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Abstract . Using Quillen's universal transformation we verify some
(standard) properties of Adams operations on the higher K -theory of
projective modules over group rings. Furthermore, we rather explicitly
describe Adams operations on the Whitehead group K1(C ) assa@i-
ated with the groupring C of a nite group over an algebraically
closed eld of characteristic O.

In tro duction

Let bea nite group, p aprime number, and L a nite extensionof Q.
Let O denotethe group ring assaiated with and the ring of integers
OL in L andlet KoT(OL ) denotethe Grothendied group of nite O -
modules possessinga O  -free resolution of length 1. This Grothendiedk
group is a fundamertal object in the Galois module theory a la Frohlich. In
particular, it enters the picture in studying the projective classgroup of the
group ring of  over the ring of integersin a number eld.

The best way to describe KoT(OL ) in a little bit more familiar terms is
the exact sequence

Ki(OL )! Kg(L )! KoT(OL )! O

which comesfrom a localization sequencein K -theory (e. g. seesequence
(1.3) of [T] on p. 2). It leadsto the so-calledHom-description

Homg(Ko(L );L )
Det((OL ) )

KoT(OL )=

of KoT(OL ); here G = Gal(L=L) denotesthe absolute Galois group,
Ko(L ) is the classicalring of virtual characters of , and Det is the
determinant map (e. g. seex2 of Chapter 1 in [T] for a precisede nition of
Det and Theorem 3.2 of [T] on p. 10 for a proof of the Hom-description).
Using Taylor's group logarithm techniques Cassou-Noges and Taylor have



shown that the k-th Adamsoperation X on Ko(L ) inducesan operation
on KoT(OL ), if L=Q, is non-ramied (e. g. seeTheorem 1.2 of [T] on p.
98). The aim of this paper is to give a more or lesssatisfactory explanation
of this operation in K -theoretical terms using power operations on modules.

For this we remark that we have constructed an Adams operation X on
K1(L ) usingexterior power operations (seex3 of [Kol]) and that, if p does
not divide k, we have constructed an Adams operation K on K1(O_ )
using generalizationsof Atiy ah's cyclic power operationsand shu e products
in higher K -theory (seesection 3 of [Ko2]). In this paper we show that the
homomorphism K,(O. )! Kg1(L ) in the above sequencecommutes with
K (seeCorollary c) of Proposition 1). Hence X inducesan operation X
on KoT(OL ), if p doesnot divide k. The questionwhether a p-th Adams
operation P on K1(O_ ) canbe canonically de ned remains open.

Furthermore we show that, via the well-known Hom-description
Ka(L )= Hom(Ko(L );L )

of K¢(L ), the k-th exterior power operation X on K{(L ) (de ned in x3
of [Kol]) correspondsto the homomorphismon the right hand side induced
by ( 1) 1" where ¥ is the adjoint of ¥ on Kg(L ) with respect to
the classical character pairing (see Theorem 1). One easily deducesfrom
this that the k-th Adams operation X on Ki(L ) corresponds to the
homomorphism on the right hand sideinduced by k Nk (seeCorollary 1 of
Theorem 1).

If k is coprimeto the orderof , the adjoint homomorphism "k equals *°
where k9 is a natural number which is an inverseof k modulo the order of

(seethe proof of formula (1.7) of [T] on p. 101). This suggestshat, up to
a sign, the operation on KoT(O_ ) de ned by Cassou-Noges and Taylor
should be called an exterior power operation rather than an Adams opera-
tion. Sincethe canonical basechange homomorphism K1(L ) ! Kq(L )
is injective (see Proposition 2.8 of [Que] on p. 247) the results explained
above prove the more precisefact that, via the above Hom-description, the
operation K on KoT(O_ ) correspondsto the homomorphismon the right
hand side induced by k K if K is coprime to p and to the order of
Thus it diers from the operation de ned by Cassou-Nogesand Taylor by
passingfrom k to k° and by the factor k.

Finally we rather explicitly describethe Ko(L )-module structure (seeThe-
orem 2) and the Grothendied Itration on Ki(L ) (seeProposition 6).

As a byproduct of the explicit description (of the Ko(L )-module structure
and) of the Adams operation on K1(L ) we strengthen the induction for-
mula (6.2) of [Ko3] in the situation consideredin this paper (see Theorem
3).

In the appendix we give a new proof of Queyrut's Hom-description (seesec-



tion 3 of [Que]) of the Grothendiedk group Ko( ;I) assaiated with nitely
generatedl -moduleswhere | is a eld of positive characteristic.

Acknowledgements The ideafor the results of this paper wasborn during the
preparation of a lecture for the K -theory conferencein Poznan in Septenber
1995. | would like to thank G. Banaszak, W. Gajda, and P. Krason for
perfectly organizing an interesting meetingand for giving me the opportunit y
to report on my results.

1. Quillen's Univ ersal Transformation

The purposeof this sectionis to introduce somenotations usedthroughout
this paper and to recall Quillen's universal transformation introduced in
Hiller's paper [Hi].

For any (abstract) group G and any (not necessarilycommutativ e) G -ring
A let K4(G;A) denote Quillen's g-th K -group assaiated with the exact
category of nitely generated, projective A -modules with semilinear G-
action. (If no action of G on A is given, the trivial action is meart and the
action of G on modules is then assumedto be linear.) If G is the trivial
group, we put Kq4(A) := K4(G;A). Furthermore let

Ko(G;A) = ker(Ko(G;A) T Ko(A))

bethe reducedGrothendied group. We obviously have K ¢(G;A) = Kg(A)
Ko(G;A), if G actstrivially on A.

For any ring A let BGL(A)* be the plus construction assaiated with the
classifyingspaceB GL (A) of the generallinear group GL(A) = [ n oGL(A)
(e. g. see[L]). For any CW-complex X let [X;BGL(A)*] denotethe set of
free homotopy classesof free cortinuous maps from X to BGL(A)* . This
is the same as the set of pointed homotopy classesof pointed cortinuous
maps from X to BGL(A)* since BGL(A)* is a connectedH-space (see
Theorem 9 of [S] on p. 384). Now Quillen's natural transformation

al ) :Ko( 2( );A)! [ ;BGL(A)']

of functors from the category of connected nite CW-complexesto the cate-
gory of groups (or more generally to the category of pointed sets) is de ned
as follows (seesection 1 of [Hi]): Let X be a connected nite CW-complex
andlet : 1(X)! Aut(P) be arepresenation of the fundamental group

1(X) of X ona nitely generated,projective A-module P . We choosea
projective A-module P° such that P PO is free over A, say of rank n.
Then g(X)( ) isde ned to bethe homotopy classof the composition of the
maps

1)

X 1 B 1(X) 2P BGLA(A) " BGL(A) " BGL(A)*:



Here X | B 1(X) isthe canonical 2-cosleleton. It is shavn in Proposition
1.1 of [Hi] on p. 243that q(X)( ) doesnot depend on the chosenmodule
PO and that the assaiation 7! q(X)( ) inducesa well-de ned map q(X) :
Ko( 1(X);A) ! [X;BGL(A)"].

Furthermore the natural transformation q( ) is universalin the following
sense(seeCorollary 2.3 of [Hi] on p. 246): For any H-space Z and for any
natural transformation Ko( 1( );A) ! [ ;Z] there is a unique natural
transformation [ ;BGL(A)*] ! [ ;Z] sud that the following diagram
commutes:

Ko( 1( );A) [ ;BGL(A)*]

Note that the ring A neednot to be commutativ e neither for the construction
of g( ) nor for the proof of the universality of g( ). In particular we may
take a group ring for A.

2. On Adams Operations on Ky(R# )

Let be a group, R a commutativ e (noetherian) -ring, and k a natu-
ral number which is invertible in R. Let A := R# denotethe assciated
twisted group ring. Using generalizations of Atiyah's cyclic power opera-
tions, shue products in higher K -theory, and Grayson's construction of
power operations on higher K -theory we have constructed an Adams op-
eration X on Kq(R# ), g 0, in [Ko2]. The object of this sectionis
to carry over someproperties of ¥ proved in section 2 of [K02] for K to
higher K -theory using Quillen's universaltransformation recalledin section
1.

Let | bea prime which is invertible in R. For any a 2 Z=IZ and for any
R-module V let V[a], bethe cyclic |-th power of V with eigervalue 2.
It is de ned as follows (see[Ko2]): Let S= R[] = R[T]=1+ ...+ T' D
be the |-th cyclotomic extensionof R, c:V ' vV vy ... v 17!
Vi1 Vo ... V| 2,the cyclic permutation on V ! and G := (Z=1Z)
the group of invertible elemens in Z=IZ acting on S as Galois group as
usualand on V ! via

M ... Vi1)=V 19 ... V 1gqgq (for 2Gvp;...;vi 12V):

Then VJa], is de ned to be the G-xed module asswiated with the -
eigenspaceof the endomorphism1 cof S gV ' (seesection2 of [Ko2]).
If V carriesa (semilinear) -action, then V[a], obviously doesaswell. If
V is furthermore R-projective or R# -projective, the sameholds for V[a],
(seeCorollary b) of Proposition 1 in [Ko2]).



The main result of section3in [Ko2] is that the assaiation V 7! V[a], yields
an operation [a]; on K4(R# ) andon Kq( ;R) forany g 0. The |-th
Adams operation on K4(R# ) is then de ned to be .= [0} [1]. Now
let X bea connected nite CW-complex. Applying this construction to the
group 1(X) in placeof  wein particular obtain an operation [a]; on
Ko(A[ 1(X)]) = Ko(R#( 1(X) )) andon Ko( 1(X)  ;R). Similarly
one can de ne an operation [a]; on Ko( 1(X);A). By the universality of
the natural transformation g( ) this operation inducesa natural transfor-
mation [a]; on [ ;BGL(A)*]. In particular, we have oncemore de ned an
operation [a]; on Kgq(R# )= Ky(A) = [S,BGL(A)*] forany q 1.

Prop osition 1. The operation [a]; on Kq(R# ), g 1, dened in this
way agrees with the operation [a], de ned in section 3 of [Ko2].
Proof. This can be proved similarly to section9 of [Gr].

Corollary . Let g 0.
a) For all x 2 Ko(R# ) andy 2 Kq(R# ) we have:

'x )= ') 'y) in KqR# ):

b) Let 1° be another prime which is invertible in R. Then we have for all
X2 Kyq(R# ):

') = (') in Ko(R# ):

c) If is nite and the group order ord( ) is invertible in R, then '
commuteswith the Cartan homomorphismc: Kq(R# )! Kg( ;R).

Proof. These assertionshave already been proved in section 2 of [KoZ2], if
g= 0. Solet g 1.

a) Tensoringwith a projective A-module over R transforms projective A -
modules into projective A -modules (seeLemma 3 of [Ko2]). Henceby the
usual techniques (see[Q] or [Hi]) we obtain a K g(A)-module structure on
Kq(A). For any x 2 Ko(A) the map

Kq(A) ! Kq(A); y7' ') '(y);

is the SY9-level of a natural transformation [ ;BGL(A)*]! [ ;BGL(A)"]
which makesthe following diagram commutativ e:

z Ko( 1( );A) %) [ ;BGL(A)*]
# # #
x) ') Ko( i ):A) ) [ :BGL(A)]:

Since '(x) "(2)= '(x z) forall z2 Ko( 1(X);A) (cf. Proposition 5 of
[Ko2)]) the natural transformation y 7! '(x y) makesthe above diagram



comnutativ e aswell. Now the universality of gq( ) provesassertiona).
b) Similarly to a) this follows from the fact that ' = 1 I
Ko( 1(X);A) (cf. Proposition 6 in [Ko2]).

c) If is nite and ord( ) isinvertible in R, an R# -module is nitely

generatedand projective over R, if and only if it is nitely generatedand
projective over R# . (This is an easy generalization of Masdke's theo-
rem.) Hencethe Cartan homomorphism is an isomorphism and we only
have to show that the Adams operation ' on Kq( ;R) de ned via cyclic
power operations agreeswith the Adams operation ' de ned via the |-
th Newton polynomial in the exterior power operations 1;...; |. Sim-
ilarly to a) this follows from the corresponding fact for Ko( 1(X);A) =
Ko( 1(X) ;R) (cf. Proposition 4 of [Ko2]). (The sameproof even shavs
that [a]] = Cia( %...; ") on Kq(R# ) = Kq( ;R) where C4 is the
polynomial de ned in Lemma 6 of [KoZ2]).

on

Remark .

(i) Conjecturally assertionc) is true even whenthe group order is not invert-
ible in R. At the end of the paper [Ko2] some speculations are preserted
how one should be able to prove this in the generalcase.

(i) Let k 2 IN be invertible in R. Using a factorization of k into prime
factors we may de ne an Adams operation K on Kq(R# ) forany q 1.
By assertionb) this doesnot depend on the ordering of the prime factors.
(iii) If p:= char(R) is a prime, we may de ne an Adams operation ¥ ewven
for all k 2 IN by dening P to be the basechange homomorphism asso-
ciated with the Frobenius endomorphism (seelast Remark in [Ko2]). If

is nite and ord( ) is invertible in R, one can deducefrom Proposition 7
of [Ko2] similarly to the proof of assertiona) that P agreeswith the usual
Adams operation on Kq(R# )= Kq( ;R).

3. On Adams Operations on K;(C )

Let be a nite group. The aim of this sectionis to describe the Adams
operations and the Ko(C )-module structure on K1(C ) (de ned in [Kol]
or [Ko2)]) in explicit terms. This will enableus to strengthen the induction
formula (6.2) of [Ko3] in this situation. Computing the Grothendied ltra-
tion on K1(C ) explicitly we will furthermore shaw that, for any subgroup

Oof ,theinduction map K1(C 9! K4(C ) is continuouswith respect
to the Grothendied lItrations asconjecturedin (5.6) of [Ko3].

More generally let C be an algebraically closed eld sud that the group
order of  isinvertible in C andlet C denotethe group ring assiated
with  and C. Then Ko(C ) isthe classicalring of virtual charactersof

It is afreeabelian group with basisthe set S of isomorphismclasse®f simple
nitely generated C -modules. Furthermore Ko(Z;C ) can be identied
with the Grothendiedk group assaiated with the category of pairs (M; )



consisting of a nitely generatedC -module M anda C -automorphism
of M. Let Z[S C ] denotethe free abelian group with basisS C

Prop osition 2. The group homomorphism
Z[S C ]! Ko(Z,C ) gvenby (S; )71 (S; )
is bijective.
Proof. We de ne an inversemap asfollows: Let (M; ) be a pair asabove.
Then there are natural numbersng, S2 S, such that M = g525S"s and

there are matrices As 2 GLy(C), S 2 S, sud that corresponds to
sosAs under M = S"s, For A2 GL,(C) and 2 C let m (A) :=

dimcker((A id)! ). Then the assaiation
X
M; ) 7! m (As) (S; )
(S; )28 C

obviously de nes a group homomorphism
:Ko(Z;C )! Z[S C ]

such that =id.

Furthermore for all matrices A 2 GL,(C) there is an upper triangular
matrix B 2 GL,(C) which is equivalert to A. In other words, the Z-
represetiation (S";A) is isomorphic to the Z-represenation (S";B) for
any S2S. Now

O (S 0 .. 0B) (S S O ... 00B) ... (S"B)

is a ltration of (S";B) by Z-represenations whose successie quotients
are isomorphicto (S; ) for some 2 C and the the pairP (S; ) occurs
preciselym (B) = m (A) times. This shovsthat (S";A) = oc M (A)
(S; ) in Ko(Z;C ) and hencethat =id.

According to Proposition 2wehave Ko(Z;C ) = Ko(C ’\_{C ]. Henceforth

we will write elemeris of Kg(Z;C ) alsoin the form oc Z [ ] with
zZ 2Ko(C ) forall 2C . Let

h;i: Ko(C ) Kpo(C ) ! Ko(C) - Z
(P;M) 7' Homc (P;M) 2 dimcHome (P;M)

bethe classicalcharacter pairing. It is a perfect symmetric pairing. Let h; i
also denote the following pairing:

hii: Ko(C ) Ko(ZC ) ! Ko(Z;C) .
(P;(M; ) 7' (Homc (P;M);Hom¢ (P; )) °

We will furthermore write h; i for the composition of h; i with the natural
map
Ko(zz;Cc) O Pic(z;C) I~ C
(N: ) 7 (PN Py 7 det( jn):



Then for all x, z2 Ko(C ) and 2 C we obviously have hx; z[ ]i =
hx;zi[ ] in Ko(Z;C) respectively hx;z[ Ji= ™21 in C

Forany k 1 let K and X denotethe k-th exterior power operation
and k-th Adams operation, respectively, on Kq(Z;C ) or Ko(C ) or
Ko(Z;C) or K1(C ) (see[Kol] and section2). Then for all z 2 Ko(C )
and 2 C we obviously have

‘@Gl D= *@[ ] and K@ D= @I K1 in Koz C ):

Sincethe classicalcharacter pairing is perfect there is an adjoint homomor-
phism "k on Ko(C ) assaiated with ¥. If k is coprimeto ord( ), we
have ™ = *° where k° is a natural number such that k k° 1 mod
ord( ) (seethe proof of formula (1.7) of [T] on p. 101). If G is abelian,
one can easily show that "k is induced by the assaiation M 7! C c M
where C is consideredasan C -algebravia the k-multiplication on

Prop osition 3. For all x 2 Ko(C ) and y 2 Ko(Z;C ) we have
e K(y)i = HC 1F PHesyi in C

Proof. Sincefor all z;, z22 Ko(C ) and 1, 22 C wehave
h (zal 1] zafd]) (za] 2] zofd]i = (g ™22l [razl ixmzl oy

both sidesof the above formula are linear in y. Hencewe may assumethat
y=2z[] 2z[1] with somez 2 g,(o(c ) and 2 C . Using the equation

Az) «( 2)= &log t(z2) = {1 ( DR K@)tk T of power series(see
p. 23 of [FL]) we then obtain that

h Xy)i=h *@I K1+ X Y2 Mol K+ + K 2
- khx X(2)i (k Dhx; X (z) 1( 2)i LS 1(z) ¥ 1( 2)i

- Ik K@k 1) K z) 1 2+ + 2) kI 2

= hq( 1F T K@)

- WDk 1)z
hC 1) 17 (x);yi

aswasto be shown.

Now we will usethe following description of the Whitehead group K 1(C ) =
[SL,BGL(C )*]: It is the factor group of the free abelian group with basis
the isomorphism classesof pairs (M; ) asabove modulo the relations de-
ned e.g.on p. 348of [Ba]. Furthermore, by Proposition 2.2 of [Que] on p.
244, the map

Ki(C ) ! Homz(Ko(C );C )
(M; ) 70 (P 7" det(Homc (P; )iHome (P:M)))



is a well-de ned group isomorphism.

Theorem 1. The following diagram commutes:

Ki(C ) !~ Homz(Koe(C );C )
k # #Hom(( 1) 17k;C )
Ki(C ) = Homz(Ko(C );C ):

Proof. We considerthe following diagram:

y 7! (x 7! hx; yi)
Ko(Z;C ) ! Homz(Ko(C );C )
k k
Koz;c ) P K1(C )
&
K k GL(C )&

ash)

Ko( 1(S%);C ) [SLBGL(C )*]

Herethe map D is de ned in sudh a way that the upper squarecommutes.
Then we obviously have D(S[ ] S[1])= (S; ) in Ky(C ) forall S2 S
and 2 C . Let S® bea C -module suc that S SO is free over
C ,say ofrank n,andlet 2 GL,(C ) bethe automorphism of (C )"
corresponding to idso. Then by Theorem (1.2)(1) of [Ba] on p. 448the
isomorphism K1(C ) !~ [S1;BGL(C )*] mapsthe classof (S; ) to the
homotopy classof the continuous map

st=Bz ¥ BGL,(C ) P BGL(C ) ™ BGL(C )*:

Since q(S') mapsthe elemen S[ ] S[1] of Ko( 1(S1);C ) to the same
homotopy class(seesection 1) the lower square commutes. Hencethe map
D comnmutes with K by de nition of ¥ on K1(C ). Now Proposition 3
proves Theorem 1 since D is surjective.

Remark . If moregenerally C is a commutativ e ring such that ord( ) isin-
vertible in C, the above argumerts essetially shav that wehave X(S; ) =
( D¢ 1 kKS); K)yin Ki(C ) forany C -module S and 2 C



Corollary 1. The following diagram commutes:

Ki(C ) !~ Homz(Ko(C );C ) f
k # # #
Ki(C ) = Homz(KoC );C ) K f 7k

whee k()= kKfor 2C

Proof. Sincethe multiplication on K{(C ) is de ned to be trivial we have

k= ( 1% Xk k. ThusTheorem1 provesCorollary 1. Alternativ ely Corol-
lary 1 follows from the following proposition similarly to the proof of Theo-
rem 1.

Prop osition 4. For all x 2 Ko(C ) andy 2 Ko(Z;C ) we have
he ()i = “(h"™()iyi) in Ko(ZiC):

Proof. We may assumethat y = z[ ] with somez2 Ko(C )and 2C
Then we have

h; “()i=h; X2 i
= W™zl 1= K™ ezl D= (™00 yi):
Corollary 2. Via the isomorphism K1(C ) = Homz(Ko(C );C ) the

Grothendiek operation X on K1(C ) correspnds to the (additively writ-

ten) homomorphism
|

L !
( 1)k i1 kl 1 Hom(’\k I,C )
i=0
= ( DX Hom(™;C )+ ( ¥ 2(k 1Hom(™ L C )+ ...+id
on Hom(Ko(C );C ).

. P :
Proof. By de nition (seep. 47 of [FL]) wehave * ="K kK1 ki Thus
Theorem 1 proves Corollary 2.

Let
Ko(C )! Ko(C ); P7I'P = Homc(P;C);

denote the dualizing map.
Prop osition 5. For all x, z2 Ko(C ) and y 2 Ko(Z;C ) we have

h;z yi=te xyi in KoZC):

Proof. This follows from the canonicalisomorphisms

Homc (P ¢ Q;R) = Homc (Q;Homc(P;R)) = Home (Q;P ¢ R)

10



(for all nitely generatedC -modules P;Q;R).
Theorem 2. For all z2 Ko(C ) the following diagram commutes:

y Ki(C ) = Homz(Koe(C );C ) f
# # # #
zy KiC ) I~ Homz(Ko(C );C ) (x7'f(z x)):

Proof. This can be deducedfrom Proposition 5 similarly to the proof of
Theorem 1.

The next theorem strengthens the induction formula (6.2) of [Ko3] in the
situation consideredin this section. For this let ° be a subgroupof and
let

i (K(C 91 Ky(C ); (M; )71 (C ¢ oM;1 )
be the induction map (seealso section 6 in [Ko3]).

Theorem 3. For all y2 K4(C 9 we have

i o )

Here K1(C )[k 1] denotesthe F1Ko(C )[k 1]J-adic completion of

K1(C )k 1.

Proof. Let i : Ko(C ) ! Ko(C 9 be the restricion map. Then by
Frobenius reciprocity the diagram

Ki(C 9 + Hom(Ko(C 9;C )
i # #Hom(i ;C )

K.(C ) +  Hom(Kg(C );C )

commutes.

If (k;ord( )) = 1 we have " = k% where kO is a natural number such
that k k® 1 mod ord( ). Hencei commutes with " and thus
i 2 Hom(i ;C ) commuteswith ¥ 2 Hom(";C ) aswasto be shawn.
If (k;ord( )) 6 1, this is proved in Theorem (6.2) of [Ko3] using the equiv-
ariant Adams-Riemann-Rach theorem. Alternativ ely this can be proved

as follows without using geometric argumerts: Let | := F1Ko(C ). By
Example (6.8) of [Ko3] we have ki (x) i K(x) 2\, ol[k 1" for all
x 2 Ko(C 9. Henceby Frobeniusreciprocity wehave f "% i f i "2

\'n ol "Hom(Ko(C );Z2)[k 1] forall f 2 Hom(Ko(C 9;Z). Herethe mul-
tiplication of I Ko(C ) on Hom(Ko(C );Z) is dened asin The-
orem 2. Writing a homomorphism f 2 Hom(Ko(C 9:C ) as the im-
ageof amap Ko(C 9! Z[ 4 ... Z[ ] we deducefrom this that

11



fo™ i f i "2\, ol"Hom(Ko(C );C )k 1]. Now Corollary 1
of Theorem 1 and Theorem 2 prove Theorem 3.

Now we are going to describe the Grothendied Itration on K 1(C ). For
this let K(C ):= Ko(C ) K1(C ) beequippedwith the ring structure
induced by the ring structure on Ko(C ), by the Ko(C )-module structure
on K1(C ), andby the trivial multiplication on K 1(C ). Then the exterior
power operationson Ko(C ) and K1(C ) make K(C ) a -ring (seex2
of [Kol]). Let

FIK(C ):=ker(K(C ) ™ Ko(c ) M 2z

bethe augmertation idealandlet (F"K (C ))n o bethe ass&iated Grothen-
die Itration. Recallthat F"K (C ) is generatedas abelian group by the
elemerns

"i(z1) ... "(z); z1;...;zz 2FK(C ); ni+...+n, n

The ideal F"K (C ) is obviously a homogeneousddeal, i. e. F'"K(C ) =
F'Ko(C ) F"K1(C ) with acertain subgroup F"K1(C ) of K4(C ).

Prop osition 6. We have

K1(C ) forn=0;1

n —_

FrKa(C )= ker(K.(C ) “F" Ki(C)) forn 2

In particular, the induction map i : Ki(C 9 ! Ky(C ) is continuous

with respect to the Grothendieck Itr ations as conjectured in (5.6) of [Ko3].

Proof. This is clearfor n = 0;1. Solet n 2. Since F"K1(C) obviously
vanishesfor n 2 we have F"K1(C ) ker(Ki(C )! Ky(C)) = K.
Using the isomorphisms K K;(C) = K4(C ) = Hom(Ko(C );C ) we
seethat the multiplication with ord( ) on K is surjective. Hencewe have
K =ord( ) K F2K4(C ) by Proposition (6.1) of [K03]. By induction
on n we thus obtain the reverseinclusion

K=ord( ) K=ord( ) F" !K1(C ) F"K4(C )

for all n 2 again by Proposition (6.1) of [Ko3].
Sincethe diagram

Ki(C 9 ! K1(C)

i # #[ ;9

Ki(C ) ! K1(C)
obviously commuteswe nally obtain that i (F"K1(C 9) F"K4(C ) for
all n 0. In particular, i is continuouswith respect to the Grothendied
Itrations.

12



App endix

Let be a nite group and let | be a nite eld. In this appendix we
will presert a new proof for the Hom-description of the Grothendiedk group
Ko( ;1) given by Queyrut in section 3 of [Que].

To recall this Hom-description, let L bealocal eld of characteristic 0 with
residueclasseld |. Let L, bethe maximal non-rami ed extensionin the
algebraicclosure L of L. Then the residueclasseld of L, (and L) is an
algebraicclosurel of I. Let O_,, and O, denotethe ring of integersin L,
and L, respectively. Let G := Gal(L=L) and G, := Gal(I=I) denote the
corresponding absolute Galois groups. We will identify G, with Gal(L=L).
Our proof of the Hom-description will be basedon the following two facts:

() In the Swan triangle

Ko(l ) i Ko(L )
c& . d
Ko( ;1)

all homomorphismsare compatible with the obvious G, -action (see[Sq).

(i) The pairing

Ko(l ) Kol ;I) ! Z
(P;:M) 7! dimHom, (P;M)

inducesan isomorphism of groups
Ko( ;1) I~ Homg, (Ko(l );Z)

via baseextension (seeTheoreme 2.7 of [Que] on p. 247).

Let v:L ! @ bethe valuation normalizedby v( () = 1 where | isa
prime elemer of L (and then of L, aswell). We put

H(; ):=ff 2 Homg (Ko(L );L ):f(Image(e)) O, o

Theorem 4 (Hom-description of Kg( ;1)). The homomorphism

Homg, (Ko(L );L ) !  Homg, (Ko(l );Z)
f 7! (y7tv f ey))

induces an isomorphism

Homg, (Ko(L );L )
H(; )

o Ko( 1)

13



Proof. Notethat v f e(y) liesin Z since e(y) and hencef e(y) is xed
by the inertia group.
The split exact sequence

0! O ! Ly vV Z!' 0
of G-modulesinducesthe exact sequence
0! Homg,(K;0, )! Homg (K;Ly)! Homg (K;Z)! O

where K = Kgo(l ). Since K is xed by the inertia group we have
Homg, (K;Lp) = Homg (KL ) and Homg, (K;0O, )= Homg (K;O, ).
Furthermore the map e: K | Kg(L ) of the Swan triangle is a direct
injection of G -modules (see[Se]). Hencethe pull-back diagram

0! H{; ) ! Homg, (Ko(L );L ) ! Homg/(K;Z)! 0
# #e k
0! Homg, (K;O )! Homg, (K;L ) ' Homg,(K;Z)! O

proves Theorem 4.
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