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Abstract

This paper shavsthat for the Moore spectrum M G assaiated with any abelian group
G, and for any positive integer n, the order of the Postnikov k-invariant k"*1 (M G) is
equal to the exponert of the homotopy group M G. In the caseof the spherespectrum
S, this implies that the exponerts of the homotopy groups of S provide a universal
estimate for the exponert of the kernel of the stable Hurewiczhomomorphism h, : X !
E.(X) for the homology theory E ( ) correspnding to any connective ring spectrum
E sud that (E is torsion-free and for any bounded below spectrum X . Moreover, an
upper bound for the exponert of the cokernel of the generalizedHurewicz homomorphism
hy, :En(X)! Hp(X; oE), induced by the O-th Postnikov sectionof E , is obtained for
any connective spectrum E . An application of theseresults enablesus to approximate in
a universalway both kerneland cokernel of the unstable Hurewicz homomorphismbetween
the algebraic K-theory of any ring and the ordinary integral homology of its linear group.
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In tro duction

The rst purposeof this paper is to show that for the Moore spectrum M G assaiated
with any abelian group G, and for any positive integer n, the order of the Postnikov k-
invariant k"*! (M G) is exactly equalto the exponert of the homotopy group M G (see
Theorem 1.3).

This equality, in the caseof the spherespectrum S = M Z, enablesus to prove that
the exponerts of the homotopy groups of S provide a universal approximation of the
exponert of the kernel of the Hurewicz homomorphism

hn: nX ! En(X)

for the homology theory E ( ) corresponding to any connective (i.e., ( 1)-connected)
ring spectrum E (for which we assumethat oE is torsion-free) and for any bounded
below spectrum X . More precisely we obtain the following result (seeTheorem 2.2):

For any (b 1)-connectedspectrum X and any integer n b+ 1,if x is an elemen of
the kernelof h, : X ! E,(X),then ( 1 2 npX 1=0in /X oE , where
j denotesthe exponert of ;S for j 1.

It is also possibleto de ne a generlized Hurewicz homomorphism
hn tEn(X) ! Hp(X; oE)

for any connective spectrum E and for any spectrum X . The next goal of the paper is
to give a universal upper bound for the exponert of the cokernel of this homomorphism
(seeTheorem 3.2):

For any (b 1)-connected spectrum X and any integer n b+ 2, the cokernel of
hy : En(X) ! Hp(X; oE) satises ( 1(E) 2(E) n b 1(E)) (cokerh,) = 0, where
i (E) is the order of the k-invariant ki*! (E) for j 1.

In the caseof the classial stable Hurewiczhomomorphism
hn i WX ! Hy(X;2)

for a (b 1)-connectedspectrum X , it is known that h, is an isomorphismif n = b
and an epimorphismif n = b+ 1. The above generalresults imply that the exponerts
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j of the homotopy groups ;S of the spherespectrum S (] 1) produce universal
exponerts for both kernel and cokernel of h, (seeTheorem 4.1):

For any (b 1)-connectedspectrum X , the classical stable Hurewicz homomorphism
hy, : X! Hp(X;Z) hasthe following properties:

@ (12 n b) (kerhy) = 0 for all integersn b+ 1,

) (12 n b 1) (cokerh,) = O for all integersn b+ 2.

This important fact does not seemto be well-known, although its proof is quite simple.
Notice that thesetheoremshold without any niteness condition on the spectrum X .

It is for instance interesting to apply these results to the n-dimensional classical
unstable Hurewicz homomorphism between the algebaic K-theory of a ring R and the
ordinary integral homology of the group E(R) generatedby elemenary matrices with
coecients in R (seeCorollaries 5.1 and 5.2): for n 3 its kernel is annihilated by
the integer ; » n 2, Which is independert of R (this extends the results of [2]),
and we get a relationship between its cokernel and the iterated homology suspension

n - H(E(R);Z) ! Hn(Xge(r)+:Z), where Xgg(ry+ is a 1-connected -spectrum
assaiated with the in nite loop space BE(R)™" .

The paper is organized as follows. In Section 1, we establish the corresppndence
betweenthe exponert of the homotopy groups of a Moore spectrum and the order of its
k-invariants. The secondsection is dewted to the study of the kernel of the Hurewicz
homomorphism h : X ! E (X) for a connective ring spectrum E . In Section 3, we
de ne the generalizedHurewicz homomorphism h :E (X)! H (X; oE), for aconnec-
tive spectrum E , and investigateits cokernel. Section4 formulates the previous results in
the caseof the classicalstable Hurewicz homomorphism and presers their consequences
on the classicalunstable Hurewicz homomorphism for in nite loop spaces. The relation
betweenalgebraic K-theory and linear group homology is then discussedin Section5. Fi-
nally, we mention in Section 6 the anologousassertionsfor the Hurewicz homomorphism
with nite coe cien ts.

Throughout the paper, we are working in the category of CW-spectra, and we denote
by H(G) the Eilenberg-MacLanespectrum having all homotopy groupstrivial except for
G in dimension 0 and, for a spectrum E and an integer m, by , : E ! E[m] its
m-th Postnikov section (ie., jE[m] =0 for j > m and ( n) : E T j E[m] for
j m).

| would like to thank Paul Goerssfor useful commerts.



1. The Postnik ov invarian ts of Mo ore spectra

Let G be an abelian group and M G the corresponding Moore spectrum (see[1],
p. 200): M G is a connective spectrum sud that Ho(MG;Z) = G and H;(MG;Z) =0
for | 1. The Postnikov k-invariants of the spectrum M G are cohomology classes
k"*1(MG) 2 H"™'(MG[n 1]; \MG), for n 1. Since MG is connective, all its
k-invariants are torsion classesaccordingto Theorem 1.5 of [3].

Prop osition 1.1. If X isa (b 1)-connectedspectrumand n aninteger b+l ,thenthe
classicalHurewicz homomorphism h, : X ! Hy(X;Z) satises ,(X) (kerhy) = 0,
where (X) is the order of the k-invariant k"*1(X) in H"*1(X[n 1]; »X).

Proof. Since X is bounded below, ,(X) is nite and there exists a map of spectra
fn: X! "H( nX) inducing multiplication by ,(X) on X (see[3], Lemma 1.1
and Theorem 1.5). This map and the Hurewicz homomorphism produce the comnmutativ e
diagram

(fn)

nX ! n "H( nX)
? ?
? ?
yhn :yhn
(fa )y
Hn(X;Z) ! Ho( "H( nX);2):

Therefore, the kernelof h, : X ! Hy(X;Z) is a subgroup of the kernel of the homo-
morphism (f,) which is multiplication by ,(X), andconsequetly, ,(X) (kerhy) = 0.

Deniton 1.2. For n 1, letuscall ,(G) the order of the k-invariant k"* (M G)
in the cohomologygroup H"** (M G[n 1]; \MG).

We may deducefrom Proposition 1.1 the main result of this section.

Theorem 1.3. For any abelian group G and any positive integer n, ,(G) is equalto
the exponert of the homotopy group M G.

Proof. Since n 1, the group H,(M G;Z) vanishesand Proposition 1.1 implies that
n(G) MG = 0. On the other hand, it is clear that ,(G) divides the exponert of
"M G, becausek"*! (M G) belongsto the group H"** (M G[n 1]; \MG).
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Example 1.4. For the spherespectrum S = M Z, the order ,(Z) of the k-invariant
k"*1(S) is exactly the exponert of the group ,S = Iimk n+ kS, forall n 1. In the
remainder of the paper, we shall write , for ,(2Z).

Remark 1.5. For any abelian group G, since M G is the co bre of a map from a wedgeof

spherespectra to a wedgeof spherespectra (see[1], p. 200), the homotopy exact sequence
of this co bration shawsthat the exponert of ,M G is boundedby the product , , 1,

in other wordsthat ,(G) divides , , 1 for any abelian group G and for all integers
n 2 (it isclearthat ;(G) =1 or 2).

Remark 1.6. The assertion of Theorem 1.3 holds also for any Moore space (instead of
spectrum), having only one non-trivial reducedintegral homology group in dimension
assumingwe are looking at an integer n  ~ + 1 such that the n-th homotopy group of
the Moore spacehas nite exponert. Howewer, obsene that if this exponert is in nite,

then the order of the corresponding k-invariant of the Moore spaceis alsoin nite.

It is possibleto generalizethe statement of Theorem 1.3 as follows.

Prop osition 1.7. Let X beaconnective spectrum with the property that H; (X ;Z) isa
group of nite exponert ; forall j 1. Then, for any positive integer n, the exponert
of »X isapositivemultiple of the order ,(X) of the k-invariant k"*! (X) and divides
the product ,(X) 5.

Proof. If x isanelemen of ,X ,then | x liesin the kernelof h, : X ! Hp(X;Z)
and one obtains from Proposition 1.1 the equality ( ,(X) n)Xx = 0. As mertioned in the
proof of Theorem 1.3, it is again trivial that the exponert of X is a positive multiple
of L(X).

2. The kernel of the Hurewicz homomorphism

Let E be a connective ring spectrum with identity i : S! E . For a spectrum X
and an integer n, the E-Hurewiczhomomorphismis

i
ot nX = a(SAX) 1 W(EAX)=En(X):



where E ( ) is the homology theory assaiated with the spectrum E and id : X ! X
the identity (see[1], p. 58 or [9], p. 290). In the caseof the spectrum E = H(Z), h, is
the classial Hurewiczhomomorphism

hn: WX I Hy(X;2Z):

The objective of this section is to use the result on the sphere spectrum described in
Example 1.4, in order to approximate the exponert of the kernel of the E-Hurewicz
homomorphism h, in a universal way. Notice that, in general, the cokernel of h, may
be of in nite exponert. For technical reason (seethe proof of Theorem 2.2), we shall
concertrate our attention to spectra E for which (E is torsion-free.

Y
Denition 2.1. Form 1,let = i »Where ; = ;(Z) isthe exponert of ;S.
=1
m+ 3

Notice that a prime number p divides , if andonlyif p >

Theorem 2.2. Let E be a connective ring spectrum suc that (E is torsion-free and
X any (b 1)-connectedspectrum. The kernel of the E-Hurewicz homomorphism hy :
nX I En(X) hasthe following property: if x is an elemen of kerh, , then

for all integersn b+ 1.

Proof. By Lemma 4.1 of [3], X = ,(S* X) = S[h by(S”™ X) and similarly
En(X)= (E~X)=S[n b,(E”X), sincethe spectra S*X and E~ X are (b 1)-
connected. Becauseof Theorem 1.3, the method deweloped in [4] shaws the existence of
maps of spectra

n b
SIn B !' = (S ! S[h 0
t=0
such that the composition ' is homotopic to the ( , p)-th power map: S[n b] !

S[n b]; for any bounded below spectrum Y , they induce homomorphisms

n b Mb
SIn B (Y) ' T TH(«S) (Y)=  Hn (Y; S) ! S ba(Y)
t=0 t=0
such that the composition is multiplication by , , (seeCorollary 1.4 and Theorem

2.2 of [4]). Now, considerthe commutativ e diagram
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hn =( i id)
!

nX =S bL(S" X) S[n bLZ(E" X)=En(X)

2 2
2 ?
y y
M b (i~ id) M b
Hn (S X; +S) ! Hn ((E”X; S):

t=0 t=0

For any t with O t n b, the homomorphism(i ~ id) : H, (S" X;Z) !
Hn (E " X;Z) is the composition of i} : Hy (X;2Z) ! Hy «(X;2Z) oE (induced
by i : ¢S=2Z! (E) with asplit injection H, {(X;Z) oE )} H, ((E™ X;2);
since oE is torsion-free, the sameis true for the bottom horizontal arrow in the above
diagram. Therefore, if x 2 kerh, , then ( x) vanishesunder the top horizontal map in
the next commutativ e diagram:

M b i M b
Hn (X; S) ! Hn «(X; S) oE
t=0 t=0
? ?
? ?
y y id
i
nx I nx OE,

and we concludethat , px = ( Xx) belongsto the kernel of the bottom horizontal
homomorphism iy .

Corollary 2.3. If E is aconnective ring spectrum with  (E = Z and X any (b 1)-
connected spectrum, then the kernel of the E-Hurewicz homomorphism h, : X !
En(X) satises

n b(kerhp) =10

for all integersn b+ 1.

Remark 2.4. In the classicalcase(where E = H(Z) ), another way to prove this corollary
may be deducedfrom the Atiy ah-Hirzebruch spectral sequenceargumert which will be
preseried in Lemma 3.3 and Remark 3.4.



Remark 2.5. It is sometimespossibleto get a better bound on the exponert of the kernel
of h, . Supposethat oE = Z andlet X bea (b 1)-connectedspectrum, n an integer
b+ 1 and ,(X) the order of the k-invariant k"* (X) in H""1 (X [n 1]; ,X), then
the argumert of the proof of Proposition 1.1 shows that the E-Hurewicz homomorphism
hn i X1 En(X) fullls
n(X) (kerhy) = 0:

Consequetly, we may actually improve the statemert of Corollary 2.3 as follows:
gcd( n b; n(X)) (kerhy) = O:

Recall that we have de ned in [2] and [3] integers R; , for j 2, with the property that
n(X) divides R, p+1 forany (b 1)-connectedspectrum X . Thus, wecanevenreplace
ged( n by n(X)) by ged( n b;Rn be1) -

Theorem 2.2 has a direct consequencen the Hurewicz homomorphism for spaces |If
K is a CW-complex, let us considerits suspension spectrum ! (K) and the iterated
suspension's, : K ! , 1 (K).

Corollary 2.6. Let E be a connective ring spectrum such that (E is torsion-free,
B ( ) the correspnding reduced homology theory, and K a (b 1)-connected CW-
complexwith b 1. For any integer n b+ 1,if x 2 kerh, : K ! E,(K), then
Sn( n bX) 1=0in 1(K) oE .

Proof. The commutativit y of the diagram

Sn

nK ! n 1(K)

3 3

Y ha y h,
EB.(K) ! En( !(K))

shows that if x is an elemen of the kernelof h, : K ! E,(K), then s,(x) belongs
to the kernelof hy : , 1 (K)! En( *(K)) and sp( n bX) 1= , psSn(X) 1=0
in o *(K) oE by Theorem2.2.

If n 2(b 1), then s, isanisomorphism by the Freuderthal suspensiontheorem
and one obtains the following statemert.



Corollary 2.7. Let E be a connective ring spectrum such that (E is torsion-free,
B ( ) the correspnding reducedhomologytheory, K a (b 1)-connectedCW-complex
with b 3, and n anintegersuch that b+ 1 n 2(b 1). If x 2 kerh, : K !
E,(K),then , ,x 1=0in K oE .

Let us concludethis section by recalling that it is actually possibleto de ne a more
generl E-Hurewiczhomomorphism h, : Fq(X) ! (E "™ F)n(X), for a connective ring
spectrum E and spectra F and X , and for all integers n, asfollows (see[9], p. 290):

ho (Fa(X)= n(FAX)= n(SAFAX) 0 J(EAFAX)= (EAF)n(X):

We may extend the above results to this homomorphism.

Corollary 2.8. Let E be a connective ring spectrum such that (E is torsion-free, F
a (c 1)-connectedspectrum and X a (b 1)-connectedspectrum. The E-Hurewicz
homomorphism h, : F,(X)! (E”~F),(X) hasthe following property: if x is an elemen
of kerh,,then , p, ¢cx 1=0 in Fy(X) oE for all integersn b+ c+ 1.

Proof. The homomorphism h, is in fact the Hurewicz homorphism h, : (F "~ X)!
En(F ™ X). Thus, the assertionis just the application of Theorem 2.2 to the (b+ ¢ 1)-
connectedspectrum F ~ X .

3. The cokernel of the generalized Hurewicz homomorphism

Now, considera connective spectrum E and its assaiated homologytheory E ( ).
For a spectrum X and an integer n, we can de ne a geneanlized E-Hurewicz homo-
morphism
hn tEn(X) ! Ha(X; oE)

as follows:
( o™id)
e En(X)= n(EAX) 1 o(H( oE)A X) = Ho(X; oE);

where o : E ! E[0] = H( oE) denotesthe O-th Postnikov section of the spectrum
E and id : X ! X the identity. In the casewhere E is the sphere spectrum S,
0:S! H(Z) isageneratorof oH(Z) and h, isthe classial Hurewiczhomomorphism

hn: o X ! HR(X;2):



If X is (b 1)-connected,it is obvious that the generalized E -Hurewicz homomorphism
hy, :En(X)! Hp(X; oE) isanisomorphismif n = b and an epimorphismif n= b+ 1.
In general,the kernel of h, may be of in nite exponert when n b+ 1. The purpose
of this sectionis to shaw that the study of the order of the k-invariants of E provides
universal upper bounds for the exponert of its cokernelin all dimensions n .

y
Denition 3.1. For m 1,let L(E)= i (E), where ;(E) is the order of the

j=1
k-invariant k!*1(E) in HI*1(E[j 1]; jE). Remenber that ;(E) is always nite
accordingto [3], Theorem1.5.If E=S, ,(E)= . becauseof Theorem 1.3.

Let X bea (b 1)-connectedspectrum and n aninteger b+ 2. Notice rst that
En(X)=E[n Dbn(X) by Lemma 4.1 of [3]: thus, we may replace E by E[n bl and
consider o:E[n bl! H( oE). Again, it is possibleto usethe method introducedin
[4] to construct a map of spectra , :H( oE)! E[n bl sud that the composition

H(oE) ' E[n B P H( oE)

is homotopic to the ( n p(E))-th power map: H( oE) ! H( oE); consequetly, we
obtain a homomorphism , :H,(X; oE)! E[n b (X) = E,(X) with the property
that the composition

Ha(X; 0E) 1" En(X) " Ha(X; oF)

is multiplication by , p(E) on HL,(X; oE) (seeTheoremsl.5and 2.4 of [4]). Therefore,
we may concludethat
n b(E) (cokerhy,) = 0O:

But, it turns out that we can get a slightly better estimate of the exponert of the cokernel
of h, .

Theorem 3.2. For any connective spectrum E andany (b 1)-connectedspectrum X ,
the cokernel of the generalized E -Hurewicz homomorphism h, : Ef(X) ! Hp(X; oE)

satis es
n b 1(E) (cokerh,) = 0

for all integersn b+ 2.

The proof of this theorem is basedon the following
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Lemma 3.3. In the Atiy ah-Hirzebruch spectral sequenceEZ, = Hs(X; (E)) Es:+t(X)
cornverging towards the E-homology of any (b 1)-connected spectrum X , the edge
homomorphism En(X) ! El, ! EZ, = Hy(X; oE) is exactly the generalized E -
Hurewicz homomorphism h, , for all integers n b.

Proof of Lemma 3.3. For aninteger = with O ~ n b, let usdenotethe bre of the
Postnikov section - 1 :E[n bl! E[ 1] by E(;n b} andthe inclusion E(';n b] )
E[n b by - (E(;n Db isthe spectrum obtained from E[n b] by killing its homotopy
groupsin dimensions < ). The cornvergenceof the Atiy ah-Hirzebruch spectral sequence
implies the existenceof a Itration 0 Fo F; Fn b= En(X)=E[n Dbn(X),
sudh that Fj=F 1= Ejl+ bn b j » Which is given by (seeSection 4 of [10]):

F, = image(E(n b jn b]n(X)( ey E[n H,(X) for 0 j n b:
In particular, F, p, 1 = image(( 1) :E(@L;n by(X)! E[n b,(X)) isisomorphic to
the kernel of the homomorphism h, : E,(X) = E[n  bn(X)! E[0],(X) = Hy(X; oE)
inducedby ¢~ id, because

E(,bn B ' Eln B °! E[0]

is a co bration. It then clearly follows that Ej., = imageh, .

Remark 3.4. This lemma also shows that if the homotopy groups ;(E) have nite
exponerts g for j 1, then the product e;e, e, , is an upper bound for the expo-
nert of the kernelof h, : E,(X)! Hy(X; oE). In the caseof the classicalHurewicz
homomorphism h, : X ! Hy(X;Z), this givesa simple proof of Corollary 2.3.

Proof of Theorem 3.2. Since X is (b 1)-connected, the Atiyah-Hirzebruch spectral
sequenceEZ, = Hs(X; (E) ) Es+t(X) hasthe property that Eg, = 0 if s < b
and EL, = E] "™ . According to the previous lemma, the image of h, is EJ.*",
which is the subgroup of Eﬁ;o = H,(X; oE) consisting of the kernel of the di erentials
no - Eno! Ef ¢y ¢ for2 r n b,and cokerh, = Eﬁ;O=EQ;Ob+1 . However, it
follows from Proposition 2.1 of [3]that , 1(E)df., = 0. This implies inductiv ely that the

exponert of cokerh, isboundedby the product (E) 2(E) nb 1(E)= n v 1(E).

Example 3.5. Considerthe Brown-Petersonspectrum BP assaiated with a prime num-
ber p and the generalized B P -Hurewicz homomorphism h, : BP,(X) ! Hp(X;Z().
It is easyto ched that the kernel of h, may be of in nite exponert and, on the other
hand, to deducethe following result on the cokernel of h, from Theorem 3.2 together
with the determination of the order of the k-invariants of BP presened in Section 4 of
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[4]: if X isa (b 1)-connectedspectrum, n aninteger b+ 2, andif r denotesthe
integersuchthat 2r(p 1) n b 1<2(r+1)(p 1), then

p' ("*1) =2 (cokerh,) = 0:

Remark 3.6. In Section 1 of [3], we gave universal upper bounds R;.; for the or-
der of the k-invariants of connective spectra E: Rj+; ki*1(E) = 0 for all integers
j 1. Consequetly, we may replace the conclusion of Theorem 3.2 by the following
universal assertion (i.e., independert of E ): for any connective spectrum E and any
(b 1)-connectedspectrum X , the cokernel of the generalized E -Hurewicz homomorphism
hy, :En(X)! Hp(X; oE) satises

(R2R3 Ry p)(cokerh,) =0

for all integersn b+ 2.

The construction of the generalized E -Hurewicz homomorphismmay even be donein
a more generl way in order to de ne homomorphisms

hnt tEn(X) ! Hn «(X; (E)

for a (b 1)-connectedspectrum X , aninteger n b, and for all integers t such that
0O t n b: hy isthe homomorphisminduced by the map of spectra ¢ :E[n B!

'H( (E) introducedin Theorem 1.5 of [4]. Obsene that h,.o = h, . We are also able
to approximate the exponert of the cokernel of h,; , becauseTheorems 1.5 and 2.4 of
[4] establishesthe existenceof a homomorphism ¢ :H, ((X; (E)! En(X) with the
property that the composition

mt h;t
Hy «(X; (E) T En(X) T Hp «(X; (E)
is multiplication by the product ((E) ¢+1 (E) n b(E) on Hy, «(X; (E).

Theorem 3.7. For any connective spectrum E andany (b 1)-connectedspectrum X ,
the cokernel of the generalized E -Hurewiczhomomorphism h,¢ : Eq(X)! Hp «(X; (E)
ful lls

t(E) t+1 (E) n b(E) (cokerhni) =0

for all integers n b+ 1 and for all integerst suchthat 0 t n b ( j(E) denotes
the order of ki *! (E) ; notice that o(E) = 1.)
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4. The classical Hurewicz homomorphism

The results of Section 2 (for E = H(Z)) and of Section 3 (for E = S) produce
universal upper bounds (independert of X ) for the exponert of both kernel and cokernel
of the classial stable Hurewicz homomorphism

hp: X I Hy(X;2);

for any boundedbelow spectrum X and for all integers n. Recall that h, is anisomor-
phism if n = b and an epimorphismif n= b+ 1.

Theorem 4.1. For any (b 1)-connectedspectrum X , the classical stable Hurewicz
homomorphism h, : X ! Hy(X;Z) hasthe following properties:

(@ n p(kerh,) = 0 for all integersn b+ 1,

(b) n b 1(cokerh,) = 0 for all integersn b+ 2,

where ; denotesthe exponert of ;S and  the product 1 > m (jym 1)

Proof. Assertion (a) is given by Corollary 2.3 for E = H(Z) and Assertion (b) is a
consequencef Theorem 3.2 in the case E = S and of Theorem 1.3.

Now, if X isa (b 1)-connected p-local spectrum for a given prime number p, and
if n isaninteger 2p+b 4,then , , and , , ;1 arenot divisible by p and we
deducethe following Hurewicz isomorphism theorem.

Corollary 4.2. If X isa (b 1)-connected p-local spectrum for a given prime number
p, then the classicalHurewicz homomorphism h, : X I H,(X;Z) is an isomorphism
for all integers n sudhthat b n 2p+b 4.

Remark 4.3. If X isa (b 1)-connected p-local spectrum for a given prime p and
n an integer satisfying b n  2p+ b 4, then all k-invariants of X [n] are trivial
accordingto Theorem 1.5 of [3]. Therefore, it turns out that X [n] is actually a wedgeof

Eilenberg-MacLane spectra:
n

X[n]" T YH( (X):
t=b

If one applies Theorem 4.1 to the suspension spectrum of a CW-complex, one get
the following improvemert of Corollary 2.7 in the classicalcase(this has also beenproved
independertly by J. Scherer, see[7]).
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Corollary 4.4. Forany (b 1)-connectedCW-complex K with b 3 and any integer
n such that b+ 1 n 2(b 1), the classicalHurewicz homomorphism h, : K !
Hh(K;Z) satises , p(kerh,)=0 and , p 1(cokerh,)= 0.

Let us concludethis section by looking at the classial unstable Hurewicz homomor-
phism h for in nite loop spaces Let K bea (b 1)-connectedin nite loop spacewith
b 1 and Xk an assaiated (b 1)-connected -spectrum. For any integer n b,
considerthe diagram

nK ! nXK

? ?

? ?

y ho y ho
Hn(K;2) "I Hha(Xk;2);

where , isthe iterated homologysuspension. In order to formulate the next result, de ne
ih: WK ! Hy(K;2Z)=(ker ) asthe composition of the unstable Hurewicz homomor-
phism h, : K ! H,(K;Z) with the quotient map H,(K;Z) " H,(K;Z)=(ker ),
and write , : coker(h, : K ! Hp(K;Z) ! coker(h, : Xk ! H,(Xk;Z)) for
the homomorphisminduced by , . The commutativit y of the above diagram implies the
following consequencef Theorem 4.1.

Corollary 4.5. If K isa (b 1)-connectedin nite loop spacewith b 1, then the
classicalunstable Hurewicz homomorphism h, : K ! Hy(K;Z) satis es:

(@ n p(kerh,) =0 for all integersn b+ 1,

(b) n p 1(cokerh,)=0 and , p 1(cokerh,) ker , forall integersn b+ 2.

5. The Hurewicz homomorphism in algebraic K-theory

Let R beany ring with identity, GL(R) the in nite generallinear group (considered
as a discrete group) over R, E(R) its subgroup generatedby elemenary matrices, and
BE(R)* the simply connectedin nite loop spaceobtained by performing the plus con-
struction on the classifying spaceof E(R). Any simply connected -spectrum Xgg (g)-
assaiated with BE(R)™ is of particular interest, becauseCorollary 4.2 shaws that its
homology detects the algebraic K-theory of R at large primes.
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Corollary 5.1. Foranyring R andanyintegern 2, Kn(R;Zp) = Ha(Xge(R)* 1 Z(p))
for all prime numbers p 5 + 1.

The relationship between algebric K-theory and linear group homolayy is described
by the Hurewicz homomorphism

hy :KnR= oBE(R)* ! Hn(BE(R)*;Z) = Hn(E(R); 2)

for n 2 (seel2] for other results on this homomorphism). Obviously, h, is an iso-
morphism and hz is surjective, and it is known that 2(kerh3z) = 0 (seel8], p. 370,
[6], Proposition 2.5, and [2], Corollary 1.8 and Remark 1.9). The next result follows di-
rectly from Corollary 4.5 and Corollary 5.1.

Corollary 5.2. For any ring R, the Hurewicz homomorphism h, : K,R! H,(E(R); 2)

has the following properties:

@ n 2(kerhy) = 0 for all integersn 3,

(b) for any integral homology class x 2 H,(E(R); Z), n 4, there exists an elemen y

in the image of h, and an elemen z in the kernel of the iterated homology suspension
n tHn(E(R);Z2) ! Hn(Xge(ry+;Z) sudhthat , sx=y+ z,

(c) for any integer n 2, h, : Ky(R;Zp)) ! Ha(E(R); Z(p) is a split injection for all

prime numbers p % + 1.

For small valuesof n, the odd primary part of the universalupper bound for the expo-
nernt of the kernel of h, givenby Assertion (a) is better than the approximation obtained
in [2]. Howewer, note that the modi cations mentioned in Remarks2.5and 3.6 may be used
here again; in particular, we can replace Assertion (a) by: gcd( n 2;Rn 1) (kerhy,) =0
for any ring R and for all n 3, wherethe integers R, 1 arede ned in [2] and [3].

Assertion (b) is a generalizationof the description of the cokernelof h, we established
for n = 4 in Section3 of [2]. Takefor instance R = Z and n = 14: it isknown that K 14Z
is a nite abelian group and that H14(SL(Z);Z) = Z (nite abelian group), because
KiZz Q=0 for j 6 1mod4 and H (SL(Z); Q) = ( Xs5;Xg;:::;Xaj+1;:::) by [5];
then, a generator x of the in nite cyclic summand of H14(SL(Z); Z), which represens
an elemen of cokerhi4, hasthe property that 14(x) is a torsion class. This situation
happensmore generallyif R isanumber eld or the ring of algebraicintegersin a number
eld.

Obsene that the integers , , and , 3 occuring in the statemert of Corollary 5.2
areindependen of the ring R . Similar results hold, of course,for the in nite generallinear
group GL(R) and the in nite Steinberg group St(R) (by setting b = 1, respectively
b= 3 in Corollary 4.5).
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6. The Hurewicz homomorphism with nite coecien ts

Let us nally considerthe E-Hurewiczhomomorphismwith coe cients in Z=p for
a spectrum X :

(i~id)

et n(X:Z=) = MZ=)a(SA X) 1 M(Z=p)n(E A X) = E(Z=p")n(X);
where p is a prime number, d a positive integer, E a connective ring spectrum with
identity i : S! E, M (Z=p") the mod p® Moore spectrum, and where E (Z=p") denotes
E A M (Z=p") . In particular, for E = H(Z), we get again the classi@l mod p? Hurewicz

homomorphism
d

hi @ n(X5Z=p") ! Ha(X;Z=6);
since H (2)(z=p") = H(z=p").

N

Denition 6.1. For m 1, let 0= i (Z=p"), where ;(Z=@) is the exponert
=1

of M (Z=p").

The argument of the proof of Theorem 2.2 (in which S should be replaced by
M (z=")) and Theorem 3.2 (for E = M (Z=p")) together with Theorem 1.3 give the
following result.

Theorem 6.2. Let X beany (b 1)-connectedspectrum, p a prime number and d a
positive integer.

(a) For any connective ring spectrum E with E torsion-free,if x belongsto the kernel
of the mod p! E-Hurewicz homomorphism h®’ : (X;Z=") ! E(Z=p")n(X), then

nobpe X 1=010n o (X;Z=p")  oE

for all integersn b+ 1.
(b) The cokernel of the classical mod p? Hurewicz homomorphism hﬁd D n (X zZ=p) !
H, (X ;Z=@") satis es

n b 1pd (cokerhﬂd) =0

for all integersn b+ 2.
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