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1 Introduction.

In this paper we showv that the Beilinson-Lichtenbaum conjecture which
descrikes motivic cohomologyof (smooth) varieties with nite coe cien ts
in terms of etale cohomologyis equivalert to the Bloch-Kato conjecture.
Sincethe later conjectureis known in weight 2 (and in weight 3 for Z=2-
coe cien ts) we deducefrom this result somecorollariesincluding the com-
plete description of motivic cohomologywith nite coe cien ts for varieties
of dimension 3 over algebraically closed elds.

The paper is organizedas follows. In the rst two sectionswe remind
the construction of motivic cohomologybasedon the techniques deweloped
in [16] and [5] and establishtheir relation to Milnor K-theory. In the next
two sectionsthe Bloch-Kato and Beilinson-Lichtenbaum conjecturesare de-
scribed and in Section6 our main theorem (Theorem 5.9) is proven. In the
nal sectionwe apply this theoremto the casesvhenthe Bloch-Kato conjec-
ture is known obtaining somenew results on motivic cohomologywith nite
coe cien ts.
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Sincewe usethe theory of motivic cohomologydeweloped in [5],[16]most
of our results (including Theorem5.9) only hold for elds with resolution of
singularities, i.e. at the presem momert only in characteristic zero.

2 Motivic cohomolay.

In this section we recall the construction of motivic cohomologygiven in
[5], [16]. The only new result presened hereis a direct proof of the fact
that motivic cohomologyH "(k; Z(n)) of a eld k areisomorphicto Milnor's
K-groups KM (k).

Let k bea eld and Sm=k the categoryof smooth schemesover k. Recall
that a presheafF on Sm=k is called homotopy invariant if for any smooth
schemeU the homomorphismF(U) ! F(U A?) is anisomorphism.

Considerthe standard cosimplicial object in Sm=k. For a presheafof
abelian groupsF on Sm=k denoteby C (F) the complexof presheaeswith
terms of the form

Ci(F)S)=F(S M

and di erentials givenby alternated sumsof homomorphismsnducedby face
mapsin . It is calledthe singular simplicial complexof F. As was showvn
in [15, Prop. 3.6]the cohomologypresheaes

hi(F)=H '(C (F))

are homotopy invariant for any F.

For any smooth stheme X over k we de ned in [16] a presheafL (X ) on
the category Sm=k suc that for any smaoth connectedscheme U over k
L(X)(U) is the free abelian group generatedby closedirreducible subsetsof
X U which are nite and surjective over U. The presheaesL(X) have
canonicalstructure of presheaeswith transfers(see[16]).

Considerthe presheafL (A* f0g)") and let F,, be the sum of imagesof
homomorphisms

L((A* fog)" H! L((A* fOg)")
induced by embeddingsof the form

One can verify easilythat F, is a direct summandof L((A! fO0g)")

2



De nition 2.1 The motivic complexZ(n) of weightn on Sm=k is the com-
plexC (L((AY fO0g)")=F,) shifted by n.

Note that Z(n) is a complexof presheaeswith transferswith homotopy
invariant cohomologypresheaes.

For a smooth scheme X over k we de ne its motivic cohomologygroups
Hi, (X;Z(j)) ashypercohomologyH. .. (X;Z(j)). We will often abbreviate
this notation writing H'( ;Z(n) instead of H}, ( ;Z(n) and H'(F;Z(n))
instead of H'(SpedF); Z(n)) for a eld F. We usethe sameabbreviations
for Zariski hypercohomologywith coe cien ts in other complexesof sheaes.

In [16] we constructeda certain tensor triangulated categoryDM(‘J,e,fnf (k),
a functor M : Sm=k ! DM (k) and an object Z(1) in DM & (k) sud
that one has: _

H'(X;Z(n)) = Hompwm (M (X); Z(n)[i])

whereZ(n) = Z(1) ". This description of motivic cohomologyallows us to
deducesomeof their properties from the correspnding generalproperties of
the categoryDM §ff (k) and functor M.

Motivic cohomologyare \known" for weights 0 and 1. Namely one has:

Prop osition 2.2 1. The complexZ(0) is canonically quasi-isomorphicto
the constant sheaf Z.

2. The complex Z(1) is canonically quasi-isomorphicto the shaf G,
placed in cohomol@ical degree -1.
In particular for a smath connected schemeX one has:

(
iy - _Z for i=0
H(X:2(0)) = 0 for i60
8 .
_ 2 O(X) for i=1
HY(X;Z(1)) = _ Pic(X) for i=2
-0 for 16 1,2

It followsimmediately from the de nition that motivic cohomologyhave
Mayer-Vietoris property for Zariski open coverings. Another type of long
exactsequenceor motivic cohomologyis given by the following proposition.



Prop osition 2.3 Let X be a smmth schemeoverk, Z X be a smath
closal subschemef X andp: Xz ! X betheblowupofZ in X. Then there
are canonical long exact sequenes of the form:

il HIOGZ3G) Y HI(XZ:ZG) HY(ZZG) !
L H'(p Y(2):ZG) ! H™(X;Z(3)) !
Pro of: It follows from the existenceof a distinguishedtriangle of the form
M(p Y(Z)! M(Xz) M(Z)! M(X)! M(p (Z)]

in the categoryDM &t (k). See[16, Prop. 3.5.2].
Remark : It canbe shavn that the long exact sequencdérom Proposition 2.3
hasa canonicalsplitting and if k admits resolution of singularities we have:

. . ML
H'(Xz;Z(n) = H'(X;Z(n))  ( H' 3(Z;Z(n |))):
=0

Since motivic cohomologyare de ned as hypercohomologygroups with
coe cien ts in certain complexesof sheaesonecanalsode ne for any closed
substiemeZ in a smaooth shemeX motivic cohomologyof X with supports
in Z. We denotethem by H,(X;Z(n)). As for any hypercohomologywith
supports we have canonicallong exact sequence®f the form:

ol HL(X;Z(n) ! HI(X;Z(n) ! HIY(X  Z;Z(n)) !
I H(X;Z(n) !

Prop osition 2.4 Let k be a eld which admits resolution of singularities,
X be a smath schemeover k and Z be a smath closal subschemef X of
pure codimensionc. Then there are canonical isomorphisms

HL(X:Z(n) = H' 2(Z;Z(n 0):



Pro of: By [16, Prop. 3.5.4]for any eld k there is a distinguishedtriangle
in DMZLT (k) of the form:

M(X 2Z2)! MX)! M(Z)9[2c! M(X 2Z)[1]
sud that we have
HY (X;Z(n)) = Hompw (M (Z)(9)[2¢]; Z(n)[i]):

Our proposition follows now from the quasi-invertibilit y of Tate object in
DMge,;f (k) for elds k which admit resolution of singularities (see[16, Th.
4.3.1].

As a corollary we obtain the Gysin long exact sequencef motivic cohomol-
ogy. Namely for any k, X and Z asin Proposition 2.4 we have long exact
sequencesf the form:

ol HY 2(Z:Z(n ) ! H'(X;Z(n))!
I HY(X Z:Z(n))! H'" 2Y(Z:Z(n 0o)!

Finally we would like to mertion here the Projective Bundle theorem
for motivic cohomologywhich allows in particular to construct using the
standard Grothendiek's approad the characteristic classeswith valuesin

H (:Z()).

Prop osition 2.5 Letk bea eld whichadmits resolutionof singularities, X
ke a smaoth schemeover k and E be a vector bunde on X of pure dimension
d. denoteby P(E) ! X the assaiated projective bunde. Then there are
canonical isomorphisms:

. M1
H'(P(E);Z(n) =  H' 3(X;Z(n j)):
j=0

Pro of: It follows from the projective bundle theoremin DM &' (k) which
holds for any eld k ([16, Prop. 3.5.1]) and quasi-invertibility of the Tate
object for elds which admit resolution of singularities ([16, Th. 4.3.1]).

As conjecturedby A. Beilinson and S. Lichtenbaum motivic complexes
(and afortiory, motivic cohomology)should satisfy seweral good properties
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many of which we are now able to prove (at leastin the caseof elds which
admit resolution of singularities). Among the oneswhich we do not know at
the momert are the Beilinson-Lichtenbaum conjecture which is discusedin
Section5 and the following conjectureknown asthe Beilinson-Soulevanishing
conjecture.

Conjecture 2.6 For any smamth schemeX over k, any n andanyi < 0
one has _
H'(X;Z(n)) = O:

By Proposition 2.2 this conjectureholdsfor n 1. As a corollary of our
main theorem (Theorem 5.9) we will show that it alsoholds for n = 2 if one
considersnite coe cien ts of torsion prime to char(k) and for n = 3; 4 if one
considersZ=2-cce cients and k is a eld of characteristic 6 2.

In this paper we will be mostly interested in motivic cohomologywith
nite coe cients. De ne for any abelian group A a complexof sheaiesA(n)
asthe tensorproduct Z(n) A whereA is the constart sheafassaiated with
A. Note alsothat for any presheafwith transfers F and a constart sheaf
A the sheafF A hasa canonical structure of a presheafwith transfers.
The groupsZ(n)(X) are torsion free and thereforethe naive tensor product

Z(n) A coicideswith the tensor product Z(n) ) A in the derived category
of sheaes. In particular, for any short exact sequenceof abelian groups

o Al At A1 O
we have a distinguishedtriangle of complexesof the form
Ai(n)! Ax(n)! Az(n)! Aq(n)[1]
and thereforea long exact sequenceof motivic cohomologygroups
sl HI(XGAL(N) T HI(X; Ax(n) !

L OHU(X;Ag() ! HH (X Ag(n)) !

For the proof of our main theorem (Theorem 5.9) we will needto use
motivic cohomologyof non-smath sdhemes. Let Sch=k be the category of
sthemesof nite type over k. There is an obvious morphism of sites

- (Sch=Kcan ! (SM=K)zar
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where cdh denotesthe cdh-topology introducedin [14],[5]. By abuseof no-
tations we denote for a sheaf (or complex of sheaes) F on (Sm=k)z, by
Fean the complex (F) on (Sch=K)cgh. As wasshowvn in [5, Lemma 3.6] the
functor  is exactif k admits resolution of singularities.

For any schemeof nite type X over a eld k which admits resolution of
singularities we set:

H'(X;Z(n)) = Hgn(X: Z(N)ean):

By [5, Th. 5.5(1)] this de nition agreesfor smaooth sdhemeswith the
one given above. It also agreesin this casewith the de nition of motivic
cohomologygiven in [5, Def. 9.2]. More preciselyit is easyto shav using
Mayer-Vietoris property of algebraic singular homology proven in [15] that
forany eld k the complexZ(n)[2n] is canonicallygquasi-isomorphidn Zariski
topology on the category Sm=k of smaoth shemesover k to the complex
C (Cequi (P™;0))=C (Cequi(P" *;0)). The inverseimage of the later complex
to (Sch=K)qp, is canonically quasi-isomorphicfor a eld k which admits res-
olution of singularitiesto C (z(A";0)) by the localization theorem which
implies the comparisonwith the de nition givenin [5].

The following proposition is a direct corollary of the de nition of cdh-

topology.

Prop osition 2.7 Let X be a schemeof nite type over k, Z be a closal
subschemén X andp: X ! X be a proper morphism suchthat p (X
Z)! X Zisanisomorphism. Thenthereis a canonical longexactsequene
of the form:

ol HI(X:Z=I(n)) ! H'(X;Z=I(n)) HY(Z;B=I(n))!
I H'(p X(2);z=I(n)) ! H"™(X:Z=I(n))!

Corollary 2.8 Let X be a schemeof nite type overk and X = Y[ Y, be
a closal covering of X. Then there are canonical long exactsequenes of the
form

ol HI(X:Z=I(n)) ! HI(Yy:Z=I(n))  H(Yz;Z=I(n) !

L H'(YL\ Yo;Z=I(n) ! H™ (X Z=I(n)) !



Remark : Proposition 2.5 can be immediately generalizedto non-smath
sthemesif k admits resolution of singularities. Howeer, the isomorphismsof
Proposition 2.2do not hold in this generality. For example,for any shemeX
the group H1(X;Z(1)) is canonicallyisomorphicto O (X eq) WhereX,qq is
the maximal reducedsubstiemeof X . The group H?(X;Z(1)) being always
isomorphicto HZ, (X ; O.4,) is Not necessarilyisomorphicto the Picard group
ewven for normal sthemesX .

Let S beastemeoverk andp: X | S beasdemeof nite type over
S. In [14] we de ned an abelian group ¢(X=S; 0) of proper relative cyclesof
relative dimension0 on X over S. Similarly, onecande ne an abelian group
c(X=S;0; Z=I) of proper relative cyclesof relative dimension0 on X over S
with Z=I-coe cien ts. Thesegroupsare covariantly functorial with respect to
morphismsof schemesof nite type over S.

They also form a presheafon the category of sthemesover S, i.e. for a
morphismg: S°! S we have canonicalhomomorphisms

cycl(g) : o(X=S;0)! (X sS%ES*0)
cycl(g) : c(X=S;0;Z=l)! (X ¢S%ES*0;z=l)
We needthe following result.

Prop osition 2.9 LetS beaschemeoverk andX ! S beaschemeof nite
type over S. Then there are canonical pairings:

o(X=S;0) H(X;Z(n))! H'(S;Z(n))
o(X=S;0;Z=l) H'(X:Z=l(n)) ! H'(S;Z=I(n))
suchthat:

1. For a morphismf : X; ! X, over S and elementsZ in c¢(X;=S;0)
(resp.in c(X1=S;0;Z=l)) and in H'(X2;Z(n))
(resp.in H'(X5; Z=l(n)) one has

(z: £ ()=« ):

2. For a morphismg : S°! S and elementsZ in ¢(X=S;0) (resp. in
o(X=S;0;Z=1)) and in H'(X;Z(n)) (resp.in H'(X;Z=I(n)) one has

g (Z; )= (cycl(g)(Z);pr ( )
whee pr: X ¢S°! X is the projection.
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Pro of: We will only considerthe integral case.The caseof nite coe cients
is similar. Sincemotivic cohomologymay be described as morphismsin the
categoryDMger‘;nf (k) it is sucient to shaw that there is a homomorphism

I :¢(X=S;0)! Hompy (M(S); M (X))
sud that the following conditions hold:

1. For amorphismf : X; ! X, over S and an elemen Z in ¢(X,=S;0)
one has

f 1(@2Z)="!( (2)):
2. For amorphismg: S°! S and an elemen Z in ¢(X=S;0) onehas

1(Zz) f =pr !(cycl(f)(2))
wherepr : X sS° X isthe projection.

By de nition of the functor M : Sch=k! DM (k) there is a homo-
morphism
c(X=Spegk);0)(S) ! Hompm (M (S); M (X)):

which is natural in both X and S. It remainsto construct a homomorphism
(C(X=S;0) ! c(X=Spedck);0)(S) = c(X speqk) S=S;0)
which is natural in the obvious sensewith respect to morphismsin X and S.
For acycleZ in ¢(X=S;0) we set:
(Z) = Cor(pr,(2);)

wherepr; : S speqk) S isthe projection, 2 ¢(S S=S;0) is the diagonalcy-
cleand Cor( ; ) isthe correspndencehomomorphismconstructedin [14,
3.7]. The required naturality properties follow directly from the properties
of correspndencehomomorphismsproven in (loc.cit.)

Remark : If k admits resolution of singularities one can construct similar
pairings _ _
o(X=S;d) H'(X;Z(n))! H' #(S;z(n d))

o(X=S;d;z=l) H'(X;z=I(n))! H' 24S;z=I(n d))
for groupsof proper relative cyclesof relative dimensiond.
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3 Motivic cohomolagy and Milnor's K-theory.

By de nition of motivic cohomologywe have
H'(Spe¢k); Z(n)) = 0

fori > n. In this sectionwe will identify the rst nortrivial motivic cohomol-
ogy group of a eld with Milnor's K-theory. Another proof of the sameresult
basedon the comparisonof motivic cohomologywith higher Chow groups
can be found in [16].

We recall rst the de nition and somebasic properties of the Milnor K-
theory. For a eld k denoteby k the tensoralgebraof the abelian group
k . Let | bethe gradedidealin k generatedby elemens of the form
X ysud that x+y = 1. The quotient algebra k =l is calledthe Milnor
K-theory of k. The correspndinggroups "k =I" are denotedby K M (k). It
canbe shavn that the multiplication in KM (k) is comnutativ e in the graded
sensej.e. for 2 KM(k) and 2 K (k) onehas

= ()

Clearly, Milnor's K-groups are cortravariantly functorial with respect to
arbitrary morphismsof the spectrumsof elds. Another important property
of Milnor's K-theory is the existenceof transfersfor nite eld extensions.

Prop osition 3.1 For any nite eld extensionE=k there are wel de ned
homomorphismsNg ., : KM(E) ! KM (k) satisfying the following condi-
tions:

1. Nge=xo:Z! Zisthemultiplication bydegE=k) and Ng=.; :E ! k
is the usual norm homomorphism.

2. For an element 2 KM (E) and an element 2 K" (k) one has:
NEe=ii+j ( e) = Ne=g ()
whee g is theimageof in KM(E).

We are ready now to prove the following proposition relating Milnor's
K-groups to motivic cohomology

10



Prop osition 3.2 Letk bea eld. Then there are canonical isomorphisms
H"(Spedk); Z(n)) = K" (k)

compatible with transfersand multiplications in Milnor's K-theory and mo-
tivic cohomolay respctively.

Pro of: The casen = 1 of this proposition is well-known and easy(cf. Propo-
sition 2.2). It can be settled also following the lines of the proof below. To
prove the generalcasedenote temporarily the sheafL((A! fO0Og)")=F, by
L,. Forany irreducible X 2 Sm=k the group ( X;L,) isafreeabelian group
generatedby closedintegral substiemesz X (A! f0g)" which are nite
and surjective over X modulo a subgroupgeneratedby thoseZ which lie in
X (A fog) ! 1 (A' fOg)" ! forsomei (1 i n). According
to de nitions the group H"(Spedk); Z(n)) coincideswith the cokernel of the
homomorphism

Lo(AY) @19 L, (Spedk))

where @ and @ are homomorphismsinduced by closedpoints
0;1: Spedk) ! A%

We'll employ a special notation H"(k) for this cokernel. Obsene that H"

is a covariant functor oh the categoryof all elds. Furthermore product of
cyclesde nesapairing H"(k) H™(k) ! H" ™(k) which makes ., H'(K)
into a gradedassaiative ring. Finally taking direct imagesof cycleswe geta
transfer homomorphismTr o : H"(k9 ! H"(k) de ned for any nite eld

extensionk®k. The properties of these transfer maps summarized below
follow immediately from the correspnding properties of the direct image
homomorphismfor cycles

Lemma 3.3 Let k%k be a nite eld extensionand let further K=k ke a
normal eld extensionsuchthat Hom, (k%K) 6 ; . For anyx 2 H"(k% and
y 2 H™(k) we have:

1. Triox(Yko X) =Y Trgox(X), Trio=x(X Yko) = Tryox(X) VY

2. (Tremc()x = KO KT amom ey (. ()
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Note that ewery k-rational point of (A'Al f0g)" de nes an elemen in
L.(Spedk)). In this way we get a canonical homomorphismZ[(k )"] !
H"(k). We'll denote the image of the point (a;;:::;a,) under this homo-
morphism by [a;;::;;a,]. The following relation is straightforward from the
de nition of H"
[a;; 5L @] =0 1)

Note alsothe following relation which is obvious from the de nition of prod-
ucts

[a1; 5 a] [aks1s s @n] = [a; i an] (2)
Let a;b2 k  flg be any two elemens. Considerthe closedsubstieme
Y Al (Al f0g), given by the equation

X2 (t (a+ b+ (L t) (1+ah)X +ab=0

(heret is the coordinate in A! and X is the coordinate in A*  f0g). One
cheks immediately that the projectionp, : Y ! Al f0gisanisomorphism
sothat in particular Y is integral. Moreover it's clearthat Y is nite and
surjective over A and hencede nes an elemen y 2 L.(A?l). Since@(y) =
[ah and @(y) = [a] + [ we concludethat [a = [a] + [b].

Next considerthe closedenbeddingY ! A! (A! f0g)? obtained by
meansof the diagonalenbeddingA! f0g! (A! f0g)?. Usingthe same
argumer as above we concludethat [ab;al] = [a;a] + [b;b]. This relation
togetherwith bimultiplicativit y of the symbol [ ; ]imply immediately that
2 [a; a=0 8az2 k. The following lemmashaws that in fact [a; a] =
0 8a2k

Lemma 3.4 Assumethat there existsan integer N > 0 suchthat N [a;1
a] = Ofor any eld k and any elementa2 k flg (resp.N [a; a =0
forany k andanya?2 k). Then[a;1 a]=0 8k 8a2k f0Og (resp.
[a; a=0 8k 8az2k).

Pro of: The proof is the samefor both casessowe'll consideronly the rst
one. It su ces to shaw that if all symbols of the form [a;1 a] are killed by
anintegerN = M p, wherep is a prime then all suc symbols arekilled by M
already The casea 2 (k )P is easysowe'll assumethat a is not p-th power.
Set = a¥, k%= k( ). Accordingto our assumptionsO= Mp [ ;1 ]=
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M [a;1 ]. Applying to this equationthe homomorphismTr o, and using
Lemma 3.3 we get:

0= TrkO:k(M [a;l ]) =M [a] TrkO:k([l ]) =M [a] [NkO:k(l )]

=M [a;1 4]

The relation [a; a] = Oimpliesimmediately that [a;1 a]+[a ;1 a !]=
0 8a2k fi1g. Assumenow that a2 k is an elemen sud that a® 6 1.
Considera closedsubstiemeZ A! (A! f0;1g) given by the equation

X3 t (@+1) X2+t (@+1) X a=0

Onceagain one chedks immediately that the projectionp,: Z ! Al f0;1g
is an isomorphism, so that Z is, in particular, integral. The ber of Z

over 02 A consistsof all cubical roots of y andthe b erof Z over12 A?
consistsof y2 and two roots x1; X, of the equationX? X + 1= 0. Weenbed
Zinto Al (A! f0g)?usingthe embeddingA! f0;1g! (A! f0g)? x 7!

(x;1 x). Assumefor the momert that k cortains all roots of the equation
X% 1= 0. Inthiscase@(Z) = [a;1 a]+[a1l a+][2%a1 ?2a],
where is the generatorof the group 3 ( = 1if char(k) = 3). At the same
time @(Z) = [a%1 &%+ [x1;1 X+ [Xo;1 Xp]=[a%1 a%]. This gives
us the relation 2[a%;1 a%] = 0. Using onceagain the transfer argumert we
concludefurther that 6[a;1 a] = 0 for any a 2 k .Lemma 3.4 shovs now
that [a;1 a]=0 8a2k flg.

The above relations shav that we have a canonical homomorphism
KM(k)! H"(k) sendingfay;::;;a,gto [as;:::;an]. Next we verify that this
homomorphismis compatible with transfers. Assume rst that any nite
extension of k is p-primary where p is a certain prime. In this caseany
nite extensionof k may be decommsedinto a tower of normal extensions
of degreep. Soit su ces to considerthe casewhen k®k has degreeexactly
p. A theorem due to Bassand Tate [1] shows that in this caseK M (k9 is
generatedby KM (k) KM (k9. Lemma 3.3 and the projection formula in
Milnor K-theory allow to reducethe generalcaseto the casen = 1 which is
trivial. In generalfor any prime integerp we may nd an algebraicextension
K =k of degreeprime to p sud that any nite extensionof K is p-primary.
Lemmaa3.3andthe correspndingresultin Milnor K-theory togetherwith the
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casesettled above shawv that for any v 2 KM (k9 the element  (Tr o (V)
Tryo—( (v) diesin H"(K) and henceis killed by an integer prime to p. Since
p was arbitrary we concludethat (Tryox (V) = Triex( (V)).

The de nition of H"(k) shows that this group is generatedby transfers
of rational points. Sinceeah elemen of this type liesin the imageof K M (k)
we concludethat the homomorphism is surjective.

To nish the proof we de ne a homomorphismH"(k) ! KM (k) inverse
to . Letv2 (A}l fOg)" beany closedpoint. The residue eld k(v) is a
nite extensionofk andweset (V) = Tryu)=k(f X1(V); 5 Xn(V)g) 2 KM (k).
The usual argumert involving the Weil reciprocity formula (see[9]) shavs
that the homomorphism : L,(Spedk) ! KM(k) kills the imageof @ @
and thus de nes a homomorphism :H"(k) ! KM(k) inverseto

Corollary 3.5 For any eld k and any integer m > O there is a canonical
isomorphism
H"(Spedk); Z=I(n)) = Ky (k)=I:

Pro of: It follows from Proposition 3.2 by the long exact sequencewhich
relates motivic conomologywith nite and integral coe cien ts and the fact
that H"*1 (Spedk); Z(n)) = 0.

4 Bloch-Kato conjecture.

In this sectionwe recallthe Bloch-Kato conjecturerelating Milnor's K-theory
to etale cohomologyin the caseof elds. In the next sectionwe will discuss
a stronger (in view of Corollary 3.5) conjecturedue to A. Beilinson and S.
Lichtenbaum which descrikesall motivic cohomologywith nite coe cien ts
in terms of etale cohomology

From now on we x a prime | which we alwaysassumenot to be equalto
the characteristic of our base eld k.

We have KM (k) = k and the Kummer exact sequencegivesus a homo-
morphism

LTKY ()L HAK )

where | is the sheafof I-th roots of unit. Using multiplicativ e structure in
etale cohomologywe further get a homomorphism:

t(k) T HGK ")
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(where | " is the n-th tensor power of | over Z=l).
The following result is well known.

Prop osition 4.1 The homomorphism ;" factors througha homomorphism
n KPR HGK ™)
which is compatible with transfers.

Pro of: To construct , it is sucient by de nition of Milnor's K-theory
to show that for an elememn x 6 1 of k we have ;%x (1 X)) = 0in
H2(k; ,?). Considerthe cyclic extensionE = k(x*) of k.

We have:

@ X)) = 1) 1@ )= Trex( 1) @ X)) =

= 1Tre( (X)) 1@ x¥) =0

To verify that , is compatible with transfersit is su cient to shav that
it is true in the caseof a cyclic extensionE=k of a prime degreep. By [1]
any elemen of KM (E) is represetable by a sum of synmbols of the form

whereNg- : E ! k isthe usual norm homomorphism. It implies imme-
diately that the homomorphisms , are compatible with transfers.

We state Bloch-Kato conjecture (over k with respect to the prime ) in
weight n in two forms a strong and a weak one.

Weak form. For any eld F over k the homomorphism ,, is surjective.

Strong form. For any eld F over k the homomorphism , givesan iso-
morphism
Ky (F)=l= H&F; ")

We will shaw below that thesetwo forms of Bloch-Kato conjecturearein
fact equivalent at leastwhen k admits resolution of singularities.

Everywherebelow \Blo ch-Kato conjecture”refersto the weakform unless
the strong form is explicitly speci ed.

The following theorem summarizesthe casesn which the strong form of
Bloch-Kato conjectureis known today.

15



Theorem 4.2 Letk be a eld and | be an integer prime to char(k). The
homomorphism
Ky =I(k) ! HEk ")

is an isomorphismin the following cases:

1. For n = 0;1 (it followsfrom the classi@l Theorem Hilbert 90).
2. For n = 2 se= [7], [11].

3. Forn= 3 | = 2se[8], [10]

4. Forn = 4,1 = 2 (M. Rost, unpublishel).

5

. For a eld k which contains an algebgically closel sub eld ko which
admits resolution of singularities if n  deg, (k=kg) (it follows from
resultsof [13]).

We will often usebelow the following two simple results.

Lemma 4.3 Let k be a eld such that Bloch-Kato conjecture (resp. the
strong form of Bloch-Kato conjecture) holdsover k in weightn. Then it also
holdsover k in all weightslessthan n.

Pro of: It is sucient to shav that under our assumptionthe Bloch-Kato
conjectureholds for weigt n 1. Let F bea eld of nite type over k and
F (t) bethe eld of rational functions of onevariable over F. Homomorphisms
n and , ; form a morphism of short exact sequences:

0! HO(F ™) ! HO(F@; ™) ! xHY YFeo; )y 10
# # #
0! HN(F:Z=I(n)) ! HN(F@);Z=I(n)) ! YHM Y(Fx);z=ln 1) ! O

wherex runs through the set of closedpoints of AL and F (x) is the residue
eld of x. By our assumptionthe left hand sidevertical arrow and the middle
vertical arrow are surjections(resp. isomorphisms). Thereforesois the right
hand side arrow.

Lemma 4.4 Letk bea eld andk®= k( ) whee is a primitive |-th root of
unit. Then Bloch-Kato conjecture (respectively the strongform of Bloch-Kato
conjecture) holdsin weightn over k if and only if it holdsin weightn over
KC.

16



Pro of: It follows immediately from the fact that k%k is an extension of
degreel 1 andthat homomorphisms , are compatible with transfers.

5 The truncated etale conomolay and Beilinson-Lichtenbaum
conjecture.

Considerthe complexesB=I(n) of sheaesin Zariski topology on Sm=k of
the form
B=I(n)= R (")

where : (Sm=Kk)g ! (Sm=K)z, is the obvious morphism of sites and
n(K) for a complexof sheaesK is the part of the canonical Itration on

K sud that: (. f
: H'(K or i n
H'C n(K)) = O_( ) for i>n

It followsimmediately from this de nition that for any i we have canonical
homomorphisms _ _
H'(X;B=I(n)) I HL(X; M

which are isomorphismsfor i  n and monomorphismsfor i = n+ 1 (let us
recall that the notation H ( ;B=l(n)) stays for hypercohomologyin Zariski

topology).

Prop osition 5.1 B=I(n) is a complexof preshaveswith transferswith ho-
motopy invariant cohomol@y sheves.

By Proposition 5.1 we may considerB =I(n) asobjects of the triangulated
categoryDM ©f (k) and we have

H'(X;B=I(n)) = Hompy (M (X); B=I(n)[i]):

Using this description and results of [16] one can show easilythat analogsof
Propositions 2.3 and 2.5 hold for cohomologywith coe cien ts in B=I(n). In
the proof of Theorem5.9 we will usecohomologywith coe cien ts in B=I(n)
for non smaoth sthemesde ned in exactly the sameway aswe did for motivic
cohomologyat the end of Section2, i.e. for a schhemeof nite type X over k
we de ne H'(X;B=I(n)) asH',,(X; (B=I(n))can). Thesecohomologygroups
satisfy the the following analogof Proposition 2.7.

17



Prop osition 5.2 Let X be a schemeof nite type over k, Z be a closal
subschemén X andp: X ! X be a proper morphism suchthat p (X
Z)! X Zisanisomorphism. Thenthereis acanonical longexactsequene
of the form:

;o1 HI(X:B=I(n)) ! H'(X:B=l(n)) H'(Z;B=I(n))!
I H'(p ¥(2);B=I(n)) ! H"™(X:B=I(n))!

The proper basechangetheoremfor etale cohomologyimplies the follow-
ing fact.

Prop osition 5.3 Let X beaschemeof nite typeovera eld k whichadmits
resolution of singularities. Then for anyi 2 Z there is a canonical morphism

H'(X;B=I(n)) ! HL(X;B=I(n))
which is an isomorphismfor i  n and a monomorphismsfor i = n+ 1.
The following proposition relates complexesZ=I(n) and B=I(n).

Prop osition 5.4 There is a canonical morphism
Z=l(n) ! B=l(n)

in the derived category of homotopyinvariant shewveswith transferssuchthat
the correspnding homomorphism

Ka =l = H"(Z=I(n))(Spedk)) ! H"(B=I(n))(Spedk)) = Ha(k; | ")
coincideswith the homomorphism , constructed in Section 4.

Proposition 5.4 implies in particular that there are canonicalhomomor-
phisms _ _
H'(X;Z=I(n)) ! H'(X;B=I(n))

compatible with transfers.

We will needthe analogof Proposition 2.4 which follows from the inter-
pretation of cohomologywith coe cien ts in B=I(n) in terms of morphisms
in DM ®'f (k) in exactly the sameway asthe proof of Proposition 2.4.

18



Prop osition 5.5 Let X be a smath schemeoverk andZ X be a smath
closal subschemeof X of pure codimension c. Then there are canonical
isomorphisms

HL(X;B=I(n)) = H" *(Z;B=I(n ¢))
compatible with the correspnding isomorphismsfor the motivic cohomolay
groups (Proposition 2.4).

A. Beilinson ([2]) and S. Lichtenbaum ([6]) proposedthe following con-
jecture which generalizesBloch-Kato conjecturein weight n.

Conjecture 5.6 The morphism
Z=l(n) ! B=l(n)

is a quasi-isomorphismof complexesof sheavesin Zariski topology on Sm=k.
In particular for any schemeof nite type overk there are canonical isomor-
phisms:

H'(X;Z=I(n)) = H'(X;B=I(n))

We have the following analogsof Lemmas4.3, 4.4.

Lemma 5.7 Let k be a which admits resolution of singularities eld such
that Beilinson-Lichtentaum conjecture holds over k in weight n. Then it
holdsover k in all weightslessthan n.

Pro of: The proof is exactly the sameasfor Lemma4.3 with the only di er-
encebeing that we uselocalization theoremfor motivic cohomologyinstead
of the localization theoremfor Milnor's K-theory which requiresthe resolu-
tion of singularities assumption.

Lemma 5.8 Letk bea eld and k®= k( ) where is a primitive I-th root
of unit. Then Beilinson-Lichtenbaum conjecture holdsin weightn over k if
and only if it holdsin weightn over k°

Pro of: Sameasfor Lemma4.4.

At that momen Beilinson-Lichtenbaum conjectureis veri ed in the fol-
lowing cases:
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1. It is true for n = 0; 1 by Proposition 2.2 and theorem Hilbert 90.
2. The homomorphisms
H'(X;Z=I(n)) ! H'(X;B=I(n))

are isomorphismsfor any n  dim(X) if X is a shemeof nite type
over an algebraicallyclosed eld which admits resolutionof singularities
(see[12]).

We are ready now to state our main theorem.

Theorem 5.9 Let k be a eld which admits resolution of singularities and
suppsethat Bloch-Kato conjecture holdsoverk in weightn. Then Beilinson-
Lichtenbaum conjecture holds over k in weightn. In particular in this case
we have;

H'(X;Z=l(n)) = 0

for i < 0 and all schemesX of nite type over k.

The following proposition shavs that to prove Beilinson-Lichtenbaum
conjectureit is su cient to considermotivic cohomologyof elds.

Prop osition 5.10 Suppse that for any eld F of nite type over k the
homomorphisms

H'(SpedF); Z=I(n)) ! He(F; | ")
are isomorphisms. Then the morphism
Z=I(n) ! B=I(n)
is a quasi-isomorphismin Zariski topology.

Pro of: Sinceboth Z=I(n) and B=I(n) arecomplexesf sheareswith transfers
with homotopy invariant cohomologyit followsfrom the fact that a morphism
of sut sheavesis an isomorphismif and only if it givesisomorphismson all
elds of nite type over k (see[15, Prop. 4.20]).

In fact there is an even \simplier" criterion for Beilinson-Lichtenbaum
conjecture. Namely one has.
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Prop osition 5.11 Supmsethat for all i < n and all elds F of nite type
over k the homomorphisms

H'(SpedF);Z=I(n)) ! Hy(F; | ")
are injective and the homomorphisms
H"(SpedK);Z=I(n)) ! H&(K; ")

are isomorphisms. Then Beilinson-Lichtentaum conjecture holds over k in
weightn.

Pro of: SinceBeilinson-Lichtenbaum conjectureholdsfor weight zerowe may
assumeby induction that under the assumptionof the proposition it holds
for all weights lessthan n.
In view of Proposition 5.11it is su cient to shaw that for any eld F of
nite type over k and any i < n the homomorphism
H'(SpedF);Z=I(n)) ! Hg(F; | ")

is surjective. By Lemmab5.8we may assumethat k cortains a primitiv e m-th
root of unit
By Proposition 2.2 we have

HOk;Z=I1(1)) = H°(k;B=I(1)) = :

Multiplication with  givesus morphismsin the derived category of sheaes
with transfers:
a:zZ=l(n 1)! z=I(n)

b:B=l(n 1)! B=l(n)
sud that the diagram

z=I(n 1) ! Zz=I(n)
# #
B=ln 1) ! B=l(n)

comnutes. It remainsto notice that for any eld F overk andany i < n
the homomorphisms

HI(F;B=I(n 1) = HL(F; @ ) F HL(F; | ") = HI(F;B=I(n))

are isomorphisms.
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6 Main theorem.

In this sectionwe prove Theorem5.9. _
Denoteby @ ! the closedsubstiemein Al*! given by the equations

i=0
The shheme@ | hasa closedcovering by j + 1 closedsubstiemesisomorphic

given by the equationsx, = Ofor k 6 i.

Lemma 6.1 For all j 1 there are canonical isomorphisms:
H'(@';Z=I(n)) = H'(k;Z=I(n)) H' 1**(k; Z=I(n))
H'(@';B=I(n)) = H'(k;B=I(n)) H' 1*!(k;B=I(n))

compatible with homomorphisms

H (;z=I(n)! H ( ;B=l(n)):

Pro of: Wewill only considerthe rst isomorphism. The proof of the second
oneis exactly the same. The direct summandH'(k; Z=I(n)) is the image of
the homomorphisminduced by the structural projection

@’'! Spedk)

which splits by the vertex po.
We proceednow by induction by j. For j = 1 the sdheme @' is the
disjoint union of verticespy and p; which provesthe lemmain this case.
Considerthe closedcovering of @ ! by the substiemesV,, W; given by
the equations
Xj = 0
and .
1
Xk = 0
k=0
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respectively. The schemeV,\ W, isisomorphicto @ ! *. Thusby Corollary
2.8 and the inductive assumptionwe have a long exact sequencef the form

SUHD YWGsZ=In) HY R(VZ=EI))! HI(kZ=In)) HT T (kiZ=I(n))!

L HI@ T;Z=I(n))! HI(Wj;Z=I(n)) HI(V;Z=I(n)!

It remainsto obsere that both V; and W, are cortractible and since
motivic cohomologyare homotopy invariant we have:

H'(W;;Z2=I(n)) = H'(k; Z=I(n))

H'(W;;Z=I(n)) = H'(k; Z=I(n))

We will say that an elemen in H'(@ /;Z=) is a reduced elementif it
belongsto the subgroupH' 1*1(k; Z=I) under the decommsition of Lemma
6.1. Clearly this condition holdsif and only if the restriction of to avertex
of @ ! is zero.

Denoteby , the obvious canonicalelemen in H"((A® f0g)"; Z=I(n)).

Lemma 6.2 Let be a reduced elementin H"(@ I:Z=I(n)). Then there
existsa nite morphismzZ ! @', arelativecycleZ in ¢c(Z=@';0;Z=l)
and a morphismf : Z! (Al fO0g)" suchthat

=(Z;f (n)
whee ( ; ) is the pairing introducd in Proposition 2.9.

Pro of: By Lemma6.1the elemet correspndsto an elemen

02 H" i*1(k;Z=I(n)). By de nition motivic cohomologyof a eld k are
homology groups of a direct summandof the complexC (L((A f0g)")
Z=l). In particular °canbe represeted by an elemen in

C; «(L((A fOQ") Zz=)=L(A fog"( ") z=l

whoserestriction to all facesof | ! is zero. Again by de nition sud an
elemen is a cycleZ (with Z=l-coecients) in ' * (A f0g)" which is
a formal linear combination of closedsubsetswhich are nite and surjective
over | 1 Let Z bethe union of this closedsubsetsconsideredas a reduced
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scheme nite over ' Yandf :Z! (A fOg)" bethe obvious morphism.
We may consider | ! asoneof the facesof @ /. It is easyto seethat the
condition on Z saying that its restriction to all facesof | ! is zerois equiva-
lent to the fact that consideredasa cycleon Z it belongsto ¢(Z=@ '; 0; Z=l).
It follows now from the construction of transfersin motivic cohomologythat
we have

= (Z;f (n)

which provesthe lemma.

Lemma 6.3 Let be a reduad elementof H"(@ ';Z=I(n)). Then there
exists an open subsetU of @ !  A* which contains all the points of the
form p,  fO0g, p; flg and an element 2 H"(U;Z=I(n)) suchthat its
restriction to @ ! fOg\ U equals jy andits restrictonto @' fig\ U
equalszero.

Pro of: By Lemma 6.2 there is a nite surjective morphismZ ! @1, a
relativecycleZ in ¢(Z=@';0;Z=I) andamorphismf : Z ! (A! f0g)" such
that = (Z;f ( ,)). Considerthe nite morphismqg:Z A!!l @1 A!?
and let Y bethe relative cyclecycl(pr)(Z) onZ Alover@’' A?* where

pr:-@! Al @

is the projection. .
Considerthe morphismz f0g Z fig! (Al f0g)" which equals

morphism q is nite there is an open neighborhood U of points p;  f0g,
p flgon@! A'andamorphismf®: g (U)! (A'! fOg)" sud that
its restrictionto q }(U)\ (Zz fOg Z f1g) equalsf. We set:

= (Yju; (F) (n):

The propertiesof required by the conditions of our lemma follow immedi-
ately from Proposition 2.9.

Let k bea eld which admits resolutionof singularitiesand X beasdeme

of nite type over k. We de ne strictly denseopen substiemesin X by the
following rule:
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1. An open substiemein a smooth sthemeis strictly denseif and only if
it is dense.

2. An open substiemeU in a shemeof nite type X is strictly denseif
there exists a resolution of singularitiesp : X ! X sud that p (V)
is densein X and p *(U)\ p *(Xsing) is strictly densein p *(Xsing)
where Xing is the closedsubsetof singular points of X.

As an exampleconsiderthe caseof a shemeX which hasa closedcovering
X = [ X sudh that X; and all the intersectionsX;, \ :::\ X;, are smooth.
Then an open substieme U in X is strictly denseif and only if for any
i1;::1; 0k the intersection X, \ :::\ X;, \ Uisdensein X;, \ :::\ Xj,.

Lemma 6.4 Let k be a eld which admits resolution of singularities and
suchthat Beilinson-Lichtenbaum conjecture holdsover k in weightslessthan
n. Let further X be a schemeof nite type overk, U be a strictly denseopen
subschemen X and Z = X U. Then the canonical homomorphismsof
cohomolay with supports

HL(X;Z=I(n)) ! HL(X;B=I(n))
are isomorphisms.

Pro of: It is easyto seefrom the de nition of a strictly denseopen sub-
stheme and the blow-up exact sequencegPropositions 2.7,5.2) for motivic
cohomologyand cohomologywith coe cients in B=I(n) respectively that it
is su cient to prove our lemmafor a smooth connectedschemeX .

In this caseit followseasilyby induction ondim(X U) from Propositions
2.4,5.5.

We will usethe following important fact.

Theorem 6.5 Letk bea eld, S be the semi-laccal schemeof a nite set of
points on a schemeof nite type overk and 2 HI(S; ") be an etale
cohomolay class. Then there existsa smath schemeX over k, a morphism
f :S! X andan etale cohomolgy class 2 HL(X; ") suchthat

=f ()
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Corollary 6.6 Let k be a eld suchthat Bloch-Kato conjecture holds over
k in weightn. Let S be the semi-lacal schemeof a nite set of points on a
schemeof nite type over k. Then the canonical homomorphism

H"(S;Z=I(n)) ! H"(S;B=I(n))
IS surjective.

Pro of: The right handsidegroupisisomorphicto HZ(S; | ") by Proposition
5.3. Thus by Theorem 6.5 we may assumeS to be a smooth semi-lccal
stheme. Considerthe canonicalmorphism of complexes

Z=l(n) ! B=I(n):
Under our assumptionsthe morphism of cohomologysheaes
H"(Z=I(n)) ! H"(B=I(n))

is surjective. The kernel of this homomorphismis a homotopy invariant
preshea&e with transfersand therefore positive cohomologygroupsof S with
coe cients in it are zero. SinceH' on both sidesis zerofor i > n it proves
the proposition.

Pro of of Theorem 5.9: In view of Proposition 5.11it is su cient to shov
that for any eld F of nite typeoverk andany i n the homomorphism

H'(SpeqF); Z=I(n)) ! H'(SpeqF);B=I(n))

is injective. By induction and Lemma 4.3 we may assumethat Beilinson-
Lichtenbaum conjectureholds over k for weights lessthan n.
By Lemmas6.1it is su cient to prove that the canonicalhomomorphisms

[ tHY@ L;z=I(n)) ! H™(@ L;B=I(n))

are monomorphismsfor all j .

Let S be the schemeobtained from A ! by gluing together point f 0Og and
f1g. Denote the distinguished point on S* by x. One can easily seeusing
Propositions 2.7, 5.2 that there are monomorphismsof the form

HY@ k;z=I(n) ! H™ (@ s%Z=I(n))
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H'(@L;B=I(n)) ! H"™(@L S%B=I(n):

Lemma6.3impliesthat for any reducedelemett in H"(@ }; Z=I(n)) there
is an open neighborhood U of the points py  fxg;:::;p fxgin @ £ St
sud that the imageof in H"(U;Z=l(n)) is zero.

Denote by S the semi-lacal shemeof the setfp, fxg;:::;p  fxgg.
For any complexof sheaesK denotefurther by H, (@ + S*;K) the direct
limit of hypercohomologywith supports

H (@} SYK)=IlimH,(@ }:K)
whereZ runs through the set of closedsubstiemesin @ = S! sud that
Z\ fpp fxg::i;p fxgg=;:

Note that the open substiemesof the form X; for sut closedsubsetsZ
are exactly the strictly denseopen substemesin @ + S
We have a morphism of long exact sequencesf the form:

o banszamy) 1o oHpt @t stizan) ! W@k shiz=iny) o
# # #
cio b HnsB=In) ! HI*t (@ L stB=I(n) ! H* (@ L stB=I(n) ! o

By Lemma 6.4 and the inductive assumptionthe middle vertical arrow is
anisomorphism. By Corollary 6.6the left hand sidearrow is an epimorphism
and our theorem follows now by the standard diagram seard¢.

7 Someapplications.

In this sectionwe give someapplications of Theorem5.9. We start with the
following proposition which shaws that Bloch-Kato conjectureis closelyre-
lated to vanishing of Bokstein homomorphismsin etale conomologyof elds.

Prop osition 7.1 Bloch-Kato conjecture holdsoverk in weightn if and only
if for any eld F of nite type over k the Bokstein homomorphisms

nm - Hg(Fy ') ! Hgtﬂ(':; )
are zemw for all m > 0.
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Pro of: Let usshow rst that if Bloch-Kato conjectureholdsover k in weight
n then the Bokstein homomorphisms ., are zero. In fact Bloch-Kato con-
jecture implies that any elemen in H}(F; ') is a sum of products of el-
emerts from HL(F; m). SinceBokstein homomorphismsbehae well with
respect to the multiplicativ e structure on cohomologyit remainsto shaw that

1:He1t(F; im) ! Hgt(F; )

is zero. It is a well known fact which follows trivially from TheoremHilbert
90.

Assumenow that ., = Ofor all elds F of nite type over k. By the
standard argumert it implies that the sameholds for all o, with n°< n
and thereforewe may assumeby induction and Theorem5.9that Bloch-Kato
conjectureholdsover k in weights lessthan n. It remainsto show that under
theseassumptionsthe homomorphisms

Ko (F) ! HG(F ")

are surjective. Note rst that under our assumptionHZ(F; | ") is the |-
torsion subgroupin HZ(F; Q,=Z,(n)) (where Q,=Z,(n) = lim ") and that
the later group is in nitely divisible.

Considerthe homomorphism

KVY'(F) Qi=Zi! HE(F;Qi=Zi(n)):
Let us show that it is a surjection. We needthe following trivial lemma.

Lemma 7.2 LetF bea eld and beanelementin H{(F; Q,=Z;(n)). Then
there existsa regular connected variety U over F, a pair of F-points Xg; Xy :
SpedF)! U anda cohomola@y class °2 HJ(U;Q,;=Z,(n)) suchthat

Xol( 9=0
Xl(():

Moreover the variety U can be chosenin sucha way that it hasan etale
Galois coveringp : O ! U by a rational variety over F and X, lifts to an
F -point »x, of O.
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Pro of: Let SpedF9 ! SpedF) bea nite Galois extensionwhich realizes

. Let further Ug be the open substiemeof regular points in A#©=G where
G actson A#© by obvious permutations of coordinates. One can easily see
that there is a point x; onU and aclass °2 HZ(U;Q,=Z,(n)) which canbe
realizedby the canonicalGalois covering of U with the Galois group G sud
that x,( 9 = . Moreover sincethe preimageof U in A#© hasF -rational
points there is another point xo on U sud that x,( 9 = 0.

Let beanelemen of HL(F;Q=Z,(n)) andp: 0! U, X¢;x1, °beas
in Lemma?7.2. Denoteby d the degreeof p. Sincethe groupHZ (F; Q,=Z,(n))
is in nitely divisible we can nd anelemetn 2 H}(U;Q,=Z,(n)) sud that

X()=0
d = ©

Then we have °= p (p ( )) and it remainsto shav that p ( ) belongs
to the image of the homomorphism

Hy (0:Qi=Zi(n)) ! Hg(O; Qi1=Zi(n)):
It follows from the lemmabelow and the inductive assumption:

Lemma 7.3 Let U be a smath connected rational variety over F and x be
an F-point of U. Assumethat Bloch-Kato conjecture holdsover k in weights
lessthat n. Then the homomorphism

Hy (U;Qi=Zi(n)) ! Hg(U;Qi=Zi(n));
where B denotesthe group of classeswvhich vanishon x, is an isomorphism.
Pro of: It is sucient to considerthe caseof Z=I-coe cients. Due to local-
ization theorems2.4,5.5 and our assumptionthat the Bloch-Kato conjecture
holds in weights lessthan n we may replaceU by any variety which is bira-
tionally equivalert to it. Thus we may assumethat U = AN . In this case

the lemma holds sinceboth left and right hand side groups are zero by the
homotopy invariance property of the correspnding theories.

To nish the proof of our proposition it remainsto note that the technique
we usedto prove Theorem5.9works for Q,=Z,-coe cien ts aswell asfor Z=I-
coe cien ts which implies that the homomorphisms

KM(F) Q=Z;! HL(F;Qi=Z(n))
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are in fact isomorphisms. Therefore the same holds for the subgroupsof
I-torsion elemens in them.

The following proposition explicitly describes all motivic cohomologyof
smooth sthemesof weight 2 with nite coe cients and in weight 3 with
Z=2-cce cien ts.

Note that dueto the result of [12] we have

HI(X;Z=I(m) = CH"(X;2n i Z=)

wherethe groupson the right hand sideare the higher Chow groupsde ned
by S.Bloch ([3]). Thusin particular we get a description of all higher Chow
groups of smaoth varieties in codimension 2 (all nite coe cients) and in
codimension3 (Z=2-cce cien ts).

Prop osition 7.4 Let X be a smmth variety over a eld k which admits
resolution of singularities and m be an integer prime to char(k). Then one
has:

8
0 for i<O
. % ét(X, m’) for i=0,12
H'(X;Z=m(2)) = _ ker(H3(X; 2! H3(k(X); ,2) for i=3
: AZ(X )=m for i= 4
-0 for i >4
Similarly if char(k) 6 2andm = 2" one has:
for i<O
% TG D) for r=0;1,23
iy 7= ker(Het(x’ m) ! HGK(X); %) for i=4
HI(GZ=mE3)) = o six  B=m(3)) for r=5
% A3(X) m for i=6
for i>6

wher Al (X) is the group of cyclesof codimensioni on X .

Pro of: It follows immediately from Theorem 5.9 and the fact that Bloch-
Kato conjectureholdsin weight 2 and in weight 3 for Z=2-cce cien ts.
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Prop osition 7.5 Let k be an algebaically closal eld which admits resolu-
tion of singularities, | be an integer prime to char(k) and X be a schemeof
nite type over k. Supmsethat one of the following conditions holds:

1. dim(X) 3.

2. dm(X) 4dandl= 2",

Then for all i; n 2 Z the homomorphisms
Hi(X;Z=I(n)) ! H'(X;B=I(n))

are isomorphisms,i.e. Beilinson-Lichtenkaum conjecture holdsfor all X and
| as alove.

Pro of: Sincethe Bloch-Kato conjectureis provenin weighs 2 andi weight
3 for Z=2-cce cien ts we have only to considerthe casen = dim(X). Since
there is a canonicalhomomorphism

H(X;Z=I(n)) ! H'(X;B=I(n))

and the groupson both sideshave long exactsequencesvith respectto blow-
ups we may assumethat X is smooth. Consider rst the casei n. Then
the right hand side group is isomorphic to H!,(X; ;") and the required
isomorphism

HIOGZEIM) E HGXG ")
was establishedin [12]. The generalresult follows no from the fact that both
left and right hand side groupsvanish for i > n for local smooth scthemes.

Corollary 7.6 Letk be an algebaically closal eld which admits resolution
of singularities, | be an integer prime to char(k) and X be a schemeof nite
type over k. Supmsethat one of the following conditions holds:

1. dim(X) 3
2. dm(X) 4dandl= 2",

Then the Quillen-Lichtenaum conjecture holdsfor X, i.e. the canonical
homomorphisms
Ki(X;Z=l) ! Kie(X;Z=I)

are isomorphismsfor i  dim(X) 1
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Pro of: Sinceboth for algebraicand for the etale K-theoriesthere are Brown-
Gerstenspectral sequence# is su cient to considerthe casewhen X is the
spectrum of a eld of transcendemal degree 3 ( 4 for Z=2-cce cien ts)
over k. In this casewe have a motivic spectral sequenceconstructedin [4]
which corvergesfrom higher Chow groupsto the algebraicK-theory and the
standard spectral sequencewhich corvergesfrom etale conhomologyto the
etale K-theory. Therefore,the required result follows from Proposition 7.5.

Remark : The samekind of argumern togetherwith Theorem5.9 shows that
the Bloch-Kato conjecturein weight n implies Quillen-Lichtenbaum conjec-
ture for varieties of dimensionn + 1 over algebraically closed elds with
resolution of singularities.
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