THE REDUCTION MAP FOR THE
ETALE K-THEOR Y OF A CURVE

G.Banaszak, W.Gajd a, B.Kahn and P.Kraso n

Abstra ct. In the present work, we investigate the reduction map on the etale K -
theory of a curve de ned over a global eld. We prove that on the even-dimensional
K -groups the map has nite kernel and reduce the odd-dimensional caseto a con-
jecture of Jannsen.

1. Intr oduction

The algebraic K -groups of arithmetic schemesare expectedto carry deeparith-
metic and geometricinformation, accordingto Beilinson's striking conjectureswhich
relate them to special valuesof L -functions. Yet still little is known on their struc-
ture. In the caseof the ring of integers Ok of a number eld K, Quillen proved
that the groupsK(Ok ) are nitely generatedand Borel computed their ranks. In
[AB] D.Arlettaz and the rst author investigated the kernel of the natural map

Y
(1.1) Ki(Ok)! Ki( p)
pO «

where p runs through the maximal ideals of Ok, and proved that this kernel is
nite. This is trivial for i even, sincethen K;(O ) itself is nite; the dicult vy is
for i odd. We note that the sameproof yields the sameresult for rings of integers
of global elds of positive characteristic.

In this paper, we considerthe next-dimensional case,that of a curve X over a
global eld K. Fix an odd prime number | di erent from the characteristic of K .
Let S be a nite set of placesof K corntaining the placesabove | and the places
where X has bad reduction, and let Os denote the ring of S-integersin K: Let X
be a smooth, proper model of X over SpecOs. Let K& (X) denotethe i-th |-adic
etale K -group of X, in the senseof Dwyer-Friedlander [DF]. Our main result is
then:

Theorem. For a nite placev 2 S, let X, be the bre of X alovev. Then the
kernel of the reduction map
Y
KE(X) ! K& (Xv)
vZS
is nite for i even.

Notice the shift from odd to even from the caseof rings of integersto that of
curves. We expect this theorem to hold when replacing etale K -groups by ordinary
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K -groups, but have too little information on the former to be able to do that.
In [AB], this was made possibleby the Soule-Dwyer-Friedlander theorem that the
maps Ki(Ox) ! K?&(Ok) have nite kernel; however, nothing is known on this
kernel in the caseof X.

The proof of the theorem s not very di cult. We prove a somewhat ner result,
namely that an elemen of in nite order in K& (X) goes by the reduction map
to a collection of elemens of arbitrary large orders in the factors K #(X,) (this
implies the theorem becauseK £'(X) is a nitely generatedZ,;-module). To do this,
we reducethrough the Dwyer-Friedlander spectral sequenceg(relating the etale K -
groupsof X to its cortin uousetale cohomology)and the Leray spectral sequencdor
the morphism X | SpecOs (relating the latter to S-rami ed Galois conomologyof
K) to a similar statemert which replacesthe etale K -groups by H1(Gs; T;(J)(n))
and H1( y;T;(J)(n)). Here Gs denotes Galois group of the maximal S-rami ed
extenisonof K , J is the Jacobianvariety of X = X ¢ K, T;(J) isits Tate module
and n is a Tate twist. The result then follows from a result of Serre[Se](compare
[J1]) followed by a Chebotarev density argumert, asin [AB].

This paper is organized as follows. In section 2 we collect etale K -theory com-
putations using the two spectral sequencesnentioned above. In section3, we prove
the reduction result on H1(G(K =K); T;(A)(k)) for any abelian variety A de ned
over K : In section 4 we prove the theorem. Finally, in section5, we discussthe case
of odd-dimensional etale K -groups.

We would like to thank Soule for kindly pointing out Serre'spaper [Se], which
helped us to simplify and generalizethe earlier proofs we had. The rst and the
fourth authors would like to thank the SwissNational ScienceFoundation and the
University of Lausannefor an invitation in January 1995.

Convention. In all this paper, | is an odd prime.

2. Cohomological and the Etale K-theoretic Comput ation

In this section we collect some facts about the cortinuous etale cohomology
groups of X with valuesin the |-adic sheaf Z,(k) as well as its |-adic etale K -
groups. We briey recall the de nition of the former groups, [J2, p. 216]. Let
(Fm) be a projective system of Z=I"-sheavreson X : The functor which sends(F,)
to lim HO(X; (Fr)) is left exact and we de ne H!, (X;(Fn)) to beits ith right
derived functor. When the projective systemis Z,(k); we denote these groups by
Hls (X; Z1(k)): We will needthe following properties of cortinous cohomology

(a) There is an exact sequencdJ2, p.216, (3.1)]:

(2.1) 0! lim*H" YXG;Fn) ! HL (X (Fm) ! imHY(X;Fpn) ! O

In particular, if H(X;Fm) are nite for any i and m, then by the Mittag-Le er
condition H (X; (Fm)) = limH'(X; Fn):

(b) Let f : X ! SpecOgs be the natural map. Then there is a spectral sequence
[J2, p. 219, (3.10)]:

(2.2) E2® = His(OsiR3F (Fm)) ) Hes*(X5 (Fm))
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Note that the projective systemR! f (F,) above is isomorphicto (RIf Fp); [J2,
Prop. 1.2, p. 210]. >Fom now on Fn will be one of the sheaes: Z=I" (k) or
R'f Z=I"(k):

(c) There is the Dwyer-Friedlander spectral sequence,which calculates etale K -
theory in terms of cortin uous cohomology [DF, Prop. 5.1, p.260]:

(2.3) E2® = His (X5Z1(s=2) ) K& (X)

where Z,(s=2) is de ned asO if s is odd.

Lemma 2.1. (a)lf A is a locally constant constructible |-torsion etale sheaf on
SpecOs; then the groupsH' (Os; A) are nite for i = 0;1;2 and vanish for i > 2:
(b) If A is a locally constant constructible Z,-sheaf on SpecOs; then the groups
Hl.(Os;A) are nitely geneated Z,-modulesfor i = 0;1;2 and vanish for i > 2:

Proof. (a) SinceA is locally constart, there is an etale covering U° = SpecO2 of
SpecOs sudh that A( 1) is constart over U° and the eld of fractions F° of O2
is a nite Galois extension of K: Using the Hochsdild-Serre spectral sequenceof
the covering we reducethe proof to the caseof a constart sheaf. Without loss of
generality we may assumethat A = Z=I"(1): The Kummer exact sequence:

| m

(2.4) 0 I Z=Im(1) I Gnm I Gn 1 0

givestwo exact sequences:
0! 0g=04" I H(Os;Z=I"(1))! Pic(Os)[I™]! O

0! Pic(Os)=I"! HZ%(0s:Z=I"(1))! Br(Os)[I™]! O

Sincekernelsand cokernelsin the sequenceare nite [CF], it followsthat the groups
H'(Os;Z=I"(1)); for i = 1; 2 are nite. The groups vanish for i > 2 becausethe
cohomologicaldimension of Os is 2 sincel is odd, compare [DF, p.273].

(b) It follows from (a) by the exact sequencdJ2, p. 219, (3.10)] and the Mittag-
Le er condition.

We will apply the Leray spectral sequence(2.2) to compute H i (X Zi(k)), but
rst we needsomebasic facts about the sheavesR!f Z=I"(k) and R'f Z,(k):

Lemma 2.2. LetXy, =X o, vandX = X o4 K: Letx bea point of SpecOg
and x be the geometric point over x: Then the following isomorphisms hold.

RO Z=I"(k) = Z=I" (k)

JIm™] z=I"(k 1); for x
Jv[I™] z=I"(k 1); for x

R?f z=I"(k) = z=I"(k 1)

SpecK
Spec

R Z=I™(k)y =

Rf z=I"(k) = 0;forj > 2:
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Here, J, is the Jacobian variety of X,: In particular, the shevesR!f Z=I"(k) are
locally constant and constructible.

Proof. The rst isomorphism is obvious. We explain the secondisomorphism in
the casewhen x = Spec ,. The other casegoesthe sameway. By proper base
change[M1, VI, Cor. 2.5] we have:

R zZ=I"(k)x = H1(Xy;Z=1™(K)):

Using the Kummer sequence(2.4) and the identi cation H?1(Xy;Gpn) = Pic(Xy)
we obtain an isomorphism:

(2.5) H*(Xy;Z=Im(2)) = Pic(Xy)[I™] = I [IM]:
Hence:
Hi(Xy:Z=I"(k)) = HY(Xy;Z=I™(@) Z=I"(k 1)=J,[I™] Z=I"(k 1)
The third isomorphism of the lemma is the trace map isomorphism of sheares
[SGA 4, Expose XVI I, Section1.1]: R?f Z=I"(k) = Z=I"(k 1): As far asthe last

equality is concerned,we obsene that the sheafin question has all stalks trivial.
Consider for example the geometric point:

SpecOs SpecK SpecK = x;
then we have by proper basechange[M1, VI, Th. 1.1]:
(2.6) RIf Z=I"(k)x = HI (X;z=I"(k)) = O
forj > 2.
Lemma 2.3. We havethe following isomorphisms
R Z(k) = Zi(k)

R Z,(K)y = TI(J) Z(k 1); forx= SpecK
T(Jy) Z(k 1); for x = Spec
R zi(k) = Zi(k 1)
RIf (k)= 0;forj > 2
In particular, the RIf Z,(k) are locally constant and constructible Z,-sheaves.
Proof. Lemma 2.3 follows from Lemma 2.2.

The Leray spectral sequenceof the mapf : X ! SpecOs givesthe following useful
description of the groups H s (X; Z;(k)) in terms of Galois cohomology
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Prop osition 2.4.
() Hes (X5 Zi(K)) = Has(Os; Zi(k)) = 0
His (X;Z1(K) = His(Os; Z1(K) = H(Gs; Zi(K))
(b) There are exact sequenes:
0! H2%(Gs;Zi(K) ! HZ(X;Zi(k) ! HYGs;Ti(I)k 1)! O
0! H2Gs;TIA)k 1)! HE(X;Zi(k) ! HY(Gs;Zi(k 1)! O

© Hes (X5 Zi(K) = H3(Gs;Zi(k 1))
HL (X;Z/(k)) = Of ori > 4:

Proof. (a) For the group HY the Leray spectral sequencegivesimmediately:

HO (X;Zi(K)) = H(Os; R Z(k)) = H%(Os;Z/(K)) = Z,(k)®® = 0
As for HL,, we have the low terms exact sequence:
(27) 0! Hi(0s;Zi(k) ! HEs(X:Zi(K) ! HG (Os; RM Zi(K)) !
On the other hand, for any i:
(28)  Hs(Os;RIf Zi(K)) = H'(Gs;RIf Zi(K)x) = H'(Gs; H! (X;Z(K)):
To prove (2.8) one rst cheds the sameisomorphismsfor the etale cohomology
with coe cients in R'f Z=I"(k) which hold true by [M2, Prop. 2.9, p. 209]
and [M1, Prop 1.13, p. 88], respectively. The isomorphisms(2.8) follow then by
Lemma 2.3 and the Mittag-Le er condition applied to the sequence(2.1) (where
we put Fr, = RIf Z=I"(k)). In particular, (2.8) implies: HS, (Os; R Z,(k)) =
HO(Gs;H(X;Z(k)) = HO(Gs; Ti(J)(k 1)) which vanishesby a result of Suslin
[Su, Prop 2.4, p. 11]. This provesthe secondisomorphismin (a).

(b) We have: HO (Os;R?f Z;(k)) = H°(Os;Z(k 1)) = 0 by Lemma 2.3 and
(a) above. The Leray spectral sequenceand (2.8) imply that there is an exact
sequence:

0! H&(0s:Rf Zi(K) ! H&(X;Zi(k) ! HYGs;Tid)(k 1)! O
It alsofollows by (2.8) that the kernelin the last sequencés: H?(Gs; R%f Z;(k)) =
H?(Gs:;Z(K)): It givesthe rst exact sequencein (b). To prove that the second
oneis exact it is enoughto ched that in the Leray spectral sequence(2.2) (with
Fm = RSf Z=I(k)) the groupsE>"° and E5*® vanish. For E5° the exact sequence
(2.1) gives:

0! lim*H?(Os;Z=I"(k)) ! H(Os;Zi(k) ! limH3(Os;Z=I"(k)) ! O:

The lim?! vanishes by the Mittag-Le er condition and Lemma 2.1 (a). Since
cd(Os) = 2; this shaws that E5° = 0: For EY® = HO(Os;R3 Z(k)) = 0
by part (a) and Lemma 2.3.

(c) The sameargumert asin the above proof of part (b) shows that all groups
ES® = H[.(Os;RSf Z,(k)) for r + s = 4 vanish except for E3"%: Since E5? =
H?(Gs;Zi(k 1)) by (2.8) and Lemma 2.3, this provesthe rst isomorphism in
part (c). The secondisomorphismin (c) followsin the sameway by Lemma 2.3.

The Leray spectral sequenceof the map f, : X, ! Spec , givesthe following
Galois-theoretic description of the groups H i (Xv; Zi(k)):
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Prop osition 2.5.
(@) H (Xv;Zi(k)) = 0
Has (Xv; Z1(K)) = HY( v; Zi(K))
(b)
HZs (Xv; Zi(K) = HY( v; Ti(dv)(k 1))

(©) Has XviZi(K) = HY( v;Zik 1))

Hl. (Xv;Z1(k)) = Of ori > 3:

Proof. One can prove the proposition by reasoningas in the proof of Proposition
2.4 given above. In particular, the isomorphism:

Heis (Xvi Zi(k)) = H( v; Zi(k))

follows from the low terms exact sequenceof the Leray spectral sequencesince by
the result of Suslin [Su, Prop. 2.4] the group H°( ;Rf, Z,(k)) vanishes. We
leave details of the proof to the reader.

Prop osition 2.6.
(&) There are exact sgquenes:

0! HI(X;Zi(n+2)! KS(X)! HEZ(X;Z(n+1)! 0O

0! H3.(X;Zi(n+2)! K, (X)! HXX;Z(n+1)! O

(b) There is an isomorphism and an exact sequene:
K3h(Xv) = HEs (Xv; Zi(n + 1))

0! H3 . (Xy;Zi(n+2)! K, (X)! HIE (Xy;Zi(n+ 1)) ! O

Proof. (a) The exact sequencesxist by the Dwyer-Friedlander spectral sequence
(2.3) and Proposition 2.4.

(b) It followsin the sameway as(a) sincecd (X,) = 3; compare[DF, p. 273].

3. The Key Pr oposition

Prop osition 3.1.

Assumethat A is an alelian variety de ned over a glokal eld K: Let | be an odd
rational prime, | 6 char(K) and k > 0: Let S be a nite setof primes of K which
contains primes of bad reduction for A and primes over |. Let Gk = G(K =K).
Fix a choice of the decomposition group G, for every place of K: Finally, let x 2
H(Gk ; Ti(A)(k)) be a nontorsion element. Given M; = I™: a xed power of |,
there exist in nitely many primes v 625 suchthat x restricts in H(Gy; T,(A,)(Kk))
to an elementof order at least M ;:

Sincethe group H(Gk ; Ti(A)(k)) is a nitely generatedZ;-module, we have the
following corollary.
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Corollary 3.2.
For A, |, k asin Proposition 3.1 the kernel of the reduction map:

Y
H(Gk ; Ti(A)(K)) ! HY(Gy; Ti(AV)(K))
V65

is a nite group.

When K is a number eld, Corollary 3.2 is a special caseof a theorem of Jannsen
[J1, Th. 3(a), p.337]. We re ne his argumert to get the more precisestatemert of
Proposition 3.1.

Proof of Proposition 3.1

Let M be a power of | which we specify below. Considerthe Galois represenation
Gk ! Aut(T(A)(k)=M):Let G=Im andde ne L to bethe smallestextension

of K sud that T,(A)(k)=M = A[M](k) becomesa trivial module over L: Then

L=K is a nite extensionwith Galoisgroup Im(G! Aut(A[M](k))): Considerthe

following commutativ e diagram.

HYGGTAKDM 1 HYGG TI(A)(K) M
my J
HYGGAMIK) 1 HYAGLAMIK)
ey y
3.1 HYGLAMIK) 1 HY(Gw; AuMI(K)
hay - y-
Hom(GLAMIK) | Hom(Gu;AwMI(K)
? ?
nay = y

hs

Hom(GP®; A[M](k)) ' Hom(G( w= w); Aw[M](K))

The horizontal arrows in the diagram (3.1) are induced by the restrictions. We

describe the vertical maps. The map h; is the injection from the exact sequence
which we obtain by taking the long cohomologyexact sequenceassaiated with the

exact sequenceof Galois modules:

(3.2) 0! Ti(AYk)! Ti(A)k)! AM](Kk)! O

The arrow labeledh; is the restriction map. The map hj is the natural isomorphism
obtained by the de nition of L while h, existsbecausehe group A[M ](k) is abelian.
The rst three vertical mapson the right hand side of the diagram (3.1) are de ned
in a similar way. The lowest vertical map on the right is obtained by the Neron-
Ogg-Shafarevit criterion [ST, Th.1, p.493]which implies that the inertia group at
w acts trivially on Ay [M](K): It is sobecauseby de nition S contains all primes of
bad reduction for A:
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Lemma 3.3. kerhy is a nite group of order boundel independently of M:

Proof of lemma 3.3.
By the in ation-restriction sequence:

(3.3) 0! HYG(L=K);AM](K))! H(Gk;AM]K) ! HYGL;AM](K))

the kernel of h, is H(G(L=K ); A[M ](k)): On the other hand, a theorem of Serre
[Se, Cor., p. 734]implies that the groups H'(G; T(A)(k)) are nite for any i and
k: Strictly speaking, Serreonly provesthis for k = 0, but his argumert also applies
to the general case(compare Jannsen'sdiscussion[J1, bottom of page 338]). By
(3.2) we obtain an exact sequence:

(3.4) 0! HYGTI(A)K)=M ! HYGAMIK) ! HAGTi(A)K)NIM]! ©

Hencethe group H(G;T,(A)(k)=M) = H(G;A[M](k)) is nite and its order is
bounded independertly of M: Since G(L=K ) is a quotient of G, the injectivit y of
the in ation map: HY(G(L=K );A[M](k)) ! H(G;A[M](k)) nishes the proof of
the lemma.

Consider the nontorsion elemert x 2 H1(Gk ; Ti(A)(K)): Let IS be the largest
power of | such that x = I8y for any 2 H(Gk ; Ti(A)(K)): Such an I° exists since
H(Gk ; Ti(A)K)) is a nitely generatedZ,-module. By lemma 3.3, let I' be an
upper bound independert of M for the order of kerh,. We choose M MqIS*t:
Let x be the image of x in H(Gk ; T)(A)(k))=M: Since the maps hy, hs and h,
are injective and I' = # kerh,, the elemen x is sert by the composition of the
left vertical mapsof (3.1) to a 2 Hom(G(K =L);A[M](k)) of order at least M:
By the Chebotarev density theorem [L, ch. VIII, th. 10 p. 169], there exist
in nitely many primes w 62S sud that the map hs presenes the order of :
Hence, for those w the elemen x is sert by the composition of the left vertical
arrows in (3.1) and the lowest horizontal to an element whose order is at least
M in Hom(G( w= w);Aw[M](K)): The commutativit y of diagram (3.1) implies
that the restriction of x in H(G,; T;(A)(k)) is of order at least M ; for the primes
v=w\ Og.

4. The Main Theorem

Theorem 4.1. Assumethat X is a smooth, proper and geometrically irr educible
curve de ned over a glolal eld K: Let | be an odd rational prime, | 6 char(K):
Letn > 0 and let S be a nite set of primes of K which contains primes of bad
reduction for X and primes lying over |. Let X be the smaoth and proper model
of X over the ring of S-integers of K: Assumethat x 2 K $! (X) is a nontorsion
element. Given M; = 1™ a xed power of |, there exist in nitely many primes
v 62S suchthat x reducesin K$t (X,) to an elementof order at least M ;:

Proof. Considerthe pullback diagram:

Xy o X

3 3

(4.2) foy ty
Spec v SpecOs
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On continuous cohomologythe map i, : Xy ! X induces:
(4.2) Hes (X3 Zi(n+ 1) 1 Hge (XysiyZi(n+ 1))
By Proosition 2.6, Proposition 2.4 (c) and the isomorphismi,Z;(n+ 1) = Z;(n+ 1);

there is the following commutativ e diagram in which the lower horizontal arrow is
the map (4.2) fori = 2

<-OVoO

H?(Gs; Zi(n + 1)) !
5
y
(4.3) K5 (X) ! K St (Xy)
20’.3 2 é
y =y
Hés(X:gl(M 1)) I HE&(Xy;Zi(n + 1))

?
y
0

< JVO

Lemma 4.2. The group H?(Gs;Z(k)) is nite for everyk > 1:

Proof. This is a well-known fact. By Soule [Sol, Th. 4 and remark] the higher
Chern classmap

Kok 2(Ok:s;Z=I") I H?(Oks;Z=I"(k))

hascokernelkilled by k!. When K isanumber eld the group K,k 2(Ok:s) IS nite
becauseit is nitely generatedby [Q] and torsion by [B], moreover K 2 3(Ok s )tors
is nite becauseK ;¢ 3(Ok.s) is nitely generated. When K is a function eld this
is the sameby [G] and [H]. Hencethe order of the nite group H?(Ok :s;Z=I"(k))
is bounded independertly of n. The claim follows from this, (2.8), Mittag-Le er
and the niteness of H(Ok .s; Z=I1"(k)) (lemma 2.1 (b)).

On the other hand, the map j, inducesthe reduction map:
(4.4) Hi(Os:RY Z(K) ! HE ( vij RY Z1(K):

By the proper basechangetheorem [Mi, Cor. 2.3, p. 233]applied to the pullback
(4.1) for v 62S:

(4.5) j RY Z,(k) = R, i,Z/(K):
Sincei, Z,(k) = Z,(k); the reduction map (4.4) can be written as follows:

(4.6) Hl (Os;RY Z(k) ! HL ( v;RY , Z,(k)
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Moreover, Proposition 2.4 (b), Proposition (2.5) (b) and the isomorphisms (2.8)
give the following commutativ e diagram with the maps (4.2) and (4.6).

0

2
l)

y
H?(Gs; Zi(n + 1)) !
3
y
(4.7) H 2, (X;%|(n + 1)) ! H2e (X\,;g|(n + 1))

? ?
y =y

Hclts(Os;le;‘ Z(n+ 1)) I HA ( v;RYy Zi(n+ 1)
?
y
0

By the naturality of the isomorphisms (2.8) we have the following commutativ e
diagram with the reduction map (4.6).

< OVO

Hgs (Os; RYf Zi(n+ 1)) I His( viRYfy Zi(n+ 1))
3 3
(4.8) -y -y
H(Gs; Ti(J)(n)) ! H( v; Ti(3v)(n))

Here J and J, denotethe Jacobian varieties of X and X, respectively.

Since by Lemma 4.2 the group H?(Gs;Z(n + 1)) is nite, the nontorsion ele-
ment x 2 K$§' (X) is sert by the composition of the lower vertical arrows in the
left columns of the diagrams (4.3) and (4.7) to a nontorsion elemen of the group
Hl (Os;RY Z(n+ 1)) = HY(Gs;T(J)(n)). The last group injects by the in a-
tion map into H1(Gk ; T(J)(n)). Theorem 4.1 follows by Proposition 3.1 applied
for A = J and by the commutativit y of the in ation and restriction maps:

H l(GS;;rl (J)(n)) LHY( 'I;(JV)(n))

5 5

(4.9) y y
HY(Gk ; Ti(3)(n)) I HY(Gy; Ti(dv)(n))

Theorem 4.3. For X, | and n asin Theorem 4.1 the kernel of the reduction map:
Y
KS() !t K& (X)
p635
is a nite group.

Proof. It follows from Proposition 2.6, Proposition 2.4 (b) and Lemma 2.1 (b)
that K St (X) is a nitely generatedZ;-module. Now, Theorem 4.3 is an immediate
corollary of Theorem 4.1.
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5. Remarks on the odd dimensional case

Let us considerthe reduction map for the odd dimensional etale K-theory.

Y
(5-1) 2n+1 (X) ! 2n+1 (XV)
V635

By Proposition 2.6 (a) we have the exact sequence:

(5.2) 0! H3.(X;Zi(n+2)! K&, (X)! HL(X;Zi(n+1)! o

By Proposition 2.4 (b) there is another exact sequence:

(5.3) 0! H?(Gs;Ti(A)n+ 1))! HS(X;Z(n+2)! HYGs;Zi(n+1)! O

It is a special case of a conjecture of Jannsen[J1, p. 317] that the group
H?(Gs;Ti(J)(n + 1)) is nite for any curve X and n > 0: If the conjecture holds
true, then one can prove an analog of our main theorem for the odd dimensional
etale K-theory using the argumert of this paper. As for today, the conjecture of
Jannsenwas proved only in the casewhen X is an elliptic curve with complex
multiplication and | is a regular prime for X by Wingberg [Wi]. Hencefor these
X and I's Theorem 4.1 is also true for the reduction map on the odd-dimensional
etale K -groups of X. This follows from the following unconditional statemert:

Prop osition 5.1. For any curve X, the kernel of the reduction map:

Y
Hl (X;Zi(n+ 1) ! Hi(Xy; Z(n + 1))
v6>5

is a nite group.

Proof. Note that by (2.1) and by the Mittag-Le er condition H..( ;Z;(n+ 1)) =
H( ;Z/(n+ 1)) (the I-adic cohomology). To prove the proposition we usea result
of Suslin [Su, Cor. 2.7, p. 12] which brings the claim to the situation which was
consideredin [AB]. Note that Suslin provesit for n = 1 but the proof goesthe same
way for n 6 0. Considerthe following commutativ e diagram:

0 ' H*(Os; gl(n+ 1) ! HYK; Z,>|(n+ 1))
(5.4) _y -y
0 I HY(X;Z(n+1) ~ ! HYX;Z((+ 1)

All maps in the diagram (5.4) are injective becausethey come from short exact
sequence®f low terms assaiated with appropriate Leray spectral sequences.The
top horizontal arrow is also surjective which follows by the localization exact se-
guencefor etale K-theory with coe cien ts and the etale analogueof [Sol,Th. 3,
p. 274]. Hencethe indicated mapsin the diagram (5.4) are isomorphismsbecause
the composition of injective maps:

(5.5) HY(K;Zi(n+ 1)) ! HY(X;Zi(n+ 1)) ! HYK(X); Zi(n+ 1))
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is an isomorphism by [Su, loc.cit.]. Here K (X) denotesthe function eld of X:
Again using Suslin's result, we seethat the map:

(5.6) H'( v; Zi(n+ 1)) HY(Xy; Zi(n + 1))

is anisomorphismfor any v 62S. Hencethe map from the statemert is the reduction
map:

Y
(5.7) H(Os; Zi(n+ 1)) ! HY( vi Zi(n+ 1))

V65

which by [AB, Prop 1] hasa nite kernel.
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