CODIMENSION 2 CYCLES
ON SEVERI-BRAUER VARIETIES

NIKITA A. KARPENKO

ABSTRACT. For a given sequence of integers (n;)$°, we consider all the cen-
tral simple algebras A (over all fields) satisfying the condition ind A®* = n;
and find among them an algebra having the biggest torsion in the sec-
ond Chow group CH? of the corresponding Severi-Brauer variety (“biggest”
means that it can be mapped epimorphically onto each other).

We describe this biggest torsion in a way in general and more explicitly
in some important special situations. As an application we prove indecom-
posability of certain algebras.

0. INTRODUCTION

We consider finite dimensional over fields central simple algebras. Let A
be such an algebra and X = SB(A) the corresponding Severi-Brauer variety
[2, §1]. We are interested to describe the torsion in the second Chow group
CH?(X) of 2-codimensional cycles on X modulo rational equivalence (the ques-
tion seems more natural if one takes in account that the groups CH’(X) and
CH'(X) never have a torsion). Here are some preliminary observations. The
group Tors CH?*(X) is finite and annihilated by ind A. Further, if A’ is another
algebra Brauer equivalent to A and X’ = SB(A’) then [16, lemma (1.12)], [12,
cor. 1.3.2]:

Tors CH?*(X) ~ Tors CH?*(X") .

A=) 4,
p
is the decomposition of an algebra A into the tensor product of its primary

components and X, = SB(4,) for each prime p then
Tors CH?*(X) ~ @ Tors CH?(X,)

p

Finally, if

or in other word, p-primary part of the group Tors CH?*(X) is isomorphic to
Tors CH?(X,,).

Summarizing we see that the problem to compute Tors CH?*(X) for all alge-
bras reduces itself to the case of primary division algebras.
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Now consider the Grothendieck group K(X) = Ky(X) together with the
gamma-filtration (1.5):

KX)=T"K(X)D>I'K(X)D....
One has a canonical epimorphism
I*3K(X) —— CH*(X)

of the quotient

PAK(X)=T?K(X)/T°K(X) .
We consider the group I'*?K(X) as an upper bound for CH?*(X) and will show
that in the primary case this upper bound is in certain sense the least one.

To formulate it precisely let us call the sequence (ind A®%), the behaviour
of A. A sequence of integers (n;):2; will be called ((p-)primary) behaviour if
it is the behaviour of a ((p—)primary) algebra.

Suppose that A is a division algebra. The Grothendieck group K(X) de-
pends only on the behaviour of A [18, §8, theorem 4.1]. Moreover, K (X)
together with the gamma-filtration (and the group I'’*K(X) in particular)
depend only on the behaviour (2.1) and our main observation is (2.13):

For any primary behaviour (and any given field) there exists a division algebra
A (over an extension of the field) of the given behaviour for which the canonical

epimorphism I'*3K(X) —— CH*(X) with X = SB(A) is bijective.

The construction of the algebra A is rather simple (2.11). We take a division
algebra (over a suitable extension of the field) of the index as in the given
behaviour and of the exponent coinciding with the index. After that we pass
to the function field of a product of certain generalized Severi-Brauer varieties
in order to change the behaviour in the way prescribed.

Since the groups I'*3K(X) and CH?(X) have the same rank (1.13) (rank
1 if X is a Severi-Brauer variety of dimension at least 2) we also have an
epimorphism of the torsion subgroups

Tors 2K (X)) —— Tors CH?*(X)

which is moreover bijective iff '*/3K (X) —— CH?*(X) is (1.14). So, formulat-
ing the main observation we may replace (and we do replace) both the groups
23 K(X) and CH*(X) by their torsion subgroups.

The gamma-filtration for a Severi-Brauer variety X and the group

Tors 1?3 K (X)

in particular are from the so to say “algebra-geometrical” point of view very
easy to compute (3.1): K(X) is a subring of K(IP) where P is the dim X-
dimensional projective space and the Chern classes on K(X) are simply the
contractions of the Chern classes on K(P). Although to get the answer in a
final form (say, to find the canonical decomposition of the finite abelian group
Tors I'*3K(X) for any primary behaviour) further calculations are required
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which can be done e.g. by computer in any concrete situation (i.e. for a
concrete behaviour) but seem to be not easy in the general case. Our main
efforts in this direction are made in (3.3), (3.5), (3.8) and (3.9).

To the structure of the note.

In § 1 we recall and partially prove certain general facts on the Chern classes
(with various values) and on the gamma-filtration. In § 2 we make the main
observation. In § 3 we investigate the group I'*/3K for various primary be-
haviours. In § 4 we consider algebras of prime exponent.

Some further notations concerning filtrations on K (X) are introduced in § 1.

1. CHERN CLASSES AND GAMMA-FILTRATION

In this § we are working with the category of smooth projective irreducible
algebraic varieties over a fixed field. The Grothendieck ring K is considered
as a contravariant functor on this category.

Definition 1.1 (Chern classes with values in K). Total Chern class ¢; is a
homomorphism of functors

¢ Kt — K[[t]]*

(where the left-hand side is the additive group of the ring K while the right-
hand side is the multiplicative group of series in one variable ¢ over K) satis-
fying the following property: if £ € K(X) is a class of an invertible sheaf on a
variety X then

c(§) =1+ (E—-1)t.
One defines the Chern classes ¢’ : K — K by putting

(o @]
C = Z c -t
i=0
Proposition 1.2. Chern classes with values in K are unique.

Proof. Follows from the

Lemma 1.3 (Splitting principle, [15, prop. 5.6]). For any variety X and any
x € K(X) there ezists a morphism f:Y — X such that:

1. f is a composition of some projective bundle morphisms;
2. fX(z) € K(Y) is a sum (with integer coefficients) of classes of some
invertible sheaves.

To obtain uniqueness of the Chern classes just note that the homomorphism
f*: K(X) — K(Y) from the lemma is injective. O

Proposition 1.4. Chern classes with values in K exist.

Proof. Here is the way of constructing due to Grothendieck with the original
notations [15, theorem 3.10 and §8].
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Take a variety X. First one constructs a homomorphism
At KT — K[[t]]"
by sending class of a locally free sheaf £ to

[e.e]

M(E]) =) [NE] -t

i=0
where A€ is the i-th exterior power of £.
After that one considers another homomorphism

o KT — K[[t])]"
namely,

”)/t:)\t

1-t
(this 7; gave the name of the gamma-filtration).
Finally, one puts
Ct = TVto (ld — I'k)

where 1k : K(X) — Z is the rank homomorphism (followed by the inclusion
Z — K(X) more precisely). O
Definition 1.5 (Gamma-filtration). The gamma-filtration

KX)=T"K(X)>T'K(X)D...
is the smallest ring filtration on K (X) such that

(K(X)) cI"K(X) forall i >1.
In other words, " K (X) is the subgroup of K (X) generated by all the products

A (xy)...c"(z,) with z; € K(X) and Zz'j >1.
i=1

In particular, I K (X) = Ker(rk : K(X) — Z).
We denote by G*I'K(X) the adjoint graded ring.
Definition 1.6 (Chern classes with values in G*T'K). For any variety X, we
call the induced maps . .
¢ K(X)— GTK(X)
the Chern classes with values in G*I'K. The total Chern class ¢; is the homo-
morphism

¢ K(X)t — <i GTK(X) -ti)

It is a morphism of functors and

a(§) =1+ (- 1)t
for a class € € K(X) of an invertible sheaf on X ((§ — 1) is considered as an
element of G'TK(X) in the last formula).
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Definition 1.7 (Chern classes with values in CH*). Total Chern class ¢; is a
homomorphism of functors

0o X
o Kt — <Z CH’ ~ti)
i—0

€)= 1+ (€~ 1)t
where £ € K(X) is a class of an invertible sheaf (({ — 1) is considered as an
element of CH'(X) in the last formula).

One defines the Chern classes ¢’ : K — CH’ by putting

[e.e]

Ct:ZCi'ti.

1=0

satisfying the property

Proposition 1.8. Chern classes with values in CH* are unique.
Proof. Follows from the splitting principle (1.3) since the homomorphism
f*: CH"(X) — CH*(Y)
is injective. O
Proposition 1.9 ([4, §3.2]). Chern classes with values in CH* exist.

Side by side with the gamma-filtration we consider the topological filtration
on K(X) (in fact defined on K{(X)) [18, §7]:

KX)=T'KX)>T'K(X)>....
Note that
T'K(X) =Ker(rtk : K(X) - Z) =T'K(X) .
We will denote by G*TK (X)) the adjoint graded ring.

Definition 1.10 (Chern classes with values in G*TK). The total Chern class
¢; is a homomorphism of functors

o) X
e Kt — (Z G'TK - ti)
=0

satisfying the property:
al@)=1+(—-1).
One defines the Chern classes ¢' : K — G'TK by putting

c = Z ¢t
i=0
Proposition 1.11. Chern classes with values in G*TK are unique.

Proof. Follows from the splitting principle (1.3) since the homomorphism
fFG'TK(X) - G'TK(Y)

is injective. O
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Proposition 1.12. Chern classes with values in G*TK exist.

Proof. Simply compose the Chern classes with values in CH* with the canonical
epimorphism CH* — G*TK. O

Now we establish certain connections between the gamma-filtration and the
topological one.

Proposition 1.13. For any variety X,

1. DK (X) € TIK(X) for all i.
2. T'K(X) = T'K(X) fori < 2.
3. T'K(X)®Q = T'K(X) ® Q for all .

Proof. 1. We only need to show that for any x € K(X) the coefficient at ¢* in
the series ¢;(z) lies in T*K(X). Let us call a series f € K(X)[[t]] “good” if for
any i the coefficient at t* in f is from T*K(X). If serieses f and g are “good”
then the serieses fg and f~! (if exists) are obviously “good” too (compatibility
of the topological filtration with the multiplication is used). From the other
hand the series ¢;(z) is evidently “good” in the case when z is a class of an
invertible sheaf. Hence ¢;(z) is also “good” when z is a sum (with integer
coefficients)of some invertible sheaves what implies according to the splitting
principle (1.3) that ¢;(z) is “good” always.

2. We only need to manage the case i = 2.

Consider a homomorphism K (X) — Pic(X) into the Piccard group of X
given by the rule [£] — [A™€E]. Tt gives a surjection 'K (X) —— Pic(X)
with the kernel T?K (X)) [15, §10]. So, we get an isomorphism

GITK(X) ~ Pic(X) .
One has also an isomorphism [18, §7.5]
CH'(X) ~G'TK(X) .
Since K (X) C T?K(X) we have a surjection G'TK(X) — G!TK(X)
which gives a homomorphism Pic(X) — CH'(X). But the latter map is an
isomorphism [5, cor. 6.16]. Thus 'K (X) = T?K(X).
3. We will give a proof in the end of this §. O
Corollary 1.14. One has an exact sequence
0— T*K(X)/T?K(X) — Tors G*T K (X) — Tors CH*(X) — 0 .

Proof. The equality 'K (X) = T? K (X) and the inclusion K (X) C T*K(X)
from the proposition give the exact sequence

0— T°K(X)/T°K(X) — GTK(X) — G*TK(X) — 0.
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Consider the commutative diagram with exact columns

0 0
! !

Tors G2PK(X) % Tors G2TK(X)
! !
GTKX) 2 QTK(X)
| |
G2LK(X)/ Tors 2 G2TK(X)/ Tors
! !

0 0

The map (2) is surjective. Hence the map (3) is surjective too. Since by the
proposition the ranks of the groups G2I'K (X) and G*TK (X) coincide the map
(3) is bijective. Thus (1) is surjective and the kernels of (1) and (2) coincide.
So, we get the exact sequence

0— T*K(X)/T?K(X) — Tors G’TK(X) — Tors G*TK(X) — 0.

Finally, the canonical map CH?*(X) — G?TK (X) is an isomorphism (see e.g.
(7, (3.1)]). O

Here is a connection between some Chern classes with distinguished values:

Lemma 1.15. The following diagram of maps commutes:

K(X) —% CH(X)

GIK(X) — GTK(X)

Proof. Both the compositions are Chern classes with values in G*TK (1.10)
which are unique (1.11). O

Remark 1.16. One can formulate a criteria for when the gamma-filtration
coincides with the topological one. It is clear from the very definition (1.5)
that for any variety X the ring G*I'K(X) is generated by the Chern classes
(with values in G*T'K). So, if the gamma and the topological filtrations are
the same the ring G*TK is generated by the Chern classes (with values in
G*TK this time) too.

The other way round, if G*TK is generated by the Chern classes then the
homomorphism G*T'K(X) — G*TK(X) is surjective whence the filtrations
coincide.

Such a principle can be used to prove (3) from (1.13). We need

Lemma 1.17 ([4, example 15.3.6]). For any i > 0, the restriction of the i-th
Chern class
c: K(X)— CH(X)
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to T'K(X) is a homomorphism trivial on T""' K (X). The composition of the
canonical epimorphism

CH'(X) — G'TK(X)
with the induced map

G'TK(X) — CH(X)
coincides with the multiplication by (—1)"1(i — 1)\.

Corollary 1.18. Changing the order of the composed maps one gets the mul-
tiplication by (—1)""1(i — 1)! too.

Proof. The homomorphism CH'(X) —— G'TK(X) is surjective. O
Proof of (3) from (1.13). For any i the homomorphism
¢ G'TK(X) — G'TK(X)
coincides due to the corollary with multiplication by an integer. Whence
¢ GTK(X)®Q — G'TK(X)®Q

is an isomorphism and in particular surjective what means that the quotients
of the topological filtration on K(X) ® Q are generated by the Chern classes.
According to our principle it implies that the gamma-filtration on K(X) ® Q
coincides with the topological one. O

2. MAIN OBSERVATION

From now on X denotes the Severi-Brauer variety corresponding to a central
simple algebra A.

Lemma 2.1. For a division algebra A, the group K(X) together with the
gamma-filtration depends only on the behaviour of A.

Proof. Let P be the dim X-dimensional projective space and £ € K (PP) the class
of Op(—1). The ring K (P) equals Z[¢]/(1 — &)™ where n = dim X + 1 = deg A.
We identify K(X) with a subring of K(IP). It is generated (as a subgroup)
by all (ind A%%) - & (i > 0) [18, §8, theorem 4.1], so it is uniquely determined
by the behaviour of A. The Chern classes on K(X) (with values in K) are
contractions of the Chern classes on K(P), so they are uniquely determined
too. 0

Proposition 2.2 ([8, theorem 1]). If ind A = exp A for an algebra A then
(for any 1 > 0) the I-th term of the topological filtration T'K (X)) is generated
by all
ind A ,

———(£—1)" with | <i<degA

md )&~ Y with D<i<deg
(see the the proof above for the definition of &; (-,-) denotes the greatest com-
mon divisor). In particular, the group G*TK(X) is torsion-free.
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Proposition 2.3. If A is a primary algebra then
ind A , .
— (-1 e"K(X 1 >0.
(i,indA)(é ) e (X) forany i >0
Proof. Put n =ind A. For n{ € K(X) we have:
() = (&) = (1+ (€~ 1)1)"

(the last equality holds by (1.1)). Whence

ci(ng) = (7;) (-1 e 'K (X).
In particular,
(—1" e MK(X)
thereby for the rest of the proof we may assume that : < n. Moreover,
n'(E -1 =c (&) eI"K(X) .
The last observation is

Lemma 2.4. If n is a primary number and n > 1 > 0 then

(v CL)) - <:n> |

Proof. Suppose that n is p-primary and denote by v,(j) the multiplicity of p
inj. If 1 <j<mnthen v,(j) < vy,(n) and so v,(n — j) = v,(j). Hence

Up<(n—1)(n—2)...(n—(i—1))> .

1-2...(i—1)

and

U
O

Corollary 2.5. If A is a primary algebra and ind A = exp A then the gamma-
filtration on K(X) coincides with the topological one.

O

Theorem 2.6. Let A be as in (2.5), X = SB(A). Let Y1,...,Y,, be some
generalized Severi-Brauer varieties [3, §4] of some algebras which are (Brauer
equivalent to) some tensor powers of A.

The gamma-filtration on the Grothendieck group of the variety X owver the
function field F (Y, x---xY,,) coincides with the topological one. In particular,
the epimorphism (1.14)

Tors G*T'K —— Tors CH?

for this variety is bijective.
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Proof. For every Y; the product X X Y; is a Grassman bundle over X (with
respect to the first projection). Hence CH*(X x Y;) is generated as a CH*(X)-
algebra by the Chern classes of a locally free sheaf (see e.g. [14, (3.2)]). Taking
the product of all X x Y; over X we obtain that

CH" (X xY) x---xYp)

is generated as a CH"*(X)-algebra by the Chern classes (of some locally free
sheaves).
The homomorphism of CH*(X)-algebras

CH*(X xY; x -+ xY,) = CH(Xpmix.xvim))

(given by the pull-back) is surjective (see e.g. [13, theorem 3.1]). Whence the
right-hand side is generated as a CH*(X)-algebra by the Chern classes too.

Using the epimorphism CH* —— G*TK of the Chow ring onto the adjoint
graded Grothendieck ring we obtain the same statement as in the previous
paragraph but for G*TK instead of CH* by meaning the Chern classes with
values in G*TK this time.

The gamma-filtration on K (X) coincides with the topological one (2.5)
and therefore the ring G*TK(X) is generated by the Chern classes (1.16).
Consequently, G*TK (Xp(y,x.xv,,)) is generated by the Chern classes as a
ring, not only as a G*TK (X )-algebra. It means that the gamma-filtration on

K(Xp(y;x.-xv,,)) coincides with the topological one (1.16). O
Definition 2.7. Let A be a p-primary algebra. The sequence of integers
i\ log, exp A
(logp ind A®? ) ’
=0

will be called the reduced behaviour of A.

Example 2.8. The reduced behaviour of a p-primary algebra A with ind A =
expA=prisn,n—1,n—2,..., 1, 0.

Lemma 2.9. The behaviour of a primary algebra is completely determined by
its reduced behaviour. The reduced behaviour of an algebra is a finite strong
decreasing sequence of integers with 0 in the end. Any finite strong decreasing
sequence of integers with 0 in the end is for any prime p the reduced behaviour
of a p-primary division algebra.

Proof. Let A be a p-primary algebra. If 7 is an integer prime to p then ind A®* =
ind A. It proves the first sentence of the lemma.

If in addition ind A # 1 then ind A®P < ind A. Tt proves the second sentence.

Finally, fix a sequence ng > ny > -+ > n,, = 0 and a prime p. A con-
struction of a p-primary algebra having the reduced behaviour (n;)™, is given
in [20, construction 2.8]. This construction involves function fields of usual
Severi-Brauer varieties only. We describe another known construction which
involves function fields of generalized Severi-Brauer varieties too and is more
suitable for our purposes.
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We start with a division algebra A (over a suitable field) for which
indA=expA=p".
For each 7 = 1,2,..., m consider the generalized Severi-Brauer variety
Y; = SB(p", A®P")
(Y; is by the definition [3, §2] the variety of rank p™ right ideals in A®P' it
function field is a generic extension making the index of A®P" to be equal to
p").

Finally, we denote the function field F'(Y; x---xY,,) by ' and put A = Az.
Using the index reduction formula [3, theorem 5] or an improved version of this
formula [17, formula I] one can easy show that the algebra A has the reduced
behaviour (n;),. O

Remark 2.10. In the construction described in the proof above it is not nec-
essary to use all of the varieties Y;: if n; = n;_; — 1 for some i then the variety
Y, can be omitted.

Definition 2.11. The algebra A from the proof above will be called a “gene-
ric” p-primary division algebra of the reduced behaviour (n;)™,. Note that it
can be constructed over an extension of any pregiven field.

Remark 2.12. The algebra Ais really generic if A is (although for our pur-

poses A can be chosen arbitrary). Also note that A is obtained from A by a
generic scalar extension among the extensions changing the reduced behaviour
of the algebra to (n;)",; it is another motivation for our terminology.

Theorem 2.13. Fix a prime p and a reduced behaviour. [szf 15 a “generic”
p-primary division algebra of a given reduced behaviour (2.11) then the epi-
morphism (1.14)

Tors G*I'K (X)) —— Tors CH*(X) (where X = SB(A))

is bijective. If A is an arbitrary p-primary algebra of the same reduced be-
haviour as A then there exists an epimorphism

Tors CH?(X) —— Tors CH?(X) .

Proof. The first part follows from (2.6) and from the definition of “generic”
algebras (2.11). The second part follows from (1.14), (2.1) and from the first
one. 0

3. COMPUTATION OF GAMMA-FILTRATION
Remind that we have put forever X = SB(A); we also put X = SB(A).

Proposition 3.1. Let A be a p-primary algebra and (n;)7, its reduced be-
haviour. For any 1 > 0, the group T'K (X) is generated by all the products

* , & — 1) with 5, >0 and gi >1
. g5 2
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where £ = [O(—1)] € K(P).
Moreover, one can omit in (x) all the factors with numbers i such that n; =
n;—1 — 1.

Proof. The formula

ey = (7)€ -y

and (2.4) show that each product () lies in T'K (X).
For the opposite inclusion we need

Lemma 3.2. Consider the polynomials over Z in one variable . For any
integers j, r > 0 the polynomial ((" — 1)7 is equal to a sum

Z QS(C - 1)8

with integers as such that s - as s a multiple of j - r.

Proof. 1t is clear that
jr
(=17 =) a1y
s=j

for some (uniquely determined) a, € Z. Taking the derivative we obtain the
statement on the coefficients. 0

The additive group K(X) is generated by all p"€™" with 0 < i < m and
r > 0. We have:
ey = (7

)wuw:zﬁﬂﬂuwaw

$>j
Since by the lemma j | s - as the coefficient

(p ) La, is divisible by —2— .
J (s,p™)

z

Thus the Chern class ¢/ (p™€™') is a sum (with integer coefficients) of

Uz

p
(s,p™)

(& —1)° with s> j

and we obtain the first part of the proposition.
Now suppose that n; = n;_; — 1 for some i. One has:

(& =1y = ag- (€ -1y

52]
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for some integer as with j-p| s - as. Consequently,

p j i71 S
. ) = Qs - 7= ) - 1) =
(J,p"f) ; Js ™)
i—1
- Z s P .y (6 - 1)8 =
s>7 S p l
_ ) pi—l 1)

~—

for some integers b; and ¢, (the equahty n; = n;_1 — 1 is used in the last step).
Thus the i-th factor in (%) can be omitted.

— [

The proposition gives in particular a description of the group G*I'K(X).
Now we want to find out when this group has a non-trivial torsion. We sta
with the case of an odd prime.

t

=

Proposition 3.3. Let A be a p-primary algebra with an odd p. The group
G’I'K(X) has a torsion iff ind A > exp A.

Proof. See (2.2) with (2.5) for the “only if” part.
Suppose that ind A > exp A. Then in the reduced behaviour (n;)i, of A
one has:
ns < ng_1 — 2 for some s .

Consider the element
P AP - (@ -1 € TPR(X).

Since in the polynomial ring Z[¢] (if we imagine that £ is just a variable) z is
divisible by (£ —1)3 it is clear that a multiple of x lies in T®K (X). So, for our
purposes it suffices to show that x itself is not in MK (X).

Let us act in the polynomial ring Z[¢] modulo p™—1~1. We have:

r=pht TR — 1),
Consider a generator of I K (X) from (3.1):

() Gl (@ 1 where ;20 and 323
i=0 Jir D =0

We state that

g

(%) = (€ —1)°- f(&")
where f is a polynomial. If we would manage to show it we could proceed
as follows. Suppose that z € T3K(X). Then in the polynomial ring Z[¢] we
obtain an equality:

prTRE = 1) = (€ 1) f(E) +ph T g(€)
for some polynomials f and g. Canceling by p™~'~2 and (£7" — 1)? and sub-
stituting ¢ = 7" — 1 we get:

1= Cfo(Q) + pgo(¢) € Z[¢]
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what is a contradiction because ( and p do not generate the unit ideal in the
polynomial ring Z[(].
It remains to show that
(%) = (€ —1)*- f(¢") .
If for all ¢ < s the number j; in the product (%) equals 0 then even the exact
equality (not only the congruence) holds. Suppose that j; # 0 for some i < s.
Write down this j; as 7; = p” - j with j prime to p. If n;, —r > ns_; — 1 then
P _
and hence (x) = 0. So, assume that n; —r < ns_; — 1. We have:

uz

r>n;—ng1+1>(s—-1)—i+1l=s—1.
In order to proceed we need
Lemma 3.4. In the polynomial ring Z[(] one has a congruence
(C=1 = =" modp
for any prime p and any integer k > 0.

Proof. Induction on k starting from k = 1:
€= = (c-v") =
— ((rP pFt k H——" p* k41
= (=" 455 Q) = (¢ = 1) mod p
(f(¢) is a polynomial, it exists by the induction hypothesis). O

According to the lemma we have:

(gpi N 1)])7“ = (gps N 1)pr75+i mod pT—S+i+1 ‘

Hence
pni i . pm s r—sti_; g — st
P 1y = (@ T mod g
(Ji, p™) (Ji, p™)
Since p"**".j>p>3andn; —s+i+1>n,; —1 we are done. O

The analogous statement in the case p = 2 looks a little bit more compli-
cated:

Proposition 3.5. Let A be a 2-primary algebra. The group G*TK(X) has a
torsion iff ind A > exp A and the reduced behaviour of A is not of the kind

n,n—1,...,3,2, 0.

Proof. We start with the “only if” part. The case ind A = exp A is covered by
(2.2) with (2.5). Suppose that A has the reduced behaviour

n,n—1,...,3,2, 0.
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Using the same method as in [8] one can show that the whole adjoint graded
group is torsion-free. Namely, a formula like one from [8, prop. 2| states:

IG*TK(P)/ Tm G*TK (X))
|K(P)/K(X)]

where | . | denotes the order of a group. Since we know the behaviour of A we
can compute that

| Tors G'TK(X)| =

K@K = [T g

(to avoid unnecessary complications we assume here that A is a division alge-
bra). From the other hand, (2.3) shows that

|GTK(P)/ImGTK(X)| < for any 1 .

(4,27)
Moreover,
|IG'TK(P)/Im G'TK(X)| < 2"

because €2 —1 € 'K (X) (see also the computation of CH!(X) [2, §2]) and
therefore

IG'TK (P)/Im G*TK (X

’.:] |

i=0 ’
Thus, | Tors G'TK(X)| = 1.

Now we will “correct” the “if” proof of the previous proposition in order to
match the current 2-primary situation. Suppose that we have an algebra A for
which existence of torsion is stated. Then in the reduced behaviour (n;)™, of
A we have:

ng <ng_1—2 and ng_; >3 for some s .

Consider the element
p=2me e )2 o (@ — 1) e 2K (X))

Since in the polynomial ring Z[¢] the polynomial z is divisible by (¢ — 1)3
is clear that a multiple of x lies in T® K (X). So, for our purposes it suffices to
show that z itself is not in K (X).

Let us act in the polynomial ring Z[¢] modulo 2"-172. We have:

€2 1),

Consider a generator of I K (X) from (3.1):

2mi ' -
( o )(52 1)’ where j; >0 and Zji >3.
Jis i=0

T = 2"5*1_3(
(3.

m

(%)

We state that

(%) = (€ —1)*- f(&)
where f is a polynomial. If we would manage to show it we could proceed in
the same manner as in the proof of the previous proposition.
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If for all i < s the number j; in the product (x) equals 0 then even the exact
equality (not only the congruence) holds. Suppose that j; # 0 for some i < s.
Write down this j; as j; = 2" - j with 7 prime to 2. If n; —r > n,_; — 2 then

A _

(ir2m) ~

and hence (x) = 0. So, assume that n; — r < n,_; — 2. We have:
r>n;—msg1+2>(s—1)—i+2=s—i+1.
According to (3.4) we have:
(521' i 1)2T = (528 . 1)2“8“ mod 9r—stitl
Hence
.2m (522' _ 1)ji = .2m (528 _ 1)27*5“-]' mod 2ni—stit+l
(Ji, 2™) (Ji» 27)

Since 27 7°%1. 7 >22>3 and n; —s+i+1>n,_; — 1 we are done. O

Now we want to compute the group Tors G2I'K(X) in a special situation
explicitly. The situation in mean is described in the following

Definition 3.6. We say that a reduced behaviour (n;)!, “makes (exactly)
one jump” iff there exists exactly one s such that n, < n, ; — 2.

Example 3.7. Fix a prime p and integers n > m > 1. One can define a
“generic” division algebra A of index p" and exponent p™ in spirit of (2.11):
take a division algebra A of index and exponent p”, put Y = SB(A®"") and
A= Apwy). N

The resulting algebra A can be also obtained as a “generic” p-primary divi-
sion algebra of the reduced behaviour

nn—1....n—m+2, n—m+1,0.
In particular, it is an example of algebra which reduced behaviour “makes one
jump”.

Proposition 3.8. Let A be a p-primary algebra with an odd p and suppose that
the reduced behaviour (n;)™, of A “makes one jump”. Then Tors G*I'K (X)) is
a cyclic group of order p to the power

min{s, ng —ns — s}
where s is the subscript for which ny < ng_1 — 2.

Proof. According to (3.1) for any [ > 0 the group I K (X) is generated by all
of the products:

p
(jOapnO)

70 s

(€ 1) L

Gy & U7 with 520 and o+, 2 1.
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In particular for the quotient G*I'K(X) we get three generators:

u=p"(§—1)*;
v=p"(E— 1) p™ (€ —1);
w=p" (e —1).

The second one can be excluded:
v=p""ue GTK(X).

Since v and w have the infinite order in the quotient, any torsion element x of
the kind = u — kw or x = ku — w with an integer k (if exists) generates the
torsion subgroup. Consider two cases: if ng > ng + 2s then we put

no—mns—28

rT=u—7p w

otherwise we put

x = phtE Ty —qp

The element z € G*T'K (X)) is evidently a torsion element. We finish the proof
when we show that = has order p*® in the first case and order p™~"+7* in the
second. In both the cases it means the same:

(1) Pt — 1) —po (¢ — 1) e TPK(X)
and
(2) PrTTHE = 1) —p T (E — 1) € TPK(X)

In order to avoid repetition of some boredom computations we prove the
inclusion (1) in the following way. Take an algebra B of the same degree
and index as A and of the exponent coinciding with the index. We have an
inclusion K (SB(B)) C K(X) (at this point it is better to consider both the
Grothendieck rings in a formal way: just as rings defined by generators and
relations supplied with the Chern classes). This inclusion is compatible with
the gamma-filtrations and the element from (1) is obviously in T?K (SB(B)).
Since the group G*T'K(SB(B)) is torsion-free our element lies in T3K(SB)),
hence (1).

The proof of (2) goes parallel to the proof of (3.3) and does not contain any
new idea. Let us act in the polynomial ring Z[¢] modulo p™~*. The element
we are interested in is congruent to

pno—s—l(gps _ 1)2 ]
Consider a generator of I? K (X):

pno ) pns
() (e—n L

(]Oapno) (]Sapns)
The proof is complete when we show that

(%) = (&7 = 1)°- f(¢)
where f is a polynomial (compare with the proof of (3.3)).

(€7 —1)% with j; >0 and jo +j, > 3.
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If jo = 0 then even the exact equality (not only the congruence) holds.
Suppose that j, # 0. Write down jy as jo = p" - j with j prime to p. If
ng —r > ng — s then
P

(jOapnO)
and hence (x) = 0. So, assume that ng —r < ng—s, i.e. that r > s. According
to (3.4) we have:

€= =@ =17 mod pr
Hence
pno j pno s 8. no—s+1
‘ €-1"=— (€ =1 7 modp™™*T.
(]Oapno) (]Oapno)
Since p"~* -7 >p>3and ng — s+ 1> ng— s we are done. O

Proposition 3.9. Let A be a 2-primary algebra. Suppose that the reduced
behaviour (n;)™, of A “makes one jump” and let s be the subscript for which
ns < ns_1 — 2. The group Tors G*T'K (X)) is cyclic; its order equals p to the
power

min{s, ng —ns — s} ifng >0;

min{s, ngo —s—1}  if ng=0.
Proof. We describe here only changes which should be made in order to adopt
the previous proof to the 2-primary case.

First suppose that ng > 0.
The quotient G*T'K(X) has three generators:

u=2""H¢E—1)%;
=206~ 1) 27(€¥ ~ 1)
w = 2ns—1(€25 _ 1)2 )

The second one can be evidently excluded.
If ng > ns + 2s then we put

U — 2n0—ns—2s

xr = w ;

otherwise we put
x o= QMR Ty gy

The element z € G?’I'K(X) generates the torsion subgroup. To verify the
statement on its order we have to check that

1) (g~ 1)? - 2 (€ 1) € TOR(X)
and
) PR (E 1) - M€ 1) ¢ TOK(X)

The inclusion (1) can be done in the same way as previously.
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Let us do (2). We act in the polynomial ring Z[¢] modulo 2™~ The
element we are interested in is congruent to
2710—8—2(623 _ 1)2 ]
Consider a generator of I K (X):
910 ) I
() (€= 1P
(Jo, 2™) (Js»2m)
The proof is complete when we show that

(+) = (€ —1)°- f(€7)

(€ — 1)’ with j; >0 and jo +j, > 3.

where f is a polynomial.

If jo = 0 then even the exact equality (not only the congruence) holds.
Suppose that jo # 0. Write down jg as jo = 2"-7 with odd j. If ng—r > ng—s—1
then

2mo
(j07 2n0)
and hence (x) = 0. So, assume that ng —r < ng — s — 1, i.e. that r > s+ 1.
According to (3.4) we have:

-1 = -1 mod 275,

Hence
2"0 (é— B 1)]0 _ 2”0 (525 _ 1)2775-]' mod pn0—5+1 '
(Jo, 2) (Jo, 20)
Since 277°- 7 >22>3 and ng — s +1>ng — s — 1 we are done.
Now suppose that ng, = 0.
The generators of G*I' K (X) are:

W= 1
v=2"( - 1) (€7 - 1)
w= (€~ 1.

The second one can be evidently excluded.
If ng > 2s + 1 then we put

T = — 2no—2s—1w :
otherwise we put
x = 2%ty

The element z € G?I'K(X) generates the torsion subgroup. To verify the
statement on its order we have to check that

1) (g~ 1)? - 2 (€ 1) € TOR(X)
and
) I (E 1) - 2R 1) g TOR(X)

But it was done already (the assumption ns > 0 was not in use). O
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Example 3.10. Let Abe a “generic” division algebra of index p" and expo-
nent p™ (3.7). From (2.13), (3.8) and (3.9) it follows that Tors CH*(X) is a
cyclic group of order p to the power

min{m, n —m} for an odd p;
min{m, n —m — 1} for p=2.

4. ALGEBRAS OF PRIME EXPONENT
Applying the above results to the case of a prime exponent we can state

Proposition 4.1. Let A be an algebra of a prime exponent p. Then the group
Tors CH*(X) is trivial or (cyclic) of order p. It is trivial if ind A = p or
indA = 4. It is not if A is a “generic” division algebra of index p" and
exponent p (see (2.11) or (3.7)) where n > 2 in the case of odd p and n > 3
in the case when p = 2.

]
It would be interesting to list all algebras A of prime exponent with trivial
Tors CH?(X). We can only describe a class of such algebras. In [9] it was shown
that any decomposable (into a tensor product of two smaller algebras) division
algebra of index p? and exponent p has no torsion in CH?(X) (in fact, there is
no torsion in the whole graded group G*TK (X)) [9, theorem 1]). The 2-analogy
of this fact was obtained in [11, cor. 3.1]: any decomposable division algebra
of index 2% and exponent 2 has no torsion in CH?*(X) (although non-trivial
torsion may exist in G*TK (X)). These facts can be generalized as follows:

Proposition 4.2. Let A be a division algebra of prime exponent. If A decom-
poses then the group CH?(X) is torsion-free.

Proof. First consider the case when p # 2.
We have a surjection

Tors G*T K (X ) —— Tors G*TK (X) ~ Tors CH*(X) .

The group from the left-hand side is cyclic (3.8), its generator is represented
by the element

z=p"(§—1)"—p" & - 1)? € PK(X) = T°K(X)

where p" = ind A.

Let A = A; ® Ay be the decomposition of A into a product of two smaller
algebras. Assume that the base field F' has no extensions of degree prime to
p (otherwise we can replace F' by a maximal extension of prime to p degree;
such a change has no effect on CH?*(X)). Take an extension E/F of degree
[E : F] = p"2 such that ind(A;)g = ind(As)p = p (one can obtain E/F
by taking first an extension Ej/F of degree [E; : F] = (ind A;)/p for which
ind(A;)g, = p and extending E; to F in such a way that [E : F| = (ind As)/p
and ind(As)g = p). Consider an element

y=p((—1)>— (& -1 e T°K(Xg) .
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Since the algebra A is Brauer equivalent to a decomposable division algebra of
index p? the group CH?*(X}) is torsion-free [9, theorem 1]. Hence, y € T3 K (X).
Taking the transfer of y we get:

Nep(y) =p" (=12 =p" (=1 =2 € T’K(X) .

Consequently Tors CH?*(X) = 0.

Now consider the case p = 2.

If ind A = 4 then Tors CH?*(X) = 0 (see e.g. (3.5) or use the Albert theorem
and [9, theorem 1]). Suppose that ind A > 8.

The group Tors G* T K (X)) is cyclic (3.9), its generator is represented by the
element

r=2""1E -1 —2"(& - 1)’ e I’K(X) = T°K(X)

where 2" = ind A.

Let A = A; ® Ay be the decomposition of A into a product of two smaller
algebras and ind A; > ind As. Assume that the base field F' has no extensions
of odd degree. Take an extension E/F of degree [E : F| = 2773 such that
ind(A;)g = 4 and ind(A3)p = 2 (one can obtain E/F by taking first an
extension F,/F of degree [E) : F| = (ind A;)/4 for which ind(A4;)r, = 4 and
extending F; to E in such a way that [F : E] = (ind A;)/2 and ind(As) g = 2).
Consider an element

y=2-1)" = (& -1 € T°K(Xg) .

Since the algebra Ag is Brauer equivalent to a decomposable division algebra of
index 2% the group CH?(X}) is torsion-free [11, cor. 3.1]. Hence, y € T3K(X).
Taking the transfer of y we get:

Npp(y) =2""1 (- 1) =273 - 1)’ =2 € TPK(X) .
Consequently Tors CH*(X) = 0. O

Corollary 4.3. A “generic” algebra of prime exponent p and index p™ (3.7)
is always indecomposable excluding the Albert case: p =2 = n.

Proof. Follows from (4.1) and (4.2). O

We would like to list some of works where the question of indecomposability
for central simple algebras was considered previously: [1, 19, 21, 6, 10]. The
method of [10] is close to but different from the one presented here; it does not
cover the case p = 2.
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