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Abstract

This paper shows that for the Moore spectrum MG associated with any abelian group
G, and for any positive integer n , the order of the Postnikov k-invariant k"T1(MG) is
equal to the exponent of the homotopy group m, MG . In the case of the sphere spectrum
S, this implies that the exponents of the homotopy groups of S provide a universal
estimate for the exponent of the kernel of the stable Hurewicz homomorphism h,, : 7, X —
E,(X) for the homology theory F.(—) corresponding to any connective ring spectrum
FE such that mgFE is torsion-free and for any bounded below spectrum X . Moreover, an
upper bound for the exponent of the cokernel of the generalized Hurewicz homomorphism
hy @ En(X) — H,(X;mF), induced by the 0-th Postnikov section of FE, is obtained for
any connective spectrum £ . An application of these results enables us to approximate in
a universal way both kernel and cokernel of the unstable Hurewicz homomorphism between
the algebraic K-theory of any ring and the ordinary integral homology of its linear group.
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Introduction

The first purpose of this paper is to show that for the Moore spectrum MG associated
with any abelian group G, and for any positive integer n , the order of the Postnikov k-
invariant k"t1(M@G) is exactly equal to the exponent of the homotopy group 7, MG (see
Theorem 1.3).

This equality, in the case of the sphere spectrum S = MZ , enables us to prove that
the exponents of the homotopy groups of S provide a universal approximation of the
exponent of the kernel of the Hurewicz homomorphism

hy i X — E,(X)

for the homology theory FE.(—) corresponding to any connective (i.e., (—1)-connected)
ring spectrum E (for which we assume that moFE is torsion-free) and for any bounded
below spectrum X . More precisely, we obtain the following result (see Theorem 2.2):

For any (b — 1)-connected spectrum X and any integer n > b+ 1, if = is an element of
the kernel of h,, : 71, X — E,(X), then (p1p2---pp—p)c®1=0 in 7, X @ moE , where
p; denotes the exponent of ;S for j>1.

It is also possible to define a generalized Hurewicz homomorphism
hy : En(X) — Hp(X;m0F)

for any connective spectrum FE and for any spectrum X . The next goal of the paper is
to give a universal upper bound for the exponent of the cokernel of this homomorphism
(see Theorem 3.2):

For any (b — 1)-connected spectrum X and any integer m > b+ 2, the cokernel of
hy @ En(X) — Ho(X;mFE) satisfies (p1(E)p2(E) - pn—b—1(F)) (coker h,,) = 0, where
pj(E) is the order of the k-invariant k’*'(E) for j > 1.

In the case of the classical stable Hurewicz homomorphism
hy im0 X — H,(X;7)

for a (b — 1)-connected spectrum X , it is known that h, is an isomorphism if n = b
and an epimorphism if n = b+ 1. The above general results imply that the exponents
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p; of the homotopy groups m;S of the sphere spectrum S (j > 1) produce universal
exponents for both kernel and cokernel of h,, (see Theorem 4.1):

For any (b — 1)-connected spectrum X , the classical stable Hurewicz homomorphism
hy : 71y X — H,(X;Z) has the following properties:

(a) (p1p2---pn—s) (kerh,) =0 for all integers n >b+1,

(b) (p1p2 -+ pn—b—1) (coker h,) =0 for all integers n > b+ 2.

This important fact does not seem to be well-known, although its proof is quite simple.
Notice that these theorems hold without any finiteness condition on the spectrum X .

It is for instance interesting to apply these results to the n-dimensional classical
unstable Hurewicz homomorphism between the algebraic K-theory of a ring R and the
ordinary integral homology of the group E(R) generated by elementary matrices with
coefficients in R (see Corollaries 5.1 and 5.2): for n > 3 its kernel is annihilated by
the integer pips---pp—2, which is independent of R (this extends the results of [2]),
and we get a relationship between its cokernel and the iterated homology suspension
on @ Hy(E(R);Z) — Hp(Xpgry+;Z), where Xpppy+ is a l-connected Q-spectrum
associated with the infinite loop space BE(R)™ .

The paper is organized as follows. In Section 1, we establish the correspondence
between the exponent of the homotopy groups of a Moore spectrum and the order of its
k-invariants. The second section is devoted to the study of the kernel of the Hurewicz
homomorphism h, : 7, X — E.(X) for a connective ring spectrum FE . In Section 3, we
define the generalized Hurewicz homomorphism h, : F,(X) — H.(X;mF) , for a connec-
tive spectrum F , and investigate its cokernel. Section 4 formulates the previous results in
the case of the classical stable Hurewicz homomorphism and presents their consequences
on the classical unstable Hurewicz homomorphism for infinite loop spaces. The relation
between algebraic K-theory and linear group homology is then discussed in Section 5. Fi-
nally, we mention in Section 6 the anologous assertions for the Hurewicz homomorphism
with finite coefficients.

Throughout the paper, we are working in the category of CW-spectra, and we denote
by H(G) the Eilenberg-MacLane spectrum having all homotopy groups trivial except for
G in dimension 0 and, for a spectrum FE and an integer m, by «,, : E — E[m]| its
m-th Postnikov section (i.e., m;E[m] =0 for j > m and (am)« : mE =, mjE[m] for
j<m).

I would like to thank Paul Goerss for useful comments.



1. The Postnikov invariants of Moore spectra

Let G be an abelian group and MG the corresponding Moore spectrum (see [1],
p. 200): MG is a connective spectrum such that Ho(MG;Z) = G and H;(MG;Z) =0
for 5 > 1. The Postnikov k-invariants of the spectrum MG are cohomology classes
EmtY(MG) € H"PY(MGn — 1];7,MG), for n > 1. Since MG is connective, all its
k-invariants are torsion classes according to Theorem 1.5 of [3].

Proposition 1.1. If X isa (b—1)-connected spectrum and n an integer > b+1, then the
classical Hurewicz homomorphism h,, : 7, X — H,(X;Z) satisfies p,(X) (kerh,) =0,
where p,(X) is the order of the k-invariant k"1 (X) in H"*'(X[n —1];m,X).

Proof. Since X is bounded below, p,(X) is finite and there exists a map of spectra
fn: X — X"H(m,X) inducing multiplication by p,(X) on m,X (see [3], Lemma 1.1
and Theorem 1.5). This map and the Hurewicz homomorphism produce the commutative
diagram

(fn)x
T X - T2 H (7, X)

L |

(/)
Ho(X:Z) — s H (S H(mp X): 7).

Therefore, the kernel of h,, : 7, X — H,(X;Z) is a subgroup of the kernel of the homo-
morphism (f,). which is multiplication by p,,(X), and consequently, p,(X) (kerh,) =0.

Definition 1.2. For n > 1, let us call p,(G) the order of the k-invariant k"T'(MG)
in the cohomology group H" ™ (MG[n — 1];m,MG) .

We may deduce from Proposition 1.1 the main result of this section.

Theorem 1.3. For any abelian group G and any positive integer n, p,(G) is equal to
the exponent of the homotopy group m, MG .

Proof. Since n > 1, the group H,(MG;Z) vanishes and Proposition 1.1 implies that
pn(G) T, MG = 0. On the other hand, it is clear that p,(G) divides the exponent of
MG , because k"T1(MG@G) belongs to the group H" ™' (MG[n — 1]; 7, MG).
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Example 1.4. For the sphere spectrum S = MZ, the order p,(Z) of the k-invariant
knt1(S) is exactly the exponent of the group m,S = lim, T S® for all n > 1. In the
remainder of the paper, we shall write p,, for p,(Z).

Remark 1.5. For any abelian group G, since MG is the cofibre of a map from a wedge of
sphere spectra to a wedge of sphere spectra (see [1], p. 200), the homotopy exact sequence
of this cofibration shows that the exponent of 7, MG is bounded by the product p,pn_1,
in other words that p,(G) divides p,p,—1 for any abelian group G and for all integers
n > 2 (it is clear that p;(G) =1 or 2).

Remark 1.6. The assertion of Theorem 1.3 holds also for any Moore space (instead of
spectrum), having only one non-trivial reduced integral homology group in dimension ¢,
assuming we are looking at an integer n > ¢ + 1 such that the n-th homotopy group of
the Moore space has finite exponent. However, observe that if this exponent is infinite,
then the order of the corresponding k-invariant of the Moore space is also infinite.

It is possible to generalize the statement of Theorem 1.3 as follows.

Proposition 1.7. Let X be a connective spectrum with the property that H;(X;Z) is a
group of finite exponent n; for all j > 1. Then, for any positive integer n , the exponent
of 7, X is a positive multiple of the order p,(X) of the k-invariant k"*!(X) and divides
the product p,(X)n, .

Proof. If x is an element of 7, X , then 7, x lies in the kernel of h,, : 7, X — H,(X;Z)
and one obtains from Proposition 1.1 the equality (p,,(X)n,)2z = 0. As mentioned in the

proof of Theorem 1.3, it is again trivial that the exponent of 7, X is a positive multiple
of pn(X).

2. The kernel of the Hurewicz homomorphism

Let E be a connective ring spectrum with identity 7 : S — E . For a spectrum X
and an integer n, the E-Hurewicz homomorphism is

(inid) .«
by :mn X =1 (SAX) —— m(EAX) = Ep(X),
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where FE,(—) is the homology theory associated with the spectrum E and id: X — X
the identity (see [1], p. 58 or [9], p. 290). In the case of the spectrum E = H(Z), h,, is
the classical Hurewicz homomorphism

by, : X — H, (X Z).

The objective of this section is to use the result on the sphere spectrum described in
Example 1.4, in order to approximate the exponent of the kernel of the FE-Hurewicz
homomorphism h,, in a universal way. Notice that, in general, the cokernel of h, may
be of infinite exponent. For technical reason (see the proof of Theorem 2.2), we shall
concentrate our attention to spectra E for which mgFE is torsion-free.

m

Definition 2.1. For m > 1, let p,,, = H p; » where p; = p;(Z) is the exponent of ;5.
j=1

m+ 3

Notice that a prime number p divides p,, if and only if p <

Theorem 2.2. Let E be a connective ring spectrum such that wgE is torsion-free and
X any (b— 1)-connected spectrum. The kernel of the E-Hurewicz homomorphism h,, :
X — E,(X) has the following property: if x is an element of ker h,, , then

b ®@1=0 in m, X mpE

for all integers n > b+ 1.

Proof. By Lemma 4.1 of [3], m,X = m,(S A X) = Sn — b],(S A X) and similarly
E,(X)=m(ENX)=Sn—0b],(EAX),since the spectra SAX and EAX are (b—1)-
connected. Because of Theorem 1.3, the method developed in [4] shows the existence of
maps of spectra

n—b
Sln—b) %> \/ £'H(,S) > S[n — 0]
t=0

such that the composition 1 ¢ is homotopic to the (p,—_p)-th power map: S[n —b] —
S[n — b ; for any bounded below spectrum Y , they induce homomorphisms

n—>b n—>b
Sln— 0], (Y) - (\/ ' H(mS)), (V) = P Hoe(YimS) — S[n — 0], (Y)
t=0 t=0

such that the composition ¥ @ is multiplication by p,_; (see Corollary 1.4 and Theorem
2.2 of [4]). Now, consider the commutative diagram
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hp=(iNid),

TnX 2= Sn—bl,(SNX) e Sn—0b.(EANX)=E,(X)
[ o
nb (iAid). n-b
P Hu—1(S A X;mS) e PH—(ENX;mS).
t=0 t=0

For any ¢t with 0 < t < n — b, the homomorphism (i A id). : H,—+(S N X;Z) —
H,_+(E N X;Z) is the composition of iy : H,,_+(X;Z) — H,,_+(X;Z) ® moE (induced
by i, : 1S = Z — moE ) with a split injection H,,_+(X;Z) @ moF — H,_+(E N X;7Z);
since mok is torsion-free, the same is true for the bottom horizontal arrow in the above
diagram. Therefore, if = € ker h,, , then ®(x) vanishes under the top horizontal map in

the next commutative diagram:

n—>b . n—>b
PH,(X;mS) —— PH.(X;mS) ® mE
t=0 t=0
J/ 4 J/ U®id
7TnX —’i> 7TnX & 7TOE,

and we conclude that p,_,x = U®(x) belongs to the kernel of the bottom horizontal
homomorphism iy .

Corollary 2.3. If E is a connective ring spectrum with moF = 7Z and X any (b—1)-
connected spectrum, then the kernel of the E-Hurewicz homomorphism h, : 7w, X —
E,(X) satisfies

Pn—b (ker hn> =0
for all integers n > b+ 1.
Remark 2.4. In the classical case (where E = H(Z) ), another way to prove this corollary

may be deduced from the Atiyah-Hirzebruch spectral sequence argument which will be
presented in Lemma 3.3 and Remark 3.4.



Remark 2.5. It is sometimes possible to get a better bound on the exponent of the kernel
of h, . Suppose that moE =2 Z and let X be a (b—1)-connected spectrum, n an integer
>b+1 and p,(X) the order of the k-invariant k"*1(X) in H"™(X[n—1];7,X), then
the argument of the proof of Proposition 1.1 shows that the F-Hurewicz homomorphism
hy i 1 X — En(X) fulfills

pn(X) (kerhy,) =0.

Consequently, we may actually improve the statement of Corollary 2.3 as follows:

ged(pn—b, pn(X)) (ker hy) = 0.

Recall that we have defined in [2] and [3] integers R; , for j > 2, with the property that
pn(X) divides R, _p11 for any (b—1)-connected spectrum X . Thus, we can even replace

ng(ﬁn—m pn(X)) by ng(ﬁn—bv Rn—b-l-l) .

Theorem 2.2 has a direct consequence on the Hurewicz homomorphism for spaces. If
K is a CW-complex, let us consider its suspension spectrum YX°°(K) and the iterated
suspension §,, : 1, K — m, X (K).

Corollary 2.6. Let E be a connective ring spectrum such that mgFE is torsion-free,
E,(=) the corresponding reduced homology theory, and K a (b — 1)-connected CW-
complex with b > 1. For any integer n > b+ 1, if © € kerh,, : 7, K — En(K), then
Sn(pn—pr)®1=0 in 1, 5°(K)QmE.

Proof. The commutativity of the diagram

Sn

K —— 71, X(K)

shows that if z is an element of the kernel of h,, : 7, K — FEyn(K), then s,(z) belongs
to the kernel of h, : m,X°(K) — E,(X*°(K)) and s,(pn—p2) @1 = pp_p sp(z) @1 =0
in 7,X°(K)®myE by Theorem 2.2.

If n<2(b—1), then s, is an isomorphism by the Freudenthal suspension theorem
and one obtains the following statement.



Corollary 2.7. Let E be a connective ring spectrum such that wgE is torsion-free,
E,(—) the corresponding reduced homology theory, K a (b— 1)-connected CW-complex
with b > 3, and n an integer such that b+ 1 <n <2b—-1). If x € kerh,, : 7, K —
En(K) , then p, px®1=0 in 1,K @ moFE .

Let us conclude this section by recalling that it is actually possible to define a more
general E-Hurewicz homomorphism h, : F,(X) — (E A F),(X), for a connective ring
spectrum E and spectra F' and X , and for all integers n, as follows (see [9], p. 290):

(inidAid) «
hy : Fp(X)=mp(FAX)=mp(SAFANX) —— 1 (EAFAX)=(ENF),(X).

We may extend the above results to this homomorphism.

Corollary 2.8. Let E be a connective ring spectrum such that mgF is torsion-free, F
a (c — 1)-connected spectrum and X a (b — 1)-connected spectrum. The E-Hurewicz
homomorphism h,, : F,,(X) — (EAF),(X) has the following property: if x is an element
of kerh,, , then p,_p_.x®1=0 in F,(X)® noE for all integers n >b+c+1.

Proof. The homomorphism h,, is in fact the Hurewicz homorphism h,, : m,(F A X) —
E,(F A X). Thus, the assertion is just the application of Theorem 2.2 to the (b+c¢—1)-
connected spectrum F A X .

3. The cokernel of the generalized Hurewicz homomorphism

Now, consider a connective spectrum E and its associated homology theory FE.(—).
For a spectrum X and an integer n, we can define a generalized FE-Hurewicz homo-
morphism
hy : En(X) — Hp(X;m0F)
as follows:
(apAid)«

hy: En(X) =1 (EANX) —— m(H(mgE) AN X) = Hy(X;moE) ,

where ag : E — E[0] = H(moFE) denotes the 0-th Postnikov section of the spectrum
F and id : X — X the identity. In the case where FE is the sphere spectrum S,
ag : S — H(Z) is a generator of moH(Z) and h,, is the classical Hurewicz homomorphism

hy : X — Hp(X;Z) .
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If X is (b— 1)-connected, it is obvious that the generalized E-Hurewicz homomorphism
hy : En(X) — H,(X;mE) is an isomorphism if n = b and an epimorphism if n =b+1.
In general, the kernel of h,, may be of infinite exponent when n > b+ 1. The purpose
of this section is to show that the study of the order of the k-invariants of E provides
universal upper bounds for the exponent of its cokernel in all dimensions n .

m

Definition 3.1. For m > 1, let p,,(F) = Hpj(E), where p;(FE) is the order of the
j=1

k-invariant k/TY(E) in H/TY(E[j — 1];7,;E). Remember that p;(E) is always finite
according to [3], Theorem 1.5. If £ =S5, p,(E) = pm because of Theorem 1.3.

Let X bea (b— 1)-connected spectrum and n an integer > b+ 2. Notice first that
E,(X) = E[n —b],(X) by Lemma 4.1 of [3]: thus, we may replace E by FE[n —b] and
consider «q : E[n —b] — H(moE) . Again, it is possible to use the method introduced in
[4] to construct a map of spectra 6, : H(moE) — E[n — b] such that the composition

H(moE) 2 Eln — b 2% H(moE)

is homotopic to the (p,—p(F))-th power map: H(moE) — H(moE); consequently, we
obtain a homomorphism ©,, : H,(X;mE) — E[n —b],(X) = E,(X) with the property
that the composition

Ho(X;m0E) 25 Eo(X) 22 H, (Xm0 E)

is multiplication by p,—y(E) on H,(X;moE) (see Theorems 1.5 and 2.4 of [4]). Therefore,
we may conclude that
Prn—b(E) (coker hy,) =0.

But, it turns out that we can get a slightly better estimate of the exponent of the cokernel
of h,, .

Theorem 3.2. For any connective spectrum E and any (b— 1)-connected spectrum X ,
the cokernel of the generalized E-Hurewicz homomorphism h,, : E,(X) — H,(X;mF)
satisfies

Pr—b—1(F) (coker h,,) =0

for all integers n > b+ 2.

The proof of this theorem is based on the following
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Lemma 3.3. In the Atiyah-Hirzebruch spectral sequence EZ, = Hy(X;mE) = Eo+(X)
converging towards the FE-homology of any (b — 1)-connected spectrum X , the edge
homomorphism E,(X) — E%) — E-, = H,(X;nFE) is exactly the generalized E-

Hurewicz homomorphism h,, , for all integers n > b.

Proof of Lemma 3.3. For an integer ¢ with 0 < /¢ < n — b, let us denote the fibre of the
Postnikov section ay_; : E[n—b] — E[{—1] by E(¢,n—0b] and the inclusion E(¢,n—b] —
E[n—>b] by 8¢ (E(£,n—b] is the spectrum obtained from E[n—b] by killing its homotopy
groups in dimensions < ¢ ). The convergence of the Atiyah-Hirzebruch spectral sequence
implies the existence of a filtration 0 C Fy C Fy C --- C Fj,_p = E,(X) = E[n —b],(X),

such that Fj/F;_1 = B2, ., which is given by (see Section 4 of [10]):
(ﬂnfbfj)*

F; =image (E(n —b—j,n —b],(X) ——— En —1b],(X)) for 0<j<n-—>b.

In particular, F,,_y—1 = image ((81)«: E(1,n —b],(X) — E[n —b],(X)) is isomorphic to
the kernel of the homomorphism h,, : E,,(X) = E[n — b],,(X) — E[0],(X) & H,(X;mF)
induced by «g Aid, because

B1 Qo

E(l,n—b —— E[n—b —— E|0]

o0 v

is a cofibration. It then clearly follows that E;< = imageh,, .

Remark 3.4. This lemma also shows that if the homotopy groups ;(£) have finite
exponents e; for j > 1, then the product ejes---e,_; is an upper bound for the expo-
nent of the kernel of h, : E,(X) — H,(X;mE). In the case of the classical Hurewicz
homomorphism h,, : 7, X — H,(X;Z), this gives a simple proof of Corollary 2.3.

Proof of Theorem 3.2. Since X is (b — 1)-connected, the Atiyah-Hirzebruch spectral
sequence EZ, = H (X;mFE) = FE.y(X) has the property that E}, = 0 if s < b
and BP9y = Er’f’_obﬂ . According to the previous lemma, the image of h,, is EZ’_ObH,
which is the subgroup of E?%O >~ H,(X;mF) consisting of the kernel of the differentials
dno Eno— B,y for 2<7r <n-—1>,and cokerh, = EEL’O/EZEb+1. However, it

follows from Proposition 2.1 of [3] that p,_1(E)d;, = 0. This implies inductively that the
exponent of coker h,, is bounded by the product p1(E)p2(E) - pn_v—1(F) = pn—p—1(F) .

Example 3.5. Consider the Brown-Peterson spectrum BP associated with a prime num-
ber p and the generalized BP-Hurewicz homomorphism h, : BP,(X) — H,(X;Z)) .
It is easy to check that the kernel of h, may be of infinite exponent and, on the other
hand, to deduce the following result on the cokernel of h, from Theorem 3.2 together
with the determination of the order of the k-invariants of BP presented in Section 4 of
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[4]: if X is a (b— 1)-connected spectrum, n an integer > b+ 2, and if r denotes the
integer such that 2r(p—1)<n—-b—1<2(r+1)(p—1), then

prr /2 (cokerh,) = 0.

Remark 3.6. In Section 1 of [3], we gave universal upper bounds R;;; for the or-
der of the k-invariants of connective spectra E: R;i1k'T1(E) = 0 for all integers
j > 1. Consequently, we may replace the conclusion of Theorem 3.2 by the following
universal assertion (i.e., independent of FE): for any connective spectrum E and any
(b—1)-connected spectrum X , the cokernel of the generalized E-Hurewicz homomorphism
hy : Ep(X) — Hp(X;moE) satisfies

(RaRs3- -+ Ry_p) (coker hy,) =0

for all integers n > b+ 2.

The construction of the generalized E-Hurewicz homomorphism may even be done in
a more general way in order to define homomorphisms

hn,t : En(X) I n—t(X; 71-tE’)

for a (b — 1)-connected spectrum X , an integer n > b, and for all integers ¢ such that
0<t<n—b: hy,; is the homomorphism induced by the map of spectra A, ;: E[n—b] —
Y'H(mE) introduced in Theorem 1.5 of [4]. Observe that h, o = h, . We are also able
to approximate the exponent of the cokernel of h,,;, because Theorems 1.5 and 2.4 of
[4] establishes the existence of a homomorphism ©,,; : H,_(X;mE) — E,(X) with the
property that the composition

Hy (X mE) 2 B (X) 2 Hy (Xm0 E)

is multiplication by the product p¢(E)pi+1(E) -+ pn_p(E) on H,_+(X;mF).

Theorem 3.7. For any connective spectrum FE and any (b— 1)-connected spectrum X |
the cokernel of the generalized E-Hurewicz homomorphism hy,; : E,(X) — H,_(X;mE)
fulfills

pt(E)pi+1(E) - - pn—p(E) (coker hy 1) = 0

for all integers n > b+ 1 and for all integers t such that 0 <t <n —b (p;(E) denotes
the order of k’T1(E) ; notice that po(E)=1.)
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4. The classical Hurewicz homomorphism

The results of Section 2 (for F = H(Z)) and of Section 3 (for E = S') produce
universal upper bounds (independent of X ) for the exponent of both kernel and cokernel
of the classical stable Hurewicz homomorphism

hy : X — H,(X;7Z),

for any bounded below spectrum X and for all integers n . Recall that h,, is an isomor-
phism if n =b and an epimorphism if n =b+1.

Theorem 4.1. For any (b — 1)-connected spectrum X , the classical stable Hurewicz
homomorphism h,, : 7,X — H,(X;Z) has the following properties:

(a) pn—p (kerh,) =0 for all integers n >b+1,

(b) pn—p—1 (coker hy,) =0 for all integers n > b+ 2,

where p; denotes the exponent of ;S and p,, the product pipz---pm (j,m>1).

Proof. Assertion (a) is given by Corollary 2.3 for E = H(Z) and Assertion (b) is a
consequence of Theorem 3.2 in the case =S5 and of Theorem 1.3.

Now, if X isa (b— 1)-connected p-local spectrum for a given prime number p, and
if n is an integer < 2p+b —4, then p,_, and p,_p—1 are not divisible by p and we
deduce the following Hurewicz isomorphism theorem.

Corollary 4.2. If X isa (b— 1)-connected p-local spectrum for a given prime number
p, then the classical Hurewicz homomorphism h,, : 71, X — H,(X;Z) is an isomorphism
for all integers n such that b <n <2p+b—4.

Remark 4.3. If X is a (b — 1)-connected p-local spectrum for a given prime p and
n an integer satisfying b < n < 2p + b — 4, then all k-invariants of X[n| are trivial
according to Theorem 1.5 of [3]. Therefore, it turns out that X|[n| is actually a wedge of
Eilenberg-MacLane spectra:

Xn]~\/S'H(mX).

t=b

If one applies Theorem 4.1 to the suspension spectrum of a CW-complex, one get
the following improvement of Corollary 2.7 in the classical case (this has also been proved
independently by J. Scherer, see [7]).
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Corollary 4.4. For any (b— 1)-connected CW-complex K with b > 3 and any integer
n such that b+ 1 < n < 2(b— 1), the classical Hurewicz homomorphism h,, : 7, K —
H, (K;Z) satisfies p,_p (kerh,) =0 and p,_p—_1 (cokerh,)=0.

Let us conclude this section by looking at the classical unstable Hurewicz homomor-
phism h, for infinite loop spaces. Let K be a (b— 1)-connected infinite loop space with
b>1 and Xk an associated (b — 1)-connected (2-spectrum. For any integer n > b,
consider the diagram

IR

K Em— T XK

Lo Lo

On

H,(K;7Z) —— H,(Xk;Z),

where o, is the iterated homology suspension. In order to formulate the next result, define
hy : K — H,(K;Z)/(kero,) as the composition of the unstable Hurewicz homomor-
phism h,, : 7, K — H,(K;Z) with the quotient map H, (K;Z) — H,(K;Z)/(kero,),
and write &, : coker (h, : 7, K — H,(K;Z)) — coker (h, : m,Xg — H,(Xk;Z)) for
the homomorphism induced by o, . The commutativity of the above diagram implies the
following consequence of Theorem 4.1.

Corollary 4.5. If K is a (b — 1)-connected infinite loop space with b > 1, then the
classical unstable Hurewicz homomorphism h,, : 7, K — H, (K;Z) satisfies:

(a) pn—p (kerh,) =0 for all integers n > b+ 1,

(b) pn—p—1 (coker Bn) =0 and pn_p_1 (coker h,) C kera,, for all integers n > b+ 2.

5. The Hurewicz homomorphism in algebraic K-theory

Let R be any ring with identity, GL(R) the infinite general linear group (considered
as a discrete group) over R, E(R) its subgroup generated by elementary matrices, and
BE(R)* the simply connected infinite loop space obtained by performing the plus con-
struction on the classifying space of E(R). Any simply connected Q-spectrum X pp(g)+
associated with BE(R)" is of particular interest, because Corollary 4.2 shows that its
homology detects the algebraic K-theory of R at large primes.
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Corollary 5.1. For any ring R and any integer n > 2, Kn(R;Z)) = H,(Xpgr)+; L))
for all prime numbers p > 5 + 1.

The relationship between algebraic K-theory and linear group homology is described
by the Hurewicz homomorphism

hy : KnR = 1, BE(R)" — H,(BE(R)";Z) = H,(E(R);Z)

for n > 2 (see [2] for other results on this homomorphism). Obviously, hy is an iso-
morphism and hg is surjective, and it is known that 2(kerhs) = 0 (see [8], p. 370,
[6], Proposition 2.5, and [2], Corollary 1.8 and Remark 1.9). The next result follows di-
rectly from Corollary 4.5 and Corollary 5.1.

Corollary 5.2. For any ring R, the Hurewicz homomorphism h,, : K, R — H,(E(R);Z)
has the following properties:

(a) pn—2(kerh,) =0 for all integers n >3,

(b) for any integral homology class © € H,(E(R);Z), n > 4, there exists an element y
in the image of h, and an element z in the kernel of the iterated homology suspension
on: Hy(E(R); Z) — Hp(Xpg(r)+; Z) such that p, 3rv=y+z,

(c) for any integer n > 2, h, : K,,(R;Z,)) — Hp(E(R); Z(,)) is a split injection for all
prime numbers p > 5 + 1.

For small values of n , the odd primary part of the universal upper bound for the expo-
nent of the kernel of h,, given by Assertion (a) is better than the approximation obtained
in [2]. However, note that the modifications mentioned in Remarks 2.5 and 3.6 may be used
here again; in particular, we can replace Assertion (a) by: ged(pp—2, Rn—1) (ker hy,) =0
for any ring R and for all n > 3, where the integers R,,_1 are defined in [2| and [3].

Assertion (b) is a generalization of the description of the cokernel of h,, we established
for n =4 in Section 3 of [2]. Take for instance R =Z and n = 14: it is known that K47
is a finite abelian group and that H14(SL(Z);Z) = 7Z @ (finite abelian group) , because
K;Z®Q =0 for j # 1mod4 and H*(SL(Z);Q) = A(xs,z9,...,24541,...) by [5];
then, a generator x of the infinite cyclic summand of Hi14(SL(Z);Z), which represents
an element of coker hy4, has the property that o14(x) is a torsion class. This situation

happens more generally if R is a number field or the ring of algebraic integers in a number
field.

Observe that the integers p,—o and p,_3 occuring in the statement of Corollary 5.2
are independent of the ring R . Similar results hold, of course, for the infinite general linear
group GL(R) and the infinite Steinberg group St(R) (by setting b = 1, respectively
b =3 in Corollary 4.5).
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6. The Hurewicz homomorphism with finite coefficients

Let us finally consider the E-Hurewicz homomorphism with coefficients in Z/p® for
a spectrum X :

(inid) .«

W (X5 Z)pY) = M(Z/pY)n(S A X) ——— M(Z/pM)n(E A X) = E(Z/ph),(X),

where p is a prime number, d a positive integer, E a connective ring spectrum with
identity i: S — E, M(Z/p?) the mod p? Moore spectrum, and where E(Z/p?) denotes
EAM(Z/p?) . In particular, for E = H(Z), we get again the classical mod p® Hurewicz
homomorphism

he

n

: 7Tn<X§Z/pd) - Hn<X;Z/pd) )

since H(Z)(Z/p?) = H(Z/p?) .

Definition 6.1. For m > 1, let p,, ,a = H p;(Z/p%), where p;(Z/p?) is the exponent
j=1
of m;M(Z/p?).

The argument of the proof of Theorem 2.2 (in which S should be replaced by
M(Z/p%)) and Theorem 3.2 (for E = M(Z/p?)) together with Theorem 1.3 give the
following result.

Theorem 6.2. Let X be any (b — 1)-connected spectrum, p a prime number and d a
positive integer.

(a) For any connective ring spectrum E with moE torsion-free, if x belongs to the kernel
of the mod p® E-Hurewicz homomorphism hifld (X5 Z)p?) — E(Z/p?),(X), then

Prnbpi @1 =0 in m,(X;Z/p?) @ moE

for all integers n > b+ 1.
(b) The cokernel of the classical mod p® Hurewicz homomorphism hfld c (X Z)pt) —
H,(X;Z/p%) satisfies

Pr—b—1 pd (coker hﬁd) =0

for all integers n > b+ 2.
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