CODIMENSION 2 CYCLES
ON SEVERI-BRA UER VARIETIES

NIKIT A A. KARPENK O

Abstra ct . For agivensequencefintegers(n;), we considerall the cen-
tral simple algebrasA (over all elds) satisfying the condition ind A ' = n;
and nd among them an algebra having the biggest torsion in the sec-
ond Chow group CH? of the corresponding Se\eri-Brauer variety (\biggest"
meansthat it can be mapped epimorphically onto ead other).

We describe this biggesttorsion in a way in generaland more explicitly
in someimportant special situations. As an application we prove indecom-
posability of certain algebras.

0. Intr oduction

We consider nite dimensionalover elds certral simple algebras. Let A
be sud an algebraand X = SB(A) the correspnding Se\eri-Brauer variety
[2, x1]. We are interestedto descrike the torsion in the secondChow group
CH?(X) of 2-cadimensionalcycleson X modulo rational equivalence(the ques-
tion seemsmore natural if onetakesin accour that the groups CH°(X) and
CHY(X) newer have a torsion). Here are somepreliminary obsenations. The
group TorsCH?(X) is nite and annihilated by ind A. Further, if A®is another
algebraBrauer equivalert to A and X °= SB(A9 then [16, lemma(1.12)], [12,
cor. 1.3.2]:

TorsCH?(X) "' TorsCH?*(X9 :

Finally, if

is the decomposition of an algebraA into the tensor product of its primary
componerts and X, = SB(A,) for ead prime p then

M
TorsCH?(X) " TorsCH?(X )
p

or in other word, p-primary part of the group TorsCH?(X) is isomorphic to
TorsCH?(X ).

Summarizingwe seethat the problemto compute TorsCH?(X ) for all alge-
bras reducesitself to the caseof primary division algebras.
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Now considerthe Grothendiedk group K (X) = Ko(X) together with the
gamma- ltration (1.5):

K(X)= °K(X) 'K(X)
One has a canonicalepimorphism
28R (X) ' CH3(X)

of the quotient

B (X) = 2K(X)= 3K (X):
We considerthe group 22K (X ) asan upper bound for CH?(X ) and will show
that in the primary casethis upper bound is in certain sensethe least one.

To formulate it preciselylet us call the sequencdind A )L, the behaviour
of A. A sequenceof integers(n;)L; will becalled (p-)primary behaviour if
it is the behaviour of a (p-)primary algebra.

Supposethat A is a division algebra. The Grothendiek group K (X) de-
pends only on the behaviour of A [18, x8, theorem 4.1]. Moreover, K (X)
together with the gamma- Itration (and the group 22K (X) in particular)
depend only on the behaviour (2.1) and our main obsenation is (2.13):

For any primary behaviour(and any given eld) there existsa division algeba
A& (over an extensionof the eld) of the givenbehaviourfor whichthe canonical
epimorphism 23K () ! | CH?(®) with X = SB(&) is bijective.

The construction of the algebra4 is rather simple (2.11). We take a division
algebra (over a suitable extensionof the eld) of the index asin the given
behaviour and of the exponernt coinciding with the index. After that we pass
to the function eld of a product of certain generalizedSe\eri-Brauer varieties
in order to changethe behaviour in the way prescribed.

Sincethe groups 22K (X) and CH?(X) have the samerank (1.13) (rank
1 if X is a Se\eri-Brauer variety of dimension at least 2) we also have an
epimorphism of the torsion subgroups

Tors 22K (X)!'! TorsCH3(X)

which is moreover bijectivei  2BK (X) ! CH?*(X) is (1.14). So, formulat-
ing the main obsenation we may replace(and we do replace)both the groups
273K (X ) and CH?(X) by their torsion subgroups.
The gamma- Itration for a Se\eri-Brauer variety X and the group

Tors 22K (X)

in particular are from the soto say \algebra-geometrical” point of view very
easyto compute (3.1): K(X) is a subring of K (P) where P is the dim X -
dimensional projective spaceand the Chern classeson K (X) are simply the
cortractions of the Chern classeson K (P). Although to get the answer in a
nal form (say, to nd the canonicaldecompsition of the nite abelian group
Tors 27K (X) for any primary behaviour) further calculations are required
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which can be done e.g. by computer in any concrete situation (i.e. for a
concretebehaviour) but seemto be not easyin the generalcase. Our main
e orts in this direction are madein (3.3), (3.5), (3.8) and (3.9).

To the structure of the note.

In x 1 werecall and partially prove certain generalfacts on the Chern classes
(with various values) and on the gamma- ltration. In x 2 we make the main
obsenation. In x 3 we investigate the group 272K for various primary be-
haviours. In x 4 we consideralgebrasof prime exponert.

Somefurther notations concerning ltrations onK (X ) areintroducedin x 1.

1. Chern classes and gamma-fil tra tion

In this x we are working with the categoryof smooth projective irreducible
algebraicvarietiesover a xed eld. The Grothendiek ring K is considered
asa cortravariant functor on this category

De nition 1.1 (Chern classeswith valuesin K). Total Chern classc; is a
homomorphismof functors

G K™ 1 KI[t]]

(where the left-hand side is the additive group of the ring K while the right-
hand sideis the multiplicativ e group of seriesin onevariablet over K) satis-
fying the following property: if 2 K (X) is a classof an invertible sheafon a
variety X then

a()=1+( Dt
Onede nes the Chernclassex : K ! K by putting

Prop osition 1.2. Chern classeswith valuesin K are unique.
Proof. Follows from the

Lemma 1.3 (Splitting principle, [15, prop. 5.6]). For any variety X and any
x 2 K(X) there existsa morphismf : Y ! X suchthat:

1. f is a composition of someprojective bunde morphisms;
2. f (x) 2 K(Y) is a sum (with integer coe cients) of classesof some
invertible shewves.

To obtain uniquenessf the Chern classegust note that the homomorphism
f K(X)! K(Y) from the lemmais injective. O

Prop osition 1.4. Chern classeswith valuesin K exist.

Proof. Hereis the way of constructing due to Grothendied& with the original
notations [15, theorem 3.10 and x8].
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Take a variety X . First one constructsa homomorphism
KT K]
by sendingclassof a locally free sheafE to

x .
([ED= [ 'B] t
i=0
where 'E is the i-th exterior power of E.
After that one considersanother homomorphism
e KT K]
namely,
t=
(this  gave the name of the gamma- Itration).
Finally, one puts

¢ = ¢ (id rk)
whererk : K(X) ! Z is the rank homomorphism(followed by the inclusion
Z ! K(X) more precisely). O

De nition 1.5 (Gamma- Itration) . The gamma- Itration
K(X)= °K(X) 'K(X)
is the smallestring Itration on K (X) sud that

d K(X) 'K(X) forall i 1:
In other words, 'K (X) is the subgroupof K (X) generatedoy all the products
X

Ct(Xq):::C7(X,) with x; 2 K(X) and i
i=1
In particular, K (X)= Ker(rk : K(X)! 2).
We denoteby G K (X)) the adjoint gradedring.

De nition 1.6 (Chern classeswvith valuesin G K). For any variety X, we
call the induced maps _ _
c:KX)! G K(X)
the Chern classeswith valuesin G K. The total Chern classc; is the homo-
morphism |
X )
c K(X)" ! G KX) t
i=0
It is a morphism of functors and

a()=1+( 1t

for aclass 2 K (X) of an invertible sheafon X (( 1) is consideredas an
elemen of Gt K (X) in the last formula).
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De nition 1.7 (Chern classeswith valuesin CH ). Total Chern classc; is a
homomorphismof functors |

oo

G K™ 1 CH' t'

i=0

satisfying the property
o()=1+( 1t
where 2 K(X) is a classof an invertible sheaf(( 1) is consideredas an
elemen of CH*(X) in the last formula).
One de nes the Chernclasses : K ! CH' by putting

xo
G = ¢ t':
i=0
Prop osition 1.8. Chern classeswith valuesin CH are unique.
Proof. Follows from the splitting principle (1.3) sincethe homomorphism
f :CH (X)! CH(Y)
Is injective. O
Prop osition 1.9 ([4, x3.2]). Chern classeswith valuesin CH exist.
Sideby sidewith the gamma- Itration we considerthe topological Itration
on K (X) (in fact de ned on K (X)) [18, x71:
K(X)=TK(X) T¥K(X)
Note that
TK(X) = Ker(rtk : K(X)! Z2)= K (X):
We will denoteby G TK (X) the adjoint gradedring.

De nition  1.10 (Chern classeswith valuesin G TK). Thetotal Chernclass
¢ is a homomorphismof functors |
X )
c:K* ! G'TK t
i=0
satisfying the property:
a()=1+( It:
Onede nes the Chernclassex : K ! G'TK by putting
)
G = c t':
i=0
Prop osition 1.11. Chern classeswith valuesin G TK are unique.

Proof. Follows from the splitting principle (1.3) sincethe homomorphism
f :GTK(X)! G TK(Y)
IS injective. O
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Prop osition 1.12. Chern classeswith valuesin G TK exist.

Proof. Simply composethe Chern classesvith valuesin CH with the canonical
epimorphismCH !'! G TK. O

Now we establishcertain connectionsbetweenthe gamma- ltration and the
topological one.

Prop osition 1.13. For any variety X,

1. K (X) TIK(X) for all i
2. K(X)=TIK(X) fori 2
3. 'K(X) Q=TK(X) Qforalli.

Proof. 1. We only needto show that for any x 2 K (X) the coe cient at t' in
the seriesc (x) liesin T'K (X). Let uscall aseriesf 2 K (X)[[t]] \good" if for
any i the coecient att' in f is from T'K (X). If seriesed and g are \good"
then the seriese$ gandf ! (if exists)are obviously \good" too (compatibility
of the topological Itration with the multiplication is used). From the other
hand the seriesc(x) is eviderily \good" in the casewhen x is a classof an
invertible sheaf. Hence¢(x) is also\good" when x is a sum (with integer
coe cien ts)of someinvertible sheareswhat implies accordingto the splitting
principle (1.3) that ¢(x) is \good" always.

2. We only needto managethe casei = 2.

Considera homomorphismK (X) ! Pic(X) into the Piccard group of X
given by the rule [E] 7! [ EE]. It givesa surjection K (X) !! Pic(X)
with the kernel 2K (X) [15, x10]. So, we get an isomorphism

G' K(X)' Pic(X):
One hasalsoan isomorphism[18, x7.5]
CH'(X)' GTK(X):
Since 2K (X)  T2K(X) we have a surjection G K(X) !'! GTK(X)
which givesa homomorphismPic(X) ! CH(X). But the latter map is an
isomorphism[5, cor. 6.16]. Thus 2K (X) = T2K (X).
3. We will give a proof in the end of this x. O
Corollary 1.14. One hasan exactsequene
0! T3K(X)=3K(X)! TorsG2 K(X)! TorsCH?*X)! O:

Proof. Theequality 2K (X) = T2K (X) andtheinclusion 3K (X) T3K(X)
from the proposition give the exact sequence

0! T3K(X)=3K(X)! G? K(X)! G?TK(X)! O:
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Considerthe commnutativ e diagram with exact columns

0 0
# #

TorsG2 K(X) P TorsG2TK (X)
# #

G2 Kx) P eTKkX)

& I

G2 K(X)=Tors ¥ G2TK(X)=Tors
# #
0 0

The map (2) is surjective. Hencethe map (3) is surjective too. Sinceby the
proposition the ranks of the groupsG? K (X) and G?TK (X) coincidethe map
(3) is bijective. Thus (1) is surjective and the kernelsof (1) and (2) coincide.
So, we get the exact sequence

0! T3K(X)= 3K (X)! TorsG? K(X)! TorsG*TK(X)! O0:

Finally, the canonicalmap CH?(X) ! G2TK (X) is an isomorphism(seee.g.
[7. 3.1)]). O

Hereis a connectionbetweensomeChern classeswith distinguishedvalues:

Lemma 1.15. The following diagram of mapscommutes:

K(?;() ¢ CH,i%(X)

yci )'/can.
G K(X) I G'TK(X)
Proof. Both the compositions are Chern classeswith valuesin G TK (1.10)
which are unique (1.11). O

Remark 1.16. One can formulate a criteria for when the gamma- Itration
coincideswith the topological one. It is clear from the very de nition (1.5)
that for any variety X the ring G K (X) is generatedby the Chern classes
(with valuesin G K). So, if the gammaand the topological Itrations are
the samethe ring G TK is generatedby the Chern classes(with valuesin
G TK this time) too.

The other way round, if G TK is generatedby the Chern classeghen the
homomorphismG K (X) ! G TK(X) is surjective whencethe lItrations
coincide.

Sud a principle can be usedto prove (3) from (1.13). We need

Lemma 1.17 ([4, example15.3.6]) For anyi > 0, the restriction of the i-th
Chern class _ _
¢ :K(X)! CH(X)
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to T'K (X) is a homomorphismtrivial on T"*1K (X). The composition of the
canonical epimorphism

CH(X)!! G'TK(X)

with the induced map
G'TK(X)! CH'(X)
coincides with the multiplication by ( 1)' (i 1)

Corollary 1.18. Changingthe order of the composel mapsone getsthe mul-
tiplication by ( 1) (i  1)! too.

Proof. The homomorphismCH'(X)!'! G'TK (X) is surjective. O
Proof of (3) from (1.13). For any i the homomorphism
¢ :G'TK(X)! GTK(X)
coincidesdue to the corollary with multiplication by an integer. Whence
¢:GTK(X) Q! GTK(X) Q

is an isomorphismand in particular surjective what meansthat the quotients
of the topological Itration on K (X) Q are generatedby the Chern classes.
According to our principle it implies that the gamma- Itration on K (X) Q
coincideswith the topological one. O

2. Main obser vation

From now on X denotesthe Se\eri-Brauer variety correspndingto a certral
simple algebraA.

Lemma 2.1. For a division algeba A, the group K (X) together with the
gamma- ltr ation dependsonly on the behaviour of A.

Proof. Let P bethe dim X -dimensionalprojective spaceand 2 K (P) the class
of Op( 1). Thering K(P) equalsZ[ ][H(1 )" wheren = dimX + 1= degA.
We identify K (X) with a subring of K (P). It is generated(as a subgroup)
by all indA ") ' (i 0)[18,x8, theorem4.1], soit is uniquely determined
by the behaviour of A. The Chern classeson K (X) (with valuesin K) are
cortractions of the Chern classeson K (P), sothey are uniquely determined
too. U

Prop osition 2.2 ([8, theorem1]). If ind A = expA for an algeba A then
(for any | 0) the I-th term of the topolagical Itr ation T'K (X) is genented
by all
ind A
(i; ind A)
(see the the proof alove for the de nition of ; (; ) denotesthe greatest com-
mon divisor). In particular, the group G TK (X)) is torsion-free.

(1) with | i< degA
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Prop osition 2.3. If A is a primary algeba then
ind A
(i; iInd A)
Proof. Put n = indA. Forn 2 K(X) we have:
cn)=c()"= 1+( 1t
the last equality holds by (1.1) . Whence

( 12 'K(X) foranyi O:

n

d(n )= ? ( 12 KX):
In particular,
( 1"2 "K(X)
thereby for the rest of the proof we may assumethat i  n. Moreover,
n'( 1))=c()2 'KX):

The last obsenation is

Lemma 2.4. If nis aprimary numkerandn i 0then
T L
T (i;n)

Proof. Supposethat n is p-primary and denoteby v,(j) the multiplicit y of p
inj. If1 j <nthenvy(j) < vp(n) and sovy(n j)|= Vp(j). Hence
n 1 n 2::n (i 1)'

Ve 1 2:::( 1) =0

and

U
O

Corollary 2.5. If A is aprimary algeba andind A = expA thenthe gamma-
Itr ation on K (X) coincideswith the topological one.

O

Theorem 2.6. Let A be asin (2.5), X = SB(A). Let Y1;:::;Yy be some
genenlized Severi-Brauer varieties [3, x4] of somealgebas which are (Brauer
equivalentto) sometensor powersof A.

The gamma- Itration on the Grothendiek group of the variety X over the
function eld F(Y; Ym) coincideswith the topological one. In particular,
the epimorphism(1.14)

TorsG? K !'!' TorsCH?
for this variety is bijective.
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Proof. For ewvery Y, the product X Y; is a Grassmanbundle over X (with
respect to the rst projection). HenceCH (X ;) is generatedasa CH (X)-
algebraby the Chern classe®f a locally free sheaf(seee.qg. [14, (3.2)]). Taking
the product of all X Y; over X we obtain that

CH(X Y Ym)
is generatedas a CH (X )-algebra by the Chern classegof somelocally free
sheaes).
The homomorphismof CH (X )-algebras
CH(X Y Ym) ! CH (Xg(v, Ym))

(given by the pull-back) is surjective (seee.g. [13, theorem 3.1]). Whencethe
right-hand sideis generatedasa CH (X )-algebraby the Chern classedoo.

Using the epimorphismCH !'! G TK of the Chow ring onto the adjoint
graded Grothendiedk ring we obtain the samestatemen as in the previous
paragraph but for G TK instead of CH by meaningthe Chern classeswith
valuesin G TK this time.

The gamma- Itration on K (X) coincideswith the topological one (2.5)
and therefore the ring G TK (X) is generatedby the Chern classes(1.16).
Consequetly, G TK (Xgxy;  v.)) is generatedby the Chern classesas a
ring, not only asa G TK (X)-algebra. It meansthat the gamma- Itration on
K(Xer  va)) coincideswith the topological one (1.16). O

De nition 2.7. Let A be a p-primary algebra. The sequencef integers
log, exp A

log, ind A P

i=0

will be called the reduad behaviourof A.

Example 2.8. The reducedbehaviour of a p-primary algebraA with ind A =
expA=p'isn;n 1,n 2 :::;1 0.

Lemma 2.9. The behaviourof a primary algeba is completelydeterminel by
its reducad behaviour. The reduced behaviour of an algeba is a nite strong
decreasing sequene of integerswith 0 in the end. Any nite strong decreasing
sequene of integerswith 0 in the endis for any prime p the reduced behaviour
of a p-primary division algeba.

Proof. Let A beap-primary algebra. If i isanintegerprimeto pthenindA ' =
ind A. It provesthe rst serence of the lemma.

If in addition ind A 6 1thenind A P < ind A. It provesthe secondsernence.

Finally, x a sequenceng > n; > > ny, = 0 and a prime p. A con-
struction of a p-primary algebrahaving the reducedbehaviour (n;)%, is given
in [20, construction 2.8]. This construction involves function elds of usual
Se\eri-Brauer varieties only. We describe another known construction which
involves function elds of generalizedSe\eri-Brauer varieties too and is more
suitable for our purposes.
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We start with a division algebraA (over a suitable eld) for which
ind A = expA = p"° :
For ead i = 1;2;:::; m considerthe generalizedSe\eri-Brauer variety
Yi = SB(p";A P)
(Y; is by the de nition [3, x2] the variety of rank p" right idealsin A P its
function eld is a genericextensionmaking the index of A ' to be equal to
p™).

Finally, we denotethe function eld F(Y; Ym) by B andput &= Ap.
Usingthe index reduction formula [3, theorem5] or an improved versionof this
formula [17, formula 1] one can easyshow that the algebra& hasthe reduced
behaviour (n;)Z, . O
Remark 2.10. In the construction descriked in the proof above it is not nec-

essaryto useall of the varietiesY;: if ny = n; ; 1 for somei then the variety
Y; can be omitted.

De nition 2.11. The algebra/ from the proof above will be called a \gene-
ric" p-primary division algebr of the reduced behaviour (n;)%,. Note that it
can be constructed over an extensionof any pregiven eld.

Remark 2.12. The algebraX& is really genericif A is (although for our pur-
posesA can be chosenarbitrary). Also note that & is obtained from A by a
genericscalarextensionamongthe extensionschangingthe reducedbehaviour
of the algebrato (n;){,; it is another motivation for our terminology.

Theorem 2.13. Fix a prime p and a reduced behaviour. If & is a \generic"
p-primary division algeba of a given reduced behaviour (2.11) then the epi-
morphism (1.14)

TorsG? K (%) !! TorsCH?(%®) (where ¥ = SB(K))
is bijective. If A is an arbitrary p-primary algeba of the samereduced be-
haviour as & then there existsan epimorphism
TorsCH?() ! I TorsCH?(X) :

Proof. The rst part follows from (2.6) and from the de nition of \generic"
algebras(2.11). The secondpart follows from (1.14), (2.1) and from the rst
one. O

3. Comput ation of gamma-fil tra tion

Remind that we have put forever X = SB(A); we alsoput X = SB(X).

Prop osition 3.1. Let A be a p-primary algeba and (n;){%, its reduced be-
haviour. For any| 0, the group 'K (X) is geneated by all the products
yn pni i . X

(P 1) with j; 0 and ji |

() —
o Uisp™) i=0
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whee = [O( 1)] 2 K(P).
Moreover, one can omit in ( ) all the factors with numtersi suchthat n; =
ni . 1L

Proof. The formula
. i pni i .
" P)= j (" 1

and (2.4) shav that ead product ( ) liesin 'K (X).
For the opposite inclusion we need

Lemma 3.2. Consider the polynomials over Z in one variable . For any
integersj; r 0 the polynomial ( © 1) is equalto a sum
X
as( 1)

s j
with integersas suchthat s as is a multiple of j r.
Proof. It is clearthat
(" = a( 1
s=j

for some(uniquely determined) as 2 Z. Taking the derivative we obtain the

statemen on the coe cien ts. O
The additive group K (X) is generatedby all p" " with 0 i m and
r 0. We have:
; i p" i : X p"i i
d(p™ )= " (" 1)Y= oA (P 1)

J o)

s j
Sinceby the lemmaj j s as the coe cient

p"

P .
' (s;p™)

as is divisible by

Thus the Chern classd (p" rpi) is a sum (with integer coe cien ts) of

pni ( p'
(s;p™)
and we obtain the rst part of the proposition.
Now supposethat nj = n; ; 1 for somei. One has:
_ X
(" = a (°

S J

15 with s |

i1

1)°
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for someintegeras with j pj s as. Consequetly,

pﬂi pi . x pﬂi _—
- 1Y = s — p 1)S =
(; p”i)( ) N ( p”i)( )
X i )
p i1
= b5 - p 1)° =
S | G0N )
X ni 1 .
— p ph 1t s
= Cs _ 1
s (spY o) )
for someintegershs and ¢ (the equality nj = n; ; 1lisusedin the last step).
Thus the i-th factor in ( ) can be omitted. O

The proposition givesin particular a description of the group G? K (X).
Now we want to nd out whenthis group hasa non-trivial torsion. We start
with the caseof an odd prime.

Prop osition 3.3. Let A be a p-primary algeba with an odd p. The group
G? K(X) hasatorsioni indA > expA.

Proof. See(2.2) with (2.5) for the \only if" part.
Supposethat ind A > expA. Then in the reducedbehaviour (n;), of A
one has:
Ns ng 1 2 forsomes:

Considerthe elemen

x=phtr AP 1P phe( P 1?2 2K(X):
Sincein the polynomial ring Z[ ] (if we imaginethat is just a variable) x is
divisible by ( 1)3it is clearthat a multiple of x liesin 3K (X). So,for our
purposesit su ces to shawv that x itself is not in 3K (X).

Let us act in the polynomial ring Z[ ] modulo p"s * 1. We have:
x p't3P 1)

Considera generatorof 3K (X) from (3.1):

Yn pni i X )(n
() (" 1) wherej; 0 and ji 3
We state that

s 1

NG

() (7 1°f(")
wheref is a polynomial. If we would manageto show it we could proceed
as follows. Supposethat x 2 3K (X). Then in the polynomial ring Z[ ] we
obtain an equality:

Pl AP A= (T R ()Pt g ™)
for somepolynomialsf and g. Cancelingby p™ * 2 and ( ® 1)? and sub-
stituting = 1 weget:

1= fo( )+ px()22Z[]
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what is a cortradiction because and p do not generatethe unit ideal in the
polynomial ring Z[ ].
It remainsto shaw that
() (7 1®f(P):
If for all i < s the number j; in the product ( ) equalsO then even the exact
equality (not only the congruence)holds. Supposethat j; 6 0 for somei < s.
Write down this j; asj; = p* j with j primetop. Ifny r ng; 1then
p"
(i;p™)
and hence( ) 0. So,assumethat n; r<ng ; 1. We have:

r>n ng:+1 (s 1) i+l=s i:
In order to proceedwe need
Lemma 3.4. In the polynomial ring Z[ ] one hasa congruen@
(D" (P 1" modp*
for any prime p and any integer k > 0.

k

Proof. Induction on k starting from k = 1:

k+1 k P

(W= (=

k 1

= (P P +pf() T (P 1P modp™
(f ( ) is a polynomial, it exists by the induction hypothesis). O
According to the lemmawe have:
(P 17 (P 1) 7 modp St
Hence

pni i . pl’li < e '
(j-'p”i)( P (j-'p”i)( P 1 ' mod pt Sti*t
1y iy

Sincep” s*' j p 3andn; s+i+1 ng,; 1wearedone. O

The analogousstatemern in the casep = 2 looks a little bit more compli-
cated:

Prop osition 3.5. Let A ke a 2-primary algeba. The group G?> K (X) hasa
torsion i ind A > expA and the reduced behaviourof A is not of the kind

nn 1 :::;,3 2 0:
Proof. We start with the \only if" part. The caseind A = expA is coveredby
(2.2) with (2.5). Supposethat A hasthe reducedbehaviour

nNn 1 ::::3 2. 0:
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Using the samemethod asin [8] one can show that the whole adjoint graded
group is torsion-free. Namely, a formula like onefrom [8, prop. 2] states:
jG K(P)=ImG K(X)j

JK(P)=K (X))
wherej : j denotesthe order of a group. Sincewe know the behaviour of A we
can compute that

jTorsG K(X)j=

&1 o
KP=KOOI= 5 g
i=z0 \"

(to avoid unnecessarycomplicationswe assumeherethat A is a division alge-
bra). From the other hand, (2.3) shaws that

n

. | _ | . [
jG" K(P)=ImG' K (X)j 2 forany i:
Moreover,
jiGt K(P)=ImG* K(X)j] 21
because 2’ ' 12 K (X) (seealsothe computation of CH'(X) [2, x2]) and
therefore
. A
jG K(P)=ImG K(X)] > i=o R

Thus,jTorsG K (X)j = 1.

Now we will \correct”" the \if " proof of the previousproposition in order to
match the current 2-primary situation. Supposethat we have an algebraA for
which existenceof torsion is stated. Then in the reducedbehaviour (n;), of
A we have:

Ns nNns 1 2andns ; 3 forsomes:

Considerthe elemen
X = 2ns 1 3( 28 1)2 2n5 1 l( 2s 1 1)2 2 2K (X) :

Sincein the polynomial ring Z[ ] the polynomial x is divisible by ( 1)3 it
is clearthat a multiple of x liesin 3K (X). So,for our purposesit su ces to
shaw that x itself is not in 3K (X).

Let us act in the polynomial ring Z[ ] modulo 2"s * 2, We have:

x 213 Z 1)
Considera generatorof 3K (X) from (3.1):
yn oni , . X
= (2 1)i wherej; 0 and i 3:
- (i:27) =0

We state that

()

() (% 1%
wheref is a polynomial. If we would manageto shaw it we could proceedin
the samemannerasin the proof of the previous proposition.
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If for all i < sthe numberj; in the product ( ) equalsO then eventhe exact
equality (not only the congruence)holds. Supposethat j; 6 0 for somei < s.
Write down this j; asj; = 2" j with j primeto2.1fn; r ng ., 2then

2"
(Ji;2m)
and hence( ) 0. So,assumethat n;j r<ng; 2. Wehave:

r>n ng:+2 (s 1) i+2=s i+1:

According to (3.4) we have:

( 2 1)2r ( 28 1)2r St mod 2r s+i+l :
Hence
2”i i e 2”i S r s+i; . H
(ji;zni)( 2 ) (ji;2”i)( 21y ' mod 2M stitL
Since2” s*' j 22 3andn; s+i+1 ng: 1wearedone. O

Now we warnt to compute the group TorsG? K (X) in a special situation
explicitly. The situation in meanis descriked in the following

De nition  3.6. We s& that a reducedbehaviour (n;)%, \makes (exactly)
onejump" i there existsexactly ones sud that ng ng ; 2.

Example 3.7. Fix a prime p and integersn > m 1. Onecandene a
\generic" division algebra & of index p" and exponert p™ in spirit of (2.11):
take a division algebraA of index and exponert p", put Y = SB(A P") and
K= AF(y).

The resulting algebra& can be alsoobtained asa \generic" p-primary divi-
sion algebraof the reducedbehaviour

n,n L1::5;n m+2n m+10:
In particular, it is an exampleof algebrawhich reducedbehaviour \makesone
jump".

Prop osition 3.8. Let A bea p-primary algeba with an odd p and supsethat
the reduced behaviour (n;)™, of A \makes one jump”. Then TorsG? K (X) is
a cyclic group of order p to the power

minfs; ng ng sg
wheee s is the subscriptfor whichng ng ; 2.

Proof. Accordingto (3.1) for any | 0 the group 'K (X) is generatedby all
of the products:

pﬂo jo
Gyt Y

p"s
(sip™)

(" 1)s with j; Oandjo+js |I:
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In particular for the quotient G?> K (X) we get three generators:
u=p'( 1)
vap( 1) p(” D)
w=ph( P 1)
The secondone can be excluded:
v=p"tsu2 G K(X):

Sinceu and w have the in nite order in the quotient, any torsion elemen x of
the kind x = u kw orx = ku w with anintegerk (if exists) generateshe
torsion subgroup. Considertwo cases:if ng ng+ 2s then we put

X=u pno Ns 25W :
otherwisewe put
x = phst2s Ny w

The elemen x 2 G2 K (X) is evidertly atorsion elemen. We nish the proof
when we shav that x hasorder p® in the rst caseand order p™ "s 5 in the
second.In both the casest meansthe same:

(1) prtsC 17 P (P 122 PK(X)
and
(2) pn0+s 1( 1)2 pno s 1( ps 1)2 62 3K (X) .

In order to avoid repetition of someboredom computations we prove the
inclusion (1) in the following way. Take an algebra B of the samedegree
and index as A and of the exponert coinciding with the index. We have an
inclusion K (SB(B)) K (X) (at this point it is better to considerboth the
Grothendie rings in a formal way: just asrings de ned by generatorsand
relations supplied with the Chern classes).This inclusion is compatible with
the gamma- Itrations and the elemen from (1) is obviously in 2K (SB(B)).
Sincethe group G K (SB(B)) is torsion-free our elemen liesin 3K (SB)),
hence(1).

The proof of (2) goesparallel to the proof of (3.3) and doesnot cortain any
new idea. Let us act in the polynomial ring Z[ ] modulo p" . The elemen
we are interestedin is congruern to

pno s 1( ps 1)2:

Considera generatorof 3K (X):

No . Ns < . i . . .
0) (J_O'?pno)( 1y (jsI;Jp”s)( P 1)s with j; O and jo+js 3:
The proof is completewhen we show that
() (7 1"

wheref is a polynomial (comparewith the proof of (3.3)).
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If jo = O then ewen the exact equality (not only the congruence)holds.
Supposethat jo 6 0. Write down jg asjo = p° | with j prime to p. If
N r ng sthen

pe
(Jo; P™)
andhence( ) 0. So,assumehat ng r < ng s,i.e.thatr > s. According
to (3.4) we have:

( D (P 1 ° modp 7
Hence
. P ( 1o — i (" 1) °1 modp St
(lo;P™) (io;P™)
Sincep" *j p 3andng s+1 ng swearedone. O

Prop osition 3.9. Let A be a 2-primary algeba. Suppse that the reduced
behaviour (n;)2, of A \makes one jump" and let s be the subscriptfor which
Ns nNs 1 2 The group TorsG? K (X) is cyclic; its order equalsp to the
power (
minfs; ng ng sg if ng> 0
minfs; ng s 1g ifng=0.
Proof. We descrike here only changeswhich shouldbe madein orderto adopt
the previousproof to the 2-primary case.
First supposethat ng > 0.
The quotient G? K (X) hasthree generators:
u=2" 1 1)?;
v=2%( 1) 2%( % 1)
w= 2" (2 1)?;
The secondone can be eviderily excluded.
If ng ng+ 2sthen we put
x=u 2" " By,

otherwisewe put
x = 2Ms*2S oy

The elemem x 2 G2 K (X) generatesthe torsion subgroup. To verify the
statemen on its order we have to ched that

(1) 2no+s 1( 1)2 2n0 s l( 28 1)2 2 3K (x)
and
(2) 2no+s 2( 1)2 2n0 s 2( 28 1)2 62 3K (x)

The inclusion (1) can be donein the sameway as previously



CYCLES ON SEVERI-BRA UER VARIETIES 19
Let us do (2). We act in the polynomial ring Z[ ] modulo 2" s 1. The
elemen we are interestedin is congruen to
2no s 2( 28 1)2:
Considera generatorof 3K (X):
2n0 . 2n5
( ) H . n ( 1)10 HE n
(JOrZO) (JSrZS)
The proof is completewhen we show that

() (% 1°f(?

(% 1) with j; O and jo+js 3:

wheref is a polynomial.

If jo = O then ewen the exact equality (not only the congruence)holds.
Supposethat jo 6 0. Write downjgasjo= 2" jwithoddj. Ifng r ng s 1
then

2"
(0:2%)
and hence( ) 0. So,assumethat np r<ny s 1, i.e.thatr > s+ 1.
According to (3.4) we have:

( ¥ (% 1° mod2 s

Hence
2no . 2I’lo
. 1)° .
Gozyt " oz
Since2” S j 22 3andny, s+1 nyg s 1wearedone.

Now supposethat ng = 0.
The generatorsof G2 K (X)) are:

u=2" 1 1)?;
v=2v( 1) (% 1);
w= (% 172
The secondone can be eviderily excluded.
If np 2s+ 1then we put

(% 1% ° modp™ s

x=u 2" & ly;
otherwisewe put
x =221 oy W

The elemen x 2 G2 K (X) generatesthe torsion subgroup. To verify the
statemert on its order we have to ched that

(1) 2no+s 1( 1)2 2n0 s l( 28 1)2 2 3K (x)
and
(2) 2no+s 2( 1)2 2n0 s 2( 28 1)2 62 3K (x)

But it was donealready (the assumptionng > 0 was not in use). O
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Example 3.10. Let & be a \generic" division algebraof index p” and expo-
nert p™ (3.7). From (2.13), (3.8) and (3.9) it follows that TorsCH?(}€) is a
cyclic group of ordeE p to the power

minfm; n  mg for an odd p;
minfm; n m 1g forp= 2.

4. Algebras of prime exponent
Applying the above resultsto the caseof a prime exponert we can state

Prop osition 4.1. Let A be an algeba of a prime expnentp. Then the group
TorsCH?(X) is trivial or (cyclic) of order p. It is trivial if indA = p or
indA = 4. It is not if A is a \generic" division algeba of index p" and
expnent p (see (2.11) or (3.7)) wheen 2 in the caseof oddp andn 3
in the casewhenp= 2.

U
It would be interesting to list all algebrasA of prime exponent with trivial
TorsCH?(X ). We canonly descrike a classof such algebras.In [9] it wasshavn
that any decomposable(into a tensor product of two smalleralgebras)division
algebraof index p? and exponert p hasno torsion in CH?(X) (in fact, there is
no torsion in the wholegradedgroup G TK (X) [9, theorem1]). The 2-analogy
of this fact was obtained in [11, cor. 3.1]: any decompmsabledivision algebra
of index 2° and exponert 2 has no torsion in CH?(X) (although non-trivial
torsion may existin G TK (X)). Thesefacts can be generalizedas follows:

Prop osition 4.2. Let A be a division algeba of prime expnent. If A decom-
posesthen the group CH?(X) is torsion-free.

Proof. First considerthe casewhenp 6 2.
We have a surjection

TorsG? K(X)!! TorsG?TK (X)' TorsCH3*(X):

The group from the left-hand side is cyclic (3.8), its generatoris represeted
by the elemen

x=p"( 1 p" AP 1?2 *K(X)=TK(X)
wherep” = ind A.

Let A= A; A, bethe decompsition of A into a product of two smaller
algebras. Assumethat the base eld F hasno extensionsof degreeprime to
p (otherwise we can replaceF by a maximal extensionof prime to p degree;
such a changehas no e ect on CH?(X)). Take an extensionE=F of degree
[E : F] = p" 2 sud that ind(A))e = ind(A)e = p (one can obtain E=F
by taking rst an extensionE;=F of degree[E; : F] = (ind A;)=p for which
ind(A1)g, = p andextendingE; to E in sudh away that [E : E;] = (ind A,)=p
and ind(Az)e = p). Consideran elemet

y=p( 1% (P 12 T?K(Xg):
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Sincethe algebraAg is Brauer equivalernt to a decomposabledivision algebraof
index p? the group CH?(X g ) is torsion-free[9, theorem1]. Hencey 2 T3K (X).
Taking the transfer of y we get:

Nee(y) = p"( 1) p" (P 1=x2TK(X):

Consequetly TorsCH?(X) = 0.

Now considerthe casep = 2.

If ind A = 4 then TorsCH?(X) = 0 (seee.g. (3.5) or usethe Albert theorem
and [9, theorem 1]). Supposethat indA 8.

The group TorsG? K (X) is cyclic (3.9), its generatoris represeted by the
elemen

x=20 Y 12 2032 1)P2 PK(X)=TK(X)
where2" = ind A.

Let A= A; A, bethe decompsition of A into a product of two smaller
algebrasandind A; ind A,. Assumethat the base eld F hasno extensions
of odd degree. Take an extensionE=F of degree[E : F] = 2" 3 sud that
ind(A1)e = 4 and ind(A)e = 2 (one can obtain E=F by taking rst an
extensionE;=F of degree[E; : F] = (ind A1)=4 for which ind(A;)g, = 4 and
extendingE; to E in sud away that [E : E;] = (ind A;)=2and ind(A2)e = 2).
Consideran elemet

y=2( 1% (? 1P2T*K(Xe):
Sincethe algebraAg is Brauer equivalert to a decompsabledivision algebraof

index 2° the group CH?(Xg) is torsion-free[11, cor. 3.1]. Hence,y 2 T3K (X).
Taking the transfer of y we get:

Ne=r(y) = 2" *( 1) 2" 3% 1=x2TK(X):
Consequetly TorsCH?(X) = 0. O

Corollary 4.3. A \generic" algeba of prime exmnent p and index p" (3.7)
is alwaysindecomposableexcludingthe Albert case:p= 2= n.

Proof. Follows from (4.1) and (4.2). O

We would like to list someof works wherethe questionof indecompsability
for certral simple algebraswas consideredpreviously: [1, 19, 21, 6, 10]. The
method of [10]is closeto but di erent from the onepreseted here;it doesnot
cover the casep = 2.
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