HIGHER PICARD VARIETIES AND THE HEIGHT PAIRING

KLA US KUNNEMANN

Abstra ct . Let X be asmooth projective variety which is de ned over a number
eld. Beilinson and Bloch have de ned under suitable asssumptionsheight pair-

ings between Chow groups of homologically trivial cycleson X. Beilinson has also
formulated a hard Lefschetz and a Hodgeindex conjecture for these Chow groups.
We shaw that the restriction of the height pairing to cyclesalgebraically equivalent

to zero can be computed via Abel-Jacobi mapsin terms of the Neron-Tate height

pairing on the higher Picard varieties of X . This description is usedin the case
where X is an abelian variety to prove a consequenceof Beilinson conjectures.
Namely, we prove a hard Lefschetz and a Hodge index theorem for the groups of
cyclesalgebraically equivalent to zero modulo incidence equivalence.

1. Intr oduction

Let Xk be a smooth projective variety of dimensiond de ned over the number
eld K. Beilinsonand Bloch have de ned under suitable assumptionsheight pairings

(1) <ii>y, (CHP(Xk)Y CHY™ P(Xy)g ! R

betweenthe Chow groups of homologicallytrivial cycles([Be], [BI]). Beilinson has
also conjectured analoguesof Grothendiedk's standard conjecturesfor the Chow
groups of homologically trivial cycles. Namely, these groups should satisfy a hard
Lefshetz theorem and an analogueof the Hodge index theorem should hold for
the pairing (1). We denoteby AP(Xk)q the subgroupof CHP(X ) consisting of
cycleswhich becomealgebraically equivalert to zeroover an algebraicclosureK of
K. The restricted pairing

(2) <>y, tAP(Xk)o AT P(Xk)o ! R

is well de ned underthe assumptionthat X hasaregularmodel which is projective
and at over the ring of integersin K. The higher Picard varieties Pic’(X ) are
abelian varieties which parametrize cyclesalgebraically equivalert to zero modulo
incidenceequivalenceon X . Using the Abel-Jacobimap

PLAP(XK) ! PicP(X)(K):

the pairing (2) can be descrited in terms of the Neron-Tate pairing on the higher
Picard varieties. A similiar description in terms of the Neron-Tate pairing on the
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algebraic part of the intermediate Jacobianswas indicated by Beilinson in [Be],
4.0.8. We denoteby BP(Xk )q the quotient of AP(X)q by the subgroupof cycles
which becomeincidenceequivalert to zeroover K. Conjecturally, BP(Xk )o equals
AP(Xk)a-

Let Ax be an abelian variety which has a regular model which is projective and
at over the ring of integersin K. Beilinson's conjecturespredict a hard Lefsdetz
and a Hodge index theorem for the groups AP(Ax )q. The aim of this note is to
shaw that thesetheoremshold for the subquotients BP(Ax )q of CHP(Ak ). The
hard Lefstetz theoremfor BP(Ak )q is derived from a hard Lefstetz theorem for
Chow motives of abelian varieties. One only hasto showv that n-multiplication on
Ag induces(n? )-multiplication on Pic’(Ar). We usethe description of (2) in
terms of the Neron-Tate pairing on the higher Picard varieties to prove the Hodge
index theorem. The crucial point is to shaov that the Fourier transform - an alge-
braic correspndencewhich inducesthe Hodge- -operator in singular conomology-
inducesa polarization of Pic’(Ag). The higher Picard varieties are closelyrelated
to intermediate Jacobians. The positivity of the Hodge- -operator implies that the
Fourier transform de nes a polarization of Weil's intermediate Jacobians. In this
way, we derive our Hodgeindex theoremfor the groupsBP(Ax )o from the positivity
of the Neron-Tate pairing and the positivity of the Hodge- -operator.

2. Preliminaries

For an abelian group G, we setGo = G 7z Q. Let X be a stheme. We denote
by CHy(X) (resp. CHP(X)) the Chow group of dimension (resp. codimension)
p cycleson X. Let k bea eld. A variety over k is a separatedsdieme of nite
type over k which is geometrically integral. We denote the category of smaoth
projective varietiesover k by V. Let X andY bevarietiesin V. A correspndence

2 CH (X (YY) inducesa map

ch :CH (X) ! CH (Y) 5 x7! py (px(X): )

wherepy and py arethe obvious projection maps. The group AP(X) is by de nition
the subgroup of CHP(X) consisting of cycle classeswhich becomealgebraically
equivalert to zeroover an algebraicclosurek of k ([Fu], Ch. 10.3).

Let A be an abelian variety de ned over an algebraicclosureQ of Q. We denote
the dual abelian variety by A-. The Neron-Tate pairing

(:;;)a:AQ) A-Q) ' R

is de ned in [Ne]. It yields a positive de nite bilinear form (x;y) 7! (X; (y))a on
A(Q)q for every polarization :A! A-ofA. Letf :A! B beahomomorphism
of abelian varieties. We denoteby f- : B- ! A- the dual morphismwhich satis es

3 (F(x);y)e = (xf-(y)a for x2 A(Q);y2 B-(Q):
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3. Arithmetic  intersection  theor y

We recall somebasic facts from arithmetic intersectiontheory as dewelopped by
Gillet and Souk in [GS]], [GS2]. The arithmetic intersection product is de ned for
regular arithmetic varieties. Howewer regular schemesare not stable under products
and baseextensions. This yields problemswhen we deal with correspndences.We
usethe cap products de ned in [GSZ to avoid them.

An arithmetic variety is by de nition a sdieme X which is projective and at
over SpedZ), and hasa smooth generic b er Xo. Let X be an arithmetic variety.
Complex conjugation de nes an involution F; : X(C) ! X(C) on the complex
manifold X (C). We denoteby APP(XR) the spaceof real valued di erential forms

on X (C) which areoftype(p;p) andsatisfyF; ( ) = ( 1)° . The spaceDp,,(XRr)
is the spaceof real currerts X (C) which is the topological dual of APP(XR) with
respect to the Scwartz topology. Let Ayp(Xr)  Dpp(Xr) be the subspaceof
currents represeted by smaooth forms. P

Let Z,(X) be the group of dimensionp cycleson X. A cycle ZP: IQni[Zi] 2
Zp(X) denesacurrent z 2 Dy 15 1(Xgr) by the formula z( )= ini 7oy
The subgroupof Z,(X) Dyp(Xgr) consistingof all pairs (Z; g) whereg is a Green
currert for Z, i.e. dd°g+ z = ! for somesmooth form ! 2 A, 15 1(XRr), is
by de nition the group Zp(X) of arithmetic cyclesof dimensionp. The arithmetic
Chow homologygroup @H n(X) is the quotient of Z\p(X) by the subgroupgenerated
by elemetts (0; @+ @) and fiv(f ), whereW is an integral substiemeof dimension
p+ 1,f 2 k(W) , and fiv(f) is the arithmetic cycle (div(f); [logjf j?]). We set

App(XRr)

Rop(Xr) = Im(@+ Im(@

and Hpp(Xgr) = Ker(dd"j,ep;p(XR)):

The natural maps

LCGH(X) | A 1p 1(XR) 5 = UZI 7! ()=ddg+
a:Kpp(Xr) | GH(X) 5 [17va()=1[0; )
GHp(X) I CHW(X) 5 [(Z:9)] 7! [2];
cl:@H(X) ! Hpp(Xr) 5 7'l )=1 ()]

t into an exact sequence

(4) Bop(Xr) B @Hp(X) ! CHp(X) ! O

The arithmetic Chow homologygroupsare covariant for proper mapsbetweenarith-
metic varieties, which restrict to smooth mapsin the generic b er. They are con-
travariant (with a shift of the degree)for local complete intersection (l.c.i.) mor-
phismsand for at maps, which are genericallysmooth.

We obtain the arithmetic Chow groups @H p(X) if we grade by codimensionin-
stead of dimension. They have properties analogousto those stated above for the
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Chow homology groups. We have @H"(X) = @H g o(X) if X is regular and
equidimensionalof absolutedimensiond + 1.

Let Y be aregular arithmetic variety. The arithmetic intersection product, con-
structed in [GS1]and denotedby "', makes@H (Y)q = ,GH"(Y)o into a graded
comnutative ring. Given a morphismf : X ! Y of arithmetic varieties, with Y
regular, there is alsoa cap product

(5) GH(Y) @Hq(X) ! CGHq p(X)g iy XT7!yix

which de neson @H (X )o the structure of agraded@H (Y)o module. The follow-
ing properties of the cap product are easily derived from its de nition and Theorem
3in [GS2], 2.3. Given morphismsg : X ! Uandh:W ! X between arith-
metic varieties with U regular and h smaoth in the generic bre, x 2 @H (X),
u2 @H (U),w2 @H (W),y2 @H (Y), 2 & (Yr), and 2 & (Xgr), we have

(6) Uig(yX) = yit(UigX);
(7) yi(h (W) = h (yinw);
(8) Plysx) = £ 1 (y)" ! (x);
9) a( )ux = af "1 (x));
(10) yia( ) = af '()" )

The construction of the cap product in [GS2],2.3 alsoyields a product
CHP(Y) CHy(X) ! CHq p(X)g 5 y XxT7!yix

for the usual Chow groupswhich is compatible with the map .

4. Arithmetic  intersection  pairings

Let X be an arithmetic variety. We de ne
CH(X)%= Ker(cl : CH(X) ! H(XRr)):

Let h be a Kphler metric on X (C) which isinvariant underF, . The pair X = (X;h)
is calledan Arakelov variety. The Arakelos Chow group CH P(X) (resp. CH (X)) of
X is by de nition the inverseimage of the subgroupof harmonic formsin APP(XRg)
(resp. Ay 1p 1(Xgr)) underthe map! . It ts into an exactsequence

(11) HP P I(Xg) T CHP(X) ! CHP(X) ! O

It is important to note that ewery lift of an elemen in CHP(X)? to CHP(X) is
contained in the kernel of ! .

Let f : X ! Y be a morphism of arithmetic varieties, with Y regular. The
arithmetic degreemap

deg: GHo(X) ! R
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is de ned in [GS]], 3.4. Given F; -invariant Kahler metricson X (C) and Y (C), we
get a pairing

(12) CHP(Y) CH,o(X) ! CHox) ¥ R:
Observing(9) and (10), we obtain a well de ned pairing
(13) < ;0> tCHP(Y)? CHp(X)° ' R:

which does not depend on the choice of the Kgahler metrics on X (C) and Y (C).
If X =Y is regular and equidimensionalof absolute dimensiond + 1, then (12)
becomeshe pairing

(14) <:i:>. 1CHP(X)® CH%! P(X)? I R:
X

which was already introducedin [GS1],4.2.10,4.3.1.

The pairing (13) behaves well under the action of correspndences. Let K be
a number eld, Ok its ring of integers,and S = SpedOg). Letf : X ! Y
and g : W ! V be morphisms between arithmetic varieties with Y, V regular.
We assumefurthermore that X and W are at projective S-sdhemes. Given a
correspndence 2 CH (X s W)q, the transposedcorrespndence’ and itself
induce maps

Y'eh:CH (V)g ! CH (X)o ;5 V7' px (Vip, )
ch :CH (Y)g ! CH W)o ; Y7'pw (Yipy );

wherepr, T 2 £X;Y;W; Vg, denotesthe canonicalmapfrom X sW toT.

Lemma 4.1.

<y; (" Jen(V)>1 = <v; cu(y)>g for y2 CH (Y)Q; v2 CH (V):

Proof. We chooseKphler metrics on the complex manifolds assa@iated with X, Y,
W,V and X sW. Weusea bar to denotea preimageof an elemen from a Chow
group in the correspnding Arakelosr Chow group.

<y;(" Yen(v)>r = dedyipx (vip, )  (by de nition)
degy:ipx (vip, ))  (by (4) and (10))
dedpx (Fipy (Vip, ) (by (7))
dedy:p, (Vip, 7)) (by (4) and (10))

Our claim follows with (6) by symmetry. O
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5. The height pairing

Let K be a number eld and X¢ a variety in Vk of dimensiond. Beilinson and
Bloch have de ned under suitable assumptionsheight pairings

(15) < 11>y, (CHP(Xk)y CHY™ P(X)) ! R:

where CHP(X« )% = Ker(cl : CHP(Xk) ! HPP(XR)). In the following, we recall
a de nition of Beilinson's pairing which is basedon Gillet and Souk's arithmetic
intersectiontheory ([Be], 3.1, [GS1],4.3.1,5.1.4).

A model for X is by de nition an arithmetic variety X which is projective and
at over S = Speq Oy ) togetherwith anisomorphismidentifying X with the b er
of X over Spec(K). We have to make the following assumptionin order to apply
the theory of the precedingsection.

Assumption 5.1. The variety X« hasa regular model X overS.

Wede ne CH? (X)q = Ker(CHP(X)q ! CHP(Xk)q)anddenoteby CHY (X)4
the orthogonal complemen to CH® (X)q with respect to the pairing (14). Let
CHP(Xk )& be the image of the canonicalmap

ICHY P(X)3 ! CHP(X()3:
We obtain a pairing
(16) <>y ZCHp(XK)OQO CH 1 P(XK)OQO 'R
which is de ned as follows. Given elemens x = (x9 (x°2 CHY"* °(X)3) and
y= (¥) (¥°2 CHY (X)), we set
<X; y>XK = <X0;y0>x

which does not depend on the choicesof x° and y° (but might a priori depend on
the choice of X). This pairing yields the desired height pairing (15) under the
assumption

(17) CHP(Xk )& = CHP(Xk)® forall p O

This equality is conjecturedby Bloch and Beilinson. It holds for divisors and points
(compare8.1) and in the casewhere X hasa smaoth model over S ([Be], 2.2.6).
Let Yk be another variety in Vx which has a regular model Y over S. Let
2 CHP(Yk « Xk)q bea correspndence.For suitable x, y, we get from 4.1the
formula

(18) <X cn()>xe = <t )en(¥)y> v

The Lefstetz operator L : CHP(Xx) ! CHP1(Xk); 7! (L) asseiated
with aline bundle L on X inducesa map on CH (X )°. The heiglt pairing should
be non degenerateas a consequencef the following conjecture of Beilinson ([Be],
5.3and 5.5).

Conjecture 5.2. (Beilinson) LetL beampleand2p d+ 1
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i) The operator
L 2 CHP(Xk) | CH™™ P(Xk)d

is an isomorphism.
ii) If x 2 CHP(Xk)3, x 6 0, and L%? 2(x) = 0 then

( 1P<x; L™ 2Px>y > 0

6. The height pairing on cur ves

Let Cx be a curve of positive gerus in Vi which is geometrically irreducible.
After a nite extensionof the ground eld K, we may assumehat Cx hasaregular
semi-stablemodel C over S = Speq Ok ). This model satis es

(19) CH*(Ck )& = CH(Ck)2™

This follows from [Hr], Th. 1.3, and is also shovn in [Fa], Th. 4, [MB], 6.14.1.
Hencewe get a well de ned pairing

(20) <i;i>¢ (CHYCk)E CHYCk)Y ! R:

It has beenshown independenly by Faltings and Hriljac that this pairing has a
descriptionin terms of the Neron-Tate pairing on the Jacobianof the curve. Let K
be an algebraicclosureof K and Jac(Cy-) the Jacobianof Ci-. The latter carries

a canonicalpolarization ¢ :JadCy) ! JadCy)- ([MB], 2.6.4,[Mi], 6.11). We
denoteby ! the Abel-Jacobimap

LiAYCk) ' JadCr)(K):

Theorem 6.1. (Faltings, Hriljac)

1
KO <X YPe = ('X); ¢ 1(y))Jac(CQ—) for x;y2 AY(Ck):
Proof. [MB], Th. 6.15,[Fa], Th. 4, or [Hr] Th. 3.1. O

Obsene that the theoremdescribes (20) completely as we have

A*(Ck )o = CH Y(Ck )83
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7. Higher Picard varieties

In this section, we recall the theory of higher Picard varieties as dewelopped by
H. Saito building on ideasof Grothendiek and Liebermann. All the resultsin this
sectioncanbe foundin [S]. Therefore,we give no further referencesn the text. Let
k be an algebraicallyclosed eld and X a variety in Vi of dimensiond.

De nition 7.1. Let A be an alelian variety over k and
h:AP(X) ! A(k)

a group homomorphism.

i) h is regular if for all varieties Y in Vi, all points yo 2 Y (k), and all 2
CHP(Y ¢ X) the map

Y(K) ! APKX) P OA®M) Yy T h( cn(Y] [yoD)

is induced from a morphism of varieties.

i) h is called a Picard homomorphismif there existsa variety T in Vi and a
correspndene 2 CH%! P(X | T) suchthat A is a subvariety of the
Picard variety Pic$_, of T and

AP(X)  t AY(T)

gh J
A(K) I Pic_ (k)

commutes.

Every Picard homomorphismis regular. It was shavn by Saito that there exists
an abelian variety Pic?(X) and a universal Picard homomorphism

PLAP(X) | PicP(X)(K)

uniquely determined (up to unique isomorphism) by the property that for ewery
Picard homomorphismh : AP(X) ! A(k) there existsa unique homomorphismf
from PicP(X) to A such that h=f P. The abelian variety PicP(X) is called the
p-th Picard variety of X .

Let us recall some properties of Pic’(X). The abelian varieties Pic'(X) and
Pic?(X ) are the Picard and the Albanesevariety of X . We considerthe subgroup
I P(X) of AP(X) consisting of elemens u 2 AP(X) which satisfy cn(u) = 0in
CHY(T) for every variety T in V, and every correspndence 2 CHY P*1(X | T).
This is the subgroupof cyclesincidenceequivalert to zero. The map P inducesan
isomorphismAP(X)=IP(X) ! PicP(X)(k). Let Y be a variety in V, of dimension
e. For ewery correspndence 2 CHE® P*9Y | X), there is one and only one
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homomorphismPic( ) : PicP(Y) ! Pic%X) sud that the diagram
AP(Y) °t AYX)
: %

(21) ;5 p )’5 q
PicP(Y)(k) T PicI(X )(k)

comnutes. This yields a canonicalmap CHP(Y X) ! Hom(Alb(Y);PicP(X))
for every Y in V. For Y = PicP(X), it becomes

: CHP(PicP(X) ¢ X) ! End(PicP(X)):

The intersectionIm( )\ Z:idpicr(x) canbe shovn to be equalto (k% Z):idpicp(x ) for
somepositive integer k. An elemen § in CHP(PicP(X)  X) that is mapped
under to k& :idpicr(x), is called a Poincare p-cycle. Let § be a Poincare p-cycle.
The induced map

Pic(X) = Alb(PicP(X)) 71 %) picP(x)

is by de nition multiplication by k§ onthe abelian variety PicP(X). The transposed
correspndence!( §) 2 CHP(X PicP(X)) de nes the duality homomorphism

®1 P = pig(t B):Pic™ P(X) ! Pic’(X)- = Pic'(PicP(X)):

The map § is anisogely which is independert of the choiceof the Poincare p-cycle
. Givena correspndence 2 CHP*9(Y X)), onehas

(22) Ky §* Pic( )= k§ Pic( )- ¥t P

Foracurve C,wehave ki = 1and L= mult( 1)  where ¢ isthe canonical
polarization of the Jacobianof C. The secondequality can be derived from [Mi],
6.11.

8. Height pairing between algebraicall vy trivial cycles

The height pairing betweencyclesalgebraicallyequivalernt to zerohasa description
in terms of the Neron-Tate pairing on the higher Picard varieties.
Let Xk be avariety in Vx which hasa regular model X over S.

Lemma 8.1. AP(Xk)q CHP(Xk)X for all p.

Proof. Let x beaclassin AP(Xk ). Merely by de nition, thereexista nite extension
L of K, a geometricallyirreducible curve C, de ned over L, an elemen z 2 A}(C.)
and a correspndence 2 CHP(C_. | X.) sud that cn(2) equalsx,, the image
of x in AP(X_)([Fu], 10.3.2). We may alsoassumethat C_ hasa regular semistable
model C over S°= SpedO,).

According to (19), we may write z = (29 for somez°2 CH 7, (C)4. Let °bea
correspndencein CHP(C g0 X s0) which restrictsto . The elemen x? = 2,,(29
is a preimage of x, in CHP(Xs))g. We considerx® = [L : K] 1p (x?) where
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p: Xs ! X. This elemen satises (x9 = x. It remainsto show that it is
cortained in CH ™ P(X)3. Giveny®2 CHY™ P(X)q, we have
[L:K]<y%x®x <ySp 2n(29>x
<y (@)>p  (by (7))
<z%(" Yen(¥)>c (by 4.0)
0
as(* 9Ycn (Y9 is easilyseento be an elemen of CHY (C)q. O

Hencethere is a well de ned pairing AP(Xx) A%! P(Xx) ! R which hasthe
following description.

Theorem 8.2. Givenx 2 AP(Xk) andy 2 A% P(Xy ), we have

d+1 p

1 "
(23) X Y>x = g (X); X TPy picr(x -
X

1
[K Q]

Proof. We choosex®= [L : K] p 2,(29 asin the proof of 8.1. Let y°be a lift of
y to CH? (X)3. As in the proof of 8.1, we get

[K 1 Q] <X, y>x, [L:Q] *<y% 2u(@)>p

= [L:Q] *<z%(" Ycn(¥)>c (by 4.1)
= ('@ ¢t (O ))enMiacco) (by 6.1)
= ('@ & Pict ) " P(Y)sacco) (by (21))

(Y@iEPic( ) X1 P e (by (22)

(Ky) YPicC ) @) X P 4 Pk (DY (3))

(KZ) 2P ¥ P ¥ Py picx

This provesour theorem. O

9. A polariza tion of the higher Picard variety of an abelian variety

We considera g-dimensionalabelian variety A de ned overa eld k. Let :A'!
A- be a polarization of A. We choosea Poincare bundle P on A  A- and de ne

(24) DP = ( 1)%P(id ¢ ) c(P)®* 2 CH@T (A A):
In the following, we assumethat k is an algebraically closed eld of characteristic
zero. The correspndenceD” inducesa morphism

Pic(D) g+l P

(25) P PicP(A) Picg*l P(A) " I PicP(A)-:
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Theorem 9.1. The morphism P de nes a polarization of PicP(A).

We are goingto derive this result in section11 from the correspnding statemen
for Weil's intermediate Jacobian.

10. Rela tion with intermedia te Jacobians

We briey recall somefacts about Weil's intermediate Jacobians. Let X be a
projective complex manifold of dimensiond. The endomorphismC of H (X;C)
is de ned in terms of the Hodge decompsition H (X;C) = ,4HP9(X). It acts

on HP4(X) by multiplication with = 1" %. Furthermore, it inducesa map on
H (X;R) whereit de nes the structure of a complexvector spacevia

(a+p_1b) =a bC(), a;b2R; 2H (X;R):

The imageof H (X;Z) in H (X;R) is a lattice which we denoteby H (X)z. The
p-th intermediate Jacobian JP(X) of X in the senseof Weil is by de nition the
complextorus
JP(X) = H® Y(X;R)=H?Z (X);:
The complextori JP(X) andJ%* P(X) aredual to ead other in the following sense.
The pairing
Z p__ p_ Z

q:H (X;R) HX;R) ! C;q(; )= X( 1)~ + 1X A

is a non degeneratenermitian form on H (X;R). It inducesan isomorphism
pd: H** 2(X;R) I H® Y(X;R)- = HOMc aniinear (H® *(X;R);C)

which identi es the image of H?4*1 2°P(X), with the dual lattice (H? 1(X)z)-.
This yields a natural iderti cation

pd:J% P(X) I JP(X)-:

A correspndence 2 H (X Y;Z) with C = denesin a standard manner
mapsH( ):H (X;R)! H (Y;R)andJ( ):J (X)! J (Y). The intermediate
Jacobiancomeswith an Abel-Jacobimap

P:CHP(X)? I JP(X)(C)

which is de ned and discussedin [L]. A cycleis called Abel-Jacobiequivalert to
zeroif it is cortained in the kernelof P. The image of the group AP(X) of cycles
algebraically equivalert to zerois denotedby J2(X). It can be shown that J2(X)
is an abelian subvariety of JP(X). There is a canonicalhomomorphism

hP:JP(X) ! PicP(X)

which satises h? P = P ([S], 5.1.2). The morphism hP is surjective. It is an
isogery if X is an abelian variety ([S], 5.2). This holds in fact more generally if
numerical and homologicalequivalenceon X agreeup to torsion ([KI]).
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11. Pr oof of Theorem 9.1

Let k be an algebraically closed eld which admits an enbedding :k ! C
into the complex numbers. Let X be a variety in V. We are going to relate
PicP(X), PicP’(Xc), and J2(Xc). The map P: AP(X) ! PicP(X)(k) is a Picard
homomorphism. Hencewe can nd avariety T and a corresppndence for P asin
7.1. We choosea Poincare cycle § and obtain a comnutative diagram

Pic(X)c P gpxe) M Pic’(X )
? ?
3mult(k§ )=Pic( ©)c )-';’Pic( c)

PicP(X)e TU¥  PicY(T)e ! Pick(Te):

We concludethat the map
jx =3 %)ec) :PicP(X)e ! IP(Xc)

hasa nite kernel cortained in the k§ -torsion.

We consideragain an abelian variety A with polarization de ned over an alge-
braically closed eld k of characteristic zero. In order to prove 9.1, we may assume
without lossof generality that k admits an embedding : k! C. We denotethe
dimensionof A by g and the degreeof by v2. Theorem9.1 will be a consequence
of the following lemmata. The rst reproducesmore or lessWeil's proof that his
intermediate Jacobiansare abelian varieties.

Lemma 11.1. The morphism

p
oo geac) "0 391 pa) TS JR(AG)-

de nes a polarization of JP(A¢).

Proof. The morphism frisa polarization if it is an isogely and the induced rep-
resettation H(DP) : H?® 1(Ac;R) ! H2%™ 2°(Ac:R) de nes a positive de nite
hermitian form ( ; ) 7! q(H(DP)( ); ) on H? (Ac;R). Let * ' be the Hodge-
-operator on the complexmanifold Ac assaiated with the polarization of A given
by . Accordingto [Ku], Prop. 6.4, we have

H(D")( )= v(g+1 2p) C() for 2H?» YAc;R):

Hence, TP is an isogety as " ' inducesan isomorphismon the tangernt spaces.The
positivity of the Hodge- -operator implies immediately that the hermitian form
q(H (DP)(:); :) is positive de nite. [

Lemma 11.2. Let A, B be alelian varieties over k.
) If Al A-is amorphism, n a positive integer, and n a polarization
then is a polarization.
i) Letf : A ! B beahomomorphismwith nite kerneland g :B! B- a
polarization of B. Then 5, =f- g f is a polarization of A.
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iii) Let :A! A- beahomomorphismsuchthat . is a polarization of Ac.
Then is a polarization of A.

Proof. i) A polarization of A is a morphism
(L):A ! A-; a7t L*

for someample line bundle L on A. Assumethat n = ( L) for someample line
bundle L. It follows from [Mu], x 23. Th. 3,that L = M " for someline bundle
M . Therefore = ( M) is a polarization. To prove ii), we suppose g = (L)
for someample line bundle L on B. One easilygets o = (f L). This implies
our claim asf L is still ample ([Ha], Il Ex. 5.7). It remainsto show iii). We
have2 ¢« = (L ( )c) whereL ( )= (id; ) P and P is the Poincare bundle on
A (A-. ThelinebundleL ( )c isampleas ¢ isapolarization. The cohomological
criterion for amplenessshows the sameis true for L ( ). Hence2 = (L ())is
a polarization. O

Proof of Theorem 9.1 Our rst obsenation is the equality

(26) ( P mult(kR)=jz " ja

in End(PicP(A)c). It holdsif we shav that the induced mapson the tangert spaces
agree. This follows from the diagram (d denotesthe dimensionof Pic’(A))

P pP

H2 1(PICP(A)c:R) AP HipicP(A)GiR) P HZ Y(PicP(A)c; R)-
2 % 3

§H( ) ZHE D) BH( %)-
P
H% Y(Ac;R) PPz macR) MY HP YAGR)-

which is easily seento comnute.
An application of 11.1and 11.2to (26) yields our claim.

12. Applica tion: A Hodge index theorem for algebraicall vy trivial
cycles modulo incidence equiv alence

We investigatethe subquotient of CHP(X g )g given by cyclesalgebraicallyequiv-
alert to zero modulo incidenceequivalence. Let K be an algebraic closure of K .
The group | (X ) of cycle classesncidenceequivalert to zeroon X was de ned
in section7. We de ne 1°(Xk) = Ker(AP(Xx) ! AP(Xg)=IP(Xg)) and

BP(Xk) = AP(Xk)=IP(Xk):

Let Ak be an abelian variety of dimensiong de ned over K which has a regular
model over S = Sped Ok ). The heigh pairing inducesa pairing

<:;:>a, 'BP(Ak)g B! P(Ak)o ! R:
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We x an embedding of K into C. Obsene that our considerationsin section 11

shav that BP(Ax )o is the quotiert of AP(Ax ) by the subspaceof cycleswhich are

Abel-Jacobiequivalent to zero. Beilinson and Bloch conjecture ([Be], 5.6)
BP(Ak)q = AP(Ak)q:

Part i) of the following theoremwas shown by Liebermanover the complexnumbers
(L], 7.2).

Theorem 12.1. LetL be an ampleline bunde on Ax and2p g+ 1
1) The operator
L9t 2 :BP(Ak)q ! B9 P(Ak)q
is an isomorphism.
i) If x 2 BP(Ak)q, X6 0, and L9*2 2P(x) = O then
( 1P < x; L9 x>, >0
Proof. Our rst obsenation is
mult(n) juze 1acr) = N tid forn2 Z:

This yields the sameformula for mult(n) onJP(A¢) insteadof H?® *(Ac;R). The
inclusions

. — j
BP(Ac)e  (PIcP(AR)(K))q { (3P(Ac)(C))q
are compatible with n-multiplication. Hence,we get

mult(n) jeeag), = N tid forn2 Z:

As a consequenceye seethat the Lefsthetz operator ass@iated with L 2 acts like
the Lefsdetz operator assaiated with L mult( 1) L on BP(Ak ). Therefore,we
may assumethat L is symmetric. Under this assumption,statemert i) follows from
[Ku], Th. 5.2 asthe functors BP(:)q factor through Chow motives.

We will needTheorem9.1in order to shaw ii). The positivity of the Neron-Tate
height implies in combination with Theorem 8.2.

(27)

K (DP)on (> a = (5 (P00 * P riesiagy > O
A

1
K :Q]
for all non zerox 2 BP(Ax )q. This implies our claim aswe have

(g+1 2p)!
pv(29+ 1 2p)!(Dp)CH(X)

for every x 2 BP(Xk )q Which satis es L%*2 2 = 0 by [Ku], Th. 6.2. O

Ld+1 2p(x) = ( 1)

Remark 12.2.  Using nearly the sameargumerts as above, we can prove the
last theoremfor an arbitrary variety X in Vk under the following assumptions:

i) Grothendied's conjectureof Lefstetz type in [Gr] holds for X,
i) the intersection product in CH (XK)% is zero ([Be], Conj. 5.7),
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iif) the Kuinneth componerts ; induce the zero map on BP(Xk )q for all i 6
2p 1.
The rst assumptionimplies that the K¥nneth componerts ; of the diagonal are
algebraic. The ; are invariant under the action of the absolute Galois group of
K. They are idempotents in the ring of correspndencesdrom X to itself formed
by cyclesmodulo homologicalequivalencewith rational coe cien ts. Assumption ii)
assureghat the ; acton CH (XK)% andB (Xk)o-

Remark. After writing this paper, | learned from unpublished notes of J. Murre that he
also has related the height pairing to Saito's higher Picard varieties. In his notes, dated from
1986, Murre usesthe righthand side of (23) to de ne a height pairing betweencyclesalgebraically
equivalert to zero.

Acknowledgemen ts. | am grateful to E. Bachmat and A. Werner for their commerts on a
rst version of this paper.
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