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1 In tro duction

In this paper we shall prove the coarseBaum-Connesconjecture for proper

metric spaceswith �nite asymptotic dimension. Combining this result with a

certain descent principle we obtain the following application to the Novikov

conjectureon homotopy invarianceof higher signatures.

Theorem 1.1 Let � be a �nitely presented group whoseclassifyingspace B�

has the homotopytype of a �nite CW-complex. If � has �nite asymptotic di-

mensionasmetric space with a word lengthmetric, then the Novikovconjecture

holdsfor � .

Recall that the asymptotic dimensionis a coarsegeometricanalogueof the

covering dimensionin topology [14]. More precisely, the asymptotic dimension

for a metric spaceis the smallestintegern such that for any r > 0, there exists

a uniformly boundedcover C = f Ui gi 2 I of the metric spacefor which the r -

multiplicit y of C is at most n + 1, i.e. no ball of radius r in the metric space

intersectsmore than n + 1 members of C [14]. The classof �nitely generated

discretegroupswith �nite asymptotic dimensionis hereditary in the sensethat

if a �nitely generatedgroup has �nite asymptotic dimensionas metric space
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with a word length metric, then its �nitely generatedsubgroupsalso have

�nite asymptotic dimension as metric spaceswith word length metrics (cf.

Section6). This, together with a result of Gromov in [14], implies that �nitely

generatedsubgroupsof Gromov's hyperbolic groups have �nite asymptotic

dimension.

The validit y of the Novikov conjecturehas beenestablished,by variety of

techniques, for many groups [5] [7] [8] [9] [10] [23] [24] [27], most notably for

fundamental groupsof completemanifolds with non-positive sectionalcurva-

ture, closeddiscretesubgroupsof Lie groupswith �nite connectedcomponents,

and Gromov's hyperbolic groups. Our approach to the Novikov conjectureis

coarsegeometricin spirit and is basedon the descent principle that the coarse

Baum-Connesconjecture for a �nitely generatedgroup � (as a metric space

with a word length metric) implies the strong Novikov conjecture for � if

the classifyingspaceB� has the homotopy type of a �nite CW-complex[33].

Our main tools are a localization technique and a controlled cutting pasting

technique.

Our result on the coarseBaum-Connesconjecturealsoimplies the Gromov-

Lawson-Rosenberg conjecture on the non-existenceof Riemannian metrics

with positive scalarcurvature for compactK (� ; 1)-manifoldswhen the funda-

mental group � has�nite asymptotic dimensionasa metric spacewith a word

length metric and the Gromov's zero-in-the-spectrum conjecturefor uniformly

contractible Riemannian manifolds with �nite asymptotic dimension. Recall

that Gromov's zero-in-the-spectrum conjecturesays that the spectrum of the

Laplacian operator acting on the spaceof L 2-forms of a uniformly contractible

Riemannianmanifold with boundedgeometrycontains zero.

I thank Xinhui Jiang for many stimulating conversationsand John Roe for

explaining to me the descent principle.

2 The descent principle

In this sectionwe shall brie
y discussthe coarseBaum-Connesconjectureand

the descent principle.
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Let X be a proper metric space.Recall that a metric spaceis calledproper

if every closedball in the metric spaceis compact. An X -module is a separable

Hilbert spaceequipped with a � -representation of C0(X ), the algebra of all

continuous functions on X which vanish at in�nit y. An X -module is called

non-degenerateif the � -representation of C0(X ) is non-degenerate. An X -

module is said to be standard if no non-zero function in C0(X ) acts as a

compactoperator.

De�nition 2.1 Let HX and HY be X and Y-modules,respectively. The sup-

port of a bounded operator from HX to HY is de�ned to be the complement(in

X � Y) of the set of all points (x; y) 2 X � Y for which there exist functions

f 2 C0(X ); g 2 C0(Y ) suchthat gTf = 0, and f (x) 6= 0, g(y) 6= 0:

De�nition 2.2 Let HX be a X -module; let T be a bounded linear operator

acting on HX .

(1) The propagation of T is de�ned to be: supf d(x; y) : (x; y) 2 Supp(T)g;

(2) T is said to be locally compact if f T and Tf are compact for all f 2 C0(X ).

De�nition 2.3 ([31]) Let HX be a standard non-degenerateX -module. C � (X )

is de�ned to be the C � -algebra generated by all locally compact operators acting

on HX with �nite propagations.

C � (X ) doesnot depend on the choiceof the standard non-degenerateX -

module HX [31].

A map Borel f from a proper metric spaceX to another metric spaceY

is called coarseif (1) f is proper, i.e. the inverseimageof any boundedset is

bounded;(2) for every R > 0, there existsR0 > 0 such that d(f (x); f (y)) � R0

for all x; y 2 X satisfying d(x; y) � R.

Lemma 2.4 Let f be as above; let HX and HY be respectively standard non-

degenerate X and Y-modules. For any � > 0; there existsan isometry Vf from

HX to HY suchthat

Supp(Vf ) � f (x; y) 2 X � Y : d(f (x); y) � � g:
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Proof: The � -representation of C0(Y ) on HY canbeextendedto a � -representation

of the algebraof all boundedBorel functions on Y. There existsa Borel cover

f Yi gi of Y such that (1) Yi \ Yj = ; if i 6= j ; (2) diameter(Yi ) � �=2 for all i ;

(3) each Yi hasnon-empty interior.

(3), together with the standardnessof HY , implies that � Yi H is in�nite

dimensional,where � Yi is the characteristic function of Yi . This implies that

there exists an isometry Vf from HX to HY such that Vf maps � f � 1 (Yi )HX

to � Yi HY , where � f � 1 (Yi ) is the characteristic function of f � 1(Yi ) and the � -

representation of C0(X ) on HX is extendedto a � -representation of the algebra

of all boundedBorel functions on X . It is not di�cult to seethat Vf satis�es

the required conditions.

Vf givesrise to a homomorphismAd(Vf ) from C � (X )+ to C � (Y)+ de�ned

by:

Ad(Vf )(a + cI ) = Vf aV �
f + cI

for all a 2 C � (X ) and c 2 C, where C � (X )+ and C � (Y)+ are obtained from

C � (X ) and C � (Y) by adjoining identities. Ad(Vf ) inducesa homomorphism

Ad(Vf )� from K i (C � (X )) to K i (C � (Y)):

The following lemma says that Ad(Vf )� doesnot depend on the choiceof

Vf .

Lemma 2.5 ([19]) Let f ; HX and HY be as in Lemma 2.4. If V1 and V2 are

two isometries from HX to HY suchthat for some� > 0

Supp(Vi ) � f (x; y) 2 X � Y : d(f (x); y) � � g

for i = 1; 2; then

Ad� (V1) = Ad� (V2) : K i (C � (X )) ! K i (C � (Y)):

SeeSection4 of [19] for a proof.

Recall that the K -homology groups K i (X ) = K K i (C0(X ); C) (i = 0; 1)

are generatedby certain cyclesmodulo a certain equivalencerelation ([23]):

(1) a cycle for K 0(X ) is a pair (HX ; F ), whereHX is an X -module and F is

an operator acting on HX such that F � F � I and F F � � I are locally compact,
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and �F � F � is compact for all � 2 C0(X );

(2) a cycle for K 1(X ) is a pair (HX ; F ), whereHX is an X -module and F is

a self-adjoint operator acting on HX such that F 2 � I is locally compact,and

�F � F � is compact for all � 2 C0(X ):

In the above description of cyclesfor K i (X ); HX can always be chosento

be standard and non-degenerate.See[18] [20] for more details of the above

description of K -homology.

Next weshall de�ne the index map from K i (X ) to K i (C � (X )). Let (HX ; F )

be a cycle for K 0(X ) such that HX is a standard non-degenerateX -module.

Let f Ui gi be a locally �nite and uniformly boundedopen cover of X and f � i gi

be a continuouspartition of unity subordinate to the open cover. De�ne

F 0 =
X

i

�
1
2
i F �

1
2
i ;

wherethe in�nite sumconvergesin strong topology. It is not di�cult to verify

that (HX ; F 0) is equivalent to (HX ; F ) in K 0(X ). Notice that F 0 has �nite

propagation. Using this it is not di�cult to seethat F 0 is a multiplier of

C � (X ) and F 0 is a unitary modulo C � (X ). HenceF 0 givesrise to an element

[F 0] in K 0(C � (X )). We de�ne the index of (HX ; F ) to be [F 0]. Similarly we

can de�ne the index map from K 1(X ) to K 1(C � (X )).

Let C be a locally �nite and uniformly boundedcover for X . The nerve

spaceNC associated to C is de�ned to be the simplicial complexwhoseset of

vertices equalsto C and wherea �nite subsetf U0; � � � ; Ung � C spansan n-

simplex in NC if and only if \ n
i=0 Ui 6= ; . Endow NC with the sphericalmetric.

Recall that the spherical metric on the simplicial complex NC is de�ned as

follows. Identify every simplex f U0; � � � ; Ung in NC with Sn
+ = f (x0; � � � ; xn ) 2

Rn+1 : x i � 0;
P n

i=0 x2
i = 1g by:

nX

i =0

t i Ui ! (t0=(
nX

i =0

t2
i )

1=2; � � � ; tn=(
nX

i =0

t2
i )1=2);

where t i � 0;
P n

i=0 t i = 1. The standard spherical metric on the simplex

f U0; � � � ; Ung is de�ned to bethe metric inducedfrom the standardRiemannian

metric on the n-th unit sphereSn . The sphericalmetric on NC is de�ned to be

the maximal metric whoserestriction to each simplex is the standardspherical
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metric. If x and y lie in di�erent connectedcomponents of NC , then we de�ne

d(x; y) = 1 :

A sequenceof locally �nite and uniformly bounded covers f Ckg1
k=1 of X

is called an anti-Cech systemof X [31] if there exists a sequenceof positive

numbers Rk ! 1 such that for each k,

(1) every set U 2 Ck hasdiameter lessthan or equal to Rk ;

(2) any set of diameter Rk in X is contained in somemember of Ck+1 .

Anti-Cech systemalways exists [31].

By the property of the anti-Cech system, for every pair k2 > k1; there

existsa simplicial map i k1 ;k2 from NCk 1
to NCk 2

such that i k1 ;k2 mapsa simplex

f U0; � � � ; Ung in NCk 1
to a simplex f U0

0; � � � ; U0
ng in NCk 2

satisfying Ui � U0
i for

all 0 � i � n. i k1 ;k2 givesrise to the following inductive systemsof groups:

(i k1 ;k2 )� : K i (NCk 1
) ! K i (NCk 2

);

Ad(Vi k 1 ;k 2
)� : K i (C � (NCk 1

)) ! K i (C � (NCk 2
)) :

The following conjectureis called the coarseBaum-Connesconjecture.

Conjecture 2.6 ([31]) The indexmapinducesan isomorphismfrom lim k!1 K i (NCk )

to K i (C � (X )) = limk!1 K i (C � (NCk )) .

It is not di�cult to seethat the coarseBaum-Connesconjecturefor X does

not depend on the choiceof the anti-Cech system.

The following descent principle provides a coarsegeometric approach to

the Novikov conjecture.

Theorem 2.7 ([33]) Let � be a �nitely generated group. If the classifying

space B� of � hasthe homotopytype of a �nite CW-complex,then the coarse

Baum-Connesconjecture for � (as a metric space with a word length metric)

implies the strong Novikov conjecture for � .

Recallthat the word length metric on a �nitely generatedgroup � is de�ned

as follows. By choosinga �nite generatingset S for �, for any 
 2 �, we can

de�ne its length lS(
 ) to be the smallestintegern such that thereexistsf si gn
i =1
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for which 
 = s1 � � � sn and either si or s� 1
i 2 S for all i . The word length

metric dS on � is de�ned by:

dS(
 1; 
 2) = lS(
 � 1
1 
 2)

for all 
 1; 
 2 2 � : It is not di�cult to seethat, for any two �nite generating

setsS1; S2 of �, (� ; dS1) is quasi-isometricto (� ; dS2 ).

3 Lo calization and the obstruction group

In this sectionwe shall recall the localization technique introducedin [39] and

introducean obstruction group to the coarseBaum-Connesconjecture.

De�nition 3.1 (1) ([39]) Let X be a proper metric space. The localization

algebra C �
L (X ) is de�ned to be the C � -algebra generated by all bounded and

uniformly continuous functions f from [0; 1 ) to C � (X ) suchthat

propagation(f (t)) ! 0 as t ! 1 ;

(2) Let f be an elementin C �
L (X ), we de�ne the propagation of f to be

supt2 [0;1 )propagation(f (t)) :

Next we shall de�ne a local index map from the K -homologygroup K i (X )

to the K -theory group K i (C �
L (X )). For each positive integer n, let f Un;i gi be

a locally �nite open cover for X such that diameter(Un;i ) < 1=n for all i . Let

f � n;i gi be a continuouspartition of unity subordinate to f Un;i gi . Let (HX ; F )

be a cycle for K 0(X ) such that HX is a standard non-degenerateX -module.

De�ne a family of operators F (t) (t 2 [0; 1 )) acting on HX by:

F (t) =
X

i

((1 � (t � n)) �
1
2
n;i F �

1
2
n;i + (t � n)�

1
2
n+1 ;i F �

1
2
n+1 ;i )

for all t 2 [n; n + 1], where the in�nite sum convergesin strong topology.

Notice that propagation(F (t)) ! 0 as t ! 1 : Using this it is not di�cult to

seethat F (t) is a multiplier of C �
L (X ) and F (t) is a unitary modulo C �

L (X ).

HenceF (t) givesrise to an element [F (t)] in K 0(C �
L (X )). We de�ne the local
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index of the cycle(HX ; F ) to be [F (t)]. Similarly we cande�ne the local index

map from K 1(X ) to K 1(C �
L (X )).

Let e be the evaluation homomorphismfrom C �
L (X ) to C � (X ) de�ned by:

e(f ) = f (0)

for every f 2 C �
L (X ).

We have the following commuting diagram:

K � (X )

e�
K � (C �

L (X )) K � (C � (X ));

I ndL I nd
�

�
��	

@
@

@@R
-

whereI nd and I ndL are respectively the index and local index map.

We de�ne the dimension of a simplicial complex X to be the smallest

integer n such that the dimensionof each simplex of X is at most n:

Theorem 3.2 ([39]) Let X be a simplicial complexendowed with the spherical

metric. If X is of �nite dimension, then the local index map from K i (X ) to

K i (C �
L (X )) is an isomorphism.

The above theorem can be proved by induction on the i -skeleton X (i ) (as

a metric subspaceof X ) and a Mayer-Vietoris sequenceargument (cf. [39]).

Let f be a proper map from a proper metric spaceX to another proper

metric spaceY. Assumethat f is Lipschitz in the sensethat there exists a

constant c (called Lipschitz constant) such that d(f (x); f (y)) � cd(x; y) for

all x; y 2 X . Let f � kgk be a sequenceof positive number such that � k ! 0

as k ! 1 . By Lemma 2.4, for each k > 0, there exists an isometry Vk

from a standard non-degenerateX -module HX to a standard non-degenerate

Y-module HY satisfying

Supp(Vk) � f (x; y) 2 X � Y : d(f (x); y) � � kg:

De�ne a family of isometriesVf (t) (t 2 [0; 1 )) from HX � HX to HY � HY

by:

Vf (t) = R(t � k + 1)(Vk � Vk+1 )R� (t � k + 1)
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for all k � 1 � t � k; where

R(t) =

0

B
@

cos(� t=2) sin(� t=2)

� sin(� t=2) cos(� t=2)

1

C
A :

Vf (t) inducesa homomorphismAd(Vf (t)) from C �
L (X )+ to C �

L (Y )+ 
 M 2(C)

de�ned as follows:

Ad(Vf (t))( u(t) + cI ) = Vf (t)(u(t) � 0)V �
f (t) + cI

for any u 2 C �
L (X ) and c 2 C, whereC �

L (X )+ and C �
L (Y)+ are obtained from

C �
L (X ) and C �

L (X ) by adjoining identities. Notice that Ad(Vf (t))( u(t) + cI ) is

uniformly continuous in t although Vf (t) is not continuous.

We have the following useful lemma:

Lemma 3.3 Let X , Y , f , f � kgk and Ad(Vf (t)) be as above. Ad(Vf (t)) is a

homomorphismfrom C �
L (X )+ to C �

L (Y)+ 
 M 2(C) satisfying

propagation(Ad(Vf (t)(u(t)))) � propagation(u) + 2supk(� k):

De�nition 3.4 Let X be a proper metric space. C �
L; 0(X ) is de�ned to be the

C � -algebra generated byall bounded anduniformly continuousfunctions f from

[0; 1 ) to C � (X ) suchthat propagation(f (t)) ! 0 as t ! 1 , f (0) = 0.

We have the following short exact sequence:

0 ! C �
L; 0(X ) ! C �

L (X ) ! C � (X ) ! 0:

The above short exact sequence,together with Theorem 3.2, implies the

following.

Theorem 3.5 Let X be a proper metric space. Assumethat there exists an

anti-Cech systemf Ckgk for X such that NCk is �nite dimensional for all k.

Then the coarse Baum-Connesconjecture holdsfor X if and only if

l im k!1 K i (C �
L; 0(NCk )) = 0

for i = 0; 1.
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In the above theorem, the inductive systemof groupsis given by:

Ad(Vi k 1 ;k 2
(t)) : K i (C �

L; 0(NCk 1
)) ! K i (C �

L; 0(NCk 2
)) ;

wherei k1 ;k2 is asin Conjecture2.6,and Ad(Vi k 1 ;k 2
(t)) is as in Lemma3.3. If X

has (locally) boundedgeometry, then there exists an anti-Cech systemf Ckgk

for X such that NCk is �nite dimensionalfor all k.

For obvious reasonlim k!1 K i (C �
L; 0(NCk )) is called the obstruction group

to the coarseBaum-Connesconjecture.

4 Con trolled obstructions: QP� ;r;s;k(X ), QU� ;r;s;k(X )

In this sectionwe shall introduce and study the semigroupsQP� ;r ;s;k (X ) and

QU� ;r ;s;k (X ); which can be respectively consideredas controlled versionsof

K 0(C �
L; 0(X ) 
 C0((0; 1)k)) and K 1(C �

L; 0(X ) 
 C0((0; 1)k)).

Let A be a C � -algebraand � be a positive number. An element p in A is

called a � -quasi-projection if

p� = p; jjp2 � pjj < � :

Similarly an element u in A is called a � -quasi-unitary if

jju� u � I jj < � ; jjuu� � I jj < � :

Let X be a proper metric space;let C �
L; 0(X )+ be the C � -algebraobtained

from C �
L; 0(X ) by adjoining an identit y. Let � ; r and s be positive numbers, k

and n be non-negative integers. De�ne QP� ;r ;s;k (C �
L; 0(X )+ 
 M n (C)) to be the

set of all piecewisesmooth functions from [0; 1]k to C �
L; 0(X )+ 
 M n (C) such

that

(1) f (t) is a � -quasi-projection and propagation(f (t)) � r for all t 2 [0; 1]k ;

(2) jj @f
@t i

(t)jj � s for all t = (t1; � � � ; tk) 2 [0; 1]k ;

(3) jj f (t) � pm jj < � for all t 2 bd([0; 1]k), the boundary of [0; 1]k in Rk , where

pm = I � � � � � I � 0 � � � � � 0 with m identities;

(4) � (f (t)) = pm , where � is the canonicalhomomorphismfrom C �
L; 0(X )+ 


Mn (C) to M n (C).
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De�nition 4.1 QP� ;r ;s;k (X ) is de�ned to be the direct limit of

QP� ;r ;s;k (C �
L; 0(X )+ 
 M n (C)) under the embedding: p ! p � 0.

Notice that QP� ;r ;s;k (X ) is a semigroupunder direct sum.

Similarly we de�ne QU� ;r ;s;k (C �
L; 0(X )+ 
 M n (C)) to be the set of all piece-

wisesmooth functions from [0; 1]k to C �
L; 0(X )+ 
 M n (C) such that

(1) f (t) is a � -quasi-unitary and propagation(f (t)) � r for all t 2 [0; 1]k ;

(2) jj @f
@t i

(t)jj � s for all t 2 [0; 1]k ;

(3) jj f (t) � I jj < � for all t 2 bd([0; 1]k);

(4) � (f (t)) = I , where � is the canonical homomorphismfrom C �
L; 0(X )+ 


Mn (C) to M n (C).

De�nition 4.2 QU� ;r ;s;k (X ) is de�ned to be the direct limit of

QU� ;r ;s;k (C �
L; 0(X )+ 
 M n (C)) under the embedding: u ! u � I .

Notice that QU� ;r ;s;k (X ) is a semigroupunder direct sum.

De�nition 4.3 Let p and q be two elementsin QP� ;r ;s;k (C �
L; 0(X )+ 
 M n (C)). p

is said to be (� ; r; s)-equivalentto q if there existsa piecewisesmooth homotopy

a(t) (t 2 [0; 1]) in QP� ;r ;s;k (C �
L; 0(X )+ 
 M n (C)) such that (1) a(0) = p and

a(1) = q; (2) jja0(t)jj � s.

Notice that there exist universal constants c0 and s0 such that (1) any

p 2 QP� ;r ;s;k (C �
L; 0(X )+ 
 M n (C)) is (10� ; r; c0s + s0)-equivalent to someq in

QP10� ;r ;c0s+ s0;k (C �
L; 0(X )+ 
 M n (C)) satisfying q(t) = � (q(t)) = pm for somem

and all t 2 bd([0; 1]k); (2) if p and q are two elements in QP� ;r ;s;k (C �
L; 0(X )+ 


Mn (C)) such that p is (� ; r; s)-equivalent to q, p(t) = � (p(t)) and q(t) = � (q(t))

for all t 2 bd([0; 1]k), then there exists a homotopy a(t0) (t0 2 [0; 1]) in

QP10� ;r ;c0s+ s0;k (C �
L; 0(X )+ 
 M n (C)) satisfyinga(0) = p;a(1) = q; and(a(t0))( t) =

� ((a(t0))( t)) for all t0 2 [0; 1] and t 2 bd([0; 1]k): Let f be a continuous

function on R satisfying f (x) = 1 for all x 2 [1=2; 3=2]; and f (x) = 0 for

all x 2 [� 1=5; 1=5]. f (p) is an element in K 0(C �
L; 0(X ) 
 C0((0; 1)k)) for

any p 2 QP� ;r ;s;k (X ) satisfying p(t) = � (p(t)) for all t 2 bd([0; 1]k); where

0 < � < 1=100: By the above discussions,QP� ;r ;s;k(X ) can be consideredas a

controlled versionof K 0(C �
L; 0(X ) 
 C0((0; 1)k)) :
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Similarly wecande�ne the conceptof (� ; r; s)-equivalencebetweenelements

in QU� ;r ;s;k (C �
L; 0(X )+ 
 M n (C)): It is alsonot di�cult to verify that there exist

universalconstants c1 ands1 such that (1) any u 2 QU� ;r ;s;k (C �
L; 0(X )+ 
 M n (C))

is (10� ; r; c1s + s1)-equivalent to somev in QU10� ;r ;c1s+ s1;k (C �
L; 0(X )+ 
 M n (C))

satisfying v(t) = � (v(t)) = I for all t 2 bd([0; 1]k); (2) if u and v are two

elements in QU� ;r ;s;k (C �
L; 0(X )+ 
 M n (C)) such that u is (� ; r; s)-equivalent to

v, u(t) = � (u(t)) and v(t) = � (v(t)) for all t 2 bd([0; 1]k), then there exists

a homotopy a(t0) (t0 2 [0; 1]) in QU10� ;r ;c1s+ s1 ;k (C �
L; 0(X )+ 
 M n (C)) satisfying

a(0) = u; a(1) = v; and (a(t0))( t) = � ((a(t0))( t)) for all t0 2 [0; 1] and t 2

bd([0; 1]k): For any u 2 QU� ;r ;s;k (X ) satisfying u(t) = � (u(t)) = I for all

t 2 bd([0; 1]k); u gives rise an element in K 1(C �
L; 0(X ) 
 C0((0; 1)k)), where

0 < � < 1=100. By the above discussions,QU� ;r ;s;k (X ) can be consideredas a

controlled versionof K 1(C �
L; 0(X ) 
 C0((0; 1)k)).

Lemma 4.4 Let 0 < � < 1=100: If p and q are two (� ; r; s)-equivalentelements

in QP� ;r ;s;k (C �
L; 0(X )+ 
 M n (C)), then there existsu 2 QU� ;c1(� ;s)r ;c2(s);k (C �

L; 0(X )+ 


Mn (C)) such that jjp � u� qujj < c3(s)� , where c1(� ; s) dependsonly on � and

s, c2(s) and c3(s) depend only on s.

Proof: Let a(t) be the homotopy in De�nition 4.3. There exists a partition:

0 = t0 < t1 < � � � < tms = 1

such that

jja(t i +1 ) � a(t i )jj < 1=100;

wherems dependsonly on s. Consider

ui = [(2a(t i +1 ) � I )(2a(t i ) � I ) + I ]=2:

We have

I � ui = (2a(t i +1 ) � I )(a(t i +1 ) � a(t i )) + 2(a(t i +1 ) � a2(t i +1 )) :

This implies that

jj I � ui jj < 1=10:
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It follows that

(A) jj I � u�
i ui jj < 3=10:

We alsohave

(B) jja(t i +1 )ui � ui a(t i )jj �

jj (a2(t i +1 ) � a(t i +1 ))a(t i )jj + jja(t i +1 )(a2(t i ) � a(t i )) jj

+ jja2(t i +1 ) � a(t i +1 )jj + jja2(t i ) � a(t i )jj < 6� :

Let Pl (x) be the l-th Taylor's polynomial for 1p
1� x at 0. Choosel0 such that

jPl0 (x) �
1

p
1 � x

j <
�

10 210ms

for all x 2 [0; 3=10]: Let

wi = ui Pl0 (I � u�
i ui ):

De�ne

u = wms � 1 � � � w0:

Notice that P0
l (x) has non-negative coe�cien ts and the sequencef P 0

l (x)gl is

uniformly bounded on [0; 3=10]. This, together with the chain rule, implies

that

jj
@u
@t i

jj � c2(s)

for somec2(s) depending only on s. By the choice of l0 it is not di�cult to

verify that u is a � -quasi-unitary. (A), (B) and the self-adjointness of a(t)

imply

jju�
i ui a(t i ) � a(t i )u�

i ui jj < 20� :

Hence

jja(t i )( I � u�
i ui )n � (I � u�

i ui )na(t i )jj

� jj (a(t i )u�
i ui � ui u�

i a(t i ))( I � u�
i ui )n� 1jj

+ jj (I � u�
i ui )(a(t i )u�

i ui � ui u�
i a(t i ))( I � u�

i ui )n� 2jj

� � � + jj (I � u�
i ui )n� 1(a(t i )u�

i ui � ui u�
i a(t i )) jj

� 20� n(3=10)n� 1:

13



This, together with the de�nition of wi , implies that

jja(t i +1 )wi � wi a(t i )jj < b�;

where b is a universal constant. Now it is not di�cult to seethat u satis�es

the desiredproperties.

For any proper metric spaceX , let GQP� ;r ;s;k(X ) be the semigroup of

formal di�erence p � q, where p;q 2 QP� ;r ;s;k (X ), and � (p) = � (q): Two

elements p � q and p0 � q0 in GQP� ;r ;s;k (X ) are said to be (� ; r; s)-equivalent

if p � q0 and p0 � q are (� ; r; s)-equivalent. It is not di�cult to seethat there

exists a universal constant s0 such that any element p � q in GQP� ;r ;s;k (X ) is

(10� ; r; s + s0)-equivalent to an element p0� pm for somep0 2 QP� ;r ;s;k (X ) and

somenon-negative integer m, where pm = I � � � � � I � 0 � � � � � 0 with m

identities.

For any u 2 QU� ;r ;s;k (X ), let zt (u) be the homotopy connecting I � I to

u � u� obtained by combining the linear homotopy connectingI � I to uu� � I

with the rotation homotopy connectinguu� � I to u � u� :

(u � I )R(t)(u� � I )R� (t);

where

R(t) =

0

B
@

cos(� t=2) sin(� t=2)

� sin(� t=2) cos(� t=2)

1

C
A :

Let

et (u) = zt (u)( I � 0)z�
t (u):

We de�ne a map � from QU� ;r ;s;k (X ) to GQP100� ;100r ;100(s+1) ;k+1 (X ) by:

� (u) = et (u) � (I � 0):

The following result can be consideredasa controlled versionof a classical

result in topological K -theory.

Lemma 4.5 � : QU� ;r ;s;k (X ) ! GQP100� ;100r ;100s;k+1 (X ) is an asymptotic iso-

morphism in the following sense:

(1) for any 0 < � < 1=100; r > 0; s > 0; there exist 0 < � 1 < � ; 0 < r 1 < r

14



and s1 > 0, suchthat if two elementsu and v in QU� 1 ;r 1 ;s;k (X ) are (� 1; r1; s)-

equivalent, then � (u) and � (v) are (� ; r; s1)-equivalent, where � 1 dependsonly

on � ; r1 dependsonly on r; and s1 dependsonly on s;

(2) for any 0 < � < 1=100; r > 0; s > 0, there exist 0 < � 2 < � ; 0 < r 2 < r and

s2 > 0 for which if u and v are two elementsin QU� 2 ;r 2 ;s;k (X ) such that � (u)

and � (v) are (� 2; r2; s)-equivalent, then u � I and v � I are (� ; r; s2)-equivalent,

where � 2 dependsonly on � and s; r 2 dependsonly on � ; r and s; and s2 de-

pendsonly on s;

(3) for any 0 < � < 1=100; r > 0; s > 0; there exist 0 < � 3 < � ; 0 < r 3 < r

and s3 > 0, such that for any p � pm 2 GQP� 3 ;r 3 ;s;k+1 (X ), there exists u 2

QU� ;r ;s3 ;k (X ) for which � (u) � 0 is (� ; r; s3)-equivalent to (p � 0) � (pm � 0),

where � 3 dependsonly on � and s; r 3 dependsonly on � ; r and s; and s3 depends

only on s.

Proof: (1) Let w(t) be the homotopy realizing the (� 1; r1; s)-equivalencebe-

tween u and v. Let a(t) be the homotopy connecting I to v� u obtained by

combining the linear homotopy betweenI and u� u with the homotopy w(t) � u;

let b(t) be the homotopy connectingI to vu� obtained by combining the linear

homotopy betweenI and uu� with the homotopy w(t)u� . De�ne

xt = zt (v)(a(t) � b(t))z�
t (u);

wherezt is as in the de�nition of the map � . We have

x0 = I ; jj x1 � I jj < c�1;

jj xtet (u)x �
t � et (v)jj < c�1;

wherec is a universalconstant. Now (1) follows from the above conditions by

choosingappropriate � 1; r1 and s1.

(2) Choose

� 2 < � =1010(1 + 1010c3(s)) ;

wherec3(s) is as in Lemma 4.4. By Lemma 4.4 there exists x in

QU� 2 ;c1(� 2 ;s)r 2 ;c2(s);k+1 (C �
L; 0(X )+ 
 M n (C)) (for somen) such that

jj xet (u � I )x � � et (v � I )jj < c3(s)� 2:

15



It follows that

jj z�
t (v � I )xtzt (u � I )( I � 0) � (I � 0)z�

t (v � I )xtzt (u � I )jj < 103c3(s)� 2;

wherex is identi�ed with a piecewisesmooth family of elements x t (t 2 [0; 1])

in QU� 2 ;c1(� 2 ;s)r 2 ;c2(s);k (C �
L; 0(X )+ 
 M n (C)). Hencewe have

z�
t (v � I )xtzt (u � I ) =

0

B
@

ct gt

ht dt

1

C
A ;

where

jjgt jj < 1000c3(s)� 2; jjht jj < 1000c3(s)� 2;

jj c0 � I jj < 100� 2; jj c1 � (v � I ) � (u � I )jj < 1010� 2:

Now, by choosing appropriate r 2 and s2, (2) follows from the existenceof ct

satisfying the above conditions.

(3) Choose

� 3 < � =1010(1 + 10c3(s)) ;

where c3(s) is as in Lemma 4.4. Without loss of generality, we can assume

p(0) = p(1) = pm = I � 0, wherep is identi�ed with a piecewisesmooth family

of p(t) 2 QP� 3 ;r 3 ;s;k (X ) (t 2 [0; 1]). By the proof of Lemma 4.4 there exists a

homotopy w(t) in QU� 3 ;c1(� 3 ;s)r 3 ;c2(s);k (X ) such that

w(0) = I ; jjw(t)( I � 0)w(t) � � p(t)jj < c3(s)� 3:

It follows that

jjw(1)(I � 0) � (I � 0)w(1)jj < 10c3(s)� 3:

Hencewe can write

w(1) =

0

B
@

u g

h v

1

C
A ;

wherejjgjj < 10c3(s)� 3; jjhjj < 10c3(s)� 3:

De�ne

yt = (w(t) � I )( I � z�
t (v)w� (t))( z�

t (u) � I ):

We have

(A) y0 = I � I ; jj y1 � (I � I )jj < 105c3(s)� 3;
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(B ) jj yt(et (u) � 0)y�
t � (p(t) � 0)jj < 105c3(s)� 3:

Now, by choosing appropriate r 3 and s3, (3) follows from the existenceof yt

satisfying (A) and (B).

Let X and Y be two proper metric spaces;let f and g be two proper

Lipschitz maps from X to Y. A continuous homotopy F (t; x) (t 2 [0; 1])

betweenf and g is said to be strongly Lispchitz if

(1) F (t; x) is a proper map from X to Y for each t;

(2) d(F (t; x); F (t; y)) � Cd(x; y) for all x; y 2 X and t 2 [0; 1], whereC is a

constant (called Lipschitz constant of F );

(3) for any � > 0; there exists � > 0 such that d(F (t1; x); F (t2; x)) < � for all

x 2 X if jt1 � t2j < � ;

(4) F (0; x) = f (x); F (1; x) = g(x) for all x 2 X .

X is said to be strongly Lipschitz homotopy equivalent to Y if there exist

proper Lipschitz mapsf : X ! Y and f 1 : Y ! X such that f 1f and f f 1 are

strongly Lipschitz homotopic to idX and idY , respectively.

Lemma 4.6 Let f and g be two proper Lipschitz mapsfrom X to Y. Assume

that f is strongly Lipschitz homotopic to g. There existsS0 > 0; C0 > 0 such

that for any u 2 QU� ;r ;s;k (X ), there exists a homotopy w(t) (t 2 [0; 1]) in

QUC0 � ;C0 r ;C0(s+1) ;k (Y) for which

w(0) = Ad(Vf (t))( u(t)) � I ;

w(1) = Ad(Vg(t))( u(t)) � I ;

and jjw0(t)jj � S0; where Ad(Vf (t)) and Ad(Vg(t)) are as in Lemma3.3, S0 and

C0 depend only on the Lipschitz constant C of the strong Lipschitz homotopy

F between f and g.

Proof: Choosef t i;j gi � 0;j � 0 � [0; 1] satisfying

(1) t0;j = 0; t i;j +1 � t i;j ; t i +1 ;j � t i;j ;

(2) there exists a sequenceN j ! 1 such that t i;j = 1 for all i � N j , and

N j +1 � N j for all j ;

(3) d(F (t i +1 ;j ; x); F (t i;j ; x)) < � j = r=(j + 1), d(F (t i;j +1 ; x); F (t i;j ; x)) < � j for

all x 2 X :

17



For example,we can take

t i;j =

8
><

>:

i=(N j + N ) if i � N j + N ;

1 if i � N j + N ,

whereN is somelarge positive number.

Let f i;j (x) = F (t i;j ; x) for all x 2 X : By Lemma2.4thereexistsan isometry

Vf i;j from HX to HY such that

Supp(Vf i;j ) � f (x; y) 2 X � X : d(f i;j (x); y) < r=(1 + i + j )g:

For each i > 0, de�ne a family of isometriesVi (t) (t 2 [0; 1 )) from HX � HX

to HY � HY by:

Vi (t) = R(t � j )(Vf i;j � Vf i;j +1 )R� (t � j )

for all t 2 [j; j + 1]; where

R(t) =

0

B
@

cos(� t=2) sin(� t=2)

� sin(� t=2) cos(� t=2)

1

C
A :

Consider

u0(t) = Ad(Vf (t))( u(t)) = Vf (t)(u(t) � I )V �
f (t) + (I � Vf (t)V �

f (t));

u1 (t) = Ad(Vg(t))( u(t)) = Vg(t)(u(t) � I )V �
g (t) + (I � Vg(t)V �

g (t));

ui (t) = Ad(Vi (t))( u(t)) = Vi (t)(u(t) � I )V �
i (t) + (I � Vi (t)V �

i (t));

for i > 0. Notice that ui (t) is uniformly continuous in t although Vi (t) is not

continuous in t.

For each i , de�ne ni to be the largest integer j satisfying i � N j if f j : i �

N j g 6= ; , and de�ne ni to be 0 otherwise. We can chooseVf i;j in such a way

that ui (t) = u1 (t) when t � ni .

De�ne

wi (t) =

8
>>>><

>>>>:

ui (t)(u1 (t)) � if t � ni ;

(ni � t)I + (t � ni + 1)ui (t)(u1 (t)) � if ni � 1 � t � ni ;

I if 0 � t � ni � 1.
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Consider

a = � 1
i=0 (wi � I );

b= � 1
i=0 (wi +1 � I );

c = (I � I ) � 1
i=1 (wi � I );

where a;b and c act on the standard and non-degenerateY-module H 1
Y =

� 1
i=0 ((HY � HY ) � (HY � HY )).

By (2), (3) and the construction of a;b and c, we know that a;b and c are

elements in QUC1 � ;C1r ;C1 (s+1) ;k (Y) for someconstant C1 depending only on C.

Let

Vi;i +1 (t) = R(t)(Vi � Vi +1 )R� (t)

for all t 2 [0; 1].

De�ne

ui;i +1 (t) = Vi;i +1 (t)(( u � I ) � I )V �
i;i +1 (t) + (I � Vi;i +1 (t)V �

i;i +1 (t))

for t 2 [0; 1]. Notice that

ui;i +1 (0) = (Vi (u � I )V �
i + (I � Vi V �

i )) � I ;

ui;i +1 (1) = (Vi +1 (u � I )V �
i +1 + (I � Vi +1 V �

i +1 )) � I :

Usingui;i +1 (t) wecanconstructa homotopy v1(t) (t 2 [0; 1]) in QUC2 � ;C2r ;C2s;k (Y)

for someC2 � C1 such that

v1(0) = a;v1(1) = b;

jj v0
1(t)jj � s0

for all t, wheres0 is a universal constant.

We can also construct a homotopy v2(t) (t 2 [0; 1]) in QUC3 � ;C3 r ;C3s;k (Y)

for someC3 � C1 such that

v2(0) = b;v2(1) = c;

jj v0
2(t)jj � s1

for all t, wheres1 is a universal constant.
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Finally we de�ne w(t) to be the homotopy obtained by combining the

following homotopies:

(1) the linear homotopy between(u0 � I ) � 1
i=1 (I � I ) and c� a((u1 � I ) � 1

i=1

(I � I ));

(2) v�
2(1 � t)a((u1 � I ) � 1

i=1 (I � I );

(3) v�
1(1 � t)a((u1 � I ) � 1

i=1 (I � I ));

(4) the linear homotopy betweena� a((u1 � I ) � 1
i=1 (I � I )) and (u1 � I ) � 1

i=1

(I � I ):

It is not di�cult to see that w(t) is the desired homotopy connecting

Ad(Vf (t))( u(t)) � 1
i=1 I to Ad(Vg(t))( u(t)) � 1

i=1 I :

Combining Lemma 4.5 and Lemma 4.6 we have the following result.

Lemma 4.7 Let X , Y , f and g be as in Lemma 4.6. For any 0 < � <

1=100; r > 0; s > 0; there exist 0 < � 1 < � ; 0 < r 1 < r and s1 > 0 such that

for any p 2 QP� 1 ;r 1 ;s;k (X ) (k > 1), there existsa homotopyw(t) (t 2 [0; 1]) in

QP� ;r ;s1;k (Y) satisfying

w(0) = Ad(Vf (t))( p � 0) � (I � 0);

w(1) = Ad(Vg(t))( p � 0) � (I � 0);

and jjw0(t)jj � s1, where � 1 dependsonly on � ; s;C (C is as in Lemma 4.6);

r1 dependsonly on � ; r; s;C; and s1 dependsonly on s and C.

5 Con trolled cutting and pasting

In this section we shall prove a controlled cutting and pasting result for

QU� ;r ;s;k (X ).

De�nition 5.1 Let X be a proper metric space and X i (i = 1; 2) be its metric

subspaces. The triple (X ; X 1; X 2) is said to satisfy the strong excision condi-

tion if

(1) X = X 1 [ X 2;

(2) there existsr 0 > 0; c0 > 0 suchthat (i) for any r � r 0, bdr (X 1) \ bdr (X 2) =

bdr (X 1 \ X 2); where bdr (A) is de�ned to be f x 2 X : d(x; A) � r g for any
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A � X ; (ii) for eachX 0 = X 1; X 2; X 1 \ X 2, and any r � r 0, bdr (X 0) is strongly

Lipschitz homotopyequivalent to X 0 with c0 as the Lipschitz constant of the

strong Lipschitz homotopiesrealizing the strong Lipschitz homotopy equiva-

lence.

Let (X ; X 1; X 2) beasin De�nition 5.1. Weshall �rst construct a boundary

map @from QU� ;r ;s;k (X ) to GQPN0 � ;N (� )r ;N 0s;k (X 1 \ X 2); where0 < � < 1=100;

N (� ) dependsonly on � , N0 is a universalconstant, and r < r 0=(1 + N (� )) (r 0

is as in De�nition 5.1). Our construction is modeled after the standard con-

struction of the boundarymap in K -theory (cf. [4] and [26]). The modi�cation

is necessaryin order to control the propagations.

Let 0 < � < 1=100: For any u 2 QU� ;r ;s;k (X ), let uX 1 = � X 1 u� X 1 ; where

� X 1 is the characteristic function of X 1. De�ne

w1 =

0

B
@

I uX 1

0 I

1

C
A

0

B
@

I 0

� u�
X 1

I

1

C
A

0

B
@

I uX 1

0 I

1

C
A

0

B
@

0 � I

I 0

1

C
A :

The above formula has its origin in [26]. Let Pl (x) be the l-th Taylor's poly-

nomial for 1=(10
p

1 � x). Choosel0 to be the smallest integer such that

jPl0 (x) � 1=(10
p

1 � x)j < � =100

for all x 2 [0; 99=100]. Notice that

0 � I � w1w�
1=100� 99=100:

Let

wu = w1Pl0 (I � w�
1w1=100):

De�ne

@0(u) = � bd10l 0 r (X 1 )\ bd10l 0 r (X 2 )wu(I � 0)w�
u � bd10l 0 r (X 1 )\ bd10l 0 r (X 2 ) ;

where� bd10l 0 r (X 1 )\ bd10l 0 r (X 2 ) is the characteristic function of bd10l0 r (X 1)\ bd10l0 r (X 2):

Let N (� ) = 100l0. Notice that P0
l (x) has non-negative coe�cien ts and

f P0
l (x)gl is uniformly boundedon [0; 99=100]: This, togetherwith the de�nition

of @0(u), implies that there exists a universal constant N0 such that @0(u) 2

QPN0 � ;N (� )r ;N 0s;k (bd10l0 r X 1 \ bd10l0 r X 2):
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Assumethat r < r 0=(1 + N (� )) ; where r 0 is as in De�nition 5.1. Let f

be the proper strong Lipschitz map from bd10l0 r (X 1) \ bd10l0 r (X 2) to X 1 \ X 2

realizing the strong Lipschitz homotopy equivalencein De�nition 5.1; let Vf (t)

be the family of isometriesas in Lemma 3.3, where f � kgk (in Lemma 3.3) is

chosenin such way that supk � k < r=10.

We de�ne the boundary of u by:

@(u) = Ad(Vf (t))( @0(u)) � (I � 0):

Considerthe following sequence:

QU� ;r ;s;k (X 1) � QU� ;r ;s;k (X 2)
j

! QU� ;r ;s;k (X ) @! GQPN0 � ;N (� )r ;N 0s;k (X 1 \ X 2);

wherej (u1 � u2) = u1 � u2, r < r0=(1 + N (� )) :

Lemma 5.2 Let (X ; X 1; X 2) be as in De�nition 5.1. The above sequence is

asymptotically exact in the following sense:

(1) for any 0 < � < 1=100; r > 0; s > 0, there exists 0 < � 1 < � ; 0 < r 1 <

min f r; r0=(1 + N (� 1))g; s1 > 0; suchthat @j (u1 � u2) is (� ; r; s1)-equivalent to

0 for any ui 2 QU� 1 ;r 1 ;s;k (X i ) (i = 1; 2), where � 1 dependsonly on � and s; r 1

dependsonly on � ; r and s; and s1 dependsonly on s;

(2) for any 0 < � < 1=100; r > 0; s > 0, there exist 0 < � 2 < � ; 0 < r 2 <

min f r; r0=(1 + N (� 2))g; s2 > 0 such that if u is an element in QU� 2 ;r 2 ;s;k (X )

for which @(u) is (� 2; r2; s)-equivalent to 0 in GQP� 2 ;r 2 ;s;k (X 1 \ X 2); then there

existsui 2 QU� ;r ;s2 ;k (X i ) (i = 1; 2) suchthat u1 � u2 � I is (� ; r; s2)-equivalent

to u � I , where � 2 dependsonly on � , s, r 0 and c0 (c0 is as in the De�nition

5.1); r2 dependsonly on � , r , s, r 0 and c0; and s2 dependsonly on s, r 0 and

c0.

Proof: (1) follows from the de�nition of the boundary map.

(2) By Lemmas4.4, 4.7 and the de�nition of boundary map, for any 0 <

� 0 < � ; there exists 0 < � 2 < � 0 (� 2 dependsonly on � 0, s and c0) for which

there exists x 2 QU� 0;c1(� 0;s)r 2 ;c2(s);k (bdr 2 (X 1) \ bdr 2 (X 2)) such that

jj xw(I � 0)w� x � � (I � 0)jj < c3(s)� 0;
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where w = wu� I is as in the de�nition of the boundary @(u � I ); c1(� 0; s)

dependsonly on � 0 and c0; c2(s) and c3(s) depend only on s and c0.

This implies that

jj xw(I � 0) � (I � 0)xwjj < 10c3(s)� 0:

Hencewe have

xw =

0

B
@

a b

c d

1

C
A ;

wherejjbjj � 10c3(s)� 0; jj cjj � 10c3(s)� 0: Let v1 = a. By the de�nition of w and

properties of x, there exists a constant N1(� 0; s) (depending only on � 0, s and

c0) such that

(A) jj � X � bdN 1 ( � 0;s ) r 2
(X 2 )(v�

1(u � I ) � I )jj < c4(s)� 0;

(B ) jj (v�
1(u � I ) � I )� X � bdN 1 ( � 0;s ) r 2

(X 2 ) jj < c4(s)� 0;

wherec4(s) dependsonly on s. Choose

� 0 < � =1010(1 + C0 + c3(s) + c4(s)) ;

whereC0 is as in Lemma 4.6 (depending only on the Lipschitz constant c0 in

our case).De�ne

v2 = � bdN 1 ( � 0;s ) r 2
(X 2 )v�

1(u � I )� bdN 1 ( � 0;s ) r 2
(X 2 ) + (I � � bdN 1 ( � 0;s ) r 2

(X 2 )):

(A) and (B), together with the choice of � 0, imply that v2 is a (� =(1 + C0))-

quasi-unitary. We have

propagation(vi ) � 2r2 + c1(� 0; s)r2:

We require

r2 < r0=10(1+ N1(� 0; s)) ;

where r0 is as in De�nition 5.1. Let f 1 be the proper strong Lipschitz map

from bdr 2 (X 1) to X 1 realizing the strong Lipschitz homotopy equivalencein

De�nition 5.1; let f 2 be the proper strong Lipschitz map from bdN1 (� 0;s)r 2 (X 2)

to X 2 realizing the strong Lipschitz homotopy equivalencein De�nition 5.1.
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De�ne ui = Ad(Vf i (t))( vi ) for i = 1; 2, where Ad(Vf i )( t) is as in Lemma 3.3,

and f � kg (in Lemma 3.3) is chosenin such a way that supk � k < r2=10.

(A) and (B) imply that v1 � v2 is (� =(1+ C0); r3; s3)-equivalent to u, where

r3 = c5(� 0; s)r2 for somec5(� 0; s) dependingonly on � 0, s and c0; and s3 depends

only on s and c0. This, together the construction of u1 and u2 and Lemma4.6,

implies that u1 and u2 satisfy the desiredproperties if we chooseappropriate

r2 and s2, wherer2 dependsonly on � ; r; s; r 0 and c0; and s2 dependsonly on

s; r0 and c0.

Combining Lemma 5.2 with Lemma 4.5 we have the following asymptoti-

cally exact sequencefor QU when k > 1:

QU� ;r ;s;k (X 1) � QU� ;r ;s;k (X 2) ! QU� ;r ;s;k (X ) ! QU� ;r ;s;k � 1(X 1 \ X 2):

6 Spaces with �nite asymptotic dimension

In this sectionwe shall prove that the classof �nitely generatedgroupswith

�nite asymptotic dimension (as metric spaceswith word length metrics) is

hereditary. We shall alsoprove a localization result which will play an impor-

tant role in the proof of our main result.

De�nition 6.1 ([14]) The asymptotic dimension of a metric space is the

smallest integer m such that for any r > 0, there exists a uniformly bounded

cover C = f Ui gi 2 I of the metric space for which the r -multiplicity of C is at

most m + 1, i.e. no ball of radius r in the metric space intersects more than

m + 1 members of C.

Notice that the concept of asymptotic dimension is a coarsegeometric

analogueof the covering dimension in topology. It is not di�cult to verify

that the asymptotic dimensionis invariant underquasi-isometry. In particular,

this implies that if a �nitely generatedgroup is endowed with a word length

metric, then its asymptotic dimensiondoes not depend on the choice of the

word length metric.

Prop osition 6.2 Let � be a �nitely generated group and � 1 be a �nitely gen-

erated subgroup of � . If � has �nite asymptotic dimension as a metric space
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with a word length metric, then � 1 also has �nite asymptotic dimension as a

metric space with a word length metric.

Proof: For any r > 0, let C = f Ui gi 2 I be the cover for � as in de�nition 6.1.

De�ne a cover C1 for � 1 by: C1 = f Ui \ � 1gi 2 I . Choose�nite generatingsets

G and G1 for � and � 1 such that G1 � G, G and G1 are closedunder the

inverseoperation. Let d and d1 be respectively the word length metrics on �

and � 1 associated to G and G1. We have d(x; y) � d1(x; y) for all x; y 2 � 1.

This implies that the r -multiplicit y of C1 is at most m + 1.

Next we shall prove that C1 is uniformly boundedwith respect to d1. By

assumptionthere exists R > 0 such that the diameter of Ui \ � 1 is at most R

with respect to d for all i . This implies that for any x 2 Ui \ � 1; we can write

x = x0g1 � � � gk for k � R, where gl 2 G for all 0 � l � k; and x0 is a �xed

element in Ui \ � 1. Let AR be the setof all elements in � 1 which canbewritten

ash1 � � � hj , whereh1; � � � ; hj 2 G, and j � R. It is not di�cult to seethat AR

is a �nite set. Therefore there exists R1 > 0 such that d1(AR ; id) � R1: This

implies that the diameter of Ui \ � 1 is at most R1 with respect to d1 for all i .

Gromov proved that hyperbolic groups have �nite asymptotic dimension

as metric spaceswith word length metrics (seep31-32 in [14]). This result,

together with Lemma 6.2, implies that �nitely generatedsubgroupsof hy-

perbolic groupshave �nite asymptotic dimensionas metric spaceswith word

length metrics.

Let X be a proper metric spacewith �nite asymptotic dimensionm. By

the de�nition of asymptotic dimensionthere exists a sequenceof covers Ck of

X for which there exists a sequenceof positive numbers Rk ! 1 such that

(1) Rk+1 > 4Rk for all k; (2) diameter(U) < Rk=4 for all U 2 Ck ; (3) the

Rk-multiplicit y of Ck+1 is at most m + 1, i.e. no ball with radius Rk intersects

more than m + 1 members of Ck+1 .

Let C0
k = f B(U;Rk)jU 2 Ck+1 g, whereB(U;Rk) = f x 2 X jd(x; U) < Rkg:

(1) and (2) imply that f C0
kgk is an anti-Cech systemfor X .

Fix a positive integer n0. For each n > n0; let rn = � ( Rn
8Rn 0 +1

� 1). By

property (1) of the sequencef Rkg, there exists n1 > n0 such that r n > � =2 if
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n > n1 and there existsa sequenceof non-negative smooth functions f � ngn>n 1

on [0; 1 ) for which (1) � n (t) = 1 for all 0 � t � � =2, and � n (t) = 0 for

all t � rn ; (2) there exists a sequenceof positive numbers � n ! 0 satisfying

j� 0
n (t)j < � n � 1 for all n > n1.

For each U 2 Cn+1 (n > n1), de�ne

U0 = f V 2 NC0
n 0

jV 2 C0
n0

; V \ U 6= ;g ;

whereV 2 NC0
n 0

is the vertex of NC0
n 0

corresponding to V 2 C0
n0

. We de�ne a

map Gn from NC0
n 0

to NC0
n

by:

Gn (x) =
X

U2 Cn +1

� n (d(x; U0))
P

V 2 Cn +1
� n (d(x; V 0))

B (U;Rn )

for all x 2 NC0
n 0

: Lemma 6.4 (1) shows that Gn (x) is indeedin NC0
n
.

Let n > n1: We can choosethe map i n0 ;n from NC0
n 0

to NC0
n

in Conjecture

2.6 in such a way that, for each V 2 Cn0+1 ,

in0 ;n (B (V; Rn0 )) = B(U;Rn )

for someU 2 Cn+1 satisfying U \ V 6= ; .

De�ne

F (t; x) = tGn (x) + (1 � t)i n0 ;n (x)

for all t 2 [0; 1]; and x 2 NC0
n 0

.

Lemma 6.3 Let X be a proper metric space with �nite asymptoticdimension

m, and Gn , F and i n0 ;n be as above.

(1) Gn is a proper Lipschitz map from NC0
n 0

to NC0
n

with a Lipschitz constant

dependingonly on m;

(2) F (t; x) is a strongLipschitz homotopybetween Gn and in0 ;n with a Lipschitz

constant dependingonly on m;

(3) for any � > 0; R > 0, there exists K > 0 such that d(Gn (x); Gn (y)) < �

if n > K , d(x; y) � R, where NC0
0

and NC0
n

are endowed with the spherical

metrics.
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Proof: (1) By property (1) of � n , we have

(A)
X

V 2 Cn +1

� n (d(x; V 0)) � 1

for all x 2 NC0
n 0

.

Let U be an element in Cn+1 such that � n (d(x; U0)) 6= 0 for somex 2 NC0
n 0

.

By property (1) of � n , we have

(B) d(x; U0) < rn :

Let

x =
X

i

t i B(Vi ; Rn0 );

wheret i > 0;
P

i t i = 1; Vi 2 Cn0+1 : Combining (B) with the de�nition of the

sphericalmetric on NC0
n 0

; we have

(C) d(Vi ; U) < (rn + � =2)2Rn0+1 2=� + 2Rn0+1 = Rn=2;

whered(Vi ; U) is the distancebetweentwo subsetsVi and U of X . (C) implies

that

\ U:� n (d(x;U 0)) 6=0 B(U;Rn ) 6= ; :

HenceGn (x) is in NC0
n

for all x 2 NC0
n 0

. The inequality (C), together with the

condition on the Rn -multiplicit y of Cn+1 , implies that there are at most m + 1

number of non-zeroterms in
P

V 2 Cn +1
� n (d(x; V 0)) : Now (1) follows from the

above fact, (A) and property (2) of � n .

(2) We shall �rst prove that, for each x 2 NC0
n 0

, Gn (x) and in0 ;n (x) live on

a commonsimplex of NC0
n
.

Let

x =
X

i

t i B(Vi ; Rn0 );

wheret i > 0;
P

i t i = 1; and Vi 2 Cn0+1 : By the choiceof i n0 ;n , we have

in0 ;n (x) =
X

i

t i B(Ui ; Rn );

whereUi 2 Cn+1 ; Ui \ Vi 6= ; : We have

� n (d(x; U0
i )) = 1
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for all i . Hence both i n0 ;n (x) and Gn (x) live on the simplex with vertices

f B(U;Rn )jU 2 Cn+1 ; � n (d(x; U0)) 6= 0g, which is a simplex in NC0
n

by the

argument in the proof of (1).

Now it is not di�cult to see(2).

(3) follows from the properties of � n , Gn and an argument similar to that

in the proof of (1).

7 Main result and applications

In this sectionwe shall prove the following result and discussits applications

to topology, geometryand analysis.

Theorem 7.1 The Coarse Baum-Connesconjecture holds for proper metric

spaceswith �nite asymptotic dimension.

The above theorem greatly improves a result in [40], where, using a con-

struction of a Chern character, it is proved that the indices of Dirac type

operatorson a uniformly contractible Riemannianmanifold M are non-zeroif

the asymptotic dimensionof M is equal to the dimensionof M .

Combining Theorem7.1 with the descent principle (Theorem 2.7), we ob-

tain the following corollary.

Corollary 7.2 Let � be a �nitely presented group whoseclassifyingspace has

the homotopytype of a �nite CW-complex. If � has �nite asymptotic dimen-

sion (as a metric space with a word lengthmetric), then the Novikovconjecture

holdsfor � .

The classof �nitely generatedgroupswith �nite asymptotic dimensionis

extremely large and is hereditary (cf. Lemma 6.2). The above corollary, to-

gether with a result of Gromov in [14] and Lemma 6.2, implies the Novikov

conjecturefor �nitely presented subgroupsof hyperbolic groupsif their classi-

fying spaceshave the homotopy type of �nite CW-complexes.

Combining Theorem7.1 with Propositions 4.33and 4.46 in [31], Theorem

3.2 in [38] and the Lichnerowicz argument [25], we have the following applica-

tion to the positive scalarcurvature problem.
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Corollary 7.3 A uniformly contractibleRiemannianmanifold with �nite asymp-

totic dimensioncan not haveuniform positive scalar curvature.

In particular, this corollary implies the Gromov-Lawson-Rosenberg conjec-

ture for compact K (� ; 1)-manifoldswhen the fundamental group � has �nite

asymptotic dimensionasa metric spacewith a word length metric. Recall that

the Gromov-Lawson-Rosenberg conjecture says that there is no Riemannian

metric with positive scalarcurvature on compact K (� ; 1)-manifolds.

Combining Theorem7.1with Propositions4.33and 4.46in [31],and Theo-

rem 3.2 in [38],we have the following application to the spectrum of Laplacian.

Corollary 7.4 Gromov's zero-in-the-spectrum conjecture holdsfor uniformly

contractible Riemannian manifolds with �nite asymptoticdimension.

Recall that Gromov's zero-in-the-spectrum conjecturesays that the spec-

trum of the Laplacian operator acting on the spaceof L 2-forms of a uniformly

contractible Riemannian manifold with boundedgeometrycontains zero [13]

[14].

Recall that the dimensionof a simplicial complexX is the smallestinteger

m such that each simplex of X hasdimensionat most m.

Prop osition 7.5 Let X be a simplicial complexwith �nite dimensionm and

endowed with the spherical metric. For any k > m + 1; 0 < � < 1=100; r >

0; s � 0, there exist 0 < � 1 � � ; 0 < r 1 � r; s1 � s such that, for any element

u in QU� 1 ;r 1 ;s;k (X ), u � I is (� ; r; s1)-equivalent to I , where � 1 dependsonly on

� ; s, k and m; r 1 dependsonly on � ; r; s;k and m; and s1 dependsonly on s;k;

and m.

Proof: Let X (n) be the n-skeleton of X and be endowed with the subspace

metric inducedfrom the sphericalmetric on X . Weshall prove our proposition

for X (n) by induction on n:

When n = 0, we chooser 1 to be min f r; � =10g. By the choiceof r 1, u has

propagation0. Without lossof generality we canassumethat u(t) is piecewise

smooth with respect to t 2 [0; 1 ) and du
dt is at most 1=c for someconstant
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c > 0. For each t0 2 [0; 1 ); we de�ne

ut0 (t) =

8
><

>:

I if 0 � t � ct0;

u(ct � ct0) if ct0 � t < 1 .

Consider

w1(t) = (� 1
k=0 uk � I )( I � 1

k=1 u� 1
k� t � I );

wheret 2 [0; 1]. Notice that

w1(0) = u � 1
k=1 I � I :

It is easyto seethat exists a smooth homotopy v(t) (t 2 [0; 1]) such that

v(0) = I � 1
k=1 u� 1

k� 1 � I ;

v(1) = � 1
k=0 u� 1

k � I ;

jj v0(t)jj � 100

for all t 2 [0; 1]. De�ne

w(t) =

8
><

>:

w1(2t) if 0 � t � 1=2;

(� 1
k=0 uk � I )v(2t � 1) if 1=2 � t � 1.

It is not di�cult to seethat w(t) realizesthe (� ; r; s1)-equivalencebetween

u � I and I if we chooseappropriate � 1 and s1, where � 1 dependsonly on � ,

and s1 dependsonly on s.

Assumeby induction that the proposition holds when n = l � 1. Next we

shall prove the proposition when n = l. For each simplex 4 of dimensionl in

X , we de�ne

4 1 = f x 2 4j d(x; c(4 )) � 1=100g; 4 2 = f x 2 4j d(x; c(4 )) � 1=100g;

wherec(4 ) is the center of 4 . Let

X 1 = [ 4 : simpl ex of dimension l in X 4 1; X 2 = [ 4 : simpl ex of dimension l in X 4 2:

Notice that

(1) X 1 is strongly Lipschitz homotopy equivalent to

f c(4 )j 4 : l � dimensional simplex in X g;
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(2) X 2 is strongly Lipschitz homotopy equivalent to X (l � 1);

(3) X (l ) = X 1 [ X 2, and X 1 \ X 2 is the disjoint union of the boundariesof all

l -dimensional4 1 in X (l ) .

(1) and (2), together Lemma 4.6 and the induction hypothesis,imply that

our proposition holds for X 1 and X 2. By Lemmas4.6, 4.5 and 5.2, we also

know that our proposition holds for X 1 \ X 2. It is not di�cult to verify that

(X (l ) ; X 1; X 2) satis�es the strong excisioncondition in De�nition 5.1. Now we

cancompletethe induction processby usingthe asymptotically exactsequence

for QU (cf. Lemmas5.2 and 4.5).

Proof of Theorem 7.1: Let X be a proper metric spacewith asymptotic

dimensionm. By Theorem3.5 it is enoughto prove that

lim
n!1

K i (C �
L; 0(NC0

n
)) = 0;

where C0
n is as in Section6. By an approximation argument any element in

K i (C �
L; 0(NC0

n 0
)) canbe represented asan element u 2 QU� 1 ;r ;s;k (NC0

n 0
) for some

r; s and k > m + 1, where � 1 is as in Proposition 7.5 for some0 < � < 1=100.

Let

un = Ad(VGn (t))( u(t)) ;

where Gn is as in Lemma 6.3, Ad(VGn (t)) is as in Lemma 3.3, and f � kgk (in

Lemma 3.3) is chosenin such a way that supk � k < r1=10; where r 1 is as in

Proposition 7.5. By Lemma6.3, there existsK > 0 such that un haspropaga-

tion at most r 1 for n > K . Our assumptionon the asymptotic dimensionof X

implies that the dimensionof NC0
n

is at most m for all n. By Proposition 7.5

we know that un � I is (� ; r; s1)-equivalent to I in QU� ;r ;s;k (NC0
n
) for n > K ,

wheres1 is asin Proposition 7.5. By Lemmas4.6,6.3and the discussionsafter

De�nition 4.3, un is equivalent to Ad(Vi n 0 ;n (t))( u(t)) in K i (C �
L; 0(NC0

n
)) : Hence

[u] = 0 in limn!1 K i (C �
L; 0(NC0

n
)) :
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