Chapter 4
Co-chain operations

We now apply the constructions of Chapter 3 to give co-chain operations on certain com-
plexes § constructed from an associative, graded-commutative complex of presheaves §.
In applications, the complexes § are constructed as limits of the complexes formed from §
by taking “rigid hypercovers” following the method of Friedlander; in this section we give
a formal version of the construction and will use a more concrete form when we give our
main applications in I, Chapter 8. The co-chain operations fit together to give a functor

§: (WP —C(A),
whose construction is the main object of this chapter.

To fix ideas, we work in a subcategory of Schg; the same construction will define the
functor § for a subcategory of analytic spaces, or analytic spaces with a real structure.

4.1. Adjoining a disjoint base-point
We construct the category of objects of C together with a “disjoint base-point”.

(4.1.1)
Let C be a full subcategory of Schg, closed under disjoint union. We extend the category

C to the category of “pointed objects in C”, C* by defining C* to have the same objects
as C (we denote the object of C* corresponding to X in C by X ), and with
Home+ (X +,Y") = Home (X, Y [ ] 9).
Composition is given by defining the composition
x+Ly+ 9,7+
as the map X+ — ZT corresponding to
(gUidg) o f.
The identity id x+ is the canonical map
iX,XHS:X—’XHS'
We denote the object §* by *; the canonical map ) — X [ S defines the map

ix+l *—>X+
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while the structure morphism X — S = (@ [[S defines the map
Px+:X T,

This makes * into an initial and final object in CT.

(4.1.2)

For a morphism f: X — Y in C, let
FrXt Lyt
be the morphism given as the composition
il :iY,YHSOf‘
Sending X to X and f to fT defines a faithful functor
+:C—CT. (4.1.2.1)

IfY = XT, we write Y~ for X; if g:Y — Y’ is the map f™: XT — X', we write
g Y™ =Y’ " for [: X — X'

(4.1.3) PRODUCTS AND COPRODUCTS

Let
{ia: Xo—X | a € A}

be a coproduct of the X, in C. Then the collection of maps

{it: XT—XT|ac A}
is a coproduct of the X1 in C*. We write the operation of coproduct as V; in particular,
we have

Xtvyt =[]V

If we have maps f:Z — X[[S, ¢:W — Y ][S in C, defining maps f: ZT — X and
gWt =Yt inCT, we let

fVvgZtvwt—Xtvy"

be the map

fUpSHSg:ZHW—>(XHS) Unes SIBERIIRGIE
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where Ps]]s" ST[S — S is the structure morphism. The functor + then respects the

coproducts.
To define the the smash product A+, we identify objects over Z* in C* with objects
over Z ]S in C, and define

XTNge Y= (X x s V)T
We have as well the absolute smash product
XTAYT =Xt A YT,

The smash product A gives C* and C*/CT the structure of symmetric monoidal categories,
and makes + a symmetric monoidal functor.

(4.1.4) PRESHEAVES

Let G be a presheaf on C, with values in an additive category A. Suppose that G transforms
finite disjoint unions into direct sums (e.g., if G is a sheaf for the Zariski topology). We
extend G to a presheaf (also denoted G) on CT by setting

G(XT) =g(X) (4.1.4.1)
If we have a morphism
f1Y—X H S
in C, defining the morphism
YT —XT

in CT, we define

fRG(XT)—G(Y™)
as the composition
G(X*) = 6(X)25g(x [T 9)559(v) = 6(v™).

Here

ix«: G(X)—G(X[[9) =6(X)®G(s)

is the canonical map given by the assumption that the presheaf transform coproducts in
C to direct sums in A.
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4.2. Complexes associated to multi-simplicial objects

(4.2.1)
Let A be a tensor category, and let § be a graded complex of presheaves on C, with values
in A:

F € C(PreShe(A); F=@y...—F"(Q)—F"g)— ... . (4.2.1.1)

We suppose that we have associative and bi-graded products (graded-commutative in n
and commutative in q).

X:§QF—7F; (4.2.1.2)

i.e., for X and Y in C, we have the map of complexes

249 F(a) (X) © F(d)(Y)—F(q + ) (X x5 Y),

functorially in X and Y, which is associative and graded-commutative in the obvious sense
(and is commutative with respect to the g-grading). We also assume that § transforms
finite disjoint unions to direct sums.

In particular, we have the extension of the complex of presheaves § to a graded
complex of presheaves on CT; the product (4.2.1.2) extends to maps

844 L F@X ) @ F(@)Y ) —Flg+ ¢ ) XTAYT), (4.2.1.3)
functorially in X and YT, by taking
2% o =B 3(0)(X) ©3(¢)(Y)—F(g+ ) (X x5 V).

That xgﬂr/ v+ is indeed functorial in X+ and Y'* follows from the identity §(*) = 0. The

product (4.2.1.3) remains associative and graded-commutative.

(4.2.2) THE FUNCTOR §(q)(—)*

Let € = (C1)°P; € is a symmetric semi-monoidal category with product A. We have the
symmetric monoidal category (Z, +); we may apply the construction of (3.2.2), giving the
DG tensor category [€ x Z]% . We note that a cosimplicial object of Z is constant, hence
we may write the objects of [€ x Z]2 as direct sums of sequences

((Uj,ul)v SRR (Ug,un))

with '
Uﬁ - Q:(A), u; € 7.

Let U, be in
e(A) = [CH(AP)].
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Composing U, with §(q) gives the functor
§(q) o Us: A—C(A);
we may then take the associated total complex, giving the element
3(q)(U.)* € C(A).
Sending U, to §(q)(U,)* thus defines a functor
§(q)(—)":€(A)—C(A). (4.2.2.1)

(4.2.3) The functor
We now extend the functors (4.2.2.1) to a DG tensor functor

§° 1 [€ x Z)2 —C(A) (4.2.3.1)

with
To define §°° on morphisms, take F:n — m in Qq, take UL,... U* V! ... V™ in

¢(A), and take non-negative integers p1, ..., Pn, q1,- - -, ¢m. We write

[p*] = ([p1]7 . '7[pn]); [Q*] = ([QI]v Tt [QmD:

and take
q1;---,9m
P1y---3Pn

S Hom[QXZ]oo«(Ui? ur), -, (Up,un)), ((V*17 V1) -5 (VI 0m))) F([Ps], [g4])-

We may write

H@Xz(F>((Uj,U1), ey (Uf,un))
= ((Me(F)(UL, ..., UM, Tz(F)(ug, .. un)1),
o (e (F)(UL, - U )i, Tz (F) (un, - tn)m))s

and write h4t>--9m ag an m-tuple
P1,--,Pn
m
qi,---sdm q1,---,9dm
hplan‘ypn - H hpl:---,pn:j
Jj=1

hyy 5 Me(F) (UL ([pa]), -, U ([pa]))s— Vi (la5]);
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where we have the condition

Hz(F>(U1,...,un>j:Uj; jzl,,m

.....

§(vj) e (F) UL ([p1)), - - U ([pa])5)

S (4.23.2)
— " §(v;) (VY (lg5]))
for each j. As in (3.1.2.3), we have
e (F)(UL([pa]), - -, Ul (lpa])); = U (Ipg]) A AU (lpss 1)
Hz(F) (w1, ..., up); = U+t = v
sJ
for suitable integers Z‘,Z: (depending only on F).
The product structure X on § gives us the map
il il
§(u; ) (U () @ - @ (uy YU ([P 1))
(4.2.3.3)

I(F)([p1],--lpn]);
—_—

F(v) e (F)UL([p))s - -, UL ([pa)))-

Composing (4.2.3.2) with (4.2.3.3), taking the tensor product over j, and composing with
the canonical permutation isomorphism

Fu) (U (Ip1]) @ ... @ F(un) (UF ([pa])

@ B ) (U () © - © Flu U ([py 1),
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gives the map

SO ([pa), wa), - -, (U2 ([pa]), un))

""" SV (@] o), - (VI ([gmd), vm))s

F(UL(pi))s ), - (U2 ([pa])s ®s (us) (UL([pi]),
(4.2.3.4)
FVH (@) o), -5 (V[ ®% (0) (V2 ([a5]))
(g = Qg ) o We(F)([pals - [pa)) o 7
j=1
If we now have an element
h e Hom[QXZ]?i; (((Uja Ul), C) (U:7 un))? ((V*17 Ul)? R (V*m7 Um)))%‘
S || A
PlseosPniqlyeesqm
Zj qj—zz'pi:d
the collection of maps (4.2.3.4) thus defines the map
F): (UL ), .., (UM un)—F (VY v1), .. (V™ um)[d]. (4.2.3.5)

Let n: FF — n - F be a 2-morphism in {2; the identity
§7(h) =8%(n-h)

follows from the definitions and the graded-commutativity of §. Thus the map (4.2.3.5)
depends only on the image of h in

Hom[exz}g% (((Ua}v ul)? R (va Un)), ((V*lv Ul)v R (V*mv Um)))d'
This completes the definition of the functor (4.2.3.1); the verification that §> gives
a DG tensor functor is straightforward, and is left to the reader. Clearly, the functor

(4.2.3.1) is natural in § and C.

(4.2.4) REMARK
If each F(q) is bounded below:

3(q) € Ct(PreShe(A));  F(q) =3V (9)— ... —F"()—F" g)— ...
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then the functor (4.2.3.1) takes values in C1(A)). O

4.3. Fibered and cofibered categories

We recall the definition of fibered and cofibered categories, and define the notion of a
fibered symmetric semi-monoidal category.

(4.3.1) DEFINITION

We recall that a fibered category 20 over a category W consists of a functor
m: W—IW
together with “pull-back functors”
(X)) =7 HX)—W(Y) :=71(Y),
a natural transformation

bp: fr—ian(x),

for each morphism f:Y — X in W, where igy(yy is the inclusion of 2J(Y’) in 20U, and
natural isomorphisms

Org:9 0 [*—(fog)"
for each pair of composable morphisms f, g in W, such that, for each pair of composable

morphisms f, g in W,

i) the diagram heoby.,
—_—

h*o (g™ o f*) h*o(fog)*
N Orog.n
‘ (Fogohy
/" 0f goh
(i og)o s ,— (goh)of
commutes
ii) We have

Gfog0bfg=ro(dgofr).
iii) For a morphism f:Y — X in W, and for W € 20(Y), W' € 20(X), we let

Homgay (W, W)/ f
be the subset of Homgy (W, W’) of morphisms F' with w(F) = f. Then the functor

o p: Homgyyy (W, f*W')—Homay (W, W)/ f
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is an isomorphism.

We have as well the dual notion, that of a cofibered category.

(4.3.2) PULL-BACKS

Let 20 — W be a fibered category over W, and let

y L. x

ul J/v

Y — X'
f/

be a commutative diagram in W. Let W be in 20(Y), W’ in 20(X) We may send a map
g W—f*W'
in 20(Y’) to the composition

(W) ()= (f oy ()

0, p (W)™
—

= (vo f))" (W) f (W)
Composing with the isomorphisms o¢; and o¢; gives the pull-back maps
(u,v)*: Homgy (W, W)/ f —Homgy (u* (W), v*(W"))/ f/, (4.3.2.1)

which is functorial under composition of such commutative squares.

(4.3.3) THE CATEGORY OF FIBERED CATEGORIES

A functor of fibered categories
F: Qﬂl —>Qﬁ2

over a functor pg: Wi —Ws is a pair (p, O,) consisting of a functor
p: 01—
over pg, and a natural transformation © for each morphism f in Wy,
Of:po f'—po(f)?op

such that
i) For morphism f:Y — X in W;, and each W in 20 (X), we have

PeF(W)) = by (D(W)) 0 O (W).
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ii) the diagram

po(g)™20Oy

po(g)*2opo(f)=2op — po(g)*2opo f*
N\ Oy 0 f*
9?‘»901’[ pog*to fr
/ poby,
po(fog)2op S po(fog)™
fog

commutes for each pair of composable morphisms f, g in W.

A natural transformation
p: (p, ©4)—(q, Ex)

over a natural transformation
Lo Po—q0

is given by assigning to each W € 20;(X) a morphism
p(W): p(W)—q(W),

over po(X), such that, for each morphism f:Y — X in W and each morphism

F:W'— "W
in 20, (Y), the diagram
p(W) ") a(W")
p(F) | e Lam
*1 ) *1
p(f* (W) = q(f (W)

o5 | e

f
polf)2(p(w)) P g ()7 (q(w))

commutes, where the pull-back (po(f), go(f))*? is defined with respect to the commutative
diagram po(X)
po(X) "—" qo(X)
po(f)l lQO(f)
Y) — Y
Po(Y) po(Y) w(Y)

(4.3.4) FIBERED SYMMETRIC MONOIDAL CATEGORIES

The symmetric monoidal structure in cat (1.1.2) induces a symmetric monoidal structure
on the category of small fibered categories; via the method of §1.2, this in turn gives
the notion of a (strictly associative) fibered symmetric semi-monoidal category over a
symmetric semi-monoidal category. Explicitly, this is given by a fibered category 20 —
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W over a symmetric monoidal category (W, Xy, ty), together with the structure of a
symmetric semi-monoidal category on 20, (20, X gy, toy), such that

Xy 20 x W—WW
is a functor of fibered categories over the functor
X W x W—W

and with tgy a natural transformation over tyy,. The associativity isomorphisms are handled
similarly if we do not assume strict associativity.

4.4. Canonical co-chains and co-chain operations

We now show how a multiplicative complex of presheaves on C, with values in a tensor
category A, together with a choice of “canonical co-chains” parametrized by a category W,
gives a representation of (W°P)®:Y into the category of complexes in A. We assume that
filtered direct limits are representable in A, and that the tensor product commutes with
filtered direct limits.

(4.4.1)
A category B is called left-directed if

i) for each pair of objects z,y of B, there is an object z of B, and morphisms z — =z,
z— .

ii) for each pair of objects x,y of B, there is at most one morphism = — .

A functor

F:B—B
is call left-final if, for each morphism

f’:a’—>b'
in B’, there is a morphism

fra—b
in B and a commutative diagram in B’
F(f)

Fla) "Y' F)

in B.
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(4.4.2)

As in earlier sections of this chapter, we let € denote the category (C1)°P. The category of
pointed simplicial objects CT(A°P) is a symmetric semi-monoidal category with product
AN

U. NV, = diag[U, A V..

(4.4.3)

Let (W, w) be a symmetric semi-monoidal category, with product X, together with sym-
metric semi-monoidal functor
w: W—17.

We let Wy denote the additive category generated by W; the symmetric semi-monoidal
structure on YV makes Wy, a tensor category without unit.

We suppose that we have a symmetric semi-monoidal category RSCov(W), with prod-
uct X, a symmetric semi-monoidal functor

m: RSCov(W)—W,

together with a functor

p: RSCov(W)—CT(A°P),
and a natural transformation
x:po S, AS op
such that

(4.4.3.1)
i) the category RSCov(W) is fibered over W via

(m,0): RSCov(W)—W,

and the symmetric semi-monoidal structure on RSCov(W) extends to make RSCov(W) a
fibered symmetric semi-monoidal category over W.

ii) The pair (p, x) defines a lax functor (see (1.1.1)(iii)) of symmetric semi-monoidal cate-
gories .

iii) For each X in W), the fiber of RSCov(W) over X, RSCov(X), is left directed.

iv) Given an object U, in RSCov(X), let RSCov(X)y, denote the full subcategory of

RSCov(X) of objects V. which have a morphism V, — U,. Then RSCov(X )y, is left final

in RSCov(X).

We denote the pull-back in RSCov (W) associated to a morphism f:Y — X in W by f*rs.
O

The category RSCov(W) will arise when we apply Friedlander’s technique of “rigid
hypercovers” to give canonically defined complexes § representing the derived object RI'E
of a complex § of sheaves on a Grothendieck site.
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(4.4.4) THE FUNCTOR §

Let § be a graded complex of presheaves on C, as in (4.2.1.1), with associative, bi-graded
product (4.2.1.2); we assume as in (4.2.1) that § transforms finite disjoint unions to direct
sums. We have the functor (4.2.3.1); we now restrict to the sub-categories RSCov(X), and
take limits to eliminate the dependence on the simplicial objects U,. This will define a
DG tensor functor

5 WP —C(A). (4.4.4.1)

(see (4.4.3) and (3.1.6)).
For X in W, define §(X) as the (filtered) direct limit

X)) = lm o Fw(X))(pU). (4.4.4.2)
U, €RSCov(X)°P

We extend the definition of § to objects of the additive category Wy generated by W by
taking direct sums, and to objects of (W,")®Y by setting

S(X1,..., X)) =8(X)®...05X,).

As tensor products commute with filtered direct limits in 4 by assumption, we have the
natural isomorphism

S(Xp,., Xa) = dlim F((p(U), w(X1)), - (p(UF), w(Xn))
(U, U0

for X1,..., X, in W, where the limit is over
(UL, ...,U") € (RSCov(X1) x ... x RSCov(X,))°P.
To define F' on morphisms, proceed as follows: Let F:n — m be a map in Qo, let
g=1(91,--,9m): Yi—IIw(F)(X,) (4.4.4.3)

be a map in W™, and let
L | R  Cie
Zj qj—zj pj=d =1
hoy ol s pil—lar @)

be a collection of maps in A, giving the map

g® h: X, —Y,[d]
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My (F)(X4); = ngl X..o.ox X,

sJ

where the sequences (z{, cee zi ;) are determined by the map F', and satisfy

FHG) = {if, . i}

Take U! € RSCov(X;) for i = 1,...,n. Then

e+ (F)(p(US)) = e+ (F)(p(U)) 1 -+ e (F)(p(UL))m),

j 7

e+ (F)(p(UD)); = p(U2) A Ap(U).

In addition, we have

Hz(F)(w(Xy)); =w(X) + ... +w(X,; )

= w(Xy % ... x X, ) (4.4.4.4)
= w(lyw (F)(Xx);)

Fix p1,...,pn and g1, ..., gm, with >, q; — >, p; = d, and write

Px = P15+ Pn, [p*]:<[p1]7"~7[pn])7
d« = (q1,.--,4m, [Q*]:([ql]v"'7[Qm]):

Applying the functor
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to hZ* L for k=1,..., s defines the maps
*”Lk)

iJ

P ) (U ([ ) —p (U (7))

Dy,
k=1,...,s.
in CT. We let
p(UL([g]) A - - Ap(U ([g5]))
p(U.)(h* ) i i

— U (g D) A - AU (9 1)

be the product over k of the maps (4.4.4.5).
Let p(U,)?” be the simplicial object

UIxT = U s

By our assumption (4.4.3.1)(ii), we have the natural map

X5 p(U ) —p(UL)".

We have the maps (4.4.4.3)
9;: Y, —IIw(F)(X1,...,Xpn);; Jg=1,...,m;
in W; as Z has only the identity morphisms, we have by (4.4.4.4)
w(Y;) = wlw(F)(X.);) = Hz(F)(w(X));.

We may form the pull-backs

g (U") € RSCov (V)

407

(4.4.4.5)

(4.4.4.6)

(4.4.4.7)

(4.4.4.8)



408 CO-CHAIN OPERATIONS

for each j.
Take Vi in RSCov(Yj) s (U7*7) (4.4.3.1)(iv) for j = 1,...,m. Since each RSCov(Y)
is left directed by (4.4.3.1)(iii), there are unique maps in RSCov(Y})

¢j:V>Z—>g;”5(U£Xm); j=1...,m.

giving the maps . o
®;: VI—UI

over g;. Applying p gives the maps in C*
p(®;): p(VI)—p(UI). (4.4.4.9)

We may then take the composition of the maps (4.4.4.6), (4.4.4.7) and (4.4.4.9):

p(VI)([g)) "2 pwi ) ([g5])
Dy @)% ([g5])

= pU (@) A AU ([g5]))

p(URE ) i
—

p(US)([py
which we denote by .
(U, V(g & h)f:. (4.4.4.10)

The opposite map to the product of the maps (4.4.4.10)

Uz VI g@ bk = [[[ Uz, Vi) (g® h)L ]

J=1

defines by (4.4.4.8) an element
(U5, Vi) g @ h)d: (4.4.4.11)

of
Homjexz). ((p(US), w(X4)), (p(Vi), w(¥:)))([ps]; [g:]) p-

Taking the product over all p, = p1,...,p, and g« = ¢1,...,Gn of the maps (4.4.4.11)
defines the element
U, Vi) g®h) (4.4.4.12)

of
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We may then apply the functor §*° to (4.4.4.12), giving the morphism

2 (p(U), w(x,))S WY)Wz %) w(vL))). (4.4.4.13)

in C(A). By our assumptions (4.4.3.1)(iii), (iv), the natural map

lim V), wY))—S (Y1, Yr)

J ) .
V* GRSCOV()/J)Q;ts (Ui th)

is an isomorphism. As the map §° (U}, V. )(g ® h)) is clearly natural in U} and V*, we
may take the limit in (4.4.4.13), giving

Fg@h):§(X1,..., Xpn)—8Y1, ..., V)

Sgoh)=  lim im  FE(U, V) (g @ h)). (4.4.4.14)

UleRSCov(X;) VjeRscov(Yj)gw(Uchs)
j *

It follows easily from the functoriality of §°° that the maps (4.4.4.14) do indeed define
a functor, natural in §, W and RSCov(W):

§ = Srscovom): WP )® P —C(A). (4.4.4.15)

The verification that (4.4.4.15) is a DG tensor functor follows from the fact that §°
is a DG tensor functor, together with the assumptions of (4.4.3.1); this verification is
straightforward, albeit tedious, and is left to the reader.

(4.4.5) REMARK

If each functor complex F(q) is bounded below:

3(q) € CH(PreSha(C)); F(a) =3V (9)— ... —F"(Q)—F" T ) — ... |

then it follows from (4.2.4) and the construction of this section that the functor (4.4.4.15)
takes values in CT(A). O
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Chapter 5

Grothendieck topologies and hypercovers

In this chapter, we review the construction of the coskeleton functors, and the notion of a
hypercover from [SGA-4].

5.1. Simplicial objects and the coskeleton

(5.1.1) GROTHENDIECK TOPOLOGIES

Let & be a Grothendieck topology on a full subcategory C of Schg; we assume that C
is a symmetric monoidal sub-category of Schg (with product xg), and is closed under
finite fiber products, arbitrary disjoint union, and taking open subschemes and closed
subschemes. Finally, we assume that the topology & is finer than the Zariski topology.

We have the category C/C of morphisms in C, which is a category fibered and cofibered
over C via the functor

rng: C/C—C
rmg(X—Y) =Y.

(see §4.3 for details on fibered categories). We also have the functor

dom:C/C—C
dom(X—Y) = X.

The topology & has as data the full fibered subcategory &(C) of C/C, and the full fibered
subcategory Cove(C) of &(C). The fiber G(X) of &(C) over X € C is the category of
“opens of X” U — X for the topology &, and the fiber Covg(X) of Covg(C) is the
category of covers U — X of X for the topology &. These categories satisfy various
axioms; we refer the reader to ([SGA-4], II) for a complete list.

(5.1.2) SIMPLICIAL OBJECTS OF C

For an integer n > 0, we have the full subcategory AS"°P of A°P with objects [0], ..., [n],

and the inclusion functor
iy ASTOP 5 AOP (5.1.2.1)

We have the category C(A°P) of simplicial objects of C and the category C(AS"°P) of
n-truncated simplicial objects of C. For X &€ C, we have the category of objects over X,
C/X, the category of simplicial objects in C/ X, C(A°P)/ X, and the category of n-truncated
simplicial objects in C/X, C(AS"P)/X. An object of C(A°)/X or C(AS"°P)/X is called
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augmented over X. The category C(A°P)/C is the category of pairs (X, X) with X in C
and X, — X augmented over X; a morphism

(fe, ): (Xe—X)— (Y —Y)

is a morphism f.: X, — Y, in C(A°P) such that f,: X,, — Y,, is a map over f for each n.
Given objects
Y.—X, Z,.—X

in C(A°P)/X, we may form the fiber product (as functors)
(Y* XX Z*)*’ (Y* XX Z*)n = Yn XX Zna

this gives the functor

rng: C(A°P)/C—C

the structure of a fibered category over C; the truncated version
rng: C(AS"°P) /C—C

is defined similarly.
The functor (5.1.2.1) induces the restriction functor

i C(AOP)—>C(A§”OP)
the fibered version
i% 01 C(A™P) JC—C(AS™P) JC

and the fiber over X
in x:C(AP) /X —C(A="P) /X, (5.1.2.2)

We often denote the simplicial object z;kl xYi by Y*S”.

(5.1.3) THE COSKELETON

For integers m,n > 0, we let AS™/[m] be the full subcategory of the category of morphisms
to [m] in A, A/[m], with objects
[k]—[m]

where 0 < k < n. Take Y, € C(AS"°P)/X giving the functor

Y, o dom: (AS"/[m])°?—C/X,

[k]—[m] = Y.

Let
iX (Y,) € C(A°P)/X

T, *x
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be given by
iX .(Y)m= lim Y,odom;
(AS™/[m])op

for a morphism h: [m’] — [m] in A, the functor
hat (A= /[m/]) P — (A=" /[m])°P

defines the morphism over X

This defines the functor
iX:C(ASP) /X —C(AP) /X (5.1.3.1)

which is right adjoint to the functor (5.1.2.2); we let
coskX: C(A°P)/ X —C(A°P) /X (5.1.3.2)

o, . .X ok
be the composition i;, , o4y .

For X, — X, the identity on X =" thus gives the canonical map
vXom: X, —coski (X.,)s (5.1.3.3)

*

In addition, as the category A<"/[m] has the initial object id},,) in case m < n, the map
1/,7{*’” is an isomorphism for m < n.

(5.1.4)

We now extend the functors i, v and coskX to functors

inc:C(AP)/C—C(AZ"P)/C
(5.1.4.1)
cosk®: C(AP) /C—C(A°P)/C.

The definition of i, - is obvious; for coskfl, we note that a morphism
(9, £): (V= X)— (Y] —X)
in C(AS"°P) over f: X — X' gives the natural transformation
g«: Y, odom—Y, o dom

This then defines the morphism
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which defines the functor
ii*:C(AS”OP)/C(AOP)—>C(A°p)/C(A°p) (5.1.4.2)

right adjoint to i;, .. We set
cosk® =%, o in.c (5.1.4.3)

n*

We often write cosk? (f,) or i, (f.) for coskC (f,) or i€, (f.) applied to a morphism f, over

7.

(5.1.5) REMARKS

i) Let
fiY—X

be a map in C. We have the functor

f:C(AP) /Y —C(A®P) /X
gotten by composing the augmentation over Y with f. It follows from the adjoint property

Homeaor)/y (Us, f*Vi) =2 Homeaor)/x (foUs, Vi)

for U, — Y in C(A°P)/Y, V., — X in C(A°P)/X, that the projection

p1: [ Vi = Vi xx Y—V,
induces the isomorphism

cosk,, o f*(=)—f*(cosk;, ().
ii) For augmented simplicial schemes
U,—X; Vi— X,

we may form the diagonal simplicial scheme

dlag[U* Xx V*]n - Un X x Vn7

which we denote by U, x% V.. The operation x5 gives products in C(A°)/X. Arguing
as in (i), we see that the natural transformation

d.c.p x:coskX o [— x% —]—cosky (=) x5 cosk.X (—)
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induced by the projections
pl:U* X} V*—>U*7 pZZU* X} V,.—V,

is an isomorphism.

iii) Let U,—X and V,—Y be in C(A°P)/C. We may form the bi-simplicial object
U, xg V., with
(U* X V*)nm = Un X Vm,

and the diagonal simplicial object

diag[U. xg Vils,
diag[U* Xg V*]k = Uk Xg Vk.

We write U, x° V, for diag[U, xg V,].. Arguing as in (i), we see that the natural transfor-
mation
d.c.n x.y:cosk (—) x® cosk) (—)—coskX *5Y o [= x* -]

induced by the projections is an isomorphism. The operation x* defines a product in
C(A°P)/C, hence gives C(A°P)/C the structure of a symmetric semi-monoidal category,

and gives the functor
rng: C(A°P)/C—C

the structure of fibered functor of symmetric semi-monoidal categories.

iv) For U, in C(A°)/X, we write ¢X(U,) for cosk; ,(U,)n; for Vi in C(A°P)/Y and a
map fi.: Vi — U, over amap f:Y — X, we write

cn(fe):en (Vi) (UL)

for the map
Coskrfl_l(f*)n: cosk? | (Vi)p—coskX | (U)p.

We write
v U, —cX(UY)

n

for the map Y=~ (5.1.3.3). We set ¢ (U,) = X, ¢l (f.) = f and let
vy Up— X

be the structure morphism. 0
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5.2. Hypercovers

(5.2.1) DEFINITION

i) Let X be in C(A°P). A hypercover of X for the topology & is an augmented simplicial
object Vi, — X such that for each n =0,1,2, ..., the natural map (5.1.5)(iv)

vy Vi ——eX (Vi)

is in Cove (X (V4)).

n

ii) The category HCovg(C) of hypercovers is the full sub-category of C(A°P)/C with fiber
over X having objects the hypercovers of X. For X in C, we denote the fiber of HCovg(C)
over X by HCoveg (X). O

(5.2.2) REMARK

i) It follows from (5.1.5)(i) that, if U, — X is a hypercover of X, and f:Y — X is a
simplicial map, then f*V, — X is a hypercover of X. This gives HCovg (C) the structure
of a fibered subcategory of C(A°P)/C. If U, — X and V., — X are hypercovers of X,
then from (5.1.5)(ii), the fiber product U, x% Vi is a hypercover of X, giving products
in HCovg(X); if U, — X is a hypercover of X and V, — Y is a hypercover of Y, then
from (5.1.5)(iii), the product U, x* V, is a hypercover of X x g Y. This makes HCovg(C)
a symmetric semi-monoidal subcategory of C(A°P)/C.

ii) Let U, — X be a hypercover of X for the topology &. Then each map
U,—X
is in Covg(X). Indeed, Uy — X is in Cove(X) by definition; if we assume by induction

that Uy — X,...,U,—1 — X are in Coveg(X), then, as Cove(X) is closed under finite
inverse limits, it follows that

cn (Us)—X
is in Coveg(X). As U, — cX(U,) is in Covg(X) by definition, it follows that U, — X is
in Covg (X). O
(5.2.3)

For a category A, and for X € C, we let PreShg (A) denote the category of presheaves on
X for the topology &, with values in A, and Sh)G((A) the category of sheaves. Let U, be
in

S(X)(A%) CC(A™)/X

If Fisin PreShg(A), then we may apply F to U,, forming the augmented cosimplicial
object
F(X)—FU,) € F(X)\A(A).
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If A is an additive category, we may form the associated augmented complex
F(X)—F(U.)" € F(X)\CT(A)

with
FUH" = F(Upy)

and differential the usual alternating sum.

(5.2.4) LEMMA

Let U, — X be in HCovgs(X), and let Z be a sheaf of abelian groups on & x, with values
in A. Then the augmentation induces an isomorphism

I(X)—H"(Z(U,)%).

If T is an injective sheaf, then
HP(Z(U,)*) =0
for all p > 0.
Proof. This follows from ([SGA-4], V, Théoreme 7.3.2(3)). O
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Chapter 6
Rigid topologies and rigid hypercovers

In this chapter we give an axiomatic treatment of Friedlander’s construction of a rigid
Grothendieck topology and rigid hypercovers. This will lead to the construction of cate-
gories satisfying the properties required of RSCov(W) in (4.4.3.1). In addition, the choice
of the proper functor

p: RSCov(W)—CT (A°P) /W
in (4.4.3.1) will give functorial models for the derived functor RI'xF of a sheaf F, as well
as the derived functor of the functor of sections with support in a closed subset RT'Y F.

6.1. Some categorical preliminaries

(6.1.1)

A functor

p: A—DB

is called left dense if, for each object b of B, there is an object a of A and a morphism
pla)—b

in B.

(6.1.2) FUNCTORS OF CATEGORIES WITH FIBER PRODUCTS

For a category A, we have the category of maps in .4, A/ A and the category of commutative
squares in A, SqA with objects commutative squares

A11 — A01

A= | |

Al() I AOO

and maps f..: A — By being collections f;;: A;; — B;; such that the obvious diagram
is commutative. Sending A, to Ay gives the functor

Too: SgA— A.
Deleting Aq; gives the functor

' SqA—A/ A x4 AJA.
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Sending A to Sq.A gives a functor Sq from cat to cat, and g is a natural transformation
from Sq to id.
If A has fiber products, sending a pair (Y — X, Z — X) to the diagram

YxyZ 2 Y

vz l

Z — X

gives the functor

—x_ —A/A x4 AJA—SqA.
over the identity on A/A x 4 A/ A

(6.1.3) LAX FUNCTORS

Let A and B be categories with fiber products x4 and xB. A lax functor of categories
with fiber products is a pair (p, ©), where

p: A—DB
is a functor, and © is a natural transformation
©:8q(p) o (= x2 —)—(=xE =) o (n/p %, p/D)

over p/p X, p/p (i.e. ©;; =id for (i,7) # (1,1)) such that O is associative: given ¥ — X,
Z—X,Z—X and W — X', wehave Y xx Z — X' and Z xx» W — X. Then

By mizymw © 1O (Y = X),(Z = X)) x idyun] 0 O11((Y xx Z — X'), (W — X))
= [idpy) X O11((Z = X'), (W — X))o O11((Y — X),(Z xx: W — X)) o p(a 7 )

where a and of are the respective associativity isomorphisms. We require in addition
that p respects the canonical symmetry isomorphisms:

Py oxz-xY Xx Z = ZXxY) = Tp(v)=p(X),p(Z)—p(X)

Tp(Y)—=p(X),p(2)—p(X): P(Y) Xpxy P(Z) = p(Z) X px) P(Y).

We define a lax functor of categories with products similarly by taking X to be the
final object in A.
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6.2. Rigidifications

(6.2.1)

For X in C, let C'(X) denote the set of connected components of X (for the Zariski topol-
ogy); for X; € C(X), we let
ix;: X;j—X

denote the canonical map. We let C.o, denote the full subcategory of C with objects the
connected schemes in C; we assume that, if X is in C, and X is a connected component of
X, then Xj is in C.

(6.2.2)

If we have a functor
F: A—B

such that, for each object a of A, the fiber F~!(a) is a small category, and if S is a set of
objects of A, we let F~1(S) denote the set of objects b of B with F(b) € S.

Suppose we have a category F: B — C.o, which is cofibered over C.q,, and such that
the fiber F~1(X) is a small category with only identity morphisms for all X in Ceon. For
each map 7:Y — X in Ceon, we have the corresponding map of sets

G F7HY)—FY(X).

We say that F' respects disjoint unions if, for each finite decomposition

N
x=11v
j=1

of X € Ccon as a disjoint union of connected locally closed subsets
ji: Y} —>X7
the map

N
Ui [T FHY)—FH(X).
j=1

is an isomorphism of sets.

(6.2.3) DEFINITION
Let G be a Grothendieck topology on C, as in (5.1.1). A rigidification t& of & consists of

i) a category tC with fiber products x*, and a faithful lax functor of categories with fiber

products
(q,0):tC—C
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ii) a full fibered sub-category t&(xC) of tC/tC with fiber t&(X’) over X’
such that

a) For X’ in tC, ¢(X') is in Ccon, and the category tC is cofibered over Ceop.
b) For each X’ in tC, the sub-category t&(X’) of tC/X' is closed under x%,.

c¢) For each X in Ceopn, the category ¢~ 1(X) is a small category with only identity mor-
phisms. The functor ¢ is compatible with disjoint unions. We denote the category

I )

X'eq1(C(X))

by Cov,s(X).
d) For each X and Y in C, the structure morphisms

px: X—85; py: Y —S8
and projections
p1: X Xg Y —X; p2: X Xg Y —Y,
define the commutative diagram of sets

¢ HO(X xsY)) *5 ¢ H(CX))

- !

HCY)) — T HC(9))

Py «

Then the induced map
¢ (C(X x5 Y))—q¢ (C(X)) Xg-1(c(sy) ¢ (C(Y))

is an isomorphism.
e) A morphism
j:U—X'

in tC is in t&(X’) if and only if

q(j): q(U)—q(X")

is in &(q(X")).
f) Sending an object

H jf){/ZUS{/—>X,
X'eq=H(C(X))
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of Cov,s(X) to

Uxreq-1(c(x)) Tq(x7) © q(d%x): H qUx) — X
X'eq~1(C(X))

sends Cov,g(X) into Covg(X); we denote the resulting functor by

gx: Cov,g (X )—Cove (X).

g) for each X’ in tC, the category t&(X’) is left-directed.
h) For each X in C, the functor

gx:Coves (X)—Coves(X)
is left dense. O

(6.2.4) REMARKS

i) It follows from (b) that tC is strictly cofibered over Ccop, i.e., we have the identity of
co-base change functors

(fog)s=fiogs

for composable morphisms f and g in Ceon. Similarly, as tC is cofibered over Ceon, (b)
implies that the functor ¢ is faithful. Thus, for each morphism f:Y — X in C..n, and each
Y’ € ¢~ 1Y), we have the canonical lifting of f to

Sy Y'— f (Y.
The map fy- is the unique lifting of f with domain Y’, hence
fouzry0 9z = (fog)z
for morphisms f:Y — X, g: Z — Y in Ceon, and Z' € ¢~ 1(Z). If we have a connected

scheme Wy in C, a map
iWOZ WO —W

and a map f: W — Y in C, there is a unique connected component

1y, Yo—Y

and a map
Jo: Wo—Y0
making the diagram .
Wo 5 W
fo Ls
Yo — Y

A7)
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commute. If W{ is in ¢ (Wy), we define f.(W{) to be fo.(Wy). This defines the push-
forward

Fq H(O(W))—q~H(C(Y)) (1)

for each map f:W — Y in C. For X in C, we let t(X) denote the set ¢~}(C(X)), and we
write the morphism (1) as

t(f):e(W)—e(Y).
This defines the functor

t: C—Sets.

ii) Suppose we have a cartesian diagram in tC:

T

p
XI XtZ’ YI _2> Y/

pi | Ls
X/ N Z/
g

giving the diagram in C:

(X' %%, Y")

Pli lQ(f)

q(X") o q9(2").

with
q(p}) =p1006; q(p5) = p200O.

Then, by the uniqueness mentioned in (i), we have

X' = (p10©).(X' x% V)
Y’ = (p20©). (X x3 Y)

and
p;:(pio@)X/XrZ/Y/; 221,2

iii) Let X and Y be in C. For a pair
(X', V7)€ ¢(X) xes) oY)
we may form the fiber product

X' x5 Y, S = px«(X') = py.(Y'),
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where px and py are the structure morphisms. The natural transformation © sends
q(X’ x%, Y’) into a connected component of X x gY'; applying the co-base change, we have
the canonical morphism

Ox yr: X' x5 YV—W :=0,(X" x5 Y.
This determines the map
X" t(X) Xy gy t(Y)—1t(X x5 Y).

By (d) and (i) above, x* is an isomorphism.
iv) From (g), it follows that Cov.g(X) is left-directed for each X in C

v) It follows from (e) and the faithfulness of ¢ that: For each j: U’ — X' in t&(X’), the
functor
jo(=):t6(U")—1C/j

sends t&(U’) isomorphically onto t&(X’)/j. Let U and X be in Ceop, and let j:U — X
be a map in &(X). Then, for each U’ € ¢~ (U), the map

Ju:tC /U —1C /5, U’

sends t&(U’) into t&(5,.U").
vi) Let U be in Cov,s(X). We write the morphism ¢x (U) as

qu: ¢ dom(U)—X.

vii) As a guide to the subsequent material, we give an example of a rigidification: Let
G = Zar be the Zariski topology on the category C of disjoint unions of schemes of finite
type over a field k. Fixing an algebraic closure k of k, we have, for each X € C, the set of
k-points X (k). Let tC be the category of pairs (X, z) where X in C is connected, and  is
in X (k); a morphism

f: (X 2)— (V1)

is a morphism f: X — Y in C sending x to y. Given a diagram

(Yy)

l

(Z,z) — (X,z)

in tC, define (Y xx Z)¥?) to be the connected component of Y x x Z containing (y, z).
We then set

(Yoy) X{x.0) (Z:2) = (Y xx ), (y,2)).

and let
O(x.a). (v, (z.2): (Y xx Z2)¥H—Y xx Z
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be the inclusion.
We have the functor
q:tC—C

(X,x) — X.

For (X, x) € tC, let tZar((X, x)) be the full subcategory of tC/(X, x) consisting of
g (U,u)— (X, x)

with j: U — X an open immersion. It is then an easy exercise to check that (vC, ¢, ©, tZar)
defines a rigidification of Zar. In addition, the functor ¢ of (i) is given by

t(X) = X (k).
o
6.3. Functorial properties of rigidifications
(6.3.1) RIGID PULL-BACK
Let f: Y’ — X' be a map in tC; denote the pull-back map
(U—X")— (Ux% Y =Y
by
frreC/ X —C)Y".
Let f:Y — X be a morphism in C. Define the rigid pull-back map

[ Coves (X)—Covis (V) (6.3.1.1)

by

I o= = [ £ WUy — fe)

zer(X) yer(Y))

Using these pull-back maps, we define the fibered category Cov.g(C) over C, with
fiber Cov,s(X) over X; the functors gx then give a functor of fibered categories over C

gc: Coves (C)—Coves (C).

By the uniqueness of the liftings fy discussed above, the functor ¢ is faithful.
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(6.3.2) RIGID FIBER PRODUCTS

For X in C, we have the rigid product
X' : Coveg (X) X Coves (X)—Coveg (X)

defined by

(] Uem2)xx (] Ve— )= [ UuxiVe—ua

IEt(X) zer(X) zer(X)

The natural transformation © gives the natural maps

Oxiax(( [[ Ue—2) x5k ( [[ Vao— )

zer(X) z€r(X)
z€r(X) zer(X)

which gives gx the structure of a lax symmetric semi-monoidal functor (see (1.1.1)(iii)).
More generally, let f:Y — X and g: Z — X be maps in C. By (6.2.3)(d), we have the
isomorphism
t(Y xx Z)—1(Y) Xy(x) t(2).

Take
U:= H U, =y € Cov(Y)
yer(Y)
V= H V., — z € Cov(2).
zev(Z)

Define U xx V € Cov (Y xx Z) by

UxyxV = H Uy x5, Ve =y x5, 2)
(y7z)et(y)><r(X)t(Z)

In particular, for Y and Z in C, we have the product

X' Coves (V) X Coveg(Z)—Coves (Y x5 Z).
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6.4. Rigid hypercovers

(6.4.1) ADJOINING COPRODUCTS

For a category A, we let A" be the category with objects consisting of pairs (.5, f), with
S aset and f:S — ObjA a map, and morphisms (S, f) — (T, g) being a pair (F,G) with
F:S — T a map of sets, and G a collection of maps

Gs: f(s)—9(F(s));  s€8.

Composition of
(5. )\ 2T, 9) 2 (0. )

is given by
(F2,G2) o (F1,G1) = (Fz 0 F1,G3),

where

Gis: f(8)—h(F2(F1(s)))

is the composition
2Fy (s)

F(5)E25g(Fy () 28 h(Fy(Fy (9))).
We write an object of A as [T, 4 f(s).

(6.4.2)
Let X be in C. For U € Cov.s(X), write

U = H Je:Up — x
zer(X)

We have the commutative diagram
iU,

q(Uz) — 1I)

(I(.jm)l ipU

q(z) — X

2

We define the object domU of tC by

domU := ]_[ U,.

z€(X)
Sending an object [[, ¢ f(s) of tC* to [] ¢ q(f(s)) defines the functor
gt well—c.

This agrees with the notation of (6.2.4)(v).
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(6.4.3) DEGENERATE SIMPLICIAL OBJECTS

We have the subcategory Ageg of A, with the same objects, where the morphisms f: [m] —
[n] are the surjective maps in A. A functor

F,: Aggg—w‘l

is called a degenerate simplicial object of A; the notions of an n-truncated degenerate
simplicial object, and a map of degenerate simplicial objects are the obvious ones.

(6.4.4) DEFINITION

i) Let X be in C. A rigid pre-hypercover of X is a triple (U, Uy, i) consisting of U, — X
in C(A°P)/X, a collection of objects

0” < COV'CG(C§<U*)); n:0717"'7
a degenerate simplicial object domU, in tC with n-simplices domU,, and maps
in: g -dom(U,)—U,

such that
a) We have the structure map (6.2.4)(vi)

qg, - dom(Uy) —cyy (UL)
and the canonical morphism (5.1.5)(iv)

vV Uy, —cX (U,).

n

Then i, is a map over cix (U,).

b) The maps i,, define a map of degenerate simplicial objects
iv: ¢ -dom(U,) —U,

over X.
If the map i, is an isomorphism, we call (U., U., ix) a rigid hypercover of X,.

ii) Let f:Y — X bein C, let (U,, U,,i,) be a rigid pre-hypercover of X, and let (Vi, Vi, jx)
be a rigid pre-hypercover of Y. A map

(U, Uy, )— Vi, Viey Gi)

of rigid pre-hypercovers over f is a collection of maps

F..U,—V,; F,.U,—Vyn=0,1,...,
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such that F, is a map in C(A°P) over f, F, is a map over

(Fv): e (Vi)—e (U,

n

the maps 3 3 B
domF;,: domU,,—domV,,

define a map of degenerate simplicial objects of tC-, and
jno lL(E,) =F,o0i,; n=01,....

This defines the category of rigid pre-hypercovers PHCov,s(C) as a category over C; we
denote the fiber over X by PHCov,s(X). We let HCov,s(C) denote the full subcategory
of PHCov,g(C) with objects the rigid hypercovers, and write HCov,g(X) for the fiber of
HCov,s(C) over X. O

We define the n-truncated versions of rigid pre-hypercovers and rigid hypercovers by
requiring the conditions (a), (b) up to degree n; maps are defined similarly.

(6.4.5) REMARK
i) Since the functor ¢ is faithful, so is the functor
gttt —C

In particular, if (U, U,,i,) is a rigid hypercover of X, then the degenerate simplicial
structure on U, is determined by the simplicial object U, and the isomorphism ., hence
is unique.

ii) The projection on the first factor defines the functor over C

ppHCov: PHCov, g (C)—C(A°P)/C.

iii) By (5.2.1), (6.2.3)(f) and (6.4.4), the restriction of pprcovy to HCov,g(C) defines the
functor over C
PHCov: HCov, s (C)—HCovg(C).

iv) Since the category Cov.g(Z) is left-directed for each Z in C, and is fibered over C, for

objects (Uy, Uy, iy) and (Vi, Vi, jx) of HCov,g(X), there is at most one map
(F.,F):U—V.

in HCov,g (X). Indeed, as the maps i, and j, are isomorphisms, the maps F}, are deter-
mined by the maps F),. There is at most one map

F(): UQ—>‘70
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over X, hence (Fo,ﬁb) is unique. If we assume there is a unique n-truncated map

(F,, F,)=", then, as

Fn—l—l: 071—)‘771

is a map over ¢/ (F},), there is at most one choice for Fn—l—l' O

(6.4.6) LEMMA

Let U be a rigid pre-hypercover of X. Then there is a rigid hypercover ix U of X,, and a
map
Wy i U—U

over idx,, which defines a right adjoint
ip.: PHCov s (X.)—HCov,s(X,)

to the inclusion
i :HCov,s(X,)—PHCov,s(X,),

i.e., the map wy, is universal for maps over the identity of rigid hypercovers to U.

Proof. Write

U= U.,U,,i); ig U= Vi Vi,js), wy=(F.,F,).
We define (V, V., j«) and the map (Fy, F*) inductively by degree. We set

Vo =Uo, Vo=q"dom(Vp),
Fo=idg,, jo=idy,, Fo=io.
A O-truncated hypercover of X is just an object Wy of Cov,s(X), together with an iso-

morphism B
ko: ¢ dom (W) — W

over X It 1S eaSﬂy seen that eaCh map Of rlgld O—truncated pre—hyperCO\/erS
([[07[~[07k0> E(L>|<7l—:>f<7i>f<><0

factors uniquely through

(Fo, Fo): (Vo, Vo, jo)— (U, U, i) =0

Now suppose we have constructed an n — 1-truncated rigid hypercover of X,

(Vi Vi, 1) =71,
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together with a map over idx

we assume in addition that

V= qldom(Vl)
J = 1de7
and o 3
F:Vi—U,

is the canonical map over ¢;* (Fy). From (1), we have
F,=140 qJ‘Ldom(Fl).

The map F induces the map

We define V, by

and set

V,, = ¢ dom(V,)

Jn = idy;,

F,, =i, o gttdom(F),),
where

F,: Vn—>Un

is the canonical map over cosk; | (F.)p.
Let o:[n] — [k] be a surjective map in AP, with k& < n, and take

zy, € t(ci (V).



RIGID HYPERCOVERS 433

This gives the factor
ka — Tk

in f/k Let
yr = (Fr)«(2x) € t(cq (UL)).

We have the factor
Uyk — Yk

in Uy, and the map

over (Fy, ¢ (F.)). The map
domU (¢): domUy —domU,,
determines the element y,, := ¥, (yx, o) of t(cX (U,)), the corresponding factor
Uyn — Yn

in U, and the map

U(J)yk : Uyk —>Uyn

We have the map
Z'f—l*(vﬁ(g): Vk_)zg—l*(v*)na

we let z,, := z,(zk, ) be the element of t(iX ;,(V.),) determined by
n = i1, (Vi) (0) (Vi) (4)

and let
V., — x,

be the component of V,, corresponding to x,,. By conditions (a) and (b) of (6.2.3), we have
Yn = 45, Uy.)
= Vp: (insUy,.)
= 133 (ins (¢ dom (U (0))« (Uy,))) (5)
= 1, (U(0)x ik (Uy,)))
= coskX_, (U) () (ixe Ty,

By the commutativity of the diagram

iX Vi)(o
Ve R 00,
Fi| L@
Uk — cn (Us))

coskffi1 (U.) (o)
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the conditions of (6.4.4)(ii), and the identities (4) and (5), we have

Yn = cosky_y (Us)(0) (i Uy, )
= cosky_1 (U)(0) (i Fior Vi, )
= in_ 14 (Fu)ns (in_ 1, (Vi) (0) Vi)
= in_ 12 (Fu)ns (20).

and the map ix_,, (F}), lifts to the map
hyp: Tp—Yn.
Similarly, the map i:x_;,(Vi)(o) lifts to the map
9vi,: Vay, = Tn

giving the commutative diagram ov,

Tp > Tn

U(o)oFy | L hn (6)
Uy — Un

n

We have the identity
Ve, = Uy, X5 Tp;

y?L

thus, the diagram (6) defines the map
domV (0),: Vi, — Ve (@0

the collection of these maps over zj € t(cyX (V.)) thus determines a morphism
domV (o): domV;, —domV,,

in tC.
It is then easy to check that the diagrams

~ domV (o ~
gttdom(Vy) a7 dom¥ (o) gttdom(V;,)

| (e
g -dom(V}) — in_1:(Vi)n

Y — 1*(V*)(O-)
and - dom(V (o)) -
dom(V%) — dom(V},)

dom(ﬁ’k)l ldom(ﬁn)

dom(Uy) — dom(U,,)
dom(V (o))
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commute.
Now let d: [k] — [n] be an arbitrary map in A, with k£ < n. We have the map

in 1 (V) (8)in 1 (Vi) n— Vi

n—1x n—1x%

set
Vi(0): Viy— Vi

to be the composition of iX_;, (Vi)(d) with the structure morphism

Vi = qldom(vn)%if_l*(v*)n. (7)

For an arbitrary map
d: [n]——1[k]; 6 # idy,

in A, we have the unique factorization of § as

[n] 7 [m] = K]

with o surjective and 7 injective, hence m < n. We then define
V(6): Vik—V,

by .
V(9) = [¢"-domV (a)] o V (1),

which is well-defined by (1).
The necessary simplicial identities for the maps V() follow from the simplicial iden-
tities satisfied by i ;,(Vi), the fact that the maps V(§) for §:[k] — [n], k < n, and

n—1x%
dom(V')(o) factor through the structure morphism (7), and the degenerate simplicial iden-
tities satisfied by dom(V)(o). This gives V,=" the structure of a simplicial object over X,;

the map F,,:V,, — U, extends FE"! 0 the simplicial map
FEM Vs —Us™,

The triple (Vi, ‘7*, j*)gn satisfies the conditions for a rigid hypercover of X, by construc-
tion, and the pair (F, F*)S” gives a map of rigid pre-hypercovers over the identity. The
additional inductive assumptions (1) and (2) are satisfied by construction. We now check
that the map (F,, F,)<" is universal. Let (W,, W,, k,)=" be an n-truncated rigid hyper-
cover of X,, and let

(Gy, G (W, We, k) S — (U, U, 1) ="

a morphism of n-truncated rigid pre-hypercovers. By assumption, the truncation

(Gy, G (W, Wa, k) SV —(U,, U, i) S0
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factors uniquely through (F, F,)<"~! by a morphism (H,, H,)<""!; this gives the com-
mutative diagram X (H.)
cX(W,) =7 eX(Vy)

| LX)

X X
Cn (W*) C%)*) Cn (U*>

X

~(H,). Thus, we have the canonical map

and H, is a map over c

Wy —cX (H,)* (Uy);
this gives the factorization of G,, as
W, 257, 250, (8)

Since ¢ is faithful and cofibered, the map H,, is the unique map over cX (H,) fitting into
such a factorization. We have the commutative diagram

~ AL om ~7L ~
¢Ldom(W,) * dom(Hn) q*tdom(U,)
] L
Wn - Un;

n

as k, is an isomorphism, we may define the map
H,:W,—V,

by .
H, = q*-dom(H,) ok .

It is then an easy matter to check that the pair (H,, H «) gives the desired map
(H*7 ﬁI*) (W*7 W*a k*)gn_>(v*’ V*ﬂj*)én'
The uniqueness of the map (H,, H «) follows from the uniqueness of H,, in the factorization

(8).

We may therefore continue the induction, completing the proof. O
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6.5. Structure of the category of rigid hypercovers

We now give several constructions based on (6.4.6).

(6.5.1) PULL-BACK OF RIGID HYPERCOVERS

Let f:Y — X be in C, and let (U, U., ix) be a rigid hypercover of X. We define the pull-
back of (U, Uk, i), f***(Us, Us,is) as follows: We have the simplicial pull-back f*U, =
U, xx Y — Y; the map

Dix: f*U*—>U>k

over f induces the maps

g*:cosk) (f*U,).—cosky (U,)«

Thus, the pull-back . B
Vi := (g5 )" (Ug)

is in Cov,g(cy (f*U.)). Since we have the isomorphisms (5.1.5)(i)
¢*: cosky (f*U,)s— f*coski (U,
the natural transformation © induces the map over ¢} (f*U.)
Jk: qldom(vk)ﬁf*Uk.

Let B B
Dik: Vie— Uy

be the canonical map; we then have
i, o ¢ -dom(p1x) = pik © -

The degenerate simplicial structure on dom(U* induces a degenerate simplicial struc-
ture on dom(V,) via pull-back: Let wy, be in t(c} (f*U.)), and let

Vi, — Wi

be the corresponding factor of Vi. Let o:[n] — [k] be a surjection in A. As in the proof
of (6.4.6), we have

wn € t(ey, (f7UL))
tn € t(cp (Us))
tr € t(ci (U))
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determined by
wy, = cosk) | (F*U)(0)x(rsVio,)
tn = (92_1)*1‘%
trk = (95" )wwe.

We have the canonical map
w(o): Vi, —wy,

over cosk,{_l( f*U,)(o). The corresponding factors of V,,, U, and U}, satisfy

dom(U)(o)¢,: Uy, — U,
Vwk = Utk X, Wk

an = Utn X, Wp.

Thus, the maps

dom(U)(0) o p1: Uy, x4, wi—Uy,
w(o) op1:Uy, X4, wp—wy,

determine the map

dom(V)(0)w,: Vio,— Vi, -

It is then easy to check that this defines a degenerate simplicial object with n-simplices
domV,,, and makes the triple

(f*U*v V*:]*)

a rigid pre-hypercover of Y. The pair (p1x, P1+) gives a map of rigid pre-hypercovers over
f. We then define f*==(U,,Us,,i.) by

froo (U, Ui = iy, (UL, Vi, 5s), (6.5.1.1)

and let

P free(Uy, Uy, iy)— (U, U, i) (6.5.1.2)
be the composition of (p1«, P1«) with the canonical map
g g I U i) (UL Vo)
given by (6.4.6). In particular, we have the factorization of the map of simplicial objects
prCov(p1°): [ (Us) —Us

as 1

Wy -
fre(U,) TS oy B,
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For U = (U, U, 1i.), we write

Wiy PHCov (f**U)— f* (PrCov(U)) (6.5.1.4)

1
(f*U*a‘?*:j*) ’

The pull-back maps f*r= together with the projections pi® gives HCov,s(C) the struc-
ture of a fibered category over C: one constructs, following the inductive construction of

f*, ig. and w, a morphism

for the map w

(fog)*U—g™(fU)

starting with the canonical map

(f 0 9)" (Uo)—g" (f* (Uo)).

As HCov,s(Z) is left-directed for each Z € C, this morphism is unique, and thus defines
a natural transformation of the desired form. Using the left-directedness again, it follows
that the necessary coherence diagram commutes.
The pair
(PHCOV; w2 ): HCoV, s (C)—HCove (C) (6.5.1.3)

defines a functor of fibered categories over C.

(6.5.2) FIBER-PRODUCT OF RIGID HYPERCOVERS

Let X be in C,and take (U, U,, i) (Vi, Vi, ji) in HCov,s (X ). We have the simplicial fiber
product

U. x% Vi
and the isomorphism over X

P COSk}X(U* X% V*)—>coskf(U*) X% coskf(V*).
Taking the rigid fiber products gives
U, x% Vi € Cove(cX(U,) xx ¢X (V).

We may then take the pull-back by ¢!, giving

Wy, = ¢" 1 (U,, x% V) € Cove(cX (U, x% V2)).

The degenerate simplicial structure on dom(U,) and dom(V,) gives, as in (6.5.1), a canon-

ical degenerate simplicial structure for dom(W,,); the canonical maps

kn: g tdom(W,,)—U, xx Vi,
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then form a map of degenerate simplicial objects over cX (U, xx V). This forms the rigid
pre-hypercover (U, x x Vi, Wy, k) of X, with morphisms

m1: (Uy Xx Vi, Wo, k) — (U, Uy, i)

- . (6.5.2.1)
2! (U* XX V*: W*7 k*)_)(v*v V*?]*)
over the identity. B .
We then define (Us, Uy, i.) X5 (Vi, Vi, j«) by
(Uy, Usyiy) X2 (Vi, Vi Gin) =i (Uy X x Vi, Wi, k)
the canonical map given by (6.4.6),
W xx vty U Uy i) X5 (Vi Ve ju) — (Us X x Vi, Wa, k) (6.5.2.2)
together with the projections (6.5.2.1) give the “rigid projections”
p?ls: (U*7 U*? 7’*) XB? (V*7 ‘7*7]*)—>(U*7 0*7 2*)
(6.5.2.3)

py’: (Ui, U*,Z*) xx (Vi V*7j*)—>(v*v ‘7*7]*)

It follows from the universal property of the maps (6.5.2.2), together with the fact
that rigid product x% and simplicial product x5 are fiber products, that x%, together
with the projections (6.5.2.3) forms a product for the category HCov,g(X).

The natural transformation

TS

“’;f\{;‘pHCov(u XX V)—pucov(U) X% prcov(V) (6.5.2.4)
determined by the maps (6.5.2.2) gives the functor
praCov(X): HCov, s (X)—HCoves (X)
the structure of a lax functor of categories with products.

(6.5.3) PRODUCTS OF RIGID HYPERCOVERS

We define a product
x*: HCov,g(X) x HCov,s(Y)—HCov,g(X xgY) (6.5.3.1)
by a similar procedure as in (6.5.2), where we replace x%, x% and xx with x*, x° and

X g. This gives HCov,s(C) the structure of a fibered symmetric semi-monoidal category
over C, As above, we construct along with the product x* the natural transformation

W POy © [(=) X (=)]== X* o[prCov (=) X prOOV(—)]- (6.5.3.2)
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which gives
(pHCOV7 Wts): HCOVtG (C) —>HCOV6 (C)

the structure of a lax symmetric semi-monoidal functor (1.1.1)(iii).
We collect the results of this section in

(6.5.4) THEOREM

i) The category
HCov,g(C)—C

is a fibered symmetric semi-monoidal category over C, with pull-back (6.5.1.1), and product
(6.5.3.1).

ii) The functor
PHCov: HCov, s (C)—HCovg (C)

(Us, Uy, i) — U,

together with the natural transformation (6.5.3.2) forms a lax symmetric semi-monoidal

functor
(prCOov, w™): HCov, s (C)—HCovg (C).

over C.
iii) For each X € C, the category HCov,s(X) is left-directed.

iv) Let X be in C, and let U be in HCov,s(X). Let HCov,s (X )y denote the full subcate-
gory of HCov,g (X)) with objects V admitting a map to U. Then HCov,s (X )y, is left-final
in HCov,g(X).

Proof. The assertions (i) and (ii) are proved in (6.5.1) and (6.5.3). The assertion (iii)
follows from (6.4.5)(iv) and the existence of products (6.5.2) in HCov,g(X); similarly, (iv)
follows from (iii) and the existence of products in HCov,g(X). O
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6.6. Cohomological properties of rigid hypercovers

(6.6.1) LEMMA
Let X beinC, U € Coves(X), and let
g: W—q*dom(0)
be in Cove(q-dom(U)). Then there is a map
p:V—U

in Cov,g(X) such that ¢*-domp factors through g in C/X.

Proof. Let Y = ¢*~dom(U). By (6.2.3)(i), we may assume that W — ¢ -dom(U) is in the
image of

gy : Coves (Y)—Cove (Y);
(W —q*dom(0)) = ayi: ¢ dom(W)—Y.
Write U as R
U= [] UVu—sua
zer(X)

SO

We may then write W as

W = H H Wy —Y,.

zer(X) Yo€r(q(Us))

In particular, we have the factor
WUI —>Ux; (1)

by (6.2.4)(v), the composition
Wy, —U, —

is in t&(x), hence the product

V= H Wy, —
zer(X)

is in Cov,s(X). The maps (1) define the map

p: V—U



COHOMOLOGICAL PROPERTIES OF RIGID HYPERCOVERS 443

in Cov,g(X); the inclusions
q(WUx)—>qJ‘Ldom(W) =W
define the map B B
f:qdom(V)—sgdom(W).

over X. Clearly we have
gdom(p) =go f,
completing the proof. 0

(6.6.2) PROPOSITION
Let (U, U., ix) be a rigid hypercover of X, and suppose we have a cover W — U,, W &€
Covg(U,). Then there is a map of rigid hypercovers

(V*7 V*,j*)—>(U>k7 U*; 2*)

with V,, — U, factoring through W — U,,.
Proof. We first note that the composition

W—U,—cX (U.)

is in Cove (cX (Uy)), since .
gt dom(U,)—cX (U,)

is in Cove(¢X (U,)), and U, is isomorphic to ¢*-dom(U,,) over Cove (¢X (U,)). By (6.6.1),
there is a map o 3
fW—U,

in Cov,g(cx (U,)) and a commutative diagram over c.X (U,)

~ J-L0m~ ~
g¢Ldom(W) ‘¢ dom() qttdom(U,)

l Lo

w — U,.

We now define objects Wy of Coves (cosky_;(Us)x) for k=0, ..., n, together with a
functor .
domW=": AEGZOP —sct
satisfying B B
domW =" = dom(Wy),

and a map of truncated degenerate simplicial objects

= domW="—domU=".
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over X,. We proceed by downwards induction on k; we begin by setting

Wy, =W
and f,, the map induced by f.
Let Aggg*gnOp denote the full subcategory of AE‘:;OP with objects [k+1],. .., [n], and

k+1<«<nop

let domeHS*gn be the restriction of domU* to Adeg

Wk+1, ey Wn, together with a functor

. Suppose we have defined
= <x<
domWhHisrsn, Agg'gl—*—mp—wcl,

and a map
fhAlsssn. qomWhtis*<n__domUktis*<n

For z; in v(c (Uy)), we let

ij —Ty

be the factor in U ; corresponding to x; and let
ij —Zy
be the factor in Wj corresponding to x;. Let o: [j] — [k] be a surjection in A. For each
z € t(ci; (Uy)),

the map domU (o) determines a corresponding z;(zy, o) in t(cJX (U,)) and a map over X (o)

dOIIlU(II:k;, 0'): ka—>U$J (zr,0)

The natural transformation frT S*<n gives the map

fj (xj (xkn U)): ij(mk,a) —>Umj (zk,0)
over X;; we let W,, be the fiber product

Uz, %y,

T T T
@i, (g,01) Wmh(mkv"l)) XUy =+ X Us (U, XU, . mjt(mk7at))7

Tk k it (Tkoot)

where the oy: [j;] — [k] run over the distinct surjective maps [j] — [k] in A with £ +1 <
7 < n. We then have the canonical map

Since tS(xy) is closed under pull-back and fiber products, W,, is in t&(zy).
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For each surjective o:[j] — [k], the projection on the corresponding factor W (4, o)
of Wy, , defines the map

domW (z, 0): We,—Wa, (21,0)-

Let B
W= [[ We—a
zp€r(ck (Us))
This clearly extends the degenerate simplicial structure domW, and map ff HsEsn g,
Aﬁegg*gmp, and the induction goes through.

We now extend W=" to W, by setting

W,, = U,

for m > n; the degenerate simplicial structure on U.,, together with the map f=" give
domW, a unique degenerate simplicial structure with the property that the extension of
=" to
f*: W*—>U>k
with

fm = id[jm

defines a map of degenerate simplicial objects. .
Taking j,, = im o ¢--dom(f,,), we have defined a rigid pre-hypercover (U,, Wi, j.) of
X, and a map of rigid pre-hypercovers

(idU* y f*) (U*7 W*,]*)—>(U*7 ﬁ*?]*)

with the property that B 3
in 0 gt dom(fn): LL(W,,)—Up,
factors through the given cover W — U,,. We then take

(V*: Vi, k*) = Zﬁ*(Uﬂw W*7j*)7

with the canonical map

w(U*7W*7j*): (V*’ V*’ k*)—>(U*’ W*’-j*)?

and let

(Gy, G): (Va, Vi, k) — (U, Uy, i).

be the composition (idy,, f*) °Ww, W

)" The map

G, V,—U,
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thus factors as 1 . .
VnL>qJ‘Ld0m(Vn)—>qJ'Ldom(Wn)—>Un

hence G,, factors through W — U,,, completing the proof. O

(6.6.3)
Let A be an abelian category, and take X in C. Each U, € HCovg(X) determines a

d-functor (with values in A)

H*(U.,—): PreSh§ (X)—A

*

by sending F to the cohomology of the complex F(U,)
object F(U,) of A:

associated to the cosimplicial

H*(U,,F) = H*(F(U.)").

We set
HY (X, F) = lim  HP(pucov(U), F).

MEHCEZG(X)
(6.6.4) THEOREM

Let X be in C and let F be a presheaf on X.
i) H? (X, —) defines a §-functor on PreSh§(X).

i) Let F denote the G-sheaf associated to F. There is a natural isomorphism of §-functors
H{s (X, F)—HE(X, F)

Proof. The first assertion follows (6.5.4)(iii), and the fact that direct limits over left-
directed categories are exact functors.
We note that (ii) is equivalent to saying that the canonical map in the derived category
Dt (A) 3
lim F(pucov(U))"— RI(X, F)
UEHCov, s (X)

is an isomorphism. For this, it suffices to show that the map in D" (Ab)

lim  Homx (G, F(pucov(U))*)—RI'(X, Homx (G, F))
UEHCov, & (X)

is an isomorphism for all A-values sheaves G on X, where Homx denotes sheaf Hom. This
reduces us to the case A = Ab.

If F is an injective sheaf of abelian groups, it follows from (5.2.4) and (6.4.5)(iii) that
the limit defining H? (X, F) is constant, and we have

0 for p >0
p _
ﬂtG(X’f)_{]:(X) for p = 0.
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Let F be an abelian presheaf with the property that each section of F on an open
U — X vanishes on some cover W — U: we call F a locally zero presheaf. It follows
immediately from (6.6.2) that
Hls (X, F)=0

if F is locally zero. If we have a short exact sequence of sheaves:
0—F —F—F"—0,

we may factor this sequence into exact sequences of abelian presheaves:

0—F —F—F|F —0,

0—ker—F /F'— F" —cok—0,

with F/F’, ker and cok being locally zero. As HY (X, —) is a 0-functor on presheaves, the
vanishing of H s (X, —) on presheaves which are locally zero then implies that H7 (X, —)
is a d-functor on the category of abelian sheaves. It follows easily from the definition of a
rigid hypercover and from (6.6.2) that

ESG(XM/T) = HO(Xvﬁ)
We thus have the canonical natural transformation of d-functors on abelian sheaves
ﬂf@ (X7 _)—>H%(X7 _)

by the computation of HY s (X, —) for injective abelian sheaves, this map is an isomorphism.
O
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6.7. The category of closed subsets

(6.7.1)

We define the category of closed subsets in C, Ca, as the category with objects (X, W),
with W a closed subset of X, where a morphism

(X, W)— (X, W)
is a morphism f: X — X’ in C such that W’ C f(W). We have the functor
p1:Co—C.
We define the product of pairs (X, W) and (X', W’) by
(X, W) x2 (X' W) = (X xs X', (W x5 W)tea)-
This makes Cs into a symmetric semi-monoidal category, and p; is then a symmetric semi-

monoidal functor.
We define the symmetric semi-monoidal fibered category

C(AP)/Cr—Cs
over Cy as the pull-back of C(A°P)/C via p;; we denote the pull-back over a morphism
i (X, W) — (X', W)
by f*, and the symmetric product by x°.

(6.7.2)

We have (6.5.4) the fibered symmetric semi-monoidal category
rng: HCov,g (C)—C
over C; we define the fibered symmetric semi-monoidal category
rng: HCov,s (C2)—Ca

as the pull-back of HCov,s(C) via p;. We denote the pull-back associated to f by f*rs,
and the product by x*. The lax symmetric semi-monoidal functor (6.5.4)

(prCOYV, w"): HCOV, s (C)—C(A°P)/C
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defines by pull-back the lax symmetric semi-monoidal functor
(PHCOV2, W3" ): HCOV, & (C2) —C(AP) /Cs.

We have the functor
pi:Co—CT;

we define the category
C+(A0p)/62—>CQ

as the pull-back of the fibered category
CT(A°P)/CT—CT
via p;. Composing the functor (6.7.2.1) with
+:C(AP) /Co—C T (AP) /Co
gives the lax symmetric semi-monoidal functor

pECOVQ: HCov,s(C2)—CT(AP)/Cs.

6.8. Cones and rigid hypercovers with support

(6.8.1) THE FUNCTOR Plycgva

449

(6.7.2.1)

(6.7.2.2)

Let f:Y, — X, be a map in C(A°P). We let Cone(f). be the object of C*(A°P) defined

by taking the quotient of (X, x A[0][]JU, x A[1])* by the maps

fnxid:U, x 1"—X,, x 1"
pu, X id:U, x 0"— % x0".
We have the natural map in C*(A°P)

nx,: X} ——Cone(f,).

(6.8.1.1)

Let (X,,X,,i.) be a rigid hypercover of X € C, and let iy: W — X be a closed
subset with complement j:U — X. We have the pull-back j*r=(X,, X,,i.), which is a

rigid hypercover of U, and the canonical map (6.5.1.2)

pis(])j*ts(X*,X*,Z*>—>(X*,X*,Z*>

over j; we set

Pixw) (X, Xoy i) := Cone(pi* (4))-
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This defines the functor
p!I'ICOVQ: HCovs (CQ>_>C+ (Aop>;
the maps (6.8.1.1) give the natural transformation
g !
U PHCov2 ™ "PHCov2-

(6.8.2) THE NATURAL TRANSFORMATION {2

(6.8.1.2)

(6.8.1.3)

Now let iyy: W — X, ip: T — Y be inclusions of closed subsets, giving the inclusion

inSTZW Xg T—X Xg Y.

Let (X, X,,i.) and (Y,Y,
cover (X, X, i) X (Yi, Yy, 7s) of X xg Y. We now define a map

p!(X,W)x%(Y,T)[(X*7X*7i*) X% (Ye, Yay ju)]

Qx,w),(v,1) 1 >

p(X’W) (X*, X*7 7/*) x* p!(Y,T) (Y*, Y*,]*)

Write

(X*,X*,Z*) th (Y*7Y*7j*) = (Z*7Z*7k*)
X xgY =2
Z\W xsT =Uz; X\W=Ux; Y\T =Uy.

We write the open inclusions as
Ix:Ux—X; gyv:Uy—Y; jz:Uz—Z.

We have the map of rigid pre-hypercovers

(Fo, F): (Zyy Za k) — (X X2 Y, Xy X5 Y5, iy X )
giving the maps

the objects

and the identity

jx) be rigid hypercovers of X and Y, giving the rigid hyper-

(6.8.2.1)
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Write

:)Nz
I

[ Z—e Xo= [ X»—b Yo= ][] Ye—u
a€r(cZ(Z.)) ber(cX (X)) cer(cY (Y))

Then

!
p(X,W)X%(Y,T)(Z*, /R k*)n

n—1
= I azo)x1"]] 1T 4y Zjpnar) X 01771 F
acr(cZ(Z.)) 1=1 a’€v(cZ(Z«)xzUz)
Similarly,
pl(x,w)(X ) XF pl(y,T)(Y*:?*:an =

* 9 X*,Z
[ 1T q(Xp) x5 q(Ye) x 1715
(bye)er(ey (X)) xr(ey (Yx))

n—1

1T 11 0(Xp) x5 4(Gy Yjy.er) X 17051577

J=1 (bye)er(cX (X)) xe(cX (Vi) xyUy)

n—1 ) )

1T 1T Q¥ Xjxuv) x5 q(Ye) x 0117713

i=1 (b, c)€r(cy (Xu) X xUx)xr(c) (Yy))

n—1 L. .
H H q(j;(thX*b'> Xg Q(j;k/thY*C’) X 011?_10‘;13_‘7]—1—

1,5=1 (b',c')Et(ch{ (X*)Xxe)Xt(CBL/ (Y*)XyUy)

We define the map €2 on the components of p!(X’W)X%(Y’T)(Z*, Zy,ky)pn by dividing

into four separate cases.

Casel: For a component of the form
Z:=q(Z,) x 1" ac(cZ(Z)),

let
(b, ¢) = cn(Fi)+(a),

giving the identity
Lo = (Xb X;YVC> Xbxte A3 S:pcf(Z*)*(a')'

We have the projection
p1: Za—Xp X Yo
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then may form the composition

C]
q(Za)maprovq(p1)q(Xp xg Ye)—q(Xyp) x5 q(Ye),

and send ¢(Z,) x 1™ to q(Xp) xs q(Ye) x 1715 via this map.
We write Uz as a disjoint union of locally closed subsets:

Uz =W x Uy [[Ux x T[] Ux x Uy;

we write the inclusions of the various components as

G1:Ug =W x Uy —Uy

§2:U% :=Ux x T—Uy

j32 U% = UX X Uy—>UZ
This decomposition induces a similar decomposition of each Uz-scheme Q — Uy as

Q=Q'[[e’[] <"
with inclusions
1:Q'—Q, j2:Q*—Q, j3:Q°—Q.

By (6.2.3)(c), this decomposition gives the decomposition of t(cZ(Z,) x z Uz) as

(¢ (Z.) x2Uz) = jua(e(cf(Z)N) [ d2e (el (2)%) [ [ s (x(cZ (20)%)).
Similarly, the decompositions
X=Ww][vux; Y=T][Uy=Y"][]Y?

with inclusions

X = W—X; JX i X% =Ux—X
j}/:Y1 =T—Y, jg/:Y2 =Uy—Y

give decompositions

v (X)) = gk (e(e (X)) [T (0 (x0)?)

For a component of the form

4G5 Zjpear) x 01775 d' € v(cf(Z.) Xz Uz),
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we have three remaining cases:
Case 2: a’ = ji.ap for some a1 € r((cZ(Z,) xz U)Y).

This is the same as requiring that

cn(F.)+(jzea") = (b, j3.c), with b€ jii (e(en (Xa)1), ¢ € te) (Ya)?

n

We have the map
P1J7 Zjear — Xy XY, o
defined as in Case 1; this gives the composition

o (p1) . ke
Q(]Z ij*a’>qﬂ>Q(Xb X§ Jy ijw’)_)Q(Xb) Xg Q(]y Q(ij*C’)-

We then map the component ¢(j*Z;,.q) X 01"~ to the component
0(Xy) x5 a(3y a(Vjy.cr) x 1705157

via the above map.

Case 3: a’' = ja.ay for some ay € v(cZ(Z,) x 7z U?).

This is the same as Case 2, reversing the roles of X and Y.
Case 4: a’' = jz.az for some a3 € v(cZ(Z,) x z U3).

This is the same as requiring that

en(Fe)u(izea’) = (j250, fiz’), with b € v(e;f (X2)?), ¢ € t(e, (Y2)?).

n

We have the map
T -k Tk !
plu?chjz*a’ UXchX*b’ X ]YCYjY*c’

defined as in Case 2; this gives the composition

q(p1) (

q<j;ijz*a) —dq jj)k(erX*b’ X; j;rny*c’)%q(j;k(fXjX*b’) Xs q(j)*/tQ<}/jY*C’)'

We then map the component ¢(j,*Z;,..) X 01"~ to the component
40X Xjeatr) X5 405 0(YVjy.er) X 01177705157,

It is an elementary matter to check that this does indeed define a map of simplicial
objects, as desired. In addition, we have by construction, the maps

Qx,w),v,1) © T(X, X i) X5 (Ya, Vi ju)

(T Rt A (Ve T d) O 90X R ) (Ve T i) (6.8.2.2)

(XwX*vi*) X" (Yw?*?j*)—’p!(X,W)(X*?X*vi*) N p!(Y,T)<Y*7Y*7j*)



454 RIGID TOPOLOGIES AND RIGID HYPERCOVERS

agree.

(6.8.3) PROPOSITION

i) The maps (6.8.2.1) define a natural transformation

ts

Q: Phicova © [(=) X (=)]—Phcova(—) A Phcova( =),

and the pair (p!HCOVQ, Q) defines a lax symmetric semi-monoidal functor
(p!HCov27 Q)_>CH-<AOP)/C2

over Cs.

ii) The natural transformation (6.8.1.3) defines a natural transformation of lax symmetric
semi-monoidal functors (see (6.5.4)(iii))

i!2 (pHCov27 Wgs)—’_—)(p!HCon? Q)

Proof. The maps (6.8.2.1) define a natural transformation of the desired form; by con-
struction, the maps (6.8.2.1) are symmetric in (X, W) and (Y,T), hence commute with
the appropriate symmetry isomorphisms. The associative property can be verified by a
direct, although tedious, computation, which we leave to the reader. This proves (i). The
assertion (ii) follows from the identity (6.8.2.2). O

6.9. Cohomological properties of rigid hypercovers with support

(6.9.1)

Suppose we have a Grothendieck topology & on C: for X € C, we denote the category of
opens of X by &(X), and the category of covers of X by Covg(X). We assume that S is
finer than the Zariski topology. We extend the site Cs to the site Cg on CT by setting

G(XT) = +(6(X)),

(6.9.1.1)
COV@ (X+) = +(COV6 (X)),
where + is the functor (4.1.2.1). This defines the sub-categories G(C*) and Cov(CT) of
C*/CT, forming the topology & on C™.
By our definition of the topology &T, we see that the extension of a sheaf on C to a
presheaf on CT is automatically a sheaf on CT, and that the operation of extending a sheaf
is exact.
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(6.9.2) LEMMA
Let (X, W) be in Cy, and let j: U — X be the complement of W. Then the pull-back map

j = HCov,s (X)—HCov,.g(U)

is left final.

Proof. Since the category HCov,s (U) is left-directed by (6.5.4), it suffices to show that,
given a rigid hypercover U of U, there is a rigid hypercover X of X and a map of rigid

hypercovers
jrrei X —U.

Write ~
U= (Ui, Uy, iy).

Define the rigid pre-hypercover j.U inductively as follows: The decomposition
X=w][[vU:=xw][][Xv

defines a decomposition of f: Z — X, for each X-scheme Z, as

Z=""WMIIrw =2w]]2v, (1)
with inclusions
iy Zw — Z; 3% Zy — Z.

By (6.2.3)(c), the decomposition (1) gives the decomposition of t(Z) as
(2) = jg.((Zw)) [ [ i%. (e(Z0)).
If we have an object Vi in Cov.g(Zy) given as the product

Vo= ][] Ve — 2,
ZUGY(ZU)

we define 75, (Vy) in Coves(Z) by

iz V) =1 1] Veo — 2w =%z [ 11  idjw.n-

zuv€r(Zy) 2w €r(Zw)

Note that we have B ~
iz (7. (V) = Vi, (2)

hence we have defined a functor jg*, natural in Z, splitting the pull-back jg*” (6.3.1.1).

We have the canonical map

iy (Vu): Vu—i5, (Vi) (3)
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over j5, gotten from the identity (2).
Writing j.U as (X, X, j«), we set

Xo = j¥x(0y), Xo=qtdom(Xp), jo=id.
From the definition (6.5.1) of j**=, together with the identity (2), we have

3= (Xo, Xo, jo) = (¢*dom(j** X), 5** Xo, id)
= (qJ‘Ldom(Uo), Uo,id).

We then have the map of O-truncated pre-hypercovers over idy
(i0, id): j*** (Xo, Xo, jo)— (U, Uo, io);
this defines the O-truncation j,U/<°, with morphism
(Fy, F\)=0% 5.U="—U=0

over idy.
Suppose we have defined the n-truncation 7, /=", with morphism

(F*:F*)San*ugn = (XmX*aj*)Sn_)u

over j, satisfying
X = j%(x*)*ck(F*)*ts (Ur)
X, = ¢ dom(X},)
Jr =id
Fj, = ¢*tdom(Ey,)

and that F}, is the map given by composing the map (3) with the projection

Asin (6.5.1), there is a canonical n-truncated degenerate simplicial structure on dom(F*)S”

so that the above data defines a map of n-truncated pre-hypercovers. We then set

X1 = jgf(X*)*anrl(F*)*”( nt1)

and fill-in the rest of the data to satisfy (4); the degenerate simplicial structure on U, then
defines an extension of degenerate simplicial structure to (X, )<"*!, and the induction goes
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through. This gives us the map of pre-hypercovers over j:
¢: 7. U—U

We have the hypercover of X

and the map of pre-hypercovers of X
w(jU): Z)h([*(j*b{)—m*u

given by (6.4.6). The composition ¢ o w(j.Uf) defines the map of hypercovers of U
o1 e (i (U)) —U,
completing the proof. O

(6.9.3)

Let A be an abelian category. For (X, W) in Ca, we have the functor
I (X, —): PreSh$ (4)—A

which associates to a presheaf F the sections of F on X with support in W. We have the
derived functors
Hiy(X,-) = R'TY (X, -)

of the restriction of I'V (X, —) to Sh¥ (A).
For a presheaf F with values in an abelian category A, define

ﬂf@ W<X7f) = hlp Hp(f<p!HCov2X)*)'
XeHCov.s ((X,W))

(6.9.4) PROPOSITION

i) The objects His w (X, F) define a d-functor on the category of presheaves.
i) Let F be the sheaf associated to F. Then the canonical map of d-functors

ﬂf@ W(va)—>HI€V(X7f)7

is an isomorphism.

iii) The natural transformation (6.8.1.3) gives a natural transformation of §-functors

(X, W): HYs v (X, F)— H"tS(X, F)
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making the diagram (X, W)
His w(X,F) == H"S(X,F)

l l

commute, where the bottom arrow is the canonical map, and the vertical arrows are given
by (ii) and by (6.6.4).

Proof. The assertion (i) follows from the fact (6.5.4)(iii) that HCov,g((X, W)) is left-
directed.

Let j: U — X be the complement of W, and let X be a rigid hypercover of X. From
(6.8.1.2), we have the Cone sequence in C(A°P):

" OV( *:s)+
pricor (5772 2) T prico (X) T —picoua (X).
This induces the sequence in C*(A):
F(PrcoveX ) —=F (PrcovXe)* —=F (Prcovs* = X) —F (prcov == X)*[1] (1)

which is isomorphic in K*(A) to the standard Cone sequence associated to the map
35 F(pracovXs) —F (pHCOV] ™ X)”
By (6.6.4) and (6.9.2), passing to the direct limit over
HCov,g((X,W)) = HCov,s(X)
of the cohomology in the sequence (1) gives the long exact sequence
oo His w(X, F)—His (X, F)—His (U, F)—H{S (X, F)—...; (2)

the sequence (1) defines the natural map of (2) to the standard exact sequence for coho-
mology with supports which is the canonical isomorphism of (6.6.4) the terms H s (X, F)
and H g (U, j7*F). This proves the result. O
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6.10. The canonical rigid resolution

We conclude with a construction of a canonical acyclic resolution of a sheaf F on a scheme
X, given via the rigid hypercovers of the opens on X. This construction appears, in slightly
different form and for the case of the classical topology, in the appendix of Godement’s
book [G].

(6.10.1) THE COMPLEX OF SHEAVES F

Let F be a sheaf on Xg, with values in an abelian category A, and let Y — X be an open
in in Xg. We define the complex F(Y)* by

F(Y)'=  lim  F(puco(U))" (6.10.1.1)
UcHCov, e (V)

The pull-back morphisms
f*:HCov,g(Y)—HCov,.g(Y")
associated to a map f: Y’ — Y over X, together with the canonical maps over f
freuU—U

define the morphisms
Fe(F): Fe(Y) —F(Y')",

and defines the complex of presheaves F;, together with the canonical augmentation (as
presheaves)
F—F;. (6.10.1.2)

(6.10.2)

In order to study F; effectively, we need to add some conditions to the rigidification t&

and the topology G.
We have the functor of (6.2.4)(i)

t: C—Sets; (6.10.2.1)

by (6.2.3), the functor (6.10.2.1) preserves finite limits, and sends disjoint unions to disjoint
unions.

(6.10.3) DEFINITION

i) The rigidification t®& is said to be covering if the functor (6.10.2.1) sends covers

j:U—X € Cove (X)



460 RIGID TOPOLOGIES AND RIGID HYPERCOVERS

to surjections
Ju:t(U)—t(X).

ii) The rigidification is called stable if, the following condition holds: Let

U= [] Ue—n

be in Cov,s(X), and take p:Y — X in Covg(X) such that for each y € v(Y) with
p«(y) = = € t(X), the open

factors through the connected component ¢(y) of Y. Then the map
Ov:qy (p™U)—p qx(U)

defined by the natural transformation ©, (6.2.3)(i), is an isomorphism.

iii) An object f:Y — X of Covg(X) is called pseudo-finite if the map
fere(Y)—r(X)

has finite fibers. The rigidification t& is called pseudo-finite if each f: Y — X in Cove(X)
has a pseudo-finite refinement, and each f:Y — X in Covg(X) is a direct limit of pseudo-
finite covers.

iv) A topology & on C, together with covering, stable, pseudo-finite rigidification t&, is
called a rigid Grothendieck topology on C.

O

We have the site Setsg,,j, where every map is open, and the covers are surjections.

(6.10.4) LEMMA

Let t& be a covering rigidification. Then the functor
t:C—Sets

defines a morphism of sites
t: Cg—Setsgyr.

In particular, if U, is a hypercover of X in C for the topology &, then t(U,) is a hypercover
of v(X) for the topology surj.

Proof. This follows from the fact that v preserves finite inverse limits, sends opens to opens
and covers to covers. 0



THE CANONICAL RIGID RESOLUTION 461
Applying the functor t to a hypercover U, of Y thus gives the hypercover
t(U,)—(Y)

of t(Y) for the topology surj; in particular, we have the truncated m — 1-coskeleton

As t is compatible with inverse limits, we have the canonical isomorphism
cosk™ ™) (x(U,)) = v(cosk,_, (U,)) (6.10.4.1)

(6.10.5) NON-DEGENERATE SIMPLICES AND THE NON-DEGENERATE SUBCOMPLEX

Let
S,.: A°P—Sets

be a simplicial set, and let A be an object of the abelian category A; we assume that
products (indexed by sets) exist in .A. Form the cosimplicial object of A:

HA: A—sA
Sk

with n cosimplices [ ] s, A, and with the maps
[T4aw:T[a—]] 4
S Sn Sm

for g:n — m in A being the projection induced by
S(g): Spm—Sh.

We have the complex

18
S

associated to [[g A.
For a simplicial set S, we let
Sdes 3,

denote the union
UsS(0) (S—1)
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as o runs over surjective maps [m] — [m — 1] in A, and let S2°"~4°8 be the complement:
Sm = Spenmdes T Soce.
Similarly, if A* is a cosimplicial object of an abelian category A, we have the sub-object

ne = ma:[m]ﬁ[m_l}ker[A(g); Am_>Am—1]

non—deg =
of A™; we define Aggg as the quotient

m m m
0 Anon—deg A Adeg 0.

(6.10.6) LEMMA

Suppose the homology H,(S,Z) of S, is zero for p > 0, and Z for p = 0. Then

0 for p >0
P £)
H(IS_IA)_{A for p = 0.

Proof. We may assume that A = Ab; then we have the isomorphism of cosimplicial abelian
groups

[]A=Hom(z(s,), A).
S

The result then follows from the universal coeflicient theorem. O

(6.10.7) LEMMA

Let 3
us"t .= (U,,U,,i,)s"!

be an n — 1-truncated rigid hypercover of Y € C, with respect to a rigid Grothendieck
topology (&,t8). Suppose we have, for each u, € t(c¥ (U,)***~98) an object

Uy, —u, € tS(uy)
Then there is a rigid hypercover of Y,

U= (U,,U,,i.),

extending U sn=1 with the factor in ﬁn corresponding to u, equal to the given U,,, — uy,.

Proof. We first prove the following
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SUBLEMMA

Let o:[m] — [m — 1] be a surjective map in A, with m < n. Take u,,_1 € v(c} (U.,)), and
let
U

Um —1 Um—1

be the corresponding factor in U,n_1. We have the map
domU(U): domU,,_1 —domU,y,;

let

Un,, —Um,

be the factor of U,, such giving the factor
domU(0)y,, ,: U, ,— U, (1)

of domU (). Then the map (1) is an isomorphism.

Proof of sublemma. Indeed, there is a map
J: [m — 1]—[m)|

in A with
ogo0d = id[m_l}.

Thus, the map
Jm_1:= i;ll_l oU(§)oU(0) 0 ip_1: ¢ domU,,_; —qdomU,,_,

restricts to the identity on the connected component ¢(U,,, ,). Since we have the lifting
(1) of gt-domU (o), we have

qJ—LdomU(O-)* (qunfl ) = Uu

m )

since ) i
id = gpm_1. = ¢ -domU(6), o ¢*-domU ().,

we must have 3
qJ—LdomU(é)*(U'an) = U’U/'mfl'

We may thus lift ¢-domU(8) to a map
fm: UUWL—)UuWLfl

with }
fm e} U(O’) = idUum

—1°
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On the other hand, the maps U (o) and f,, are liftings of maps over idx, hence there
is a y € t(Y) such that U(o) and f,, are maps over

U, —VY; U, —. (2)

Um —1

As U, is a hypercover of Y, applying ¢ to the maps in (2) defines opens

hence, by (6.2.3)(e), the maps (2) define objects of t&(y). As the category t&(y) is left-
directed, we must have

U(O’) o fm = idUum,
hence U(c) is an isomorphism, as claimed. O

We now continue with the proof of the lemma. It suffices to show that we may extend
the n — 1-truncated rigid hypercover to a n-truncated rigid hypercover with the given
factors of U,, over t(cY (U,))*"~4¢¢. Let u,_; be in v(c}_,(U,)), and let

n n—1

Un—1
Unzl —Un—1

the corresponding factor of U,,_;. Let o: [n] — [n — 1] be a surjective map in A, giving the
map
h = cosk)_(0):Up_1—c (U,).
Set
un = ha(U,27") € t(ey, (UL)) 4%,
giving the map
J: U —u, (3)

in tC. As q(u,) is a connected component of cY (U,), and
X (U,)—Y
is an open of Y, the map

q9(7):a(U,"1") —q(un)

is an open of q(u,). Thus, by (6.2.3)(e), (3) defines an object of t&(u,,), which we write
as

Uu, —Un.
Since we have the canonical isomorphism (6.10.4.1)
v(ey (UL)) = e (x(UL)),
we have the identity

t(ey (U)= lim t(Uy).
o:[r]—[k]
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From this, we see that u, and ¢ determine U, "7'; from the sublemma, it follows that

WUy — . . . . .
U,"1" is determined by u,, up to canonical isomorphism.

Similarly, if
un = t(cosk, 1 (o)) (U)

for some map o': [n] — [k] with k& < n, then there is a surjective o:[n] — [n — 1] and a
map o”: [n — 1] — [k] such that

d"oo=0.
We then have the factor

Up—1
Unfl —Un—1

of Un—l with
(Ua)(0")(UR*) = Uy

n

giving the map

n—1

U(o"): UM —US T = U, . (4)

It then follows from the sublemma as above that the map U(c”) is independent of the
choice of ¢”; we may then write (4) as

U(o'): Ul —U,,.

If we then set
[jn = H U, — uny
un€t(cn (Uy))
with the degenerate portion being determined as above, we have the extension of the
degenerate n — 1-truncated simplicial object (domU*)S”_1 to an n-truncated degenerate
simplicial object (domU,)=".
It follows from the sublemma that the direct limit

lim Uy

—

o:[k]—=[m]eA/[m]

is isomorphic to the disjoint union

H q(Uy,,)-

u?Let(Cn(U*))dcg
From this it follows that the canonical map
in: ¢ rdomU,, —cY (U,)

extends the map 3
isn—l. (c]JLdorrlU*)S”_l—>U§”_1

* *



466 RIGID TOPOLOGIES AND RIGID HYPERCOVERS
as maps of degenerate truncated simplicial objects. Set
U, = qLLdomUn; ip = id;

the structure morphisms for U,, determine the map

g, U,—cY (U,).
For a map

J: [n — 1]—n]

in A, we let

U(9):U,—U,-1

be the composition cosk¥ ., (5)

o
Un—cX (U,) == "U,_1.

This completes the construction. O

(6.10.8) THEOREM

Let F be a sheaf on X € C, and suppose we have a rigidification t& of & which gives a
rigid Grothendieck topology (&,t6), and let f: X — X' be a map in C. Then

i) The presheaves F{* (6.10.1.2) are sheaves on X.

ii) the map (6.10.1.2) defines an acyclic resolution of F.

iii) the sheaves f,JF{' are acyclic sheaves on X'.

Proof. We note that (ii) follows from (i), (iii) and (6.6.4).
Let Y, be a hypercover of Y € C; we call Y pseudo-finite if each of the maps

Y.—Y

are pseudo-finite covers. By (6.10.3)(iii), we may compute the cohomology of a sheaf G
on Y by computing the cohomology of the complexes G(Y), as Y, runs over pseudo-finite
hypercovers of Y. In order to prove (i) and (iii), it thus suffices to show that

0 forp >0
P ny _
AP (Y., 7 = {ft”(Y) for p=0. (1)
for each open Y — X of X, and each pseudo-finite hypercover Y, of Y.
Let then Y, — Y be a pseudo-finite hypercover of an open ¥ — X of X. Fix an integer
N > 0; it suffices to prove (1) for all p < N. Consider a rigid hypercover U = (U, U, i4)
of Y. To compute F{" for m < n, we may assume that the rigid covers

¢ domU,,— ¢, (U,,)
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factor through each projection
jk,m: Yk Xy Cm(U*)—>Cm(U*)7

for all £ < N and m < n, in the fashion given by (6.10.3)(ii). Thus, as the rigidification
t& is stable, we have the canonical isomorphisms

PrCov (i *U)=" = ji(U.)=" (2)
For a Y-scheme f:Z — Y in C, and for y € v(Y'), we let
W(Z)y = 7 (y) Cv(2).

This gives the decomposition of the hypercover t(U,) of t(Y) as a disjoint union

yer(Y)
with each t(U.), a hypercover of y; by ([SGA-4], Théoreme 7.3.2(3)) we have

Hy(Z(x(U.),)) = {OZ b=y

For u,, € t(¢m(Us)), we have the corresponding factor
U U,
of U,,, and the connected component
Upr——cm(Us) = im(q<0#zm )

of Up,.
Fix y € ¢(Y), and u € t(c,(Uy))p°" 9%, Let

Fu = lim F(dom(U)).
(U—u)ers (u)

As the subcategory of U — u which factor through Y is left final in t&(u), we have the
isomorphism
Fu = lim F(dom(U)) (4)

—

(U—v)erS(v)

for each v € ¢(Yy),.
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We have the decompositions

t(eh (UL)) = t(em (U)o T [ v(cpm (U)o
el (U))y = elem(Un))2o48 T elem (U)o

= (t(cm(U*))“"“_deg)y [TG(em(U)®),

For each y € v(Y), let

f( *c5u<n 1)y non— deg H ‘Fun

U €t(Yi Xy cn (U )) 5o 98

and let

<n— 1 <n-—1
f( tﬁu non deg H f tsu )y non—deg"*
yee(Y)

We have as well

f<u<n l)y non— deg H fun

Un et(Cn (U* ))y non—deg

and let

f(u<n 1)non deg H fu<n l)y non—deg"*
yer(Y)

This forms the N-truncated cosimplicial object of A

f( tf,Z/{<1’L 1)

non—deg

with k-simplices F(ji=y=n—1)n deg» augmented over FUsn—1)r

By (4), we have the isomorphism

non—deg"*

f( *:.,u<n 1)y non— degN H fu<n l)y non—deg*
t(Yi)y

Applying (3) and (6.10.6), we have
HP (F(ji=uU=""") =0

non— deg)

for 0 < p < N, and the augmentation induces an isomorphism

Ho(f( t5u<n 1>r10r1 deg)gf(u<n 1)

non—deg"*
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Let F(Yy)! be the direct limit

non—deg

lim  F(jpU=""")n

non—deg"*
uSn—l

where the limit is over n — 1-truncated rigid hypercovers <"1 of Y. This forms the
augmented N-truncated cosimplicial object F (Y*)gon_deg. As filtered direct limits are
exact, we have

HP(F(Yo)y, )=0 ()

non—deg

for 0 < p < N, and the augmentation induces an isomorphism

I

HO(F(Y.)5, )

non—deg

f(Y);Lon—deg' (6)
On the other hand, by (6.10.7), we may take the limit

ll_I)Il F(pHCov (Z/{))*

defining F7* by first fixing the n — 1st truncation /=<"~!, taking the limit as above in the
non-degenerate part of ¢, (U,), and then taking the limit in the n — 1st truncation /<"1,
Thus, we have the isomorphisms

f?(Y)DOH—deg = (Y);Lon—deg
ftn(Yk)non—deg = f<Yk:)n

non—deg
In particular, applying (6), we see that the sub-presheaf F{'(—)non—deg of F{'(—) is an
acyclic sheaf.

Finally, we have the finite functorial filtration on F*F(—) with graded quotient
presheaves isomorphic to finite direct sums of the presheaves F{"(—)non—deg, With m < n.
This completes the proof. O

(6.10.9) COROLLARY

Let F be a sheaf on X € C, and suppose we have a rigidification t& of & which gives
a rigid Grothendieck topology (&,t6). Let j:U — X be the inclusion of a Zariski open
subscheme, and let 7}, be the complex (see (6.8.1.2))

U= lim F(PacovaX)*
XeHCov(X)

Let f: X — X' be a map in C. Then

i) The presheaves F'; are sheaves on X.
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ii) The natural transformation (6.8.1.3) induces the sequence of complexes
fr*,U—>f:—>[j*f]:—> :,U[l]

isomorphic to the Cone sequence associated to the natural map

JF
iii) the sheaves f.JF[ are acyclic sheaves on X'.
Proof. Tt follows from (6.9.2) that we have the canonical homotopy equivalence
v~ Cone(j*: FI— " F]7)

The three assertions then follow from (6.10.8).
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