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1 Intro duction

In this paper we shall prove the coarseBaum-Connesconjecture for proper
metric spaceswith nite asymptotic dimension. Combining this result with a
certain desceh principle we obtain the following application to the Novikov

conjectureon homotopy invariance of higher signatures.

Theorem 1.1 Let bea nitely presentel group whoseclassifyingspce B
hasthe homotopytype of a nite CW-complex.If has nite asymptoticdi-
mensionas metric space with a word lengthmetric, then the Novikov conjecture
holdsfor

Recallthat the asymptotic dimensionis a coarsegeometricanalogueof the
covering dimensionin topology[14]. More precisely the asymptotic dimension
for a metric spaceis the smallestintegern sud that for any r > 0, there exists
a uniformly boundedcover C = fU;g», of the metric spacefor which the r-
multiplicit y of C is at mostn + 1, i.e. no ball of radius r in the metric space
intersectsmore than n + 1 menbersof C [14]. The classof nitely generated
discretegroupswith nite asymptotic dimensionis hereditary in the sensehat

if a nitely generatedgroup has nite asymptotic dimensionas metric space
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with a word length metric, then its nitely generatedsubgroupsalso have
nite asymptotic dimension as metric spaceswith word length metrics (cf.
Section6). This, togetherwith aresult of Gromov in [14],impliesthat nitely
generatedsubgroupsof Gromov's hyperbolic groups have nite asymptotic
dimension.

The validity of the Novikov conjecture has beenestablished,by variety of
techniques, for many groups[5] [7] [8] [9] [10] [23] [24] [27], most notably for
fundamenal groupsof complete manifolds with non-positive sectional curva-
ture, closeddiscretesubgroupsof Lie groupswith nite connectedcomponerts,
and Gromov's hyperbolic groups. Our approad to the Novikov conjectureis
coarsegeometricin spirit and is basedon the desceh principle that the coarse
Baum-Connesconjecturefor a nitely generatedgroup (as a metric space
with a word length metric) implies the strong Novikov conjecture for  if
the classifyingspaceB hasthe homotopy type of a nite CW-complex[33].
Our main tools are a localization technique and a cortrolled cutting pasting
technique.

Our result on the coarseBaum-Connesconjecturealsoimplies the Gromov-
Lawson-Roseherg conjecture on the non-existenceof Riemannian metrics
with positive scalarcurvature for compactK ( ; 1)-manifoldswhenthe funda-
mertal group has nite asymptotic dimensionasa metric spacewith a word
length metric and the Gromov's zero-in-the-sgectrum conjecturefor uniformly
cortractible Riemannian manifolds with nite asymptotic dimension. Recall
that Gromov's zero-in-the-sgectrum conjecture says that the spectrum of the
Laplacian operator acting on the spaceof L ?>-forms of a uniformly cortractible
Riemannianmanifold with boundedgeometrycornains zero.

| thank Xinhui Jiang for many stimulating corversationsand John Roe for
explaining to me the descen principle.

2 The descent principle

In this sectionwe shall brie y discussthe coarseBaum-Connesconjectureand
the desceh principle.



Let X bea proper metric space.Recallthat a metric spaceis called proper
if every closedball in the metric spaceis compact. An X -module is a separable
Hilbert spaceequipped with a -represetation of Cy(X), the algebra of all
cortinuous functions on X which vanish at in nit y. An X -module is called
non-degenerateif the -represetation of Cy(X) is non-degenerate. An X -
module is said to be standard if no non-zero function in Cy(X) acts as a

compactoperator.

De nition 2.1 LetHyx andHy be X and Y -modules,resgectively. The sup-
port of a boundel operator from Hy to Hy is de ned to be the complement(in
X Y) of the setof all points (x;y) 2 X Y for which there exist functions
f 2 Co(X);92 Co(Y) suchthat gTf = 0, andf (x) 6 O, g(y) 6 O:

De nition 2.2 Let Hy be a X-module; let T be a boundel linear operator
acting on Hy .

(1) The propagationof T is de ned to be: supfd(x;y) : (x;y) 2 Supp(T)g;
(2) T is saidto ke locally compactif f T and Tf are compactfor all f 2 Cy(X).

De nition 2.3 ([31]) LetHyx beastandad non-degeneate X -module. C (X)
is de ned to be the C -algeba genented by all locally compact operators acting
on Hyx with nite propagations.

C (X) doesnot depend on the choice of the standard non-degenerateX -
module Hy [31].

A map Borel f from a proper metric spaceX to another metric spaceY
is called coarseif (1) f is proper, i.e. the inverseimage of any boundedset is
bounded;(2) for every R > 0, there existsR%> 0 sud that d(f (x);f (y)) R°
for all x;y 2 X satisfyingd(x;y) R.

Lemma 2.4 Letf be asalove;let Hy and Hy be respectively standard non-
degenente X and Y -modules. For any > 0; there existsan isometry V; from
Hyx to Hy suchthat

Supp(Vr) f(xiy)2X Y :id(f(x);y) @



Proof: The -represetation of Co(Y) onHy canbeextendedto a -represetation
of the algebraof all boundedBorel functionson Y. There existsa Borel cover
fYig of Y suththat (1) Y;\ Y; = ; if i 6 j; (2) diameter(Y;) =2for all i;
(3) eath Y; hasnon-emply interior.

(3), together with the standardnessof Hy, implies that v H is in nite
dimensional,where v, is the characteristic function of Y;. This implies that
there exists an isometry V; from Hx to Hy sud that Vi maps ¢ 1xy,)Hx
to v,Hy, where ; 1y, is the characteristic function of f 1Y) and the -
represemation of Co(X ) onHy isextendedto a -represetation of the algebra
of all boundedBorel functionson X . It is not di cult to seethat V; satis es
the required conditions. [

V; givesriseto a homomorphismAd(V;) from C (X)* to C (Y)* de ned
by:

Ad(V;)(a+ cl) = VraV; + cl
foralla2 C (X)andc2 C, whereC (X)* and C (Y)* are obtained from
C (X) and C (Y) by adjoining idertities. Ad(V;) inducesa homomorphism
Ad(Vf) from K;(C (X)) to K;(C (Y)):

The following lemma says that Ad(Vs) doesnot depend on the choice of
Vs .

Lemma 2.5 ([19]) Letf;Hx andHy beasin LemmaZ2.4. If V; andV, are

two isometriesfrom Hy to Hy suchthat for some > 0
Supp(Vi) f(xiy)2X Y :d(f(x);y) g
for i = 1;2; then
Ad (V1) = Ad (Vo) 1 Ki(C (X)) ! K;i(C (Y)):

SeeSection4 of [19] for a proof.

Recall that the K -homology groupsK;(X) = KK;(Co(X);C) (i = 0;1)
are generatedby certain cyclesmodulo a certain equivalencerelation ([23]):
(1) acyclefor Ko(X) is a pair (Hx ;F), whereHy is an X -module and F is
anoperator actingonHy sudhthat F F | andFF | arelocally compact,
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and F F iscompactforall 2 Cy(X);

(2) a cyclefor K(X) is a pair (Hx;F), whereHyx is an X -module and F is
a self-adjoirt operator acting on Hx sud that F2 | is locally compact, and
F F iscompactforall 2 Cy(X):

In the above description of cyclesfor K;(X); Hx can always be chosento
be standard and non-degenerate.See[18] [20] for more details of the above
description of K -homology

Next we shallde ne the indexmap from K;(X) to K;(C (X)). Let (Hx;F)
be a cyclefor Ko(X) sud that Hy is a standard non-degeneratexX -module.
Let f U,g; bealocally nite and uniformly boundedopen cover of X andf ;g
be a continuous partition of unity subordinate to the open cover. De ne

Fo= " ZF 7

i

wherethe in nite  sumconvergesin strongtopology: It is not di cult to verify
that (Hx;F9 is equivalert to (Hx;F) in Ko(X). Notice that F° has nite
propagation. Using this it is not dicult to seethat F°is a multiplier of
C (X) and F%is a unitary modulo C (X ). HenceF°givesrise to an elemen
[F9 in Ko(C (X)). We de ne the index of (Hx ;F) to be [F9. Similarly we
cande ne the index map from K(X) to K{(C (X)).

Let C be alocally nite and uniformly bounded cover for X. The nerve
spaceNc assaiated to C is de ned to be the simplicial complexwhoseset of
verticesequalsto C and wherea nite subsetfU,; ;U,g C spansan n-
simplexin N¢ if andonly if \ .y U; 6 ;. Endow N¢ with the sphericalmetric.
Recall that the spherical metric on the simplicial complex N¢ is de ned as
follows. Identify ewvery simplexfUp; ;Ungin Nc with S} = f(Xo; ;Xn) 2
R™ :x, 0 n, X2 = 1g by:

WU o B it D)),
i=0 i=0 i=0
where t; 0; i Lo ti = 1. The standard spherical metric on the simplex
fUy; ;U,gisde ned to bethe metric inducedfrom the standard Riemannian
metric on the n-th unit sphereS". The sphericalmetric on N¢ is de ned to be

the maximal metric whoserestriction to ead simplexis the standard spherical
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metric. If x andy lie in di erent connectedcomponerts of N¢, then we de ne
dx;y)=1:

A sequenceof locally nite and uniformly bounded covers f Cygi_, of X
is called an anti-Cech systemof X [31]if there exists a sequenceof positive
numbersRy ! 1 sud that for ead Kk,

(1) every setU 2 Cy hasdiameter lessthan or equalto Ry;
(2) any set of diameter R in X is cortained in somememnber of Cy.; .

Anti-Cech systemalways exists [31].

By the property of the anti-Cech system, for ewvery pair k, > k;; there
existsa simplicial map iy, x, from chl to chz sud that iy, x, mapsa simplex
fUp; ;Ungin N, to asimplexfUg; ;UPgin N¢,, satisfyingU;  U°for

all0 i n. iy, givesriseto the following inductive systemsof groups:
(ko) © Ki(Ne,) ! Ki(Ne,);

Ad(Vi,,,) © Ki(C (Ng,))! Ki(C (Ng,)):

The following conjectureis called the coarseBaum-Connesconjecture.

Conjecture 2.6 ([31]) Theindexmapinducesanisomorphismfromlimy; K;i(Nc¢,)

to Ki(C (X)) = lim1  K;i(C (Ng,)).

It is not di cult to seethat the coarseBaum-Connesconjecturefor X does
not depend on the choice of the anti-Cech system.
The following descen principle provides a coarsegeometric approad to

the Novikov conjecture.

Theorem 2.7 ([33]) Let be a nitely geneated group. If the classifying
sppee B of hasthe homotopytype of a nite CW-complex,then the coarse
Baum-Connesconjecture for  (as a metric space with a word length metric)
implies the strong Novikov conjecture for

Recallthat the word length metric ona nitely generatedgroup isde ned
asfollows. By choosinga nite generatingsetS for , forany 2 , wecan

de ne its lengthls( ) to bethe smallestintegern sud that there existsf s;g.;



for which ='s; s, andeithers; ors ' 2 S for all i. The word length

metric ds on is de ned by:

ds( 1; 2)=1Is( 1" 2)

forall 1; 2 :Itisnotdicult to seethat, for any two nite generating

setsS;; S, of , ( ;ds,) is quasi-isometricto ( ;ds,).

3 Localization and the obstruction group

In this sectionwe shall recall the localization technique introducedin [39]and
introduce an obstruction group to the coarseBaum-Connesconjecture.

De nition 3.1 (1) ([39]) Let X be a proper metric space. The localization
algeba C, (X) is de ned to be the C -algeba geneated by all boundel and
uniformly continuous functions f from [0;1 ) to C (X ) suchthat

propagtion(f (t))! 0 ast! 1 ;
(2) Letf be an elementin C_(X), we de ne the propagationof f to be
SUpr20:1 yPropagation(f (t)):

Next we shall de ne a local index map from the K -homologygroup K;(X)
to the K -theory group K;(C, (X)). For ead positive integern, let f U, g be
alocally nite open cover for X sud that diameter(U,;) < 1=nfor all i. Let
f nigi bea cortinuouspartition of unity subordinate to fU,;;g;. Let (Hx;F)
be a cyclefor Ko(X) sud that Hy is a standard non-degeneratexX -module.
De ne a family of operatorsF(t) (t 2 [0;1 )) acting on Hx by:

FO=" @ @ ) AR L m g de)
for all t 2 [n;n + 1], where the in nite sum corvergesin strong topology:.
Notice that propagtion(F(t)) ! Oast! 1 :Usingthis it is not dicult to
seethat F(t) is a multiplier of C_ (X ) and F(t) is a unitary modulo C, (X).
HenceF (t) givesrise to an elemen [F(t)] in Ko(C, (X)). We de ne the local
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index of the cycle(Hy ; F) to be[F (t)]. Similarly we cande ne the local index
map from K 1(X) to K1(C_ (X)).
Let e be the evaluation homomorphismfrom C, (X) to C (X) de ned by:

e(f) = (0)

for every f 2 C (X).
We have the following commnuting diagram:

K (X)
| nd_ @@j nd
e %
K (CL(X))———K (C (X));

wherel nd and I nd,_ are respectively the index and local index map.
We de ne the dimension of a simplicial complex X to be the smallest

integer n sud that the dimensionof ead simplex of X is at most n:

Theorem 3.2 ([39]) Let X be a simplicial complexendowe with the spherial
metric. If X is of nite dimension, then the local index map from K;(X) to

Ki(C_ (X)) is an isomorphism.

The above theorem can be proved by induction on the i-skeleton X ) (as
a metric subspaceof X ) and a Mayer-Vietoris sequenceargumer (cf. [39]).

Let f be a proper map from a proper metric spaceX to another proper
metric spaceY. Assumethat f is Lipschitz in the sensethat there exists a
constart ¢ (called Lipschitz constart) sud that d(f (x);f (y)) cd(x;y) for
all x;y 2 X. Let f g« be a sequenceof positive number such that ! 0
ask ! 1. By Lemma 2.4, for eah k > 0, there exists an isometry Vy
from a standard non-degenerateX -module Hy to a standard non-degenerate
Y -module Hy satisfying

Supp(Vk)  f(xiy)2 X Y d(f(x);y)  «@

De ne a family of isometriesV;(t) (t 2 [0;1 )) from Hx Hyx to Hy Hy

by:
Vi(t) = R(t k+ 1)V V)R (t k+1)
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foralk 1 t k;where

0 1
coq t=2) sin( t=2) ¢

RO=8&
sin( t=2) cogq t=2)

V4 (t) inducesa homomorphismAd(V; (t)) from C, (X)* to C (Y)* My(C)
de ned asfollows:

Ad(Vs (D))(u(t) + cl) = Vi (O)(u(t)  0)V; (1) + cl

foranyu?2 C (X) andc2 C, whereC (X)* and C_(Y)" are obtained from
C.(X) and C_(X) by adjoining idertities. Notice that Ad(V; (t))(u(t) + cl) is
uniformly cortinuousin t although Vs (t) is not cortinuous.

We have the following usefullemma:

Lemma 3.3 Let X, Y, f, f (g« and Ad(V; (t)) be as alove. Ad(V;(t)) is a
homomorphismfrom C, (X)* to C_(Y)" M3(C) satisfying

propagation(Ad(Vs (t)(u(t))))  propagtion(u) + 2supk( «):

De nition 3.4 Let X be a proper metric space. C,.,(X) is de ned to be the
C -algeba geneanted by all boundel and uniformly continuousfunctionsf from
[0;1 ) to C (X) suchthat propagation(f (t)) ! Oast! 1 ,f(0)=0.

We have the following short exact sequence:
0! CLo(X)! C(X)! C(X)! O

The above short exact sequencetogether with Theorem 3.2, implies the
following.

Theorem 3.5 Let X be a proper metric space. Assumethat there exists an
anti-Cech systemf Cygy for X suchthat N¢, is nite dimensionalfor all k.

Then the coarse Baum-Connesconjecture holdsfor X if and only if
limi  Ki(CLo(Ng,)) = 0

fori=0; 1



In the above theorem, the inductive systemof groupsis given by:

Ad(Viy ., (1) 1 Ki(CLo(Nc,,)) ! Ki(Cpo(Ney,));

whereiy, x, is asin Conjecture2.6,and Ad(V,, ,, (1)) isasin Lemma3.3. If X
has (locally) boundedgeometry then there exists an anti-Cech systemf Cygx
for X sudh that N¢, is nite dimensionalfor all k.

For obvious reasonlimy;; K;(C_.4(Nc,)) is called the obstruction group
to the coarseBaum-Connesconjecture.

4 Controlled obstructions: QP .s:k(X), QU ..s:k(X)

In this sectionwe shall introduce and study the semigroupsQP ..« (X) and
QU ...« (X); which can be respectively consideredas cortrolled versions of
Ko(Cpo(X)  Co((0; 1)) and K1(Cpo(X)  Co((0; 1)).

Let A bea C -algebraand be a positive number. An elemen pin A is

calleda -quasi-prgection if

p=p; jip* pi<

Similarly an elemen u in A is calleda -quasi-unitary if
juu 1ji< 5 jjuu 1jji<

Let X be a proper metric space;let C,.,(X)* bethe C -algebraobtained
from C_.,(X) by adjoining an idertity. Let ;r ands be positive numbers, k
and n be non-negatiwe integers. De ne QP sk (C..4(X)* M;(C)) to bethe
set of all piecewisesmooth functions from [0; 1]¢ to CLo(X)"  Mp(C) sutn
that
(1) f (t) isa -quasi-prgection and propagation(f (t)) r for all t 2 [0; 1];
@& sforallt=(ti; ;t)2 [01F;

(3) jif (1) pmjj < for all t 2 bd[0; 1]), the boundary of [0; 1} in R¥, where
Pm = | I O 0 with m idertities;

(4) (f(t)) = pm, where is the canonicalhomomorphismfrom C_.,(X)*
M, (C) to M, (C).
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De nition 4.1 QP ..sx(X) is de ned to be the direct limit of
QP sk (CL.o(X)"  My(C)) under the emledding: p! p O.

Notice that QP ,.sx(X) is a semigroupunder direct sum.

Similarly we de ne QU ;s (C_.o(X)" Mu(C)) to bethe setof all piece-
wise smooth functions from [0; 1) to CLo(X)"  My(C) suc that
(1) f (t) isa -quasi-unitary and propagation(f (t)) r for all t 2 [0; 1]%;
(2) jj%(t)jj s for all t 2 [O; 1];
(3) jif (t) 1jj < forallt2 bd[0;1]);
(4) (f(t)) = I, where is the canonicalhomomorphismfrom C_.,(X)*
M, (C) to M, (C).

De nition 4.2 QU ,.sk(X) is de ned to be the direct limit of
QU ;s (CLo(X)"  My(C)) under the emiedding: u! u 1.

Notice that QU ...« (X) is a semigroupunder direct sum.

De nition 4.3 Letpandqbetwo elementsin QP ;s (C..o(X)" M,(C)). p
is saidto be ( ;r;s)-equivalentto qif there existsa piecewisesmath homotopy
a(t) (t 2 [0;1]) in QP ;1.4 (CL.o(X)"  Mp(C)) suchthat (1) a(0) = p and
al) = g (2) jatv)i s

Notice that there exist universal constans ¢, and s sud that (1) any
P2 QP sk (CLo(X)"  My(C)) is (10 ;r; s + sp)-equivalert to someq in
QP10 iricos+ sk (Crio(X)™  Mp(C)) satisfyingq(t) = (q(t)) = pm for somem
and all t 2 bd[0; 1]); (2) if p and g are two elemetts in QP sk (CLo(X)*
M, (C)) sud that pis( ;r;s)-equivalert to g, p(t) = (p(t)) andg(t) = (q(t))
for all t 2 bd]0;1]F), then there exists a homotopy a(t9 (t° 2 [0;1]) in
QP10 iricos+ 5otk (CLio(X)* Mn(C)) satisfyinga(0) = p;a(1) = g and (a(t))(t) =

((a(t9)(t)) for all t° 2 [0;1] and t 2 bd[0;1]): Let f be a cortinuous
function on R satisfying f (x) = 1 for all x 2 [1=2;3=2]; and f (x) = O for
all x 2 [ 1=5;1=5]. f(p) is an elemen in Ko(Cp. o(X) Co((0; 1)¥)) for
any p 2 QP ..sx(X) satisfying p(t) = (p(t)) for all t 2 bd[0; 1]%); where
0< < 1=10Q By the above discussionsQP . .s.x(X) can be consideredas a
cortrolled versionof Ko(C.o(X)  Co((0; 1)K):
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Similarly we cande ne the conceptof ( ;r; s)-equivalencebetweenelemeits
in QU sk (CLo(X)"  Mp(C)): It isalsonot di cult to verify that there exist
universalconstarts ¢; ands; sudi that (1) any u 2 QU ;sx(Cp.o(X)™ My(C))
is (10 ;r;cis+ sp)-equivalert to somev in QUig ;¢ s+5,k(Cpo(X)"  My(C))
satisfying v(t) = (v(t)) = | for all t 2 bd[0; 1]%); (2) if u and v are two
elemens in QU sk (CL.o(X)*  My(C)) sudh that uis ( ;r;s)-equivalert to
v, u(t) = (u(t)) and v(t) = (v(t)) for all t 2 bd[0;1]%), then there exists
a homotopy a(t9 (t°2 [0;1]) in QU10 ricis+ sk (Cpo(X)* M, (C)) satisfying
a(0) = u;a(l) = v; and (a(tY(t) = ((a(tY)(t)) for all t°2 [0;1] and t 2
bd[0; 1]): For any u 2 QU ..« (X) satisfying u(t) = (u(t)) = 1 for all
t 2 bd[0; 1F); u givesrise an elemet in K1(C_o(X) Co((0;1)¥)), where
0< < 1=100. By the above discussionsQU . .sx(X) can be consideredas a
cortrolled versionof K1(C.o(X)  Co((0; 1)9).

Lemma 4.4 LetO< < 1=10Q If pandqgaretwo ( ;r;s)-equivalentelements
in QP sk (CL.o(X)" My (C)), thenthere existsu 2 QU ¢, ( :s)rico(s)k (Cr.o(X)”
M, (C)) suchthat jjp u qujj < c3(s) , where c;( ;s) degendsonly on and
S, C¢(s) and c3(s) degend only on s.

Proof: Let a(t) be the homotopy in De nition 4.3. There exists a partition:
0=te<ty< <ty =1

sud that
jia(ti-1) a(ti)jj < 1=10Q

wherem, dependsonly on s. Consider
ui = [(2a(ts)  1)a(t) 1)+ 1]=2
We have
I ui= (altia)  1)(@tia)  at)) + 2@(tia) - a%(tie)):

This implies that
it uijj < 1710

12



It follows that
(A) il Ui < 3=10

We also have
(B) fa(ti-)u  uia(t)j
i@ (i) altia))alt)ii + jatia)(@(t)  at))i
+iia(tien)  atia)ii + jia’(t)  a(t)ij < 6

Let Py(x) bethe I-th Taylor's polynomial for -1 at 0. Choosel, such that

. 1
P Pr= < 1550,

for all x 2 [0; 3=10] Let
wi = uiP, (I u;u):
De ne

U= Wn, 1 Wp:

Notice that P{x) has non-negati\e coe cien ts and the sequence PXx)g is
uniformly bounded on [0; 3=10]. This, together with the chain rule, implies
that
. @ ..
— C(s
gl 2(S)
for somec,(s) depending only on s. By the choiceof Iy it is not di cult to
verify that u is a -quasi-unitary. (A), (B) and the self-adjoirtness of a(t)
imply
juiuia(t)  at)u;uijj < 20
Hence
jat)(h ww)™ (1 uwu)"at)i
j@t)uu wua)( uu)"
i wu)(attuu o uga)(t o uu)” 2
i wu)" Mat)uu vy at)j

20 n(3=10)" *:
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This, together with the de nition of w;, implies that
jati-)w - wia(ti)jj < b;

whereb is a universal constart. Now it is not di cult to seethat u satis es
the desiredproperties. [

For any proper metric spaceX, let GQP . .s«(X) be the semigroup of
formal dierence p q, wherep;q 2 QP ,.«(X), and (p) = (q): Two
elemes p gandp® o’ in GQP , .« (X) are said to be ( ;r;s)-equivalert
if p g’andp® gqare( ;r;s)-equivalert. It is not dicult to seethat there
exists a universal constart sy sud that any elemet p qin GOQP . .s«k(X) is

(10 ;r;s+ sp)-equivalert to an elemen p° py,, for somep®2 QP ., .s«(X) and

somenon-negatiwe integer m, wherep,, = | I O 0 with m
identities.

For any u 2 QU ..cx(X), let z(u) be the homotopy connectingl | to
u u obtainedby combining the linear homotopy connectingl | touu |
with the rotation homotopy connectinguu | tou u:

(u DROW DR (1);

where 0 1
R(t) = % 095( t=2) sin( t=2) E:
sin( t=2) cogq t=2)

Let
e(u) = z(u)(l  0)z (u):
Wedene amap from QU ;;sx(X) to GQP1qg ;100r;100(s+1) k+1 (X ) by:

(U =e&(y) (@ O

The following result can be consideredasa cortrolled versionof a classical

result in topological K -theory.

Lemma 45 QU . sk(X)! GQPigo:100r:100sk+1 (X ) iS an asymptoticiso-
morphismin the following sense:
(1) forany 0 < < 1=10Qr > O0;s > O; thereexist0< ;< ;0<r;<rr
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and s; > 0, suchthat if two elementsu and v in QU ,.r,.sx(X) are ( 1;r1;9)-
equivalent, then (u) and (v) are ( ;r;s;)-equivalent, where ; degendsonly
on ; ry; degendsonly onr; ands; degendsonly on s;

(2) forany0< < 1=10Qr > 0;s> O, thereexist0< ,< ;0<r,<r and
s, > 0 for whichif u and v are two elementsin QU ,..,.x(X) suchthat (u)
and (v) are( 2;rp;8)-equivalent,thenu | andv | are( ;r;s,)-equivalent,
where , depgendsonly on ands; r, degndsonly on ;r ands; and s, de-
pendsonly on s;

(3) forany0< < 1=10Qr > 0;s > O; thereexist0< 3< ;0<rz<r
and s3 > 0, suchthat for any p  pm 2 GQP .;.sk+1(X), there existsu 2
QU ..o, k(X) for which (u) Ois ( ;r;s3)-equivalentto (p 0) (pm 0),
where ; degendsonly on ands; rz degendsonly on ;r ands; and s; degends

only on s.

Proof: (1) Let w(t) be the homotopy realizing the ( 1;r;s)-equivalencebe-
tweenu and v. Let a(t) be the homotopy connectingl to v u obtained by
combining the linear homotopy betweenl and u u with the homotopy w(t) u;
let b(t) be the homotopy connectingl to vu obtained by conbining the linear

homotopy betweenl and uu with the homotopy w(t)u . De ne
xe = z(v)(a(t) b))z (u);
wherez is asin the de nition of the map . We have
Xo=1; jjx2 lj<crq;

jixee(u)x, eV < c

wherec is a universalconstart. Now (1) follows from the above conditions by
choosingappropriate 1;r; and s;.
(2) Choose
2 < =10"(1 + 10%4(s));

wherecs(s) is asin Lemma4.4. By Lemma4.4 there existsx in
QU ,ci( 2i)raica(s)k+1 (CL.o(X)T  Mp(C)) (for somen) sudh that

jixee(u  Dx a(v 1)jj < c(s) 2
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It follows that
jzz(v Dxizu DA 0 (1 0z (v Dxz(u 1)< 10c(s) 2

wherex is identi ed with a piecewisesmooth family of elemerts x; (t 2 [0; 1])

In QU 2;(:1( 2,S)f2,C2(S),k(CL,O(X )+ Mn(c)). Hencewe ha\/e
0 1

z,(v 1)Xz(u I)=EpCt gtg;

t O
where
ligi < 100Qs(s) 2;  Jihdi < 100Qs(s) »;
i 1ji<1005 jio (v 1) (u 1)j< 109
Now, by choosing appropriate r, and s,, (2) follows from the existenceof ¢
satisfying the above conditions.

(3) Choose
3 < =101+ 10cs(s));

where c3(s) is asin Lemma 4.4. Without lossof generality, we can assume
p(0) = p(1) = pm =1 0,wherepisiderti ed with a piecewisesmaoth family
of p(t) 2 QP ,.r..sx(X) (t 2 [0; 1]). By the proof of Lemma 4.4 there exists a
homotopy w(t) in QU ,.c,( 5:s)ra:ca(s)k (X ) sud that
w(0) = 15 jiw()(l  Ow(t)  p(t)jj < cs(s) s
It follows that
w@)(a@  0) (1  Ow()j < 10cs(s) 1

Hencewe can write 0 1

u

w=B" 9%;
h v

wherejjgjj < 10c5(s) s;jjhjj < 10c5(s) a:
De ne
ye= (w(t) DAz (w [O)(z () 1)
We have
(A)  Yo=1 15 iya (I Dji<10cs(9) 3;
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(B) iv(e(u) Oy, (p(t) 0)jj < 10cs(s) 3:

Now, by choosing appropriate r3 and sz, (3) follows from the existenceof y;
satisfying (A) and (B). [

Let X and Y be two proper metric spaces;let f and g be two proper
Lipschitz maps from X to Y. A cortinuous homotopy F(t; x) (t 2 [0;1])
betweenf and g is said to be strongly Lispchitz if
(1) F(t; x) is a proper map from X to Y for ead t;
(2) d(F(t; x);F(t;y)) Cd(x;y) forall x;y 2 X andt 2 [0;1], whereC is a
constart (called Lipschitz constart of F);
(3) for any > O; there exists > 0 sud that d(F (t1;x);F(t2;x)) < for all
X2 X ifjty ty<
(4) F(O;x) = f(x);F(L;x) = g(x) forall x 2 X.

X is said to be strongly Lipschitz homotopy equivalert to Y if there exist
proper Lipschitz mapsf : X ! Y andf,;:Y ! X sud that f,f andff, are

strongly Lipschitz homotopicto idx andidy, respectively.

Lemma 4.6 Letf and g be two proper Lipschitz mapsfrom X to Y. Assume
that f is strongly Lipschitz homotopicto g. There exists Sy > 0; Co > 0 such
that for any u 2 QU ..sx(X), there exists a homotopyw(t) (t 2 [0;1]) in
QUc, cor:co(s+1) k(Y) for which

w(0) = Ad(V: ()(u(t)) I}

w(l) = Ad(Vg(D)(u(t)) 1

andjjwqt)jj  So; where Ad(V; (t)) and Ad(Vy(t)) areasin Lemma3.3, S, and
Co depend only on the Lipschitz constant C of the strong Lipschitz homotopy
F betweenf and g.

Proof: Chooseftij g o; o [O; 1] satisfying

(1) toj =0 i Gy tiery L

(2) there exists a sequenceN; ! 1 sudithat t;; = 1foralli N;, and
Nj+2 N; forallj;

(3) d(F (tiva: ) F(ti 5 x)) < = r=( + 1), d(F (tij +2;X); F (tij ;X)) < ; for
all x 2 X:
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For example,we can take
8
_2iE(Nj +N) ifi Nj+N;
M| ifi  Nj+N,
whereN is somelarge positive number.

Let fi; (X) = F(ti;;x) forall x 2 X: By Lemma2.4there existsan isometry
Vi, from Hyx to Hy sud that

Supp(Vr; ) f(xiy) 2 X X od(fiy (X);y) < r=(1+i+j)g:

Foreadi > 0, de ne afamily ofisometriesV;(t) (t 2 [0;1 )) fromHyx Hx
to Hy Hy by

Vi) = R(t DMy Vi IR (T )

forall t 2 [j; j + 1], where
0 1
coq t=2) sin( t=2) ¢

RO=0&
sin( t=2) cogq t=2)

Consider
Uo(t) = Ad(Vs ())(u(t)) = Vi (t)(u(t) DV () + (1 Ve ()V; (1))

up (1) = Ad(Vg(D))(u(t)) = Ve(O)(u(t)  DHVg (O + (1 V()Y (1)
ui(t) = Ad(Vi())(u(®)) = Vi(O(u(t) DV (O + 1 VOV ();

for i > 0. Notice that u;(t) is uniformly cortinuousin t although V;(t) is not
cortinuousin t.

For eat i, de ne n; to be the largestintegerj satisfyingi  N; if fj :i
N;g 6 ;, and de ne n; to be 0 otherwise. We can chooseVy,; in sud a way
that u;(t) = u; (t) whent n;.

De ne
8
E u;i (t)(uy (1)) ift o ng

w;i (t) =§ (i DI+ ni+ Dut)(u (1)) ifn 1t ng
- ifO t N; 1.

18



Consider

a= ow 1)
b= i1=0(Wi+1 1);
c=( 1) w1

where a;b and c act on the standard and non-degenerateY -module H =
o ((Hy Hy) (Hy Hy)).
By (2), (3) and the construction of a;b and c, we know that a;band c are
elements in QUc, .c,r.c,(s+1):x(Y) for someconstart C; dependingonly on C.
Let
Vii+1 () = ROV Vis)R (1)

for all t 2 [O; 1].

De ne
Ui () = Vs U 1) DViar 0+ (1 Vigaa (DVig 4 (1)
for t 2 [0; 1]. Notice that
Ui (@)= (MU DV + (1 V)

Uii+1 (1) = (M (U 1)V + (I Vi Viyy)) |

Usingui; +1 (t) we canconstructahomotopy vi(t) (t 2 [0; 1]) in QUc, .cor:cosk(Y)
for someC, C; sud that

vi(0) = a;vi(1) = by
jiviii  so
for all t, wheresg is a universal constart.

We can also construct a homotopy Vv,(t) (t 2 [0;1]) in QUc, :carcask(Y)
for someCz; C; sud that

v2(0) = b;v»(2) = ¢
ivawii s
for all t, wheres; is a universal constart.
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Finally we de ne w(t) to be the homotopy obtained by combining the
following homotopies:
(1) the linear homotopy between(u, 1) L, (I I1)andca((u, ) %,
(a Ny
@ v Daur 1) B 0 1)
@) vi@ Daur 1) k(D)
(4) the linear homotopy betweena a((u; 1) L, (I 1)) and(uy 1) 1,
(a n:
It is not dicult to seethat w(t) is the desired homotopy connecting
Ad(V; (D)(u() &y | to Ad(Ve(D)(u(t)) &y 1 m
Combining Lemma 4.5 and Lemma 4.6 we have the following result.

Lemma 4.7 Let X, Y, f and g be asin Lemma4.6. For any 0 < <
1=10Qr > 0;s > O; thereexist0< ;< ;0< ry<r ands; > 0 suchthat
for any p2 QP ,.,.sk(X) (k> 1), there existsa homotopyw(t) (t 2 [0; 1]) in
QP .5,k (Y) satisfying

w(0) = Ad(Vi())(p 0) (I 0);

w(l) = Ad(Ve()(p 0) (I 0);

and jjwqt)jj  s;, where ; degendsonly on ;s;C (C is asin Lemma4.6);

r, degendsonly on ;r;s;C; ands; degndsonly on s and C.

5 Controlled cutting and pasting

In this section we shall prove a cortrolled cutting and pasting result for
QU ;r;s;k(X )

De nition 5.1 Let X be a proper metric space and X; (i = 1;2) be its metric
subspces. The triple (X ;X 1;X>) is said to satisfy the strong excision condi-
tion if

(1) X = X1 [ Xz

(2) there existsrq > 0;cy > 0 suchthat (i) foranyr rq, bd (X 1)\ bd(X,) =
bd (X1\ X;); where bd(A) isdenedto befx 2 X : d(x;A) rgfor any
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A X; (i) for eachX %= X ;X5 X1\ X5, andanyr rg, bd (X9 is strongly
Lipschitz homotopy equivalentto X © with ¢, as the Lipschitz constant of the
strong Lipschitz homotopiesrealizing the strong Lipschitz homotopy equiva-

lence.

Let (X ;X1;X,) beasin De nition 5.1. Weshall rst constructaboundary
map @from QU s (X ) to GQPny :N( )rinosik(X1\ X2); whereO< < 1=100Q
N ( ) dependsonly on , Ng is a universalconstart, andr < ro=(1+ N( )) (ro
is asin De nition 5.1). Our construction is modeled after the standard con-
struction of the boundary mapin K -theory (cf. [4] and [26]). The modi cation
is necessaryin order to cortrol the propagations.

Let 0< < 1100 For any u 2 QU ..sx(X), let ux, = x,u x,; where

x, IS the characteristic function of X;. De ne
0 10 10 10 1

le%l UXIX% I OX%| leg%o |X
0 | U, 1 0 | I 0

The above formula hasits origin in [26]. Let P,(x) be the I-th Taylor's poly-
nomial for 1:(10p 1 x). Chooselg to be the smallestinteger sud that

1P, (X) 1=(10IO 1 x)j< =100
for all x 2 [0;99=100]. Notice that
0 I ww=100 99100

Let
wy = WP (I w,w;=100):

De ne

@(U) = bsoig (X beorgr X)Wl O)Wy  baygy o, (X )\ bekorgr (X2)

where pay, , (x)\ b, (X ) 1S the characteristicfunction of bdioer (X 1)\ bdioier (X2):
Let N( ) = 10d,. Notice that P{x) has non-negative coe cients and
f PAx)g is uniformly boundedon [0; 99=100} This, togetherwith the de nition

of @(u), implies that there exists a universal constart Ny sud that @(u) 2
QPNo N ( )r;Nos;k(bd.LOIOer\ bleIorXZ):
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Assumethat r < ro=(1+ N( )); whererg is asin De nition 5.1. Let f
be the proper strong Lipschitz map from bdig,r (X1) \ bdig,r (X2) to X1\ X5
realizing the strong Lipschitz homotopy equivalencein De nition 5.1;let V()
be the family of isometriesasin Lemma 3.3, wheref (g« (in Lemma3.3) is
chosenin sud way that supc « < r=10.

We de ne the boundary of u by:

Qu) = Ad(V; (1))(@(u)) (1 0):
Considerthe following sequence:
QU rsk(X1) QU rsi(X2) ! QU rsic(X) 1% GQP, i (yrvosi (X1 ) X2);
wherej(uy Uz) = u; Uy r<ro=(1+ N()):

Lemma 5.2 Let (X;Xq;X,) beasin De nition 5.1. The alove segquene is
asymptotially exactin the following sense:

(1) for any 0 < < 1=100r > 0;s > O, thereexists0 < ;< ;0<7r; <

minfr;ro=(1+ N( 1))g;s; > 0; suchthat @(u; uy) is ( ;r;s;)-equivalentto
0 for any u; 2 QU ,,.<«k(Xi) (i = 1,2), whee ; degendsonlyon ands;r;
dependsonly on ;r ands; and s; degendsonly on s;

(2) for any 0 < < 1=10Qr > 0;s > O, thereexist0< , < ;0<r;, <

minfr;ro=(1+ N( 2))g;S; > 0 suchthat if u is an elementin QU ,.,sk(X)
for which @u) is ( 2;r2; s)-equivalentto 0 in GQP ,.,.s«x(X1\ X3); thenthere
existsu; 2 QU .., «(X;) (i = 1;2) suchthatu; uy | is ( ;r;sy)-equivalent
tou |, whee , degndsonlyon , s, ro and ¢ (¢ is asin the De nition

5.1); r, dependsonly on , r, s, ro and ¢y; and s, degendsonly on s, ro and
Co.

Proof: (1) follows from the de nition of the boundary map.
(2) By Lemmas4.4, 4.7 and the de nition of boundary map, for any 0 <
O< :thereexists0O< , < ©9(, dependsonly on ° s and c,) for which
there exists X 2 QU o, ( 0.6)r,:c,(5):k (DA, (X 1) \ bd,(X2)) sud that

fixw(  Owx (I 0)jj < cg(s) &
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wherew = w, | is asin the de nition of the boundary @u 1); ci( %5s)
dependsonly on °and cy; ¢,(S) and cz(s) depend only on s and c.
This implies that

jixw(l  0) (I 0)xwijj < 10cs(s)

Hencewe have 0 1

aw=52P¢g.
cd

wherejjbj  10c3(s) %jjcj 10cs(s) © Let vi = a. By the de nition of w and
properties of x, there existsa constart N;( s) (dependingonly on ° s and
Co) sud that

(A) 0 x by on, (VU 1) D)ji < ca(s) &
(B)  ji(vau 1) 1) x bdy, 00, <0l < Ca() ©
where c4(s) dependsonly on's. Choose
0< =101+ Co+ ca(s) + Cu(S));

where Cy is asin Lemma4.6 (depending only on the Lipschitz constart ¢, in
our case).De ne
V2= bdyogy, VAU ) bdy o), x2) T (I by 0a)r, (X2)):
(A) and (B), together with the choiceof © imply that v, is a ( =(1 + Cy))-
guasi-unitary. We have
propagtion(vi)  2r, + c( 29)ry:
We require
r, < ro=10(1+ Ny( %9));

whererg is asin De nition 5.1. Let f; be the proper strong Lipschitz map
from bd,(X1) to X realizing the strong Lipschitz homotopy equivalencein
De nition 5.1;let f, be the proper strong Lipschitz map from ba\, ( es)r, (X2)
to X, realizing the strong Lipschitz homotopy equivalencein De nition 5.1.
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De ne u; = Ad(V4, (1))(v;) fori = 1;2, where Ad(V4,)(t) is asin Lemma 3.3,
andf g (in Lemma3.3) is chosenin sud a way that sup, « < r,=10.

(A) and (B) imply that v; vy is( =1+ Cp);rs;S3)-equivalert to u, where
rs = cs( % s)r, for somecs( ©s) dependingonly on © s andcy; and s; depends
only on s and ¢y. This, togetherthe construction of u; and u, and Lemma4.6,
implies that u; and u, satisfy the desiredproperties if we chooseappropriate
r, and s,, wherer, dependsonly on ;r;s;ro and ¢y; and s, dependsonly on
S:;ro and cp. [ |

Combining Lemma 5.2 with Lemma 4.5 we have the following asymptoti-

cally exact sequencdor QU whenk > 1:

QU ;r;s;k(Xl) QU ;r;S;k(XZ) ' QU ;r;s;k(X) QU sk 1(X1\ X2):

6 Spaces with nite asymptotic dimension

In this sectionwe shall prove that the classof nitely generatedgroupswith
nite asymptotic dimension (as metric spaceswith word length metrics) is
hereditary. We shall alsoprove a localization result which will play an impor-

tant role in the proof of our main result.

De nition 6.1 ([14]) The asymptotic dimension of a metric space is the
smallest integer m suchthat for any r > 0, there existsa uniformly bounded
cover C = fUjg», of the metric space for which the r-multiplicity of C is at
mostm + 1, i.e. no ball of radiusr in the metric space intersects more than

m + 1 memlers of C.

Notice that the concept of asymptotic dimensionis a coarsegeometric
analogueof the covering dimensionin topology. It is not dicult to verify
that the asymptotic dimensionis invariant under quasi-isometry In particular,
this implies that if a nitely generatedgroup is endaved with a word length
metric, then its asymptotic dimensiondoes not depend on the choice of the

word length metric.

Prop osition 6.2 Let bea nitely geneated groupand ; bea nitely gen-

erated sulgroup of . If  has nite asymptotic dimensionas a metric space

24



with a word length metric, then ; alsohas nite asymptotic dimensionas a

metric space with a word length metric.

Proof: Forany r > 0, let C = fU;gi», bethe cover for asin de nition 6.1.
De ne acover C, for 1 by: C, = fU\ 102 . Choose nite generatingsets
G and G, for and ; sud that G; G, G and G; are closedunder the
inverseoperation. Let d and d; be respectively the word length metrics on
and ; asswiatedto G and G;. We have d(x;y) di(x;y) for all x;y 2 ;.
This implies that the r-multiplicit y of C; is at mostm + 1.

Next we shall prove that C; is uniformly boundedwith respectto d;. By
assumptionthere existsR > 0 sud that the diameterof U;\ ; is at most R
with respectto d for all i. This impliesthat for any x 2 U;\  1; we can write
X=Xo01 & fork R,whereg 2 GforallO0 | Kk;andxgisa xed
elemen in U;\ 1. Let Ag bethe setof all elemens in 1 which canbe written
ash; h;,whereh;; ;h; 2 G,andj R. Itisnotdicult to seethat Ag
is a nite set. Thereforethere existsR; > 0 sud that d;(Ag;id) Rjy: This
implies that the diameterof U;\ ; is at most R; with respect to d, for all i.

|

Gromov proved that hyperbolic groups have nite asymptotic dimension
as metric spaceswith word length metrics (seep31-32in [14]). This result,
together with Lemma 6.2, implies that nitely generatedsubgroupsof hy-
perbolic groupshave nite asymptotic dimensionas metric spaceswith word
length metrics.

Let X be a proper metric spacewith nite asymptotic dimensionm. By
the de nition of asymptotic dimensionthere exists a sequencef covers Cy of
X for which there exists a sequenceof positive numbers R, ! 1 sud that
(1) Rk+1 > 4Ry for all k; (2) diameter(U) < Ry=4 for all U 2 Cy; (3) the
Ry-multiplicit y of Cy+q is at mostm+ 1, i.e. no ball with radius Ry intersects
more than m + 1 menbersof Cy,1 .

Let C2 = fB(U;Ry)jU 2 Cys1 0, whereB (U;Ry) = fx 2 Xjd(x; U) < Rgg:
(1) and (2) imply that f CJgx is an anti-Cech systemfor X .

Fix a positive integer ng. For eady n > ng; let r, = (BRRn - 1). By
FI0+

property (1) of the sequencd Rig, there existsn; > ng sudh that r, > =2 if
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n > n; and there existsa sequencef non-negative smooth functionsf ,gnsn ,
on [0;1 ) for which (1) ,(t) = 1forall 0 t =2, and ,(t) = O for
allt ry; (2) there exists a sequenceof positive numbers , ! 0 satisfying
j 2(t)j< o, 1foralln> n.

Foreah U 2 Cy41 (N> ny), de ne

U= fV 2 Ngg jV 2 Co;V\ U6 ig;

No?
whereV 2 NCRO is the vertex of NCRO correspndingto V 2 C,?o. We de ne a

map G, from Ncgo to Nco by:

_ X a(d(x;U9) .
G = P e a(dex vy Ui

for all x 2 Ncgo: Lemma6.4 (1) shows that G,(x) is indeedin Nco.
Let n > n;: We can choosethe map in,.n from Ncgo to N¢o in Conjecture
2.6in sud a way that, for eah V 2 Cp 41,

Inoin(B(V;Rn,)) = B(U;Ry)

for someU 2 C,.; satisfyingU\ V 6 ;.
De ne
F(t;xX)=tGh(X)+ (1 t)ingn(X)

forall t 2 [0; 1], and x 2 Ncg, -

Lemma 6.3 Let X be a proper metric space with nite asymptoticdimension
m, and G,, F andin,., be asalove.

(1) Gy is a proper Lipschitz map from Ncg, to Ncg with a Lipschitz constant
depending only on m;

(2) F(t; x) is a strong Lipschitz homotopybetween G, andi,,., with a Lipschitz
constant degending only on m;

(3) for any > O;R > 0O, there existsK > 0 suchthat d(G,(x); Gn(y)) <

if n> K, dx;y) R, whee Nco and N¢o are endowe with the spherial

metrics.
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Proof: (1) By property (1) of ,, we have

X
(A) a(diVY) 1

V2Cn+1

for all x 2 Neg .
Let U beanelemen in C,41 sudthat ,(d(x; U%) 6 Ofor somex 2 Ncgo.
By property (1) of |, we have

(B) d(x; U9 < ry:

Let
X
Xx=  tiB(Vi;Rny);

i
wheret; > 0; P iti=1 Vi 2 Cy+1: Combining (B) with the de nition of the
sphericalmetric on N¢g ; we have

(C) dVi;U) < (rhn+ =2)2R;,+12= + 2R;,+1 = Rp=2;

whered(V;; U) is the distancebetweentwo subsetsV; and U of X. (C) implies
that
\ U wdecuyeo B(USRy) 8 5

HenceG,(x) isin Nco for all x 2 Ncgo. The inequality (C), togetherwith the
condition on the R,,-multiplicit y of C,,+1, impliesthat there areat mostm+ 1
number of non-zeroterms in P va2c,,  n(d(x;V9): Now (1) follows from the
above fact, (A) and property (2) of .

(2) We shall rst prove that, for eat x 2 NCﬁ’o’ Gn(x) andin,n(X) liveon
a commonsimplex of N¢o.

Let

X
X= tiB(Vi;Rn,);

i
P . .
wheret; > 0; ;tj = 1, andV, 2 C,,+1: By the choiceof i,,.,, we have
_ X
ingn(X) = tiB(Ui;Rn);
i

whereU; 2 C,41; U\ V, 6 ;: We have

n(d(x; U) = 1
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for all i. Henceboth in,.n(X) and G,(x) live on the simplex with vertices
fB(U;Rn)jU 2 Chir; n(d(x;U9) 6 0Og, which is a simplexin N¢o by the
argumert in the proof of (1).

Now it is not di cult to see(2).

(3) follows from the propertiesof ,,, G, and an argumern similar to that
in the proof of (1). [

7 Main result and applications

In this sectionwe shall prove the following result and discussits applications
to topology, geometryand analysis.

Theorem 7.1 The Coarse Baum-Connesconjecture holdsfor proper metric

spceswith nite asymptotic dimension.

The above theorem greatly improves a result in [40], where, using a con-
struction of a Chern character, it is proved that the indices of Dirac type
operatorson a uniformly cortractible Riemannianmanifold M are non-zeroif
the asymptotic dimensionof M is equalto the dimensionof M.

Combining Theorem 7.1 with the desceh principle (Theorem 2.7), we ob-

tain the following corollary:.

Corollary 7.2 Let bea nitely presentel group whoseclassifyingspce has
the homotopytype of a nite CW-complex. If has nite asymptotic dimen-
sion (as a metric space with a word lengthmetric), thenthe Novikovconjecture
holdsfor

The classof nitely generatedgroupswith nite asymptotic dimensionis
extremely large and is hereditary (cf. Lemma6.2). The above corollary, to-
gether with a result of Gromov in [14] and Lemma 6.2, implies the Novikov
conjecturefor nitely presemed subgroupsof hyperbolic groupsif their classi-
fying spaceshave the homotopy type of nite CW-complexes.

Combining Theorem 7.1 with Propositions4.33and 4.46in [31], Theorem
3.2in [38] and the Lichnerawvicz argumert [25], we have the following applica-

tion to the positive scalarcurvature problem.
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Corollary 7.3 A uniformly contractible Riemannian manifold with nite asymp-

totic dimensioncan not haveuniform positive salar curvature.

In particular, this corollary implies the Gromov-Lawson-Roseherg conjec-
ture for compactK ( ;1)-manifoldswhenthe fundamertal group has nite
asymptotic dimensionasa metric spacewith aword length metric. Recallthat
the Gromov-Lawson-Roseherg conjecture says that there is no Riemannian
metric with positive scalarcurvature on compactK ( ; 1)-manifolds.

Combining Theorem7.1with Propositions4.33and 4.46in [31],and Theo-
rem 3.2in [38], we have the following application to the spectrum of Laplacian.

Corollary 7.4 Gromov's zeo-in-the-spectrum conjecture holdsfor uniformly

contractible Riemannian manifolds with nite asymptotic dimension.

Recall that Gromov's zero-in-the-sgctrum conjecture says that the spec-
trum of the Laplacian operator acting on the spaceof L ?>-forms of a uniformly
cortractible Riemannian manifold with bounded geometry contains zero [13]
[14].

Recallthat the dimensionof a simplicial complexX is the smallestinteger
m sud that eat simplex of X hasdimensionat most m.

Prop osition 7.5 Let X be a simplicial complexwith nite dimensionm and
endowed with the spheri@al metric. Foranyk > m+ 1;,0< < 1=10Qr >

0;s O, thereexistO< ;0<ry r;s; s suchthat, for any element
uin QU ,,,.sk(X),u I is( ;r;si)-equivalentto |, whee ; dependsonly on
;S, k and m; ry dependsonly on ;r;s;k and m; and s; degendsonly on s; k;

and m.

Proof: Let X be the n-skeleton of X and be endaved with the subspace
metric inducedfrom the sphericalmetric on X . We shall prove our proposition
for X (M by induction on n:

When n = 0, we chooser; to be minfr; =10g. By the choiceof ry, u has
propagation0. Without lossof generality we canassumethat u(t) is piecewise

smooth with respectto t 2 [0;1 ) and ‘é—? is at most 1=c for some constart
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c> 0. Foreah tp 2 [0;1 ); we de ne

8
2| if0O t cto

Ugo (1) =
° > u(ct cty) ifcty t<1.

Consider
wy(t) = ( &:o uc - 1( &:1 Uy 1t 1);

wheret 2 [0; 1]. Notice that

wi0)=u i, 1 I:
It is easyto seethat existsa smaoth homotopy v(t) (t 2 [0; 1]) sud that

vO) =1 e w1

V(1) = koWt T
vy 100

for all t 2 [O; 1]. De ne

_ 2 wy(2t) ifo t 1=2;
2 Eoue Nyt 1) if1=2 t 1.
It is not dicult to seethat w(t) realizesthe ( ;r;s;)-equivalence between

u | and! if we chooseappropriate ; and s;, where ; dependsonly on

and s; dependsonly on s.

Assumeby induction that the proposition holdswhenn =1 1. Next we
shall prove the proposition whenn = |. For eat simplex4 of dimensionl in
X, we de ne

4,=1fx24jd(x;c(4)) 1=10Qy; 4,="Ffx24jd(x;c(4) 1=100g;
wherec(4 ) is the certer of 4 . Let

Xl = [ 4 : simpl ex of dimension | in X 4 1; X2 = [ 4 : simpl ex of dimension | in X 4 2

Notice that
(1) X is strongly Lipschitz homotopy equivalert to

fc(4)j4 1 dimensional simplexin Xg;
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(2) X, is strongly Lipschitz homotopy equivalert to X (' ;
(3) XM = X, [ X,, and X1\ X, is the disjoint union of the boundariesof all
I-dimensional4 ; in X O,

(1) and (2), together Lemma 4.6 and the induction hypothesis,imply that
our proposition holds for X; and X,. By Lemmas4.6, 4.5 and 5.2, we also
know that our proposition holds for X;\ X,. It is not di cult to verify that
(X M;X41;X,) satis es the strong excisioncondition in De nition 5.1. Now we
cancompletethe induction processy usingthe asymptotically exactsequence
for QU (cf. Lemmasb5.2 and 4.5). [

Proof of Theorem 7.1: Let X be a proper metric spacewith asymptotic
dimensionm. By Theorem3.5it is enoughto prove that

lim Ki(Cpo(Neg)) = 0;

where C? is asin Section6. By an approximation argumert any elemen in
Ki(CL;o(Ncgo)) canberepreseted asan elemen u 2 QU 1;r;s;k(Ncgo) for some
rsandk > m+ 1, where ; is asin Proposition 7.5for some0O< < 1=100.
Let

Up = Ad(Ve, (1)(u(t));

where G, is asin Lemma 6.3, Ad(Vg, (t)) is asin Lemma 3.3, and f gk (in

Lemma 3.3) is chosenin sud a way that supc ¢ < r;=10, wherer, is asin
Proposition 7.5. By Lemma 6.3, there existsK > 0 sud that u, haspropaga-
tion at mostr, for n > K. Our assumptionon the asymptotic dimensionof X

implies that the dimensionof N¢g is at most m for all n. By Proposition 7.5
we know that u, | is ( ;r;s;)-equivalert to | in QU ;;;sx(Nco) for n > K,
wheres; is asin Proposition 7.5. By Lemmas4.6, 6.3 and the discussionsafter
De nition 4.3, u, is equivalert to Ad(V;, . (t))(u(t)) in K;(C..,(Ncp)): Hence
[ul=0inlimp;  Ki(Cpo(Nco)): |
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