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Abstra ct . Let X be a smooth projective variety which is de�ned over a number
�eld. Beilinson and Bloch have de�ned under suitable asssumptionsheight pair-
ings betweenChow groups of homologically trivial cycleson X. Beilinson has also
formulated a hard Lefschetz and a Hodgeindex conjecture for theseChow groups.
We show that the restriction of the height pairing to cyclesalgebraically equivalent
to zero can be computed via Abel-Jacobi maps in terms of the N�eron-Tate height
pairing on the higher Picard varieties of X . This description is used in the case
where X is an abelian variety to prove a consequenceof Beilinson conjectures.
Namely, we prove a hard Lefschetz and a Hodge index theorem for the groups of
cyclesalgebraically equivalent to zero modulo incidenceequivalence.

1. Intr oduction

Let X K be a smooth projective variety of dimensiond de�ned over the number
�eld K . BeilinsonandBloch havede�ned undersuitableassumptionsheight pairings

< : ; : > X K
: CH p(X K )0

Q � CH d+1 � p(X K )0
Q � ! R(1)

betweenthe Chow groupsof homologically trivial cycles([Be], [Bl]). Beilinson has
also conjectured analoguesof Grothendieck's standard conjectures for the Chow
groups of homologically trivial cycles. Namely, thesegroups should satisfy a hard
Lefschetz theorem and an analogueof the Hodge index theorem should hold for
the pairing (1). We denoteby Ap(X K )Q the subgroupof CH p(X K )0

Q consistingof
cycleswhich becomealgebraicallyequivalent to zeroover an algebraicclosureK of
K . The restricted pairing

< : ; : > X K
: Ap(X K )Q � Ad+1 � p(X K )Q � ! R(2)

is well de�ned under the assumptionthat X K hasa regularmodel which is projective
and 
at over the ring of integers in K . The higher Picard varieties Picp(X K ) are
abelian varieties which parametrize cyclesalgebraically equivalent to zero modulo
incidenceequivalenceon X K . Using the Abel-Jacobimap

� p : Ap(X K ) � ! Picp(X K )(K );

the pairing (2) can be described in terms of the N�eron-Tate pairing on the higher
Picard varieties. A similiar description in terms of the N�eron-Tate pairing on the
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algebraic part of the intermediate Jacobianswas indicated by Beilinson in [Be],
4.0.8. We denoteby B p(X K )Q the quotient of Ap(X K )Q by the subgroupof cycles
which becomeincidenceequivalent to zeroover K . Conjecturally, B p(X K )Q equals
Ap(X K )Q .

Let AK be an abelian variety which has a regular model which is projective and

at over the ring of integersin K . Beilinson's conjecturespredict a hard Lefschetz
and a Hodge index theorem for the groups Ap(AK )Q . The aim of this note is to
show that thesetheoremshold for the subquotients B p(AK )Q of CH p(AK )0

Q . The
hard Lefschetz theorem for B p(AK )Q is derived from a hard Lefschetz theorem for
Chow motivesof abelian varieties. One only has to show that n-multiplication on
AK induces(n2p� 1)-multiplication on Picp(AK ). We use the description of (2) in
terms of the N�eron-Tate pairing on the higher Picard varieties to prove the Hodge
index theorem. The crucial point is to show that the Fourier transform - an alge-
braic correspondencewhich inducesthe Hodge-� -operator in singular cohomology-
inducesa polarization of Picp(AK ). The higher Picard varieties are closelyrelated
to intermediate Jacobians.The positivit y of the Hodge-� -operator implies that the
Fourier transform de�nes a polarization of Weil's intermediate Jacobians. In this
way, we derive our Hodgeindex theoremfor the groupsB p(AK )Q from the positivit y
of the N�eron-Tate pairing and the positivit y of the Hodge-� -operator.

2. Preliminaries

For an abelian group G, we set GQ = G 
 Z Q. Let X be a scheme. We denote
by CHp(X ) (resp. CH p(X )) the Chow group of dimension (resp. codimension)
p cycleson X . Let k be a �eld. A variety over k is a separatedschemeof �nite
type over k which is geometrically integral. We denote the category of smooth
projective varietiesover k by Vk . Let X and Y be varieties in Vk . A correspondence
� 2 CH � (X � k Y) inducesa map

� CH : CH � (X ) � ! CH � (Y) ; x 7! pY � (p�
X (x):� )

wherepX and pY are the obvious projection maps. The group Ap(X ) is by de�nition
the subgroup of CH p(X ) consisting of cycle classeswhich becomealgebraically
equivalent to zeroover an algebraicclosurek of k ([Fu], Ch. 10.3).

Let A be an abelian variety de�ned over an algebraicclosureQ of Q. We denote
the dual abelian variety by A_ . The N�eron-Tate pairing

( : ; : )A : A(Q) � A_ (Q) � ! R

is de�ned in [N�e]. It yields a positive de�nite bilinear form (x; y) 7! (x; � (y)) A on
A(Q)Q for every polarization � : A ! A_ of A. Let f : A ! B be a homomorphism
of abelian varieties. We denoteby f _ : B _ ! A_ the dual morphism which satis�es

(f (x); y)B = (x; f _ (y))A for x 2 A(Q) ; y 2 B _ (Q):(3)
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3. Arithmetic intersection theor y

We recall somebasic facts from arithmetic intersection theory as developped by
Gillet and Soul�e in [GS1], [GS2]. The arithmetic intersectionproduct is de�ned for
regular arithmetic varieties. However regular schemesare not stableunder products
and baseextensions.This yields problemswhen we deal with correspondences.We
usethe cap products de�ned in [GS2] to avoid them.

An arithmetic variety is by de�nition a scheme X which is projective and 
at
over Spec(Z), and has a smooth generic�b er X Q . Let X be an arithmetic variety.
Complex conjugation de�nes an involution F1 : X (C) ! X (C) on the complex
manifold X (C). We denoteby Ap;p(X R ) the spaceof real valued di�erential forms
� on X (C) which areof type(p;p) andsatisfyF �

1 (� ) = (� 1)p� . The spaceDp;p(X R )
is the spaceof real currents X (C) which is the topological dual of Ap;p(X R ) with
respect to the Schwartz topology. Let Ap;p(X R ) � Dp;p(X R ) be the subspaceof
currents represented by smooth forms.

Let Zp(X ) be the group of dimensionp cycleson X . A cycle Z =
P

i ni [Z i ] 2
Zp(X ) de�nes a current � Z 2 Dp� 1;p� 1(X R ) by the formula � Z (� ) =

P
i ni

R
Z i (C )ns � :

The subgroupof Zp(X ) � Dp;p(X R ) consistingof all pairs (Z; g) whereg is a Green
current for Z , i.e. ddcg + � Z = ! for somesmooth form ! 2 Ap� 1;p� 1(X R ), is
by de�nition the group Ẑp(X ) of arithmetic cyclesof dimensionp. The arithmetic
Chow homologygroup dCH p(X ) is the quotient of Ẑp(X ) by the subgroupgenerated
by elements (0; @u+ @v) and ddiv(f ), whereW is an integral subschemeof dimension
p + 1, f 2 k(W) � , and ddiv(f ) is the arithmetic cycle (div (f ); � [logjf j2]). We set

eAp;p(X R ) =
Ap;p(X R )

Im(@) + Im(@)
and Hp;p(X R ) = Ker(ddcj eA p;p (X R )):

The natural maps

! : dCH p(X ) � ! Ap� 1;p� 1(X R ) ; � = [(Z; g)] 7! ! (� ) = ddcg + � Z ;

a : eAp;p(X R ) � ! dCH p(X ) ; [� ] 7! a(� ) = [(0; � )];

� : dCH p(X ) � ! CHp(X ) ; [(Z; g)] 7! [Z ];

cl : dCH p(X ) � ! Hp;p(X R ) ; � 7! cl(� ) = [! (� )]

�t into an exact sequence

eAp;p(X R ) a� ! dCH p(X )
�

� ! CHp(X ) � ! 0:(4)

The arithmetic Chow homologygroupsarecovariant for proper mapsbetweenarith-
metic varieties, which restrict to smooth maps in the generic�b er. They are con-
travariant (with a shift of the degree)for local complete intersection (l.c.i.) mor-
phismsand for 
at maps,which are genericallysmooth.

We obtain the arithmetic Chow groups dCH
p
(X ) if we grade by codimensionin-

stead of dimension. They have properties analogousto those stated above for the
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Chow homology groups. We have dCH
p
(X ) = dCH d+1 � p(X ) if X is regular and

equidimensionalof absolutedimensiond + 1.
Let Y be a regular arithmetic variety. The arithmetic intersection product, con-

structed in [GS1]and denotedby `.', makes dCH
�
(Y )Q = � p

dCH
p
(Y )Q into a graded

commutativ e ring. Given a morphism f : X � ! Y of arithmetic varieties, with Y
regular, there is alsoa cap product

dCH
p
(Y) 
 dCH q(X ) � ! dCH q� p(X )Q ; y 
 x 7! y:f x(5)

which de�nes on dCH � (X )Q the structure of a graded dCH
�
(Y)Q module. The follow-

ing properties of the cap product are easilyderived from its de�nition and Theorem
3 in [GS2], 2.3. Given morphisms g : X ! U and h : W ! X between arith-
metic varieties with U regular and h smooth in the generic �bre, x 2 dCH � (X ),
u 2 dCH

�
(U), w 2 dCH � (W), y 2 dCH

�
(Y ), � 2 eA � (YR ), and � 2 eA � (X R ), we have

u:g(y:f x) = y:f (u:gx);(6)

y:f (h� (w)) = h� (y:f hw);(7)

! (y:f x) = f � ! (y) ^ ! (x);(8)

a(� ):f x = a(f � � ^ ! (x)) ;(9)

y:f a(� ) = a(f � ! (y) ^ � ):(10)

The construction of the cap product in [GS2],2.3 alsoyields a product

CH p(Y ) 
 CHq(X ) � ! CHq� p(X )Q ; y 
 x 7! y:f x

for the usual Chow groupswhich is compatible with the map � .

4. Arithmetic intersection pairings

Let X be an arithmetic variety. We de�ne

CH(X )0 = Ker(cl : CH(X ) � ! H (X R )) :

Let h bea K}ahler metric on X (C) which is invariant underF1 . The pair X = (X ; h)
is calledan Arakelov variety. The Arakelov Chow group CH p(X ) (resp. CHp(X )) of
X is by de�nition the inverseimageof the subgroupof harmonic forms in Ap;p(X R )
(resp. Ap� 1;p� 1(X R )) under the map ! . It �ts into an exact sequence

H p� 1;p� 1(X R ) a� ! CH p(X )
�

� ! CH p(X ) � ! 0:(11)

It is important to note that every lift of an element in CH p(X )0 to CH p(X ) is
contained in the kernel of ! .

Let f : X � ! Y be a morphism of arithmetic varieties, with Y regular. The
arithmetic degreemap

ddeg: dCH 0(X )� ! R



HIGHER PICARD VARIETIES AND THE HEIGHT PAIRING 5

is de�ned in [GS1], 3.4. Given F1 -invariant K}ahler metrics on X (C) and Y(C), we
get a pairing

CH p(Y ) � CHp(X ) � ! dCH 0(X )
cdeg

� ! R :(12)

Observing(9) and (10), we obtain a well de�ned pairing

< : ; : > f : CH p(Y)0 � CHp(X )0 � ! R :(13)

which does not depend on the choice of the K}ahler metrics on X (C) and Y(C).
If X = Y is regular and equidimensionalof absolute dimension d + 1, then (12)
becomesthe pairing

< : ; : > X : CH p(X )0 � CH d+1 � p(X )0 � ! R :(14)

which was already introducedin [GS1],4.2.10,4.3.1.
The pairing (13) behaves well under the action of correspondences. Let K be

a number �eld, OK its ring of integers, and S = Spec(OK ). Let f : X ! Y
and g : W ! V be morphisms between arithmetic varieties with Y, V regular.
We assumefurthermore that X and W are 
at projective S-schemes. Given a
correspondence� 2 CH � (X � S W)Q , the transposedcorrespondencet � and � itself
induce maps

t � CH : CH � (V )Q � ! CH � (X )Q ; v 7! pX � (v:pV � );

� CH : CH � (Y)Q � ! CH � (W)Q ; y 7! pW � (y:pY � );

wherepT , T 2 f X ; Y; W; Vg, denotesthe canonicalmap from X � S W to T.

Lemma 4.1.

< y; (t � )CH (v)> f = <v ; � CH (y)> g for y 2 CH � (Y )0
Q ; v 2 CH � (V )0

Q :

Proof. We chooseK}ahler metrics on the complexmanifolds associated with X , Y,
W, V and X � S W. We usea bar to denotea preimageof an element from a Chow
group in the corresponding Arakelov Chow group.

<y ; (t � )CH (v)> f = ddeg(y:f pX � (v:pV � )) (by de�nition)
= ddeg(y:f pX � (v:pV � )) (by (4) and (10))
= ddeg(pX � (y:pY (v:pV � )) (by (7))
= ddeg(y:pY (v:pV � )) (by (4) and (10))

Our claim follows with (6) by symmetry.
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5. The height pairing

Let K be a number �eld and X K a variety in VK of dimensiond. Beilinson and
Bloch have de�ned under suitable assumptionsheight pairings

< : ; : > X K
: CH p(X K )0

Q � CH d+1 � p(X )0
Q � ! R :(15)

whereCH p(X K )0 = Ker(cl : CH p(X K ) � ! H p;p(X R )). In the following, we recall
a de�nition of Beilinson's pairing which is basedon Gillet and Soul�e's arithmetic
intersection theory ([Be], 3.1, [GS1],4.3.1,5.1.4).

A model for X K is by de�nition an arithmetic variety X which is projective and

at over S = Spec(OK ) together with an isomorphismidentifying X K with the �b er
of X over Spec(K ). We have to make the following assumption in order to apply
the theory of the precedingsection.

Assumption 5.1. The variety X K hasa regular model X over S.

Wede�ne CH p
�n (X )Q = Ker(CH p(X )Q � ! CH p(X K )Q ) anddenoteby CH p

�n (X )?
Q

the orthogonal complement to CH p
�n (X )Q with respect to the pairing (14). Let

CH p(X K )00
Q be the imageof the canonicalmap

� : CH d+1 � p
�n (X )?

Q � ! CH p(X K )0
Q :

We obtain a pairing

< : ; : > X K
: CH p(X K )00

Q � CH d+1 � p(X K )00
Q � ! R(16)

which is de�ned as follows. Given elements x = � (x0) (x0 2 CH d+1 � p
�n (X )?

Q ) and
y = � (y0) (y0 2 CH p

�n (X )?
Q ), we set

<x; y> X K = <x 0; y0> X

which does not depend on the choicesof x0 and y0 (but might a priori depend on
the choice of X ). This pairing yields the desired height pairing (15) under the
assumption

CH p(X K )0
Q = CH p(X K )00

Q for all p � 0:(17)

This equality is conjecturedby Bloch and Beilinson. It holds for divisors and points
(compare8.1) and in the casewhereX hasa smooth model over S ([Be], 2.2.6).

Let YK be another variety in VK which has a regular model Y over S. Let
� 2 CH p(YK � K X K )Q be a correspondence.For suitable x, y, we get from 4.1 the
formula

<x; � CH (y)> X K = < (t � )CH (x); y> YK :(18)

The Lefschetz operator L : CH p(X K ) � ! CH p+1 (X K ); � 7! � :c1(L ) associated
with a line bundle L on X K inducesa map on CH (X K )0. The height pairing should
be non degenerateas a consequenceof the following conjectureof Beilinson ([Be],
5.3 and 5.5).

Conjecture 5.2. (Beilinson) Let L be ampleand 2p � d + 1.
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i) The operator

Ld+1 � 2p : CH p(X K )0
Q � ! CH d+1 � p(X K )0

Q

is an isomorphism.
ii) If x 2 CH p(X K )0

Q , x 6= 0, and Ld+2 � 2p(x) = 0 then

(� 1)p<x; Ld+1 � 2px> X K > 0:

6. The height pairing on cur ves

Let CK be a curve of positive genus in VK which is geometrically irreducible.
After a �nite extensionof the ground �eld K , we may assumethat CK hasa regular
semi-stablemodel C over S = Spec(OK ). This model satis�es

CH 1(CK )0
Q = CH 1(CK )00

Q :(19)

This follows from [Hr], Th. 1.3, and is also shown in [Fa], Th. 4, [MB], 6.14.1.
Hencewe get a well de�ned pairing

< : ; : > CK
: CH 1(CK )0

Q � CH 1(CK )0
Q � ! R :(20)

It has been shown independently by Faltings and Hriljac that this pairing has a
description in terms of the N�eron-Tate pairing on the Jacobianof the curve. Let K
be an algebraicclosureof K and Jac(CK ) the Jacobian of CK . The latter carries
a canonicalpolarization � C : Jac(CK ) � ! Jac(CK )_ ([MB ], 2.6.4, [Mi], 6.11). We
denoteby � 1 the Abel-Jacobimap

� 1 : A1(CK ) � ! Jac(CK )(K ):

Theorem 6.1. (Faltings, Hriljac)

1
[K : Q]

<x; y> CK = � (� 1(x); � C � � 1(y))Jac(CQ ) for x; y 2 A1(CK ):

Proof. [MB], Th. 6.15, [Fa], Th. 4, or [Hr] Th. 3.1.

Observe that the theoremdescribes(20) completelyas we have

A1(CK )Q = CH 1(CK )0
Q :
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7. Higher Picard varieties

In this section, we recall the theory of higher Picard varieties as developped by
H. Saito building on ideasof Grothendieck and Liebermann. All the results in this
sectioncan be found in [S]. Therefore,we give no further referencesin the text. Let
k be an algebraicallyclosed�eld and X a variety in Vk of dimensiond.

De�nition 7.1. Let A be an abelian variety over k and

h : Ap(X ) � ! A(k)

a group homomorphism.

i) h is regular if for all varieties Y in Vk , all points y0 2 Y(k), and all � 2
CH p(Y � k X ) the map

Y(k) � ! Ap(X ) h� ! A(k) ; y 7! h(� CH ([y] � [y0]))

is induced from a morphism of varieties.
ii) h is called a Picard homomorphismif there exists a variety T in Vk and a

correspondence � 2 CH d+1 � p(X � k T) such that A is a subvariety of the
Picard variety Pic0

T=k of T and

Ap(X ) � C H� � � ! A1(T)
?
?
?
y h

?
?
?
y �

A(k) � � � ! Pic0
T=k(k)

commutes.

Every Picard homomorphismis regular. It was shown by Saito that there exists
an abelian variety Picp(X ) and a universal Picard homomorphism

� p : Ap(X ) � ! Picp(X )(k)

uniquely determined (up to unique isomorphism) by the property that for every
Picard homomorphismh : Ap(X ) � ! A(k) there exists a unique homomorphismf
from Picp(X ) to A such that h = f � � p. The abelian variety Picp(X ) is called the
p-th Picard variety of X .

Let us recall some properties of Picp(X ). The abelian varieties Pic1(X ) and
Picd(X ) are the Picard and the Albanesevariety of X . We considerthe subgroup
I p(X ) of Ap(X ) consisting of elements u 2 Ap(X ) which satisfy � CH (u) = 0 in
CH 1(T) for every variety T in Vk and every correspondence� 2 CH d� p+1 (X � k T).
This is the subgroupof cyclesincidenceequivalent to zero. The map � p inducesan
isomorphismAp(X )=I p(X ) �� ! Picp(X )(k). Let Y be a variety in Vk of dimension
e. For every correspondence� 2 CH e� p+ q(Y � k X ), there is one and only one
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homomorphismPic(� ) : Picp(Y) � ! Picq(X ) such that the diagram

Ap(Y) � C H� � � ! Aq(X )
?
?
?
y � p

?
?
?
y � q

Picp(Y )(k)
Pic( � )

� � � ! Picq(X )(k)

(21)

commutes. This yields a canonicalmap CH p(Y � k X ) � ! Hom(Alb(Y); Picp(X ))
for every Y in Vk . For Y = Picp(X ), it becomes

� : CH p(Picp(X ) � k X ) � ! End(Picp(X )):

The intersection Im(� ) \ Z:idPicp (X ) can be shown to be equal to (kp
X Z):idPicp (X ) for

somepositive integer kp
X . An element � p

X in CH p(Picp(X ) � k X ) that is mapped
under � to kp

X :idPicp (X ) , is called a Poincar�e p-cycle. Let � p
X be a Poincar�e p-cycle.

The induced map

Picp(X ) = Alb(Picp(X ))
Pic( � p

X )
� ! Picp(X )

is by de�nition multiplication by kp
X on the abelian variety Picp(X ). The transposed

correspondencet (� p
X ) 2 CH p(X � Picp(X )) de�nes the duality homomorphism

� d+1 � p
X = Pic(t � p

X ) : Picd+1 � p(X ) � ! Picp(X )_ = Pic1(Picp(X )):

The map � p
X is an isogeny which is independent of the choiceof the Poincar�e p-cycle

� p
X . Given a correspondence� 2 CH p+ q(Y � X ), onehas

kp
X � q+1

Y � Pic(t � ) = ke� q
Y Pic(� )_ � � d+1 � p

X :(22)

For a curve C, we have k1
C = 1 and � 1

C = mult (� 1) � � C where � C is the canonical
polarization of the Jacobian of C. The secondequality can be derived from [Mi],
6.11.

8. Height pairing between algebraicall y trivial cycles

The height pairing betweencyclesalgebraicallyequivalent to zerohasa description
in terms of the N�eron-Tate pairing on the higher Picard varieties.

Let X K be a variety in VK which hasa regular model X over S.

Lemma 8.1. Ap(X K )Q � CH p(X K )00
Q for all p.

Proof. Let x bea classin Ap(X K ). Merely by de�nition, thereexist a �nite extension
L of K , a geometricallyirreducible curve CL de�ned over L, an element z 2 A1(CL )
and a correspondence� 2 CH p(CL � L X L ) such that � CH (z) equalsxL , the image
of x in Ap(X L )([Fu], 10.3.2). We may alsoassumethat CL hasa regular semistable
model C over S0 = Spec(OL ).

According to (19), we may write z = � (z0) for somez0 2 CH 1
�n (C)?

Q . Let � 0 be a
correspondencein CH p(C � S0 X S0) which restricts to � . The element x0

L = � 0
CH (z0)

is a preimage of xL in CH p(X S0)Q . We consider x0 = [L : K ]� 1 p� (x0
L ) where
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p : X S0 ! X . This element satis�es � (x0) = x. It remains to show that it is
contained in CH d+1 � p

�n (X )?
Q . Given y0 2 CH d+1 � p

�n (X )Q , we have

[L : K ]<y 0; x0> X = <y 0; p� � 0
CH (z0)> X

= <y 0; � 0
CH (z0)> p (by (7))

= <z 0; (t � 0)CH (y0)> C (by 4.1)
= 0

as (t � 0)CH (y0) is easily seento be an element of CH 1
�n (C)Q .

Hencethere is a well de�ned pairing Ap(X K ) � Ad+1 � p(X K ) � ! R which hasthe
following description.

Theorem 8.2. Given x 2 Ap(X K ) and y 2 Ad+1 � p(X K ), we have

1
[K : Q]

<x; y> X K =
1

kp
X

(� p(x); � d+1 � p
X � � d+1 � p(y))Picp (X K ) :(23)

Proof. We choosex0 = [L : K ]� 1p� � 0
CH (z0) as in the proof of 8.1. Let y0 be a lift of

y to CH p
�n (X )?

Q . As in the proof of 8.1, we get

[K : Q]� 1<x; y> X K = [L : Q]� 1<y 0; � 0
CH (z0)> p

= [L : Q]� 1<z 0; (t � 0)CH (y0)> C (by 4.1)

= � (� 1(z); � C � � 1 � (t � )CH (y))Jac(CK ) (by 6.1)

= (� 1(z); � 1
C � Pic(t � ) � � d+1 � p(y))Jac(CK ) (by (21))

= (� 1(z); k1
C

kp
X

Pic(� )_ � � d+1 � p
X � � d+1 � p(y))Jac(CK ) (by (22))

= (kp
X )� 1(Pic(� ) � � 1(z); � d+1 � p

X � � d+1 � p(y))Picp (X K ) (by (3))

= (kp
X )� 1(� p(x); � d+1 � p

X � � d+1 � p(y))Picp (X K ) :

This provesour theorem.

9. A polariza tion of the higher Picard variety of an abelian variety

We considera g-dimensionalabelian variety A de�ned over a �eld k. Let � : A !
A_ be a polarization of A. We choosea Poincar�e bundle P on A � k A_ and de�ne

D p
� = (� 1)g+ p(id � k � )� c1(P)2g+1 � 2p 2 CH 2g+1 � 2p(A � k A):(24)

In the following, we assumethat k is an algebraically closed�eld of characteristic
zero. The correspondenceD p

� inducesa morphism

� p
� : Picp(A)

Pic( D p
� )

� � � � ! Picg+1 � p(A)
� g+1 � p

A� � � � ! Picp(A)_ :(25)
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Theorem 9.1. The morphism � p
� de�nes a polarization of Picp(A).

We are going to derive this result in section11 from the corresponding statement
for Weil's intermediate Jacobian.

10. Rela tion with intermedia te Jacobians

We brie
y recall somefacts about Weil's intermediate Jacobians. Let X be a
projective complex manifold of dimension d. The endomorphismC of H � (X ; C)
is de�ned in terms of the Hodge decomposition H � (X ; C) = � p;qH p;q(X ). It acts
on H p;q(X ) by multiplication with

p
� 1

p� q
. Furthermore, it induces a map on

H � (X ; R) whereit de�nes the structure of a complexvector spacevia

(a +
p

� 1b)� = a� � bC(� ); a;b2 R; � 2 H � (X ; R):

The imageof H � (X ; Z) in H � (X ; R) is a lattice which we denoteby H � (X )Z . The
p-th intermediate Jacobian J p(X ) of X in the senseof Weil is by de�nition the
complextorus

J p(X ) = H 2p� 1(X ; R)=H2p� 1(X )Z :

The complextori J p(X ) and J d+1 � p(X ) aredual to each other in the following sense.
The pairing

q : H � (X ; R) � H � (X ; R) � ! C ; q(� ; � ) =
Z

X
(
p

� 1 � ) ^ � +
p

� 1
Z

X
� ^ �

is a non degeneratehermitian form on H � (X ; R). It inducesan isomorphism

pd : H 2d+1 � 2p(X ; R) � ! H 2p� 1(X ; R)_ = HomC � antilinear (H 2p� 1(X ; R); C)

which identi�es the image of H 2d+1 � 2p(X )Z with the dual lattice (H 2p� 1(X )Z )_ .
This yields a natural identi�cation

pd : J d+1 � p(X ) � ! J p(X )_ :

A correspondence� 2 H � (X � Y; Z) with C� = � de�nes in a standard manner
mapsH (� ) : H � (X ; R) ! H � (Y; R) and J (� ) : J � (X ) ! J � (Y ). The intermediate
Jacobiancomeswith an Abel-Jacobimap

� p : CH p(X )0 � ! J p(X )(C)

which is de�ned and discussedin [L]. A cycle is called Abel-Jacobi equivalent to
zero if it is contained in the kernel of � p. The imageof the group Ap(X ) of cycles
algebraically equivalent to zero is denotedby J p

a (X ). It can be shown that J p
a (X )

is an abelian subvariety of J p(X ). There is a canonicalhomomorphism

hp : J p
a (X ) � ! Picp(X )

which satis�es hp � � p = � p ([S], 5.1.2). The morphism hp is surjective. It is an
isogeny if X is an abelian variety ([S], 5.2). This holds in fact more generally if
numerical and homologicalequivalenceon X agreeup to torsion ([Kl]).
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11. Pr oof of Theorem 9.1

Let k be an algebraically closed�eld which admits an embedding � : k ,! C
into the complex numbers. Let X be a variety in Vk . We are going to relate
Picp(X ), Picp(X C ), and J p

a (X C ). The map � p : Ap(X ) � ! Picp(X )(k) is a Picard
homomorphism.Hencewe can �nd a variety T and a correspondence� for � p as in
7.1. We choosea Poincar�e cycle � p

X and obtain a commutativ e diagram

Picp(X )C
J (( � p

X )C )
� � � � � ! J p

a (X C ) hp

� � � ! Picp(X C )
?
?
?
y mult( kp

X )=Pic( � p
X )C

?
?
?
y Pic( � C )

Picp(X )C
Pic( � )C� � � � ! Pic1(T)C

�� � � ! Pic1(TC ):

We concludethat the map

j X = J (( � p
X )C ) : Picp(X )C � ! J p(X C )

hasa �nite kernel contained in the kp
X -torsion.

We consideragain an abelian variety A with polarization � de�ned over an alge-
braically closed�eld k of characteristic zero. In order to prove 9.1, we may assume
without lossof generality that k admits an embedding � : k ,! C. We denote the
dimensionof A by g and the degreeof � by v2. Theorem9.1 will be a consequence
of the following lemmata. The �rst reproducesmore or lessWeil's proof that his
intermediate Jacobiansare abelian varieties.

Lemma 11.1. The morphism

f� p
� : J p(AC )

J (D p
� )

� � � ! J g+1 � p(AC )
pd

� � � ! J p(AC )_

de�nes a polarization of J p(AC ).

Proof. The morphism f� p
� is a polarization if it is an isogeny and the induced rep-

resentation H (D p
� ) : H 2p� 1(AC ; R) ! H 2g+1 � 2p(AC ; R) de�nes a positive de�nite

hermitian form (� ; � ) 7! q(H (D p
� )( � ); � ) on H 2p� 1(AC ; R). Let �̀ ' be the Hodge-

� -operator on the complexmanifold AC associated with the polarization of A given
by � . According to [Ku], Prop. 6.4, we have

H (D p
� )( � ) = � v (2g + 1 � 2p)! � C(� ) for � 2 H 2p� 1(AC ; R):

Hence, f� p
� is an isogeny as �̀ ' inducesan isomorphismon the tangent spaces.The

positivit y of the Hodge-� -operator implies immediately that the hermitian form
q(H (D p

� )( : ); : ) is positive de�nite.

Lemma 11.2. Let A, B be abelian varieties over k.
i) If � : A ! A_ is a morphism, n a positive integer, and n� a polarization

then � is a polarization.
ii) Let f : A � ! B be a homomorphismwith �nite kernel and � B : B ! B _ a

polarization of B . Then � A = f _ � � B � f is a polarization of A.
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iii) Let � : A ! A_ be a homomorphismsuch that � C is a polarization of AC .
Then � is a polarization of A.

Proof. i) A polarization of A is a morphism

�( L ) : A � ! A_ ; a 7! t �
aL 
 L � 1

for someample line bundle L on A. Assumethat n � = �( L ) for someample line
bundle L . It follows from [Mu], x 23. Th. 3, that L �= M 
 n for someline bundle
M . Therefore � = �( M ) is a polarization. To prove ii), we suppose� B = �( L )
for someample line bundle L on B. One easily gets � A = �( f � L ). This implies
our claim as f � L is still ample ([Ha], I I I Ex. 5.7). It remains to show iii). We
have 2� C = �( L � (� )C ) whereL � (� ) = (id; � ) � P and P is the Poincar�e bundle on
A� k A_ . The line bundleL � (� )C is ampleas� C is a polarization. The cohomological
criterion for amplenessshows the sameis true for L � (� ). Hence2� = �( L � (� )) is
a polarization.

Proof of Theorem 9.1. Our �rst observation is the equality

(� p
� )C � mult (kp

A ) = j _
A � f� p

� � j A(26)

in End(Picp(A)C ). It holds if we show that the inducedmapson the tangent spaces
agree.This follows from the diagram (d denotesthe dimensionof Picp(A))

H 2d� 1(Picp(A)C ; R)
H ( t � p

A � D p
� � � p

A )
� � � � � � � � � ! H 1(Picp(A)C ; R)

pd
� � � ! H 2d� 1(Picp(A)C ; R)_

?
?
?
y H (� p

A )

x
?
?
?H ( t � p

A )

x
?
?
?H (� p

A )_

H 2p� 1(AC ; R)
H (D p

� )
� � � ! H 2g+1 � 2p(AC ; R)

pd
� � � ! H 2p� 1(AC ; R)_

which is easily seento commute.
An application of 11.1and 11.2 to (26) yields our claim. �

12. Applica tion: A Hodge index theorem f or algebraicall y trivial
cycles modulo incidence equiv alence

We investigatethe subquotient of CH p(X K )0
Q given by cyclesalgebraicallyequiv-

alent to zero modulo incidenceequivalence. Let K be an algebraic closureof K .
The group I p(X K ) of cycle classesincidenceequivalent to zero on X K was de�ned
in section7. We de�ne I p(X K ) = Ker(Ap(X K ) � ! Ap(X K )=I p(X K )) and

B p(X K ) = Ap(X K )=I p(X K ):

Let AK be an abelian variety of dimensiong de�ned over K which has a regular
model over S = Spec(OK ). The height pairing inducesa pairing

< : ; : > A K : B p(AK )Q � B g+1 � p(AK )Q � ! R :
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We �x an embedding of K into C. Observe that our considerationsin section 11
show that B p(AK )Q is the quotient of Ap(AK )Q by the subspaceof cycleswhich are
Abel-Jacobiequivalent to zero. Beilinson and Bloch conjecture([Be], 5.6)

B p(AK )Q = Ap(AK )Q :

Part i) of the following theoremwasshown by Liebermanover the complexnumbers
([L], 7.2).

Theorem 12.1. Let L be an ample line bundle on AK and 2p � g + 1.
i) The operator

Lg+1 � 2p : B p(AK )Q � ! B g+1 � p(AK )Q

is an isomorphism.
ii) If x 2 B p(AK )Q , x 6= 0, and Lg+2 � 2p(x) = 0 then

(� 1)p < x; Lg+1 � 2px > A K > 0:

Proof. Our �rst observation is

mult (n)� jH 2p� 1 (A C ;R ) = n2p� 1id for n 2 Z:

This yields the sameformula for mult (n) � on J p(AC ) insteadof H 2p� 1(AC ; R). The
inclusions

B p(AK )Q � (Picp(AK )(K ))Q

j A C,! (J p(AC )(C))Q

are compatible with n-multiplication. Hence,we get

mult (n)� jB p (A K )Q = n2p� 1id for n 2 Z:

As a consequence,we seethat the Lefschetz operator associated with L 
 2 acts like
the Lefschetz operator associated with L 
 mult (� 1)� L on B p(AK )Q . Therefore,we
may assumethat L is symmetric. Under this assumption,statement i) follows from
[Ku], Th. 5.2 as the functors B p( : )Q factor through Chow motives.

We will needTheorem9.1 in order to show ii). The positivit y of the N�eron-Tate
height implies in combination with Theorem8.2.

1
[K : Q]

<x; (D p
� )CH (x)> A K =

1
kp

A
(� p(x); � p

� � � p(x))Picp (A K ) > 0(27)

for all non zerox 2 B p(AK )Q . This implies our claim as we have

Ld+1 � 2p(x) = (� 1)p (g + 1 � 2p)!
v(2g + 1 � 2p)!

(D p
� )CH (x)

for every x 2 B p(X K )Q which satis�es Ld+2 � 2p = 0 by [Ku], Th. 6.2.

Remark 12.2. Using nearly the samearguments as above, we can prove the
last theoremfor an arbitrary variety X K in VK under the following assumptions:

i) Grothendieck's conjectureof Lefschetz type in [Gr] holds for X K ,
ii) the intersectionproduct in CH � (X K )0

Q is zero([Be], Conj. 5.7),
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iii) the K}unneth components � i induce the zero map on B p(X K )Q for all i 6=
2p � 1.

The �rst assumption implies that the K}unneth components � i of the diagonal are
algebraic. The � i are invariant under the action of the absolute Galois group of
K . They are idempotents in the ring of correspondencesfrom X K to itself formed
by cyclesmodulo homologicalequivalencewith rational coe�cien ts. Assumption ii)
assuresthat the � i act on CH � (X K )0

Q and B � (X K )Q .

Remark. After writing this paper, I learned from unpublished notes of J. Murre that he
also has related the height pairing to Saito's higher Picard varieties. In his notes, dated from
1986,Murre usesthe righthand side of (23) to de�ne a height pairing betweencyclesalgebraically
equivalent to zero.

Ac kno wledgemen ts. I am grateful to E. Bachmat and A. Werner for their comments on a
�rst version of this paper.
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