (07 Oa f?))

and a basis of boundaries is given by (x3,0,—2Z3), (T3,0,x3).
b) H?(P,V*) = (Z/3)?, a basis for cycles is given by

(041,07 O)u (alu 07 O)u (0707 al)u (0703 6[1)

and a basis of boundaries is given by (a1,0,a1), (@1,0, —aq).
c) H?(P,A?V*) = (Z/3)?, a basis for cycles is given by

(1@g + @102,0,0), (aqa — @1@2,0,0), (0,0, vras — a1ds), (0,0, a1 ds + @)
and a basis of boundaries is given by
(1@g + @10, 0, —ajae + @100), (aas — G1ds, 0, a1 @2 + @1 a).
Proof: The cycles are given by triples (a, b, ¢) such that
O0=(t—-1a=(s—1)a+ Nb=—-Nb+ (t—1)c=(s—1)c
and the boundaries are given by triples
(N, (t — 1)y — (s — 1)z, Nyy).

The action of P on V and V* is given by ¢t and s resp. ‘t~' and *s~!, the action
of P on A?V* has to be calculated. We have chosen representants such that the
second component is always trivial. |
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Since the cocyle of our extension is most easily given in terms of the bar resolu-
tion, we need the following comparison between the minimal and bar resolution for
cyclic groups, which can easily be proved by induction:

Lemma 8.2. The following is an augmentation preserving chain map from the
minimal to the bar resolution of a cyclic group of order m with generator t (neces-
sarily being a homotopy equivalence [3, 1 7.5]): In odd degree we take the map

Z[T — Z[T)[Tn
1 D[tttz .. |t ]

and in even degree

Z[T] — ZIT)[T?"]
I D U A A e A

The sum runs over all n-tuples (i1,...,i,) € {0,...,m —1}".

Let U be an extension of P by V and choose a lift a of each element a of P in
U. Then the cocycle corresponding to the extension is given by

[alb] — ab(ab) .

Lemma 8.3. A representant of the class x of our extension in Homgp)(Z[P]*,V)
is given by (—x3,0, —T3).

Proof: We have to take the tensor product of the above maps from the minimal
to the bar resolution for the groups 7" and S and calculate the class of the cocycle
in the bar resolution. For the first component we get

Z|P] — Z[P][P x P]
1 = Z?:o[ﬂt]

and for our choice of the lift of ¢ we have

[y

—3
= — f ] == 2
1 ) T3 or 1

) otherwise .

—d
~_
7N
O =
|
— =
~_
7N
O =
~
+
— =
"
Il
o
(@)

e (g

Similarly, we get for the second component

(5 (5 ) ()

and for the third component
2, (1 —iz 1 —2 1 (i+1)z
1HZ[S|S]HZ(0 1)(0 1)(0 1)2_”33'

=0 =0

The next step is to calculate Q. (x) of this element.
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Lemma 8.4. The element Q.(x) € H*(P, H3(V,Z/3)® H*(V,Z/3)) is represented
by (u,0,v), where

u=—(z1Nr23Na3) @y Uy — Y (2, NZ; Nag) @i Uy
i#3
—Z(J_Ciﬂfj ﬂ:Eg)@O_éiU@j —Zfbg ﬂp(zi)®5ai—ngﬂp(:‘ci)@é&i,

i<j

v=—(Ty NT2NT3) @ ay Uady —Z(ﬁcmxj Ni3) ®a; Uy
i#3
=Y (@wina;NEs) @a; Uay — > 23N p(e:) @ oy — 3 3 0 p(E;) @ 66
i<j
Proof: To get the components of Q.(x), we have to determine what the cup prod-
uct with (—x3,0,—Z3) does on a basis of H2(V,Z/3). For example, —z3 sends
z; NZ; to —x; NT; N3 and thus gives a contribution —z; N Z; Nz3 ® a; U &y
to u, or —3 sends px; to —px; N T3 = —T3 N px; and thus gives a contribution
—Z3 N px; ® day; to v. ]

Finally we have to calculate the cup product £ U Q.(x). For this we have to go
into the definition of the cup product:

The cup product of two cocycles a € Hom(Y;, M) and b € Hom(Y}, N) is repre-
sented by the map

aUb:Yy, S Y;®Y; > M@ N,

where A is a "diagonal approximation”,[3, V.3]. For a cyclic group with generator
t a diagonal approximation is given in [3, V 1]:

1®1 1 even
Aj;(l)=<1®t i even ,j odd
Y, @ i,j 0dd

We have to work with the tensor product of the approximations for 7' and S:
let E. be the resolution for 7" and F. be the resolution for S. Then an elements
¢ € HO(P,H3(V,Z/3)) is represented by a map sending 1 ® 1 € Ey ® Fy to some
cocycle w in H3(V,Z/3). On the other hand we just calculated that Q.(x) is
represented by the map sending (1®1,1®1,1®1) € (E2®Fy) B (E1QF)® (Eo® F»)
to (u,0,v) in H?(V,Z/3)® H3(V,Z/3). Thus a representant of the cup product has
the following three components:

EBoFy 228 EyeFoE ®F — H2V,Z/3)® Hs(V,Z/3)® H3(V,Z/3)
191 119191  — U@ w
EioF 228 EeRoE®F — H2V,Z/3)® Hs(V,Z/3) @ H3(V,Z/3)
1®1 — 191®t®s — 0® tsw
E®F 22 EeReEeF — HXV,Z/3)e H(V,Z/3) & H3(V,Z/3)
191 119191  — VR W

Evaluating v ® w and v ® w we get
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Proposition 8.5. The second term £ U (—Q«(x)) in the Charlap Vasquez descrip-
tion of the differential dg’g is given by

A — (—041UO£2—|—541U542 ,0, 5[1U042—|—041U0_42)
B (crUdae+aUas ,0, agUas —ag Uas)
C - (5a1 ,0, —(5071)

D (55[1 ,0, 50&1)

9. THE DIFFERENTIAL FOR THE SPLIT EXTENSION

Let U be the split extension of P by V. Let X,, = Z[V][V"] be the bar resolution
of V. There is an action of P on X. by

prvfor|va] ... [va] = p(v)[p(v1)lp(v2)] .. - [p(vn)];

which is compatible with the differential and the augmentation. Let Y. be the
minimal resolution of P, i.e. the tensor product of the minimal resolutions of T'

and S. Then Y. ® X. is a Z[U]-module via the natural action
ply @) =ply) @p(z), vy @)=y vz

Furthermore Y. ® X. is a Z[U]-free resolution of Z, [7, prop 11.1].
Thus we can calculate the cohomology H*(U,Z/3) as the homology of the double
complex

O.. = HOIHZ[U] (Y 29 X., Z/3) = HOmz[P] (Y, Homz[v] (X, Z/3))
This double complex yields a spectral sequence with
Eg’q = Homz[p] (}/;Dv Homz[v] (Xq, Z/g))
Ep? = HP(P,H"(V,Z/3))
and abutment H;, ,(C) = H*(U,Z/3). One sees as in [7, prop 11.2] that this

otal
spectral sequence is the same as the Hochschild-Serre spectral sequence to the
extension 1 -V — U — P — 1.
The differential for the spectral sequence to the above double complex is calcu-
lated as follows see [9, 4.8]:

Let d;; be the vertical and d; be the horizontal differential.

03 dr=dp B3

dII:*dVT
pl2 di=de oo

Elements of Zg’?’ are of the form = = 292 + 212 such that d;;2%°% = 0 and djrzt2 +
drxz®3 = 0. They can be identified modulo boundaries with H°(P, H3(V,Z/3)) by
projection to 2%3. The differential of z is given by

d(I) = (d] + d[[)(CCO’B + 561’2) = d]IO’3 + d]]:EO’B + d[.fEl’Q + d11x1’2 = d1x1’2.

In our case a € {A, B,C, D} we have drja = 0 and we have to find an element
I6XS Eé’z such that d;;3+dra = 0. Then we have to calculate d;( and the resulting
element of Eg* will represent an element of H2(P, H?(V,Z/3)).

As we have

Ef? = Homyp)(Z[P"*!, Homy v (X4, Z/3)),
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we will identify a Z[P]-linear homomorphism Z[P]P*! — Homypj(X,, Z/3) with the
p-+1-tupel of images of 1. Similarly we have Homyy(Xy, Z/3) = Homgy(Z[V][V9],Z/3)
and we will identify an element of this group with a map V¢ — Z/3.

So for a representant of o we have to calculate dja = dpa. With the above
identifications this element has components dp(a); = (¢t — 1)a, and dp(a)s =
(s —1Da.

Then we have to find an element (3 of Eé’2 such that —d;;8 = dy 8 = dya. The
differential dy is given by

dy (f)lalble] = flalb] — fla + blc] + flalb+ ] — flblc]

on each component.

The next step is to calculate the differential d; = dp of 8 = (61, 52): With the
above identifications it has the three components N¢(31), —(s—1)31 4 (t — 1) 32 and
N, (B2) respectively.

Finally we will show that that some of the resulting cocycles become zero in
E3?* = H?(P,H?(V,Z/3)) by exhibiting them as boundaries from Eg'".

We will proceed for A, B € (A*V*)F and C,D € (S?V*)? separately. We will
only give the results of the calculation and indicate how the calculations can be
done. All verifications are left to the reader.

The following will be the result of the appendix:

Proposition 9.1. Let A, B,C and D as in proposition 7.2. Then the three com-
ponents for the differential in E3*(Z/3) are:

A: (—041012 + ai1ae — da; 0, a1Q +0410_42+5541)
B (a1d2+6¢1a2 —dan ,0, Q100 — 12 —5a1)
C: (5041 + a1 — Qg ,0, —day — ajag — 071042)
D (6071 + a1 + a1y L0,  dag + ajan — 071072)

b) The three components of the differential in E3*(Z) are given by

A: (—041012 —|—6[16[2 ,O, 0_410[2 —|—O[10_42)
B: (041072 + aran ,0, a0 — 5[1642)
C: (alag — Q1 Q9 0, —aqpan — 5(1042)
D: (041072 + aran ,0, a0 — 5[1642)

Proof: a) 8.5, A.5, B.4
b) Obvious from a). O

APPENDIX A. THE DIFFERENTIAL FOR A3V*

Let a; be «; considered as a map V' — Z/3. Then a;a ay : V3 - Z/3 represents
;o ete..

Lemma A.1. The image of A and B in Eé’?’ are given by

ALB — _ _ _ o _
1 = 010102 +ai1a1a3 + ajaza2 —a1041042 — G16103 — 10202 — Q14102 — A10103

— Q10202 — @10102 — @10103 — A10202
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1,3 — — — — —
A2’ = —@a104101 — Q16102 — G1A1G1 — Q14103 + A10201 — G1A201 — Q10202 — Q101071

— alaltlg + alalz‘zl + alz‘zl(‘zz - alagal - (115,2(12 — alz‘zgz‘zl - z‘zlalal — &1a1a3

+ &1a1&1 + (31&15,2 — &1a2a1 - (31&2042 - 1‘11a2&1 + (‘zlz‘zlal + z‘zlalag + (_llalal

+aijajas — ayjaza1 + a1G2a1 + aja2a2

1,3 — — — — — — — —
Bl) = —ai1a1a2 —ai1a1a3 —aijaza2 —a1a102 —Aa1a1a43 —a1a202 —A141a2 —a1QA1043

- 1‘11a2a2 + (_llalaz + alalag + (_115,2(_12

Bi’g = —aiai1a; —ajaias + (11&15,1 + alalag —aijaza] —aja2a9 — alagt_zl + alalal
+ a1ai1a2 + a161a61 + a1G1a3 — a1G2a01 + G1G201 + a102a02 + a16101 + G1a102
+ai1a1a1 + a1a1a3 — a10201 + G1G201 + A1A202 + A10101 + A14103 — A1G01071

— a1a1a2 + ajasay + ajasas + ajasas.

Proof: One has to calculate t — 1 and s — 1 of A and B. O

Lemma A.2. Define the following maps V. — Z/3 for v = i1x1 + isxa + izxs +
J1T1 + Jj2Z2 + j3T3

up(v) = i%a Up(v) = 3721
wn,m(v) = _anma wn,m(v) = _Jnjm
Un,m(v) = —inJm

Then the following are lifts of A and B to Eé’Q, ie. dy A2 =dpA®3 and dy BY? =
dpBY3:

1,2 _ _ _ _ _ _
A7 = a1l2 — a1ug + @122 — U142 — U143 + U1a2 + u1a3 — V1,182 — v1,103

1,2 _ o _ _ _ _
Ay” = —a1t1 +a1v2,1 +a1v2,2 +a2ul — a1 U +a1U2 — Q11,1 +G102,1 +G1wi2 + a2ty
— G2u1 — Q2¥1,1 — U1a2 + U101 + U1A3 — W1,2G1 + W1 201 — UIAT — U102 — U1A]

—u1a3 — v1,101 + V1,102 — V1,143 + V1,102 — V1,261 — V1,201 + W1,20]1
B2 — _ _ _ _ _ _
17 = a1v22 — Q12 + G1u2 + U102 + UL1A3 — U102 — UIA3 — V1,102 — V1,103

B;’2 = —a1U1 — a1l +a1Uus+a1v21 — U1 —A1V1,1 —A1V2,1 —A1V2 2+ a1 W1 2 +a2U1
— Qou1 + Ggv1,1 — U1a2 + U1a3 — U161 — U1G2 + W1,2a1 + W1,2G1 — UIAT — U1G3
+ u1G1 + w102 + V1,161 — V1,102 + V1,103 — V1,261 + V1,201 — W1, 201
Proof: First one has to verify the following equations of functions V2 — Z/3:
AnQn = dy iy,
anQy = dy iy
AnQm + QmQn = dVUn,m
AnQm + Ay Qn = den,m
Anlim + Qi = Ay -

Then one uses these equations and dy (a,) = dy(a@,) = 0 to write the expressions
of the last lemma as images of —dy, for example

aijaia = dv(ul)az = dv(ulag).
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Lemma A.3. The three components of dpA™? and dpB™? in E§’2 are given as
follows:

2,2 _ _ _ _
Al = —a1u1 + a1u; — a1v1,1 — U1a1 + U161 — V1,101

2,2 _ _ _ _ _ _
A3 = a1t —a1v11 — G1ug + a1v1 + U1ar — w161 — V1,101 + V1,141

2,2 _ _ _ _
AT = a1v1,1 — @1ty + G1ur — U181 + u1a1 + V1,101

2,2 _ _ o _
By = —a1v1,1 + G181 — Gruq + U1G1 — u1G1 — v1,101
B22 _ _ _ _ _ _
5 = —a1u1 —a1v1] — ai1u] — G1V1,1 — UG — U161 — V1,141 — V1,101
B22 _ _ _ _
3’7 = —a1Uu1 + a1u1 — a1v1,1 — U101 +U1a1 — 01,101

Proof: We have to calculate N; A7, —(s — 1)A1% + (t — 1)Ay? and N,Ay? and
similarly for B. The action of ¢ and s on a1, @i, w1, @1 and vy,; is trivial and on
the other terms given as follows:

tas = as+a; say = a9+ 201
tas = as+ aq s = as -+ aj
tas = a3+ as saz = a3+ a1+ 2a1 + 2a-
tas = a3+ as sa3 = az+a;+ay+as
tus = us+up +wipe Sup = Uz + U — V21
tus = U+ Uy + W12 Sug = Uzt U+ V12
twio = wi2+2uy swi2 = wi2+ 201
twio = wWi2+2U SWi2 = Wi2+v11
tvig = via+v11 Sv12 = vi2+2u
tveg1 = w91+ 11 Svg;1 = W21+ Uy
tvgg = wo2+v1,1+Vi2+V21 SU22 = V22 -+ wig+ 2w 2+ 2v
For example
S’lIJLQ(’U) = @172(571’0) = _,jl (jQ + ’Ll) = ’LIJLQ(’U) =+ 1}171(’0).

Lemma A.4. Let chy ., be the characteristic function which is 1 on nxy + mz;
and O on all other elements of V. Let dy : Eg’l — E§’2 be the boundary given by
dy (f)[vlw] = flw]— flv+w]+ f[v] on each component. Then we have the following
equations in E22 2,

AP = —bay + dy (chi 1 + chy g+ chag)
AP = dy(chy g — chy )

A2 = day — dy(choa + chy i + cha 1)
vaQ = —0ay +dy(cho2+chi1+cha1)
B>? = dy (chg.z — chy 1)

B2? = —§ay + dy (chy,1 + chy s + chay)

Proof: This has to be proved by inspection. Since only the coefficients of z; and
Z1 of elements in V' are involved, one has to check that the above functions agree
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on all 81 elements of (z1,7)? C V2. O

Finally the lemmas prove the following proposition:

Proposition A.5. The first term €UV?3 in the Charlap Vasquez description of the
differential dg*g is given by

A - (—60[1, 0, (5071)
B (—(5071, 0, —(50&1)
APPENDIX B. THE DIFFERENTIAL FOR S2V*

Lemma B.1. Let {z} be the largest integer less than or equal to x and define the
following functions on v € V, v = i1x1 + 19x2 + i3T3 + J1T1 + Jj2T2 + j3T3:

Py = _{il-giz} @ = _{i2+32j1}
R R =
i o S e
]53 — _{33332} (13 — _{Js 123]1 11}

Then the action of t and s on terms of the form da; and da; can be described as
follows:

tdar = daq séa1 = oday

téa1r = odaq séa1 = odaq

tbas = dag + day +dyps sday = Odas —day +dygs

tbay = das+ day +dyps séay = das+da; +dyge

tbas = dasz+ das + dyps sdaz = daz —das — d0a1 + da1 + dygs
tbas = dasz+ das+ dyps séaz = daz+ daz+ da1 +d0a1 + dvqs

Proof: As in (7, 11.9]: define (a) € {0, 1,2} to be the principal representative of a
mod 3 and let v, v’ be two elements of V', v = 1121 + 10w +1373 + j1T1 + JoT2 + j3T3,
v = iiwy + ihw +isx3 + §1T1 + jaT2 + j3T3. We will calculate the example sdas.
We have

i3 4 1% + 20 + 275 + 241 4 254 + i1+, = 3{%}+3{w}+

(i3 + 242 + 271 +d1) + (15 + 2j5 + 27 + i)

and thus

{i3+ig+2j2+2j§-g2j1+2j1+i1+i'1} _ {i3+2j243r2j1+i1}+ {i'3+2j;-g2ji+i’1}+

{ (i3+2g2+241 +i1 ) +(i5+245 4241 +41)) }
3 .

Similarly

{i3+i§+2j2+2jé-g2j1 +241 +i1414] } _ {13;—1; } + Q{jz-gjé } + Q{jl-;-ji } + {11-;-1/1 } +

{ (i34i5)+2(j2+75)+2(1+41)+(G1+i7) }
3 .
Finally, using these equations and recalling the definition of dy, we get

sdaz(v,v') = daz(s~tv, s 1) =

{ (is+272+251+41)+ (i5+255+257 +31) }
3

B R e e R b B e e e

+{ <i3+ig>+2<j2+jg>§2<j1+jg>+<i1+i;> }

= daz(v,v") + 26az2(v,v") + 2@y (v,v") + da1 (v,v") + dyq3(v,v").



24 THOMAS GEISSER

Lemma B.2. a) The image of C and D in Eé’?’ are given by

011’3 = a1dypz + a1dyps — axdypa — a1dyvps — G1dyps + Gady a2
05’3 = —a1dyqe + a1dvqs + a1dv e — azdy qe + a1dy g2 + a1dy @2 — a1dy g3 + aady g2
D:{’B = a1dy Pz + ardyp3 — azdy D2 + a1dyps + Grdyps — aadyp2
D%’g = —a1dyvqe — a1dv @z + a1dv @z — axdyv Gz — a1dyge + G1dyqs + G1dy @2 — G2dyv g2

b) The lifts ofC’ and D to Eé’Q are given as follows:

ai1pz + ai1ps — azpz — G1P2 — G1P3 + G2p2)
Cl 2 _
D} 2

arqe + aiqs + ai1de — asqe + a1qe + 1G> — @143 + a2q2)

a1ps + a1p3 — asPa + @1p2 + G1p3 — a2p2)

—(
—(-
—(
—(—a1q2 — a1G2 + @143 — 2G> — @1q2 + G1G3 + G132 — G2G2)

Proof: a) We have to calculate t—1 and s—1 of the terms of C' and D, respectively
This is easily done with the last lemma.

b) Use the fact that dya; = dya; = 0 and that dy is a derivation, e.g dy (a1p2) =
dy (a1)p2 — a1dy (p2) = —a1dy (pz2). o

Lemma B.3. Let x be any function on V, then we have

a)

t(arx) = aitx t(aix) = ajtx
s(aix) = aisx s(@aixr) = aisx

b)

Ni¢(agx) = aoNyz + artz + 2a1t%x Ny(aqx) = ANz + artz + 2a,1t%x
(s = 1)(agz) = az(s — 1)x — aysz (s —1)(agz) = az(s — 1)x + aysz
(t—1)(agz) = az(t — 1)x + artx (t—1)(agz) = as(t — 1)x + artx

N(azx) = aoN,z + a1sz + a18%x Ny(azx) = G9N,z + a1sz — a15%x

c) We have the following identity of functions on V':

Nip2 = - Nip2s = —-a
spp—p2taq2—tgz = 0 spp—p2t+Ga—tg2 = 0
Nsgg = @ Ns@z = —a
p3 + tps + t’ps — tpa + t°py = a1 — ag
B3+ ths + t*Ps — tha + °pp = @1 — 2

a3 + 5q3 + $°q3 + sG2 — $°qo = a1 + @y + @z
33 + 53 + 5233 — 5q2 + s%q2 = @1 — a1 — as
P3 —8P2 —q2 — @2 +1q2 — sp3 —q3 +tq3 =0

D3+ sp2 +q2 — @2 +tq2 — sp3 — g3 +tgz = 0.
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Proof: a) follows because ¢ and s act trivially on a; and a;.
b) is easily verified, for example

Ni(agz) = t*(az)t? (z) + t(az)t(x) + azz
= (az + 2a1)t*(x) + (a2 + a1)t(x) + azx = asNyx + 2a1t*x + aytx.

c) is explicitly verified on the 3¢ elements of V' (the identities have been found by
taking the vectors of values of these functions and finding linear relations between
them). O

Proposition B.4. The first term EUV?3 in the Charlap Vasquez description of the
differential dg*g is given by

C (061042 - 0_616[2, O, -1 — 5[10&2)
D (a1d2+@1a2,0,a1a2 —071072)

Proof: The three components are given by N;C}?, —(s —1)C}* + (t —1)Cy* and
N,Cy* and similarly for D. This calculation and the simplifications are done with
the help of the last lemma. Finally we need that ajas and —aqa; represent ajaq
and similarly for the other parts. g
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