COHOMOLOGY OF FINITE GROUP SCHEMES OVER A FIELD

ERric M. FRIEDLANDER* AND ANDREI SUSLIN**

A finite group scheme G over a field k is equivalent to its coordinate algebra, a
finite dimensional commutative Hopf algebra k|G| over k. In many contexts, it is
natural to consider the rational (or Hochschild) cohomology of G with coefficients
in a k[G]-comodule M. This is naturally isomorphic to the cohomology of the dual
cocommutative Hopf algebra k[G]# with coefficients in the k[G]#-module M. In
this latter formulation, we encounter familiar examples of the cohomology of group
algebras km of a finite groups 7 and of restricted enveloping algebras V' (g) of finite
dimensional restricted Lie algebras g.

In recent years, the representation theory of the algebras km and V' (g) has been
studied by considering the spectrum of the cohomology algebra with coefficients
in the ground field k£ and the support in this spectrum of the cohomology with
coefficients in various modules. This approach relies on the fact that H*(m, k)
and H*(V(g), k) are finitely generated k-algebras as proved in [G], [E], [V], [FP2].
Rational representations of algebraic groups in positive characteristic correspond to
representations of a hierarchy of finite group schemes. In order to begin the process
of introducing geometric methods to the study of these other group schemes, finite
generation must be proved. Such a proof has proved surprisingly elusive (though
partial results can be found in [FP2]).

The main theorem of this paper is the following:

Theorem 1.1. Let G be a finite group scheme and M a finite dimensional rational
G-module. Then H*(G, k) is a finitely generated k-algebra and H* (G, M) is a finite
H*(G, k)-module.

Work in progress by C. Bendel (and the authors) reveals that Theorem 1.1 and
its proof will provide interesting theorems of a geometric nature concerning the
representation theory of finite group schemes.

In a sense that is made explicit in section 1, our proof of finite generation is
quite constructive. We embed G in some general linear group GL, and establish
the existence of universal extension classes for GL,, of specified degrees. In a direct
manner, these classes provide the generators of H*(G, k).

In order to construct these universal extension classes, we follow closely the
approach of V. Franjou, J. Lannes, and L. Schwartz [FLS]. This entails the study of
extensions in a certain category of functors (in our context, “polynomial functors”).
Certain aspects of this category enable computations of Ext-groups which seem
inaccessible when studying the Ext-groups of G-comodules. On the other hand,
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our functor category is closely related to the category of modules over classical
Schur algebras as shown in section 3.

Much work must be done after constructing these universal classes to establish
that they have the requisite good properties. This work entails further computa-
tions of Ext-groups in the category of polynomial functors.

In section 7, we provide as a corollary of our analysis a new proof of a theorem of
M. Bokstedt[B] computing the homology H.(GL(F,), M (F,)) of the infinite general
linear group over a finite field F;, with ceofficients in its adjoint representation. We
find this pleasing, for our proof is purely algebraic and does not refer to results in
geometric topology.

Except for fields of characteristic 2, we have not found explicit extensions rep-
resenting our universal extension classes. This is one of the many challenges which
remain. The ambitious reader is encouraged to try his hand at further calculations
of functor cohomology which may have bearing on computations of certain algebraic
K-groups.

We briefly summarize the contents of this paper. In §1, we show that Theorem 1.1
is implied by the existence of certain universal extension classes for general linear
groups over fields of positive characteristic p. The universality of these classes
suggest that they should have independent interest. Our category P of polynomial
functors of finite degree is introduced in §2 and its basic properties are proved.
These include the existence of explicit projective and injective generators and a
vanishing result crucial for our calculations of Ext-groups. In a somewhat different
guise, this vanishing theorem was first proved by M. Jibladze and T. Pirashvili [JP].
The relationship between polynomial functors of finite degree and modules over
classical Schur algebras is made explicit in §3 using the properties of P established
in §2. Following S. Donkin [D], we also give a proof of the close relation between
cohomology of Schur algebras and rational cohomology of general linear groups.

In §4, we present a somewhat shortened version of the ingenious constructions of
Franjou-Lannes-Schwartz which establishes the existence of our fundamental exten-
sions. The technique which we have borrowed is the exploitation through hyperco-
homology spectral sequences of the complexes of DeRham and Koszul. Necessary
further computations of Ext-groups between polynomial functors are provided in
85, enabling us to identify in §6 the restrictions of our universal classes to certain
infinitesimal sub-group schemes of GL,,. At this point, the proof of Theorem 1.1
is complete. We continue the paper with our computation of H,(GL(F,), M(F,))
in §7. Finally, in §8 we construct (in the special case of fields of characteristic 2)
explicit injective resolutions of functors S™") which give immediate computations
of the corresponding Fxt-groups and provide, in particular, representatives for our
universal extensions e,..

As pointed out to us by L. Avramov, the finite generation of the cohomology
of a finite dimensional commutative Hopf algebra A follows easily from the known
structure of such algebras as a semi-tensor product of a separable algebra and a
polynomial algebra truncated by p-primary powers of the indeterminants, where
p is the characteristic of the ground field (cf. [W]). We do not know whether it
is reasonable to expect finite generation of the cohomology of an arbitrary finite
dimensional Hopf algebra.

The first author is indebted to many friends for their help and encouragement
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during the long evolution of this proof of finite generation. Brian Parshall, es-
pecially, provided many insights and detected many errors in earlier efforts; Bill
Dwyer recommended consideration of [FLS|, Len Evens helped us understand the
role of finite groups, and Dan Nakano pointed out S. Donkin’s work [D] on Schur
algebras.

§1. REDUCTION TO THE EXISTENCE OF UNIVERSAL CLASSES

We show that Theorem 1.1 as restated below is implied by the existence of certain
universal classes in the rational cohomology of the general linear group.

Let k be a field. We denote by GL,, = GL, j the general linear group over k,
ie.

GLy i = Spec (k[(Xij)i j=1,t]/(det(Xy5) -t — 1)).

An affine group scheme over k is an affine scheme of finite type over k£ endowed with
a structure of group scheme over k. It’s well known (see [W]) that any affine group
scheme over k£ may be embeded as a closed subgroup scheme into some GL,,. The
affine group scheme G/k is said to be a finite group scheme if the coordinate ring
k[G] is a finite dimensional k-vector space, or (what’s the same) if G as a scheme
consists of finitely many (closed) points.

Note that for any affine group scheme G the coordinate ring k[G] has a natural
structure of a Hopf algebra. We recall that a rational G-module M is a comodule
for the coalgebra k[G]. If M is finite dimensional over k, then to make M into a
rational G-module is the same as to give a k-linear action

GxM-—-M

where we use the same notation M for the corresponding scheme Spec S*(M7)
(here M# stands for the dual vector space and S* denotes the symmetric algebra).
This is also the same as to give a homomorphism of group schemes over k

G — GL(M)

where GL(M) is the open subscheme of Endy(M), consisting of endomorphisms
with non-zero determinant (i.e. GL(M) = GL,,; provided that dim;M = n). For
a rational G-module M we denote by H*(G, M) the corresponding rational coho-
mology groups, defined as the Ext-groups Ext*(k, M) in the category of rational
G-modules (see [J]).

Theorem 1.1. Let G be a finite group scheme over k and let M be a finite di-
mensional rational G-module. Then H*(G, k) is a finitely generated k-algebra and
H*(G,M) is a finite H*(G, k)-module.

This theorem is trivial if char k = 0 (in this case H*(G, M) = 0 for i > 0 and
any rational G-module M). So from now on we assume that char k =p > 0. We
first recall the definition and elementary properties of the Frobenius twist.

Denote by f : kK — k the field embeding given by the formula f(A) = AP. For
any vector space M over k we denote by M) the new vector space obtained from
M by means of the base change f : k — k

MY =M@ k.
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We shall use the notation m() for the element m ®rl e M® . Thus M® is
generated as a k-vector space by elements m(?) and the only relations on these
generators are of the form

(my +mg)d = mgl) + mgl); (Am)D) = AP @),

Note that M +— MW is an exact additive functor (called the Frobenius twist) from
the category of k-vector spaces to itself. As any base change functor, the Frobenius
twist takes tensor products to tensor products and duals (of finite dimensional
spaces) to duals, i.e. we have natural isomorphisms

(M®N)(1) MW o NG
(M) = (M H# (dimpM < o).

In particular, if M happens to be a k-algebra (k-coalgebra, Hopf algebra over k,...)
then M is naturally endowed with the same kind of structure.

Let A be a commutative k-algebra. According to what was said above, in this
case AM is also a commutative k-algebra. Moreover we have a natural homo-
morphism of k-algebras A — A : a® X — \-aP. For any k-vector space
M we get, applying the previous remark to the k algebra A = S*(M), a natural
homomorphism of k-vector spaces M) — SP(M) : m® X +— X -mP.

The above construction admits an immediate globalization. For any scheme
X/Spec k we set X() = X ®¢ k. As in the affine case, we have a natural isomor-
phism of schemes over k: (X x; Y)® = XM 5, ¥ This shows, in particular,
that for a group scheme G/k the scheme GV) /k also has a natural group structure.
Furthermore, for any scheme X/k we have a natural morphism of schemes over
k F=Fy:X — XM called the Frobenius morphism (in the affine case, this
morphism corresponds to the k-algebra homomorphism AM — A). If G/k is a
group scheme, then one checks easily that the Frobenius morphism Fg : G — GV
is a group homomorphism.

Let G/k be an affine group scheme and let M be a rational G-module. Applying
the Frobenius twist to the structure homomorphism M — M ® k[G] we get a
homomorphism M) — (M @ k[G])V) = MM @ k[GM)], making M) a rational
module over the affine group scheme G"). Using next the natural homomorphism
of group schemes Fg : G — G we make further M into a rational G-module.
Thus Frobenius twist defines a functor from the category of rational G-modules to
itself.

Assume that the k-vector space M is defined over the prime field IF,, (i.e. we are
given an F,-vector space My and an isomorphism My ®r, k — M). In this case
we have a natural isomorphism M™) = (M, ®r, k) @5 k = My ®p, k = M. In the
same way if a scheme X/k is defined over F), then we get a natural isomorphism
of schemes over & X = X . Furthermore if G/k is a group scheme defined over
F, then the corresponding isomorphism G = @ is compatible with the group
structures on G and G respectively. Thus for group schemes defined over F,, the
Frobenius homomorphism may be written in the form

F:G — G
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According to definitions, this homomorphism corresponds to the Hopf algebra ho-
momorphism k|G| — k[G] which is identity on k and coincides with raising to
the power p on Fy[Go]. We denote by G,y the kernel of the iterated Frobenius
homomorphism F" : G — G. Thus, in particular,

(GLuk) ) = Spec k[(Xi)P 1]/ (XE = 85).

One reason why Frobenius twist behaves well with respect to the group actions
lies in the fact that it is a polynomial functor. By this we mean that for any finite
dimensional k-vector spaces M, N the map Homy, (M, N) — Homy(M™, NV) de-
fined by the Frobenius twist is a homogeneous polynomial map of degree p. This
fact may be used to give a slightly different description of the G-structure on M 1),
Assume that M is a finite dimensional rational G-module. The polynomial map
Endy(M) — Endp(M™) may be considered as a morphism of schemes. Further-
more this morphism of schemes takes the open subscheme GL(M) C Endy(M) to
GL(MW) c End,(M™) and defines a group scheme homomorphism

GL(M) — GL(MW) (= (GL(M))™).

Composing this homomorphism with the original homomorphism G — GL(M) we
get a homomorphism G — GL(M™) making M) into a rational G-module. One
checks immediately that this G-structure coincides with the one discussed above.

We proceed to show that our Theorem 1.1 is implied by the following result,
in the formulation of which we denote by gl,, the adjoint representation of GL.,,
(viewed as a rational GL,-module).

Theorem 1.2. Assume that k is a field of characteristic p > 0. For any n > 1,
r > 1 there exist rational cohomology classes (defined over the prime field F,,)

e, € H* (GLpp, gl)

which restrict nontrivially to Hzprfl((GLn,k)(l),gl,(f)) = Hzprfl((GLn,k)(l),k) ®
()
gln .

Proof. We shall construct the classes e, in section 4 and establish the non-triviality
of their restriction to (G Ly,x)1) in section 6.

Remark 1.2.1. The classes e, defined for all n > 1 are compatible in the following
sense. For any n < m we consider the standard embeding (into the left upper

corner)
1= Z'n,m : GLn’k — GLm’k

and the standard G L, p-equivariant projection
P = DPnm : Glm — gln

sending the matrix o = (a;;),"7_; to its left upper corner p(a) = (ai;);75—1- The
pair (i, p) defines homomorphisms on the rational cohomology groups

o (r)
H*(GLy oy g15)) 5 H*(GLy g, g15)) 2% H* (G Ly g, gl D).
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We show in Lemma 6.1 that the image of e, € HQPT_I(GLm,k,gl%)) under the
above homomorphism coincides with e, € H2P" ' (GLy gly)).

Remark 1.2.2 Starting with cohomology classes e; € Hzpi_l(GLmk,glgf)) and
using the Frobenius morphism

F:GLp, — GLy, i

we can construct a few more rational cohomology classes. Note that if we start
with a rational GL,, ;-module glgf ) and endow it with a new structure of a rational
G L, y-module using the homomorphism F' : GL,, , — GL,, 1, then this new rational
G Ly, p-module is naturally isomorphic to glgf ), Thus, pulling back cohomology
classes via F' defines a natural homomorphism

H* (GLn,k7 gl'gzl)) - H* (GLn,k7 gl;’t"‘l))

We shall use the notation ¢ for the image of ¢ € H* (GLn,k,glgf)) in
H *(GLmk,gl,(fH)). Applying this procedure to the cohomology classes e; &€
Hzp%l(GLn,k,glg)) we get new cohomology classes egj) € Hzpzfl(GLn,k,gngrj)).
Note that the restriction of egj) to (GLp,k) 1) is trivial if j > 0.

In establishing that Theorem 1.2 implies Theorem 1.1, we start with the case of
infinitesimal group schemes (i.e. connected finite group schemes). Let G = Spec A
be an infinitesimal group scheme, let € : A — k be the augmentation defined by
the unit of G and let 99T be the kernel of €. By definition, the ideal 91 is nilpotent
and hence there exists N > 0 such that 2P" = 0 for all € 9. The minimal N
with this property is called the height of the infinitesimal group scheme G and is
denoted ht(G). The height may be characterized also in slightly different terms as
one sees from the following elementary Lemma, the proof of which we leave as an
(easy) exercise to the reader.

Lemma 1.3. Let G be an infinitesimal group scheme over k and let r > 0 be an
integer. The following conditions are equivalent

(1) » > ht(G)

(2) There exists a closed embeding G — (G Ly k) (r)

(3) For any closed embeding G — GL, the image of G is contained in

(GLn,k)(r) .

Assume that G is an infinitesimal group scheme of height . Choose an embeding
(r—1)

i

G < (GLy k) (r)- Since the action of G on (gl,)") is trivial we get, restricting e
to G the cohomology classes

e o € HY(GLgl)) = B NGk @l = Homy (gl H? (G, K)).

(3

In other words egT_i) defines a k-linear map

e la s (gl))F — HYTUGR)
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and hence a homomorphism of graded k-algebras
S* (gl (20'71) — H* (G, k).

Here the index 2p’~! in the parentheses indicates the degree in which (glgf))# is

placed. Taking the product of all these homomorphisms we get a homomorphism
Q) S* (gl * (20" ) — H*(G, k).
i=1

Lemma 1.4. Denote by Tr € gl¥ the trace homomorphism. All the k-linear maps
r—i r r i—1
e gt (g)F = (gl — BTG, )

vanish on the one-dimensional subspace k - Tr") and hence factor via (gl# /k -
Tr)") = (Ker Tr)#)") = (s1#)("),

Proof. This follows from the commutativity of the diagram

1—1

H? " (GL gy gll])) —— H'7(G, ) = Homy (gli)#, H*' (G, k)

l(Tr(T))* loTr(’")

H? (QLy k) — H? (G, k)

since H*(GLy, i, k) = 0 for = > 0.

For infinitesimal groups our Theorem 1.1 may be given the following more con-
structive form.

Theorem 1.5. Let G C (GLyn k) be an infinitesimal group scheme over k of
height r. Let further C' be a commutative k-algebra (considered as a trivial
G-module) and let M be a noetherian C-module, on which G acts by C-linear
transformations. Assume that n 0 mod p. In this case H*(G, M) is a noether-

ian module over the algebra @;_, S*((glgf))#(Qpi_l)) ® C. In particular H*(G, k)

is a finite module over a finitely generated algebra @);_, S*((glg))#(Qpi_l)) and
hence is finitely generated.

Remark 1.5.1. Using remark 1.2.1 one sees easily that the restriction n # 0
mod p is superfluous. However, the present formulation is sufficient for our pur-
poses.

Corollary 1.5.2. Let G be an infinitesimal group scheme of height r over k and let
M be a finite dimensional rational G-module. Then H® (G, k) is a finitely generated
k-algebra and H*(G, M) is a finite H* (G, k)-module.

Proof. Choose an embeding G < (GLy ) with n # 0 mod p. Applying now
Theorem 1.5 with C' = k we conclude that H*(G, M) is a noetherian module over
the finitely generated k-algebra A = ®@7_,5*(((gl,)")#(2p*~1)). Since the action
of the latter algebra on H*(G, M) factors via H®V(G, k) we conclude that H*(G, M)
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is a noetherian (and hence finite) module over the algebra H®V (G, k) as well. Finally
taking M = k we see that the algebra H®V(G, k) is a finite module over the finitely
generated k-algebra A and hence is also finitely generated.

In the course of the proof of the Theorem 1.5 we will use several times the
following elementary Lemma which is the main tool in proving finite generation via
the spectral sequences. All the spectral sequences appearing in the next Lemma
are assumed to consist of k-modules, k-algebras,... where k is a fixed commutative
ring, all tensor products are taken over k.

Lemma 1.6. Let EY? = EPT? be a first quadrant (graded commutative) ring

spectral sequence. Let further EYY = EPT1 be a first quadrant spectral sequence
which is a module over E. Assume further that we are given graded commutative
rings A and B concentrated in even degrees and graded ring homomorphisms A —
Ey and B — E;’O. Using the natural graded ring homomorphisms E;’O — BX0 —
Es and Es — E%* — Eg’* we produce further graded ring homomorphisms A ®

BL E. amdAeB % ES". Assume that g makes E5™ into a noetherian module

over AR B. Then f makes E, into a noetherian module over A ® B.

Proof. Denote by A, the bigraded subalgebra of permanent cycles in E’* and by
M, denote the bigraded A,-submodule of permanent cycles in E;*. For each r
d-(E**) is an ideal in A, and A, = A, /d.(E"*). In the same way d,.(E}*) is a

A,-submodule in M,. and M, ;1 = M,/ :ZT(E:*) Our definitions imply immediately
that g(A ® B) C Ag and hence all M,. may be considered as A ® B-modules via g.

~

Since E3" is a noetherian A ® B-module we conclude that My is also a noetherian
A ® B-module and hence the sequence of epimorphisms My — M3 — ... consists

of isomorphisms starting with a certain stage r. This implies that d; =0 for ¢ > r
and hence M, — EZ**. Thus we conclude that EZ%* is a noetherian A ® B-module.

The A ® B-module structure on E;o* is defined via the homomorphism A ® B —
Ay — EZ%*. Consider now the graded ring homomorphism f: A® B — E,,. Note
that f(B’) C F/(EZ,) and hence if we define filtration on A ® B via the formula

Fi(A® B)=A® (P B
i>)

then f becomes a homomorphism of graded filtered rings. The associated bigraded
ring for the filtered ring A ® B may be identified canonically with A ® B and the
homomorphism

gr(f): A® B = gr(A® B) = gr(Fu) = B3

coincides with the composition A ® B — Ay — E%*. Thus ELf = gr(F) is a

noetherian module over gr(A® B) and hence Eoo is a noetherian module over A® B
(via f) - see [E] Proposition 2.1.
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Proof of the Theorem 1.5 (assuming Theorem 1.2). We start the proof of the Theo-
rem 1.5 with a special case r = 1. This case was already settled in [FP1], but since
we need details of the computations we remind the proof. For any infinitesimal
group scheme G of height one the Hopf algebra k[G]# is canonically isomorphic
to the universal restricted envelopping algebra of the corresponding restricted Lie
algebra g. Hence rational cohomology of GG coincides with cohomology of the re-
stricted Lie algebra g and hence for any rational G-module M we have the May
spectral sequence (see [M,FP2])

0 if s is odd

ESt = ESY (M) = = H*TYG, M).

0 0" (M) {S”((g(l))#)®At(g#)®Mifs:2n ( )
The differential dy of this spectral sequence coincides with the Koszul differential
of the complex A*(g#) ® M, whereas d; = 0 by dimension considerations. Thus

0 if s is odd

s,t _ s,t _

Ey' (M) =E]" (M) = {Sn((g(l))#) ® H'(g, M) if s = 2n.

In the present situation, E(C') is a ring spectral sequence and E(M) is a mod-
ule over E(C). Furthermore E3°(C) = EF°(C) = (¢M)# ® C. Taking now
B = S*((¢g"M)#(2)) and A = C (with trivial grading) in Lemma 1.6, we conclude
immediately that H*(G, M) is a noetherian module over S*((¢™M)#(2)) ® C. To
finish the proof of the Theorem 1.5 for groups of height one, it suffices now to
show that the homomorphism (ng))# — H?(G, k) appearing in the formulation
of Theorem 1.5 coincides (up to a non zero scalar factor) with the composition
(gl%l))# — (¢# — H?(G, k) where the first arrow is obtained by duality from
the map of Lie algebras g < gl,,, corresponding to the closed embeding G — GL, i,
and the second arrow is the edge homomorphism in the May spectral sequence. In
view of the naturality of the May spectral sequence it suffices to check the last state-
ment in the special case G = (GLy 1)(1). For future use, we prove the following
more general result.

Lemma 1.7. Assume that n #0 mod p. Let (glgf))# — HQPT_I((GLnyk)(l), k) be
a non zero GL,, -equivariant homomorphism vanishing on Tr") e (glgf))#. Then

this homomorphism coincides (up to a non-zero scalar factor) with the composition

r—1

(gI)# — SP" (gl #) — H?P" (GLp i) 1), k)

1

where the first arrow is raising to the power p"—" and the second arrow is the edge

homomorphism in the May spectral sequence.

Proof. From the May spectral sequence we extract the following exact sequence of
rational GL,, -modules

0 — H ((GLn) (1), k) — H (gln, k) 2 (gI)# — H*((GLy 1) 1), k)
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An easy computation shows that Hl((GLn,k)(l), k) = 0 whereas H'(gl,,k) = k.
Since the only GL,-invariant element in (911(11))# = (giHD is Tr(M) we con-
clude that the edge homomorphism (gi#)") — H?((GLy, k) (1), k) vanishes on Tr()
and hence factors via (Sl#)(l). Using the multiplicative properties of the spec-
tral sequence, we conclude next that the edge homomorphism Spr_l((gl# Yy —
Hzprfl((GLn,k)(l),k) factors via S ((sl#)()). The assumption n % 0 mod p
implies that slﬁé = sl,, is an irreducible GL,, y-module of high weight €, — € (see
section 3 for conventions and notations pertaining to the representation theory of
GL,). Thus (si#)(") = sl'7) is an irreducible G L,,-module of high weight P’ (en—€1).
Immediate computation shows that the only term of total degree 2p”~! in the May
spectral sequence in which this weight appears is ESPT_l’O = Spr_l((gl,(ll))#) and
moreover it appears with multiplicity one. Thus there exists a unique (up to a scalar
((GLy.k) (1), k) and it coincides with the

r—1

factor) homomorphism (sl#)(") — H?P
composition

r—1

(s1#)) = 52" (1) D) = HP 7 (GLnp) 1, k).

Corollary 1.8. Let G C (GLy k) (1) be an infinitesimal group scheme of height 1.
let further C' be a commutative k-algebra (considered as a trivial G-module) and let
M be a noetherian C'-module, on which G acts by C-linear transformations. Assume
thatn %0 mod p. In this case for anyr > 1 H*(G, M) is a noetherian module

over S*((glgf))#@p?"_l))@C (here S*((glg))#@p’"_l)) is mapped to H*(G, k) using
78 |G)

Proof. According to what was proved above, H*(G, M) is a noetherian module over
S *((911(%1))#(2)) ® C. Thus it suffices to show that the k-algebra homomorphism

S*((gliM*(2p" 1)) — H*(G. k)

may be factored via S*((gl%l))#(2)) and that S*((glg))#@)) is a finite module

over the (finitely generated) k-algebra S *((glg))#@p ~1)). As always it suffices to
consider the special case G = (GLy 1)(1). In this case the statement follows from
the nontriviality of the restriction of e, to (GLy, 1)1y and Lemmas 1.4 and 1.7.

Now we are prepared to settle the general case of Theorem 1.5. Let G' C
(GLnk)(r—1) be the image of G C (GLy )y under the Frobenius endomorphism
F : GLyy — GLpy and let H = G N (GLyk)1) be the kernel of the induced
(surjective) homomorphism F' : G — G’. Thus we have an extension of infinitesimal
group schemes

1-H—-G—-G —1

and hence the associated Lindon-Hochschild-Serre spectral sequence (see [J])
ESY(M) = H*(G',H'(H, M)) = H*(G, M).
Set A = S*((glgf))#@pr_l)) ®C, B = ®::_11 S*((glgf_l))#(Qpi_l)) and consider
the standard maps (defined by el(-r_l_i) ler and e, |¢)
B — H*(G',k) = E3°(k), A— H*(G,O).
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Corollary 1.8 shows that H*(H, M) is a noetherian A-module. Applying now the
induction hypothesis to the group G’ of height r — 1, the k-algebra A, and the
noetherian A-module H*(H, M) on which G’ acts by A-linear transformations, we
conclude that E3*(M) is a noetherian A ® B-module and hence H*(G, M) is a
noetherian A ® B-module according to Lemma 1.6. Finally we remark that our
definitions imply that for any ¢ = 1,...,7 — 1 the following diagram commutes

e(rflfi)

S* (gl ) #(2p= 1)) = H*(G', k)

| -

. el D
S* (gl )2 ) T HY(G.K)
and hence the algebra B ® A and the homomorphism B ® A — H*(G, C') coincide
with the corresponding data from the formulation of the Theorem 1.5.
To finish the proof of Theorem 1.1 we need two more Lemmas. The first one is
the version of the Main Lemma of Evens [E].

Lemma 1.9. Let Gy be a finite group scheme over k and let m be a finite group
of order n acting on Gy by group scheme automorphisms. Consider the semidirect
product mx Gy = G and the natural embeding Gy — G. Assume that £ € H*'(Gy, k)
is invariant under the action of m. Then there exists n € H?"(G, k) such that

n ‘Go: §n.
Proof. Let m act on G;™ permuting the factors : 3 {gatacr = {9s-1a}acr and
let Gy — G{™ be the closed embeding given by the formula g — {a 'g}acx

This group homomorphism is compatible with the action of 7 and hence defines a
homomorphism on semidirect products

G=1xGy—n1xG}"=Golm.

Let I*® be an injective resolution of the k[Go]-comodule k. Introduce some linear
ordering on the set 7 and consider the complex (I°)®7™. This complex is an in-
jective resolution of k considered as a (trivial) comodule for k[Gy™] = k[Go|®.
Furthermore one can define the action of 7 on this complex setting

B : (®a€7‘rxoz) = E(ﬁa deg Z‘a) : (®oz€7rx6*1a)'

Here € is an appropriate sign depending on the chosen ordering of 7, 8 and the
degrees of z, -see [E] page 231. The choice of € is dictated by the necessity for
this action to commute with the differential. One essential point is that e = 41 if
degrees of all x,, are even. The actions of k[G; "] and of w on (I*)®™ are compatible
and give rise to the action of the coalgebra k[Go ! 7] on (I*)®™. Since (I°)®7 is an
acyclic k|G ! m]-comodule complex over k we have natural homomorphisms

H*(([(I%)S]%m)7) = H*(((I*)®7) ') — H*(Go tm, k) — H*(G, k).

Let z € (I?")%0 be a representing cocycle for £. Then r® ...Q@x € (((I*)%°)®™)™ is
a cocycle and hence defines a cohomology class n € H2"(G, k). A straightforward
verification shows that 7 |g,= &".

We leave the proof of the following elementary fact as an easy exercise to the
reader
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Lemma 1.10. Let A be a finitely generated commutative k-algebra and let w be a
finite group acting on A by k-algebra automorphisms. Then A is a finite module
over the subalgebra of invariants A™ and the algebra AT is finitely generated.

Proof of Theorem 1.1. Note that if ¥’ is any extension of k then for any affine group
scheme G/k and any rational G-module M we have the following relation - see [J]

H*(Gk/,Mk/) = H*(G,M) R K.

This formula shows that the validity of Theorem 1.1 for G and My, implies its
validity for G and M and enables us to replace k by an appropriate extension k' /k.
Passing to an appropriate finite extension of £ we may assume that all points of
the group scheme G are k-rational. In this case G is a semidirect product of its
connected component Gy and a finite group m = G(k) of its k-points. Consider the
Lyndon-Hochschild-Serre spectral sequences

Est(k) =H*(r, H'(Go, k)) = H**(G, k)
ESH(M) =H*(rr, H(Go, M)) = H*+'(G, M).

According to Corollary 1.5.2 H*(Gy, M) is a finite module over the finitely gen-
erated commutative k-algebra H® (G, k). Furthermore Lemma 1.10 implies that
H*(Gy, M) is a finite module even over the subalgebra H® (G, k)™. Choose a finite
system of generators & € H?'i(Gy, k)™ of the latter algebra and denote the order of
7 by n. According to Lemma 1.9, there exist cohomology classes n; € H2"(G, k)
such that 7; |g,= &. Let A be the subalgebra of H*(G, k) generated by 7n; and let
B be the algebra H®V(m, k). The algebra B is finitely generated according to the
theorem of Venkov-Evens ([V,E]). Furthermore the action of 7 on A is trivial and
H*(Gy, M) is a finite A-module according to our construction. A theorem of Evens
[E] now shows that H* (7w, H*(Go, M)) is a finite B ® A-module. Using once again
Lemma 1.6, we conclude that H*(G, M) is a finite B ® A-module. Taking M = k
we see that H*(G, k) is a finite module over a finitely generated algebra B ® A and
hence is also finitely generated.

§2. THE CATEGORY P OF POLYNOMIAL FUNCTORS OF FINITE DEGREE.

In this section, we establish basic properties of the category P (of polynomial
functors of finite degree) in which we shall make computations of Ext-groups in
order to prove Theorem 1.2. The two key results are Theorem 2.10 which constructs
convenient projective (and injective) functors and Theorem 2.13 which provides a
very useful vanishing theorem.

Let k be a field. Denote by V the category of finite dimensional vector spaces over
k and k-linear maps. For any V,W € V set Hompu(V,W) = S*(V#) @ W, where
V# is the k-linear dual of V and S*(V#) is the symmetric algebra on V#. The
elements of Homp,(V, W) are called polynomial maps from V to W. A polynomial
map is said to be homogenous of degree d if it belongs to S*(V#) @ W.

Observe that every polynomial map p : V — W determines a set map from V to
W (which we will usually denote by the same letter p) and is determined by this set
map provided that the field £ is infinite. Thus over infinite fields polynomial maps
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may be identified with set maps p : V' — W having the property that (with respect
to some choice of bases for V' and W) the coordinates of p(v) € W are polynomial
functions in coordinates of v € V.

Quite often we will be identifying vector space V over k with the corresponding
affine scheme Spec S*(V#). It’s clear that with this identification we have the
following formula:

Hompo(V,W) = Homgep,(V,W).

The last formula enables us in particular to define a composition map
Hompo(V,W) x Hompo (U, V) — Hompy (U, W).

Note also that we can extend scalars in polynomial maps, so that whenever p : V —
W is a polynomial map and k' /k is a field extension we may consider a polynomial
map pys : Vir — Wy (and hence also the corresponding set map Vir — Wy ). Note
finally that Homy(V,W) = V# @ W C Hompy(V,W), i.e. k-linear maps may be
identified with homogenous polynomial maps of degree one. In the same way each
bilinear map U x V' — W defines a homogenous polynomial map of degree 2.

Definition 2.1. A polynomial functor T :V — YV is a pair of functions, the first
of which assigns to each V. € V a new vector space T(V) € V and the second
assignes a polynomial map Tyw € Hompo (Homy(V,W), Homi(T'(V), T(W))) to
each pair V,\W € V. These two functions should satisfy the usual conditions from
the definition of a functor, which now take the form:

(2.1.1) For any vector space V € V we have: Tyy(ly) = 1pey).
(2.1.2) For any U,V,W €V the following diagram of polynomial maps commute

Homy,(V,W) x Hom (U, V) — Homy, (U, W)
TV,WXTU,Vl J/TU,W

Homy(T(V), T(W)) x Hom(T(U),T(V)) —— Homy(T(U), T(W)).

Note that over an infinite field k one can identify polynomial functors with usual
functors T' : V — V which have the property that for any V, W € V the natural map
of k-vector spaces T : Homy(V,W) — Homy(T(V),T(W)) is polynomial. Thus
the above definition is really necessary only dealing with finite fields.

Let G/k be an affine group scheme and let V' be a finite dimensional representa-
tion of G. Thus we are given a homomorphism of k-groups G — GL(V'). Assume
further that T is a polynomial functor. By definition, T" defines a morphism of
schemes over k Tyy : Endi(V) — Endi(T(V)). Moreover one checks easily
that this morphism takes the open subscheme GL(V) C Endy(V) to GL(T(V)) C
End(T(V)) and defines a homomorphism of group schemes over & T : GL(V) —
GL(T(V)). Composing this homomorphism with the original homomorphism G —
GL(V) we see that we have a natural representation of G in T'(V') as well.

The above remark explains the role of polynomial functors in construction of
representations of affine group schemes.
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Lemma 2.2. Let T :V — V be a polynomial functor and let n > 0 be an integer
then the following conditions are equivalent

(1) For any V €V, any field extension k'/k, and any X\ € k'*, the k'-linear
map Tp (X - 1y,,) € Endp (T(V)pr) coincides with A" - 1y,

(2) For any V €V, n is the only weight of the representation of the algebraic
group G, in T(V) obtained by applying T to the evident representation of
Gm inV.

(3) For any V,W € V, the polynomial map Tyw : Homip(V,W) —
— Homy(T'(V), T(W)) is homogenous of degree n.

A polynomial functor satisfying one of these equivalent conditions is said to be
homogenous of degree n.

Proof. The equivalence of (1) and (2) is straightforward. Furthermore it is clear
that (3) implies (1). Assume now that (1) is satisfied. Let k’/k be any infinite field
extension of k. Note that the polynomial map k' — Endg (Vi) : A +— Tpr(\-
ly,,) = A"-1pv),, takes zero value for all A # 0 and hence takes zero value for A = 0
as well. Consider now the polynomial map T{,7W = (Tv.w)k : Homp (Vir, Wir ) —
Homy: (T(V) g, T(W)g:). For any f € Homy (Vir, W) and any A € k' we have
Tow A ) =Ty w (A 1w, ) o f) = Ty w (A Lwy, ) o Ty, (f) = A" - Ty, 1y (f). This
shows that the polynomial map T} ",7W and hence also Ty is homogenous of degree
n.

Here is a list of standard examples of homogenous polynomial functors. In each
case we indicate only the action of the functor on vector spaces (the corresponding
polynomial maps are more or less self evident).

(i.) ®:V — Vis the polynomial functor sending a vector space V to its d-th tensor
power V&,

(ii.) A? : V — V is the polynomial functor sending a vector space V to its d-th
exterior power A%(V) defined as an appropriate quotient of V®9,

(iii.) 8¢ : ¥V — V is the polynomial functor sending a vector space V to its d-th
symmetric power S4(V) = (V®)5 where X, is the symmetric group on d
letters.

(iv.) T¢:V — Vs the polynomial functor sending a vector space V to its d-th divided
power ['4(V) = (V®4)Za,

(v.) Assume that k is a field of positive characteristic p > 0. The Frobenius twist
V — V) | discussed in the previous section is a homogenous polynomial functor
of degree p.

Observe that (for k infinite) the polynomial functor (—)™) is an equivalence of
categories, but its inverse (—)(~1) is not a polynomial functor.

Let S and T be polynomial functors. A natural transformation (or functor
homomorphism) f : S — T is a collection of k-linear maps fy : S(V) — T(V)
given for all V' € V and satisfying the following property. For any V,W € V the
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following diagram of polynomial maps commute

Homp(V,W) 2. Homy(S(V), S(W))

TV,Wl lfwo

Homp(T(V), T(W)) —L Homy,(S(V), T(W)).

Having defined homomorphism of functors we may consider the category whose
objects are polynomial functors and whose morphisms are functor homomorphisms.
One checks easily that this category is abelian.

Let T : V — V be any polynomial functor and let V' € V be a vector space. Con-
sider the representation of the algebraic group G, in T(V), obtained by applying
T to the evident representation of Gy, in V. Since the group Gy, is diagonalisible
we conclude that T'(V) is a direct sum of weight subspaces T, (V) (see [J]). The
weight subspace T}, (V') has the following description:

T,(V)={zeT(V): T\ 1y, )(z@1) =\"-(z®1), YA k' VK'/k}.

Using this description one checks easily that T, is a polynomial subfunctor of T'
(called the n-th homogenous component of 7'). Finally since the action of G,
in (V) is polynomial we conclude easily that T, (V) = 0 for n < 0. We derive
immediately from Lemma 2.2 the following assertion

Corollary 2.3. max (n:T,(V) #0) coincides with the degree of the polynomial
map T : Endg (V) — Endi(T(V))

Definition 2.4. We will say that the polynomial functor T is a functor of finite
degree if the degrees of the polynomial maps T : Endi(V) — End(T(V)) (V € V)
are bounded above. The maximum of these degrees is called the degree of T and
denoted deg T.

The following Lemma is clear from the previous discussion.

Lemma 2.5. Any polynomial functor of finite degree T is equal to the direct sum
of it’s homogenous components : T = @ff:goT T,.

The preceding argument easily implies the following splitting of the category P.
The other assertions of the following proposition are essentially self-evident.

Proposition 2.6. Let P denote the abelian category of polynomial functors of finite
degree. Then
P =P Pu,
d>0

where Py C P denotes the full subcategory of homogeneous polynomial functors of
degree d.
Tensor product determines a biexact functor

® : Pqg X Pe — Pate-
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Moreover, if we define the functor T by setting T# (V) = T(V#)#, then sending
T to T# determines an equivalence of categories

(—)* PP =P

which preserves degree.

Classical linear algebra enables us to conclude that A? is self-dual (i.e., A% =
A9) and that S¢ T'? are mutually dual (i.e., S%% = I'? and I'¥* = §9).

Note that to give a polynomial map p : V — W is the same as to give a k-
linear homomorphism a, : @5~ ,'*(V) — W which is zero on all but finitely
many components. The relationship between p and «,, is given by the formula
p(v) = ap (> oo v®?) Vo € V (this expression makes sense since o, is zero on all
but finitely many components). Hence, a polynomial functor 7' determines for any
V,W €V a natural k-linear map @~ ,I'‘(Homy(V,W)) @ T(V) — T(W) (equal
to zero on all but finitely many components).

Lemma 2.7. Let T be a polynomial functor and let V,W €V be two vector spaces.
The following conditions are equivalent:

(1) For any infinite extension k' /k the natural map

Ty (f
A v =),
feHomk’(Vk”Wk’)

18 surjective.
(2) There exists an extension k' /k such that the above natural map is surjective.
3) The natural map @5  THHomy(V,W))®@ T(V) — T(W) is surjective.
d=0 J

Proof. 1t’s clear that (1) implies (2). Furthermore (2) implies that the natural map
D, T Homy(V,W)) @ T(V) — T(W) becomes surjective after tensoring with
k" over k and hence is surjective. Finally to show that (3) implies (1) we use the
following Lemma

Lemma 2.7.1. Assume that the field k is infinite. Then for any V € V and
any N > 0, the k-vector space @fivzo I'4(V) is generated by elements of the form
Yisev®t (veV)

Proof. The dual vector space to @Zlvzo I'Y(V) coincides with @fivzo S4(V#). Choos-
ing a basis for V' we identify V with k" for an appropriate n. After this identification
the vector space @ilvzo S4(V#) may be identified with the vector space of polyno-
mials of degree < N in n variables. Now our statement takes the following form
(in which it is evident) : if a polynomial (of degree < N) takes zero values in all
rational points v € k™ then it is zero.

Definition 2.7.2. A polynomial functor T is said to be n-generated if the natural
map @5, T (Homy,(k™,V)) @ T(k™) — T(V) is surjective for all V € V. If T is
n-generated for some n > 0, then T is said to be finitely generated.



COHOMOLOGY OF FINITE GROUP SCHEMES OVER A FIELD 17

Lemma 2.8. Let h : V — W be a homogenous polynomial map of degree d > 0.
Then for any n > d and any vy, ...,v, € V, the following equality holds:

v+ 0,) = 3 h(vr 4+ Vi vy)

+ Z h(’Ul‘f""‘f’@il _|_..._|_@Z.2 + o dvy) — o+ (=1)"h(0) = 0.
i1 <ig
Consequently, h(vy + ... +vy,) is equal to an integral linear combination of h(vs, +
ot vs,) with § < d.

Proof. We may assume that W = k and h is a product of linear forms: h = h'-...-h%
The above expression is a linear combination of products of the form h'(v;,) - ...
h?(v;,). This product appears in h(vy +- - -—i-{)\il +-- —i-{)\, +- - -4wvy,) with coefficient
1if {i1,...,is} N {j1,...,ja} = 0 and with coefficient 0 otherwise. Denoting the
cardinality of the set {1,...,n}\ {j1,-..,Ja} by m and noting that m > n —d > 0,
we conclude that the total coefficient with which h'(vj,)-...- h%(v;,) appears in the
above expression is equal to 1 —m + () — ...+ (=1)™ (") = (1 - 1)™ = 0.

Proposition 2.9. A polynomial functor T is finitely generated if and only if it is
of finite degree. More precisely, if T' is n-generated, then deg(T) is the degree of
the polynomial map T : Endy (k™) — Endi(T(k™)); conversely, if T has degree d,
then T s d-generated.

Proof. Assume that T is n-generated and set d equal to the degree of the poly-
nomial map T : Endg (k™) — Endi(T(k™)). Corollary 2.3 shows that T'(k") =
@;’l:o T;(k™). Let now V € V be any vector space. Choose an infinite extension
k'/k. Since for any f € Homy (k'", Vi) the k’-linear map Ty (f) : T(k")p —
T(V ) takes (T;(k™))g to Tj(V )y, we conclude that T'(V )y = @;lzo T;(V)r and
hence T'(V) = @?zo T;(V). Corollary 2.3 shows now that the degree of the poly-
nomial map T : Endi(V) — Endy(T(V)) is at most d.

To prove the converse, it suffices to consider a homogeneous polynomial functor
T of degree d and prove the surjectivity of the natural homomorphism

@ T(k?d) >2T(f) T(k’m)
fikd—km

for all m. If m < d, choose an embeding i : k™ — k¢ and a projection p : k% — k™
such that poi = Im. Since T'(p) o T'(i) = 1p@m), we conclude that the single map
T(p) is surjective.

If m > d, let p; : k™ — k™ denote the projection onto the i-th coordinate:
pi(z1, ..., xm) = (0,..., 24, ...,0). Thus, 1xm =", p;. Lemma 2.8 implies that
Lp(pmy is a linear combination of maps T'(p;, +- - -+p;, ) with s < d. Since each such
pi, +---+pi, : k™ — k™ factors through k¢, we conclude the asserted surjectivity.

As the theorem below shows, the abelian category P has enough projectives.
Indeed, the very explicit functor (homogeneous of degree d)

4" =1%0 Homy(k", =) : V — V
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serves as a projective generator of Py provided that n > d. Of course, the dual
Sd,n — (Fd,n)#

is an injective object of P4, so that P also has enough injectives.

Theorem 2.10. For any homogeneous polynomial functor T of degree d and any
n >0,
Homp, (%", T) = T(k").
Thus, T%"™ is a projective object in Py.
Moreover, for any homogeneous polynomial functor T the associated matural
transformation (natural with respect to T')

0:T(k") T T

is surjective if and only if T is n-generated. Hence, T'%™ is a projective generator
of Pq provided that n > d.

Proof. For any homogenous polynomial functor 7' of degree d and any vector space
V € V we have a natural k-linear map 6y : I'Y(Homy(k™,V)) ® T(k") — T(V).
The homomorphism 6y, depends functorially on V. Thus we get a canonical natural
transformation @ : T(k") ® T'4"™ — T determining a k-linear map

T(k™) — Homp (4™, T).

On the other hand, to each homomorphism of functors a : '™ — T we can
associate an element agn(lgn @ ... ® 1gn) € T(k™), thus defining a k-linear map
Homp(T4" T) — T(k™). A straightforward verification shows that these two
maps relating Homp(I'®"™, T) and T(k™) are mutually inverse.

The last statement is evident from the definitions.

Corollary 2.11. The tensor product of any two projective objects of P is again
projective

Proof. Tt suffices to establish the projectivity of the functor '™ @ I'®™. The
projectivity of this functor follows immediately from the formula Idten+m —

@i—l—j:d—f—e Pz,n ® I‘J,m'
The functor I'*™ splits canonically into direct sum
I (V) =THomy(k*,V)) =T (V") = @ T"(V)e..eI" (V).
di4...4dp=d
Quite often it’s more convenient to work with summands of this decomposition.

Corollary 2.12. For any T € Py, the rational representation of Gy ™" on T(k™)
provides a natural splitting of T(k™) as G ™" -eigenspaces

T(k?n) _ @ T(kn)dl,...,dn
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where the sum is indexed by non-negative integers dy, . .. ,d, which sum to d. More-
over, the identification of Homp(I'®™ T) with T(k™) restricts to an identification

Homp(Pdl R ® Pd”,T) — T(kn)dl"" ,dn'

Proof. The splitting is merely the statement of semi-simplicity of G, ”*". More
explicitly, T'(k™)% @ C T(k™) consists of those € T'(k™) with the property that
Tw (diag( My, ..., Ap)) sends z to A% - Xdn .z for any (A1, ..., \n) € G X" (k') and
any extension k' /k. Using the explicit formula for the inclusion I'' ®...@['% < ['4n
we readily verify the commutativity of the following diagram

Homp(Th @ - @ T T) ——— T(k")ddn

l l

Homp (T4, T) — T (k™)

in which the lower horizontal map sends o : T'%" — T to an (Ign ®- -+ 1gn) as in the
proof of Theorem 2.10 and the upper horizontal map sends 3 : ' @ -- - @' — T

to Brn((e1®...0€e1) QR (en @ ... @ ey))

di dn

We conclude this section with a vanishing result which provides the key tool in
our computation of Ext-groups leading to the proof of Theorem 1.1. Our theorem
is merely a variant of a vanishing theorem of M. Jibladze and T. Pirashvili [J-P]
(see also [F-L-S]).

Theorem 2.13. Let T and T’ be homogenous polynomial functors of positive degree
and let A € P be additive. Then Exth(A,T®T') =0.

Proof. Let e € Ext%(A, T ®T’) be given by an extension of functors
E: 0-T@T -U'—-...-U"—>A—0.
For any functor S € P, pre-composition with S determines a new extension
ES): 0= (T®T)S)—UYS)—..—U"S)— A(S) —0

(where F'(S) denotes the composition of the functor ' with S) and the correspond-
ing element e(S) € Exth(A(S), (T ® T")(S)). Furthermore, any natural transfor-
mation ¢ : S — S’ defines a homomorphism of extensions E(¢) : E(S) — E(S').
The existence of such a homomorphism of extensions implies the following relation
in Btk (A(S), (T @ T')(S")):

(TR T)(¢) - e(S) =e(5) - A(¢).

Consider the additive (“doubling”) functor D € P defined to send V to V& V
equipped with evident natural transformations

il,ig,A:I—>D,p1,p2:D—>I.
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Denote e(D) by €. The preceding equality implies the following relations in
Exth (A, T(D)®T'(D)):

(TRT)A)-e=¢€-AA)
(ToT)(ij)-e=€-A(y), j=1,2.

The additivity of A shows that A(A) = A(i1) + A(iz). Furthermore T'(p; - i2)
T(0) = 0 since T is a homogenous functor of positive degree and also T”(ps - i1) =
T'(0) = 0. Finally we get:

e=(T(p1) @T (p2)) - (T(A)@T'(A)) - e= (T(p1) ®T"(p2)) - €' - A(A) =
= (T(p1) ®T'(p2)) - €' - A(ir) + (T'(p1) @ T'(p2)) - €' - A(ia) =
={Id®T (pz-i1)) e+ (T(p1 - i2) ® Id) - e = 0.

§3 CATEGORIES P4, SCHUR ALGEBRAS S(n,d), AND RATIONAL G L,-MODULES.

As established below in Corollary 3.13, Ext-group calculations in the category
P provide Ext-group calculations for rational GL,-modules. This justifies our
strategy of proving Theorem 1.2 (and thus Theorem 1.1) by considering extensions
in the category P.

In this section, we explain the relationship between polynomial functors of finite
degree and rational GL,-modules. In Theorem 3.2, we show that the category Py
of polynomial functors of degree d is equivalent to the category of finite dimen-
sional modules over the classical Schur algebra S(n,d) provided that n > d. The
remainder of this section is a comparison of Ext-groups in the category (Pol),
of polynomial GL,-modules to Ext-groups computed in the category of rational
GL,-modules. This comparison is one that is well known to the “experts” and was
apparently proved originally by J. Green. Our approach follows that of S. Donkin
in [D].

Throughout this section, k will denote an arbitrary field.

Definition 3.1. For a positive integer n, let A, = k[M,] denote the Hopf algebra
of algebraic functions on the k-vector space M,, of n xn matrices: as an algebra, A,
is a polynomial ring in n? indeterminants; the non-cocommutative comultiplication
of A, is determined by matriz multiplication. Let A(n,d) C A,, denote the subspace
of homogeneous polynomials of degree d; so defined, A(n,d) is a sub-coalgebra of
k[M,). Finally, the Schur algebra S(n,d) is the linear dual of A(n,d), S(n,d) =
A(n, d)*.

As observed by Schur (cf. [G]), this Schur algebra admits another description:

S(n,d) = D4(Endy (k")) =((Endy (k")) *4)% =
= (Endy(k")®4) =Endyz, ()29,

Let Mod{S(n,d)} denote the abelian category of finitely generated left S(n, d)-
modules.
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For any polynomial functor T' € P; we constructed in the previous section a
canonical k-linear map

Opn : T4 Endy, (k™)) @ T(E™) — T (k™).

One checks immediately that this provides T'(k™) with the structure of a S(n,d)-
module. Furthermore, associating to T' € Py the corresponding module T'(k") €
Mod{S(n,d)} we get a functor ¥ : Py — Mod{S(n,d)}.

Theorem 3.2. Assume n > d. Then V : Py — Mod{S(n,d)} is an equivalence
of categories, with quasi-inverse defined by sending M € Mod{S(n,d)} to (M) =
" @g(n,a) M.

Proof. Since T%"(V) = TY(Homy(k™,V)) has an evident structure of a right
S(n, d)-module for any V' € V, ®(M) defined to equal Fd’”®s(n7d)M is a well defined
homogenous polynomial functor of degree d for any M € Mod{S(n,d)}. Naturality
of this construction translates to the assertion that sending M € Mod{S(n,d)} to
®(M) € Py determines a functor ® : Mod{S(n,d)} — Pg.

The composition ¥ o @ is clearly the identity functor. Furthermore one checks

easily that for any polynomial functor T' € P, the natural k-linear map 6y
(V)@ T(k™) — T(V) factors via

Oy : T (V) ®8(n,a) T(E") = T(V).
These maps gv determine a homomorphism of functors
0 : T Qg T(K") — T

natural with respect to 7. This homomorphism is clearly an isomorphism in case
T = T4 (since T(k™) = S(n,d) in this case). Since © is clearly additive, we see
that © is an isomorphism for any direct sum of copies of I'™¢.
If n > d, then Theorem 2.8 implies that any 7' € P; admits a resolution of the
form
(Fn,d)@mg N (Fn,d)EBml —T 0.

We conclude that © is an isomorphism for any such 7" € P; by appealing to the
right exactness of ® o W.

Recall that a rational G L,-module is (by definition) a comodule for the coalgebra
k[GL,). Since GL,, C M,, determines a natural embeding of coalgebras k[GL,,| <
k[M,], any k[M,]-comodule determines a rational G L,-module.

Definition 3.3. A rational GL,-module M 1is said to be polynomial if the fol-
lowing equivalent conditions are satisfied

(1) the comodule structure of k|GL,] on M arises from a comodule structure of
k[M,] C k[GL,].

(2) the action of the algebraic group GL, on M extends to an action of the
algebraic monoid M,,.

(3) the coordinate functions of the representation of GL,, in M are polynomials
in the coordinate functions on GL, (i.e. don’t involve 1/det).
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Definition 3.3.1. A polynomial GL,,-module M is said to be homogenous of degree
d if the following equivalent conditions are satisfied

(1) the comodule structure of k|GL,] on M arises from a comodule structure of
k[My]a C k[M,].

(2) d is the only weight of the action of the center Gy C GL,, on M.

(3) the coordinate functions of the representation of GL,, on M are homogenous
polynomials of degree d in the coordinate functions on GL,,.

We denote by (Pol), the full subcategory of the category of rational GL,,-
modules, consisting of polynomial modules and by (Pol), q the full subcategory
of (Pol),, consisting of homogenous polynomial modules of degree d. Since all rep-
resentations of the group Gy, are semisimple we conclude that every polynomial
GL,-module splits into the direct sum of its homogenous components. Since ev-
ery homomorphism of rational GL,-modules preserves weights we conclude further
that this homogenous decomposition is functorial, in particular, denoting by (Pol)/
(resp. (Pol) fl ) the full subcategory of (Pol),, consisting of polynomial modules of
finite dimension we have the following decompositions

(Pol), = [[(Pol)na .,  (Pol)}, =EPDPol)! , .
d=0 d=0

For any polynomial functor T" and any n, the rational GL,-module T'(k™) is clearly
polynomial. Furthermore, associating to T' € P the polynomial G L,-module T'(k™)
we get exact additive functors

P — (Pol)f ., Py— (Pol)j;d

Lemma 3.4. Ifn > d, then the functor Py — (Pol) .4 s an equivalence of cate-
gories.

Proof. Note that for any finite dimensional coassociative k-coalgebra B to give a
left B-comodule structure on a vector space M is the same as to give a left B#-
module structure on M: the comultiplication M — B® M defines the multiplication
B*¥ @M — B* @ BQM — k® M = M and vice versa. Thus the category of
left comodules over B is canonically equivalent to the category of left B#-modules.
Applying this remark to the coalgebra k[M,]s we get a canonical equivalence of
categories (Pol)m a0 — Mod{S(n,d)}. Now our statement follows from Theorem 3.2
and the commutativity of the following diagram of functors

Pa S (Pol)f;d

=| |=

Mod{S(n,d)} ———— Mod{S(n,d)}.
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Corollary 3.4.1. If n > d, then for any two homogenous polynomial functors
S, T € Py the exact functor P — (Pol),, sending T to T(k™) induces isomorphisms

Extp(S,T) = Extfpyy (S(™), T(K")).

Proof. This follows immediately from Lemma 3.4 and the obvious fact that inclu-
sions of categories (Pol)f; g — (Pol)y.q — (Pol),, induce isomorphisms on Ext-
groups ( for the first inclusion use the local finiteness of rational modules).

In the remainder of this section we are going to consider the category of ratio-
nal modules over the reductive group GL,. Let T,, ={the subgroup of diagonal
matrices} denote the standard maximal torus of GL,, let further B,, ={the sub-
group of upper triangular matrices} and B;" ={the subgroup of lower triangular
matrices} be two standard Borel subgroups of GL,,. We denote by A = X (7,,) the
weight lattice of GL,; the elements of A will be usually identified with sequences
A = (A,..., \p) of integers. We denote by ¢; = (0,...,1,...,0) the i*" standard
basis element of A. We denote further by ® C A the root system of GL,,. Thus
@ = {(¢j — €i)1<izj<nt- Welet @7 = {(¢; — €)1<icj<n} be the system of pos-
itive roots corresponding to the Borel subgroup B;I. Let finally AT C A denote
the subset of dominant weights. Thus AT = {XA = (A\,.., ) @ (N —€) >
0 forany j >i}={A=(A1,.., ) : A1 < ... <A\, }. We write A > p provided
that A —p = >, my j(e; — €) with each m; ; > 0 (ie. A —p € Z7-2F). We
identify the Weyl group of GL,, with X,,.

Proposition 3.5. A rational GL,,-module M is polynomial if and only if all the
weights A\ = (A1, ... ,\n) of M satisfy the condition that each \; > 0.

Proof. Assume that M is a polynomial GL,-module. Let A be a weight of M
and let e € M be the corresponding weight vector. Complete e to a basis of M.
Note that (in this basis) A is a coordinate function of the restriction of the given
representation of GL,, to the maximal torus 7,,. We conclude now from Definition
3.3 that

Mdiag(z1,...,zn)) = 230 - .-z

is a polynomial function in x; and hence A\; > 0 for all 7.

Conversely, assume that all weights appearing in M have non-negative coordi-
nates. In proving that M is polynomial we may (and will) assume that M is finite
dimensional over k. Choose a basis for M consisting of weight vectors and write
the representation of GL, in M in the form a — f(a) = g(a)/(det a)*, where
g(a) = (gij(a))ﬁ\fj:l is a matrix depending polynomially on «. Proceeding by in-
duction on £ it suffices to show that if £ > 0 then all polynomials g;; are divisible
by det. Since the polynomial det is irreducible it suffices to show that g(a) = 0
provided that o € M, (k) and det(a) = 0. This is clear if a is a diagonal matrix.
To settle the general case note that the equation g(5-~) = g(f) - g(7) holds for

any 3,7 € GL,(k). Since both sides of this equation depend polynomially on 16}
and v we conclude that this equation holds for any 8,7 € M, (k). Any matrix
a € M, (k) may be written in the form o = - «ag - 7, where 3,7 € GL, (k) and

the matrix «q is diagonal. Now if det(a) = 0 then det(ag) = 0 as well and hence
g(a) = g(B) - g(ao) - g(v) = 0.
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Corollary 3.5.1. Let M be a finite dimensional rational GL,,-module. Then M
is polynomial if and only if all mazimal weights p = (1, ..., pn) of M satisfy the
condition py > 0.

Proof. Assume that the above condition is satisfied. Let A = (Aq1,..., A,,) be any
weight of M and let u be a maximal weight such that 4 > A. Note that inequality
> X\ implies that g1 < A; and hence A\; > 0. Thus all weights A of M satisfy
A1 > 0. On the other hand the set of weights of any module is stable with respect
to the action of the Weyl group 3,,. Applying the above inequality to the weights
oA (o €X,) we conclude that A\; > 0 for all i.

Corollary 3.6. If
0—-M —-M-—M'"—-0

1s a short exact sequence of rational GL.,,-modules, then M 1is polynomial if and
only if both M'" and M" are polynomial.

Proof. This follows from Proposition 3.5 and the observation that X is a weight of
M (i.e., the A weight-space of M is non-zero) if and only if A is a weight of either
M’ or M".

Corollary 3.7. Sending a rational G L, -module M to the largest polynomial sub-
module G(M) C M determines a left-exact functor

G : (GL,-modules) — (Pol),,

from the category of rational GL,-modules to the category of polynomial GL,,-
modules. The functor G is right adjoint to the inclusion functor
(Pol),, — (GL,-modules).

Proof. By Corollary 3.6, the sum of all polynomial submodules of M is again poly-
nomial, so that G is well-defined. The functoriality of G follows from the fact that
the image of a polynomial module is again polynomial (by Corollary 3.6 once again).
The properties of G are clear from definitions and Corollary 3.6.

For any dominant weight A € A™ we denote by S(\) the irreducible G L,,-module
of high weight \. We denote further by hg()\) the rational GL,-module ky|&Ln
induced from the 1-dimensional B,-module k) determined by A. Thus S(\) may
be identified with the socle of ho(A) (see [J]). Finally we denote by V(\) the Weyl
module ho(—wo)#, where wq is the element of the Weyl group taking B,, to B,
(i.e. wq corresponds to the permutation i — n + 1 — ).

Let IT C A™ be the subset consisting of those dominant weights A\ which satisfy
the condition A; > 0 and let IT = AT — II be the complement of II. Note that II is
saturated in the sense that if A < p are dominant weights and p € II then A € II
as well.

Lemma 3.8.
(1) If X € II then the modules S(X) and ho(X\) are polynomial and hence

G(S(A) =S(A),  G(ho(N) = ho(N).
(2) If A € II then
G(S(A\) =0,  G(ho(N) =0.
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Proof. The point (1) follows immediately from Corollary 3.5.1 since A is the unique
maximal weight of both S(\) and ho(X) (see [J;11.2.2]).

If A € II then S()\) is not polynomial according to Proposition 3.5. Hence
S(A) & G(ho(N\)). On the other hand every nonzero submodule of hg(\) contains
S(A). Thus G(S(A)) € G(ho(A)) = 0.

We recall that a good filtration on the module M is a filtration 0 = My C M; C
... C M such that M = |J, M; and all subsequent factors M;/M;_; of this filtration
are of the form ho(\). We will need the following usefull criterion for the existence
of the good filtration for which we refer the reader to [F].

Lemma 3.9.

(1) If M admits a good filtration, then the dimension of M is at most countable
and for any A € AT we have:

dim Homgr, (V(X), M) = [M : ho(N)], Exty, (V(X),M) =0 fori>0

where [M : ho(M)] is the number of factors isomorphic to ho(\) in any good
filtration of M.

(2) If dimension of M is at most countable and Extgy (V(A), M) =0 for all
A € AT, then M admits a good filtration

Lemma 3.10. If \,p € At and X\ # p, then Extly; (ho(X), ho(p)) = 0 for all
1> 0.

Proof. This fact is proved for any semisimple group in[CPSK;3.2] and the proof
applies to any reductive group as well.

Corollary 3.10.1. Let M be a finite dimensional rational G L, -module with a good
filtration. Then there exists a good filtration 0 = My C My C ... C M; = M and an
integer k such that M;/M; 1 = ho(\;) with \; € Il for 1 <i < k and )\; € II for
E+1<:<1.

Proof. Choose any good filtration 0 = My C ... C M; = M. Assume that there
exists an integer i such that \; € II and \,_; € II. According to Lemma 3.10
ExtéLn(ho(/\i), h()()\i—1> = 0. This shows that Mi/Mi_Q = ho(/\z) D h()(/\i—l) and
allows us to interchange the factors hg(\;) and hg(A;—1). It’s clear that applying
this procedure several times we come to a good filtration with the desired properties.

Corollary 3.10.2. Under the conditions and notation of Corollary 3.10.1, G(M) =
My.. In particular G(M) has a good filtration and

[M: ho(N)] if Aell
0 otherwise.

GOM) : ho(N)] = {

Proof. Lemma 3.8 and Corollary 3.6 show that the module M}, is polynomial. On
the other hand G(M/M}) = 0 according to Lemma 3.8 and left exactness of the
functor G.
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Proposition 3.11. Let 0 — M’ — M — M" — 0 be a short exact sequence of
rational G L, -modules. Assume that both M’ and M" have good filtrations. Then
the sequence 0 — G(M') — G(M) — G(M") — 0 is ezxact.

Proof. 1If both M’ and M" are finite dimentional then our statement follows (by
counting dimensions) from Corollary 3.10.2. Assume now that only M" is finite
dimensional. Choose any good filtration 0 = M} c M; C ... of M’. Since M"
is finite dimensional we conclude that Exty,, (M”,M') = lim; Exty, (M",M]).
Thus there exists an index ¢ such that our extension may be obtained by means of
the cobase change from a certain extension 0 — M/ — M; — M" — 0. Since M is
finite dimensional we conclude that the map G(M;) — G(M") is surjective. Hence
the map G(M) — G(M") is surjective as well. In the general case choose a good
filtration 0 = MY C M{" C ... of M". It suffices to show that G(M]") is contained
in the image of G(M) and this follows applying the already proved result to the
extension of M/ by means of M’ obtained from our original one by means of the
base change M, — M".

The following theorem (and proof) constitute our interpretation S. Donkin’s
proof of Green’s Theorem (cf.[D;2.11]) .

Theorem 3.12. The higher right derived functors of the left exact functor G :
(GL,-modules) — (Pol),, vanish on all rational G L, -modules which either have a
good filtration or are polynomial (i.e., lie in (Pol),,).

Proof. Let M be any module with a good filtration. Embed M in an injective
module I = My, ® k[GL,] and denote I/M by M’. Note that M’ also admits
a good filtration. In fact dimension of M’ is clearly (at most) countable and
Ext*(V(p),M') = Ext?(V(u),M) = 0 for all u € AT, so that we may apply
Lemma 3.9. Proposition 3.11 implies now that the sequence

0—G(M)—g(I)—GM')—0

is exact, so that R'1G(M) = 0 and R‘G(M) = R*=1G(M’) for i > 1. Thus, a simple
induction ends the argument provided that M has a good filtration.

Devissage and a direct limit argument verifies that R7G(M) =0 forall 0 < j <t
and all polynomial representations M if and only if R7G(S())) = 0 for all irreducible
polynomial representation S(\) and all 0 < j < ¢. Consider the short exact sequence

0— S\ — ho(A\) = T(A\) —0

with S(A) polynomial (i.e., A € II). Lemma 3.8 implies that ho(A) is polynomial;
by Corollary 3.6, T'(\) is also polynomial. Since G is the identity on polynomial
modules, the vanishing of R'G(ho()\)) together with the long exact sequence of
derived functors of G implies the vanishing of R'G(S()\)). Thus, R'G(T()\)) = 0
as well. We now use the long exact sequence of derived functors of G to complete
an inductive proof of the vanishing of R7G(S()\)) (and thus of R/G(M) for all
polynomial modules M) for j > 0.
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Corollary 3.12.1. The embeding of categories
(Pol),, — (rational G L, -modules)

induces 1somorphisms on the Ext-groups.

Proof. This follows from Theorem 3.12 since G is right adjoint to (as well as left
inverse to) the embeding functor.

Corollary 3.13. Let T and T’ be homogenous polynomial functors of degree d.
Then the exact functor P — (GL,-modules): T +— T(k™) induces isomorphisms

Exth(T,T') = Bxtly, (T(k™),T' (k"))

provided that n > d.
Proof. This follows immediately from Corollary 3.4.1 and Corollary 3.12.1.

Remark. Corollary 3.13 is a precise stability result with respect to n for the ratio-
nal Ext-groups of certain coherent families of rational GL,,-modules.

Let T and T be two polynomial functors. For each n the exact functor P —
(rational GL,-modules) : T +— T (k™) induces natural homomorphisms

Eat(T,T') — Eatly, (T(k"), T'(K")).

We would like to show that these homomorphisms are compatible one with another
in an appropriate sense. Assume that n < m. We consider the standard (into the
left upper corner) embeding GL,, — GL,,, we also denote by i : k™ — k™ and
p: k™ — k" the standard k-linear embeding and projection. For any polynomial
functor T' the vector space T'(k™) is a (polynomial) GL,,-module and hence may
be considered as a (polynomial) GL,,-module via the embeding GL,, — GL,,. One
checks immediately that T'(i) : T (k™) — T'(k™) and T'(p) : T(k™) — T(k™) are
homomorphisms of GL,-modules. For any polynomial functors 7" and 7" and any
n < m this determines restriction homomorphisms

Extgp (T(E™),T'(K™)) — Eatgp (T(K™), T'(k™)) — Extgy (T(K™), T'(k™)).

Lemma 3.14. For any polynomial functors T,T' and any n < m the following
diagram commutes

Extyp(T,T") —— Extg, (T(k™),T'(k™))

J !

Extp(T,T") —— Extg, (T(k"), T'(k")).

Proof. Let e € Extl(T,T") be represented by an extension

E: 0T -U'—-.. U =T —=0
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of polynomial functors. The image of e in Extl, ., (T(k™), T'(k")) is represented by
the extension

Ek™): 0—=T(k") - U E") - .. = UE") — T(k") =0

of rational GL,-modules and the image of e in Extl,, (T(k™),T'(k™)) is repre-
sented by the extension E(k™) of rational GL,,-modules. Furthermore the image of
[E(k™)] € Extl,, (T(k™),T'(k™)) in Extly; (T(k™),T'(k™)) is equal, according
to the definition above, to T"(p) - [E(k™) |aL, ] - T'(i). Note finally that we have a
homomorphism of extensions

0 ——  T'(k") T(k") —— 0
T’(i)l T(i)l
0 —— T’(k?m) ‘GLn T(l{?m) ‘GLn — 0.

The existence of such a homomorphism gives us the relation [E(k™) |gr,] - T(i) =
T'(i) - [E(k™)], so that T'(p) - [E(k™) |eL,] - T(i) = T"(p) - T'(i) - [E(k"™)] = [E(k"™)].

§4. COMPUTATION OF Exth(I("), 57" (),

In this section we construct the rational cohomology classes
e, € H*¥ ' (GL,,gl").

Following further analysis of Fxt-groups in the category P achieved in section 5,
non-vanishing of the restriction of e, to (GL,)(1) is verified in section 6. In this
section k will denote a field of characteristic p > 0.

We shall let I € P; denote the identity functor and I(") € P, the r-th Frobenius
twist of I. Then [ (’“)(k:”) is the polynomial GL,,-module obtained by applying the
r-th Frobenius twist to the standard representation of GL,,. Thus

](T)(kn># ® I(’")(k”) — glgf)

as rational G L,-modules. To construct e,, it suffices in view of the existence of a
natural homomorphism

Eat? (I, 10) = Eat, (I7(k"), IV (k™) = B> (GLy, gI$)

(which is an isomorphism for n > p”) to compute the group E.]?t?;p o (1) 1),

Following the work of V. Franjou, J. Lannes, and L. Schwartz in [FLS], we achieve
this computation by computing Ea:t;;(I(T), Sprﬂ(j)) for 0 < j < r. In particular,
the special case 7 = r gives us the computation we seek, whereas the special case
j = 0 follows from the injectivity of S¢ for any d (since S¢ is the dual of I'¢ = I'%!
whose projectivity is given by Theorem 2.10). Thus, induction with respect to j is
naturally suggested.
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The key technical tool that facilitates our computation is the vanishing result
of Theorem 2.13. Indeed, the arguments in [FLS] apply almost without change to
our context of the category P. In this section, we present a somewhat streamlined
version of the arguments of Franjou-Lannes-Schwartz for the category P. Following
[FLS], we begin by recalling several useful complexes.

For any vector space V € V), set

QL(V)=8"" (V) A(V), (V)= € 2,(V).
n>1>0
We shall often refer to ¢ as the cohomological degree, and to n as the total degree.
Note that Q% (V) has a natural structure of a graded commutative (with respect
to the cohomological degree) algebra. This algebra may be equipped with two
natural differentials, each of which is a graded derivation: the De Rham differential
d and the Koszul differential k. Both these differentials preserve the total degree,
d increases and x decreases the cohomological degree by one. They are defined in
terms of the product and coproduct operations as follows:
d:Q,(V)=S"" (V)@ AN(V) = " H(V)o Ve AN(V)—
=S V) @ AT (V) = (V)
ke QL(V)=S"T(V)@A(V) = S"H(V)@VeA (V) —
— SNV @ AN Y)Y = Q- H(V).
The homology of the De Rham complex is given by the following theorem of Cartier
[C]. Note that since d is a derivation the homology H*((Q%(V'),d)) is a bigraded,

graded commutative (with respect to the cohomological degree) algebra. Further-
more we have canonical homomorphisms

(VW) =v® — BO(Q(V),d)) ™ — homology class of the cycle v?
Qi(v(l)> =V - Hl((Q;(V), d)) v - homology class of the cycle vP~! @ dv
Theorem 4.1 (Cartier [C]). The induced map of algebras

(V) = H*(Q:(V), d))
s an isomorphism.

Note that the Cartier isomorphism preserves the cohomological degree but multi-
plies the total degree by p. The De Rham complex is a direct sum of its homogenous
(with respect to the total degree) components which we denote by Q2 (V). The the-
orem of Cartier shows that Q2 (V') is acyclic provided that n # 0 mod p. Actually
in this case the De Rham complex is contractible as one sees from the following
Lemma

Lemma 4.2. dk + kd = n on the complex Q3,(V).
Following [FLS], we shall employ the following “Koszul kernel subcomplex” K3,
of the DeRham complex. Define K¢ (V) by
Ki(V) Y ker{r: QL(V) — Q7 (V).

Lemma 4.2 shows that K3, (V) is a subcomplex of 3 (V). Moreover we have the
following easy fact
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Lemma 4.3 ([FLS]). The Cartier isomorphism restricts to give an isomorphism
Ky (VW) = HY (K, (V).

Note that all the above constructions are clearly functorial in V', so that we
may, in particular, consider the complex 2% of homogenous polynomial functors of
degree n.

For any T € P,, we set T = T o I ¢ Ppns T =71 6 1) ¢ Pprn-
It’s clear that T — T() is an exact additive functor from the category P, to
Pprpn. In particular for any pair 7,7 € P,, we get a canonical homomorphism
Exts(T,T") — Extx (T, (T)). We will use the same notation A — A" for
this homomorphism.

Remark. One could also define the Frobenius twist for functors multiplying
by IV on the left instead of multiplying on the right. Luckily when dealing with
functors and functor homomorphisms defined over the prime field F,, (which will
always be the case below) this gives the same answer (see the proof of Theorem
4.10).

As is well known, the Koszul complex Ko? = (2%, k) is acyclic. Following [FLS]
once again, we use this property to obtain the following relations among Ext-groups.

Proposition 4.4. For any 7,0 < j <7, and any i, 0 <i < p"J

Batp(10), 87 0) = Bt (10, K0, = Baty! (10, 070 0),

Proof. The acyclicity of the Koszul complex provides short exact sequences in P
> o 14
0— K;(TJ_)j — Q;(f_)j — K;T_J(j) — 0.
Thus, the asserted relations follow from the following equalities:

KO0 = 0U) _ gr ),
p p

Kpr_f—l(j) _ QPT_J:(J') — AP
pr—i pr—i )

and the vanishing given by Theorem 2.13
Baty (I, Q) =0 i#0,p77.

Theorem 4.5. For any j,0 < 7 < r, we have the following computation of Ext-
groups:

) : — r—j r
ot (I(T) Sprfg(j)> _ k ifg=0 mod2p"™7, ¢ <2p
P ’ 0 otherwise.

Proof. We proceed by induction on j. The case j = 0 follows from the injectivity
of SP" (cf. Theorem 2.10) and the identification Homp (I, SP") = I (k)# =k
(cf. Theorem 2.10). Assume that the statement of the theorem is true for j < r.
We proceed to show that it is also true for j + 1. The proof will be divided into
several steps. The following statement is immediate from Proposition 4.4.
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( 4.5.1). We have the following computation of the Ext-groups

. ] = T_j — T_j T
Ext%(l(r),Aprﬂ(j)) _ k if g _]'9 1 mod 2p" 77, ¢ < 2p
0 otherwise.

(4.5.2). For any q we have the following short exact sequence (at least one of the
end terms of which is zero

0 — Bty (10, 5770y = Batlh P (10 A D) - Bath,(10,029))

— Eath(I7, 570 =0

and hence we have:

EaxtL (17,09

pTJ

)_{k if g=0,—1 mod 2p" 7, 0<q< 2p"

0 otherwise.

Proof. Consider the first hypercohomology spectral sequence corresponding to the
complex Q;SJ_)J»

B}t = Eatl (10, 00V

D)) = Batgt (10,00,

Theorem 2.13 implies that Ef’t = 0 unless s = 0 or p"~7. Thus the spectral se-
quence contains only two non zero columns: s = 0, s = p"~/. All differentials in
this spectral sequence are zero exept possibly for d,—; : Exth (I (), 8p"70)) —
Ea:t%_pr_jﬂ(](r),Aprfj(j)) = Ext;)_zpr_urz(f(r),Sprij(j)). It suffices to note now
that at least one of the indices of the above Ext-groups is not congruent to zero
modulo 2p"~7 and hence the corresponding group is zero according to the induc-
tion hypothesis. Vanishing of all differentials provides us with the desired exact se-

quences. Vanishing of one of the two end terms is clear since either q or ¢—2p" 7 +1
is odd.

(4.5.3). Batsd(10), K27 = 0.
Proof. Consider the first hypercohomology spectral sequence corresponding to the

complex K ;,EJ_)J :

p ; ‘ el
By = Bath (10, K20)) = Eoty (10, K3,
Our induction hypothesis and Proposition 4.4 show immediately that all E;-terms
of odd total degree are zero and hence the limit is also zero in odd degrees.
Consider the second hypercohomology spectral sequence corresponding to the

complex K;f]_)j Lemma 4.3 shows that it looks as follows:

By' = Batp (10, K194)) = Bati (10, K30,

r—j—1
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(4.5.4). All differentials of the above spectral sequence coming to E*Y_terms are
zero and hence E5° = ES’O = E:ct%(l(’"), Spr_j_l(j—kl))),

Proof. Consider along with the spectral sequence E the analogous spectral sequence

E corresponding to the complex Q;S{)J In view of Proposition 4.2 it looks as follows:

=St s (7(r) otU+D) s+tr(r) o*)
Ey = Exth (1Y, Q ) = Eatp™ (I, Q00).

p'rfjfl r—j

The embeding of complexes K () ,(:7, )j defines a homomorphism of spectral

prJ
sequences £ — E and the corresponding homomorphism ES’O — F;’O is an iso-
morphism. Note further that in view of the vanishing theorem 2.13 the spectral
sequence F has only two nonzero rows: t = 0, ¢t = p"~7~! and hence all differentials
d,, are zero except possibly for Ep'r— i-141. Now commutativity of the diagram

— 0°
P

s—n,n—1 dn s,0
En En

.

—s—n,n—1 d,=0 ==s,0
—_—

E E

n n

and immediate induction on n = 2, ..., p"~7~! shows that for these n the differential
dy : Byt — B0 s trivial, By, = B3 and the map EjY; — EV, is an
isomorphism. Finally for n > p" /=1 the differential d,, : E~™""1 — E%0 is trivial
by dimension considerations: E*t =0 for t > p" =771,

(4.5.5). Extedd(1(r) g™ 77 G+ = 0.

Proof. In view of (4.5.4) the edge homomorphism
Batp(IM, 577 040) = B30 — Batp(10), K39

is injective. Thus our statement follows from (4.5.3).

Now we are prepared to finish the inductive step. Consider once again the second
hypercohomology spectral sequence corresponding to the complex Q;,@j:
By = Batp(I(r), QD) = Battt (10, 000).
As was noted in the proof of (4.5.4) this spectral sequence has only two non zero
rows: t = 0 and ¢t = p"7~! and only one nonzero differential. This, together with
Proposition 4.4, gives the following exact sequences:

r—j—1 T—j—l_lp'r—j—l
)

I = B (0, 5 )

d r—j— r—j— . s .
LT B, (10, 8T 0D = Epi«ofjfl i EO;o e

j—1  r—j—1

0— EZ’OO — E:L't‘;;(f(r), Q;SJ,)J) — Es_iﬂ P — 0.
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The first exact sequence together with (4.5.5) shows that

=50  —=s—p I —1p

ES =FE.

oo

r—j—1

=0if sis odd .

Using now the second exact sequence and (4.5.2) we come to the following compu-
tation of the F -term:

E =

o0

—s0 |k if s=0 mod2p" 7, 0<s< 2"
0 otherwise

o0

Fs—p’"—j—l—LpT—j—l _ { k ifs=0 mod2p™7, 0<s<2p"

0 otherwise.

Using these formulae and the first of the above exact sequences in an iterative
argument, we easily conclude the computation.

We record for the future use additional information that we obtain in this argu-
ment.

(4.5.6).
(1) Assume that s 20 mod 2p" 7. Then the differential

j—1

dyrymrpq 2 Bty 27 (10), 5277 URDY o Bt (100, ST GHD)

is an isomorphism. In particular, Eaxts (1™, SPTTIGHDY =
if s# 0 mod 2p" 771,
(2) Assume that s =0 mod 2p" 7. Then the natural homomorphism

Ext%(I(T)’ Spr’j’l(j+1)> N Ext%(I(T), Sp’"’j(j))

induced by the embeding SP"°~ G+ s §P" () 4s an isomorphism and the
differential

j_

dyrsorsy - Bt 27 (10 PTG L g, (1), 597G+

is trivial. s - -
(3) (dpr—s-141)P : Eaty 2P (1), PG+ s Bats (1), 8277 GHD) s
the zero map

The following statement is clear from (4.5.6).

Corollary 4.6. Assume that 0 < j < r. Let V C Ea:t}é(f(r),Spr_j_l(j“)) be a
graded subspace such that

(1) V maps surjectively onto Extl (I, Spr_j(j)).

(2) V is stable with respect to the action of the endomorphism

j—1

dpyr—i—141 : Ea:t;;_Qprf (1", Spr‘j_l(jﬂ)) — Bati (17, Sp’”‘j‘l(jﬂ)).
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Then V = Eatip(I(), 57777 G+1),

Theorem 4.5 shows that the k-vector space Ea:t%p Tﬁl(I (") 1(") is one dimen-

sional. We define e, € Ea:t%p 771(1 () 1) to be a distinguished basis element of
this vector space. The particular choice of e, is given by the following procedure.
Denote by ¢, € Homp(I™),SP") the standard embeding : (") — vP". Take
j = 0 and consider once again the above spectral sequence E. According to (4.5.6)
€ = Epr—l_i_l((lsg.]jl) is a basis element of Ea:t?;pril(I(T),Sp“l(l)). Furthermore
(4.5.6) shows that the sequence of homomorphisms

Ext%p’Ll(I(T), I(T)) N Emt%prfl(l(r), Sp(r—l)) BN Ext%pv«fl(I(T), Spr_l(l))

consists of isomorphisms. We define e, to be the inverse image of €. in
r—1
Ea:t?;p (I, 1(M), so that the following equality holds:

<Z57(~1—)1 Tl = ep = Epr—1+1(¢1(«1—)1)'

Now we can obtain , following [FLS], the multiplicative structure of the Yoneda al-
gebra Exty (I (), I1(M). We are going to show that this is a commutative k-algebra
spanned by the generators e, € Emt?fril(f(r),l(”),ef}_)l € Ext%priz(l(’"),](r)), e
eY‘” € Ext3(IM,IM) subject only to the following relations : e? = 0,...,
(" Vp =o.

Note that for any complex C*® (of degree +1) Exts (I, C*) is naturally a right
module over the Yoneda algebra Ext}, (1 N (’“)). Moreover both hypercohomology
spectral sequences converging to Eaxt} (1 (T),C") admit a natural right action of
Ext(IM, 1M).

Corollary 4.7. For any j, 0 < j < r a basis of the graded wvector space
Ext}k;(f(r), SP" 7 G)) consists of products of the form

: - ‘
Qbij—)j ' (ev("‘]—j—lzl)ll Tl (er)lj

0 < li,...,l; < p). Moreover the action of the endomorphism dy—i,

Eatyy " (10, 577 0) = Eats,(10, 577 D) takes ¢ - (9701 - .- (ep)ls

to ¢£sz : (eij__jﬂzl)ll*'l oo (€)Y if Iy < p and to zero otherwise.
Proof. We proceed by induction on j. The case j = 0 is trivial. Assuming that the
result is true for j < r we proceed to show that it holds for j+1 as well. To simplify
notations we will drop the indices of all differentials d that we are going to consider.
Denote by V the vector subspace of Ext (1), SP" 771G+ spanned by the above
products. To show that V coincides with Exti (I, 52" G+D) it suffices in
view of Corollary 4.6 to check that V maps surjectively onto E:Ut;;(l(r), Sprfj(j))
and is stable with respect to the action of d. The first fact is immediate from

the induction hypothesis since the image of (/57(;7_4;1_)1 € Homp (I, 57" 77 G+1)) in
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Homp (I, Spr_j(j)) is equal to qﬁijzj. To prove the second fact, we start with the
following observation. The element e,_; was defined from the following equation

(A7) 0 ery = = (@))€ Baty (10D, g )

r—j—1 r—j—1

where d = d ;4 is the differential in the spectral sequence
By = Batyp (107,000, ) = Baty (107D Q8.

Keep the notation E for the corresponding spectral sequence defined by the complex
Q‘(j )
pra
By = Batp (10, Q90 = Batft (10, 0.

’I‘jl

Since the twisting functor is exact it induces a homomorphism of spectral sequences
E — E compatible with the twisting homomorphism of algebras
Exth(Ir=9) 1r=3)) — Bty (I 1), Moreover on Fa-terms this homomor-
phism clearly coincides with the twisting homomorphism X — A() introduced previ-
ously. The net result of this general nonsense discussion is that by twisting the equa-
tion (4.7.1) we get the formula (;5(3“) . (3) = d(ng(JH) ). This formula shows im-

r—j—1 r—j—1
mediately that d takes gb(ﬁ'l (e ij)]) ( b+ to ¢(J_4;1 (e ij)])ll‘l‘l.”‘.(er)lj-q-l‘
Furthermore the formula d’ = 0 shows that qﬁij _;1 L (e ij ) ;)P = 0. This concludes

the proof that V is stable with respect to the action of d and hence coincides

with Exti (I, 87" "7 'G+D) The fact that the products ¢£g—51 L (e ,(ﬂ])J)

(e;)li+1 (0 < I; < p) are linearly independent follows now by dimension counting.
Corollary 4.8. The basis of the Yoneda algebra Emt;‘)(I(T),I(’“)) consists of prod-
ucts of the form (eg’"_l))l1 crelr (0< 1y, .0l < p). For everyi (1 <i<r) we
have the relation (e, (r Z))p = 0.

Proof. Corollary 4.7 applied to j = r gives the first statement. The element e?
lies in the trivial group E.Tt?;p ' (1 @ T (i)) and hence is equal to zero. Twisting r — i

times the equation e? = 0 we get the desired relation.

Corollary 4.9. The twisting homomorphism

Exth(IM, 1)) — Bath (10D 1(r+1)
18 1njective.
Theorem 4.10. The Yoneda algebra E(r, k) = Extis (17, 1) is a commutative
k-algebra generated by elements e, .. egr 2 subject only to relations el = ... =
(el = 0.

Proof. In view of Corollary 4.8, it suffices to check the commutativity of E(r, k).
Since the natural homomorphism E(r,F,) ®r, k — E(r, k) is an isomorphism, we
may assume further that £ = F,. Note that in this case the polynomial func-
tor (M) is identity on objects, whereas for any V,WW € V the polynomial map
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I}y, € Hompu(Homs,(V,W),Homg, (V,W)) = Homg, (Homy, (V,W)#,
S*(Homp, (V,W)#)) coincides with raising to the p-th power

Homg, (V,W)# — SP(Homz, (V,W)#) ,  (f— fP).

In other words I ‘(,1 )W may be identified with the Frobenius morphism on the scheme
Homg, (V,W)(= Spec S*(Homg, (V, W)#). Since the Frobenius morphism is func-
torial on the category of Fj,-schemes we conclude that for any polynomial functor
T € P the following diagram of polynomial maps commute

7
Homp, (V,W) v, Homgy, (V,W)
Tv,wl J/TV,W

i8>

V), T(W)
—_

Homg, (T(V), T(W)).

This shows that the polynomial functors I o T and T o IV = T coincide. As-
sume now that we are given two polynomial functors T,T’ € P, and elements
e € Extih(IM IM), ¢ € Extm(T,T'). The exact functor P — P (U
U o T) induces a homomorphism Exti (1T, 1) — Exth(IM o T,11 o T) =
Ea:t;‘;(T(’“),T(’“)). We will denote the image of e under this homomorphism by
e(T).

Lemma 4.10.1 (cf.[FLS]). &'".e(T) = (=1)"me(T")-¢'") € Bxtist™ (1), 7).

Proof. The general case of the Lemma is easily reduced to the case m = 1. Fur-
thermore we may clearly assume that d > 0. Assume that e and e’ are represented
by extensions of polynomial functors

01" Ul - ... U= 1M =0

0T —-S—-T-—0.

Consider the commutative diagram with exact rows

0 0 0 0
1 ! ! l

0 — 77 o UleT — .. = U"eT — T -
i) ! ! i

0 — SO & Ulos — ... — U"oS — S 5 0
i ! ! l

0 — T - UloT — ... — UroT — T — 0
l ! ! l
0 0 0 0

The first and the last column of this diagram are exact. All the other columns are
at least complexes (since U%(0) = 0). It’s well known (see[FLS]) and easy to prove
that whenever we have a diagram of such kind the extension obtained by composing
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the last column with the top row differs by a sign (—1)" from the extension obtained
by composing the bottom row with the first column.

Now we can conclude the proof of the Theorem 4.10. Let e,e’ € E(r,F,) be
two homogenous elements of degrees n and m respectively (n = m = 0 mod 2).
Applying (4.10.1) to T = T" = I(") we get the following equation: (e -e’)(") =
e e/ = (1) . M) = ) g(1) = ¢/"e) = (¢ . €)™ Since the twisting
homomorphism is injective this equation implies that e e’ = ¢’ - e.

Let n > 0 be an integer. We will use the same notation e, for the image of
r—1 r—1 r— r
er € Ext (I, 1) in Eatdy " (k")) (k")) = H*" " (GLyk, gl%). The
following result is a combination of (4.8) and (3.13).

Corollary 4.11. Assume that n > p". Then a basis of the Yoneda algebra
H* (GLn,k,glgf)) = Bty k((k”)(r), (k™)) consists of products of the form
(eY_l))lo e (0 <lp,..oslp_1 < p). In other words Hm(GLn,k,glgf)) =0if
m is odd orm > 2p". If m =2l < 2p" is even and | = lg+l1p+...+1,_1p7~1 (0<
loy ..y lr—1 < p) is the p-adic expansion of l, then Hm(GLn,k,gly)) is a one dimen-

sional k-vector space with basis (eY‘”)lo el

Finally we identify the element e; € Ext, (1)), (1),

Lemma 4.12. The element ey is represented by the extension

#
Fy 0— 1M ﬂgpgrp‘ﬁ_hj(l)_)o
where avy : SP(V') — T'P(V') is the symmetrization homomorphism:

ay (v - ... ’Up) = Z Vo-1(1) @ .. @ Vg—1(p)-
o€,

Proof. 1t is easy to verify that the above sequence is exact. The class e; was
defined via the formula e; = 82(1 1)), where ds is the differential in the second
hypercohomology spectral sequence corresponding to the complex €27. According
to the theorem of Cartier, the complex 27 has only two nonzero homology groups:
HO(Q) = H'(Q) =T (1), For any complex any two adjacent homology groups
are related by means of a 2-fold extension and the differential ds coincides with
left multiplication by the class of this extension. In the present case this extension
looks as follows.

0—>I(1)—>Qg—>Z;—>I(1)—>O.

Thus we only have to compare E; with the above extension. To do so we consider
the composition

[P TP il 5 splgl=5"1gA =L
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Here the first arrow is comultiplication and the second one is induced by the natural
isomorphism I'’~! =5 SP=1 One checks easily that this homomorphism takes I'P
to Zzl) C Q;, and that the following diagram commutes

0O —— 10 —, gr e v — 0
T
0 —— 1M —— gr Z) W —— 0.

§5 THE COMPATIBILITY DIAGRAM

Having constructed the universal class e, € Ext?;p Tﬁl(I (r) 1) for each r > 1,
we now proceed to relate this class to the p"~'-st tensor power of e;. This will
permit us in the next section to verify that e, has non-trivial restriction in the
cohomology of (GL,)1y (n > 2). In fact, as the reader will see, our methods

require us to consider the p"!-st tensor power of e]-f_l and relate this to e2~1.
Let S,T,S,T be polynomial functors. Consider projective resolutions P, —
S, Pe — S. Corollary 2.11 shows that the complex P, ® P, is a projective resolution

of S® g . Thus the map on the cohomology induced by the natural homomorphism
of complexes

~ ~ ~ ~

Homp(P,,T) ® Homp(Pe,T) — Homp(Pe @ Pe, T @ T)

takes the form

P Ewtio(S,T) @ Exth(5,T) — Extp(S® S, T @ T).
i+j=n

The corresponding map Extl, (S, T) ®Emt§;(5, T)— Ext;;rj(5® S, T®T) is called
the external or tensor product operation.

Our main objective in this section is the investigation of the maps in the following
commutative diagram of Ext-groups

Diagram 5.1.

Eat2P™ 0P (100 [0)) = k. ep1

~

oL CTNC T O) E— 10 (O RC O Ry

P
?:?l

Baty? " (5070 s Bat (00, 50 )

?2?/[
r—1 77

[Eaﬁt%(p_l)(sp,j(l))]@)p N [Extgj(p—l)(j(l)’I(1)>]®pr71 _ k:
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Here the bottom vertical arrows are defined via the tensor product operation
and natural homomorphisms (IMW)®P"" — ¢ (J)) = gp" () ") =
2" (1MW) — (IMW)®2"" Al the other maps are induced by functor homomor-

phisms such as
1) — gp°  r@p° _1r° 1)

and their twists. The indicated computation of the first, second, and fourth Ext-
groups in the right column of the diagram is done in Theorem 4.5 and Corollary
4.8. Moreover (4.5.6) provides the upper isomorphism.

We proceed to prove in the following series of propositions that the two left
vertical maps and the bottom horizontal map (decorated with 7 ~7) are also iso-
morphisms.

The following proposition verifies that the lower left vertical arrow of Diagram
5.1 is an isomorphism (by taking j = 1 and considering the p”~!-fold tensor product

(7).
Proposition 5.2. Let T' and T" be homogenous polynomial functors of degrees d
and d' respectively (d+d = s-p’ for some j > 1). Then

(1) Bxth(T@T',5%9) =0 ifd # 0 mod p’.

(2) Ifd =p’-m, d = p’ - m' (so that m +m’' = s), then the canonical
homomorphism S™) & §™'() — §5G) gnd the tensor product operation
induce an isomorphism Extis(T,S™9)) @ Exths (T, Sm'(@)y — Exth (T ®
T, 5%0)),

Proof. We first consider the special case in which T,T’ are tensor products of
divided power functors so that T ® T" is again of this form and we may thus apply
Corollary 2.12. Since T,T" and T ® T’ are projective in this case, we need only
check assertions (1) and (2) for Ext’ = Hom. Write T = I'" @ --- @ T, T’ =
' @-..®I'%, so that in the notation of Corollary 2.12

HOmp(T® T/, Ss(j)) _ (SS((k;u"‘U)(j)))dl:---:du:daa---:d;.

Since all the weights of the algebraic group G XV acting on (k)W) = (k())uty
are divisible by p7, all the weights appearing in S°((k**?)()) are also divisible by
p’. In particular, the above Hom-group is zero if at least one of d; or d} is not
divisible by p’.

Assume now that d; = p’ -m; and d}, = p? -m/, for all i,1 <i<wuandt,1<t<
v. Observe that the only homogeneous polynomials of multi-degree d, ... ,d, in
klzy,. .. zn]la = S4(k™) are scalar multiples of z{* - - - 2% ; hence

(Ss((ku—l—v)(j)))dl,... yoydl e dl,
=5 (k) @ .0 8™ (kW) ® $™1 (kW) @ ... @ §™ (kW)
On the other hand, this tensor product (of 1 dimensional vector spaces) equals

(S () @) (S () =
—Homp (T, S™9) @ Homp (T, 8™ D).
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For general T' and T”, we employ projective resolutions consisting of direct sums
of objects of the above type. Taking the tensor product of these resolutions we
get a projective resolution of the functor T ® T”. Applying Homz(—, S*)) to this
resolution and using the previous computations, we get the desired result.

Remark 5.3. We can obtain another proof of Theorem 2.13 in the special case A =
IU) by considering the dual version of Proposition 5.2. One obtains an assertion
for Ext;g(I‘S(j), T®T") which for s =1 is the vanishing statement of Theorem 2.13
with A = 11,

The role of the (p — 1)-st power becomes evident in the next proposition: we
obtain non-zero extension classes relating symmetric functors in degrees which are
multiples of 2(p — 1) (provided j in the following proposition is taken to equal 1).

Proposition 5.4.

k a=1ln=p"—1lora=0,n=0

Eat? Aapj’Sa(j) —
wtp( ) 0 otherwise

k n = 2a(p’ — 1)

Eatp (597", 590)) =
wtp( ) 0 otherwise.

Proof. Dualizing the Koszul complex Ko}, we obtain the following exact sequence
of functors
Ko#: 0—=I"=I"!'gA -... s T'@A" ! = A" -0.

Consider the first hypercohomology spectral sequence associated to the acyclic com-
plex K ij :

ES = Extb, M@ AP 5, 1W) = 0 .
By Proposition 5.2, Ef’t = 0 unless s = 0 or s = p?. Thus, the differential
(5.4.1) dy : Baxth (AP 19) = Egtt=@' D7 1))
is an isomorphism. Since
Homp(T? ,ID) = 19 (k) =k, Eaxth(T?",—)=0, t >0,

the first computation is valid for a = 1 (and certainly for a = 0 as well).
Assume now that a > 1 and consider the spectral sequence

By = Bath(I* @ A% =%, §°0)) = 0 .

Proceeding by induction, we see that Proposition 5.2 implies that only 3 columns
are possibly non-zero: s = 0, (a — 1) - p/, ap’. To verify Ext;@(A”pJ,S”(j)) =0, it
suffices to verify that the differential

dy 2 Bt (D07 @ AP 590y o patt=@' =D (rer’ ge()
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is an isomorphism. To analyze d,;, we observe that multiplication in the symmetric

Pl )
algebra defines a canonical homomorphism of complexes K O;j ®Se-Dr" _ Ko

which has the following form

* .
a-pi

0 — AP @S-bY _ ... o g ggl-lr _,
(5.4.2) . |
.. — AP @8-’ o Sap’ 0

and whose dual has the form

0 — rap’ S e Tl gAY
(5.4.3) ! ‘ l=
0 — T Lrgry — . - TeLHrgpar’ - 0.

Applying Proposition 5.2, we see that the homomorphism of hypercohomology
spectral sequences induced by (5.4.3) gives the following commutative diagram:

Emt%(r(a—l)pj ® AP, §e)) _ i Egtt=@' =1 (De-1p" g T’ gai))

(5.4.4) ~| |
j j ; dpi j i ;
Emttp(l—w(a—l)pj @ AP, §e0))) 2 Extt=0' =1’ §20))) |

The upper d,; is an isomorphism since it arises from the spectral sequence of
the complex T@=D?" @ K oﬁ,which converges to zero and has only two non zero

columns. Moreover the right vertical arrow is also an isomorphism: if ¢t # p/ — 1
then both Ext-groups are zero, whereas the map on the Hom-groups coincides (in
view of Corollary 2.12) with the homomorphism

S%((k2)@)(a=1p” ) = ga=1(0)y g (@) 1ult, ga (g (i)

which is clearly an isomorphism. This implies that the bottom differential d; is
also an isomorphism. ‘

We now verify the asserted computation for E:L't%(S‘”DJ ,5%0)). Again, we pro-
ceed by induction on a, the case a = 0 being trivial. Consider now the first hyper-

cohomology spectral sequence corresponding to the complex K oc‘ij

B = Bt (%= @ A%, §99)) = 0 .

Proposition 5.2 and the computation of Ext}k;(Aapj, S52(7)) show that the only pos-
sibly non-zero columns are s = 0, p’. Thus the differential

dy : Bxth (87| §90))) — Batty @D (gla=1p" g AP gali))) =

= Batly 2P~V (gla=1p’ ga=1())
is an isomorphism.

The following proposition (for j = 1) together with (5.2) implies that the upper
left map of Diagram 5.1 is an isomorphism .
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Proposition 5.5. Multiplication Sla=1v" @ §r’ _, g9’ induces an isomorphism
of Ext-groups

Exts(S% 890y = Exth (517 @ ¢’ gel)),

Proof. The homomorphism of complexes K OI:J- ® S-Dv K ozpj made explicit
in (5.4.2) provides the following analogue of (5.4.4)

Ea:tp(SP ® §la— 1)-p? Sa(])) _ " . Ex t (Ap ® §la—1): Sa(J))
(5.5.1) T T:
Ext;;(sapj,sa(j)) d_) EZCt* (p’ —1)<Ap ® S(a—l)-pj’Sa(j)).

Both differentials d, are isomorphisms since both spectral sequences have only two
non zero columns (as one sees from (5.2) and (5.4)). Thus the left vertical arrow is
also an isomorphism.

We conclude our discussion of Diagram 5.1 with the following verification that
the bottom horizontal map is an isomorphism.

Proposition 5.6. The canonical map IV — SP induces an isomorphism

ExtaP (7, 1) 2 Brta® D (10 1),

Proof. Consider the hypercohomology spectral sequence obtained by applying the
functor RHomp(—, 1) to the exact sequence

0—I1M 57 1P - TW 0.

Theorem 4.5 provides us with a computation of Fxt}, (1 W1 (1)), the projectivity
of T? determines Ext}(I'?, 1Y), and Proposition 5.4 determines Exti(SP, I(1).
Thus, the F;-term of this hypercohomology spectral sequence has the following
form:

k 0 E — k
0 0 0 0
k 0 0 k
0 0 0 0
k 0 0 k
0 0 0 0
E = k 0 k

We conclude immediately that E:Et%(p_l)(Sp, 1My — Ext?,(p_l)(l(l), IM) (the up-
per right map of the above diagram) is an isomorphism.

By Corollary 4.8, =1 spans Eactz(p Lp™ (I(T), I(M)). Thus, the commutativity
of Diagram 5.1 together with the 1somorphlsms proved above implies the following
corollary.
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Corollary 5.7. The image of (ez-f_l)@’r_1 S (Ext%(p_l)([(l)’[(1))>®p“1 n

Ea:t?;(p_l)pril(f‘phl(l),Spr_l(l)) is a scalar multiple of the image of
—1

Pl ¢ Ext?)(p—l)p”l(l(r),](r)) in Emt?)(p—l)p’“ (Fp’"‘l(l),sp’"_l(l))_

Remark 5.8 We did not compute the coefficient which relates the images of
(e?1)®P"" and er! in Ewt%(p_l)pr 1 (TP (W, 8" "W). Most probably it is equal
to 1. One thing that is evident is that this coefficient belongs to F,, moreover it
will be clear from the results in §6 that this coefficient is at least non-zero. Our
original expectation was that images of e?pr_l and e, in Ext%pr_l (Fpr_l(l), Spr_l(l))
coincide. The above remarks show that this is true for p = 2, however we don’t know
if this result holds in general. To facilitate this kind of comparison it would have
been extremely useful to be able to compute the Ezt-groups Emt;;(l“”(l), S”(l)).

§6. NON VANISHING OF e, |aL,)q,

The purpose of this section is to complete the proof of Theorem 1.2 (and thus of
Theorem 1.1) by verifying non vanishing of the restriction of e, to (GLy)1). We
first establish this non vanishing for n > p and then extend this result to all n > 2
using the following compatibility property mentioned above in Remark 1.2.1.

Lemma 6.1. Assume that n < m. Denote by i the standard embeding GL,, —
GL,, and by p : gl,, — gl, denote the GL,-equivariant projection sending the
matriz o = (a;;)i%_y to its upper left corner p(a) = (aij);';j—1. Consider the
induced map on rational cohomology groups

Lk (r)
H* (GLyn, gl) 5 H*(GLy, gl D) 225 HH(GL,,, gl D).

The image under this homomorphism of e, € Hzpr_l(GLm,gl,(ﬁ)) equals e, €
H?* (GL,, gl").

Proof. This follows immediately from Lemma 3.14.

For n > p we will show non vanishing of the restriction of e, to (GLy)1) by
restricting it further to (Ga)(1) for an appropriately chosen subgroup G, C GL,.

The cohomology ring of the infinitesimal group scheme (Ga)(1) is easy to com-
pute. The coordinate Hopf algebra k[(Ga)(1)] coincides with k[T']/TP and the co-
multiplcation takes T to T ® 1 +1® T. Let B = k[(Ga)(1)]* be the dual Hopf
algebra and let y € B be defined by y(T%) = §;,;. One checks immediately that
B = kly] = k[Y]/YP. The argument used in the proof of Lemma 3.4 shows that
the category of rational (Ga)(1)-modules coincides with the category of B-modules
and hence for any rational (Ga)(1)-module M we have:

H*((Ga)(1)7M) = Extp(k, M) = H* (B, M).

Furthermore the algebra B may be identified with the group algebra of a cyclic
group of order p generated by 1 +y € B*. Thus H*(B,M) = H*(Z/p, M), and
we may apply the well-known results concerning cohomology of a cyclic group. We
recall briefly the main facts in terms convenient for our purposes.
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First of all, k¥ has a canonical 2-periodic projective B-resolution

0—k<BLBY B .

Using this resolution we get the standard computation of cohomology
yM ifi=0
HY(B,M)={ M/y*~'M ifi=21>0
ypflM/yM ifi=20+1.

The periodicity isomorphism H*(B, M) — H**?(B, M) coincides with multiplica-
tion by the generator 3 € H?(B, k) represented by the extension

p—1
0—kEBEBYE k.

In particular the cohomology ring H®(B, k) coincides with the polynomial algebra
K19,

Consider k™ as a trivial B-module and denote by ¢; (1 < i < n) the standard
basis of k™. The vector space Ext};(k™, k") may be identified with the set of
matrices M, ,(H*(B,k)). After this identification the Yoneda pairing

Exty(k™ k™) x Exty (k' k™) — Extly (K E™)

becomes the usual multiplication of matrices.

Let 0 — k™ 2 W % vV L k" — 0 be an extension of B-modules. The
corresponding element from Ext%(k™, k™) = M, ,(H?*(B,k)) may be written in
the form ~ - § for a unique matrix v € M,, (k). The components of v may be
computed in the following way: choose v; € V such that f(v;) = €;, next choose
wj € W such that g(w;) = y-v;. The element y?~! - w; may be written in the form
h(s;) for a unique column s; € k™ and s; coincides with the j-th column of ~.

Theorem 6.2. For any n > 2,r > 1 the restriction of e, € HZPT_I(GLn,gl%r)) to
the infinitesimal subgroup (GLy)(1) is nontrivial.

Proof. Assume first that n > p. Set « = e1 9+ ... + €,_1,p, where e; ; € M, (k) has

1 in the (i, j) position and 0’s elsewhere. Note that a?~! = e1,p, o = 0. Thus for
oo (ta)t

any t € k the exponent exp(ta) = > .~ 7

is well-defined and
erpy ¢ t— exp(ta)
defines group scheme homomorphisms (actually closed embedings)
expo : Ga — GLy, (expa)a): (Ga)a) — (GLn)a)-

The homomorphism (exp,)(1) makes the standard G'L,-module k™ into a rational
(Ga)(1)-module and hence into a B-module. One verifies readily that the action of
y on k™ looks as follows:

y-e1=0,y-€6=¢€6_12<i<p),y-¢=0(p<i<n).
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Restricting e1 |(gL,).,, t0 (Ga)q) via the homomorphism (expq)(1) we get an ele-
ment in Ext%((k™)M), (k™)) represented by the extension

0— (kM) — SP(k") — TP(k") — (k™)) — 0.

Note further that (k")) is a trivial B-module with basis {egl)}?zl, so that
Ext3 (k)M (k™)M)) may be identified with M, (H?(B,k)). A straightforward
computation using the procedure described above proves the following fact

(6:2.1). ((expa) ()€1 [(GLs)) = @ € My (H(B, ).

As an immediate corollary of (6.2.1) we get that ((expa)(l))*(e’l’_l L) =

e1, - P~ and hence the image of (e}~ [(Ga)1)) PP In

Baty? ™ (0 (k")) 57 (k1)) =
=Homy (""" (k) ), 87" (k")) @ H*®=Ur" (B, )

equals v - ﬁ(p_l)prfl, where 7 is the following k-linear map

r—1
r—1

T (R D) o (k)R D ey yer T g (im0,

A trivial verification shows that v # 0 and hence 7 - Ble=p™ # 0. On the
other hand Corollary 5.7 shows that ~ - ﬁ(p_l)prfl is a scalar factor of the image
of ep™1 ‘(GLn)(l) in the corresponding group. Thus e?~! ‘(GLn)(lﬁé 0 and hence

Er |(C¥Ln)(1)7'é 0.

Assume now that 2 < n < p. Denote by i : GL,, — GLp,1; the standard
embeding and by ¢ : gl,+1 — gl,, the standard G L,,-equivariant projection. Lemma
6.1 gives us a commutative diagram

r eT'(G’Lp ) _—
() )# O g2 (G L) (), )

(q(’“))#T lz

e"‘l n r—
S, g (GL) ) K.

According to Lemmas 1.4 and 1.7, we conclude that the k-linear map e, |(cr
coincides (up to a non-zero scalar factor) with the composition

p+1)(1)

r—1

r r—1 1
(9l 20)% = P (gl 1)) = H 7 (GLya) 1y, k)
where the first arrow coincides with raising to the power p”~! and the second one
is the edge homomorphism in the May spectral sequence. Since both these arrows
are clearly functorial on the category of infinitesimal groups of height one we get



46 ERIC M. FRIEDLANDER* AND ANDREI SUSLIN**

(using the same notation 4 for the induced map of the Lie algebras gl,, — glp+1)
one more commutative diagram

1

r — 1 r—1
(gl )# ——— S (gl )F) ——— H* ' (GLysr) ), k)

l(z’(”)# lsz”“’l(u“))#) lz

(gl)# —— S (g)#) —— H2 T ((GLy) ), k).

Since the composition (i()# - (¢()# = ((¢i)(")# is the identity map we conclude
from the above diagrams that e, |(r,) (1, coincides up to a non-zero scalar factor
with the composition

r—1

(gI)# — SP7 ((gl)#) — B (GLw) . k).

To end the proof it suffices now to establish the following Lemma
Lemma 6.3. For anyn > 2,r > 1, the composition

r—1

(gI)# — 5P (gl #) — H?" ((GL,) 1y, k)

18 NoN-zero.

Proof. Consider the standard embeding G4 — GLy — GL,, : t+— 1,,+te; ». Using
once again the naturality of the involved homomorphisms we get a commutative
diagram

(gl)# —— 5P (gl #) —— H 7 ((GLy) ), k)

] | |

(967)F —— " ((g8)#) —— H¥(Ga)ay k).

Thus it suffices to check non-triviality of the composition of arrows in the bot-
tom row. The one-dimensional vector space g7 may be canonically identified
with 991/9M2, where 9 C k[(Ga)] is the augmentation ideal. Thus g% = k - ¢
(where t = T mod 9?) and hence (g((f))# = (¢")") = k- t("). The image
of ) in SP" ((¢#)M) equals (t(l))pr_l. Further the May spectral sequence
for the infinitesimal group scheme of height one (Ga)(1) gives us an exact se-
quence (gi")# — H?((Ga)(1), k) — H?(ga,k) = 0. Thus the image of t() in
H?((Ga)(1), k) is a non zero scalar multiple of 3 (actually § itself) and hence the

image of (tM)" " in H2P ((Ga)(1), k) is a non zero scalar multiple of Br

r—1

§7 COMPUTATION OF H,(GL(F,), M(F,)).

One pleasing consequence of the computation of rational cohomology of GL,,
with coefficients in the twisted adjoint representation achieved in the previous sec-
tions is a purely algebraic computation of the stable homology of the general linear
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group over a finite field with coefficients in the adjoint representation. This compu-
tation, originally made by M. Bokstedt[B], has previously utilized methods arising
from geometric topology.

For a field £ we denote by GL, (k) the discrete group of invertible n X n ma-
trices over k and by M, (k) we denote the adjoint representation of GL, (k) (so
that GL, (k) acts on M, (k) via conjugation of matrices). We embed GL, (k) into
GL,+1(k) (and M, (k) into M, +1(k)) in a standard way and we set GL(k) =
li_r)nGLMk), M(k) = hinMn(k) The main result of this section (Theorem 7.6

below) computes the homology groups H.(GL(k), M (k)) in case k is a finite field.

We start with a few preliminary remarks. First of all since group homology com-
mutes with direct limits we conclude that H;(GL(k),M(k)) =
= liinHi(GLn(k), M, (k)). Furthermore a stability theorem of W. Dwyer|Dw| shows

that there exists an increasing integer function m — N(m) with the following
property: for any associative ring with unit R and any n > N(m) the natural
homomorphisms

HZ<GLn(R), Mn<R)) —>HZ'<GLn+1<R), Mn+1<R))
Hi(GLn(R),Z) —Hi(GLn1(R),Z)

are isomorphisms for all ¢« < m. Thus H;(GL(k), M (k)) = H;(GLy(k), M,(k))
for all n > N(i) (and all fields k). Moreover for ¢ > 0 and n > N (i) we have
H;,(GL,(F,),F,) = H;(GL(F,),F,) = 0. Here we consider F, as a trivial GL(F,)-

module and use a theorem of Quillen [Q], giving the vanishing of H.(GL(F,),F,).
The homology groups under consideration fit into the following more general
picture. Let A be an associative ring with unit. The group of units A* acts on
the additive group of A by conjugation, so that we may consider the homology
groups H,(A* A). Let ¢ : A — B be a ring homomorphism (not necessarily
taking 14 to 1p). It defines a homomorphism on the group of units A* — B* :
ur— 1p 4+ ¢(u — 14), which is compatible with actions of A* and B* on A and B
respectively and hence we get natural homomorphisms in group homology

¢, : H.(A*, A) — H,.(B*, B).

Note that ¢, = ¢ provided that the ring homomorphisms ¢,¢’ : A — B are
conjugate (by an element of B*).

Let k/ko be a finite extension of fields of degree d = [k : ko]. Choosing a basis for
k over ko we get an embeding k — My(ko), defined uniquely up to a conjugation
(by an element of GLg4(ko) = (Ma(ko))*). Further for all n > 0 we get induced
embedings M, (k) — M, (My(ko)) = Mpaq(ko) also well defined up to conjugation
and hence canonical homomorphisms in group homology

H.(GL,(k), M, (k)) — H.(GLpq(ko), Mpna(ko))-
One checks easily that the following diagram commutes

H.(GL,(k),M,(k)) —— H,.(GLypa(ko), Mpa(ko))

| J

Ho(GLpj1(k), Mpi1(k)) —— Hi(GL(ny1)a(ko), M(nt1)a(ko))-
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Taking now n > N (i), we get a homomorphism

Trk/ko : Hl(GL(k)v M(k)) = HZ(GLn(k)v Mn(k)) _)Hi(GLnd(kO)7 Mnd(ko» =
=H,;(GL(ko), M (ko))

independent of the choice of n (> N(i)).

Note also that whenever k/kq is a Galois extension we have an evident action of
the Galois group Gal(k/ky) on H.(GL,(k),M,(k)) and the image of
H.(GL,(ko), My, (ko)) in H.(GLy,(k), M,(k)) is contained in the subgroup of
Gal(k/ko)-invariants.

Proposition 7.1. Let k/ky be an extension of finite fields. Then the composition
can Tr
Hy (GL(ko), M (ko)) <™ Hpp(GL(k), M (k)) — Hy(GL(ko), M (ko))

coincides with multiplication by d = [k : ko], whereas the composition

Tr can
Ho(GL(k), M (k) —% H(GL(ko), M (ko)) % Hp(GL(K), M (k)
coincides with deGal(k/kO) Ou.
Proof. Choose any n > N(m). The composition

Can~T’r’k/k0

Hy (GL(K), M (k))

Hp (GL(K), M(k))

is induced by a ring homomorphism M,,(k) — M,q(k), which is the matrix exten-
sion of the embeding k — M4(k) = Endy(k ®g, k). Here we consider k @y, k as a
d-dimensional vector space over k via the left action of k£ on k ®j, k and we embed
k into Endy(k ®k, k) using the right action of k on k ®y, k. It’s well-known that
the ring k ®g, k is canonically isomorphic to HaeGal(k Jko) k. For any x € k this
isomorphism takes x®1 to [[,  and 1®x to [[, 7. This shows that the embeding
k — Mgy(k) is conjugate to the embeding which takes z € k to diag(z7)secqai(k/ko)-
Taking matrix extensions we conclude that the embeding M, (k) — M,q(k) is
conjugate to the embeding of the form a +— diag(a”)secai(k/ko)-
The same reasoning shows that the composition

Trk/ko -can

Hy (G L(ko), M (ko)) Hy (G L(ko), M (ko))
is induced by a ring embeding which is conjugate to the embeding of the form
a +— diag(Q)seqai(k/k)- Now it suffices to use the following Lemma

Lemma 7.1.1. Let k be a finite field. Assume that we are given two ring ho-
momorphisms ¢ : M, (k) — M, (k), ¥ : M,(k) — M,,(k), where n,ny,ny >
N(m). Then the homomorphism H,,(GL(k), M (k)) — H,,(GL(k), M (k)) induced
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by diag(p,v) : My(k) — My, 4n,(k) coincides with the sum of homomorphisms
induced by ¢ and ) respectively.

Proof. The ring homomorpism diag(¢,1) factors via a subring A = M, (k) X
M, (k) C My, 4n, (k). Furthermore using the Kunneth formula we get:

Hp,

—~

A*,A) = Hpy(GLn, (k) X GLy, (k), My, (k) ® My, (k) =
m(GLn, (k) X GLy, (), My, (k)) @ Hin(Gly, (k) X GLy, (k), My, (k) =

I
A

@-

-
I
=

Hi(GLy, (k), My, (k) ® Hyp—i(GLy, (k), k)®

Hj(G Ly, (k), k) @ Hinj (G L, (k), M, (k)) =

©
1P

=

m(GLn, (k), My, (k) ® Hyp(GLn, (k), M, (K)).
Moreover after this identification the homomorphism

(diag(¢, )« : Hmn(GLn(k), My (k) —Hp (A", A) = Hp(GLp, (k), My, (k))®
SHp (GLy, (k), My, (k)

clearly coincides with diag(¢.,1.) and the homomorphisms H,,(GL,,(k), M, (k))
— H,,(A*, A) — H,,,(GLy, 40, (k), My, +n,(k)) both coincide with the correspond-
ing natural isomorphisms.

The GL,,(k)-module M, (k) is self dual via the pairing o X § — Tr(af3). This
together with duality in group cohomology gives us a natural isomorphism

Hm(GLn(k>a Mn(k))# = Hm(GLn(k)a Mn(k)#> = Hm(GLn(k)a Mn(k))

Thus computation of homology groups H,,(GLy(k), M,(k)) is equivalent to the
computation of the corresponding cohomology groups. A beautiful and important
theorem due to Cline, Parshall, Scott and van der Kallen [CPSK] relates ratio-
nal cohomology of a semisimple algebraic group defined over a finite field to the
cohomology of the finite group of its rational points. We recall briefly this result.

Let G/k be an affine group scheme and let M/k be a rational G-module. In
this case we may consider M as a G(k)-module as well. Moreover we have natural
maps on the cohomology groups H*(G, M) — H*(G(k), M), induced by the evident
homomorphism of standard complexes C*(G, M) — C*(G(k), M). The following
property is obvious from definitions

Lemma 7.2. Let k/ko be a finite Galois extension. Assume further that G =
(Go)k, M = (My)y are defined over kqo. In this case we have a natural action of the
Galois group I' = Gal(k/ko) on H*(G(k), M) and on H*(G, M) = H*(Gq, Mp) ®,
k. Moreover the natural homomorphism H*(G, M) — H*(G(k), M) is I'-equivari-
ant. In particular the image of H*(Go, My) C H*(G, M) in H*(G(k), M) is con-
tained in the subgroup of I'-invariants. Finally the following diagram commutes for
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any finite extension k/kg

Hm(Go,Mo) — Hm(Go(k()),Mo) ; Hm(G()(k()),M)

J T

H™(G, M) —— H™G(k),M) ——— H™G(k),M).

Assume now that k = F, (¢ = p?) is a finite field. Let G/k be an affine group
scheme defined over I, and let M /k be a rational G-module defined over [F,,. In this
case the Frobenius twist M (1) may be identified as a G-module with M endowed
with a new structure of G-module via the Frobenius endomorphism F' : G — G.
Since the action of F' on the group of rational points G(k) is an isomorphism we
conclude that H*(G(k), M) = H*(G(k), M). Thus we get a new homomorphism
H*(G,MW) — H*(G(k), MDV)) = H*(G(k), M), making the following diagram
commute

e, M) 22 g, o)

(7.2.1) l l

H*(G(k),M) ——— H*(G(k),M).

Iterating this procedure we get homomorphisms H*(G, M ")) — H*(G(k), M) de-
fined for all » > 0. The main theorem of [CPSK]| shows that for a semisimple
group scheme G the corresponding homomorphism H*(G, M) — H*(G(k), M)
is an isomorphism provided that r» and d are big enough. The argument used may
be applied without any changes to any reductive group scheme. Here is an ex-
plicit formulation of the Main Theorem of [CPSK] in case of GL,, (for any weight
A= (A1,...; An) of GL,, we set below ¢(A) = max(| A1 |, | A1+ |,y | i+ A0 ]))-

Theorem 7.3. Let M be a rational GL,, ,,-module defined over F,. Fiz an integer
m > 0 and assume that

1) r>[2=2) 41,
(2) For any weight A\ of M we have: d > [?T_f] + [logp(c(X) +1)] + 3 (here | ]
denotes the greatest integer function).

Then the natural homomorphism H*(GL, , M) — H'(GL,(k), M) is an iso-
morphism for 1 < m and a monomorphism for i =m + 1.

Note that all weights of the adjoint representation are of the form \ = e¢; — ¢
and hence ¢(A) = 1. Thus for the adjoint representation Theorem 7.3 gives

Corollary 7.4. Assume that r > [’;T_lz] +1andd> [Z}T_lz] + 4. Then the natural
map Hi(GLmk,gl,(f)) — HY(GL,(k), M,(k)) is an isomorphism for all i < m.

Let [ > 0 be an integer. Consider its p-adic expansion : | = lg + l1p + ... + [sp°
(0 <1; <p,ls #0,s = [logyl]) and denote by e(l) = e(l, k) the image of (egs))lO -
(es+1)= € Hzl(GLn,k,glfmSH)) in

H?(GL,(k), M,,(k)) = Homy(Hy (GL,(k), M, (k)), k).

In the next Lemma we list some of the properties of the cohomology classes e().
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Lemma 7.5.
(1) The homomorphism e(l) : Ho(GL,(k), My(k)) — k is Gal(k/F))-equiva-

riant.
(2) Let k C k' be an extension of finite fields. Then the following diagram
commutes
Ho(GLn(k), Mo (k) —2 &

! !

Hoi(GLn (), My (k') — g,

(3) Assume that n < n'. Then the following diagram commutes

Ho(GLn(k), Mo (k) —2 &

l -

Hot(GLo (), My (k) — .

Proof. The first two statements follow from Lemma 7.2 and the last one from
Lemma 6.1.

Theorem 7.6. Let k = F, (¢ = p?) be a finite field. Assume that n > N(m).
Then H,,(GLy(k), M,,(k)) = 0 if m is odd. On the other hand if m = 2l is even,
then the homomorphism e(l) : Hy,(GL,(k), M, (k)) — k is an isomorphism.

Proof. Assume first that d > [%_12] +4. Set r = [7;7_12] +1, s =[logy(m/2)], N =

max(n, p"). Corollary 7.4 shows that H,,(GLy(k), My(k))* =
H™(GLy(k),Mn(k)) = Hm(GLNyk,gl%)). Furthermore we conclude from 4.11
that this group is trivial for m odd. Assume now that m = 2[. A trivial verifica-
tion shows that [ < p" and according to 4.11 H™(GLn x, gl%)) is one-dimensional
spanned by ((eg‘g))l0 oo (e511)%) =179 Commutativity of the diagram (7..2.1)
shows finally that the image of this basis element in H™(GLy(k), My(k)) is equal
to e(l). We conclude the proof in this case using Lemma 7.5(3).

For arbitrary k& we may proceede as follows. Choose d’' prime to p such that
d-d > [7;7_12] + 4 and let k' be the extension of k of degree d’. We may apply
the already proved part of the statement to k’. Proposition 7.1 shows that the
map H,,(GL,(k), M, (k)) — H,,(GL,(k'), M, (k")) is injective. This settles imme-
diately the case of the odd m. Assume finally that m = 2[. Commutativity of the

diagram

l l

~

Hoy(GLy,(K'), Mp(K')) —— K
e(l)

together with (7.1) implies that the map e(l) : Ho(GLy(k), My (k)) — k is in-
jective. It suffices to show now that the corresponding homology group is non
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zero. Denote by I' the Galois group Gal(k'/F,). Lemma 7.5(1) shows that e(l) :
Ho(GL, (K", M,,(K')) = k' is an isomorphism of I'-modules. Proposition 7.1 shows
now that the composition

K = Hy(GL(K'), M(K')) —" Hy(GL(K), M(k)) — Hy(GL(K'), M(K')) = k'

.. . Trys . . e
coincides with the usual trace map ¥ ——— k < k’. Since this composition is

non trivial we conclude that Ho(GL(k), M (k)) # 0.

§8. EXPLICIT RESOLUTIONS IN CHARACTERISTIC 2.

In this section k denotes a field of characteristic 2. As recognized in [FLS], this
case lends itself to specific resolutions. A construction used in [FLS] gives an in-
jective resolution of the functor S™(1). We develop this construction further and
produce canonical injective resolutions of all functors S™("). Using these resolu-
tions for the computation of Fxt-groups we get explicit extensions representing the
classes e,.. One interesting point is that the above resolutions are finite so that
the functors S™(") have finite injective dimension (equal to 2m(2" —1)). We don’t
know if the same holds for p # 2.

For any V € V set B/(V) = S/(V)@S"(V), B(V) = B**(V) = @;,_, B"'(V).
We shall refer to ¢ as a cohomological degree and to ¢ 4+ j as a total degree. We
shall also use notation B! (V) = B"~%%(V). B**(V) has a natural structure of a
bigraded commutative algebra. We endow this algebra with a differential d = d;
defined in terms of the product and coproduct operations as follows:

comult®1
————

d B (V) = S9(V)® Si(V) (ST V) e V) S8Y(V) =
=S (V)@ (V@ §{(V)) =225 §I71(V) @ S (V) = BIHH(V),

Note that d increases the cohomological degree by 1 and preserves the total degree
so that B**(V) is a direct sum of its homogenous (with respect to total degree)
components B} (V). Furthermore d is a derivation and hence H*(B(V)) has a
natural structure of a bigraded commutative algebra. Finally we have a natural
homomorphism

v - HYB3(V)): v — homology class of the cycle v2 € S2(V) = BY(V).

Theorem 8.1[FLS]. The induced map of graded algebras S*(V(1)(2)) —
— H*(B(V)) is an isomorphism. Here as before the index 2 in parantheses in-
dicates the degree in which V) is positioned and the cohomology algebra is graded
by means of total degree.

Theorem 8.1 shows that the complex B} (V) is acyclic if n is odd whereas the
complex B3, (V) is a resolution of S™(V(1)). The above construction is clearly
functorial in V' so that we may, in particular, consider Bj3,, as an injective resolu-
tion of the polynomial functor S™1). We want to show that iterating the above
construction provides canonical resolutions of all functors of the form S™(").
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The differential d = d; is one of a family of differentials d; (I = 1,2, ...) defined
via the formula

comult®1
_—

dy :BM(V) = ST(V) @ SV (S V)@ SH(V) @ SH(V) =
=5771(V) @ (S'(V) @ §'(V)) 255 $TTH(V) @ STH(V) = BITHH(),

The differentials d; have the following properties:

(8.2.1) d; increases the cohomological degree by [ and preserves the total degree.
(8.2.2) If we define dy to be the identity map then for any z,y € B**(V) the
following relation holds

l

di(xy) =Y di(x)di—(y)-

t=0

(8.2.3) If L is odd then d;(2?) = 0 for any € B(V). On the other hand dg;(z?) =
dj(z)?.

(8.2.4) dj(x*") =0 unless =0 mod 2".

Assume now that » > 1 is any integer. Consider the commutative algebra

Br)(V)=S8"(V)® .. S*(V)=S*(V&..aV).

S

-~

or 27

We index the factors (summands) in the above formula by integers varying from 0
to 2" —1 and for any nonnegative integer ¢ (and any s > 0) we define €4(7) to be the
s-th digit in the 2-adic expansion of 7. For each j and each s with 0 < s <r—1, we
define a differential d7 on the above algebra as follows. Split summands in the above
direct sum in two groups depending on the s-th digit of the index of the summand.
Thus V& ..@V = W @ W?*, where the first (resp. the second) W* is the direct
or—1

sum of summands corresponding to indices ¢ with e4(i) = 0 (resp. €5(i) = 1) and
two copies of W* are identified by identifying the summands whose indices differ
only in the s-th digit. This gives us a natural isomorphism B(r)(V) = B(W?#) and
we define df to be the differential d; corresponding to the algebra B(W?).

Lemma 8.3. The differentials dj and di commute for all j,1 and all0 < s,t < r—1.

Proof. Fix s and t. Assume that elements =,y € B(r)(V) have the property that
[d3, dj)(x) = [d,dj](y) = O for all j and I then one shows immediately, using the
property (8.2.2) above that [d3,d}](x - y) = 0 for all j,I. Thus it suffices to check
the formula in question for a set of generators of the algebra B(r)(V). We will be
using the following evident set of generators:

zi(v)=1®..® v ®..® 1

in position %

The validity of the relation [d, dj](z) = 0 for these generators follows immediately
from the following formula:
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0ifj>1
0if j =1, but e5(i) =1
Tiros(v) if j =1 and €5(i) =0

x;(v) if 7 = 0.

dj(z:(v)) =

Lemma 8.3 guarantees that d = d(r) = d{ + d3 + ... + dg:_ll is a differential. We
intend to compute the homology of B(r)(V) with respect to this differential. Note
first of all that all differentials d; (and hence also d) preserve the total degree, so
that the vector space H*((B(r)(V),d)) is naturally graded. Furthermore property
(8.2.4) shows that the image of S*(V(")(27)) under the embeding

SHVID(27) = SH(V) = B(r)(V),

where the first arrow is induced by the standard embeding V(") < S? (V) : v
v?" and the second arrow identifies S*(V') with the first tensor factor of B(r)(V)
(i.e. the one corresponding to index 0), is contained in the subspace of cycles
(relative to all dfz 0 < i < r —1 and hence also relative to d). This gives us a
natural homomorphism of graded vector spaces

SH(VD(27) = H*(B(r)(V), d)).

Theorem 8.4. The above homomorphism S*(V(")(27)) — H*((B(r)(V),d)) is an
isomorphism.

Proof. We proceed by induction on r. The case » = 1 is covered by Theorem 8.1.
Assuming now that the statement is true for » — 1 we proceed to show that it holds
for r as well. For a polyhomogenous element z € S™ (V) ® ... ® §™2"-1(V) set

deg®(x) = Z m;.

es(i)=1

Note that the differential d? takes polyhomogenous elements to polyhomogenous,
increases deg® by j and does not change deg’ with ¢t # s. We define differentials
d', d’ and degrees deg’, deg” via the formulae

r—2
! S . 1o gr—1
d =) ds; d'=dy
s=0

r—2
deg’ = Z 2571 deg®;  deg” = deg" .
s=0

Thus d’ increases deg’ by 2"~! and does not change deg”, whereas d increases deg”’
by 27! and does not change deg’. Since d = d’ + d” we may consider B(r)(V) as
a bicomplex with respect to the above degrees. Consider further the first spectral
sequence of this bicomplex. The E-term of this spectral sequence coincides with
homology of the complex (B(r)(V),d’). To compute the homology of this complex
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we proceed as follows. Set U = V @ V. Note that for any 0 < ¢ < 277! — 1 the
summands with numbers 7 and i +2"~! appear in the same group when we split the
summands in two groups depending on the s-th digit with 0 < s < r—2. Thus if we
replace two copies of V' with these numbers by one copy of U (placed in position )
we get an isomorphism S*(V & ...® V) = S*(U & ... ¢ U) and this isomorphism is
27 or—1
compatible with differentials d5. (0 < s <r — 2). This shows that (B(r)(V),d') =
(B(r—1)(U),d(r—1)). The induction hypotheseis implies that the above discussed
embeding (S*(U=1(2771)),0) — (B(r—1)(U),d(r—1)) = (B(r)(V),d’) is a quasi-
isomorphism. Note further that the differential d” preserves S*(UT =1 (27—1)).
Moreover the latter vector space may be identified (up to multiplication of all
degrees by 2771) with B(V("=1) and the restriction of d” to this vector space
coincides with the corresponding differential d. The standard spectral sequence
argument shows that the embeding (where in the complex on the left all degrees
are multiplied by 2771)

(BV=Y),d) — (B(r)(V),d)

is a quasi-isomorphism. Thus it suffices to use the Theorem 8.1 to end the proof.

Theorem 8.4 gives injective resolutions for functors S™). To be more specific,
set deg = deg’+deg” (in notations of the above proof). Note that deg is always non
negative and the only terms of degree zero are of the form S ®1®...® 1, so that,
in particular the image of S*(I(")(2")) in B(r) consists of elements of degree zero.
Furthermore the differential d of the complex B(r) increases deg by 27! (and does
not change the total degree). We derive from Theorem 8.4 the following injective
resolution of the functor S™("):

(8.5.1) 0—8"" % -C'— ... -C"— ..

Here C™ (V) is the direct sum of those polyhomogenous components of B(r)(V)
which have deg equal to n2"~! and total degree equal to m2".

It seems useful to have a more explicit formula for the degree deg. To give
such a formula we introduce the following notation: for any 0 < ¢ < 2" — 1 we let
0 < i < 2" — 1 denote the integer having the same digits in the 2-adic expansion,
but going in the opposite order. One checks easily the following formula:

2" —1
(8.5.2) deg S ®...® 8M"-1 = Z 7-my .
i=0

Corollary 8.6. inj dim S™") =2m(2" — 1).

Proof. Consider the injective resolution (8.5.1) of the functor S™("). Assume that
C™ # 0. This means that there exists (mg, ..., mgr_1) such that mg + ... + mor_1 =

m2", 212;81 1-m; =n2 1. From these equations we get:
2" 1= - 271
Zi:o my (2r—1) Zi:o m;

n=Sbo < = =2m(2" — 1).
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Thus the length of the resolution (8.5.1) equals 2m(2" — 1) and hence inj dim S™")
< 2m(2" — 1). To prove the opposite inequality we compute, using the resolution
(8.5.1), the Ext-groups Extlh(I™), ™). The statement dual to Corollary 2.12
shows that for any (mq, ..., mar_1) with mg + ... + mar_1 = m2” we have:

HOmp<Fm(r), Smo R...® Sm2T—1) — (Iwm<(k27)(r))mo,...,mzr_l)#.

Furthermore this space is one dimensional if m; = 0 mod 2" for all ¢ and is
trivial otherwise. This shows immediately that Homp (I, C") = 0 if n is
odd. On the other hand C?™2"-D = 1 ® .. ®1® 8™ = ™2 and hence
Homp (T, C?m((2"=1)) = k. This computation shows that
Ea:t?;m(zr_l)(l“m(r), S™()) =k # 0 and hence inj dim S™™ > 2m(2" —1).

Consider finally the special case m = 1. Corollary 8.6 shows that inj dim I =
27+1 _2. Furthermore, repeating the argument used in the proof of the Theorem 8.6
we see that for any (mq, ..., mor_1) with 222;81 m; = 2" we have Homp (I, ™0 ®
..@8™27-1) = ( unless all m; but one are zero. Since deg(l@...@?zr ®..01)=2j

we conclude that

kif n<2" -2 n=0 mod?2

Homp (I(T)’ ) = { 0 otherwise.

Thus the complex computing Exty (I (") 1(M) looks as follows:

k—-0—-%k—0—..— k .
or+1l_2

Since the cohomology class e, € E:I:t%r(l N (7")) is defined over the prime field Fs
we conclude finally that e, corresponds to the natutal embeding

1M 82 - 195 ®..91 c C?¥.

The above remarks show that to construct an explicit extension corresponding to
e, we have to proceed as follows. Let Z2° C C?" be the subspace of cocycles.
Truncating the resolution C'* at the level 2" we get an extension

01" 00 & . 0?1572 2o

Since Homp (1", C? 1) = 0 we conclude that the image of I(") in C?" is contained
in Z2". Pulling back the above extension via the homomorphism I «— Z2" we
get the extension defining the class e,..
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