Chapter 7
Duality

We begin this chapter with some general results on duality in a tensor category, followed by
some general results on duality in certain triangulated categories. We then give our main
application, showing that the full sub-category DM (S)P* of DM(S), gotten by taking the
pseudo-abelian hull of the sub-category generated by the motives of projective S-schemes
in Smg, admits a duality involution. In particular, if S = Spec(k), and if one has resolution
of singularities for k-varieties, then the category DM(k) has a duality involution, making
DM(k) a rigid triangulated tensor category.

We then give some applications of the duality involution: in (7.4.4)-(7.4.6) we show
that, in case the base scheme S is Spec of a field of characteristic zero, the motivic category
DM(S) can be constructed from the “naive” version A,,.:(Smg)?, i.e., we may replace all
the homotopy identities in the construction of the motivic DG tensor category A,,ot(Smg)
with strict identities. Combining this with (3.2.6), we arrive at a construction of D? . (S)
as a localization of the homotopy category of the usual category of complexes in the additive
category Amot(Smg)*?. The tensor structure is induced by the product in the category
L(Smg), similar to the classical Grothendieck construction.

In §7.5, we show how the morphisms in DM (S)P" can be realized as correspondences;
for S = Spec(k), this allows us to embed the category of R-Chow motives into DM (k) g.

In §7.6, we define the “motive with compact supports”, ZE(/S, as well as motivic homology,
motivic compactly supported cohomology and motivic Borel-Moore homology, and verify
the standard properties of these theories. In §7.7, we define relative motives; for a smooth
S-scheme X which admits a compactification X which is smooth over S and has a normal
crossing complement X\X = D; U...U D, we identify the motive of X with compact
supports as the motive of X relative to Dy, ..., D,,.

In §7.8, we identify the Borel-Moore motive as the motive with supports in a closed
subset, and use this to extend the Borel-Moore motive to “smoothly decomposable” S-
schemes (7.8.2)(i). Similarly, we extend the definition of the motive with compact supports
to S-schemes which admit a “compactifiable closed embedding” into a smooth quasi-
projective S scheme (7.8.1)(ii). We show that the resulting motivic cohomology with
compact supports/motivic Borel-Moore homology have the usual properties of classical
cohomology with compact supports/Borel-Moore homology.

For S = Spec(k), where k is a field, every quasi-projective k-scheme is smoothly
decomposable; if resolution of singularities holds for quasi-projective k-schemes, then every
quasi-projective k-scheme admits a compactifiable embedding, so our construction gives
a Borel-Moore motive, and a motive with with compact supports for arbitrary quasi-
projective k-schemes, as well as the resulting motivic Borel-Moore homology and motivic
cohomology with compact supports.

Finally, in §7.9, we define the Tate motivic category, and discuss some of its basic
properties.

We assume in this Chapter that the base scheme S is quasi-projective over a Noethe-
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rian ring A.

7.1. Duality in tensor categories

We recall in this section some basic facts about duality in tensor categories. This material
appears somewhat different form in [D] and in [S]; we give the treatment here mainly to
fix notation and to keep our presentation self-contained.

(7.1.1)

Let A be an tensor category, X and X’ objects of A, 1:1 — X ® X’ a morphism. For
objects A and B of A, we have the homomorphisms

(A, B):Hom4 (X' ® A, B) — Hom 4 (A, X ® B)

7.1.1.1
(A, B):Hom4 (A ® X, B) — Homy (A, B® X'), ( )
where (A, B)(f) is the composition
A1 A Y x o X' 0 A% x @ B,
and (A, B)(g) is the composition
A2 A1 A X @ X9 B X
In case A =1, or B =1, we will often make the identifications
XR1¥1X ~X; X'®l2leX =X’
giving the maps
(1, B): Homy (X', B) — Homy(1, X ® B)
(A, 1): Homa (X' ® A, 1) — Homy4 (A, X)
/(1,1): Homy (X', 1) — Homy (1, X),
and similarly for +”.
Clearly, the maps (7.1.1.1) define natural transformations
/'t Hom 4 (X'®71,72) — Homy (71, X®75)
(7.1.1.2)

" Hom4(?1 @ X, 72) — Hom4(?1,72 @ X'),
of the functors

Hom 4 (X'®71,72), Hom4 (71, X®72): A" @ A — A,
Hom (71 ® X, 72), Hom4(?1,72 ® X'): AP @ A — A.
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(7.1.2) DEFINITION

Let X be an object of A. A dual to X is a pair (X?,.x), with X an object of A,
and tx:1 — X ® XP a morphism, such that the natural transformations (7.1.1.2) are
isomorphisms. O

Clearly, the relation of duality is symmetric: if (X P, 1x) is a dual to X, then (X, vxp)
is a dual to XP, where txp = TX,XD OLX.
(7.1.3) LEMMA

Let X be an object of A, (XP,1x) and (X*P,1%) two duals to X. Then there is a unique
morphism

f: Xx*P - xP
such that (idx ® f)(t%) = tx. In addition, f is an isomorphism.

Proof. We have the isomorphisms
Uy =t (1, XP): Homa (X P, XP) — Homu(1,X ® XP)
o= (1, XP): Homa (X*P, XP) — Hom (1, X ® XP).

Letting f = (1%) ' (tx) gives the desired morphism f: X*P — XD,
If g: X*P — XD satisfies (idx ® g)(¢%) = tx, then

X (9) = 1x = X (f);

since ¢¥ is an isomorphism, we have g = f, hence f is unique.
By symmetry, there is an h: X© — X*P such that (idx ® h)(vx) = t%, hence

(idx ®ho f)(tx) =tx; (dx ® foh)(tx)=tx.
By the uniqueness just proven, we have h = f~!, hence f is an isomorphism. O

(7.1.4)

By (7.1.3), we may speak of the dual (X, 1x) to X.
If X and Y are objects of A, with duals (X, :x), (Y?,1y), we have the isomorphism

(—)P:Homy (X,Y) — Homy(YP, XP) (7.1.4.1)
given as the composition

()7

Hom4 (X, Y)—=5Homu(1,Y ® XP) 5 Homu(YP, XP).
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(7.1.5) LEMMA

i) If X, Y and Z are objects of A, with duals (XP,1x), (YP,1y) and (ZP,1z), and
Y —Z g:X — Y are morphisms, then

(fog)? =g"0f".

The dual of the identity map idx is idxo.

ii) Let (X*P %), (Y*P,1%) be another choice for the duals of X and Y, F: X*P — XP
G:Y*P — YP the canonical isomorphisms. Let

*D: Hom4(X,Y) — Homy (Y*P, X*P)

be the isomorphism (7.1.4.1), taken with respect to the duals (X*P %) and (Y*P,%).
Then, for f: X — Y, we have
Fo f*D — fD ° G

iii) Let f: X — Y be a map in A. Take (X, 7x xp otx), (Y, Ty.yp o ty) for duals to X7
and YP. Then
(f2)7 =t

iv) Let f: X — Y be a morphism in A, and take duals as in (iii). Let A and B be in A.
Then the diagrams

Hom4(XP ® A, B) AP Hom4(A, X ® B)
(FP@ida)* | | (eidp).
Homa(YP ® A,B) —  Homyu(A,Y ® B)
t5-(A,B)
and W
Hom(A®Y, B) vi45) Hom (A, B YD)
(da®f)" | | GasesP)”
Homa(A® X,B) —  Homyu(A,B® XP)
V5 (A,B)

commute.

Proof. All four assertions follow easily from the definitions; we leave the details to the
reader. O

(7.1.6) THEOREM
Let A be a tensor category. Suppose each object X of A has a dual (XP,1x).
i) sending X to XP, f: X — Y to fP:YP — XP defines a functor (of additive categories)

(—)P: AP — A,

i) the functor (—)? is independent, up to natural isomorphism, of the choice of duals.
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iii) suppose we have 1P = 1, with 11: 1 — 1®1 the inverse to the multiplication p: 1®1 — 1.
Then the functor (—)P is a pseudo tensor functor, i.e.:

a) for each pair of objects X, Y of A, there is an isomorphism
pxy: (X @Y)P - XPoyP

such that
(pxy ®idz) o pxey.z = (dx ® py,z) 0 px,yez-

b) the maps px,y intertwine the symmetry isomorphisms T)]f()’y and Txp yp, and the
maps p1,x (resp. px,1) intertwine the multiplication isomorphisms p% ; (resp. p% )
and pixp ; (resp. pixp ).

iv) there is a natural isomorphism
ida — ((5)7)P.

Proof. (i) follows directly from (7.1.5)(i); (ii) follows from (7.1.3) and (7.1.5)(ii). (iv)
follows from (7.1.3) and (7.1.5)(iii). For (iii), we note that

(xP ®YD,L}®Y =70 (1x ®ty))
is a dual to X ® Y, where (X, 1x) is a dual to X, (Y, 1y) is a dual to Y,
mXeXPeoYeYP - XeyYeXPeY?
is the permutation isomorphism. Indeed, for objects A and B of A, the maps
/ D py. D D D
ty (A X7, B):Homy(A® X~ ®Y",B) - Homy(A® X~“,BRY)
Vv (A, B®Y):Homy(A® XP BRY) — Homy(A, BRY ® X)

are isomorphisms. This implies that ¢ oy (A, B) is an isomorphism. Similarly, 1y (A, B)
is an isomorphism. Via (7.1.3), we have the canonical isomorphism

pxyv:(XeY)P - XxPeYyP.
The relation of (iii) follows from the uniqueness portion of (7.1.3). O

(7.1.7) REMARK

If A is a graded tensor category, and if X € A has a dual (XP,¢), then (XP[-1],/) is a
dual to X[1], where
Uil — X[1] @ XP[—1]
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is the image of + under composition with the canonical isomorphism
XoXxP - X[1]o XP[-1].

We call this choice of dual on X|[1] the canonical dual.
If we have a morphism f: X — Y, where X and Y have duals (X?,1x), (YP,1y),
and if we make the canonical choice of dual for X[1] and Y[1], we have the identity

FIIP = P11,

Thus, if A is a graded tensor category such that each object has a translated which has
a dual, then each object of A has a dual, and, we may assume that the dual of X[1] is
the canonical dual (XP[—1],//) for each X in A. In this case, (7.1.6) extends to a graded
version, in which the duality functor of (i) is a graded functor. O

(7.1.8) THE TRACE MAP

We now give a criterion for a given morphism ¢: 1 — X ® X to give a dual (X”,:) to X.
We prove a somewhat more general statement, for later use.

Let ©:1 — X ® XP be a morphism in A, F: A — B a tensor functor, and let A and B
be objects of B. Define the map

Vp(A, B): Homp(F(XP)® A, B) — Homg(A, F(X) ® B) (7.1.8.1)

by setting ¢»(A, B)(f) equal to the composition

A210A "85 p(x 9 XP) 9 A= F(X)o F(XP)® A
O p(x) e B.
Define the map
Vb (A, B): Homp(A ® F(X), B) — Homg(A, B® F(XP)) (7.1.8.2)

similarly by setting ¢/-(A, B)(f) equal to the composition
~ ida®F (1) D D
A2 A0 1" A9 F(X © XP) = A F(X)® F(XP)
id
T9re? B @ P(XP).

If F is the identity functor on A, these maps are just the maps " and ¢ defined in (7.1.1.1).
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(7.1.9) PROPOSITION

Suppose there is a map
eXPoX -1

in A such that the compositions

X 21Xy o xXP o X' X%y 91> X

idXD®L
-

(7.1.9.1)

e®id
XD~ xPg1 XP o X @ XxP %P g XD =~ xP

are the respective identity maps. Then the maps (7.1.8.1) and (7.1.8.2) are isomorphisms
for all A and B in B. In particular, (XP,1) is a dual to X.

Proof. Fix A and B in B, and write ¢/ for (A, B). Define the map
o Homy (A, F(X)® B) — Homy (F(XP)® A, B)

by sending g: A — F(X) ® B to the composition

dF(XD)®g
—

F(XP)® A F(XP)e F(X)® B=F(XP®X)® B
F(Ex)®id3

— 1® B=DB.
Let f: F(XP)® A — B be a morphism in B. Then o/ (¢/-(f)) is given by the compo-
sition

id QF(1)®id
FXP) @ A=F(xP)o1ed "SR o F(X @ XP) @ A
idef

=FXPeX)o FXP)o A—=F(XPeX)®B

P8 p g1~ B,

We may commute id ® f and F'(e) ® id, hence o (/%(f)) is equal to the composition

FXPYo A2 F(XP)210A=F(XP®1)®A

id L)®id
Plidxp@)®dap ¥ o x o XP) @ A
F(e®id id
(cwidxp)® "FloXP)e A

—le(FX?)eA)ieB=B
By assumption, the composition

F(G@lde) OF(lde ®L)



186 DuaLiTY

is the canonical isomorphism
F(XP®1l) - FleXP).
Since 1 is the unit in A, we have

or(Ue(f) = f.
Now let g: A — F(X)® B be amap in B. Then ¢z (0r(g)) is given by the composition

A1 A" 8 px @ xPY o A

RX 9 XP) o F(X)®B=F(X)® F(X?®X)® B
W p(X) 919 B~ F(X)® B.

We may commute id ® g and F(¢) ® id 4,and rewrite this as the composition

A2 A 9 F(X) @ B=F(1®X)® B
F(L®id—X))®idBF(X ® XD ® X) ® BF(idX&Z(@idB

—F(X)®1®B=F(X)® B.

F(X®1)®B

By assumption, the composition

Fidy ® €) o F(t ®idyx)
is the canonical isomorphism

FleX)— F(X®1).

Since 1 is the unit in A, we have
Ur(or(9) = g.

Thus o is the inverse to t}, hence t» = »(A, B) is an isomorphism. The proof that
U%.(A, B) is an isomorphism is essentially the same. O

There is a converse to (7.1.9), namely,

(7.1.10) PROPOSITION

Suppose (XP,1) is a dual to X. Then there is a unique map

eXPoX -1
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such that the compositions (7.1.9.1) are the respective identity maps.

Proof. If such an € exists, then the first composition in (7.1.9.1) is ¢/ (X, X)(e€), after making
the canonical identification of X ® 1 with X. Similarly, the second composition in (7.1.9.1)
is 1" (XP, XP)(e), after making a similar identification. Since +/(X, X) is an isomorphism,
€ is unique.

To show existence, we use the canonical structure for the dual of X ® X7, i.e.,

(X XP)P=XxPwX,

with map
ixgxp:l = X2 XPoXPeX

being the composition

1219012 xeXxPe X XP2ixe XP o xP o X

. (1)
22X XP o XP e X.

Taking the dual of ¢ gives the map
L XP o X —1;

we claim that € = (P is the desired map. It suffices to show that (X, X)(:P) is the identity
on X and that " (XP, XP)(.P) is the identity on X P, after making the identifications as
above.

We use the canonical dual for 1: 1P = 1 with ¢1: 1 — 1® 1 the inverse of the multipli-
cation. By the definition of duality, :” is characterized by the fact that the composition

1%’ x 2 XP o XP o X
id@.P

— XX el2XeXP"
is the map ¢. By definition, the map +/(X, X)(tP): X — X is the composition
X210 X 0% X o xPox % x o1 X
From this, it follows that the map " (1, X)(:/(X, X)(:)) is the composition

1 ®id x ®idXD

IS XoXP21gXeoXP 5 XeoXPoXeXxP o
i L oi 2
@ Gdxp v o1 XP ~ X @ XD,

Using the above characterization of ¢ ?, together with the definition (1) of ¢ x¢ xp, it follows
easily from (2) that
(LX) (X, X)(P)) = .
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Since ¢ (1, X)(idx) = ¢ as well, and since ¢ (1, X) is an isomorphism, we have
(X, X)(P) =idx.

The identity
JI(XPXPYP) =idxo

is verified similarly, completing the proof. O

The dual maps € = (P: XP ® X — 1 give a description of the composition law in A,
as follows:

(7.1.11) PROPOSITION

Let X and Y be in A, with respective duals (X?,1x), (YP,1y). Let ey: YP ®Y — 1 be
the map given by (7.1.10). Suppose we have maps

[ X—=Y;, gY—>2Z7
in A. Then /% (1,Z)(go f):1 — Z ® XP is the composition

id € id (1)
ZOX G 7 o019 XP ~ 7g XD,

Proof. We may expand the composition (1) as

Ly ®id
D X®X

121 @192 o X X "YovyP o X o XP

rovp8IEPy YD oy @ XP

g®id, p ®idy ®id y p
—

ZeYPoY o XP

idz QRey ®id
XXz 910 XP 220 XP.

We may then commute g ® idyp ® idy ® idyp with idz ® ey ® idxp, and 1y ® idxgxp
with idy gyp ® f ®idxp to give the composition

i L id id
121 91 M8 @ X @ xP NP oy o xD

ty ®idy ®id D pldy Qey ®id yp
- -

YoYPoYeoX YoleXP

id
~y g XDy o xD.

Since (idy ® €y') o (ty ®idy ) is the canonical identification 1® Y 2 Y ® 1, we may rewrite
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this composition as
19191 ¢ X @
~y @ xPINP g o xD

xDMNEIE ) oy o x D

Eliminating the superfluous 1’s gives the composition

. id id
145, x @ x P9 %Py o xDID 7 o) D, (1)
since
(9@idyp)o (f ®idxp) = (go f) ®idxp,
the composition (1) is (% (1, Z)(g o f), completing the proof. O

7.2. Duality in triangulated tensor categories

We show how the existence of duals for generating objects in certain triangulated tensor
categories gives rise to an exact duality on the full category.

(7.2.1)

Let A be a DG tensor category without unit. We may then form the category of complexes,
C’(A) and the homotopy category K®(A). The tensor product on A induces the structure
of a DG tensor category without unit on C®(.A), and the structure of a triangulated tensor
category without unit on K°(A). We may form a localization D of K°(.A) with respect to
a thick tensor subcategory; D is then a triangulated tensor category without unit.

If we have two distinguished triangles in D:

X1 — Y1 — Z1 — Xl[l]
ZQ — Y2 - X2 — Zg[l],

we may then form the commutative square

X1®27Zy — Y1 ®Zy, — 71®7Z, — Xi[1]®Z,
| ! ! |
X1 ®Ys —  Y10Y — Z1 Y, X1[1] ® Ya
! ! ! 1 (7.2.1.1)
Xi9Xs — Yi0Xe — Z;0Xs X1[1] @ X,
| ! ! !
X1®Z3[1l] — Y1®2Z[l] — Z1® Zl] Xi[1] @ Zo[1]
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Identifying X;[1] ® Zs with X; ® Z5[1] by the canonical isomorphism, we let
Zl ®ZQ@X1 ®X2 —>X1 ®ZQ[1]

be the difference of the two maps in (7.2.1.1), and form the distinguished triangle
K2, ® 2o X1 ® Xo — X1 @ Zo[1] — K[1] (7.2.1.2)

in D. In addition, the sum of the two maps Y1 @ Yo — 71 ® Y3, Y1 ® Yo — V] ® X, gives
the map
Y1Y - Z10Y,d Y, ® Xo, (7213)

and the direct sum of the maps Z1 ® Zo — Z; ® Ya, X7 ® X — Y7 ® X5 gives the map
Zl®Z2@X1®X2—>Z1®YQEBY1®X2. (7214)
Putting the maps (7.2.1.3) and (7.2.1.4) together gives the diagram

71 ® Zs ® X1 ®Xo
! (7.2.1.5)
Y1®Y2 — Zl®Y2@Y1®X2

(7.2.2) LEMMA

There is a morphism 3: K — Y7 ® Y5 so that the diagram (7.2.1.5) fills in to a commutative
diagram
K L 21070 X0 Xy — X1 ® 2Z]1] — K[

al | (7.2.2.1)
YieYs — Z19Y,8Y; ® Xo,

with the top row the distinguished triangle (7.2.1.2).

Proof. Let X and Y be objects of D, and f: X — Y a morphism in D. As D is a localization
of Kb(A), the morphism f can be factored as a composition

Xzl ly

with i and j morphisms in K’(A), and j invertible in D.
Thus, it suffices to prove the lemma in the case of standard distinguished triangles
from Cb(A):
Zy[-1]25 X, 25y, = Cone(f1) 252,

1
Z5 L2592, X, = Cone(f2) 22 Zo[1] @
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We may then take K to be given by

K =

(2)
Cone(fl[l] (029 id22 - iXm X h22 Zl (029 ZQ D X1 &® X2 — X1 &® Zg[l])[—l],

and the sequence (7.2.1.2) to be the standard Cone sequence. Let
a:K—>Z1®Zg@X1®X2

be the canonical map.
The morphisms

idx, ® g2: X1 ® Ys — X1 @ Xo
hi1 ®idz,: Y1 ® Za — Z1 ® Z

satisfy
(idx, ® he) o (idx, ® g2) =0

(fill]®idz,) o (hy ®idg,) =0
hence the direct sum hy ® idz, @ idx, ® g2 extends canonically to the map of complexes

7@7/:Y1®ZQ@X1®Y2—>K.

Let
")/H:Xl ®ZQ —>Y1 ®ZQ@X1®Y2

be the map (g1 ®idz,, —idx, ® f2). By (2), the sequence

X1 ® 2oV © 2, X, 0 Y S0 K (3)
identifies K with Cone(y").
Let
ﬁ’:Yl ®ZQ@X1®YQ —>Y1 ®Y2
be the map

ﬁ/ = idyl ®f2+gl ®idY2'

As
§on" =0,

the identification (3) of K with Cone(y”) gives the canonical extension of 3’ to the map
ﬁ K — Y1 &® YQ.
By construction we have

(ile X f2 D g1 ®idX2) oo (’)/@’y’) = (hl ®idy2,idyl ®92) oﬂ/
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which gives the desired commutativity
(idz, ® fo ® g1 ®idy,) o a = (h ®idy,,idy; ® g2) 0 .

O

We suppose for the remainder of this section that the category D is a triangulated
tensor category with unit 1.

(7.2.3) LEMMA

Let
xLy Sz x

be a distinguished triangle in D. Suppose that X has a dual (X, 1x), and Z has a dual
(ZP 17). Then'Y has a dual (Y 1y). In addition, the sequence

D D
XP[1] 7P ey I x D (7.2.3.1)

is a distinguished triangle in D.

Proof. We use the canonical dual X[1]P = XP[-1], with tx(1) the image of 1x under
the canonical isomorphism X ® X? — X[1] ® XP[-1]. The map h: Z — X[1] gives the
dual map hP: XP[-1] — ZP; we define Y and the maps i: ZP — YP, j:YP — XP by
requiring that the sequence

xPl M gp iyp i, xD (1)
be a distinguished triangle in D. Similarly, let
pXeXPozZezP - X ZP[1]
be the map id ® hP[1] — h ®id, and let
K-LXeXxPozeozP XX o zP(1] — K[
be the extension of p to a distinguished triangle in D.
We identify Z @ ZP with Z[-1] ® ZP[1] = Z|-1] ® Z[-1]P by the canonical isomor-

phism and let tz;_1;:1 — Z[-1] ® Z[—1]P be the map corresponding to tz. Then, by
definition, we have

(h®@1)oiz = (h[-1] @ 1) 0tz1_1) = tz_yy(h[-1]),
(RPN @1)oux = (h[-1]7 ®@1) 0 tx = /x (A[-1]"),

=117 = ()~ (g (R-1])).
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Thus, we have
po(tx,tz) =0,

hence there is a map
il — K (2)

with
qoir = (1x,tz). (3)

From (7.2.2) we have the commutative diagram (7.2.2.1):

K A, Y@YP
a] | Gd®j.g@id) (4)
XXPpzZxzP — YoXPeZoY?P:
fRiddid®i

let ty = B otg. Then we have

/

ty(j) = (id®j) oty
= (f ®id) o 1x
= x(f),

1y (9) = (g ®id) o vy

= (i[d®1) oz

=t (7).

Let A and B be objects of D, and consider the diagram

17
L

Homp(XP ® A, B) — Homp(A, X ® B)
(®id)” | Leia). (6)
Homp(YP ® A, B) — Homp(A,Y ® B)

v

For a map a: X ® A — B, the map (f ® id). (/% () is the composition
A219AX%Mx @ XP g A% x ¢ B'29PY ¢ B.

We may commute the last two maps in this composition, giving the identity
(f ®@id).(x () = (idy ® ) o ([(f ®idxp) 0 tx] @ ida).

(we ignore the identification of A and 1 ® A). By (5), this gives the identity

(f ®id).(tx () = (idy @ @) o ([idy ® j o ry] ®ida),
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which shows that the diagram (6) commutes.
One shows that the diagram

Homp(A®Y,B) —% Homp(A4,B® YD)
(def)* | | Gdes). (7)
Homp(A® X,B) — Homp(A4,B® XP)
bx
commutes, using a similar argument.

Using the second identity of (5), the same argument gives the commutativity of the
diagrams s
Homp(YP ® A, B) - Homp(A,Y ® B)

(i®id)* \L i(g®id)* (8)
Homyp (ZP @ A, B) — Homp(4,Z ® B)

zZ

and )
Homp(A® Z,B) -2 Homp(A,B® ZP)
(id®g)" | | Gami). (9)
Homp(A®Y,B) —— Homp(4,B® YD),
by

Since we are using the canonical duals of (7.1.7), the diagrams (6)-(9) remain commu-
tative after applying a shift. Thus, the commutativity of diagrams (6)-(9), together with
(7.1.5)(iv), gives the commutativity of the diagrams

/
txn

Homp(A® X[1],B) —% Homp(A4, B® XP[-1])
(idoh)* | / | GagnP).
Homp(A® Z,B) %  Homp(A, B® ZP)
(id®g)*l l(id@i)*
Homp(A®Y, B) , Homp (A, B YP) (10)
(d®f)* | | Ga®y).
Homp(A ® X, B) i, Homp (A, B® XP)

(id@h[-1])" | | GaenP ).
Homp(A® Z[-1],B) ——  Homp(A, B® ZP[1])
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and Vh )
Homp(ZP[1]® A,B) == Homp(4, Z[-1]® B)
(WP [1]@id)* | | -1@ia).
Homp(XP ® 4,B) % Homp(A, X @ B)
(j®id)” | ) | (7eia).
Homp(YP ® A,B) 2%  Homp(A,Y @ B) (11)
(igid)” | | (oia).
Homp(ZP ® A,B) -2 Homp(A,Z® B)
(hP@id)* | ; | (neia).

bx[
—_—

Homp (XP[-1] ® A, B) Homp (A, X[1] ® B)

As the columns of (10) and (11) are Hom sequences arising from distinguished triangles,
they are exact; the five lemma then implies that the maps ¢} and ¢}, are isomorphisms.
Thus, (YP,1y) is a dual to Y.

Finally, the identities (2) show that g” =i and fP = j; the distinguished triangle (1)
is thus the desired triangle (7.2.3.1). O
(7.2.4) REMARK

Consider the diagram ((7.2.3), (4)). Suppose we have chosen duals (X, ) to X and
(ZP17) to Z; this gives the object Y by the sequence ((7.2.3), (1)). From (7.2.2) we
have the diagram (7.2.2.1)

K — YoYP

1| l

XeoXxXPezZezP — YeYPoZYP.
It follows from the proof of (7.2.3) that, if we have a map as in ((7.2.3), (2))
1l — K
in D, satisfying the identity ((7.2.3), (3))
gou=(tx,tz)
then (YP,801)is adual to Y. O

(7.2.5) THEOREM

Suppose D is generated (as a triangulated category) by a set of objects S such that each
X € 8§ has a dual (XP,1x). Then

i) every object Y of D has a dual (Y, 1y).
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ii) if we assume that the choice of dual for X[1] is the canonical one (see (7.1.7)) for each
X in D, then, sending X to its dual X and a morphism f: X — Y to the dual morphism
fP:YP — XP defines an exact functor

(—)P:D°P - D

The functor (—)P is a pseudo tensor functor (see (7.1.6)(iii)).

Proof. Part (i) follows directly from (7.2.3). From (i), (7.1.6) and (7.1.7), sending X to
its dual X and f to its dual fP defines a graded functor

(—)P: D - D

D is exact.

which is a pseudo tensor functor. Thus, we need only show that (—)
Let

x Ly Lz xp

be a distinguished triangle in D. By (7.2.3), there is a choice of dual (Y *?, 1,y ) for Y such
that the sequence 5 b b

is a distinguished triangle, where ¢g*” and f*P are the maps defined with respect to the
choice (Y*P 1,y) of dual for Y. Let F:Y*P — YP be the canonical isomorphism given
by (7.1.3). By (7.1.5), we have

F Og*D — gD’ f*D — fD o F.
Thus, we have a commutative diagram
D hD D g*D D f*D D
X" -] — Z°P — Y* — X
| | F| |
XP-] — 2P — YyP — XP

As F' is an isomorphism, the sequence
D D D
xXP[-1]zP S yP I xD

is a distinguished triangle, completing the proof. O



7.3. The diagonal and co-diagonal

We examine the diagonal morphism for a smooth projective S-scheme.

(7.3.1)

197

Let px: X — S be a smooth projective S-scheme of dimension d over S. We have the

diagonal
0x: X — X x5 X,

giving the maps
0x: Lxxsx(d)[2d] — Zx(d)[2d]

and
65 Tx — Tixxox(d)[2d].

We also have the external products
Nx, x: Zx(a) X Zx(d — a)[2d] — ZXsz(d)[Qd]
@X’XZZX(d — a)[2d] &® Zx(a) — ZXXSX(d)[2d]
We define the maps in D

tx:2g=1— Zx(a) ®Zx(d—a)[2d]
EXZZX(d— a)[2d] ®Zx(a) —1

—1 X *
Lx =Ry x 00, opx
*
€ExX =Px+ 00y ORX X

We may form the composition

Zx(a) 21 @ Zx (a) *2%Zx (a) ® Zx (d — a)[2d] @ Zx (a)

MEX 7 (a)®1 — Zx(a)
and the composition
Zx(d—a)2d] 2 Zx(d—a)2d] ® 1
MEX 7 (d — a)[2d) @ Zx (a) @ Zx (d — a)[2d]
XY @ Zx(d— a)[2d] — Zx(d — a)[2d]

(7.3.2) LEMMA
The compositions (7.3.1.2) and (7.3.1.3) are the identity.

(7.3.1.1)

(7.3.1.2)

(7.3.1.3)
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Proof. Let
X xX > XxXxX
02X xX - XxXxX
be the maps

512 = 5y x idy
(Sgg:idx X(SX

We recall from (3.2.8) that the multiplication isomorphism
w1l ® Zx(a) — Zx(a)

is the external product

Do
@S,X3ZS ®Zx(a) — ZSXSX<G) = Zx(a).
We have the isomorphism
Xx, X X" Zx(a) X Zx(d — a)[2d] & Zx(a) — ZXXXXX(d+ a)[2d];

applying (6.4.9), we find that (7.3.1.2) is equal to the composition

; 5.2
Zx (a) 25 Lx o x (a) == Toxx x x x (d + a) [2d]

T (d + a)[2d) 25 Zx ().
We have the cartesian diagram

X Ox, X xg X

5Xl lé?ﬁ’

XXSX —2> XXSXXSX.

0%

By (6.4.8), we have
6% 0012 = dx. 0 0%.

Thus (7.3.1.2) is equal to the composition
Zx (a) 25 Zx  x () 5T (a)
1

X7 v x (d + a)[2d] 25 Zx (a).

Since
p2 0 0x =idx,
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we have
d% o py =id.
Since
p1odx =idy,
it follows from (6.4.6) that
D1« © 6X* =id.

Thus, the composition (2) is the identity, completing the proof that (7.3.1.2) is the identity.
The proof that (7.3.1.3) is the identity is similar, and is left to the reader. a

7.4. The duality involution

We describe the duality structure on the motivic category. We also show that the category
DM(S) may be constructed (up to equivalence) using the tensor category A,,.:(Smg)®
(3.1.6) rather than the DG tensor category A,,.¢(Smg), in case S = Spec(k), with k a
field of characteristic zero.

(7.4.1) THE DUAL FOR PROJECTIVE X

We let DM (S)P* denote the smallest full triangulated subcategory of DM(S) containing
the objects Zx (a), with X in Smg projective over S, and closed under taking summands.
Since Zx (a) @ Zy (b) is isomorphic to Zx x ,y (@ +b), DM(S)P" is an triangulated tensor
subcategory of DM(S).

For X € Smg, projective over S, we set

Zx(a)[)P := Zx (d — a)[2d — b]. (7.4.1.1)
We have the morphism (7.3.1.1)
1x:1— Zx(a)[b] @ Zx (a)[b]”;

by (7.3.2) and (7.1.9), (Zx(a)P,tx) is a dual to Zx (a). Thus, for X and Y in Smg and
projective over S, we have the isomorphism

(—)P:Homp i (Zx (a)[b], Zy (a')[V']) — Hompa(Zy (a')[V']P, Zx (a)[p]P).  (7.4.1.2)

(7.4.2) THEOREM
The operation (—)P defined for projective X by (7.4.1.1) and (7.4.1.2):

Zx(a)[b] = Zx (a)[b]”,
(f: Zx(a)[b] — Zy () [V']) = (f7: Zy (a)V']” — Zx(a)[b]7)
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extends to an exact pseudo tensor functor (see (7.1.6)(iii))
(=)7: (DM(S)P)°P — DM(S)”";

defining an exact duality on DM(S)P*, i.e., for A, B and C' in DM(S)P*, there are natural
isomorphisms

HomDM(S)(A(X) BD,O) — HOIHDM(S)(A,C(X) B)
HomDM(S)(A(X) B,C) — HOIIlfDM(S)(A,C(X) BD)

which are exact in the variables A, B and C. In addition, there is a natural isomorphism
id — ((—)7)".
Proof. If we let D? . (Smg)P" be the full triangulated subcategory of D?  (Smg) gen-

erated by the objects Zx (a) for X in Smg projective over S, then the extension of the
operation (—)D to an exact, pseudo tensor functor

(=)7: (Dyr (Sms)")°P — Dy

mot mot

(Sms)pr,

with a natural isomorphism

id — ((=)7)7,

follows directly from (7.2.5).

We have the functor » (see II, §2.5) on the category of triangulated tensor categories,
where Ay is the pseudo-abelian hull of a category A. Applying (7.2.5) again, it suffices to
show that, if A is a tensor category having a duality involution (—)?, if A is an object of
A, and if B is the summand of A in Ay corresponding to an idempotent endomorphism
p: A — A, then B has a dual (BP,.p) in Ay.

To see this, the idempotent endomorphism p: A — A gives rise to the endomorphism

pD:AD—>AD.

Since (—)? is a functor on A, p” is an idempotent endomorphism of A”. Let BP be the
summand of AP in Ay corresponding to p”. The idempotent endomorphism p ® pP then
defines the summand B ® BP of A ® AP. We let 15:1 — B ® BP be the map gotten by
projecting 14:1 — A ® AP onto the summand B ® BP:

1= (p®@pP)ois € (p@pP) oHomy(l, A® AP) = HomA#(l,B@)BD).

It is then an elementary exercise to show that (BP,:p) is a dual to B, which completes
the proof of the theorem. O
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(7.4.3) THEOREM

Let F: DM(S)r — A be an exact R-tensor functor. Suppose the map
F(1,T'): Homp aqs)(1,T) — Hom 4 (1, F(I"))

is an isomorphism for each T' in DM(S)g. Then, for each A in DM(S)%, and each T in
DM(S)r, the map

F<A7 F) Hom"DM(S)R(A7 F) - HOHl.A(F(A)? F(F)>
is an isomorphism, hence the restriction of F' to DM(S)}, is a fully faithful embedding.
In particular, if DM(S)} = DM(S)r, then F is a fully faithful embedding.

Proof. We give the proof for R = Z. Each object of DM (S)P" is a summand of an iterated
cone of objects of the form Zx (a)[b], with X smooth and projective over S. Since F is
exact, it suffices to show that F'(A,I") is an isomorphism for A = Zx (a)[b)].

This follows from the hypothesis on F', and (7.4.2). O

(7.4.4)
We recall the tensor category Apmot(Smg)? (3.1.6), and the DG tensor functor (3.1.6.2)

H ot Amot(smS) - Amot(Sms)O.
The category A,.:(Smg)? and functor H,,,; are characterized by the identity
Hom,,,,(sms)0 (Zx, Zy (a)) = H**(Homy,,,, (sms)(Zx, Zy (a)).

From (3.2.11), we have the triangulated tensor category K° .(Smg)°:

mot

Kb

mot

(SmS)O = Kb(Amot(Smg)O),
and the exact tensor functor

K°(Hpot): Kb . (Smg) — K°

mot mot

(Sms)o.

The category D? ,(Smg)? is gotten from K? ,(Smg)? by inverting the morphisms of
(2.1.3), and the category DM(S)? is gotten from D? . (Smg)® by forming the pseudo-

mot
abelian hull. This gives the exact tensor functors

Db(Hmot>3 D?not (SmS)O

DM (H pot): DM(S) — DM(S)°

(Smg) — Db

mot
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(7.4.5) LEMMA

Let X be in Smg. Suppose there is an open immersion
X - X

with X smooth and projective over S, such that

i) the complement Z := X\ X is a union of smooth projective irreducible S-schemes:
Z=UN,7;.

ii) For each collection of indices i1, . .., 1is, the closed subset Z;; N...NZ;, of X is smooth
over S.

Then X is in SmY .

Proof. Let U = X\Z1, Zy = ZNU. We have the distinguished triangles (2.2.9.2) in
DM(S):

Lx z(a) = Lx(a) — Zx(a) — Zx z(a)[l],

Lx,z,(a) = Lx z(a) = Zu,z,(a) = Lx z,(a)[1],

Lx z7,(a) = Lx(a) = Zy(a) = Lx 7, (a)[1].
Since Z; is smooth, say of codimension d, we have the isomorphism (6.1.1.2)

L% z7,(a) = Lz, (a — d)[-2d],

hence Zy(a) is in DM(S)P*. Similarly, Zz,~y(b) is in DM(S)P* for each i = 2,...,N;
by induction, this implies Zy,z,, (a) is in DM(S)P". Thus Zg »(a) is in DM(S)P*, hence
Zx(a) is in DM(S)P". 0

(7.4.6) THEOREM

Suppose S = Spec(k) for a field k, and that, if char(k) > 0, the coefficient ring R is Q.
Suppose further that, for each X in Smy, there is an open immersion

X =X
with X smooth and projective over k, such that
i) the complement Z := X\ X is a union of smooth projective irreducible k-schemes:

7z =UN,7Z;.

ii) For each collection of indices i1, . .., 1is, the closed subset Z;; N...NZ;, of X is smooth
over k.
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Then the functors DY(H,,,;) and DM (H,,.;) are equivalences.

Proof. It suffices to show that D(H,,.) is an equivalence of categories (after tensoring
with R). By (7.4.5), D? .(Smj)P* = Db .(Smy). Since D? ,(Sm;)° is generated by

mot mot mot

the objects in the image of D® . (Smy), it suffices to show that D®(H,,,;) is fully faithful,
after tensoring with R.
By (4.6.6) and (4.4.9), the functor D?(H,,,.¢) gives an isomorphism

Hompy,  (sum,)(1, Zx(@)[b]) ® R — Hompy,  sm,0(1, Zx (@) & R

for each X in Smy. Since D% .(Smy) is generated as a triangulated category by the

objects Zx (a), it follows that D®(H,,.;) gives an isomorphism
HOIIququt(smk)(l, F) ® R — HOl’l’lD?not(Smk)()(l, F) ® R

for each T in D?, ,(Smy). Since D?, ,(Smy)P* = Db . (Smy), it follows from (7.4.3) that

D(H,,,¢) is fully faithful after tensoring with R, completing the proof. O

7.5. Correspondences

Via the duality isomorphism of §7.4, we may interpret maps in DM (S) between motives
of projective varieties X and Y as classes in the motivic cohomology of the product. In
this section, we show how the category of Chow motives over a field k motives generalizes
to our setting.

(7.5.1) LEMMA

Let X be a projective S-scheme in Smg, of dimension d over S, let Y be in Smg, and let
f:Zx — Zy(a)[b] be a morphism in DM(S).

i) Let
(:1 = Zyx,x(a+d)[b+ 2d

be the map Ry x o U5 (f). Then f is equal to the composition

UYXsXC

Tx 2Ty xox —5 Lywox(a+d)b+2d25Zy (a)[b].

ii) If, in addition, Y is projective over S of dimension e, and
(P11 — Zxxgy(a+d)[b+2d

is the map ® x y ot} (fP), then
CD = t;{,Y(C)»
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where tx y: X xgY — Y xXg X is the exchange of factors. Thus, fP is equal to the
composition

Zy (e — a)[2e — B 2o Zy o x (e — a)[2¢ — ]

UYXsXC

L5 Ty o x (d + €)[2d + 2€] 5 Zx (d)[2d].

Proof. We first prove (i). If we denote the composition in (i) by g, it suffices to show that
e (f) = 5% (g). The map % (g) is the composition
157 @ Zx (d)[2d]22 Ty o x ® Zx (d)[2d]

UYXSXC(X)id

1-®id
“—  Zyxsx(a+d)[b+2d] ® Zx(d) [2d]p—®> Zy (a)[b] ® Zx (d)[2d]
We may rewrite this as
Ry, x © V5 (9) = P13« © Uy xsX x5 X (P12€) © P33 0 dxx 0 P

We have the cartesian diagram

Yoxg X Xy Lo X xg X
p2l lp23
X — X x5 X;
ox

applying (6.4.8), we have the identity
P33 0 0x+ = (idy X dx)« 0 p3.
Using this and the projection formula (6.4.7), we may rewrite Ry x o tx-(g) as
Xy, x 0t (g) = p13« 0 (idy X 0x)« 0 Uyxsx(C) 0Py o x

=idyxgx«©0(

= (.

Thus /% (9) = &;}X o( =% (f), completing the proof of (i).
For (ii), we note the i} (f”) = /% (f), by definition of fP. On the other hand, it
follows from the symmetry of the diagonal map that the maps
Ly (@)p]: 1 — Zy (a)[b] ® Zy (e — a)[2e — 1],
L7y (e—a)[2e—b]* I — ZY<6 - CL)[26 - b] ® Ly (a)[b]

are related by
tyy XYY O Lz (a)t] = BY,Y O (Zy (e—a)[2e—b]-
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From this, it follows that

X,y oty (fP) =ty oRyx ot (f7)

Y

ie.,
D
C = tj;(,Y ° 47

proving (ii). O

(7.5.2) LEMMA

Suppose X, Y and Z are in Smg, with X and Y projective over S, of relative dimensions
d and e, respectively. Let

[:Zx — Zy(a)[b], g:Zy(a)[b] = Zz(a' + a)[b’ + b]
be morphisms in DM(S), and let
Cfil —>Zy><sx(a+d)[b+2d],

Coil = Zgwgy(a +e)b + 2¢],
Cgof:1 - ZZXSX<CL+CL, +d)[b+b/+2d]

be the respective morphisms

gY:XOLS/((f): &Z,YOLIS//(Q% &Z’XOLS/((gOf).

Let
P12: 4 XgY Xg X = Z xgY,

p13: 4 XgY Xg X — Z xg X,
pgg:ZXSYXSX—)YXSX

be the projections. Then
Cgor = P13+(P12(Cg) UPas(Cr))-

Proof. By (7.1.11), and the uniqueness (7.1.10) of the co-diagonal

Zy (e — a)[2e — b] ® Zy (a)[b] — 1,
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Cgof is the composition

111
FOE Dy a4+ d)b+ V] @ Zy (e — a)[2e — b @ Zy (a)[B] @ Zx (d)[2d]
MEY Py (a+d)b+ ] ®1® Zx(d)[2d]
>~ Zz(a+ a')[b+ V] @ Zx (d)[2d]

L3 gxsx(a+a +d)b+b +2d)

Since
€y =Py« O 0y OX
Y Y Y Y)Y

we may rewrite this as the composition

121®1
O Ty (a) 0] @ Zy (e — a)[2e — b] © Zix © Zx (d)[2d]
LI g (a4 )b+ V] @ Zy (e — a)[2e — ] @ Zy (a)[b] ® Zx (d)[2d]
MU Ry )@y 0 a )b+ V] @ Zy (€)[2¢] © Zx (d)[2d]
ey Sidy (a4 a)[b+ V] ®1® Zx(d)[2d]
~Zz(a+ad )b+ V] Zx(d)[2d]

L3 gxsx(a+a +d)b+b +2d).

Using the definition of (¢ and (g4, and (6.4.9), this in turn may be rewritten as the
composition

1=1®1

MZxgY,yxgx0(Ca®Cy)
-

ZZXsYXsYXsX(a-l'a,+e+d)[b+b,+2€+2d] (1)
(idzxmidX)*ZszYxsx(a +a +e+d)b+V + 2e+ 2d]

Pl v ox(a+a +d)[b+b + 2d.

Since the composition

111

MZxgY,Yxgx0(Ca®Cy)
=5

Zzwsyxsyxsx(a+a +e+d)b+b + 2e+ 2d
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is the same as the cup product pi,(¢s) U p34(Cr), the composition (1) is the same as the
composition

1p12(<g&23(<f)ZZXSYXSx(CL +a +e+d)b+ b +2e+2d]
P13=x

—SZzxsx(a+ad +d)b+ b +2d],
completing the proof. 0

(7.5.3) LEMMA
Let X be a projective S-scheme in Smg, of dimension d over S

i) Let Y be in Smg, and let f:Y — X be a morphism in Smg, giving the morphism
[**Zx — Zy. Let (y» = By,x o % (f*), and let 'y C Y xg X be the graph of f.
Then

(e =y x (Ty).
ii) Let Y be in Smg, and let f: X — Y be a morphism in Smg of relative codimension

a, giving the morphism f.:Zx — Zy(a)[2a]. Let (. =Ry x o ! (fs), and let T C
Y x¢ X be the transpose of the graph of f:

r} =txy(Ty).

Then
a+d
¢ = ClYersX(p})-
iii) Let Z € Z9(Y xg X/S) be a codimension q cycle on'Y xg X. Let
vz:Lx — Ly (q — d)[2q — 2d]
be the composition
Ucl?(Z)

Zx Dlxrsy — Lxxsy(q)2q) 252y (g — d)[2q — 2d),

and let ¢y, =Xy x 0% (vz). Then
Gz = Ay x ().

iv) Let Y be in Smg, and let Z € Z9(Y/S) be a codimension q cycle on Y, giving the
map
¥ (Z):1 — Zy(q)[2q].

Let (z =Ry,g0u5(cll(Z)). Then

CZ = Clg,(Z)
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v) let Z € Z4(X/S) be a codimension q cycle on X, giving the map
Ucl%(2): Zx — Zx(q)[2q).
Let (uz =R x, x ot (Ucl?!(Z)). Then
Cuz = Y, x (0x.(2)).

Proof. For (i), we use the relation

Ry,x 0tx = O0xx0DY%

= 6x. 0 pi ocld(]S)]) (3.3.4)
= 0x. 0 cl% (|X]) (3.3.3)
= Al o x (Ox(1X1)) (6.2.3)
= Clgl(xsx(AX)-

From this it follows that

Ry,x 0 U (f*) = (f x idx)* (cli s x (Ax))

= Iy x(Ty) (3.3.3),

proving (i).
For (ii), we have

xY,X Obg((f*) == (f X 1dX)* Ost* op}

= (f x idx )« 0 0xx 0 pi 0 cl%(|S]) (3.3.4)
= (f,idx)s 0 cl% (| X)) (6.4.6)
= clf,  x(T%) (6.2.3).

The assertion (iii) follows directly from (7.5.1). As the cycle class map cl{.(Z) may
be factored as the composition

x Ucl!(Z .
1= Zs P2 Zy v os" oD Ty 5 (0)[20) 5Ly (9)[24],

(iv) follows from (iii). For (v), we have

P10 (P5(=) U [0xx 0 cl?) x(Z)]) = p1« 0 0x.(0% o p3(—) Uclk(2)) (6.4.7)
= Ud’(2) (6.4.6).
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By (6.2.3),
Oxs 0l (Z) = AL (0x.(2));

this and (iii) proves (v).

(7.5.4) REMARK
Let X and Y be projective S-schemes in Smg.

i) Let f: X — Y a morphism. Suppose X has dimension d over S and Y has dimension
e over S. Then the morphism

[ Zy(a) — Zx(a)
has dual the morphism
fe:Zx(d—a)[2d] — Zy (e — a)|2e].

The morphism
fe:Zx(a) — Zy (e —d + a)[2e — 2d|

has dual
[ Zy(d—a)]2d] — Zx(d — a)[2d].

ii) Let Z € 29(X/S) be a cycle. Then the morphism
Uxcl%(2): Zx(a) — Zx(a + q)[2q]
has dual the morphism
Uxcl%(2): Zx(d — a — q)[2d — 2q] — Zx (d — a)[2d].

The morphism
cl%(2):1 — Zx(q)[24]
has dual the composition
Uxcld (2)

Zx(d—q)[2d — 2q] =" "Zx (d)[2d]Z51.

Indeed, the computations of the dual of f*, f, and Uxcl%(Z) follow easily from (7.5.1)
and (7.5.3). For the dual of cl% (Z) we have

c% (%) = (Uc%(2)) o Pk,

hence
(A% (2) = (px)? 0 (Uel%(2))P = px« o (Ucl% (2)).
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(7.5.5) CHOW MOTIVES

We recall the construction of the category of graded Chow motives with R-coefficients
Motg: let k be a field. The category Pre-Motgr has objects M(X)(a), where X is a
smooth projective k-scheme, and a an integer. The morphisms are given by

Homp ooty (M(X)(a), M(Y)(b)) = CHX T =Y x X) @z R
if X has dimension dx over k. The composition law is given by

Z oW =pzx«(0zy(2) Upyx(W)),

for W € CH*T(Y x X) and Z € CH?™ ™™(Z x Y'). Pre-Motp is an R-tensor category,
with direct sum being disjoint union, and tensor product induced by the product over k.
The duality involution on Pre-Motg is given by the interchange of factors in Y x X. The
category Motg is the R-tensor category Pre-Motry4 gotten from Pre-Motg by taking the
pseudo-abelian hull.

Let R be a localization of Z. It follows immediately from (7.5.1), (7.5.2) and (7.5.3)
that sending M(X)(a) to Rx(a)[2a] and

Z € Hompye Mot , (M(X)(a), M(Y) (b)) = CH* %Y x X) ®z R
to
(y,x 0 %) T (XN (2)): Zx (a)[2a] — Zy (b)[20]

extends to an R-tensor functor
Motgr — DM(S ) R

compatible with the respective duality involutions. From (4.6.6), and (7.4.3), this functor
is a fully faithful embedding in case char(k) =0, or if R = Q.

7.6. Homology and compactly supported cohomology

We use the results of §7.4-5 to define and relate motivic homology, Borel-Moore homology,
and compactly supported cohomology.

(7.6.1)

Let SmY be the full subcategory of Smg with objects being those X in Smg for which
Zx is in DM(S)P'. In particular, if X € Smg is projective over S, then X is in SmY;
more generally, if U is an open subset of a smooth projective S-scheme X € Smg, and if
we can write the complement of U as

X-U=U",D;

such that the closed subsets D; N...N D, are smooth over S for each collection of indices
i1,...,1s, then, by (7.4.5), U is in SmY .
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(7.6.2) DEFINITION
i) Let X be in Smg. The motivic homology of X, H,(X, Z(q)), is defined by

Hp (X, Z(q)) = Homp aq(s) (Zx (q)[p], 1)-

ii) Let X be in SmY'; suppose X is of dimension d over S. We define the object ZE(/S of
DM(S) by
c/S
Z3® = 2R (—d)[-2d).

We extend these notions to arbitrary X € SmY by taking direct sums over the connected
components of X. The compactly supported cohomology of X, H? ) (X, Z(q)), is defined

by
H? (X, Z(q)) = Homp sy (L, 25 (a) [p]).

iii) Let X be in SmY". The Borel-Moore homology of X, H}*™M (X, Z(q)), is defined by

HEM-(X,Z(q)) = Homp pi(s) (Z ()], 1).

We recall from (6.4.11) the Borel-Moore motive Z5M- of X € Smg. The identity
ZL = (@5%M)P

for X € SmY follows immediately from the definition (7.6.2). Applying the duality invo-
lution gives the natural isomorphisms

HPM(X,Z(q)) = Homp pys)(Zs, ZX ™M (—q)[-p]),

HY o(X, Z(q)) = Homp aq(s) (Z5™M (=) (-1, Zs).

(7.6.3) MOTIVIC HOMOLOGY
Sending X to H,(X,Z(q)) extends to a functor
Hy(—,Z(q)): Smg — Ab;
for a map f: X — Y in Smg, we denote the map H,(f,Z(q)) by f«. The homotopy and

Kiinneth isomorphisms, and the Mayer-Vietoris and Gysin distinguished triangles, yield
the corresponding properties of the motivic homology groups: The map

p*3Hp(X Xg Al:Z(Q)) - Hp(X7Z(Q))
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is an isomorphism, there are external products in motivic homology, and there are natural
long exact Mayer-Vietoris sequences for X = U UV, U and V Zariski opens in X:

- = H,(UUV,Z(q)) — Hy(U, Z(q)) © Hy(V, Z(q)) — Hyp(X, Z(q))
— H, 1(UUV,Z(q)) — ....

One has functorial pull-back for projective morphisms f:Y — X of relative dimension d:
[7Hp(X,Z(q)) — Hpi2a(Y, Z(q + d)).

and a long exact Gysin sequence for i: Z — X a closed embedding in Smg of codimension
d, with complement j: U — X:
...— H,(U,Z(q)) — Hp(X,Z(q)) — Hp—24(Z,Z(q — d))
— Hy 1 (X, Z(q) — .. ..
These properties all follow immediately from the analogous properties of the objects Z x (q),
etc., in the category DM(S).
We have the map
idy Ux (—):Homp sy (Zs, Zx (¢')[p']) — Hompa(s)(Zx, Zx (') [p'])
= Homp sy (Zx (¢ — ¢')[p — p'], Zx (q)[p])

defined as the composition

Homp sy (Zs, Zx(q")[p'])

idx ®(—
X Homp s (Zx ® Zs, Zx @ Zx (¢) )
&X,XO(—)O@_l
— X’SHomDM(s) (Zx,Zxxsx (q/) [p/])
A% o(—)
RSN HomDM(s) (Zx,Zx (q/) [p/])

= Homp sy (Zx (¢ — ¢')lp — 1], Zx (q) [p))-
Combining idx Uy (—) with the operation of composition
Hompr(s)(Zx (¢ — ¢')[p — P'], Zx(q)[p]) ® Hompr(s)(Zx (9)[p], Zs)
— Homp sy (Zx (q — ¢')[p — '], Zs)
gives us the cap product pairing

N HY (X, Z(q')) © Hy(X, Z(q)) — Hpp (X, Z(g — ).
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If we have purity for motivic cohomology (e.g., S = Spec(k) for k a field of characteristic
zero, see (6.2.5)), we have the canonical identification

Ho(S,Zs(0)) = Z;
we may then follow N¥ with the push-forward by the structure morphism px to give the

pairing
HP(X,Z(q)) @ Hyp(X, Z(q)) — Z.

Let f:Y — X be a morphism in Smg; one easily verifies the identity
f* e} (idX U Oé) = (idy U f*(oz)) o f*

for a: Zg — Zx (p')[¢’]. This, together with the associativity of composition, immediately
implies the projection formula:

fe(f* () n" B) =« n¥ f(B)
for elements a € H? (X, Z(¢')), 8 € H,(Y,Z(q)).

(7.6.4) COHOMOLOGY WITH COMPACT SUPPORTS, AND BOREL-MOORE HOMOLOGY

For a morphism f: X — Y in SMY of relative dimension dy, we let

FezS = 75 (—dy)[~2dy] (7.6.4.1)
denote the (shifted and twisted) dual of the pull-back map

[ Zy — Zx
If f is projective, the shifted and twisted dual of the push-forward f, defines the morphism
Fzils - zsls (7.6.4.2)
The maps f, are functorial after shift and twist:
(fog)r = (f1)(=dg)[—2dg] o g1.

Sending X to Z;/S and f to f' defines the functor

c/S. op
7.7 Sm&mOj

— DM(S).

The maps f' and f; induce maps on Hf/S(X, Z(q)) and H}™ (X, Z(q)) in the obvious
way: for f: X — Y of relative dimension d, we have

fi H? o(X, Z(q)) — HE 3V, Z(q — d));



214 DuaLiTY

the groups H)™ (X, Z(q)) have a similar contravariant functoriality

£ Hy M (Y Z(q)) — Hy54(X, Z(q + d)).

We have the homotopy property, Mayer-Vietoris sequences for Zariski open covers and
reverse functoriality for projective morphisms:

fHY (Y, 2() — H, (X, Z(q))

frHPM(X, Z(q) — HY M (Y, Z(q)).

Taking the dual of the Gysin distinguished triangle (6.1.2.2) gives the Gysin distinguished
triangle for motives with compact support
SRR Al
if any two of X, U and Z are in SmY. This gives rise to the standard Gysin sequences
for Borel-Moore homology and cohomology with compact supports.
Taking the inverse of the dual of the Kiinneth isomorphism gives the Kiinneth iso-

morphism

32 2~ 2

This gives external products in compactly supported cohomology

c/S . [P

P s(X,Z(q) ® HY (Y, Z(q') — HYJE' (X x5 Y, Z(g+ q)

/S

If X =Y, we may then pull-back by AEX, giving cup product in compactly supported
cohomology:

c/S !
UL HY (X, Z(q)) @ HY )

UC/S —AX UC/S

(X,Z(¢) — HYY (X, Z(g+ q),

This makes
c/S(X Z(*)) = 6917,ch/s(X Z(q))

into a bi-graded ring (without unit).
Composition defines as above the cap product

NS HY5(X, Z(q") © Hy ™ (X, Z(q)) — Hy (X, Z(g — ')

satisfying
fu(fila) N5 B) = a Nk f7(6)
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f(?r a € Hf;S(X,Z(q’)), GRS HE'M'(Y,Z(Q)), and f: X — Y a morphism in Smg. This
gives

HEM(X, Z(%)) == @p’qHE'M'(X, Z(q))

the structure of a bi-graded module over H:/S(X, Z(%)).

(7.6.5) POINCARE DUALITY

For X smooth and projective of dimension d over S, the identity (7.4.1.1)
Lk = Lx(d)[2d),

the identification (7.5.4)
fP=Ff =1

for a morphism f: X — Y of smooth projective S-schemes, and the fact that duality is an
exact involution, gives the functorial isomorphisms

H,(X,7(q)) = H*P(X,Z(2d — q))
HP o(X, Z(q)) = HP(X, Z(q))

H,M (X, Z(q)) = Hy(X, Z(q)) = H*7P(X, Z(2d — q)).

Via these isomorphisms, the cap products defined above are identified with the cup product
in motivic cohomology. O

7.7. Relative homology and cohomology

We identify the compactly supported cohomology with the cohomology of a projective
compactification over S, relative to a “normal crossing complement at infinity” in case such
exists; we identify the Borel-Moore homology with a similarly defined relative homology
group. In particular, if S = Spec(k) for a field k, and if one has resolution of singularities
for quasi-projective k schemes, then one has this interpretation of compactly supported
motivic cohomology, and Borel-Moore homology, for all quasi-projective k-schemes. We
begin with the construction of relative motivic cohomology.

(7.7.1) n-CUBES

Let <n> be opposite of the category associated to the partially ordered set of subsets of
the finite set {1,...,n}, i.e., an object of <n> is a subset I of {1,...,n}, and there is a
morphism J — [ if and only if J D I. The category <n> is usually called the n-cube.
For a category C we have the category C(<n>), the category of n-cubes in C, being the
category of functors

X:<n>—C.
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(7.7.2) LIFTING n-CUBES TO L(V)

Let
X, <n> — Smyg,

I'_>XI7

be a functor and let (Xp, fy: X' — Xy) be a lifting of X to an object of £L(Smg). For
each I C {1,...,n}, form the Cartesian diagram
X=X xx, X1 2 X'

fIizpzi if@

X[ — X@.

X150

The maps X j5; induce the maps
X X7 — X7

defining the n-cube
X!:: <n> — Schg;

the maps f; give the map of n-cubes
fer X! — X,.

Supposing that the X} are smooth over S for all I, we define the lifting of X, to a

functor
(X, f5): <n> — L(Smyg) (7.7.2.1)

by setting

/ . /
*DI H XJ?

JCI

fit ==UscrXssro fr,
ij: X:C)I — X7.
(compare with (4.1.6.1)). We then apply the functor
Z(0): L(Smg)? — Aot (Smg)

to (7.7.2.1), and take the associated complex with term @, |;=sZx; (O)fzx in degree s, and
differential
O @1, 11=sLx,(0)gx — B |1j=s+12Zx,(0) px

I
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given by setting

6;,1': ZXI (O)flx - leu{i} (O)fzjf){z‘}
X* fori &1
95 — { Iu{i}oI
1, 0 foriel
o= > (-1,

L|I|=s i=1

We denote the resulting object of C? ,(Smg) by Zx, (0),.

mot

If we take fj =idx,, then sending X™* to Zx-(0) := Zx~(0)iay, gives the functor
Z(0): £L(Smg)(<n>) — C . (Smyg) (7.7.2.2)
extending the functor (4.1.7.1)
Z(0): £(Sms) — A}, (Sms).

(7.7.3) n-CUBES AND CONES

The main utility of the n-cube follows from the elementary remark that the category of n-
cubes in a category C is equivalent to the category of maps of n—1-cubes in C by associating
to a map of n — l-cubes

fa X7 — XF
the n-cube X (fy).« with
X ifn&l
X(fo)r = ! : ’
(fo)1 {Xj\{n} ifnel,
X7 ifnéelJ,
X(f*)JDI:{ iDI .
XJ\{H}DI\{H} ifnel,

X(f)rogmyor = frfor I'C{l,...,n—1}.

(this unique determines X (f.).). If we have an n-cube X, in £(Smg), which we may then
write as

X = X(fe)s

for the uniquely determined map f, of n — 1-cubes in £(Smg), we have the identity

Zx. (0) = Cone(Zy, (0): Zx - (0) — Zx+(0))[-1]. (7.7.3.1)

5

Thus, each n-cube in £(Smg) gives rise to a sequence of linked distinguished triangles in
Kb (Smg)

mot
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(7.7.4) RELATIVE MOTIVES

Suppose we have a smooth S-scheme X, with subschemes
Dy,....D, CX
such that, for each index I = (1 <iy < ... <is < n), the subscheme Dy,
Dr:=D; Nn...ND;,

is smooth over S. We say in this case that D1,..., D,, intersect transversely. Suppose we
have a lifting (X, f: X’ — X)) of X to £L(V) such that the pull-backs

fr:i=p2: X' xx Dy — Dy

are in Smg. We let
(X;D1q,...,Dp)s:<n>— Smg

be the n-cube in Smg with
(X;Dl,...,Dn)[ = D[;

for J C I, we let
(X;Dlw"?Dn)JCI:DJHDI

be the inclusion. Applying the construction described above gives the lifting of the n-cube
(X;Dq,...,Dy,)* to the n-cube

(X;D1,...,Dp)s, fX):<n> — L£L(Smg)

which in turn gives us the object Zx,p, . p,)(0)s of Cb .(Smg); the identification

(7.7.3.1) of Zx,(0); as a Cone gives us the distinguished triangle in K% ,(Sm):

mot

Z(x:D,...0,)(0)f = Z(x;Dy,....00_1)(0)f = Z(D,:Dy ... Du1.)(0) £
(X ) (s 2 (Prib1, el (7.7.4.1)

7Dy, D) (0) (1]

We call the object Zx;p, ..., p,)(0) of DM(S) the motive of X, relative to Dy, ..., Dy,
We define the relative motivic cohomology HP((X; D1, ..., Dy),Z(q)) by

HP((X’ D17 sy Dn)7 Z(Q)) = HomDM(S)(17 Z(X;Dl,...,Dn)<Q) [p])

(7.7.5) RELATIVE MOTIVES AND DUALITY

Let X be smooth and projective over S. Let Dy, ..., D, be closed subschemes of X which
intersect transversely. Let U = X\ U, D,;. We call the collection (X; Dy, ..., D,,) a good
compactification of U over S. If U admits a good compactification, then, by (7.4.5), U is
in SmY'.
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Let X bein Smg, F, Dy, ..., D, closed subschemes of X which intersect transversely.
Let U = X\(D1U...UD,), and let

(SUi U— X Xg U
ou (u) = (u, u),

be the diagonal inclusion. Consider the object

Z(XXSU;Dlst,...,ansU)<0)5U

of C?

mot

(Smg). By (3.2.4), we have identification

Homenot(SmS)<e ® 17 Z(XXSU;Dl XsU,...,DnXSU) <Q)5U [2q])

= ﬂ?zlker(ip;:ZQ(X X g U)zSU — Zq(Di X U))

In particular, the diagonal Ay := §p.(|U]|) gives the map (see (1.2.10))

and the cycle class map in D, (Smg):

mot

c(Ap): 1 = Z(xxsU;D1 xsU,..., D x s U (AU )51 [2dU |5

We let
Ly 1— Z(X;D1,...,Dn) (%9 ZU(dU)[QdU] (7751)
be the map in D¢, ,(Smg) defined by composing cl(Ay) with the inverse of the isomor-
phism
X,
Z(x;D,,...,D,) ®1ZU(dU)[2dU]—>UZ(XXSU;D1xSU,...,anSU)(dU)WU]
et
ﬂ>Z(XXSU;DlxSU,...,Dnst)(ClU)5U [2dy]
Suppose we have a closed subschemes F, D1, ..., D, of X, with transverse intersection;

we suppose that E has codimension dg.x in X. For I = (i1,...,1s), let D; = N;D;,, and
let i 1: £N Dr — Dy be the inclusion. The collection of maps Z*E ; defines the morphism

ip: Z(X:Ds,....D,) — L(E;END,,....END,)- (7.7.5.2)

(7.7.6) LEMMA

Let X be in Smg, F, D1, ..., D, closed subschemes of X which intersect transversely. Let
U=X\(D1U...UD,), and let Ey = ENU. Then

j) the pair (Z(X;D1,...,Dn): LU> (7 751) is the dual OfZU(dU>[2dU].
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ii) The map

iy« Li, (—dE:x)[—2dE.x] — Zy(0)
is the dual of the map (7.7.5.2).

Proof. We prove (i) and (ii) together by induction on n, the case n = 0 for (i) being the
definition (7.4.1.1) of the dual of Zx (dx)[2dx] for X smooth and projective over S, and
for (ii) being (7.5.4). We may suppose that X is equi-dimensional over S and each D; has
pure codimension d; on X.

Let V.=X\(D1U...UD,_1),and Dy = D, NV. Let

d=dx =dy =dy, d =dp,,

and let
2 U—=V, «Dy —V

be the inclusions. We have the (shifted) Gysin distinguished triangle (6.1.2.2)
Zy (d)[2d) 2y (d) 2] —Zp, (d)[2d + 1] Zy ()24 + 1] ®

Applying our induction hypothesis, the dual of the map i, is the map

which fits into the distinguished triangle

Z(x:Dy,....0n- )= U=—=Z(D,:Dy n,....Dmr.) = U—2Z(x: D5 ...D,)
(XD D)
Letting Zy,p, denote as usual the motive of V' with supports on Dy :
ZWDVZ:(bndjﬁZV—AZU%

the distinguished triangle (1) is by definition isomorphic to the distinguished triangle

Ty (d)[2d)] 252 (d) [2d) Ty, (d)[2d + 1]

Jo (3)
9070 (d)[2d + 1]

b

mot

In addition, the sequences (2) and (3) are Cone sequences in C?, ,(Smg), hence define

distinguished triangles in K? .(Smg).

We may then form the 4 x 4 diagram by tensoring (2) with (3), using the tensor
product x in the category C?(Smg)*. Let

X1=2D,:D1n,.0nr.) =1, Y1 =ZxD,,..D,) 21 =2L(XDs,...Dp_1)

Xy = Zy.py (d)[2d + 1], Vs = Zy(d)[2d), Zs = Zy(d)[2d].
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and let
K= Cone(id X j() — Z*[l] X lXm X X2 D Zl X Z2 — Xl X ZQ[].])[_]_]

As in §7.2, (see (7.2.1.5) and (7.2.2)) we have the maps in C? ,(Smg):

mot

B

K — Y1 x Y,
al | Gin xid,iaxin)
Xix Xo® Z1 x Zy "Iy X @ 20 x Vs (4)
idxjo—i*xidl
X1 X Zs[1]

where the left-hand column is the Cone sequence. The map 3 is given as follows: The
identity
Zy.py (d)[2d + 1] = Cone(j*: Zy (d)[2d] — Zy(d)[2d])

gives the map in C? .(Smg)

mot

v: X1 XYy — K
with ¢ oy = id x ¢;. Similarly, the identity
Z(x:D,,...Dn) = Cone(i*: Z(x.p,....D_1) = Z(Dp:DynvosDryr.)) [~ 1]

gives the map
")//Z Yl X ZQ — K

with a0+’ = j,, x id. Letting
")/H:Xl X ZQ—>X1 XYQ@Yl XZQ

be the map
"= (id x j*, —i, x id)

we have the Cone sequence in C? ,(Smyg):

mot
X1 % 25X x Ya @ Ya x 20K — Xy % Zo[1]. (5)
Let
ﬁ’:Xl XYQ@Yl XZQ—>Y1 XY2
be the map

B =i, xid+1id x j* (6)

Then 3 04" =0, and 3 is the map determined by 3.
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Now let Ay be the diagonal in X x V, and Ap, the diagonal in D,, x Dy. Let K
be the localization of Kb ,(Smg) with respect to the maps of (2.1.3)(e), i.e, we invert the
maps

id;: Zy(d)f - Zy (d)
The cycles Ay and Ap,, determine the maps in K (see (1.2.10))

[Av]SZQ(XJ 1— Z1 X Zy
[Ap,]°:e®1 — X x Zp, (d)[2d]
[is(Ap, )] e ®1 — X x Zy (d)[2d]
[(id x 9).(Ap,)]D, e ® 1 — X1 X Zy,p,, (d)[2d]
By (6.2.3), we have
(id x ). 0 [Ap, |7 = [(id X i).(Ap, )], (7)
in D!

mot

(Smg). Let
clp, ((id X 0)«(Ap,)): 1 — X1 x Xo

be the cycle class map with supports corresponding to [(id x 7). (A DV)]%V, and let
&:Xl ®X2 —>X1 X X2

be the external product.

By our induction hypothesis, the cycle class maps in D% ,(Smg)

c(Ay):1 — Zy x Zy
cl(Apy):1 — Xy x Zp, (d')[2d'],

composed with inverse of the respective external products

&121@)22—)21 X Z2

x: X1 @ Zp, (d)[2d] — X1 x Zp, (d')[2d],
gives the duals

(Z1,mtocl(Ay)), (X1, tocl(Ap,))
to Z» and Zp, (d')[2d']. By (7),

(X1,xtoclp, ((id x 1).(Ap,)))

is the dual to Xs.
The matrix

( [(id x é{*[gavl]jv>]%v )
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determines the map
d:e®@1 — Cone(y”) 2 K.

in IC. By the functoriality of the cycle maps, it follows easily that
q08 = (l(Av), clpy ((id x i), (Ap, ).
By the remark (7.2.4), this implies that (Y1, '3 0 ov; ') is the dual of Y5, where
X:Y1®Ys =Y XY,

is the external product and
r:e®l—1

the isomorphism (2.2.4.1).
Since

Bod=cl(Ay),

part (i) is proven.
Part (ii) follows from (i), the identity of cycles on E x U

(ldE X ZEU)*(AEU) = (’LE X ldU)*(AU)
and (6.2.3). O

(7.7.7) PROPOSITION

Let (X;D1,...,D,) be a good compactification of U over S. Then there is a canonical
isomorphism

Z(X;Dl _____ D,) — ZCU .

In particular, if (X; Dy,...,D,) and (X'; D},..., D! ) are two good compactifications of
U over S, then there is a canonical isomorphism

Z(x:py.,...D,) = L(x",p7,....D1)
Proof. This follows from (7.7.6), (7.1.3) and the definition of ZCU/S (7.6.2). O

(7.7.8) BOREL-MOORE HOMOLOGY AS RELATIVE HOMOLOGY

We define the relative motivic homology H,((X; Ds,...,Dy),Z(q)) by

Hy((X; Dy, ..., Dy),Z(q)) = Hompa(s)(Z(x;p,,....0.) (@) [P], Zs); (7.7.8.1)

this is compatible with our earlier definition (7.7.4) of relative motivic cohomology as

HP((X; D1, ..., Dn), Z(q)) = Hompa(s)(Zs, Zx;ps.....0,) () [P])-
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Via (7.7.6) and (7.7.7), we may identify the Borel-Moore homology, respectively the com-
pactly supported cohomology, of an S-scheme U which admits a good compactification
(X; Dy,...,D,) with relative motivic (co)homology:

HE'M'(U,Z(q)) ~ H,(X;D1,...,Dy),Z(q))

H? (U, Z(g)) = HP((X; Dy...., D). Z(q).

(7.7.8.2)

7.8. Homology and cohomology of singular schemes

We now relate the Borel-Moore homology to homology with supports in a “smoothly
decomposable” closed subscheme (7.8.1)(i). This enables us to extend the definition of the
Borel-Moore motive and Borel-Moore homology to such S-schemes. We also consider the
extension of the motive with compact support to certain S-schemes which are not smooth
over S: those which are smoothly decomposable and admit a “compactifiable” closed
embedding into a smooth S-scheme (7.8.2)(ii). For such S-schemes, we define the motive
with compact supports and the resulting motivic cohomology with compact supports.

(7.8.1)

We recall from (2.1.2.1), for W a closed subset of a smooth, quasi-projective S-scheme X
with complement j: U — X, we have the “motive of X with supports in W”, Z x w defined
by

Zx w = Cone(j*: Zx — Zy)|—1].

If X and U are in SmY’, we may take the dual of j*; taking the appropriate shift and twist
gives the map (7.6.4.1)

I ZCU/S — Z;/S

(7.8.2) DEFINITION

i) Let W be a reduced quasi-projective S-scheme. A sequence of closed subsets of W:
0=WocCcW,C...CW,_1CW,, =W

is an S-smooth stratification of W if W, 1\W; is smooth over S for each i =0,...,n — 1,
and W; is equi-dimensional over S for each ¢ = 1,...,n. We call W smoothly decomposable
over S if W has an S-smooth stratification.

ii) Let W be a smoothly decomposable S-scheme, i: W — X a closed embedding of W into
a smooth S-scheme X, with complement U. We call the embedding ¢ compactifiable if X
and U are in SmY . O
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(7.8.3) LEMMA

Suppose W is a smoothly decomposable S-scheme. If we have closed embeddings of W
into smooth, quasi-projective S-schemes

W — X; W — X'

with
dimS(X>:dx; dimS(X,> :dX’7

then there is a canonical isomorphism
dwiir: Lx iow) (dx)[2dx] — Zxr ivowy (dxr)[2d x/]

Proof. Suppose X is a locally closed subscheme of a projective space PY over S, so that
X is a closed subscheme of some open subscheme U of Pg via 1x: X — U. We have the
Gysin isomorphism ,
Zx iow) (dx)[2dx] =52y (i 0y (w) (V) [2N]
and similarly for X’; thus, we may assume that X and X’ are open subschemes of projective
spaces:
jX:XHPg; jX/:X/—>IP’g4.

Let
7:”1W—>X Xg X'

be the diagonal embedding. Then (idx X jx/)(i"”(WW)) is a closed codimension e+ M subset
W of X x PY; by the excision axiom (2.1.3)(b), the morphism

. . *
(ldX X jX/) :ZXXPQJ,W” — ZXxX/J/V”

is an isomorphism. Let
W — (W) x P%

be the inclusion, inducing the morphism
f*iZXxPJg,W“ - ZXx]PJg,z‘(W)xPJg-
Define the morphism in DM(S)

P1s = Pl Zxxx/,wo (N + M)[2(N + M)] — Zx ;w)(N)[2N] (1)
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as the composition

Zxxx'wr (N +M)2(N + M)]
CLOIDD ot o (N + M)[2(N + M)]
LT it swy s (N + M)[2(N + M)
&)ZX,Z‘(W) (N)[2N].

We first show that the morphism (1) is an isomorphism.
Suppose at first that W is a smooth S-scheme. Then we have the Gysin isomorphisms
(6.1.1.2)

2;/ ZW — ZXXX’,W”(N —|— M)[2(N ‘|— M)]
It follows from (6.4.6) that

P1x © 'L: = i*;
hence p1, is an isomorphism. In general, we have the smoothly decomposable closed subset
Wy—1 of W. Let W)/_; =i""(W,_1); we may assume by induction that the map

Pt Lxsxrwr (N + M)2(N + M)] = Zx i, _,) (N)[2N],

defined similarly to pi., is an isomorphism. Let U = X\i(W,_1), U = X'\¢/(Wp,_1).
We have the commutative diagram, where the columns are the localization sequences for
motives with support (2.2.9.2),

n—1

Lxxxr,wy_, (e+ M)[2(N + M) Lx i, ) (N)[2N]

l l

Zxxxwr(N)2(N+M)] 25 Zyx ) (N)[2N]

l l
Zyxuwnwr_ (N)[2(N + M) o Ly i(w\w,,_) (IN)[2N];

the commutativity follows from the naturality of the excision isomorphism, and the nat-
urality of the projective bundle formula (which is used to define the push-forward for a
projection, see (6.3.1.1)). As the columns are distinguished triangles, and the top and
bottom horizontal maps are isomorphisms, the middle horizontal map is an isomorphism
as well.

Define the map pg* by reversing the roles of X and X'; we let ¢y ; » be the composition

ph. o (pt,)~ L. The functoriality of projective push-forward (6.4.6) gives the identity

Phy =i, 0t x (2)
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where tx/ x: X' xg X — X xg X' is the exchange of factors. The identity (2) implies the
identity
Ow,ir i © QWi it = OW,i i

which proves that the isomorphism ¢, is canonical. O

(7.8.4) LEMMA

Let W be a smoothly decomposable S-scheme, and let i:W — X and i:W — X' be
compactifiable closed embedding with complements

73U — X, j U — X',
Then there is a canonical isomorphism
Yw,q ir: Cone(ji: Z(;J/S — Z%s) — Cone(ji: ZCU/,S — Z;/,S)

Proof. We may assume that X and X’ are equi-dimensional over S; one then dualizes the
isomorphism ¢y ; ;. O

(7.8.5) DEFINITION

i) Let W be a smoothly decomposable S-scheme. Let i: W — X be a closed embedding
of W into a smooth quasi-projective S-scheme X of dimension N over S. We define the
Borel-Moore motive of W, Z%M', by

Zy™ = Zx iow)(N)[2N].

ii) Let i: W — X be a compactifiable embedding of a smoothly decomposable S-scheme
with complement j:U — X. Then we define the motive of W with compact supports,

S
Zf,‘/, , as

Zf,[//s = Cone(ji: ZCU/S — Z%S).

By (7.8.3) and (7.8.4), these notions are well-defined, independent of the choice of (com-
pactifiable) embedding. O

(7.8.6) REMARK

i) If W is already smooth over S, we may take ¢ to be the identity map. From this, one
sees that ZB:M- agrees with the definition of ZB:M- given in (6.4.11). Similarly, for W in
SmY’, the above definition of Zf,[//s agrees with that of (7.6.2)(ii).

ii) Since (%) = 5 (7.6.4.1), and since duality is an exact involution (7.2.5), we have the

canonical isomorphism
B.M.\D ~ rz¢/S
(Zyw™)" = Ly,

for all smoothly decomposable W which admit a compactifiable closed embedding, in
particular, for all W in SmY'. O
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(7.8.7) PULL-BACK AND PUSH-FORWARD FOR THE BOREL-MOORE MOTIVES

Let h: W — W' be a projective S-morphism of smoothly decomposable S-schemes, and

take closed embeddings
W — X; W — X'

we may assume that X and X’ are open subschemes of projective spaces Pg , Pg . Let I'y,

be the graph of h, and
ih: Fh — X Xg X’

the embedding induced by 7 and ¢'. Suppose W has dimension dy, over S, and W’ has
dimension dy over S. Letting ¢: W — T'j, be the inverse of the projection pi: 1), — X,
we have the isomorphism

SWiinog: Zx,iw)(N)2N] = Zx s x7 4, (0) (N + M)[2(N + M)].
Since h is proper, i, (I'y,) is closed in PY xg¢ X’; define the morphism
Pae: s iy (N + MY[R(N + M)] = Zig sy (M)[2M]

as the composition

Zxxx,ip(r;) (N —dw + M)[2(N + M)]
(U XM—X;)*rlZPg wxip () (N —dw + M)[2(N + M))]
&)Z]P’ng’,iIP’gxi’(W’)(N-'_M)[Q(N+M)]
&’ZX,Z"(W’)(M>[2M]'

We then define
ho: ZM — 75 M (7.8.7.1)

as the composition pa. © dwi i) oq-
Similarly, let g: W — W' be an open immersion with complement F. Take a closed

embedding
i"W— X’

with X’ of dimension N over S, and let
W — X = X'\i'(F)
be the restriction of ¢'. Let j: X — X’ be the inclusion. Then j gives the map
T Lxr iowry = Lx i(w;

we let
gz — ZeM- (7.8.7.2)

be the shift and twist of j*
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(7.8.8) LEMMA

The maps (7.8.7.1) and (7.8.7.2) are independent of the choice of embeddings i and i’. In
addition, we have the functorialities

(hoh)s = hyohl; (gog)* =g og"
when defined. Furthermore, if we have a cartesian diagram

W oy W L W

A |n
W// BN W

g

with h projective and g an open immersion, then

heog* = g* o h,.

Proof. The independence of (7.8.7.1) and (7.8.7.2) on the choice of embeddings, as well
as the functorialities, follows from (7.8.4), and the functoriality of projective push-forward
(6.4.6). The compatibility of pull-back and push-forward for a cartesian square follows
from the functoriality of push-forward. O

(7.8.9)

Assuming that W and W’ admit compactifiable closed embeddings, we may take duals of
the maps (7.8.7.1) and (7.8.7.2); applying (7.8.6)(ii), we get the morphisms

h': Zf/‘//,g — Z%//S
aq Z%//S — Z%:g
satisfying the dual of the relations given in (7.8.8).

(7.8.10)

We recall (cf. (6.4.11)) that Smg .0 is the subcategory of Smg with the same objects,
and with morphisms being the projective morphisms. We have the functor (6.4.12)

ZBM: Smg 05 — DM(S) (7.8.10.1)

sending X of dimension dx over S to Zx(dx)[2dx] := ZEM-. Let SDSg be the full
subcategory of Schg with objects the smoothly decomposable S-schemes, and let SDS g0
the sub-category of SDSg¢ with the same objects, and with morphisms being the projective
morphisms. We let Smgrpmj be the full subcategory of Smgy,o; with the same objects as
Smy, and let SDSG . be the full subcategory of SDSs,.0; with objects those W which
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admit a compactifiable closed embedding. Taking the dual of the functor (7.8.10.1) gives
the functor
Z°/%: (Sm¥;

Sproj

)P — DM(S). (7.8.10.2)
Putting the two lemmas (7.8.4) and (7.8.8) together proves

(7.8.11) THEOREM
The functors (7.8.10.1) and (7.8.10.2) extends to functors

7P SDSgpr0; — DM(S)
Z°/5: (SDSR )P — DM(S)

Sproj

(7.8.12) DEFINITION

i) Let W be a smoothly decomposable S-scheme. The motivic Borel-Moore homology of
W is defined by

HEM (W, Z(q)) = Homp p(s) (L, Z™ (—q) [-p)).

ii) Let W be a smoothly decomposable S-scheme which has a compactifiable closed em-
bedding i: W — X into a smooth quasi-projective S-scheme X. The motivic cohomology
of W with compact supports is defined by

H?, (W, Z(q)) = Homp rq(s)(1. Z55” (0) )

Since we have the duality isomorphism

Homp s (1, ZEM (—q)[~p]) = Homp u(s) (2 (9) 0], 1)

for X in Sm®"| the definition (7.8.12) of Borel-Moore homology and compactly supported
cohomology extends that given in (7.6.2). It follows from (7.8.8) that the Borel-Moore
homology is covariantly functorial for projective maps, and contravariantly functorial for
open immersions; in addition, the pull-back and push-forward are compatible in cartesian
squares. The dual statements follows for the compactly supported cohomology via the
duality involution, using (7.8.6)(ii).

The cup and cap products for Borel-Moore homology and compactly supported coho-
mology defined in (7.6.4) extend in the obvious way to the singular case whenever all the
groups are defined; one applies Mayer-Vietoris and the Kiinneth formula to give canonical
isomorphisms

ZEM @ 2B — ZBAL
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and then takes the inverse of the dual to give canonical isomorphisms

2" O 2 —
the remainder of the construction of cup and cap product then proceeds formally the
same way as the smooth case. The various properties: functoriality, projection formula,
etc. described in (7.6.4) also extend without trouble. In particular, there is a functorial bi-
graded ring structure on the compactly supported cohomology, and Borel-Moore homology
is a bi-graded module for the compactly supported cohomology ring.

(7.8.13) MOTIVES OVER A FIELD

Suppose we take S = Spec(k), where k is a perfect field. Then all reduced quasi-projective
k-schemes are smoothly decomposable, hence the Borel-Moore motive, and Borel-Moore
homology are defined for all reduced quasi-projective k-schemes. If, in addition, resolution
of singularities holds for reduced quasi-projective k-schemes, then, by (7.4.5), all reduced
quasi-projective k-schemes admit a compactifiable closed embedding into a smooth quasi-
projective k-scheme. Thus the compactly supported cohomology is defined for all reduced
quasi-projective k-schemes.

If we restrict to reduced projective k-schemes, this gives an interesting extension of
motivic cohomology of smooth projective k-schemes to the singular case. For example, if W
is the union of smooth closed subschemes Dy, ..., D,, of a smooth projective k-variety X,
which intersect transversely on X, then the compactly supported cohomology of W' is given
via a Mayer-Vietoris type spectral sequence with F;-term being the motivic cohomology
of the irreducible components of the intersections D;, N...ND;,:

E:(ll’b = e, Ha<DZ'O N...N Dzb,Z(Q)) - ngg(m Z(q))'

1§i0<...<ib§n

One can extend this computation to the general case: if X is smooth and projective,
W a closed subset with complement U, then, by (7.7.7) and (7.7.8.2), the compactly
supported cohomology of U is the relative motivic cohomology

H? o (U.Z(q)) = H((X: Dy, .., D) Z(0))

where X is a smooth compactification of U with normal crossing divisor Dy + ...+ D,, at
infinity. Applying the definition of Z%/,S as the Cone

Z;I/,S = Cone(ji: Z(;]/S — Z%s)

gives a spectral sequence converging to H” ) (W, Z(q)) with Ei-terms involving the coho-
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mology of X, X and the irreducible components of the intersections D;,,N...ND,,:

Ef* = HY(W,Z(q));

® H*(D;,N...ND;,,Z(q)) for b >0,

1§i0<...<ib§n

B = HY(X,Z(q)) @ @1<icn H(D;, Z(q)) for b= 0,

H*(X,Z(q)) for b = —1.

7.9. The triangulated Tate motivic category

We give the definition of the triangulated Tate motivic category D7 M(S) g as a subcate-
gory of DM(S)g. If the base scheme S is Spec(k) for k a field, we show that D7 M(S)r

is equivalent to respective subcategory of the categories D%, ,(Smy)r and DY, ,(Smy)%.

In addition, the duality involution on DM (Smg)pr restricts to a duality involution on
DTM(S)r.
(7.9.1) DEFINITION

Let S be a reduced scheme and R a localization of Z. The triangulated Tate motivic cate-
gory DT M(S) g is the strictly full triangulated tensor subcategory of DM(S)r generated
by the objects Rs(q), ¢ = 0, £1. O

(7.9.2) LEMMA

The category DT M(S) g is equal to the strictly full triangulated subcategory of DM(S)r
generated by the objects Zs(q), q € 7Z.

Proof. This follows immediately from the exactness of the tensor product operation in
DM(S), and the Kiinneth isomorphism (2.1.3)(c)

ZS(CL) (%9 Zs(b) = ZS(CL + b)

(7.9.3) PROPOSITION

The duality involution (7.4.2)
(=)P:DM(S) — DM(S)r
restricts to an involution

(—)P:DTM(S)Y — DTM(S)r
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Proof. We have ZE = 1P =1 = Zg, hence Zs(q)” = Zs(—q) for each integer q. Since the
involution (—)? is exact (7.4.2), this implies that the strictly full triangulated subcategory
of DM(S)°P is mapped into its opposite by (—)?. Applying (7.9.2) completes the proof.

(]

(7.9.4)
We recall the tensor category A,ot(V)? (3.1.6), and the DG tensor functor (3.1.6.2)

Hmot: Amot<v) - Ammf(v)o'

We have as well the triangulated tensor categories DY ,(V)? and DM(V)% formed from

mot

Amot(V)% in a way paralleling the construction of D% (V) and DM(V) from Ay,qe(V)

mot
(see (3.2.11) and (7.4.4)). In particular, we have the commutative diagram

Amot(V) = Dju(V)  — DM(V)
Humot | Dby (Hmor) | | PM(H ot
Amot (V)O - Dl;not(v>92 - DM(V)%

If we take V = Smy, for k£ a field, then, if, e.g., we have resolution of singularities for k-
varieties, it follows from (7.4.6) that the functors D? . (H,.ot) and DM (H,,,;) are equiv-

mot
alences (we need to assume R = Q in case char(k) > 0).

Let DT (S) g be the full triangulated tensor subcategory of D? . (Smg)® R generated

mot

by the objects Zs(q), ¢ = 0, %1, and let DT (S)% be the full triangulated tensor subcategory
of D! ,(Smg)? ® R generated by the objects Zs(q), ¢ = 0, &1.

mot

(7.9.5) THEOREM

The functors
D!, (Sms) ® R — DM(S)r
D’,,.(Smg)’ ® R — DM(S)%

induce equivalences

DT(S) — DTM(S)
DT(S) — DTM(S)

Under the hypothesis of (7.4.6), the functors Db .(H,,.;) and DM(H,,.;) induce equiva-
lences

DT (S)r — DT(S)%,
DTM(S)r — DTM(S)%.
Proof. As the objects Zg(q) generating DT M(S) are in DT (S), and as the functor

Dy, (Sms) — DM(S)
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is a fully faithful embedding, the categories D7 (S) and D7 M(S) are equivalent. The
second pair of equivalences follows from (7.4.6). O

(7.9.6) FUNCTORIALITY

We recall from §2.3 that the formation of the category DM(S) is functorial in S. If
p:T — S is a map of reduced schemes, the functor

induces the functor

DT M(p*): DTM(S) — DTM(T)

This determines the functor

DTM(~):Sch — TTx
S+ DT M(Sred)r

from the category of schemes to the category of triangulated rigid R-tensor categories.



Chapter 8
Realization of the motivic category

In this chapter, we describe a mapping property satisfied by the category DM (V). The
main theorem of this chapter, (8.3.1), gives a criterion for a cohomology theory defined by
a complex of sheaves I’ on a Grothendieck site to define the “F-realization” of DM(V).
One should view this more as a prototype than a final result; many interesting cohomology
theories have been defined in a somewhat more general setting than the one described
above, but it seems difficult to give an all-encompassing result covering all the known cases.
We will consider various important examples of such cohomology theories in the §8.4,
where we give the realizations corresponding to singular cohomology, étale cohomology,
Hodge (Deligne) cohomology, and Jannsen’s “motivic” cohomology built from compatible
realizations.

8.1. Geometric cohomology theories

We give an axiomatic description of some cohomology theories which admit realization
functors.

(8.1.1)

Let C be a full subcategory of Schg, closed under finite fiber products, arbitrary coproducts,
and taking open and closed subsets. Following Bloch-Ogus [B-O] and Gillet [G], a graded
cohomology theory I'(x) on C is a graded complex of sheaves I'*(x) on the big Zariski site
Czar of C, together with a pairing in the derived category of graded complexes of sheaves

of R-modules on Cz,,:
(%) QF ¥ (%) — T ()

which is associative with unit and graded-commutative, and satisfies certain additional
axioms. We give here a slightly different version of this notion.
We refer the reader to (II, Chapter 6) for the notions related to rigidifications.

(8.1.2)

We begin with a rigid Grothendieck topology (&,tS) (see II, (6.2.3) and (6.10.2)) sub-
category C of Schg containing V (or a sub-category C of Ang, containing the image V.,
in Ang,_ ); we assume that C satisfies the conditions of (II, (5.1.1)).

For X in V, W C X a closed subset, we let Z{|,(X/S) denote subgroup of Z7(X/S)
consisting of cycles with support in W. We let px: X — S denote the structure morphism.

Consider the category ShS (A) of sheaves on C with values in an abelian tensor cate-
gory A. We suppose that filtered direct limits are representable in A, that A has enough
injectives, and that each object of C has finite cohomological dimension in the topology &.
For an object X of C, we denote the category of A-valued sheaves on X by Sh;(A).
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We say a sheaf F € Shg (A) is flat if for each U in C, the functor — ® F(U): A — A
an exact functor.

For X in C and W a closed subset of X, we have the functors
px«: Sh (A) — Shg (A)
PX.:Sh (A) — Shg (A)

where p¥, is the functor “sections with support in W”. This gives the derived functors

Rpx»:Sh$ (A) — DH(ShE(A))
RpY.:Sh{ (A) — DT (Sh (A))

and the natural transformation
Rity: RpY, — Rpx.. (8.1.2.1)

(8.1.3) DEFINITION

Let F = @72 F(q) € CJF(Sh(é5 (A)) be a graded complex of flat sheaves, having a graded
product
FOF > F (8.1.3.1)

We say that F' defines a geometric cohomology theory on V if

(i) The product (8.1.3.1) is associative and graded-commutative.

(ii) (homotopy) Let p: X — Y be the inclusion of a closed codimension one subscheme.
Let T C Y be a reduced closed subscheme, and let W = p~!(T'). Suppose that the
inclusion p: X — Y is a map in V. Suppose further that 7= Al;.| and that, via this
isomorphism, p: W — T is the inclusion of W x 0 into Axl/v- Then the map

p*: Rpy, Fy — RpY, Fx
is an isomorphism in DT (Sh$ (A)).

(iii) (cycle classes) Let X bein V, and W C X a closed subset such that W is the support
of an effective cycle in Z9(X/S). Then there is a homomorphism

% w: 2 (X/S) — Homp sys 4y (Ls: RpX. Fx (9)[24))-

The maps cl% y;, are functorial in the following sense:
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a) If f:Y — X isamap in V, and if f~1(W) is contained in the support W' of some
effective cycle in Z9(Y/S), then the diagram

24 (X/S) EAN 24,,(Y/S)
Clgc,wl ld;w'

Homp + (sps (4)) (RPX.Fx (0)[24]) - HomD+(Shg(A))(1S,RP%/]'—Y(Q)[?Q])

commutes (by our assumption on W and f, the cycle f*(Z) is defined for all
Z e 2},(X/9)).

b) If T'C Y is the support of an effective cycle in Zq/(Y/ S), then
Clg(,W(Z)gqu,T(Z/) = Clg(erqu,WxsT(Z xX/s A
for all Z € Z4,(X), Z' € ZL(Y).
(iv) (purity) Let X bein V, and W C X a closed subset which is the support of an effective
cycle in Z9(X/S). Then
Homp -+ gpe (ay) (Ls, RPX.Fx (0)[2¢ —p)) = 0

for p > 0.
(v) (Kiinneth formula) For all X, Y in V, the external products

052 (X,Y): Rpx.F(q1) © Rpy«Fy (q2) = Rpxxsy«Fxxsy (a1 + )

induced by the product (8.1.3.1) are isomorphisms in DT (Sh§ (A)).

(vi) (Gysin morphism) Let p: P — X be a smooth morphism in V of relative dimension d,
with section s: X — P. Let

cyed iy p(5(X)): 1s — Ry Fp(d)[2d]

be the map clgl(XLP(s(X)). Then the composition

* (—)Ucyc? ps(X) o
Rpx.Fx(q)2=Rpp.Fp(q) L R Fp (g + d)[2d)

is an isomorphism.

(vii) (unit) The cycle class map associated to the fundamental class on S:
c°(|S]): 1s — Fs(0)

is a quasi-isomorphism.
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(viii) the unit 1 € A admits a finite projective resolution
Py—...—FP—1

in A such
a) P®" — 19" is a projective resolution of 1%" for each n > 1
b) —® P, is an exact functor on A for all 0 < m < M.

c) the complex
Homgy(4)(P2", PE™)

is 2-torsion free for all m,n > 1.

(8.1.4) REMARK

Suppose we have a twisted duality theory I'(x) in the sense of [B-O] or [G]. Then, for
p: X — Y the inclusion of a closed codimension d subscheme, with X and Y smooth, we
have the Poincaré duality isomorphism

HP(X,T(q)) — HY?U(Y,T(q + d)).
This implies part (vi) above as a special case, and reduces part (ii) to the usual form of

the homotopy axiom:

(i)’ Let X be in V, and let p: AL — X be the projection. Then the map
p": Rpx o Fx — RPM{*}—A@{

is an isomorphism.

If the base is a perfect field, the purity condition (iv) reduces to H?(X,I'(¢)) = 0 for
p < 0, and (iii) is implied by requiring that H°(X,T'(0)) is the free H°(S,T'(0))-module
on the fundamental class of X, together with the projection formula. In particular, for
S = Spec(k), k a perfect field, a twisted duality theory I'(x) gives rise to a geometric
cohomology theory if I'(x) (with its product) is given as

D(x) = Rav, (F(x))
where
a: CG - CZar

is a map of a rigid Grothendieck topology (&, t&) to the Zariski topology on C, and F ()
is a graded complex of sheaves on C for & with an associative and graded-commutative
product. O
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8.2. Cohomology with supports

We show how to define canonical co-chain complexes for “cohomology with support in
codimension ¢q”.

(8.2.1)

We recall from (II, (6.7.1)), the category Cs of pairs (X, W), with X in C and W a closed
subset of X. We have the category of rigid hypercovers over Cy (II, (6.7.2)),

me,: HCovies (C2) — Ca, (8.2.1.1)

which is a fibered symmetric semi-monoidal category over Cs (see II, (4.3.4) and (6.7.2)).
We denote the fiber of ¢, over (X, W) by HCov,g (X, W).

We have the category (II, §4.1) of formal pointed objects of C, C*: for X € C, we have
X+ : X ][+, with base-point *. We extend the site Cg to the site C<, as explained in (II,
(6.9.1)), giving the category of sheaves on X T, Shg (A), and the category of presheaves on
X PreSh$(A).

An A-valued sheaf on Cg (or Xg) extends to an A-valued sheaf on C& (or X&) with
value 0 on *, as explained in (II, (6.9.1)).

We have the category of pointed simplicial objects (II, (6.7.2.2) and (6.8.1.3))

C*(AP)

the functors
pf_l'covz: HCov,s(C2) — CT(A°P)

| (8.2.1.2)
PHcova: HCoveg (C2) — CT(AP)
and natural transformation (II, (6.8.1.4))
Z’!:pl—ll—Cov2 - p!HCov2‘ (8213)

The functors (8.2.1.2) are lax symmetric semi-monoidal functors, and (8.2.1.3) is a nat-
ural transformation of lax symmetric semi-monoidal functors (see II, (1.1.1)(iii), (6.5.4),
(6.7.2.5) and (6.8.3)); we omit from the notation the natural transformations which are
part of the data of a lax symmetric semi-monoidal functor.

Let (X, f,q) be in £(V) x Z, and let (X, f)(@ denote the set of closed subsets W C X
such that W is the support of an effective cycle in Z9(X);.

Recall the symmetric monoidal category L£(V)* (1.1.7), with the same objects as
L(V) x Z, and faithful symmetric monoidal functor (1.1.7.1)

LOV)P x Z — L(V)*.
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We have as well the faithful functor

i (L(V)*)P =V

(X o) = X (8.2.1.4)

Via i we identitify
Hom[,(V)* ((Y7 f/7 Q)7 <X7 f; Q)>
with a subset of Homy,(X,Y"); there are no morphisms from (Y, f’,¢') to (X, f,q) if ¢ # ¢'.

(8.2.2) LEMMA
Let g: (Y, f',q) — (X, f,q) be a map in L(V)*. Then for each W € (X, f)(@, g~ (W) is in
(Y, ).

Proof. Suppose W is the support of an effective cycle Z € Z9(X)s. By (1.1.6), ¢*(2)
is defined and is in Z9(Y). Since Z is effective, and the map g is a map of smooth
S-schemes, g*(Z) is effective, and g=1(W) is the support of ¢g*(Z), hence g~1(W) is in
(Y, [, O

(8.2.3)

Set
W = (L(V))P,

with functor
=W —=C (8.2.3.1)

being the projection (8.2.1.4).

Let C; be the full subcategory of Co x¢ W with objects being pairs (X, W), (X, f,q))
such that W is in (X, f)(@); Cs is clearly a symmetric semi-monoidal subcategory of the
fiber product category Co x¢ W. The projections thus define symmetric semi-monoidal
functors

p1:C5 — Co
p2:C5 — W.

If we have a morphism
g: (Y. f',q) = (X, f.q)

in W, and (X, W) € (X, f)@, we define
g (X, W) = (V.97 (W));
by (8.2.2), g* defines a functor

9" 03 (X, £,0) = 3 (Y, f ).
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We have the map

(9,9): (¢" (X, W), (Y. f', @) = (X, W), (X, f,9))

over g; this gives C3 the structure of a fibered symmetric semi-monoidal category over W
(with trivial comparison isomorphisms).
Let
mey: HCovieg (W) — C5

be the pull-back of the functor (8.2.1.1) by the functor p;,and let
mw:HCoveg(W) — W (8.2.3.2)

be the composition of m¢; with the projection ps. We let HCov.s((X, f,q)) denote the
fiber of my over (X, f, q).
The functors (8.2.1.2) and natural transformation (8.2.1.3) give the functors

pfgcov: HCov.s (W) — CT(A°P)

| (8.2.3.3)
Phicoy: HCoveg (W) — CT(AP)

and natural transformation

.1 !

Z.:pi’{_Cov — PHCov- (8234)
(8.2.4) LEMMA

i) The structure of a fibered symmetric semi-monoidal category over Cy on (8.2.1.1) induces
the structure of a fibered symmetric semi-monoidal category over VW on (8.2.3.2).

ii) The lax symmetric semi-monoidal functors (8.2.1.2) gives (8.2.3.3) the structure of
lax symmetric semi-monoidal functors; the natural transformation (8.2.3.4) is a natural
transformation of lax symmetric semi-monoidal functors.

iii) For each (X, f,q) in W, the fiber HCov.g ((X, f, q)) over (X, f, q) is left-directed.
iv) Let (X, f,q) be in W, take U in HCov.s ((X, f,q)), and let

HCOVtG ((X7 f7 Q))u

denote the full subcategory of HCov,s((X, f,q)) with objects being those V which admit
a map V — U in HCov,s((X, f,q)). Then HCov.s((X, f,q))u a left final subcategory of

HCOVtG((X7 5 Q))

Proof. The assertions (i) and (ii) are obvious consequences of the analogous properties for
HCov,s(C2) (II, (6.5.4) and (6.7.2)), together with the fact that

p1:C5 — Co
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is a symmetric semi-monoidal functor, and
p2:Cy — W
is a fibered symmetric semi-monoidal functor.

For (iii) and (iv), we note that the fiber of ps over (X, f,q) is isomorphic to the
lattice of closed subsets W of X with W € (X, f)(9), ordered under reverse inclusion. As
(X, £)@ is closed under finite union, the fiber p; (X, f, q) is a left-directed category, and
each object is left final. The assertions (iii) and (iv) follows from this, the fact that p is

fibered, and the analogous statements for the categories HCov,s ((X, W)) (11, loc. cit.).
(]

If U, is in CT(A°P), we let F(n)(U.)* denote the total complex associated to the
cosimplicial object F(n)(U,) of C*(A).

(8.2.5) DEFINITION

i) For (X, f,q) € W, we define F(@(X)(n); as the direct limit:

FO(X)(n)y = lim F(n)(Prco U))"-
UcHCov.s ((X,f,q))

We define F(X)(n) as the direct limit:

F(X)(n) = lim F(n)Prico, U))*
UeHCov.s ((X,f,q))

ii) We define ]:")(f)(n) 7 as the sheaf on S associated to the presheaf
(U = 8) = FDU xg X)(n);.
We define Fx(n) as the sheaf on S associated to the presheaf
(U — 8)— F(U xg X)(n).
We define Rpgglf (X)(n)y as the direct limit:

RPLF(X)(n)y= lim  RpLF(X)(n);.
We(X,f)@
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Sending (X, f, q) to fgg)(n)f or Fx(n) defines the functors

F(n)_: W — C*(ShE (A))

] (8.2.5.1)
F_(n): W — C*(Shg (A))
The natural transformation (8.2.3.4) defines the natural transformation
L F () = F_(n). (8.2.5.2)

Similarly, sending (X, f, q) to Rp(q)]:X( )5 or Rpx.Fx(n) defines functors

Rp\y)F_(n)_: W — D*(Sh$ (A))
Rp.F_(n): W — D*(Sh§ (A))

The natural transformation (8.1.2.1) defines the natural transformation
Ri'F_y: Rp{)F_(n)_ — Rp.F_(n).

(8.2.6) LEMMA

i) The complex of sheaves Fx (n) depends only on X, not on the object (X, f,q) of W over
X.

ii) For (X, f,q) € W, complexes fg)(n)f and Fx(n) are complexes of acyclic sheaves on
S.

iii) For G € Ct(Sh§ (A)), we let RG denote the image of G in D+ (Sh§ (A)). There are
canonical isomorphisms of functors
R]}S_)(n)_ — rplF_ (n)_
RF_(n) — Rp.F_(n).
In addition, the diagram
RFO ). — RYTF_(n)_

R{il | RritFC
RF_(n) —  Rp.F_(n)

commutes.

Proof. For the first assertion, we note that the functor p;I—Cov2 (8.2.1.2) is the pull-back of
the functor (II, (6.4.5)(ii))

PHCov: HCov,s (C) — C(A®P)
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via
p1:Co — C,

followed by the functor
+:C(A°P) — CT(A°P).

Thus, we may rewrite the limit defining F(X)(n) as

F(X)(n) = lim  F(n)(pracov(U))" (1)
UEHCov, s (X)

This proves (i).
For (ii), we may rewrite the limits in (8.2.5) as

im [ lm ()
(X, W)e(X, )@ UEHCovs ((X,IW))

As the ordered set (X, f)(@) is left-directed, taking

lim
(X, W)e(X,f)

is an exact functor. The second assertion then follows from (1), and (II, (6.10.8), (6.10.9)).
(]

8.3. The construction of the realization functor

We now give the construction of the realization functor
Res: DM(V) — DT(Sh§ (A)).

associated to a geometric cohomology theory F on V. Except for one point, the construction
would be an essentially straightforward step-by-step extension of the functor

F(y(=): VP x Z — CT(CT(Sh§ (A)))
(X7q) = fX(Q)a

to the DG tensor category A,,.:()V), and from there, a direct extension to the category
of complexes C’ .(V), the homotopy category K® .(V), and the localization D? . (V).
One then applies (II, (2.5.5)), to give the extension to DM (V). The problem is that in
general one cannot define the external product on the complexes Fx to be associative
and graded-commutative (on the level of complexes), but only graded-commutative up to
homotopy (although still associative). We must then replace the DG category A ,ot(V)

with an up-to-homotopy commutative model A" (V) and use (II, (2.3.2)), to get back

mot
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to the homotopy category K? (V). The extension to DM (V) then proceeds as outlined

mot
above. We now proceed to give the details of this construction.

(8.3.1) THEOREM

Let F = ©20F(q) € CﬂShé5 (A)) be a graded complex of flat sheaves on the site Cg,

with values in an abelian tensor category A, having an associative, graded-commutative
product (8.1.3.1). Suppose F defines a geometric cohomology theory on V (8.1.3). Then
the functor

Fy(=): VP x Z — CT(Sh§ (A))
extends to an exact tensor functor

Rer: DM(V) — DT (Sh§ (A)).

The functor Rer is natural in the geometric cohomology theory F and in the category
V; in addition, the functor Rer is independent of the choice of rigidification t& of the
topology &, up to canonical isomorphism.

The proof proceeds in a series of steps:

(8.3.2)
e Step 1. The extension to Ay (V):
The functors (8.2.5.1) define the functors

F* L(V)* — CT(Sha(S))
) (8.3.2.1)
F:L(V)* — CT(Sha(9))
F(X. f.0) = F (@)
F(X, f.q) = Fx(q).
The natural transformation (8.2.5.2) gives the natural transformation

I FFr— F (8.3.2.2)

Using the additive structure on C*(Sh§(A)), and the fact that sheaves transform
disjoint unions to direct sums, the functors (8.3.2.1) and natural transformation (8.3.2.2)
extend to functors

Fi: Al(V) — C*(Shg (A))

_ (8.3.2.3)
Fi: Ai(V) — C*(Shg (A))
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with
Fi(Zx(a)f) = Fxla)s;  Fi(Zx(a)y) = Fx(a)y

and natural transformation ) )
i Fi FP— F. (8.3.2.4)

(see (1.2.1)).

(8.3.3)

e Step 2. The category Ag(V), and the extension to Ag V):

We now apply the constructions of (II, §3.1). Using the notation of (II, §1.6), and
referring to (1.2.3), the category As(V) is the universal commutative external product,
A1 (V)& on A;(V). Using the construction of (II, (3.1.6)), and applying (II, (3.1.8)), we
have the DG tensor category A; (V)% and the DG tensor functor

A (V)®0 — A (V)@

which is the identity on objects, surjective on morphisms and a homotopy equivalence. We
have as well the additive functor

i AL (V) = A (V)2
with ¢ 0i? the canonical functor (II, (1.6.1))
i Ay (V) — A (V)®’C.

We set
AJ(V) = AL (V)@

We now apply the results of (II, §4.4, (4.4.3)) where we take
W = (L(V*)P

and
w: W — Z

the projection on Z. We take the fibered symmetric semi-monoidal category of (II, (4.4.3))
m: RSCov(W) — W

to be the functor (8.2.3.2)
mw: HCov,s (W) — W.

We make two choices of functors

p:RSCov(W) — CT(A°P),
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namely, the functors (8.2.3.3). By (8.2.4), the conditions required by (II, (4.4.3.1)) are
satisfied. In addition, we have

F(X.fr) = {f§?)<q>f for p = Dhicin:
Fx(q) for p = piicges

Let L£(V)} be the additive category generated by £(V)*. By (II, (4.4.4)) we have the
functors:

F (L)) — CHA)

_ (8.3.3.1)
F:(L(V)7)®" — CH(A)

extending the functors (8.3.2.3). As the construction of the functor § is natural in the
category RSCov(W), the natural transformation (8.3.2.4) extends to the natural transfor-
mation

F* = F. (8.3.3.2)
It follows directly from the definition (II, (3.1.6)) of the functor ®-Y that

(AL(V)® = A3 (V)

is isomorphic to the DG tensor category gotten by imposing the relations of (1.2.1) on
(L(V3)®Y. Thus, the functors (8.3.3.1) and the natural transformation (8.3.3.2) extend to
the functors

F3: AJ(V) — C*(Shg (A))
(8.3.3.3)
Fa: AJ(V) — CF(Sh§ (A))

and natural transformation

Fr— Fo. (8.3.3.4)
Before proceeding further with our construction, we note the following result; the
proof is elementary and is left to the reader:
(8.3.4) LEMMA
Let F: A — B be a DG tensor functor of DG tensor categories without unit. Suppose that

i) F is an isomorphism on objects
ii) F is surjective on morphisms
iii) F' is a homotopy equivalence.
Let f: F(X) — F(Y) be a map of degree a in B such that Df = 0. Then there is a

map s: X — Y of degree a in A such that F(s) = f and Ds = 0. In addition, let A[hs] be
the DG tensor category without unit gotten by adjoining a morphism

hg:X —Y
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of degree a — 1 with dhs = s, let Blhs| the DG tensor category without unit defined by
adjoining a morphism
hy: F(X)— F(Y)la—1]

of degree a — 1 with dhy = f, and let

F': Alhs] — Blhy]

be the extension of F' with F'(hs) = hy. Then F’ satisfies (i) and (ii). O
(8.3.5)
e Step 3. The category AY (V) and the extension to Ay (V):

We now form a sequence of DG tensor categories without unit

AV — AV = ANV - AV
U
A?not(v)

analogous to the sequence of DG tensor categories formed in §1.2.

We recall the homotopy unit category E constructed in (II, §2.4). E is a DG tensor
category without unit, with the generating object ¢. E has no morphisms of positive degree,
no morphisms from ¢®™ to ¢®" if n # m, and

HqH Rn @n\* — Zld fOI'q:O, 1
(Hom(e™", e7)7) {O otherwise. (8.3.5.1)

In addition, the Hom-complex Hom(e®", ¢®")* is a complex of free (left or right) Z[S,]-
modules, where o € S,, acts by (left or right) composition with the symmetry isomorphism
To-

We have the coproduct of DG tensor categories without unit As(V)[E]; the DG tensor
category As(V) (1.2.5) is formed from the DG tensor category As(V)[E] by adjoining
morphisms

Z]:e — Zx(n)y.

of degree 2n for each non-zero Z € Z™(X)s. We form the DG tensor category Ag (V) from
the coproduct AJ(V)[E] by adjoining morphisms of degree 2n

[2]7:e — Zx (n);
with d[Z]" = 0 for each non-zero Z € Z™(X);. We extend the functor
clidg]: A3 (V)[E] — Az(V)[E]

to

cs: AT (V) — As(V) (8.3.5.2)
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by setting

By (II, (2.3.4)), the functor (8.3.5.2) is a homotopy equivalence.
For each pair of objects I, A of A;(V), we have the external product

XF’A:P®A—>PX A
in A3(V), and the lifting of ®p A to the external product

&?A:FQZ)A%FXA

in AJ(V) (see (I, (3.1.7.2) and (3.1.8)), where the lifting ®Y, is denoted ®%,). We note
that d=) , =0

The DG tensor category A4(V) is formed from graded tensor category As(V) by
selecting certain morphisms f in A3(V), and adjoining morphisms hy with dhy = f (see
(1.2.7)). The morphisms f are all constructed from the morphisms [Z], ¥, and ®, together
with morphisms of the category A;(V). Given such an expression for a morphism f, we

let Y be the morphism in Ag (V) gotten by replacing each occurrence of the morphism [Z]
with the morphism [Z]?, and replacing ® .. with =7,. Since

we have

df' =0

as well. We then adjoin, for each such f, a morphism h?f to Ag (V) with dh? = f", forming

the DG tensor category without unit A% (V).
We extend (8.3.5.2) to
e AJ(V) — As(V) (8.3.5.3)

by setting c4(h?o) = hy. By (II, (2.3.4)), ¢4 is a homotopy equivalence; by (8.3.4), ¢4 is the
identity on objects and surjective on morphisms.
The category As5()V) is formed from A4()V) by forming a succession of categories

A5(V)(O) =A4(V)C...C A5(V)(r—1) - A5(V>(r) c.

and letting As(V) be the direct limit. The category As(V)(") is formed from As(V)"—Y
by adjoining morphisms
hf: e®k — Zx(n)f

of degree 2n — r — 1, with
dhy = f

for each non-zero morphism
fre®% = Zx(n); (8.3.5.4)
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of degree  in A5(V)("~1) with df = 0. This is done successively for k = 1,2,.... Using
(8.3.4) and (II, (2.3.4)), we may construct inductively the sequence of DG tensor categorles

AAVO =) c...c AW c AWV ...

and DG tensor functors

ATV A (V) (8.3.5.5)

which are homotopy equivalences, the identity on objects and surjective on morphisms as
follows: Assuming we have constructed the sequence up to r—1, we may lift each morphism
(8.3.5.4) to a morphism

fO:19F — Zx (n);

in Ag(V)(T_l) with df? = 0. We may then adjoin morphisms
h?f: 19F Zx(n)¢

with dh?c = fY, forming the DG tensor category AZ(V)("). The extension of c5 4o c(T)
is defined by

¢ (hh) = hy.

Taking the direct limit over r of (8.3.5.5) gives the DG tensor functor
c5: AL(V) — A5(V), (8.3.5.6)

which is a homotopy equivalence.

Finally, the category A,,.:(V) is defined as the full DG tensor subcategory of As())
generated by objects of the form Zx(n)s or Zx(n)s @ ¢®*, a > 1 (see (1.2.9)). We let
AP (V) be the full DG tensor subcategory of .A2(V) generated by objects of the form

Zx(n)f or Zx(n)s ®e®* a > 1. Since (8.3.5.6) is a homotopy equivalence, the identity
on objects and surjective on morphisms, the same is true for the restriction

Cmot: AD (V) = Amor(V). (8.3.5.7)

It is now a straightforward matter to extend the functors (8.3.3.3) and the natural
transformation (8.3.3.4) to A? (V). Indeed, by (8.1.3)(viii), we have a finite projective

resolution
P, —1

of the unit 1 € A, satisfying the conditions (a)-(c). The condition (a) implies that we have
the canonical isomorphisms

0 for p < 0,

Home(A)(P;@n, Pfg)m[p]) = { HOmA(1®n, 1®m) for p = 0.
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This, together with (8.3.5.1), the condition (b) of (8.1.3)(vi), and the universal mapping
property of the category E (II, (2.4.12)) shows that there is a functor of DG tensor cate-

gories
I'E — C°(A)

with I(e®") = P®". In addition, I is unique up to homotopy.
Let
RXn Xn
P*S - 1S

be the augmented complex of constant sheaves on S corresponding to P®". Let

Is:E — Shi(S)
Is(e®") = (Ps.)" 2= P&l
be the sheafification of the functor I; by condition (c) of (8.1.3)(viii), (Ps«)®™ is a complex

of flat sheaves on S. Taking the coproduct of Is with the functors (8.3.3.3) gives the DG
tensor functors

FiIs]: AY(V)[E] — C*(Sha(S))
3 (8.3.5.8)
Folls]: AS(V)[E] — C*(Sha(S)).

The natural transformation (8.3.3.4) extends similarly to the natural transformation
FiIs] — Folls). (8.3.5.9)

Since the complexes ng)*” are constant sheaves associated to a projective resolution of
1®™ = 1, and since the complexes F%(n) s are complexes of acyclic sheaves on S, it follows
from (8.2.6) that we have the isomorphism

Hom et gne () (PSS Fr(n)g) = lim  Homp(gpe(a))(Ls, Rpx-Fx(n)s)
WE(X,f)(Q) ( )
8.3.5.10
For non-zero Z in Z"(X)y, define

F3([Z]"): Psx — Fx(n)s[2n]
to be a choice of a map representing the map

% w(Z®1): 15 — Rpx.F¥(n)s[2n].
in Dt (Shg (A)) given by (8.1.3)(iii). We define

F3([2]"): Ps, — Fx(n)s
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to be the composition of F([Z]") with the natural map
Fx(n)g — Fx(n)y.

This gives the extension of the functors (8.3.5.8) to functors

Fi5: AS(V) — C*(Sha(S))

, (8.3.5.11)
Fy: AJ(V) = CF(Sha(9))
and natural transformation (8.3.5.9) extends to the natural transformation
Fi — Fs. (8.3.5.12)

The extension of (8.3.5.11) to the category A} (V) is accomplished using the functori-
ality of the cycle classes in (8.1.3)(iii). For example, let

f:(Y,9) = (X, f)
be a morphism in £(V), giving the map
frZx(n)y — Zy (n)g
in Ay (V). Take Z € Z"(X)y. Then we have the map
hgc,y,[z],f*‘ ¢ — Zy(n)g
in AJ(V) with
Wy iz)5- = 1" 012" = [17(2))

The functoriality of the cycle classes gives the relation

Fi(f*ol2]") = F5(f*(2)]) = dp

for some map

f: Psx — F3(Ly (n)g)
of degree 2n — 1. We then define

e ) _
-7:4 (hxy,[z],f*) - 6

The definition of Fi for the other types of maps adjoined to form AZ(V) is similar; we let
F4 be the composition of F; with the natural transformation (8.3.5.12).
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The extension to Ag(V) is accomplished in a similar manner, relying on the purity
hypothesis (8.1.3)(iv) for the cohomology theory F. Restricting to the subcategory A? (V)
gives the desired functor

I . 1Y
fr?bot' Amot

(V) — C*(Sh§ (A)). (8.3.5.13)

(8.3.6)
e Step 4. The extension to DM(V):

Applying the functor C® (II, (2.1.2)) to the DG tensor functor (8.3.5.13) gives the
functor

C*(Fpot): C*(Apor (V) — C*(C(ShF (A)));

composing with the equivalence (see II, (2.1.4))
Tot: C*(C*(Shi3(9))) — C*(Shg (A))
gives the DG tensor functor
C¥(Fmor): C*(Ap,r (V) — C*(Sh§ (A)).
Passing to the homotopy category gives the exact tensor functor

Kb(fgwt

K (A" (V) = KT(ShS (A)). (8.3.6.1)

mot

By (II, (2.3.2)), the functor

K" (¢mot): K" (Ao (V) = K (Aot (V) = K,y (V)
is an equivalence of exact tensor categories; the functor (8.3.6.1) thus gives the exact tensor
functor )

K (Frot): K8, (V) — KT (ShS (A)). (8.3.6.2)

mot

Let X be in V, and suppose X is a union of two open subschemes in
X=UUuUV.

Let 5 5 5
j: ]-"U(n) ) fv(?’b) — fUﬂV(”)

be the difference of the two restriction maps. Since the the image of Fx (n) in the derived
category is isomorphic to Rpx.Fx(n), the natural map

Fx(n) — Cone(j)[—1]
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is a quasi-isomorphism. This, together with (8.1.3)(ii), (iv)-(vii), implies that the compo-
sition of (8.3.6.2) with the canonical map

K*(Shg (4)) — D*(Shg (A)).

factors through the localization D? . (V) of K

mot mot

(V) (see (2.1.3)), giving the functor
D’(Fpot): Db,y (V) — DT(ShS (A)). (8.3.6.3)

Finally, applying the argument of (II, (2.5.4)), the functor (8.3.6.3) extends canonically
to the category DM(V), giving the desired realization functor

Res: DM(V) — DT (ShS (A)). (8.3.6.4)

This completes the proof of (8.3.1), except to show that the functor (8.3.6.4) is inde-
pendent of the choice of rigidification, and the other choices made along the way.

(8.3.7)

We first note that the extension from Ag to AP . is independent of the various choices of
the maps in Step 3 up to a homotopy of the resulting functors; this follows directly from
the purity hypothesis (8.1.3)(iv), and the fact that the category AP . is freely generated

from .Ag by the adjoined maps.
Now suppose we have made two choices of rigidifications; this results in two categories
HCov,.g1(C2) and HCov,g2(C2), and two functors
p':HCov,g1(C2) — HCovg (Co),

p?: HCov,g2(C2) — HCovs (Ca),
We may form the fiber product category
HCov,g12(C2) := HCov g1 (C2) X, HCov, g2(C2) — W.

We define the functor
p'?: HCov,g12(Co) — HCoveg(Co)

by sending a pair (V,!,V?) over (X,U) to the fiber product
diagV,! x(x.v), V.2 = (X, U)s;

it follows easily from the compatibility of coskeleton and fiber products that diagV! x (X,U).
V2 is indeed a hypercover of (X,U). The projections give natural maps of hypercovers

diagv*l X(X,U). V*2

/ N (8.3.7.1)
V2 V2.

* *
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We may then replace the parameter categories HCov,g2(C2) and HCov,.g1(C2) with the
category HCov,g12(C2) when forming the extension to Ag in Step 2; as the construction
of (II, (4.4.4)) is natural in the category RSCov and functor p, the diagram (8.3.7.1)
determines the desired natural isomorphism of functors to the derived category. This
completes the proof of (8.3.1). O

8.4. The Betti and étale realizations
We define the Betti and étale realizations of DM(S)g.

(8.4.1) RIGIDIFICATIONS

We begin by recalling Friedlander’s construction [F] of a rigidification of the classical and
étale topologies. We first give the étale version.

Let S be a quasi-projective scheme over a Noetherian ring. For each point s of 5,
fix an algebraic closure k(s) of the residue field k(s) of s. If X — S is a quasi-projective
S-scheme, a geometric point of X is an equivalence class of maps over S

x: Spec(k(s)) — X

where z is equivalent to 2z’ if x and z’ differ by an automorphism of Spec(k(s)) over X.
We let Xgoom denote the set of geometric points of X.

A pointed étale map
fi(Uu) — (X, z)

is an étale map f:U — X, with geometric points u of U, x of X such that f(u) = x.

We let C be the full subcategory of Schg with objects being arbitrary disjoint unions
of quasi-projective S-schemes. We extend the above notions to C in the obvious way.

Let tC be the category with objects pointed connected quasi-projective S-schemes
(X, z) and maps being pointed maps in Schg; forgetting the point = defines the functor

q:tC — C.

Given a diagram

(Y, y)
|
(Z,2) — (X,z)
in tC, let
(Y xx 2)¥3)

be the connected component of Y X x Z containing the point (y, z). Define the rigid product
<Y7 y) XEX7m) (Z7 Z) by

(Y,y) X{x.0) (Z:2) = (Y xx 2)¥), (y,2)).
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This gives the commutative diagram

(Yv y) XEX,{L‘) (Z7 Z) - (Y7 y)
| !
(Z, z) — (X, z)

and it is easy to see that this defines a fiber product in tC. The inclusion map
Oz xa): (Y xx Z)¥?) Y xx Z

gives the functor ¢ the structure of a lax functor of categories with fiber products (cf. II,
(6.1.3)).
For (X,z) € ©C, we set vét((X,z)) equal to the full subcategory of C/(X,z) with

objects the pointed étale maps
(U,u) — (X, x).

The fact that (vC,q, O, vét(—)) defines a rigidification tét of Cg (II, (6.2.3)) follows
from two elementary properties:

1) Each étale cover has a refinement which admits a rigidification
2) If f:U — X is an étale map, and h: (U,u) — (U, u) is a pointed map over X, then h is
the identity.

One also easily verifies that the additional properties of (II, (6.10.3)) hold, so that (vét, ét)
defines a rigid Grothendieck topology on C.

One defines similarly a rigidification of the classical topology anc for analytic spaces
by defining the category tCan. as the category of connected pointed analytic spaces (X, z)
where X has only finitely many irreducible components, and the category ranc((X,z) as
the category of pointed open immersions

(U,u) — (X, x).

The pointed fiber products are defined as in the étale case by taking the connected compo-
nent of the usual fiber product containing the product of base-points. As above, this gives
us the rigid Grothendieck topology (ranc,anc) on the category Cap. of disjoint unions of
connected analytic spaces with finitely may irreducible components.

We may form the real version of the analytic rigid topology by using analytic spaces
with a real structure throughout; this defines the rigid Grothendieck topology (rang, ang)
on the category Cay, of disjoint unions of connected analytic spaces with real structure.

(8.4.2) THE BETTI REALIZATION

For the Betti realization (either over C or over R), we may take V to be any subcategory
of the category of smooth, quasi-project C-schemes or R-schemes for which DM(V) is
defined. We take the cohomology theory defined by the graded sheaf

Z(*) = ©;2o(2m1)17Z.
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The well known properties of singular cohomology show that Z(x) defines a geometric
cohomology theory; we then apply (8.3.1) to give the C-Betti realization functor

Reg.: DM(V) — DT (Ab).

For the R-Betti realization, we work in the category Sh*"*(Ab) of sheaves of abelian
groups with a Z/2-action over the action of complex conjugation F; over a point, this is
the category Abpg_, i.e., the category of modules over the group ring Z[Z/2]. Applying
(8.3.1) gives the R-Betti realization functor

RG%R: DM(V) — D+(Abpoo),

for V a category of R-schemes.
Using the same method, we may form the Betti realization over an arbitrary base
scheme S over C or over R. This gives the realization functors

Rem .: DM(V) — DT (Sh2 (Ab)),

and
Reg, .. DM(V) — DT (Shy™® (Ab)).
(8.4.3) THE ETALE REALIZATION

For the étale realization, let X be an S-scheme . We consider the triangulated tensor

cate
gory . .
D™ lim Sh (Z;)

constructed from inverse systems of of complexes of étale sheaves of Z/l™-modules (n =
1,2,...), as defined by Ekedahl in [Ek]; we have as well the category

D* 1lim Sh*(z;)/S

constructed in a similar manner from inverse systems of complexes on the big étale site
over S. Fix a prime [ different from the residue characteristics of the base scheme S. We
have the objects Z; x (¢) defined as the inverse system of étale sheaves

ZJ1(q) — ZJ1*(q) «— ... — ZJ1"(q) «— ...
on X; sending X to Z; x(q); this gives us the objects Z;(q) of Dt lim._ Sh®(Z;)/S with

value Z; x(¢q) on X. The continuous l-adic cohomology is then defined as the cohomology
theory associated to the graded object

Lo e (%) 2= Dy=oZi(q)
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of D*1imSh®(Z;)/S. Although (8.3.1) does not directly apply to this situation, the same

proof, replacing the category of sheaves over S with the category of inverse systems of
complexes of sheaves over S, yields the analogous result. The work of Jannsen [J] verifies
that Z; ¢ (*) satisfies the axioms of a geometric cohomology theory, except that of the
unit 1 having a finite projective resolution. The construction of the realization functor
goes through without change until the middle of Step 3, where we use the finite projective
resolution of 1 to give the isomorphism (8.3.5.10). We alter the construction at this point
as follows: the unit 1 is the limit object Z; g. Suppose we have an inverse system of
complexes of acyclic étale sheaves Z/I"-modules on S

= Ch = Ch—=—=Ch ... (8.4.3.1)
such that each map on global sections
F(Sv C;?) - F(Sv C1T—1>

is surjective. Suppose in addition that the C} are all bounded below. Then the analog of
(8.3.5.10) holds, i.e., we have the isomorphism

Homg+ (Z;,5,C) = Homp+ (Z; s, CY) (8.4.3.2)

where C¥ denotes the limit object determined by the sequence (8.4.3.1), KT is the homo-
topy category of inverse systems of complexes of sheaves on S, and D™ is the category
D" lim._ Sh. It is easy to verify that the complexes of sheaves F g?)(q) 7 (8.2.5), consid-
ered as a sequence (8.4.3.1), have the necessary surjectivity property. We then use the
isomorphism (8.4.3.2) instead of (8.3.5.10), and the construction goes through without
further change. This gives us the [-adic realization functor

Reg;: DM(V) — D lim Sh$ (7).

(8.4.4) THE MOD-n REALIZATION

To form the mod-n realization, first take the product of the l-adic realization functors for
all [ dividing n. If T is an object of C? ,(V), define I' ® Z/n to be the object

mot
Cone(T=5T).

Let DM(V;Z/n) be the full subcategory of DM(V) generated by the objects '®Z/n. Re-
stricting the product of the l-adic realizations to DM (V; Z/n) defines the mod n-realization

Regy7/n: DM(V;Z/n) — Dt lim Shif (Zy);
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using the quasi-isomorphism

p&9 — Cone(] [ Zi(a)=> [ [ Zi(a)).

ln ln
we may form an equivalent realization in the usual category of étale sheaves
Rege z/n: DM(ViZ/n) — D* (Sh§ (Z/n));

(8.4.5) THE Q; REALIZATION

We tensor the [-adic realization with Q, and use the argument of (II, (2.5.4)) to give the

Q; realization ’
Regt,;: DM(V)g — DT lim Sh§ (Z)) ® Q.

8.5. The absolute Hodge realization

We construct the Hodge realization via a modification of Beilinson’s category of Hodge
complexes.

(8.5.1) ABSOLUTE HODGE COMPLEXES

Let ‘H i denote the category of R-mixed Hodge structures. We begin by recalling Beilinson’s
construction of the category of absolute Hodge complexes. This consists of a subcategory
of the category of diagrams

T (F¢, W)
F = SN S AN
Fr (fQ,WQ.) (f@,Wc.,F')

Here, Fg, f@, Fo, Fc and F{. are complexes of R-modules, R®Q-modules, R®Q-modules,
C-vector spaces and C-vector spaces, resp., W, W/ denotes an increasing filtration, and
F* denotes a decreasing filtration. The arrows in the diagram denote the following maps:

The arrow Fr — Fp is a quasi-isomorphism Fr ® Q — Fp,
The arrow (Fo, Woe) — Fg is a quasi-isomorphism Fg — F,
The arrow (Fg, Woe) — (Fi, W, ) is a filtered quasi-isomorphism

('7:@ ® (C7WQ° ®(C) - (f({:,W(é.),

The arrow (Fc, Wee, F'*) — (Fi, W, ) is a filtered quasi-isomorphism

(f(C, W(Co) - (f((,) W({Zo)



260 REALIZATION OF THE MOTIVIC CATEGORY

The category C%, (* = a boundedness condition) of mixed Hodge complexes are those
diagrams as above for which the following conditions are satisfied (see [AHC] Definition
3.2):

(i) H*(FRr) are finitely generated R-modules.

(ii) For a in Z, consider the filtered complex (Gr!Ve Fe, GriVe F*). The differential of this
complex is strictly compatible with the filtration.

(iii) This filtration, together with the isomorphism
H*(Gr)°Fy) © C — H*(Gr)* F¢)

that comes from the diagram, defines on H .(GTZV “Fo) a pure R® Q-Hodge structure
of weight a. 0

In particular, taking the cohomology of all the above complexes defines a mixed Hodge
structure on H*(Fg); let H*(F) denote the resulting mixed Hodge structure.

The category C3, is closed under taking cones, and thus the homotopy category K3,
is a triangulated category; the functor H®(—) defines a cohomological functor from K3,
to the derived category D*(H). Localizing K73, with respect to H®(—) gives the category
Dj,; Beilinson shows ([AHC], Theorem 3.4) that the resulting functor

Dt — DP(H)
is an equivalence of categories.

(8.5.2) MULTIPLICATION

For a diagram F in C7%,, we have the resulting diagram of R-modules

Fa Wio(Fe)
Dy (F) == SN S AN
Fr WQo(fQ) Weo ﬂFO(f(C).

For an arbitrary diagram

B By
D= fH N 91 fa / \ 92 I3/ (8.5.2.1)
Al A2 A3
let B B
D) =®;A;, T'D)=®iBi, ¢1=3%ifi, ¢2="2igi,
and set 3 3 3
[(D) = Cone(¢; — ¢o: (D) — T (D))[-1].
Set

Ty (F) :=T(Dy(F))
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as a functor from C3, to D*(Modg); we may also consider I' as a functor from H to
D*(Modpg) via the embedding of H in C73, as complexes concentrated in degree zero. We

have as well the functor

defined as B B
FH(F> = HOHIC% (R(O),JT) = ker(gbl — qf)gl FO — F1>

The natural map I'yy — D'y defines the natural transformation of functors from D3, to
D*(Modp), RT3 — 'z, which is, by ([AHC], Lemma 3.6), an isomorphism.

Beilinson describes multiplication in diagrams of the form (8.5.2.1) as follows: Let D,
D’ be diagrams of this form. The tensor product D ® D’ is the diagram

DD =
B, ® B} By ® Bj ...
fi®f/ N 91 ® 9] f2®fy / NG2®gy...
A ® A} Az ® Ag Az @ Ag

For a € R, Beilinson defines the map

%o:T(D)@T(D') - (D@ D)

by the formulas

arod =a®ad; arad =(~1)38 (g, (a) + (1 - a)pa(a)) @V
baxo ' =0; bxaad =02 ((1—a)p1(a’) + apse(a’)).

By ([AHC], Lemma 1.11), all the multiplications *, are homotopic, the multiplications
xo and *; are associative, and under the canonical isomorphism D ® D’ — D’ ® D, the
multiplication *, transforms to %;_,. Thus, we have an associative, graded-commutative
multiplication

« (D) (D) - T(D® D)
in the homotopy category K*(Modg). Given a map FQF' — F”, the above multiplication
gives rise to the multiplication

*:FH(.T) & fH(f/) — fH(f//).

(8.5.3) ENLARGED DIAGRAMS

We consider a slight modification of the above constructions. Form the category C73, as
the category of diagrams

Fo (Fes Wee)  (FE,WE)
F= /7 N /J N/ N (8.5.3.1)
Fr (Fo, Woe)  (Fc, Wee) (Fc, Wee, F*®)
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where the arrows are as above quasi-isomorphisms of the appropriate objects in the ap-
propriate category. We map (5, to C}, by replacing the portion

(fé,Wé.) ( (I/:/’W((/:/o>
Ny
(f(C7W(CO)

of the diagram (8.5.3.1) with
(Fe, Wi,) == Come((f, 9): Fc — F¢ & F¢

forming the diagram

_ Fo (Fe W)
F = / N S AN
Fr (fQ,WQ.) (f@,Wc.,F')

We map C3; to C%,, by adding two identity maps, forming the diagram

Fo (F&, W) (F&, W)
/ AN / N\ id id / AN
Fr (Fo, Woe) (FesWeo)  (Fe, Wes, F?)

These maps give an equivalence of the homotopy categories K3, — Kj,/; this equivalence
respects the functor I' and the multiplication .

(8.5.4) CANONICAL CECH COMPLEXES

Let F be a sheaf of A-modules on a complex manifold X, let U be an open subset of X
(for the classical topology), and let U be an open cover of U. Let F () denote the complex
of the Cech co-chains of F for the cover U. We let F(U) denote the limit of the complexes
F(U), as U runs over rigid open covers of U.

Let 57:V — U be an open subset of U for the classical topology. If U is a rigid open
cover of U

U=]]zect.cU
zeU

we have the rigid pull-back to V:

U= J[zetlenvcy
eV

Including U, NV into U, defines the canonical map of open covers over the map j

JiitU — U.
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The Cech complex F(U) has degree n term given by

(zo,...,xn)EX™
Projecting on the set of n-tuples in V', and taking the restriction defines the map
G FU = FGU
giving the map of complexes ) )
Ju FU) — F(G™U).

Passing to the limit over rigid covers U gives the map of A-modules
o FNU) — Fr(V).

and the map of complexes

j*ﬁ(U) —>.7:"(V)

One easily verifies that this makes F™ into a presheaf of A-modules on X, and F a
complex of presheaves; it is also easy to see from the direct description of F" given above
that F" is a flasque sheaf on X.

As is well known, the Cech cohomology of sheaf on X is canonically isomorphic to the
sheaf cohomology, hence the augmented complex of sheaves

F—F

is a flasque resolution of F. In particular, the image of the complex F in the derived
category is canonically isomorphic to RI'(X, F).

(8.5.5) ALTERNATING COMPLEXES

For an open cover U of X, the symmetric group S, 41 acts on the degree n component of
F(U) by

g _ f .
fao,...,an T J Q505 Qon)

we let AltF(U) denote the sub-complex consisting of alternating co-chains (one checks
that AltF(U) is indeed a sub-complex, not merely a sub-module, of F(U)). Similarly, if
X is a smooth C-scheme, and F a sheaf on X, we let AltF denote the sub-complex of F
consisting of alternating co-chains. We extend these notions to complexes of sheaves F'®
by taking the total complex of the double complex AltF®.

If F is a complex of sheaves on X, we have the canonical augmentation

(X, F) — AItF(X),
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inducing the map (in the derived category D' (Mod))
Ri: AltF(X) — RI(X, F).

The construction of F and AltF are functorial in the complex F, hence extend to
the analogous constructions for a complex F on the analytic site C,,, for a category of
complex manifolds C. In particular, we have the functor AltF from C°P to C*T(Mod,),
and the natural transformation of functors from C°P to D*(Mod 4)

Ri: AtF — RI(—, F).

(8.5.6) LEMMA

Let A be a commutative Q-algebra. Let F' be a complex of sheaves of flat A-modules on
the site Cq, associated to the classical topology on a category C of complex manifolds.

Then the natural map )
Ri: AtF — RI'(—,F)

is an isomorphism. Suppose C is closed under products, and that we have an associative,
graded commutative exterior product

X:F®F — F.
Then there is an associative, graded commutative product
Altx: AltE @ AILE — AltF,

compatible, via Ri, with K.

Proof. Since A D Q, we have the alternating projection
Alt: F — AItF,

splitting the inclusion, so the cohomology of AltF is a summand of that of F'; in particular,
HP(AItF) = 0 for F a flasque sheaf on X and p > 0. As H°(F) = H(AItF), using (8.5.4),
this implies that AltF — RT(X, F) is an isomorphism, proving the first assertion.

For the assertion on products, define Altx to be the restriction of Altox to Alt FQAItF.
A direct computation shows that Altx is associative and graded-commutative, completing
the proof. O

(8.5.7) COMPACTIFICATIONS

Let X be a smooth quasi-projective C-scheme; a compactification of X is a birational
inclusion j: X — X of X as an open subscheme of a smooth projective C-scheme X, such
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that the complement D := X\ X is a normal crossing divisor. Form the category D*(X, X)
(* = b,4,— or () is a boundedness condition) of diagrams

f({@ (f(C7W(Co) ( ({:/,Wé/.)
SN SN N
Fr (vawQO) ( (I/:?W(I/:o) (gC,W(ChF.)

Here Fr is a complex of sheaves of R-modules on X, .7:(’@ is a complex of sheaves of

R ® Q-vector spaces on X, (Fg, Wge) is a filtered complex of R ® Q-vector spaces 5 on X,
(Fc, Wee), (Fe, We,) and (F¢, We,) are filtered complexes of C-vector spaces on X, and
(Gc, Wee, F'®) is a bi-filtered complex of C-vector spaces on X. The arrows in the diagram
are as follows:

The arrow Fr — f@ is a quasi-isomorphism Fr ® Q — j *(f@)
The arrow (Fg, Wge) — Fg is a quasi-isomorphism Fg — Fg
The arrow (Fg, Woe) — (Fc, Wee) is a filtered quasi-isomorphism

(FQ X C» WQ. ®C) — (F(C7W(Co>-

The arrows (Fg, W(,) — (Fc, Wee) and (Fg, Wi,) — (FE, W{,) are filtered quasi-
isomorphisms.

The arrow (Gc, Wee, F*) — (F¢, W(,) is a filtered quasi-isomorphism

(Gc, Weae) — (F¢, W,)-

Maps in D*(X, X) are component-wise; D*(X, X) forms a DG tensor category, with the
tensor product given component-wise, and the Cone functors on each component defines the
Cone functor for D*(X, X). We have the full DG tensor subcategory Dj, (X, X) consisting
of diagrams for which the diagram

RI(X, Fg) RU(X, (Fc, Wee)) - RU(X, (F¢, WE,))
/ N / N / N

RT(X, Fr) RF(Y, (Fo, Wae)) RIU(X, (F,WE)) RF(Y, (Ge, Wee, F'*))
is in Dy,,.

(8.5.8) THE MULTIPLICATIVE DIAGRAM ASSOCIATED TO A COMPACTIFICATION

Let j: X — X be a compactification. For a complex of sheaves F* on X, we let (F°, 7<)
denote the canonical filtration, i.e.

F4, ifg<p
(T<pF)? = {ker(dq:fqﬁfﬁl); ifg=1p
0; if ¢ > p.
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Let Q% denote the analytic DeRham complex, and let Q'Y(log D) be the complex of
forms with log poles. Let (Q’Y(log D), W,) denote the filtration by order of pole, and
(Q2%(log D), F'*) the stupid filtration. We have the following maps

Zx ® Q — j*(j.(AltZx ® Q))
(j«(AltZx ® Q) ® C,7< ® C) — (4. (AltQ%), 7<)
(Q%(log D), 7<) — (4. (AltQY%), 7<)
(Q'Y(log D), 7<) — (Q'Y(log D), W,).

The first is the quasi-isomorphism of complexes of sheaves on X, Zy @ Q — AltZx ® Q,
the second is the filtered quasi-isomorphism of complexes of sheaves on X induced by
the quasi-isomorphism of complexes of sheaves on X: Cx — (x, and the isomorphism
Zx ® Q® C — Cx. The third is the filtered quasi-isomorphism of sheaves on X induced
by the quasi-isomorphism Q5 (log D) — j.(Q2%) and the last line is the filtered quasi-
isomorphism induced by the identity map on Q'Y(log D) (the canonical filtration is finer
than the weight filtration). This gives us the diagram

D[X,X] :=
AZx ©Q) (Al ), 7<) (Q%(log D), W)
/! AN /! AN 7N

Zx  (GJAWZx®Q)7e)  (@%(og D),7<)  ((log D), Wa, F*)

in DT (X, X), Beilinson shows that this diagram is in fact in D, (X, X).

(8.5.9) THE TATE OBJECT

For an abelian group A, let W (q)4e be the filtration on A given by

A; if p>gq
W(a)ap= { 0; if p <gq.

We let F'(q)® be the filtration on C given by

C, ifp<gq
P b
Flg)" = { 0; if p > q.

We have the “R-Tate mixed Hodge structure”

R(q) ==

(2mi)IR®Q (C, W(q)c.) (C, W(qg)c.)
/ N / AN / N
(2mi)IR  ((2mi)'R ® Q, W(q) 2riyarzge) (C,W(g)cs) (C,W(q)ce, F(q)*)
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The object R(0) is the unit for the tensor structure on C,. Define Rf){(dg(q) to be the
object R(q) ® Rpx.D[X, X] of D3,,.

(8.5.10) THEOREM

Sending (X, q) to Ridg (q) extends to a functor
ReHdg: DM(V) — D;‘__[,.

Proof. The proof is essentially the same as the proof of (8.3.1) with H playing the role of
the abelian tensor category A; there are three main differences:

i) we replace the categories C™(H), KT (H) and D*(H) with the more convenient cate-
gories Cﬁ,, Kﬁ, and D7, .

ii) after forming the limit of the complexes formed from the diagram D[X, X| by using
rigid hypercovers with respect to the analytic rigidification, we then form the direct limit
with respect to compactifications.

iii) We also need to address the lack of projective resolutions in the category H, as we use
a projective resolution of the unit object 1 € A in the proof of (8.3.1).

We give the construction for R = Z for simplicity.
For this last point, consider the “enlarged” mixed Hodge complex P, which in degree
0 is

QeQ (CaC,W(0)ce ®W(0)ce) (CHC,W(0)ce ® W (0)ce)

VAN / AN / AN
Z (@7 W(O)Qo> (Cv W(O)(Co) (Cv W(O)(Coa F(O).>

and in degree -1 is

Q (C,W(0)ce) (C,W(0)cs)
/! AN / AN /! AN
0 0 0 0

The maps in the degree 0 portion are the obvious ones, with the left-hand side from the
lower row going into the left-hand summand, and the right-hand side from the lower row
going into the right-hand summand. The differential is the diagonal map. We map P,
to Z(0) by the identity on the lower row and the difference map on the upper row. This
determines the map of extended mixed Hodge complexes

P, — 7/(0) (1)

which is an isomorphism in D;Q,. It is easy to see that the map (1) gives an isomorphism
of functors
Hom .+ (PZ®",—) — Hom+ (Z(0),—)
H H

*
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for all n > 0. Using P, instead of a projective resolution of 1 € A and using the categories
C3,, K3, and D, instead of CT(H), KT (H) and D (H), the proof of (8.3.1) goes through

word for word. O

We may compose the functor Repq, with the derived functor
RHdg: Dy, — D' (Modp)
of the absolute Hodge cohomology functor H® to give the absolute Hodge realization
Reandg: DM — D" (Modg).

For R = Z, the resulting cohomology groups H?(Reandg(Zx(q))) are the absolute Hodge
cohomology groups HX (X, Z(q)); when X is projective, these agree with the Deligne
cohomology groups H? (X, Z(q)).
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8.6. The motivic realization

Let k£ be a field of characteristic zero, and let Vj denote the category of smooth, quasi-
projective varieties over k. We conclude this section with an extension of the above con-
struction of the Hodge realization to give a realization of DM (Vy)z into Jannsen’s category
of mixed absolute Hodge complexes up to quasi-isomorphism. This is constructed similarly
to Beilinson’s category D;Q; the essential difference is the addition of /-adic data to the
Betti-Hodge data encoded in D%’{. We will give here a brief resumé of the construction,

somewhat modified as in the previous section; for details see ([J2], §6, especially pages
97-104).

(8.6.1) DEFINITION

Let G}, denote the Galois group of k over k. A polarizable mixed absolute Hodge complex
(MAH-complex) over k is a diagram D of the following form:

D :=

155 TI Koo W) T[] (Koo W) ] (KE,.W)
l

l,o:k—C o:k—C o:k—C

i/ Noa fo/ N9 f3./ N9g3s fa/ "\ 94
15 [[Ke,w) ] (KoooW) ][] (KeooW)  (Ky, W, F)
l

l o:k—C o:k—C
id | id |
I I 5 ]] KeeW)
l o:k—C o:k—C

AN a1 o\ 7 G

II =, 1] %%

l,o:k—C o:k—C
where o: k — C denotes an embedding, [ is a prime number, and

(i) for each !, K;, Kq, and Kg; are bounded below complexes of continuous G-modules.
K; is a complex of Z;-modules such that the homology groups are finitely generated
Z;-modules, Kg,; and K@ ; are complexes of Q;-vector spaces such that the homology
groups are finite dimensional Q;-vector spaces; W is a decreasing filtration on Kq .

(ii) for each [ and each o:k — C, (Kq,1,,, W) is a bounded below, filtered complex of Q-
vector spaces with finite dimensional homology, and K 1’70 is a bounded below complex
of Z;-modules with homology finitely generated over Z;.

(iii) for each o:k — C, Kq,s, Kq, (resp. Kc,o, K¢ ,, K¢ ,) are bounded below, complexes
of Q-vector spaces (resp. C-vector spaces) with finite dimensional homology. For each



270

(vii) go

(viii) f3
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o:k — C, Kgs, K, is a bounded below complex of abelian groups, with finitely
generated homology. W denotes a decreasing filtration on the various complexes.

K}, is a complex of k-vector spaces, bounded below, with finite dimensional homology,
an increasing filtration W, and a decreasing filtration F'.

fi =1L fi, 91 = [ 910, where f1,: K ®z, Q@ — Kg,; and g1,: Kg; — Kg,; are
quasi-isomorphisms.

/ / / / . :
1 =11, flior fo= Hl,o- fol0, 1 = Hl’g 91 1.0 Where for each o:k — C, f1,, is a
family of quasi-isomorphisms
fiiz K — K s

indexed by the set of extensions &:k — C of o, with f1,1,5p homotopic to fi ;s for
each p € Gy, f2,,, is a family of filtered quasi-isomorphisms

fouz (Ko, W) — (Kg,i,0, W)

indexed by the set of extensions 7:k — C of o, with f2,1,5, homotopic to fo;5 for
each p € Gi, and gi,l,a is a family of quasi-isomorphisms

gi,l,az K, ® 7, — Kl/,cr

indexed by the set of extensions :k — C of o, with 94 150 homotopic to ¢} 17 for
each p € G.

= Hl,g 92,10, Where, for each (I, 0),

92100 (Koo, W) ®q Q — (Kq,,0, W)

is a filtered quasi-isomorphism.

= Hg‘ fé,o’? gé = Hg‘gé,(r? f3 = Hg- f3,0' 93 = HO'QB,OW f4 = Hg‘ f4,0'7 g4 = Hgg4,0'7

where, for each o: k — C,

f3.0t (Kgo, W) ®q C — (K¢ o, W),
93,0 (Kc,o, W) — (Kc o W),
fior (Keo, W) — (K¢ ., W),
9a,0t (Kp, W) @40 C— (K¢ o, W)
are filtered quasi-isomorphisms, and
fr.00 Ko ®Q — Kg 4
9.0 Koo — Ko,

are quasi-isomorphisms.
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(ix) For each o:k — C, the diagram

Kyo (Ko W) (KL, W)
fé,o‘ / \ gé,g f3,cr / \ 93,0 f4,a / \ 94,0
Ko (KQJNW) (KC,07W> (Kk7WF> Ok, C

is in C’%,’Q, and defines on H'(Gr!V K,) a pure, polarizable Z-Hodge structure of
weight m + 1.

(x) Let H denote the collection of graded cohomologies gr!¥ H arising from the diagram
D. Then there are bilinear forms

H, ® Hy — Q:(—m)

for each component, which are compatible under the various comparison isomor-
phisms, and which give a polarization of the real Hodge structure given by the diagram
in (ix). O

(8.6.2)

Let C’f\/l A denote the category of polarizable MAH-complexes over k; a homomorphism
D1 — D5 consists of a collection of maps on each component, in the appropriate category
of complexes, such that each of the resulting squares commutes. We have the Tate object
Zpmanr,k(q) in CJJ\F/IAH,k:v defined as the diagram:

[Taw I @@.w@) ][I ©w@ ][ € W)
l

l,o:k—C o:k—C o:k—C
1./ N9t fo/ Ng2 f3/ Nid id N\ 94
[Tz@ ] @@.W@) [[ @a.W@) ][] €©W@) &W(),F)
l l o:k—C o:k—C
id | id |
[Tz 11 2@ 11 @@.W(9)
l o:k—C o:k—C
AN 49 i\ /G
I () IT @@
l o:k—C

where Z;(q) and Q;(q) are the standard Tate Galois modules, Z(q) = (27i)9Z, Q(q) =
(274)?Q, and W(q), F'(q) are the Tate filtrations (8.5.9). The maps are the obvious ones.
(8.6.3)

Cj’w Ak 18 @ DG-tensor category (® given component-wise) with a Cone functor; the unit
is the Tate object Zaq.a1,,(0). This gives the homotopy category K 57\/1 Ak the structure of
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a triangulated tensor category. Taking the cohomology of each component of a diagram D
in C’f\/l A 8ives an object A P in the category of diagrams equivalent to Jannsen’s category

of polarizable mixed realizations M RY; the functor H O extends to a cohomological functor
from K?\AAH,k to M R,.

A map f in Kj’\,l Ak 18 called a quasi-isomorphism if f induces a quasi-isomorphism
(not necessarily filtered) in each component. Localizing Kj’w AMK with respect to quasi-
isomorphisms defines the triangulated tensor category D?Vl Ak the cohomological functors
H?” extend to DY 43¢ -

Beilinson’s arguments in [AHC] extend to show that the natural map

D*(MRY) — DYy are.s

is an equivalence.
We now proceed to define the motivic realization

Remot: DMmot(Vk) - Dl/)\/l.AH,k

(8.6.4)

Let éty, denote the big étale site over k; téty the rigidification described in in the beginning
of this section. We use a slightly different site for the classical topology than the usual
one. For an embedding o:k — C and for X € V, let X, denote the complex manifold
associated to the C-scheme X xj , C. Let an; denote the site where an open cover of
X € Vy is a collection of maps f,: U, — X,, where f, is surjective, and f, is locally (on
U,) a homeomorphism. We rigidify the site anj as in the beginning of this section by
taking the product of the analytic rigidifications for each o.
We have the map of sites
o: éty, — anyg

given by sending U — X to [[, U, — X,; this extends to a map of rigidified sites in the
obvious way. Similarly, letting Zar; denote the big Zariski site over k, we have the map of
sites

(B: Zarp — ang;

rigidifying Zar, as above by taking pointed open sets, this map of sites extends to a map
of rigidified sites.

(8.6.5)

Let X be in V,. There is a compactification X — X defined over k, and the category of
compactifications of X over k forms a directed filtering category. For a compactification
X — X, with normal crossing divisor D at infinity, we form the diagram of complexes of



THE MOTIVIC REALIZATION 273

sheaves
DX, X] =
11 7. I Fewew) [ Fo.w) [ (F,.W)
l l,o:k—C o:k—C o:k—C
f1./ Ng fo / Ng2 f3/ Nid id "\ 94
7 1I]@FEw) I Feew) [ FeoW) (Fr,W.F)
l l o:k—C o:k—C
id | id |
H E H fa H (fQ,CH W)
l o:k—C o:k—C
AN a1 fo\ /95
I . 11 7.
l,o:k—C o:k—C
where: ’ o o
Fi= Z?}X? f</@,l = Alt@?}X? (fQ,b W) = (j*Ath?,th TS) (1)
Fo =1%o, Fio=I%-, Fbo=AlQ%-, o)
5 5 2
(Foro: W) = (ALQ X+, 7<), (Fo,0. W) = (1 ALQYKS, 7<)
(Feos W) = (AT , 7<), (Fe,o, W) = (2% (log(D)), 7<), )
(FC 0 W) = (05 (log(D)), W)
(Fr, W, F) = (02, (log(D)), W&, F*). (4)

X /k

Here, the superscripts “ét”, “an”, and “Zar” denote the relevant topologies, “r<” is the
canonical filtration, Q% , (resp. Q5 (log(D))) is the complex of sheaves of holomorphic

forms (resp. holomorphic forms with log poles), Q%/rk(log(D)) is the complex of sheaves

of algebraic forms with log poles. W% and W2 are the filtrations by order of pole, and
F* is the stupid filtration. The maps are the change of topology morphisms:

Zlé,tx — QL) o (j*Mthé,tX: T<) = a*(j*MtQ?,g(ng),
the change of coefficient rings:

Zi'y @ Qu — jALQf Y ;  Z¥. ® Q — ALQY,

Yo @ — L% (uALQYS , 7<) ® Qp — (LALQM-, 7<),
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forgetting the filtration:

7" (G ARQ o 7<) — ALQ}

7" (5. AQRY , 7<) — ALQY.;
the arrow (Fy, W, F') — (F¢ ,, W) is the product over o: k — C of the change of topology
maps

(%), (log(D)), W) — B*(Q5- (log(D)), W™).
Let Zamark.x(q) be the diagram Zaqan x(q) ® Rpx«D[X, X]. The arguments used

to construct the Hodge realization give
(8.6.6) THEOREM

Sending (X, q) in Vi X Z to Zman k., x(q) extends to an exact tensor functor

ReMAH,kipM(Vk>)Z — Dj\—/lAH,k:'



