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Abstract. In this paper we consider the group K f)(F) of a field, in case F' is the function
field of a smooth geometrically irreducible curve over a number field. We do this using the

complexes constructed in [4], together with an auxiliary complex. On the image in K f’) (F) of
those complexes, we derive a formula for the Beilinson regulator, and compute an approximation
of the boundary map at the closed points of the curve in the localization sequence. We give

a way of finding examples of elliptic curves F with elements in K f)(E), and in some cases use
computer calculations to check numerically the relation between the regulator and the L—function,
as conjectured by Beilinson.

1 Introduction

Let F' be a field. The explicit representation of K,(F') in terms of generators and
relations has given rise to a lot of interest in finding similar representations of
higher K—groups. For this, it turns out to be better to decompose the K—theory
according to the action of the adams operations. In this paper, for an abelian
group A4, let Ag = A® Q, and write K for the subspace of K,, ® Q on which all
adams operations 1% act as multiplication by k7. Suslin found a representation of
K (F), see [11]. (Actually, Suslin’s result is much more precise, but we ignore
this here.) It arises as the first cohomology group of a complex in degrees one

and two, By 4 A’ Fg where B, is the free Q-vector space on {z}, z € F'\ {0,1},
modulo certain explicit relations. d{z} = z A (1 — ), so the second cohomology
group equals K2/ (F)q = K2(2)(F ). This complex computes the weight two part of
the K—theory of F' that is conjectured to be non—zero.

In [7], Goncharov defined explicit complexes in terms of generators and relations
that should compute the weight n—part of the K—theory of fields. He also gives
a double complex that should compute the weight 3 part of the K—theory of a
regular scheme, which we reproduce here in case the scheme is a curve C defined
over a number field k. Let C'! be the set of closed points in C. The top row should
compute K& (F), and the bottom row is known to compute [[,.c K2 (k(z)).
(B3(F)q is placed in degree one, and both coboundaries have degree 1.)

By(F)g —— F30B:(F)g —%— N F;

.| .|

[Leer Bo(k(2)g —— Tleer A*K(2)g
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Here B, (F)q is a Q-vector space generated by symbols {u}, (modulo certain
relations), v € F'\ {0,1}, and similarly for the k(x). The maps are given by

d{u}s = u® {u}

dlv@{u}z) =vAuA(l—u)

O1.2(v @ {u}z) = orda(v){u(z)}s

o0 (f N g Ah) = 0rd,(f) g A hy — 01d,(g) fo A by + 0rde(h) fo A g

with the convention that {0}, = {1}, = {cc}» = 0. Here f, is defined as follows.
Let m, be a uniformizer at . Then f, = (fr, %)) ,. (8;, does not depend on
the choice of 7,.)

For the case of a field, various complexes of the “right” shape have been con-
structed by various authors. In [4] the author constructed a candidate Mg, (F') in
degrees 1 to n for the complexes for F' a field of characteristic zero, assuming the

Soulé-Beilinson conjecure on weights. There is a natural map H?(M¢, (F)) —
K2(Z)_p(F ). In this paper we shall also obtain results related to the double complex,
see Proposition 5.1. We also investigate the relation between 0, and the boundary
map K (F) = [Teen K7 (k(z)), see Corollary 5.4 and Remark 5.5.

Let us consider the situation for low weights in more detail. For weight two and

three, we have the complexes

2
ME2)(F)Z M(Q)(F) —>/\F6

and

3

Miy(F): Mgy (F) — F§ @ My (F) — \ F3.

Here M(g) (F) (resp. M(g)(F)) is generated by elements [u]y (resp. [u]3) with
u € F*\ {1}. Differentials are as follows. In MP, (F), d[u]s = u A (1 — u), and in
M3 (F) we have d[u]z = u®[uls, d(v®@]u]s) = vAuA(1—u). We recall that if k is a
number field, it follows from Suslin’s work that the map H*( NZQ) (k) — K32 (k) is
an isomorphism ([4, Theorem 5.3]). For general fields F, we have H?*(M?¢, (F)) =
K (F) = K (F)q.

For the complex M¢; (F) the situation is as follows. If & is a number field, then
Hl(ﬂzg)(k)) is isomorphic with K{*(k), see [4, Theorem 5.3]. As for the third

cohomology group, it is isomorphic to K{”(F) = K} (F)q, which is explicit in
generators and relations, and the boundary map in localizations can be computed
using the analogue of the tame symbol here. That leaves H?( ) (F)), mapping to

K f)(F ) as the most interesting group to study. We do this in case F' is the func-
tion field of a curve C over a number field k. In this case K{¥(C) c K¥(F)
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and the Beilinson regulator map from K{*(C) lands in H%(C ®qp C;R(3)) =
Hiz(C(C)an;R(2)), i.e., in the middle cohomology group. We give a formula for
the Beilinson regulator on the intersection in K{* (F) of K{*(C) and the image of
H?*( NZ3)(F )), see Theorem 4.2 and Remark 4.5. We also compute the boundary
map K\* (F) — Hocon K$? (k(z)) on the image of H( NZ3)(F)), up to some inde-
terminacy coming from K §2)(k). See Corollary 5.4 and Remark 5.5 for the precise
result. Because the Beilinson-Borel regulator is injective on K% (k(z)), the com-
putation in this case can be carried out at the level of Deligne cohomology. It
should be pointed out that in this paper there are no assumptions about weights,
see [4, Remark 3.23].

The starting point for this paper was [3], where the auxiliary complex C* to
be defined in section 3 below was constructed, and some computations of the
regulator map were carried out. This was written in reaction to [6], and it shows
in particular that the formula for the regulator (see Theorem 4.2) coincides with
the formulas found in [6]. As we shall see in the final section of the paper that the
regulator can be non—zero, it follows that there exists non—trivial examples of the
theory in [6].

The organization of this paper is as follows. Section 2 contains review of mate-
rial needed from [4]. In the third section another complex C* is defined, which is
much more useful for computations relating to K f)(F) than the complex M ;3)(F ).
Then sections 4 and 5 contain the computation of the regulator map and the bound-
ary. Finally, in section 6 we give ways of finding explicit elements in the groups
considered, and give computer calculations corroborating Beilinson’s conjectures
on special values of L—functions. These computations also show that the theory
does produce non—zero elements.

2 Review and preliminaries

We begin by introducing some notation. For any abelian group A, we write Ag
for A ®7 Q. If S is a subset of a Q—vector space, we denote by <S> the subspace
spanned by the elements of S. Finally, let Q(n) = (27i)"Q C C, and similarly for
R. AsC=R(n—1)®R(n), we let 7, _; be the projection onto the first component,
R(n —1).

We briefly recall the construction of the complex MZB)(F ) in [4]. Let ¢ be the
standard affine coordinate on P!, and let X = PL \ {t = 1}. Let U C F*\ {1} be
finite. Let ¢; be the coordinate on the i—th copy of X in X". In [4] a formalism of
“multi-relative” K—theory with weights is developed. The relativity is taken step
by step. As a shorthand we write 0" for {¢t; = 0,00},... ,{t, = 0,00}. The idea
of this is that it follows from the long exact sequence in relative K—theory (cf. [4,

(19)])

= K0 (= 0,001,0") — KQ(X35:07) — KP(X3;0"7) — -
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together with the homotopy property for K—theory for some reasonable regular
scheme Y that K@ (Xr;0") = KY) (X2~ 10" for m > 0. (We shall apply
this isomorphism only in case Y is a Zarlskl open part of a smooth curve over
a number field, or the Spec of its function field, in which case all conditions are
satisfied.) Repeating this, we get K (X2:0") = KU, (Y). Note that there is
no obvious choice of this isomorphism, which will result in statements up to sign
below.

With X,

an element [u], for u € U. For the construction of M'Q)( )) and M {3y (F7), one
starts with rows in spectral sequences:

(1)

=X"\{ti=u;, u; €U, i=1,... ,n} K(")(X” L.O" 1) contains

loc >

Cly: K Xloc, — H Fy

zeU
D2
. . 3 2)
Cls): K )(Xloc7 (H K, (Xioe; U )|t_“> - H Q’\tl =,tr=y’
zecU z,yclU
(The @2 here corresponds to the two directions ¢; = u and t, = wu.) View-

ing those as cohomological complexes starting in degree one, there are natural
maps H?(C{,)) — KQ(Z)_p(F ) if one assumes the Beilinson-Soulé conjecture about
weights. However, for the two complexes above the maps do exist without assump-
tions except for n = 3, p = 1, which is a case we shall not use below. See [4, p. 222]
for details. The element [u], has boundary (1 — u)‘t ., and [u]s has boundary
—[u)op, —u + [t]2)t,=u. Moreover, C,) carries an action of Sy by interchanging the
two coordinates, and [u]; is in the alternating part for the Sy—action. Let

x; € U, Hm"l— }

1+1) = KV (X 0) = {F(t) = [l —z)™@ -1

%

Q

Note that there are two cup products
(1+1)" UK (Xo: O) — K (X207

loc?

depending on which of the two coordinates on X2 we use for which factor. We let
(14 I)* 0K (Xye; 0) denote the span of the images of both possiblities. With

symby = <[u];>+ (1 +1)"U Fg C K (X0 0)
symbs = <[u]3> + (1 + I)*Usymb, ¢ KP(X2 ;0%
we get subcomplexes
(2) Cly1og:  Symby — H Fg
Cl3)10g:  Symbz — (H Symb2)®2 — HF@
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of (1). The subcomplexes of those given by
Joy: A+ UF;—d(...)

Joy: (14 Iy Osymby — d.) + ([[a+1 UE)" —d(..)

are acyclic ([4, Lemma 3.7]). Taking the quotient complex Cf, ,,./J%, and the
part of Cfy) 15, / J{;) where interchanging the two coordinates acts as multiplication
by —1 we find complexes (<U> C Fy)

ME2): M(Q) —<U>® FQT
[z]; — 2 ® (1 —x)

2
ME3): M(g) —><U>®M(2) —>/\<U>®F(§
YRz~ yNz® (1 —x)

Here we let y ® [z], correspond to the class of —[x]ss,—y + [2]2t,=y. Omne then
takes limits over larger and larger U in order to obtain M, (F) and M, (F).
N@(F) is the quotient of M%) (F') by the acyclic subcomplex <[u]y + [u™!]s> —
Sym?(Fg). ./{/lvzg)(F ) is obtained as the quotient of M, (F) by the subcomplex
<[u]s — [u™]z> — F§ ® <[u]s + [u""]s> — d(...). This last complex is acyclic in
degrees two and three, and also in degree one if one assumes the Soulé-Beilinson
conjecture on weights, see [4, Remark 3.23]. Note that

symbs,

M) (F)
Mgy = —2 2
@A+ UER

and M(g)(F) = <[u]2 T [u_1]2> .

In [4] regulator maps K@ (Xy,;0") — HE (X3, 0% R(g)) to relative
Deligne cohomology were defined. We recall that

(3) Hp(X;E;R(q) =
(Wn, $p) With w,, € FI(D)", (dwy—1, Tg1wp—1 — dSp_1)
5n € §.S% (¢ — 1) such with w,,_; € F¢(D)" 1,
that w, g = 0,5, =0 and / Sp_1 € §.S% %(q¢ — 1) such
ds,, = m_1w, that w,_1jp =0,8,-15 =0

(See [4, p. 218].) Here the notation means the following. We write X etc. for
the underlying topological complex manifold consisting of the closed points of
X Xsgpee () Spec (C). X is a compactification of X with complement D such that
D and D U FE are a system of divisors with normal crossings. j is the imbedding
of X into X. S%(q) is the complex of R(q)-valued C*—forms on X, F(D)* the
complex of C—valued C*—forms on X of type (p,r) with p > ¢ and with logarithmic
poles along D. (So locally on U C X an element in F9(D)" is of the form ¢ A v
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with ¢ € Q2(DNU) of degree p > ¢, and ¢ € C*"~?(U).) Note that if ¢ > dim X,
we get a natural isomorphism HZ3(R(q)) = Hiz ' (R(q — 1)).

The cup product in K—theory corresponds to the products of regulators (see [4,
(22) and (40)]) given by

(4) (wp’ S;D) U (wq’ Sq) = (wp N Wq, Sp N\ Tgwq + (_1)dcg% (prp) A Sq)-

For computational purposes later on, we want to say a little more about the
clement [S], which was constructed in [4] in K5 (Xjoe;0). Here X0 = Xg,, \ {t =
S}, S the parameter on G,, = Spec (Q[S,S7']). It is determined by the fact that
its boundary at t = S is given by (1 — S)~!. Here is a different construction of the
same element restricted to Xg joc, where G = G, \ {S = 1}. This will suffice for
our purposes, and will give a more explicit form for its regulator. Consider the
sequence in relative K—theory

= KP(G) — K (Xojoe 0) = K3 (X oe) = K52 (G)? — -+

Now K{(G) = 0, so it suffices to construct an element in K5 (XG 10c) With the
t—S t-—S
required boundary, restricting to 0 for t = 0,00. (1—S5)U ryriabrency ul-95)"
is the required element.
For the regulator, look at the corresponding localization sequence in Deligne

cohomology:
- — Hp(G,R(2))" = Hp(Xe100; 5 R(2)) " — Hp(Xg o R(2)T — -+

(The regulator lands in the invariant (or plus) part of Deligne cohomology with
respect to the combined action of complex conjugation on the underlying topolog-
ical space and on the coefficients R(2).) As H5(G;R(2))" = HR(G;R(1))T =0,

in H2(Xg10e; R(2))" back to

t—
we only have to lift the image of (1 — S) U .

-1
H2(X ¢ 10e; J; R(2))T. The regulator of (1 —S)U :f is given by (see (4))
t —
(dlog(1—S),log|1 — S|)U (dlog f log t—f‘):
(dlog(l—S)/\dlog =5 10g]1—S|dzarg f log L= S’dzarg(l—S))

If p is a bump function around ¢t = 0 (so p(0) = 1), symmetric with respect to
complex conjugation, then

e t—
(Wg,Eg) d:f (dlog(l — S) A leg m,
t—

t —
(5) log |1 — S|diarg . log

-1

S‘ diarg(l — S) + d(ﬂ(t)Pz,Zag(S))>
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is the required lift. Here the function Ps 7., (also known as the Bloch-Wigner
dilogarithm) is determined by P, 7,,(1/2) = 0 and dPs z,.,(2) = log|z|diarg(l —
z) —log|l — z|diarg z. Pz, is a single valued on P \ {0,1,00}, and it can be
extended continuously by setting P 7,,(0) = Ps 745(1) = Ps z4g(00) = 0.

The function P, z,, occurs in the theory in a natural way. Let k be a number
field, oy,... ,0, be all embeddings of % into C. Then the Borel-Beilinson regulator
on H'(M¢,y (k) = K (k) can be described as follows. Consider the commutative
diagram (where we identify H3 with Hiy, Hj with H3R)

H' (M (k) — H i (Xrsoc; O R(1))F

g

(
© |
K'(k)  —% HY(Spec (k ®g C);R(1)* = (@,R(1),)".

The vertical isomorphsim on the right can be obtained as follows. e5(o(z)) is
an element of Hgg, and the vertical map is given by integration: [ ey(o(z)) A

1 -
diargt = —Pz..(0(z)) if X has orientation given by —?dt A dt. Then the

i
map from upper left to lower right hand corner (up to sign) is given by [z], —
(P 7ag(01()), ..., Py zag(0,.(x))), (see [4, Proposition 4.1]). By Borel’s theorem,
this is an injection.

3 An auxiliary complex

Let F' be a field of characteristic zero, X = Xp. Consider the commutative
diagram with exact rows (which one obtains by taking direct limits over finitely
many elements in F™*)

HF*\{l} K?EQ)(F) - K3(3)(X§D) - K{j(’g)(Xloc;l:l) I

I I

0  —— L+ UKD EF) ——
— Hpay Kz(Q)(F) - Kz(g)(X§D)

H |

— HF*\{l} K2(2)(F) - F6®K2(2)(F)

where the top row is part of the localization sequence. Because K §3)(X ;0) =
K®(F), we get an exact sequence (cf. [2] and [3])

0 =K (F)/F3 UK (F) - K& (Xi0e;0) /(1 + 1)*UKP (F) S By o K2 (F).
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Let C* be the cohomological complex
K (X0t 0)/ (L 1) UK (F) = Fg @ K9 (F)

in degrees 1 and 2. This complex is usually better for computations than the
complexes M¢;) or M?,), and we begin with constructing a map from M7, to C*.

Note that if f, g € F”*, then [glyUf € K§” (Xjoe;0), and d([gl2Uf) = g®{f,1—g}.

(More precisely, d([g]o U f) = {(1 — g)7", f}i=g which maps to g ® {f,1 — g} in
the above quotient.)

Lemma 3.1 We have a commutative diagram

Mg —— @ Mo —— N F;QF;

l l l

60— o —
as follows. We map f ®[g]s to [glaU f, and fAgRh to g {f,h} — f®{g,h}.

Proof It is easy to check that the right hand square commutes, so we need only
check that this is well defined. For this we need only check that the product [S],US

is already zero in K\¥(X¢ \ {t = S}:0) (G = G,, \ {S = 1}). In fact, from the
localization sequence

KP(Xe:0) —» KP(Xe \ {t = 5}1:0) S KQ(Q)(G)H:S
and the fact that
K (Xai0) = KI(G) 2 K (@) = 0

we only need to check that [S],US satisfies d [S],US = (1-S5)7'US = —{1-5, S5} =
: (2)
0in Ky (G)e=s-

Proposition 3.2 The diagram
H* (M) —— H(C)

I

K(F) —— KP(F)/Fg UK (F)

where the top horizontal arrow is defined in Lemma 3.1 and the bottom arrow is
the natural projection, is commutative (up to sign).
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Proof In this proof we shall refer freely to the notations used in [4]. The map
H2(M3(F)) — K (F) arises as follows. Let W, be the union of the p-fold

intersections of t; = u;’s, u; € U LG \ {0,1}, i = 1,2. (One should work with

finite subsets of U, but one can take direct limits afterwards. For simplicity, we
use notation as if one can work with U directly.) There exists a spectral sequence

EPt=H (C\ Wy, K)® = HPT(C, K)®

Wo\Wpi1

for some suitable simplicial scheme C' such that H?(C,K)® =~ K@ (X?0%).
There are identifications

(7) Hiy  (C\ Wyt K)©® = K& (W, \ W13 0%)

—pb—q

and using those, the spectral sequence becomes

EP = K& (W, \ W,y;0%) = K% (X%07).
The complex Cf, (see (1)) is nothing but the row where ¢ = —3, and H*(C,)) =

Ey 7% All higher differentials leaving E5 ~° are zero, as are the incoming ones.
Writing H for H2(C, K)®, we therefore have maps

H* (M3 (F)) < H*(Cly ) — H*(Cly)) = By~ = B & Im(Hy, ) /Im(Hy,)
—Tm(Hy,) C H*(C,K)® = K37 (X*0°%) = K{7(X;0) = K{7(F)

where the images are in H2(C, K)® with respect to the natural map
Hy? (C,K)® — H(C,K)®,

and the last two maps are the isomorphisms coming from using the relativity
with respect to t; resp. t,, cf. the beginning of this section. It turns out that
Hy2(C,K)® =0, so we have a map from H?( (3 (F)) to K®(F).

The construction of the spectral sequence commutes with respect to localizing
at t € U. So we can create the following commutative diagram corresponding
to the previous sequence of maps from the E,—term onwards, together with the
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localizations, i.e., intersection with ¥ = X2\ U,cp{t2 = u}.

Hy (C,K)® —— Hylny (CNY,K)®

! !

H%(C,K)® —— H™2(CNY,K)®

K (x50 —— K07

- -

EP(x;0) —— K (X D)

~|
K{P(F)

An element 37 a;g; @ [f;]2 in H*(M(y)) can be lifted to an element in H*(C) ),
which is given by 37 a;([fjl2jta=g, — [fil21ti=g;); up to terms involving factors
(14 I)*, see (2). Using the identification as in (7), it follows from the definition of
the boundary maps in the spectral sequence that 3, a;g; ® [f;]a in H*(M(F))
maps to iy (Zj —a, [fj]2|t1:gj) in K3 (v:0%) modulo iy (]_[ueU 1+1)*u Fé\h:u)'
Here iy is the composite map

[T &P (Xie: D)y —u = H2(C', K)® —

t1€U

Hy? oy (CNY,K)® — H2(CNY,K)® — K (Y;0%,

see [4, Proposition 2.3]. Here C' is some other simplicial scheme such that there
are identifications [T,y K (Xioe: O)jty—u = HP(C", K)® . iy ([flajti=g) = [fl2U
i4(1}¢,=y) where this last i; is the map Kéo)(F)|t:g — K9(X;0). By [4, Lem-
ma 3.14], if we combine this with the isomorphism K{"(X;0) =~ KV(F) = Fg,
i¢(14,—y) maps to g*!' in Fg. As this last isomorphism is compatible with the
isomorphism KQ(B)(Y;DQ) = K?EB)(XIOC;D) under the cup product, we see that
the element maps to + 3", a;[f;]> U g; in K (X100;0), modulo (1+ 1)* U Ky(F).
Therefore it will map to £ 3, a;[f;]o U g; in H'(C*(F)). The statement of the
proposition now follows from the definition of the isomorphism

H'\(C*(F)) = K (F)/K5? (F) U Fg,

at the beginning of this section.
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Remark 3.3 Suppose that d>_;a;[f;laUg; = —>;a;f; ® {1 — f;,9;} = 0 in
Fy ® K$P(F), with a; € Q. Let {Ay,..., A} C {f;} be a basis of the subspace
of I spanned by the f;. Then if we write f; = HLA?]’[, b;; € Q, expressing

everything in terms of the independent A;’s, we see that, for each [, there exist
fim and ¢, € Q, such that 3= a;b;,(1— f;)®g; = >, cim(1 = fim) ® fim. Then

> ;9@ [fila + Y cmdi  [frmle
j Lm

defines an element in H*(M¢;,). This provides some kind of map from H*(C*®) to
H?(M?2,)).
3

Remark 3.4 This is in fact related to the following. In [6] C. Deninger con-
structs linearized Massey products for complexes C(i), bounded below, that have
associative cup-—products C(i)®C(j) — C(i+7). (C(i)®C(j) is the total complex
associated to the tensor product of the two complexes.) We recall the case for the
triple products that is of interest here, cf. [6, (2.4)]. We will assume for simplicity
that the complexes consist of vector spaces over a field k. If A, are elements in
k, and Ay, Ay, and As, are elements in H'(C(1)) such that

1. for all r, Z/\Tst(AQS UAg) =0in H*(C(2))
s,t

2. for all ¢, Z)\Tst(Alr U Ay,) =0 in H*(C(2)).

T,8

Then there exist by, and by, in C(2)" such that dby, = Y-, , At (Aszs U Az;) and
dby =30, s Arst (A1 UAsg). Then 37 Ay, Uby, + 37, by U As, represents an element
in H?(C(3)), well determined up to H'(C(1))UH'(C(2))+ H'(C(2))UH'(C(1)).

We can apply this to our complexes MZp)‘ Take C(1) to be Fy concentrated in

degree 1, C(2) = MZQ) and C(3) = Myp;, with maps given by aUb = a A b for
a,b € I, and for the cup products C(1) ® C(2) and C(2) ® C(1) to C(3) we take

aU[fls =—-a®[fl [fl2Ua=a®|[f]
aU((bAc)=aAbAc (bANc)Ua=bAcNha=aANbAc

So those complexes provide an analogue of Deninger’s triple Massey products in
Deligne cohomology in K—theory. In order to lift those products to the complexes
Mg, it is better for the associativity of C(1) ® C(1) ® C(1) to let the middle
factor, call it C'(1)’, play a special role. So we define C(1) ® C(1)) — C(2) via
aUb=a®b, C(1)®C(1) — C(2) via bUc = —c®b. For the products C(1) @ C(2)
and C'(2) ® C(1) to C(3) we take

aU[fls=-a®|[fl [fl:Ua=a®]|fl
aU(b®c)=aNb®c b®c)Ua=aNnb®c
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4 The computation of the regulator map

Let C be a complete, geometrically irreducible, smooth curve over a number field
k. Let F be its function field. Let C(C),, be the complex manifold whose set
of points is the set of closed points of C' Xgpec(g) Spec (C). Note that this is a
disjoint union of [k : Q] complex curves of genus the genus of C, one for each
embedding of k into C. Let o be the complex conjugation on C(C),,. If k has r,
real embeddings, and 2r, complex embeddings, so [k : Q] = ry + 2y, then C(C),,
consists of r; curves that o transforms into itself, and ry pairs of curves where
o interchanges the two curves. Keeping this in mind, it is easy to verify that
dime HO(C/(C)an, ) = genus(C) - [k : Q] ' 7, and that this space is spanned by
Wi, ... ,w, such that @; = w; oo. We view H*(C(C)an; Q) C HiR(C(C)an; R) in
the usual way. In order to avoid cumbersome notation, we will simply write C' etc.
from now on for the associated complex manifolds, it being understood that all
algebraic varieties occurring in (co)homology groups and integrals in this section
are to be interpreted as their associated complex manifolds.

There is an involution on (co)homology groups, given by the action of o on the
underlying topological space, followed by complex conjugation of the coefficients. If
this involution acts on a group H, we let H* be the subspace where the involution
acts as multiplication by +1.

Recall the definition of the Beilinson regulator ¢; for K\ (C) (see, e.g., [10,
p. 30]). Beilinson conjectures that the regulator map induces an isomorphism

K{7(C) @g R =5 HR(C;R(3))" = Hip(C;R(2)T,

so that conjecturally dimg Kf)((]) = r. (The extra “integrality” condition is
vacuous in this case, so we can work with K(¥(C) directly.) The regulator c; as
an element in R*/Q* is then defined as the determinant of the image of a basis
a,... a, of KP(C) in H, (C;R(2))" with respect to the Q-basis H'(C; Q(2))*.
Under the additional assumption that the L-series for H'(C), L(C,s), can be
extended meromorphically to the complex plane, Beilinson further conjectures that
there is relation between the first non—vanising coefficient of L(C,s) at s = —1,
L(C,—1)*, and cj3:
L(C,—1)"/es € Q.

We shall return to this in the final section of the paper.

Below, we refer to such a determinant as the regulator for any r elements of
K®(C) (which may then well be zero).

We need some more notation in order to state the formula for c¢;. Fix an
orientation of C' such that o reverses the orientation. All integrals [, below will
be taken with respect to this orientation. We have a non-degenerate pairing
Hir(C;Q) x Hip(C5Q) — Q, given by (¥1,%s) — [, %1 Atbs. Under this pairing
Hix(C;Q)" L Hiz(C;Q)*t, and similarly for the — space. From this it follows
that dimg H'(C;Q)" = dimg H*(C;Q)™ =r.
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The involution acts also on H,(C'; Q), so this space splits into a +—and a —part
as well. From the pairing with H'(C; Q) one deduces that both pieces have Q-
dimension 7. Let {s+,...,s,+} be a basis of H(C;Q)*, and let {s} .,... s} .}

in H'(C;Q) be its dual base, so that [, s}, = dpn. Let T = (fsn . wl). As
W, = w; 00, we also have T = (Ln ) ﬂowl) and T~ = (fSn B wlwl). In particular,

— - * —
mw =, T, 55 _ as fsn,+ mw; = 0.

Proposition 4.1 Suppose the Beilinson requlator maps aq,... ,q, € Kf)(C) to
Uy, € Hig(C;R(2))T. Let wy,... ,w, and T~ be as above, and let Ry, =
Jo i N@i. Then the Beilinson requlator of o, ... o, is given by

det(R)

= ri)zrdet(T-)

Proof Let M be the matrix defined by v, =, My ,s; .. Then by definition,
c3 = (2mi)~?" det(M). Note that as o reverses the orientation, w; o ¢ = w; and

Y 00 = Py,
Rk,lz/wk/\UlZ—/T/JkOU/\szU:—/l/%/\wz:—Rk,z'
c c c

Therefore Ry, is purely imaginary, and

Rk,l:_/wk/\ﬂ'lwl
C
— =T [ s
Sy :
:_ZMk,mT;l/s:HAs;,
2 1), 5m. :

= - Z Mk,mAm,an;l

with A = [o 55, As), . Hence det(R) = +det(M)det(A)det(7). As det(A)

expresses the non-degeneracy of the pairing H'(C;Q) x H'(C;Q) — H?*(C;Q),

it is an element of Q*. So we get that the regulator c; of ay,... ,«a, is given by
det(R)

= i) det(T-)

The following Theorem allows us to compute the regulator explicitly on the
intersection in K” (F) of the images of H( (3 (F)) and K®(C), or the intersec-

tion in H'(C(F)) of the image of K\¥(C) and elements of the form > a;1fil2Ug;-
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Theorem 4.2 Fizw € H°(C; Q') such that W = woo. The map

K{(0) 5 m(cire) L2 )

factors through
K (C) — KP(F) — K{P/(F)/KS? (F) U Fy = H' (C*(F)).

Ifa € K(C) maps to >, a;[f;12Ug; in H'(C*) and has image ¢ € Hig(C;R(2))*
under the regulator map, then

R:/qu/\w:—4Zaj/Clog|gj|log|fj|dlog|1—fjl/\w.
i

Remark 4.3 By Proposition 3.2, this Theorem applies in particular to the interse-
cion in K\¥(F) of K (C) and the image of H?(M¢5(F)). In Theorem 5.2 below,
we shall give a formula for the boundary of elements in H?(M?%; (F')), up to some
small indeterminacy. This is good enough to decide if the elements correspond to
elements in K{¥(C). For elements in H!(C*(F)) the situation is less satisfactory.
Computing the boundary amounts to lifting as in Remark 3.3 (see Theorem 5.6),
which is not easy to do in practice. However, Theorem 5.6 is often good enough.

Remark 4.4 Combining this with the map
H*(My)) — H'(C)

defined in Lemma 3.1, this shows that the image of the regulator map for the
elements of type 3_; a;[f;] Ug; in H'(C*®) coincides with their “lifts” to H?(M{,))
as in Remark 3.3, up to a factor two, as the integral is multiplicatively linear
in terms of f, 1 — f and g. Something similar holds for the boundary map, see
Theorem 5.6.

Remark 4.5 To get a regulator that factors through the isomorphism
H> (M) — H* (M),
i.e., vanishes on symbols g @ ([f]2 + [f~']2), one can replace
| toglgltog | fldlog 1 - f| A
with
(105 Igltog |fldlog |1 ~ 7]+ 3log |1 = Fl(og |fldlog lg| ~ log lgld Log 1)) ) A @

This follows from the fact that [, d(log|g|log”|f|) A@ = 0 by Stokes’ theorem.
Because the second term vanishes on elements that lie in H 2(/\/1;3)), this does not
change the value of the regulator map.
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Proof of Theorem 4.2 Note that we have isomorphisms

Hp(Xes O3 R(3)) = Hig(Xo; O R(2)) % Har(C;R(2)).

If we let h be a function on Xgpecc) with h(co) — h(0) = 1, then it is not hard to
check that the isomorphism ¢ is given by taking the product with dh, and that
Jovhnw=—3= [y i AdhAdlogt Aw if we give X¢ the product orientation of
C and the standard orientation on P*(C).

Of course, we can restrict the integral to Zariski open parts of X, which we
shall use in order to show that the regulator factors as stated in the theorem. This
introduces the problem of convergence. (Indeed, problems of convergence seem to
be an essential part of the fun in dealing with the Beilinson regulator, see, e.g., [5,

(10.8)]). In order to deal with this, we need the following.

Let Y be an algebraic variety of dimension n with compactification Y such that
the complement of Y is given by D, a divisor with normal crossings. Suppose
moreover that there is another divisor D’ on Y such that the union of D and D’ is
a divisor with normal crossings. We want to say something about the behaviour
close to D of forms on Y that vanish on Y N D’. Suppose that locally in a compact
subset of Y, D is given by Hle x; = 0. Let r; = |z;|, 0; = argx;. We will consider
differential forms § on Y that satisfy the following condition on the compact subset
of the chosen neighbourhood of D.

(3 vanishes on D'NY and can be written as sums of
(8) products of logr;, dlogr;, df;, bounded functions

on Y and the restriction of C*®°—forms on Y to Y.

Then if w is a holomorphic or anti-holomorphic n—form on Y, and f3 is a n—form
as in (8), one checks that [, 3 A w converges. In fact, the same is true if we allow
w to have logarithmic poles along D’.

Proposition 4.6 LetY, Y, D and D' be as above. Suppose that 31 and B are two
closed n—forms on'Y as in (8) that represent the same class in relative de—Rham
cohomology H™(Y; D';R(5)). Let w be a holomorphic or anti-holomorphic n—form
on Y, possibly with logarithmic poles along D'. Then

(9) /Yﬁl/\w:/yﬁQ/\w.

In order not to interrupt the flow of the argument, we postpone the proof to
the end of this section. Because of Proposition 4.6 we can compute our integral

1 _
Jov Nw = —2—/ ¥ Adh Adlogt AW on a Zariski open part, where we can
T JXo

replace ¥ A dh with a form as in (8) in the same class in H3;. Let {f;} be a finite
subset of F*, and let U C C be a Zariski open subset such that all f;, 1 — f; and
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fi — fx are invertible if they do not vanish identically. Let Xy, = Xu \ t = f;’s.
The complement of X, need not be a divisor with normal crossings. To achieve
this one has to blow up some points. However, pulling the forms back to the
blowup we see that all growth conditions are still satisfied, and that dlogt A &
has a pole only along the strict transform of ¢ = 0, co, so that we can still apply
Proposition 4.6. Consider the localization

ILES(U)ey,  ——  EPXpD)  —— KP(XyjesD)

regl Tegl regl

(I, HA U R@)y, ) —— HAXpiDRE) —— H Xy BRG))

- - -

(I, Hon (U ROy, ) —— Hin(Xoi BR@)T —— By (X100 D5 R(2))*

The regulator of K§2)(U)|t:fj in Hiz(Xy;O;R(2)) 7T is given by £vdiarg f; Adh
where v in H5(U;R(2)) = H{i(U;R(1)). This obviously satisfies (8). By Propo-
sition 4.6 the integral of those forms on Xy ),. vanishes. Because we can shrink U
and localize at more f;’s, and any class in Hig(Xp10c; 0; R(2)) has representatives
as in (8), this shows that the regulator of K\¥(C) factors through K§3)(XF710C; 0).
As we shall see below, it vanishes on (14 I)* U K3 (F), hence factors through
H(C*(F)).

Now assume ), a;[f;]o U g; is the image of an element of KP(C) in H(C*).
Because the regulator factors over H'(C*(F)), the regulator can be found by
first localizing suitably, then lifting -, a;[f;]» U g; to an actual representative

in K 3(,3) (Xv10¢; ) with zero boundary, and finally applying the regulator map. So
let U be a suitable Zariski open part of C. The result will involve the regulators
of elements [f]; Ug and F U~y where v € K5 (U) and F € (1 + I)*.

As for the terms F' U+, the regulator is given by (see (4))

(dlog F,log |F|) U (0,¢) = (0, —diarg F A €)

for some form e in Hjg(U;R(1)), which therefore can be taken to satisfy (8). By
Fubini’s theorem, [, —diarg FAeAdlogt ANw=0as F € (1+1)".
The regulator of [f]o Ug in H}(Xp10c; 0; R(3)) is given by

(w2(f), €2(f)) U (dlog g, log [g]) = (0,5 (f) Ay dlog g + log |g|maws(f))-

By (3) the class of 5 A m; dlog g + log |g|maw, is determined up to the boundary
of a R(2)-valued 1-form on X ... As for the integrals of type

1

(10) ~ 9

/X / (e2(f) A mdlog g + log |glmaws(f)) A dlogi A @,
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it is clear from the explicit shape of €5 (see (5)) that the conditions of (8) are
satisfied. Hence the integrals in (10) compute the regulator after summing over j.

As for the actual computation, because of the presence of @, we can replace
mdlog g = diarg g with d log |g|. By Proposition 4.6 we can change the form with
d(log |g| €2) A dlogt AW, so we have to compute

1 -
——./ /log\g[wg(f)/\dlogt/\w
xJc

1 t—f - _
——%/Clog\g] (/Xdlogt_1 /\dlogt)dlog(l—f)/\w

t— _
:—/log]g|log|f]2dlog(1—f)/\w as dlogt_{ ANdlogt ANw =0
c

=4 [ toglg|log|f|dlog |1 - f| A
This finishes the proof of Theorem 4.2.

We now give the proof of Proposition 4.6.
Proof Because ; and 3, represent the same class they differ by dv where ~ is
an (n — 1)—form vanishing on D’. If 7y is as in (8) the statement of the Proposition
is checked by removing a tubular neighbourhood of D U D’; so that we are left
with a manifold, say M. Then the difference of the two integrals in (9) is given by
making M larger and larger in

dyAw = YA W.
M oM
It is easy to check that the right hand side approaches zero as the radius of the
tubes goes to zero, so we only have to prove that v can be chosen with growth
behaviour as in (8).

We prove this as follows. Let 34 = {U,};cr be a good open cover of Y and let
@,.,C"7 be the Cech-de Rham complex of p-forms on the (¢4 1)-fold intersections
of this cover, with the condition on the forms that they vanish on D’. Let d be the
boundary operator on forms, and let 4 be the boundary for the intersections.

I I

_d on20 4  on-10 4 om0 4
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Observe that the conditions in (8) are stable under application of the Poincaré
lemma (including the condition on vanishing on D’), so that we can get {¢;} €
C" 10 with d¢; = (61— B2) v, B1 —F2 € C™". We can now use the Poincaré lemma
on 0{¢;}, doing it repeatedly we can extend {¢;} to an element A in &, ,_,_1CP9,
with behaviour of each component A”? as in (8), and boundary 3; — 3, € C™°,
constants in C%", and zero elsewhere. In order to get rid of the constants we have
to change the functions in A®"~! = {f;, ;,_,} with constants that are zero on D’
This can be done as follows.

There exists 7/, a global (n — 1)—form, with dy’ = 3, — 3,. If A" 10 = {¢;},
then we can find ¥; € C" 20 such that diy; = ¢; — 7. Changing A"~ 2! with
+6{1;} we get an element in C"~?! with d-boundary 0 and é—boundary equal to
JA"~ 2! We can now integrate this element to get {¢;;} and use +d{¢;;} to change
A"=32 That will give an element in C"~%? with d-boundary 0 and §-boundary
equal to the d—boundary of A"~32 Continuing this way we arrive at functions
as {fi,..i._,} and has d-boundary zero, so they differ by constants. This means
that if we replace A®"~! with F6{g,, s, _,} and keep the other components of A
fixed we found an element B € @, 4—,—1C?? with boundary solely {(8: — £2)u, }
and behaviour at D and D’ of all components as described in (8).

Finally, to get a global (n — 1)-form out of B we use a partition of unity
{p:} subordinate to the cover 4. If BP9 = {¢;, ;, } satisfies B9 = 0, then we
can change B with {d 3>, pi#y;) ;. } £ 6{>2; pigfi] ; }. It is well known that the
last term equals BP? so that this effectively kills B, Starting with B%"~! and
applying this repeatedly we can change B in such a way that B" P~ = ( for
p > 0. Then B" !0 is a global (n — 1)-form with dB"~*° = 3; — 3,. This form
will be ~.

We have to check that the growth behaviour of + is as in (8). By construction
~ contains as summands wedge products of components of B and dp;’s. The latter
can be assumed to behave well around D, e.g., by choosing the cover i as follows.
First take a good open cover of the complement of a small tubular neighbourhood
of D in Y. Then extend this to a good open cover for Y by shrinking the tubular
neighbourhood to its boundary. This way we can get a partition of unity for which
the p; locally depend only on the 6;, and hence dp; will be of the form described
in (8). Hence ~ will satisfy the conditions in (8), and we are done.

5 The computation of the boundary under localization

As in the previous section, let C' be a complete, geometrically irreducible, smooth
curve over a number field k. Let F be its function field. Let C'! be the points of
codimension one in C.
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We want to compute the boundary map 0 in the localization sequence

(11) [T 5 k(2)) = K2(C) — K7 (F) 2 [T K5 (k(x))

zeCt zeCt

on the image of H*(My) (F)) in K @)(F). One should compare the result (Corol-
lary 5.4) with the formulas in [7, section 5.1]. In order to state the result conve-
niently, we want to have a map

02 H* (M) (F)) = HA(M — LI H#" (M (k).

Proposition 5.1 There exists a commutative diagram

3
M (F) —— F @ M) (F) 4, AFS

(12) | l% Jéz
0 —— JI Mek@) —— ]I /\k

zeCt zeCt

defined as follows. Let T, be a uniformizer at x. For f € F*, let f, = (fr; %),
f g AR ] orde(f) o AR = orda(g) fu Aoy + orda(h) Fo A g

g™ [T ord. (£)[g()]
with the convention that [0], = [1], = [0o]y = 0.

Proof It easy to check that the diagram commutes, and that §, does not depend
on the choice of the 7,. So the only thing left is to check that §; is well defined.
For this, fix x € C!, and define
SPa.y: Moy (F) — Moy (k(x))
[fla = [f(2)]2

with the convention that [0]; = [1] = [o00]s = 0. We want to show that this is

well defined. For this, note that M(g) (F) = QIF \ {0,1}] (free Q—vector space on
F\ {0,1}) modulo certain relations. With 7 a uniformizer at x, define A\*Fg —

NE(z)g by fAg— fAgwith f = frorde (f),,.. This depends on the choice of T,
but always

Q[F\ {0,1}] —— /\ F}
- |

My (k@) —— Ak@);



20 Rob de Jeu

commutes. Therefore, if & € Q[F'\ {0, 1}] maps to zero in M(g)(F), then sps . (a0) €
HY( N@(k(m))) ~ K (k(z)). As k(z) is a number field, in order to show that
Spa..(a) = 0, it suffices by Borel’s theorem to show that the regulator vanishes
on sps . (). For this, we consider all complex embeddings of k(x), which we can
achieve by tensoring the curve with C over QQ, and considering all points lying
above z. Then considering (6), it suffices to show that Ps z7..(sp2.(«)) = 0 in case
x is a point of a curve over C. Note that if y is a point in C such that a can be
specialized to y directly, sps, () is nothing but the restriction to y of @ = 0 €
HY( NZQ)(F)), ie., 0. Hence P z..(spay(c)) = 0. Py z..(cr) is constant because
APy 7.4(2) = log|z|diarg(l — z) — log|1 — z|diarg z and da = 0. Taking limits to
x one finds Ps 7,4 (sp2 . () = 0 because Ps 7,5(0) = P 7a5(1) = P 7a4(00) = 0 and
P, 7. is continuous. This shows that §; is well defined.

From (12) we get an induced map

01+ HP (M (F)) — [T H' (M (k(2))

zeCt

f@lgla JT ord.(f)lg(@).

zeCt

In the remainder of this section, we shall fix an identification of K §2)(k) with
HY( NZQ)(k)), and take the same identification for all extensions of k, hence the
same choice of sign in K2(2)(Xk(m); 0) = K (k(z)). Note also that because k(z) is
a number field, K4(k(z))q is zero. Hence it follows from a localization sequence as
in (11) that if U is a Zariski open part of C, then we can view Kf)(U) as a subset
of K (F), which we shall do from now on for the remainder of this section.

Theorem 5.2 Let a = 35, a;9; ® [f;]la € H*(MPy)(F)). Let U be the Zariski
open part of C' such that all f; and g; are invertible on U. Then under the map
H2 (M3 (F)) — K®(F) in Proposition 3.2, « lands in K (U) ¢ K (F). The
boundary of its image under the localization map
0
EP0) % T K (k@)

zeC\U
is given by £28,(«), modulo the boundary of K?E?)(k) U<f;,g;>.

Remark 5.3 Suppose we have a € H?*(M¢; (F)) with d, in the boundary of
K (k) U <f;,g;>. As this last group injects into Hocon K$? (k(z)) under 9, we
can change o with elements in <f;, ;> ® H'(MPy(k)) = <f;,9,> ® K& (k) to
obtain an element o’ that maps to K\”(C) c K{¥(F). As the regulator does

not care about this change by Theorem 4.2, computing the regulator of the global
element o/ amounts to computing the regulator of a.
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Taking direct limits over U, we get, as H?(My) (F)) = H*( Nzg) (F))
Corollary 5.4 There is a commutative diagram (up to sign)

H* (M (F)) —— KP@FE) —— KP(F)/EP (k) U F
] |

[T H' (M) (k(2))) == T K5 (k=) — ] K§2><k<x>>/ (kS (k) U Fy)

zeCt zeC? zeCt

Remark 5.5 If K?E?)(k) = 0, i.e., k is totally real, then of course we get the
commutativity (up to sign) of

H My (F) —— K(F)

25{ al
[T 7 (M) (k) —— [T K7 (k=)

zeCt zeCt

Proof of Theorem 5.2 Let U’ be the Zariski open part of U where all 1— f; and
all differences of distinct elements in {f;,g;} are also invertible. Then the image
oy of a in K\¥(F) is found as follows. Lift o to an element & of H?(Cly) 10) (see
(2)), which is given by 3=, —a;([fj]21t, =g, — [fi]21=g, ), UP to terms involving factors
(1+1)*. In fact, let {Ay,... ,A,} C {f;,9;} be a basis for <f;,g,> C Fj. Then
the only function of those terms involving (1 + I)* is to move the boundary of this
element, i.e., 1 — f; at points t; = f; or g; (i = 1,2), to points t;, = Aj. Therefore
they can be taken to be sums of F'(tx)U(1—f;)1e, .=, or g, (K = 1,2) where F'(t) has
only factors t— f;, t—g; and ¢ — 1. Hence the lift lives in H?(C'3)10¢(U’)*). The proof
of Proposition 3.2 works over U’ as well, so that with Xy j,c = X¢/ \ {t = f; or g;}
we have a commutative diagram (up to sign)

& € H(Cly10p(U") —— K37 (XZ\ {2 = f; or g;};0%)
K (X0 KXy 100; 0
a3 € K37 (X)) —— 3 (Xurjoe; ) 2 g
o € K&(U)

where all a’s are mapped to each other, and apy = £}, a; [fi]2Ug; plus some terms
in (14+1)*U<f;,g;>. In fact, with

(13) fi= HAZ““ and g; = HAlc“,
! 1
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7bj,k
put Fj(t) = =L ], (ﬂ) € (1+1I)*. Then

t— t—1

o ==+ (Zaj[fj]z Ug; + Zaij(t) u{l— fj,gj})

as it has zero boundary in [] Fi205 K2(2)(U ') in the localization sequence

[ &EP0)— EP(Xp:0) — K& (Xpoes0) — [ KU

t=f; or g; t=f; or g;

Note that a, determines oy up to <f;,g;> U K:,EQ)(U’), as K§2)(U’)|t:f maps to
KUY U fin K (U'). As we also have a commutative diagram

)
Ké?’)(XU,;D) - HmeC\U’ K2(2)(Xk(z)?D)

w | |

Kf)(U/) — HzGC\U’ K?E?)(k(x))

we can compute the boundary of a; by taking as and computing its image in the
lower right hand corner. Doing this with any lift aj of as to K?ES)(XU; O) gives
us the boundary of a; modulo the boundary of <f;,g,> U K§2)(U’). Note that
KU = K$2(C), so for z € U\ U’ we do find d,a; using this procedure. As
we shall find zero for such z, this proves that a; € K\ (U) ¢ K (U") as desired.

Because k(x) is a number field, and the regulator is injective on its K—theory,
we can perform the computation at the level of Deligne cohomology. For this we
have to consider all embeddings of k(x) into C, which we can achieve by tensoring
the curve C with C over Q. Therefore we can assume from now on that the curve
is defined over C (but it might not be connected).

The regulator map on all groups involved in (14) lands in Deligne-cohomology
groups H(R(n)) which are isomorphic to H/i ' (R(n —1))’s. We will identify the
two, and work with the de-Rham cohomology. Under the regulator, the clockwise
direction of the diagram (14) is transformed into

Hip(Xv; O;R(2)Y —— ( 1T HSR(Xm);D;R(l)))

zeC\U’

(15) |
( I1 H3R<spec<k<x>>;R<1>>)

zeC\U’
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Consider the localization sequence

+
(H H3R(U’;R(1))) —— Hip(Xu; O;R(2))" —— Hip(Xvr 10 O R(2))
13,95

We will lift the regulator 1, of oy = 37, a;[f;]laUg; + 32, a; F(t) U{1l — f;,g,} in
Hig (X 100; O3 R(2))T to 13 in Hig (Xp;0;R(2))T. The sequence shows that 13
differs from the regulator of a3 by an element in the image of

(H H§R(U’;R(1))) = (H Hg (Spec (k ®q C);R(l))) :

£i:95 1395

This is precisely the R—vector space spanned by the image of K 3(,2)(145)”: fi ot g;s
which injects into the Hig (Spec (k(x)); R(1))’s in (15). Because we will give a 13
such that its image in (15) at all z € C'\ U’ is in the image of the regulator of
K 3(2)(/c(x)), and the same holds for the regulator of o, it follows that 13 is actually
the regulator of some o} lifting «;. Therefore the image of 13 in (15) determines
the boundary of a; up to the boundary of K3 (k)U <f;,9;>, and the construction
of 13 together with the computation of its image in (15) will finish the proof.

All this having been said, we can concentrate on the regulators. The regulator
of [f]laUg is given by e5(f) Adiarg g+ log |g|maws(f) according to (4) and (5). For
F e (1+1), 6 e K2 U), the regulator of F U is given by —diarg F A ¢ for
£ € Hip(U3R(D)).

We introduce the notation e(f, g) = log |f|diarg g — log|g|di arg f, so e(f, g) is
the regulator of {f,g}. Note that e(f,1 — f) = dPszag(f). Then the regulator of

> a;[fil2Ug; + > F;(t)U{l — f;,9;} is represented by
Py = a; (e2(fj)diarg g; + log |g;|maws(t, f;)) — Y a;diarg Fy(t) Ae(1 — f;,g5).
J J

We need a little more in order to proceed. Namely, from

dzaj9j® [fil2 = Zajgj/\fj ®(1—f;)=0

in A’F5 ® F, it follows by writing all f; and g; in terms of the A.’s (see (13))
that for all k,[, we have an identity in Fy:

(16) H(l - fj)ajbj’ij’L = H(l — fj)ajbj,lcj,k‘
We shall also use the identity for & (f) = ea(f) — d (p(t) Pa,zag(f)) (see (5)):

t—f
t—1

Eo(f) Ndiarg g + log|g|maws(f) = e(g,1 — f) ANdiarg
t_

| 1
(17) gl

mo(dlog g A dlog(l — f)) +dn
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t —
for n =n(f,9) = —loglg|log |- —

vanishes because we are on a curve.
As for lifting 1), to a form on X/, vanishing at ¢t = 0, 0o, and satisfying (8), using
(17) and letting n; = n(f;, g9;), we can write for 1, — >, a;dp(t) Pa,z.s(f;) Ndiarg g;

ﬂ dlog |1 — f|. Of course the term involving 7

Zaj Ex(fj)diarg g; 4 log |g;|maws(t, f;)) — > a;diarg Fi(t) Ae(1— f;,9;)
7

—Zaag” - f) /\dzarg

= Z a;Cj AP za5(f;) N di arg

) t
:Zajbj,ke(gja 1— f;) Ndiarg -
j
—A
— 1k + Za’jdnj
J
) t
= Z a;bjicine(Ar, 1 — f;) Adiarg -
—A
— 1k + Zajdnj
J
7,k
Let p be a bump function such that p = 0 for t = 0,00, p = 1 on small tubes

+ > agdn; =Y a;diarg Fj(t) Ae(1— f;,9;)
J J
) t
= Z a;b;rciie(A, 1 — f;) Ndiarg "
— A,
1 + Z (de?]j
Jiksl J
S+ aydn,
J
around ¢ = f;, and symmetric with respect to complex conjugation. Then

- A
— 1k + Z (de?]j
J
Gkl
. t
= Zajcj,kg(fj, 1—f;) Ndiarg -
by (16) and the identity e(f,1 — f) = dPs zag(f)-
- ﬁZamj)
J

g = 1Py —d ( ZCLJCJ 6P 740 (f5) /\dzarg

7,k

is a lift of ¥y to Xy, vanishing at ¢t = 0, co.
For x € C'\ U’, the map

Hip(Xos 05 R(2)) — Hig(Xe: 05 R(1)) = Hig(Spec (C);R(1)), = R(1),

can be computed as follows. If S! is a little loop around z, it is given by

(18) / Yy ANdiargt.

2mi

(This does not depend on the representative of the class in H3g(Xp;0;R(2)),
provided we consider representatives satisfying (8). It then follows from the fact
that the class of 13 has representatives of the form ¢ A dh, v € Hiz(U';R(2)).)
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Here we use the following orientation. If § is a parameter on S, (oriented anti-
clockwise), then we use -dt A d# A df.
One computes that

‘/)(Sé

| 1oglglmawa() A diargt = 2ri [ 1ogg|log|fldlog|1 ~ ]

X1

go(f)diargg A diargt = —2mi / P 7as(f)diarg g
53

/ diarg F(t) ANe(1 — f,g9) ANdiargt =0
Xg1

/ d ([)Pzzag(f) A diarg t_ T
X1 -

Sz

A
t ) ANdiargt = 27ri/ Py 7..(f)diarg A
S3

/ d(pn) A diargt = 0.
Hence (18) equals

[ =Y ) P (1) diarg g, — log lgs|log || dlog |1 = £

J

Note that the form we are integrating is closed by (16). Therefore, by shrinking the
S}’s we obtain 23 a;ord,(g;)Pazag(f;(2)) as element of Hig(SpecC;R(1)). By
(6), the image under the boundary of a at x is given by £2 3", ajord.(g;)[f;(7)]2

(with the convention [0], = [1]; = [oc], = 0), as element in H'(M?P, (k(x))) =
K? (k(z)). This finishes the proof of Theorem 5.2.

It is hard in general to write down elements in H?(M7, (F)) explicitly. In
H'(C*(F)) this is easier. (We give explicit examples in Example 6.2 below.) In
order to know if they are in the image of global elements we use the following
modification of Theorem 5.2.

Theorem 5.6 Suppose o = 3, a;[f;]la Ug; € H'(C*). Let U C C be the Zariski

open set on which all f; and g; are invertible. Then o is the image of & € Kig)(U)
under the map

EP(U) — KP(F) — KP(F) /K (F)U Fy = H'(C*).
Moreover the boundary of & under the localization sequence

EP(©C)— KPU) % ] K (k)

zeC\U
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is given as follows, up to the boundary of K?E?)(k) U <f;>, and up to sign. Let A,
fim and ¢, be as in Remark 3.3. Then the component of 0& at x € C \ U is

given by
Za orda (g)[f(@)]2 + D c1mOrds (A) [frm(2)]2
Im
in H' (M (k(z)) = K (k(x)). (So 0 is half the boundary as in Theorem 5.2 of
a lift ofa to H?*(MPy) as in Remark 3.3.)

Remark 5.7 The boundary map is not readily computable, because there does
not seem to be a way to find the f;,, explicitly. However, the theorem puts restric-
tions on where the boundary map can be non—zero. In particular, it sometimes
enables us to check if an element in H'(C*(F)) comes from a global element.

Example 5.8 The extra terms from the f;,,’s can be necessary to get the correct
boundary. In fact, consider the element a = [1+T?], U (1 —T) for Q(T'). Because
Kéz) (Q) = 0 we do get the boundary on the nose here. Then da = —{-T2% 1 —
T} (1+T?,and (-7T?)® (1 -T)=2(T® (1 —T)). The contributions at the
indicated points of Py, are:

T=1 : [2]2:0
T =00
T°+1=0: 2[1 =T,

where in the last line we are working in the field Q[T]/(T? + 1). By using the
function Ps z,, one checks that the last is non—zero.

Proof [of Theorem 5.6] The proof is very similar to the proof of Theorem 5.2,
so we shall be somewhat sketchy. Let U’ be the open part of U on which all 1 — f;
and f; — fi, are invertible if they are not identically zero. Consider the following
localization sequence.

[TEPU) s, — K (Xp;O) — K (X0 0) — [[ES(U)o=y,
i j

We shall lift o to an element & of K{¥(Xy:0) = K{¥(U’). Then a computation
of the boundary of & will show that in fact & lies in K\*(U) c K (U").
Recall that

(19) dzaj[fj]z Ug; z—Zajfj®{1—fj,gj}:0

in Fy ® K{P(F). Let A= {A,..., A} C {f;} be a basis of the subspace of Fg
spanned (multiplicatively) by the f;. So f; = [[5_, A", b;, € Q. The functions

= (t—Al>bﬂ
t—1 H t—1
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are elements of (1+1)*. Then a; = 3, a;[f;]a U g; + X, a; F;(t) U{l — f;,9;}
is an element in Kég) (Xvr10c;0) which lifts «. Its boundary is concentrated in
[I;—4, K2(U’). In fact the boundary is zero because of (19) as the A; are multi-

plicatively independent. Therefore it can be lifted (modulo K éz)(U Nu<f> =
KP(C)u<f;>) toae K& (XysO).

For the regulator of & we will need that there exist f;,, € F* and ¢;,,, € Q as
in Remark 3.3, i.e., such that in Fg ® Fg,

(20) Zajbjl fj ®gj chml_flm)®flm

The regulator of «; is represented by
1 =Y a; (e2(f;)diarg g; + log |g;|mawn(t, f;)) — Y a;diarg Fy(t) Ae(1 — f;, ;).
J J

We want to lift 1 to a form ¢ on X, vanishing at t = 0, oo, and satisfying (8).
As its residues at the closed points will turn out to be the regulators of elements
in K% (k(z)), ¥ is the regulator of & modulo the regulator of K (k) U <f;>

With n; = n(f;,9,), and using (17) we rewrite

Zad t)Pa zag(f5)) N diarg g;

:Zaj Ey(f;)diarg g; + log |gj|mawa(t, f;)) — Zajdz'argF-( YNe(X = fi,95)

—Zaj e(g;, 1 — f;) /\dzarg +Zajdm Zaa e(g;,1 — f;) Ndiarg F;(t)
J

—A
— 1l +Yadn;
J
—ch mdP2 ng(flm) /\dzarg +Za’jdnj
l,m J

by (20) and the identity e(f,1— f) = dPs zas(f). One now proceeds as in the proof
of Theorem 5.2 (using (20) instead of (16)) to find the boundary of & as given in
the statement of the theorem:

(Za ord, (g;)[f;(x 2+chm0rd (A [fi,m(2)]2 ) :

Because there are no contributions at points in U \ U’, and this boundary equals
the boundary of & up to the boundary of something in K% (k)U<f;> c K*(U),
& actually came from K¥(Xy;0) = K2(U).

. t
= Zajbl,je(gja 1—f;) Ndiarg -
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6 Explicit examples

In this section we give construction methods of explicit examples in H'(C*(F)),
where F' is the function field of certain elliptic curves. Note that by Remark 3.3
this also gives rise to examples in H*(M¢, (F)) and H?(MP,) (F)), although we
cannot write them down explicitly. It will turn out that the regulators of the
examples in H'(C®) are non-zero, thus showing that the examples are non—trivial.
It follows from Remark 4.4 that the corresponding examples in the H?’s are also
non-zero, with regulators twice the regulators found here.

The methods are based on the same idea: essentially, we know the induced
action of translation and multiplication by —1 on E on I'(E, K3), where K, is the
sheaf associated to the presheaf U +— K,(Op).

Before going into the construction, recall how one computes I'(E, K;). Let E*
be the set of points of codimension one. Then we have an exact sequence [9,
Proposition 5.8, p. 48]

(21) 0 — I(E,Ky) — Ka(k(E)) 2 [T k()"

zeE!

Here 9 is the inverse of the tame symbol, given for each x € E' by
Tarnew{f, g} —_ (_1)0rdz(f)ordm(g) (fordz(g)g_ordz(f)hma

and k(z) is the residue field at x. Let Ny(,)/x denote the norm from k(z) to k. As
FE is complete, we have the product formula

zEET

We now go on to the construction of the examples. Throughout, we shall be
assuming that all points used are rational over the ground field k.

1. Assume 2P = O, and assume O, P,Q, —Q and P+(Q are all different. Let d € N
be such that d@QQ = O and 2 divides d, and let fp, fo, friq € k(E)* be such that
(fr) = 2(P) — 2(0), (fq) = d(Q) — d(O), (fr+q) — d(P + Q) — d(0), f(Q) = 1.
fo(P) =1and fp;o(P) = 1. Then the tame symbol of { fp, fo} is trivial at P and
Q, so it must be concentrated at O, where it must be trivial too by the product
formula (22). So this is an element in I'(E, ICy). It is well known that translation
acts trivially on I'(E, Ky) /K, (k), where K, (k) comes from the base field via pull
back. Translating over P we find that in I'(E, K3), up to Ks(k),

{forfo} = To{fes fo} = {Tefr, Tofo} = {er f5" cafrraf ® )}

for some c¢q, ¢, € k* by looking at the divisors of the functions involved; ¢y, ¢, are
determined up to torsion by the fact that the tame symbol is trivial. Using the
relation {¢; fp, —c1 fp} = 0 this becomes

{le];17c3fP+Q} = {f;lfP(P+Q)7fP+Q}
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by computing the constants (up to d-torsion in k*) using the tame symbol. By
(21) we know that I'(E, ICy) C K> (k(E)), so that we find that in K, (k(E)) we have
an identity (up to K, (k))

{fP,foPJrQ}d ={fpr(P+ Q)vaJrQ}d'

So if fp(P+ Q) is an n—th root of unity, {fp, fop+Q}lcm(d’n) lies in K5 (k). Assum-
ing this, we shall show it is zero by pulling it back to @. For this, we write
{Frs Fafpsal™ @™ = {fp, fo(1 — fr)~4fp4qH™ @™ which can be pulled back
to @ as all poles there have now been eliminated. Because fp(Q) = 1, it restricts
to the trivial element at Q. Hence {fp, fofpio}' ™ ®™ is trivial in Ky (k(E)), and
1 — fprl, U (fofrig) represents an element in K®(K(E))/k(E)* UK? (k(E)). In
fact, by Theorem 5.6 this is the image of an element with boundary at most
at Q,—Q,P + @ and O. As all those points are torsion and are defined over
k, we can get a global element out of our element in the standard way: let
U=F\{Q,—Q,P + Q,0}, and lift the element to o € Kf’)(U). If S is the
finite subgroup generated by P and @, then ) T, is a global element by the

“product formula” for K\ (k(E)) 2, [z K (k(x)).

2. Similar constructions can be used for P,Q € E(k)io, if dP = dQ = O, and
P,Q,P — Q and O are all different. Let fp be such that (fp) = d(P) — d(O),
fr(Q) = 1, and for other d—torsion points « let f, be such that (f,) = d(a)—d(O),
and f,(P) = 1. Then the symbol {fp, fo} is an element of I'(E, KCy) as before.
Working up to K, (k), we find that in T'(E, KCy) C Ky (k(E))

{fe foy =T-p{fp. fo} = {le:}a,@fQ—Pf:}a}
={aifp,cafo-r} ={cafpt csfr-o}

because (—1)* acts as multiplication by —1 on I'(E, K3)/ K, (k). ¢4 and ¢5 can be
computed using the tame symbol, and one finds that this equals (up to d—torsion)
{fr'fr(P—Q), fr_q} . As before we get an identity in Ky(k(E)) up to Ky(k):

{fPanfP—Q}d = {fP(P - Q)va—Q}d7

which leads to similar examples in K\* (k(E))/k(E)* U K3? (k(E)). However, in
general there might be non—torsion points where the corresponding element has a
boundary, so that these elements might not globalize.

Remark 6.1 There are many variations on this theme to find examples. E.g., if
P is a two torsion point, and @ is arbitrary, then one could try to work with the
symbol {fp,g} where fp is as before, and (g9) = 2(Q) — (2Q) — O, and g(P) = 1.
There is an obstruction (namely fp(2Q) € k(2Q)g) for the element {fp, g} to be
global, and if that is the case one finds an identity, again up to torsion and K, (k):
{fp,9Trg} = {fr(2Q + P),Trg}. So there are two conditions on a two parameter
family.
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Example 6.2 To find explicit examples of the first construction, take the family
of elliptic curves

Y2+ (1-0O)XY — (C*+Q0)Y =X°— (C*+C)X?

for C' # 0,—§,—1. The point (0,0) is a 6-torsion point, see [8, p.91]. Then take
P =3(0,0) = (C,C?), and Q = —2(0,0) = (C? + C,0). f with (f) = 2(P) —2(0)
and fp(Q) =1is C*(X —C). So f(P+ Q) = —C~*. For C = 1, we find an
example on Y2 —2Y = X3 — 2X2

This curve is isomorphic to the one defined by Y? = X3 — 2X? 4 1, where now
P =(1,0), @ = (2,—1) and P+ @ = (0,—1). Because there is only 2-torsion in
Q*, the construction shows that

{X -1, (Y +1)*(Y +2X - 3)}°

is in fact zero in K5(Q(FE)). Therefore, letting F(X,Y) = X —1 and G(X,Y) =
(Y +1)3(Y 4+ 2X — 3), the element [1 — F], UG in H'(C*(Q(E))) comes from
K (Q(E)). By Theorem 5.6, it comes from an element in K\ (E\ {0, P,Q, P +
Q,—Q}). Because all the left-out points are Q-rational, and K §2)(Q) = 0, it comes
from K{*(E). Note that the element ([F], 4+ [F~']5) UG also has boundary zero,
and also comes from an element in K P(E). One expects therefore a relation of
the regulators of those elements with the leading coefficient of the L—function of
E at —1, see [10, p. 31].

E is modular (in fact, it is curve 20A in [1]), and we have a functional equation
A(E,s) = A(E,2—s), with A(E,s) = N2(2r)~*T'(s)L(E,s), N = 20 the conductor
of E. From this, we get that the leading coeffcient of L(F,s) at s = —1 is given by

. 202
L(E,-1)" = 2(27T)4L(E, 3).

In order to compute the Beilinson regulator ¢3, we have to compute the following
integrals (see Proposition 4.1 and Theorem 4.2). Let w be a non—zero invariant
global holomorphic 1-form on E, with periods 7, (real) and 7, (purely imaginary
in this case). Let

R, = / log |G|log |1 — Fldlog|F|AN@
E

for the first element, and for the second integral (R,) we have to replace 1 — F'
with F. One expects (see the beginning of section 4)
L(E,-1)* 2(20)2 2
( ) ) - _ ( ) L(E,3)T27T

C3 (271')4 Rk
to be a rational number. A (lengthy) computer calculation using PARI-GP gave
the following values:

1.99999999948 (k=1)
—1.0000000000002433 (k= 2).
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Here the goal of the computation was 10 significant digits for R, and 15 for R,.
However, we lose some of this due to the large number of operations involved.

—_

10.

11.
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