
Chapter 4

Co-chain operations

We now apply the constructions of Chapter 3 to give co-chain operations on certain com-
plexes F̌ constructed from an associative, graded-commutative complex of presheaves F.
In applications, the complexes F̌ are constructed as limits of the complexes formed from F

by taking “rigid hypercovers” following the method of Friedlander; in this section we give
a formal version of the construction and will use a more concrete form when we give our
main applications in I, Chapter 8. The co-chain operations fit together to give a functor

F̌: (Wop
Z )⊗,h−→C(A),

whose construction is the main object of this chapter.
To fix ideas, we work in a subcategory of SchS; the same construction will define the

functor F̌ for a subcategory of analytic spaces, or analytic spaces with a real structure.

4.1. Adjoining a disjoint base-point

We construct the category of objects of C together with a “disjoint base-point”.

(4.1.1)

Let C be a full subcategory of SchS, closed under disjoint union. We extend the category
C to the category of “pointed objects in C”, C+ by defining C+ to have the same objects
as C (we denote the object of C+ corresponding to X in C by X+), and with

HomC+(X+, Y +) = HomC(X,Y
∐

S).

Composition is given by defining the composition

X+ f
−→Y + g

−→Z+

as the map X+ → Z+ corresponding to

(g ∪ idS) ◦ f.

The identity idX+ is the canonical map

iX,X
∐

S :X−→X
∐

S.

We denote the object ∅+ by ∗; the canonical map ∅ → X
∐

S defines the map

iX+ : ∗−→X+
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while the structure morphism X → S ∼= ∅
∐

S defines the map

pX+ :X+−→ ∗ .

This makes ∗ into an initial and final object in C+.

(4.1.2)

For a morphism f :X → Y in C, let

f+:X+−→Y +

be the morphism given as the composition

f+ = iY,Y
∐

S ◦ f.

Sending X to X+ and f to f+ defines a faithful functor

+: C−→C+. (4.1.2.1)

If Y = X+, we write Y − for X; if g:Y → Y ′ is the map f+:X+ → X ′+, we write
g−:Y − → Y ′− for f :X → X ′.

(4.1.3) Products and coproducts

Let
{iα:Xα−→X | α ∈ A}

be a coproduct of the Xα in C. Then the collection of maps

{i+α :X+
α−→X

+ | α ∈ A}

is a coproduct of the X+
α in C+. We write the operation of coproduct as ∨; in particular,

we have
X+ ∨ Y + = (X

∐

Y )+.

If we have maps f :Z → X
∐

S, g:W → Y
∐

S in C, defining maps f :Z+ → X+ and
g:W+ → Y + in C+, we let

f ∨ g:Z+ ∨W+−→X+ ∨ Y +

be the map

f ∪p
S
∐

S
g:Z

∐

W−→(X
∐

S) ∪p
S
∐

S
(Y

∐

S) ∼= X
∐

Y
∐

S
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where pS
∐

S :S
∐

S → S is the structure morphism. The functor + then respects the

coproducts.
To define the the smash product ∧Z+ , we identify objects over Z+ in C+ with objects

over Z
∐

S in C, and define

X+ ∧Z+ Y + := (X ×Z
∐

S Y )+.

We have as well the absolute smash product

X+ ∧ Y + := X+ ∧∗ Y
+.

The smash product ∧ gives C+ and C+/C+ the structure of symmetric monoidal categories,
and makes + a symmetric monoidal functor.

(4.1.4) Presheaves

Let G be a presheaf on C, with values in an additive category A. Suppose that G transforms
finite disjoint unions into direct sums (e.g., if G is a sheaf for the Zariski topology). We
extend G to a presheaf (also denoted G) on C+ by setting

G(X+) = G(X) (4.1.4.1)

If we have a morphism

f :Y−→X
∐

S

in C, defining the morphism
f :Y +−→X+

in C+, we define
f∗:G(X+)−→G(Y +)

as the composition

G(X+) = G(X)
iX∗−→G(X

∐

S)
f∗

−→G(Y ) = G(Y +).

Here
iX∗:G(X)−→G(X

∐

S) ∼= G(X)⊕ G(S)

is the canonical map given by the assumption that the presheaf transform coproducts in
C to direct sums in A.
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4.2. Complexes associated to multi-simplicial objects

(4.2.1)

Let A be a tensor category, and let F be a graded complex of presheaves on C, with values
in A:

F ∈ C(PreShC(A)); F = ⊕q . . .−→Fn(q)−→Fn+1(q)−→ . . . . (4.2.1.1)

We suppose that we have associative and bi-graded products (graded-commutative in n
and commutative in q).

×: F⊗ F−→F; (4.2.1.2)

i.e., for X and Y in C, we have the map of complexes

×q,q′

X,Y : F(q)(X)⊗ F(q′)(Y )−→F(q + q′)(X ×S Y ),

functorially in X and Y , which is associative and graded-commutative in the obvious sense
(and is commutative with respect to the q-grading). We also assume that F transforms
finite disjoint unions to direct sums.

In particular, we have the extension of the complex of presheaves F to a graded
complex of presheaves on C+; the product (4.2.1.2) extends to maps

×q,q′

X+,Y + : F(q)(X+)⊗ F(q′)(Y +)−→F(q + q′)(X+ ∧ Y +), (4.2.1.3)

functorially in X+ and Y +, by taking

×q,q′

X+,Y + =×q,q′

X,Y : F(q)(X)⊗ F(q′)(Y )−→F(q + q′)(X ×S Y ).

That×q,q′

X+,Y + is indeed functorial in X+ and Y + follows from the identity F(∗) = 0. The

product (4.2.1.3) remains associative and graded-commutative.

(4.2.2) The functor F(q)(−)∗

Let C = (C+)op; C is a symmetric semi-monoidal category with product ∧. We have the
symmetric monoidal category (Z,+); we may apply the construction of (3.2.2), giving the
DG tensor category [C× Z]⊗∞. We note that a cosimplicial object of Z is constant, hence
we may write the objects of [C× Z]⊗∞ as direct sums of sequences

((U1
∗ , u1), . . . , (U

n
∗ , un))

with
U j
∗ ∈ C(∆); uj ∈ Z.

Let U∗ be in
C(∆) = [C+(∆op)]op.
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Composing U∗ with F(q) gives the functor

F(q) ◦ U∗: ∆−→C(A);

we may then take the associated total complex, giving the element

F(q)(U∗)
∗ ∈ C(A).

Sending U∗ to F(q)(U∗)
∗ thus defines a functor

F(q)(−)∗: C(∆)−→C(A). (4.2.2.1)

(4.2.3) The functor F∞

We now extend the functors (4.2.2.1) to a DG tensor functor

F∞ : [C× Z]⊗∞−→C(A) (4.2.3.1)

with
F∞((U1

∗ , u1), . . . , (U
n
∗ , un)) := F(u1)(U

1
∗ )
∗ ⊗ . . .⊗ F(un)(U∗n)∗.

To define F∞ on morphisms, take F :n → m in Ω0, take U1
∗ , . . . , U

∗
n, V 1

∗ , . . . , V
m
∗ in

C(∆), and take non-negative integers p1, . . . , pn, q1, . . . , qm. We write

[p∗] = ([p1], . . . , [pn]); [q∗] = ([q1], . . . , [qm]),

and take

hq1,...,qm
p1,...,pn

∈ Hom[C×Z]∞(((U1
∗ , u1), . . . , (U

∗
n, un)), ((V 1

∗ , v1), . . . , (V
m
∗ , vm)))F ([p∗], [q∗]).

We may write

ΠC×Z(F )((U1
∗ , u1), . . . , (U

n
∗ , un))

= ((ΠC(F )(U1
∗ , . . . , U

n
∗ )1,ΠZ(F )(u1, . . . , un)1),

. . . , (ΠC(F )(U1
∗ , . . . , U

n
∗ )m,ΠZ(F )(u1, . . . , un)m)),

and write hq1,...,qm
p1,...,pn

as an m-tuple

hq1,...,qm
p1,...,pn

=
m
∏

j=1

hq1,...,qm

p1,...,pn,j

hq1,...,qm

p1,...,pn,j : ΠC(F )(U1
∗ ([p1]), . . . , U

n
∗ ([pn]))j−→V

j
∗ ([qj]);
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where we have the condition

ΠZ(F )(u1, . . . , un)j = vj ; j = 1, . . . ,m.

The map hq1,...,qm
p1,...,pn

thus gives the map

F(vj)(ΠC(F )(U1
∗ ([p1]), . . . , U

n
∗ ([pn]))j)

F(h
q1,...,qm
p1,...,pn,j

)

−→ F(vj)(V
j
∗ ([qj ]))

(4.2.3.2)

for each j. As in (3.1.2.3), we have

ΠC(F )(U1
∗ ([p1]), . . . , U

n
∗ ([pn]))j = U

ij
1
∗ ([pij

1
]) ∧ . . . ∧ U

ij

sj

∗ ([pij

sj
])

ΠZ(F )(u1, . . . , un)j = uij
1
+ . . .+ uij

sj
= vj .

for suitable integers ijk (depending only on F ).

The product structure× on F gives us the map

F(uij
1
)(U

ij
1
∗ ([pij

1
]))⊗ . . .⊗ F(uij

sj
)(U

ij

sj

∗ ([pij

sj
]))

Π(F )([p1],...,[pn])∗j
−→ F(vj)(ΠC(F )(U1

∗ ([p1]), . . . , U
n
∗ ([pn]))j).

(4.2.3.3)

Composing (4.2.3.2) with (4.2.3.3), taking the tensor product over j, and composing with
the canonical permutation isomorphism

F(u1)((U
1
∗ ([p1]))⊗ . . .⊗ F(un)((Un

∗ ([pn]))

τ
−→⊗m

j=1 F(uij
1
)(U

ij
1
∗ ([pij

1
]))⊗ . . .⊗ F(uij

sj
)(U

ij

sj

∗ ([pij

sj
])),
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gives the map

F((U1
∗ ([p1]), u1), . . . , (U

n
∗ ([pn]), un))

F(h
q1,...,qm
p1,...,pn )
−→ F((V 1

∗ ([q1]), v1), . . . , (V
m
∗ ([qm]), vm));

F((U1
∗ ([p1]), u1), . . . , (U

n
∗ ([pn]), un)) :=

n
⊗

i=1

F(ui)(U
i
∗([pi])),

F((V 1
∗ ([q1]), v1), . . . , (V

m
∗ ([qm]), vm)) :=

m
⊗

j=1

F(vj)((V
j
∗ ([qj ]))

F(hq1,...,qm
p1,...,pn

) := (
m

⊗

j=1

F(hq1,...,qm

p1,...,pn,j) ◦ΠC(F )([p1], . . . , [pn])∗j ) ◦ τ.

(4.2.3.4)

If we now have an element

h ∈ Hom[C×Z]⊗∞
(((U1

∗ , u1), . . . , (U
n
∗ , un)), ((V 1

∗ , v1), . . . , (V
m
∗ , vm)))d

F

h =
∏

p1,...,pn;q1,...,qm
∑

j
qj−

∑

i
pi=d

hq1,...,qm
p1,...,pn

,

the collection of maps (4.2.3.4) thus defines the map

F∞(h): F∞((U1
∗ , u1), . . . , (U

n
∗ , un))−→F∞((V 1

∗ , v1), . . . , (V
m
∗ , vm))[d]. (4.2.3.5)

Let η:F → η · F be a 2-morphism in Ω; the identity

F∞(h) = F∞(η · h)

follows from the definitions and the graded-commutativity of F. Thus the map (4.2.3.5)
depends only on the image of h in

Hom[C×Z]⊗∞
(((U1

∗ , u1), . . . , (U
n
∗ , un)), ((V 1

∗ , v1), . . . , (V
m
∗ , vm)))d.

This completes the definition of the functor (4.2.3.1); the verification that F∞ gives
a DG tensor functor is straightforward, and is left to the reader. Clearly, the functor
(4.2.3.1) is natural in F and C.

(4.2.4) Remark

If each F(q) is bounded below:

F(q) ∈ C+(PreShC(A)); F(q) = FNq(q)−→ . . .−→Fn(q)−→Fn+1(q)−→ . . .
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then the functor (4.2.3.1) takes values in C+(A)).

4.3. Fibered and cofibered categories

We recall the definition of fibered and cofibered categories, and define the notion of a
fibered symmetric semi-monoidal category.

(4.3.1) Definition

We recall that a fibered category W over a category W consists of a functor

π: W−→W

together with “pull-back functors”

f∗: W(X) := π−1(X)−→W(Y ) := π−1(Y ),

a natural transformation
φf : f∗−→iW(X),

for each morphism f :Y → X in W, where iW(Y ) is the inclusion of W(Y ) in W, and
natural isomorphisms

θf,g: g
∗ ◦ f∗−→(f ◦ g)∗

for each pair of composable morphisms f, g in W, such that, for each pair of composable
morphisms f, g in W,

i) the diagram
h∗ ◦ (g∗ ◦ f∗)

h∗◦θf,g
−→ h∗ ◦ (f ◦ g)∗

↘ θf◦g,h∥

∥

∥

∥

∥

(f ◦ g ◦ h)∗

↗ θf,g◦h

(h∗ ◦ g∗) ◦ f∗ −→
θg,h◦f∗

(g ◦ h)∗ ◦ f∗

commutes

ii) We have
φf◦g ◦ θf,g = φf ◦ (φg ◦ f

∗).

iii) For a morphism f :Y → X in W, and for W ∈W(Y ), W ′ ∈W(X), we let

HomW(W,W ′)/f

be the subset of HomW(W,W ′) of morphisms F with π(F ) = f . Then the functor

◦φf : HomW(Y )(W, f
∗W ′)−→HomW(W,W ′)/f
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is an isomorphism.

We have as well the dual notion, that of a cofibered category.

(4.3.2) Pull-backs

Let W→W be a fibered category over W, and let

Y
f
−→ X

u


y



yv

Y ′ −→
f ′

X ′

be a commutative diagram in W. Let W be in W(Y ), W ′ in W(X) We may send a map

g:W−→f∗W ′

in W(Y ) to the composition

u∗(W )
u∗(g)
−→u∗(f∗(W ′))

θf,u(W ′)
−→ (f ◦ u)∗(W ′)

= (v ◦ f ′)∗(W ′)
θv,f′ (W

′)−1

−→ f ′∗(v∗(W ′))

Composing with the isomorphisms ◦φf and ◦φf ′ gives the pull-back maps

(u, v)∗: HomW(W,W ′)/f−→HomW(u∗(W ), v∗(W ′))/f ′, (4.3.2.1)

which is functorial under composition of such commutative squares.

(4.3.3) The category of fibered categories

A functor of fibered categories
F : W1−→W2

over a functor p0:W1−→W2 is a pair (p,Θ∗) consisting of a functor

p: W1−→W2

over p0, and a natural transformation Θf for each morphism f in W1,

Θf : p ◦ f∗1−→p0(f)∗2 ◦ p

such that

i) For morphism f :Y → X in W1, and each W in W1(X), we have

p(φ1
f (W )) = φ2

p0(f)(p(W )) ◦Θf (W ).
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ii) the diagram

p0(g)
∗2 ◦ p0(f)∗2 ◦ p

p0(g)∗2◦Θf
←− p0(g)

∗2 ◦ p ◦ f∗1

↖ Θg ◦ f
∗1

θ2
f,g◦p









y

p ◦ g∗1 ◦ f∗1

↙ p ◦ θ1
f,g

p0(f ◦ g)
∗2 ◦ p ←−

Θf◦g

p ◦ (f ◦ g)∗1

commutes for each pair of composable morphisms f, g in W.

A natural transformation
ρ: (p,Θ∗)−→(q,Ξ∗)

over a natural transformation
ρ0: p0−→q0

is given by assigning to each W ∈W1(X) a morphism

ρ(W ): p(W )−→q(W ),

over ρ0(X), such that, for each morphism f :Y → X in W and each morphism

F :W ′−→f∗1W

in W1(Y ), the diagram

p(W ′)
ρ(W ′)
−→ q(W ′)

p(F )


y



yq(F )

p(f∗1(W ))
ρ(f∗1(W ))
−→ q(f∗1(W ))

Θf



y



yΞf

p0(f)∗2(p(W ))
(p0(f),q0(f))∗2 (ρ(W ))

−→ q0(f)∗2(q(W ))

commutes, where the pull-back (p0(f), q0(f))∗2 is defined with respect to the commutative
diagram

p0(X)
ρ0(X)
−→ q0(X)

p0(f)


y



yq0(f)

p0(Y ) −→
ρ0(Y )

q0(Y )

(4.3.4) Fibered symmetric monoidal categories

The symmetric monoidal structure in cat (1.1.2) induces a symmetric monoidal structure
on the category of small fibered categories; via the method of §1.2, this in turn gives
the notion of a (strictly associative) fibered symmetric semi-monoidal category over a
symmetric semi-monoidal category. Explicitly, this is given by a fibered category W →
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W over a symmetric monoidal category (W,×W , tW), together with the structure of a
symmetric semi-monoidal category on W, (W,×W, tW), such that

×W: W×W−→W

is a functor of fibered categories over the functor

×W :W ×W−→W

and with tW a natural transformation over tW . The associativity isomorphisms are handled
similarly if we do not assume strict associativity.

4.4. Canonical co-chains and co-chain operations

We now show how a multiplicative complex of presheaves on C, with values in a tensor
category A, together with a choice of “canonical co-chains” parametrized by a categoryW,
gives a representation of (Wop)⊗,h into the category of complexes in A. We assume that
filtered direct limits are representable in A, and that the tensor product commutes with
filtered direct limits.

(4.4.1)

A category B is called left-directed if

i) for each pair of objects x, y of B, there is an object z of B, and morphisms z → x,
z → y.

ii) for each pair of objects x, y of B, there is at most one morphism x→ y.

A functor
F :B−→B′

is call left-final if, for each morphism

f ′: a′−→b′

in B′, there is a morphism
f : a−→b

in B and a commutative diagram in B′

F (a)
F (f)
−→ F (b)



y



y

a′ −→
f ′

b′

in B′.



404 Co-chain operations

(4.4.2)

As in earlier sections of this chapter, we let C denote the category (C+)op. The category of
pointed simplicial objects C+(∆op) is a symmetric semi-monoidal category with product
∧s:

U∗ ∧
s V∗ = diag[U∗ ∧ V∗]∗.

(4.4.3)

Let (W, w) be a symmetric semi-monoidal category, with product ×, together with sym-
metric semi-monoidal functor

w:W−→Z.

We let WZ denote the additive category generated by W; the symmetric semi-monoidal
structure on W makes WZ a tensor category without unit.

We suppose that we have a symmetric semi-monoidal category RSCov(W), with prod-
uct ×rs, a symmetric semi-monoidal functor

π: RSCov(W)−→W,

together with a functor
p: RSCov(W)−→C+(∆op),

and a natural transformation
χ: p ◦ ×rs−→∧s ◦p

such that

(4.4.3.1)

i) the category RSCov(W) is fibered over W via

(π,Θ): RSCov(W)−→W,

and the symmetric semi-monoidal structure on RSCov(W) extends to make RSCov(W) a
fibered symmetric semi-monoidal category over W.

ii) The pair (p, χ) defines a lax functor (see (1.1.1)(iii)) of symmetric semi-monoidal cate-
gories .

iii) For each X in W, the fiber of RSCov(W) over X, RSCov(X), is left directed.

iv) Given an object U∗ in RSCov(X), let RSCov(X)U∗ denote the full subcategory of
RSCov(X) of objects V∗ which have a morphism V∗ → U∗. Then RSCov(X)U∗ is left final
in RSCov(X).

We denote the pull-back in RSCov(W) associated to a morphism f :Y → X in W by f ∗rs .

The category RSCov(W) will arise when we apply Friedlander’s technique of “rigid
hypercovers” to give canonically defined complexes F̌ representing the derived object RΓF

of a complex F of sheaves on a Grothendieck site.
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(4.4.4) The functor F̌

Let F be a graded complex of presheaves on C, as in (4.2.1.1), with associative, bi-graded
product (4.2.1.2); we assume as in (4.2.1) that F transforms finite disjoint unions to direct
sums. We have the functor (4.2.3.1); we now restrict to the sub-categories RSCov(X), and
take limits to eliminate the dependence on the simplicial objects U∗. This will define a
DG tensor functor

F̌: (Wop
Z )⊗,h−→C(A). (4.4.4.1)

(see (4.4.3) and (3.1.6)).
For X in W, define F̌(X) as the (filtered) direct limit

F̌(X) = lim
→

U∗∈RSCov(X)op
F(w(X))(p(U∗))

∗. (4.4.4.2)

We extend the definition of F̌ to objects of the additive category WZ generated by W by
taking direct sums, and to objects of (Wop

Z )⊗,h by setting

F̌(X1, . . . , Xn) = F̌(X1)⊗ . . .⊗ F̌(Xn).

As tensor products commute with filtered direct limits in A by assumption, we have the
natural isomorphism

F̌(X1, . . . , Xn) ∼= lim
→

(U1
∗ ,...,Un

∗ )

F∞((p(U1
∗ ), w(X1)), . . . , (p(U

n
∗ ), w(Xn))

for X1, . . . , Xn in W, where the limit is over

(U1
∗ , . . . , U

n
∗ ) ∈ (RSCov(X1)× . . .× RSCov(Xn))op.

To define F̌ on morphisms, proceed as follows: Let F :n→ m be a map in Ω0, let

g = (g1, . . . , gm):Y∗−→ΠW(F )(X∗) (4.4.4.3)

be a map in Wm, and let

h =
∏

∑

j
qj−

∑

j
pj=d

n
∏

i=1

hq1,...,qm

p1,...,pn,i

hq1,...,qm

p1,...,pn,i: [pi]−→[qF (i)]

be a collection of maps in ∆, giving the map

g ⊗ h:X∗−→Y∗[d]
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in (Wop
Z )⊗,h. We write

X∗ := (X1, . . . , Xn), Y∗ = (Y1, . . . , Ym),

U∗∗ := (U1
∗ , . . . , U

n
∗ ), V ∗∗ = (V 1

∗ , . . . , V
m
∗ ),

(p(U∗∗ ), w(X∗)) := ((p(U1
∗ ), w(X1)), . . . , (p(U

n
∗ ), w(Xn))),

(p(V ∗∗ ), w(Y∗))) := ((p(V 1
∗ ), w(Y1)), . . . , (p(V

m
∗ ), w(Ym))),

etc. We may write

ΠW(F )(X∗) = (ΠW(F )(X∗)1, . . . ,ΠW(F )(X∗)m),

ΠW(F )(X∗)j = Xij
1
× . . .×Xij

sj
,

where the sequences (ij1, . . . , i
j
sj ) are determined by the map F , and satisfy

F−1(j) = {ij1, . . . , i
j
sj}.

Take U i
∗ ∈ RSCov(Xi) for i = 1, . . . , n. Then

ΠC+(F )(p(U∗∗ )) = (ΠC+(F )(p(U∗∗ ))1, . . . ,ΠC+(F )(p(U∗∗ ))m),

ΠC+(F )(p(U∗∗ ))j = p(U
ij
1
∗ ) ∧ . . . ∧ p(U

ij

sj

∗ ).

In addition, we have

ΠZ(F )(w(X∗))j = w(Xij
1
) + . . .+ w(Xij

sj
)

= w(Xij
1
× . . .×Xij

sj
)

= w(ΠW(F )(X∗)j)

(4.4.4.4)

Fix p1, . . . , pn and q1, . . . , qm, with
∑

j qj −
∑

j pj = d, and write

p∗ = p1, . . . , pn, [p∗] = ([p1], . . . , [pn]),

q∗ = q1, . . . , qm, [q∗] = ([q1], . . . , [qm]),

Applying the functor

p(U
ij
k
∗ ): ∆op−→C+
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to hq∗
p∗,i

j
k

for k = 1, . . . , sj defines the maps

p(U
ij
k
∗ )(hq∗

p∗,i
j
k

): p(U
ij
k
∗ )([pij

k
])−→p(U

ij
k
∗ )([qj]);

k = 1, . . . , sj.

(4.4.4.5)

in C+. We let

p(U
ij
1
∗ ([qj ])) ∧ . . . ∧ p(U

ij

sj

∗ ([qj]))

p(U∗)(h
q∗
p∗,j

)
−→ p(U

ij
1
∗ ([pij

1
])) ∧ . . . ∧ p(U

ij

sj

∗ ([pij

sj
]))

(4.4.4.6)

be the product over k of the maps (4.4.4.5).
Let p(U∗)

j∧ be the simplicial object

p(U∗)
j∧ := p(U

ij
1
∗ ) ∧s . . . ∧s p(U

ij

sj

∗ ),

i.e., p(U∗)
j∧ has q-simplices

p(U∗)
j∧([q]) = p(U

ij
1
∗ )([q]) ∧ . . . ∧ p(U

ij

sj

∗ )([q]).

Similarly, let U j×rs

∗ be the object of RSCov(ΠW(F )(X1, . . . , Xn)j),

U j×rs

∗ := U
ij
1
∗ ×

rs . . .×rs U
ij

sj

∗

By our assumption (4.4.3.1)(ii), we have the natural map

χj : p(U
j×rs

∗ )−→p(U∗)
j∧. (4.4.4.7)

We have the maps (4.4.4.3)

gj:Yj−→ΠW(F )(X1, . . . , Xn)j ; j = 1, . . . ,m;

in W; as Z has only the identity morphisms, we have by (4.4.4.4)

w(Yj) = w(ΠW(F )(X∗)j) = ΠZ(F )(w(X∗))j . (4.4.4.8)

We may form the pull-backs

g∗rs

j (U j×rs

∗ ) ∈ RSCov(Yj)
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for each j.

Take V j
∗ in RSCov(Yj)g∗rs

j
(U j×rs

∗ ) (4.4.3.1)(iv) for j = 1, . . . ,m. Since each RSCov(Y )

is left directed by (4.4.3.1)(iii), there are unique maps in RSCov(Yj)

φj :V
j
∗−→g

∗rs

j (U j×rs

∗ ); j = 1, . . . ,m.

giving the maps
Φj :V

j
∗−→U

j×rs

∗

over gj . Applying p gives the maps in C+

p(Φj): p(V
j
∗ )−→p(U j×rs

∗ ). (4.4.4.9)

We may then take the composition of the maps (4.4.4.6), (4.4.4.7) and (4.4.4.9):

p(V j
∗ )([qj ])

p(Φj)([qj ])
−→ p(U j×rs

∗ )([qj ])

χj([qj ])
−→ p(U∗)

j∧([qj])

= p(U
ij
1
∗ )([qj ]) ∧ . . . ∧ p(U

ij

sj

∗ )([qj ]))

p(U∗)(h
q∗
p∗,j

)
−→ p(U

ij
1
∗ )([pij

1
]) ∧ . . . ∧ p(U

ij

sj

∗ )([pij

sj
]),

which we denote by
(U∗∗ , V

j
∗ )(g ⊗ h)q∗

p∗
. (4.4.4.10)

The opposite map to the product of the maps (4.4.4.10)

(U∗∗ , V
∗
∗ )(g ⊗ h)q∗

p∗
:= [

n
∏

j=1

(U∗∗ , V
j
∗ )(g ⊗ h)q∗

p∗
]op

defines by (4.4.4.8) an element
(U∗∗ , V

∗
∗ )(g ⊗ h)q∗

p∗
(4.4.4.11)

of
Hom[C×Z]∞((p(U∗∗ ), w(X∗)), (p(V

∗
∗ ), w(Y∗)))([p∗]; [q∗])F .

Taking the product over all p∗ = p1, . . . , pn and q∗ = q1, . . . , qm of the maps (4.4.4.11)
defines the element

(U∗∗ , V
∗
∗ )(g ⊗ h) (4.4.4.12)

of
Hom[C×Z]⊗∞

((p(U∗∗ ), w(X∗)), (p(V
∗
∗ ), w(Y∗))).
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We may then apply the functor F∞ to (4.4.4.12), giving the morphism

F∞((p(U∗∗ ), w(X∗)))
F∞((U∗∗ ,V ∗∗ )(g⊗h))

−→ F∞((p(V ∗∗ ), w(Y∗))). (4.4.4.13)

in C(A). By our assumptions (4.4.3.1)(iii), (iv), the natural map

lim
→

V j
∗ ∈RSCov(Yj)

g
∗rs
j

(U
j×rs

∗ )

F∞((p(V ∗∗ ), w(Y∗)))−→F̌(Y1, . . . , Ym)

is an isomorphism. As the map F∞((U∗∗ , V
∗
∗ )(g ⊗ h)) is clearly natural in U∗∗ and V ∗∗ , we

may take the limit in (4.4.4.13), giving

F̌(g ⊗ h): F̌(X1, . . . , Xn)−→F̌(Y1, . . . , Ym)

F̌(g ⊗ h) := lim
→

Ui
∗∈RSCov(Xi)

lim
→

V j
∗ ∈RSCov(Yj)

g
∗rs
j

(U
j×rs

∗ )

F∞((U∗∗ , V
∗
∗ )(g ⊗ h)). (4.4.4.14)

It follows easily from the functoriality of F∞ that the maps (4.4.4.14) do indeed define
a functor, natural in F, W and RSCov(W):

F̌ = F̌RSCov(W): (W
op
Z )⊗,h−→C(A). (4.4.4.15)

The verification that (4.4.4.15) is a DG tensor functor follows from the fact that F∞

is a DG tensor functor, together with the assumptions of (4.4.3.1); this verification is
straightforward, albeit tedious, and is left to the reader.

(4.4.5) Remark

If each functor complex F(q) is bounded below:

F(q) ∈ C+(PreShA(C)); F(q) = FNq (q)−→ . . .−→Fn(q)−→Fn+1(q)−→ . . . ,

then it follows from (4.2.4) and the construction of this section that the functor (4.4.4.15)
takes values in C+(A).
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Chapter 5

Grothendieck topologies and hypercovers

In this chapter, we review the construction of the coskeleton functors, and the notion of a
hypercover from [SGA-4].

5.1. Simplicial objects and the coskeleton

(5.1.1) Grothendieck topologies

Let S be a Grothendieck topology on a full subcategory C of SchS ; we assume that C
is a symmetric monoidal sub-category of SchS (with product ×S), and is closed under
finite fiber products, arbitrary disjoint union, and taking open subschemes and closed
subschemes. Finally, we assume that the topology S is finer than the Zariski topology.

We have the category C/C of morphisms in C, which is a category fibered and cofibered
over C via the functor

rng: C/C−→C

rng(X−→Y ) = Y.

(see §4.3 for details on fibered categories). We also have the functor

dom: C/C−→C

dom(X−→Y ) = X.

The topology S has as data the full fibered subcategory S(C) of C/C, and the full fibered
subcategory CovS(C) of S(C). The fiber S(X) of S(C) over X ∈ C is the category of
“opens of X” U → X for the topology S, and the fiber CovS(X) of CovS(C) is the
category of covers U → X of X for the topology S. These categories satisfy various
axioms; we refer the reader to ([SGA-4], II) for a complete list.

(5.1.2) Simplicial objects of C

For an integer n ≥ 0, we have the full subcategory ∆≤nop of ∆op with objects [0], . . . , [n],
and the inclusion functor

in: ∆≤nop−→∆op (5.1.2.1)

We have the category C(∆op) of simplicial objects of C and the category C(∆≤nop) of
n-truncated simplicial objects of C. For X ∈ C, we have the category of objects over X,
C/X, the category of simplicial objects in C/X, C(∆op)/X, and the category of n-truncated
simplicial objects in C/X, C(∆≤nop)/X. An object of C(∆op)/X or C(∆≤nop)/X is called
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augmented over X. The category C(∆op)/C is the category of pairs (X∗, X) with X in C
and X∗ → X augmented over X; a morphism

(f∗, f): (X∗−→X)−→(Y∗−→Y )

is a morphism f∗:X∗ → Y∗ in C(∆op) such that fn:Xn → Yn is a map over f for each n.
Given objects

Y∗−→X, Z∗−→X

in C(∆op)/X, we may form the fiber product (as functors)

(Y∗ ×X Z∗)∗; (Y∗ ×X Z∗)n = Yn ×X Zn;

this gives the functor
rng: C(∆op)/C−→C

the structure of a fibered category over C; the truncated version

rng: C(∆≤nop)/C−→C

is defined similarly.
The functor (5.1.2.1) induces the restriction functor

i∗n: C(∆op)−→C(∆≤nop)

the fibered version
i∗n,C : C(∆

op)/C−→C(∆≤nop)/C

and the fiber over X
i∗n,X : C(∆op)/X−→C(∆≤nop)/X. (5.1.2.2)

We often denote the simplicial object i∗n,XY∗ by Y ≤n
∗ .

(5.1.3) The coskeleton

For integers m,n ≥ 0, we let ∆≤n/[m] be the full subcategory of the category of morphisms
to [m] in ∆, ∆/[m], with objects

[k]−→[m]

where 0 ≤ k ≤ n. Take Y∗ ∈ C(∆
≤nop)/X, giving the functor

Y∗ ◦ dom: (∆≤n/[m])op−→C/X,

[k]−→[m] 7→ Yk.

Let
iXn,∗(Y∗) ∈ C(∆

op)/X
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be given by
iXn,∗(Y∗)m = lim

←

(∆≤n/[m])op

Y∗ ◦ dom;

for a morphism h: [m′]→ [m] in ∆, the functor

h∗: (∆
≤n/[m′])op−→(∆≤n/[m])op

defines the morphism over X

iXn,∗(Y∗)(h): i
X
n,∗(Y∗)m−→i

X
n,∗(Y∗)m′ .

This defines the functor
iXn,∗: C(∆

≤nop)/X−→C(∆op)/X (5.1.3.1)

which is right adjoint to the functor (5.1.2.2); we let

coskX
n : C(∆op)/X−→C(∆op)/X (5.1.3.2)

be the composition iXn,∗ ◦ i
∗
n,X .

For X∗ → X, the identity on X≤n
∗ thus gives the canonical map

νX∗,n
∗ :X∗−→coskX

n (X∗)∗ (5.1.3.3)

In addition, as the category ∆≤n/[m] has the initial object id[m] in case m ≤ n, the map
νX∗,n

m is an isomorphism for m ≤ n.

(5.1.4)

We now extend the functors i∗n,X and coskX
n to functors

i∗n,C : C(∆
op)/C−→C(∆≤nop)/C

coskCn: C(∆op)/C−→C(∆op)/C.
(5.1.4.1)

The definition of i∗n,C is obvious; for coskCn, we note that a morphism

(g∗, f): (Y∗−→X)−→(Y ′∗−→X
′)

in C(∆≤nop) over f :X → X ′ gives the natural transformation

g∗:Y∗ ◦ dom−→Y ′∗ ◦ dom

This then defines the morphism

ifn∗(g∗): i
X
n∗(Y∗)−→i

X′

n∗ (Y
′
∗),
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which defines the functor

iCn∗: C(∆
≤nop)/C(∆op)−→C(∆op)/C(∆op) (5.1.4.2)

right adjoint to i∗n,C . We set

coskCn = iCn∗ ◦ i
∗
n,C . (5.1.4.3)

We often write coskf
n(f∗) or ifn∗(f∗) for coskCn(f∗) or iCn∗(f∗) applied to a morphism f∗ over

f .

(5.1.5) Remarks

i) Let
f :Y−→X

be a map in C. We have the functor

f∗: C(∆
op)/Y−→C(∆op)/X

gotten by composing the augmentation over Y with f . It follows from the adjoint property

HomC(∆op)/Y (U∗, f
∗V∗) ∼= HomC(∆op)/X(f∗U∗, V∗)

for U∗ → Y in C(∆op)/Y , V∗ → X in C(∆op)/X, that the projection

p1: f
∗V∗ = V∗ ×X Y−→V∗

induces the isomorphism

coskY
n ◦ f

∗(−)−→f∗(coskX
n (−)).

ii) For augmented simplicial schemes

U∗−→X; V∗−→X,

we may form the diagonal simplicial scheme

diag[U∗ ×X V∗]∗−→X

diag[U∗ ×X V∗]n = Un ×X Vn,

which we denote by U∗ ×
s
X V∗. The operation ×s

X gives products in C(∆op)/X. Arguing
as in (i), we see that the natural transformation

d.c.n,X : coskX
n ◦ [−×s

X −]−→coskX
n (−)×s

X coskX
n (−)
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induced by the projections

p1:U∗ ×
s
X V∗−→U∗; p2:U∗ ×

s
X V∗−→V∗

is an isomorphism.

iii) Let U∗−→X and V∗−→Y be in C(∆op)/C. We may form the bi-simplicial object
U∗ ×S V∗, with

(U∗ ×S V∗)nm = Un ×S Vm,

and the diagonal simplicial object

diag[U∗ ×S V∗]∗,

diag[U∗ ×S V∗]k = Uk ×S Vk.

We write U∗×
s V∗ for diag[U∗×S V∗]∗. Arguing as in (i), we see that the natural transfor-

mation
d.c.n,X,Y : coskX

n (−)×s coskY
n (−)−→coskX×SY

n ◦ [−×s −]

induced by the projections is an isomorphism. The operation ×s defines a product in
C(∆op)/C, hence gives C(∆op)/C the structure of a symmetric semi-monoidal category,
and gives the functor

rng: C(∆op)/C−→C

the structure of fibered functor of symmetric semi-monoidal categories.

iv) For U∗ in C(∆op)/X, we write cXn (U∗) for coskX
n−1(U∗)n; for V∗ in C(∆op)/Y and a

map f∗:V∗ → U∗ over a map f :Y → X, we write

cfn(f∗): c
Y
n (V∗)−→c

X
n (U∗)

for the map
coskf

n−1(f∗)n: coskY
n−1(V∗)n−→coskX

n−1(U∗)n.

We write
νU∗

n :Un−→c
X
n (U∗)

for the map νU∗,n−1
n (5.1.3.3). We set cX0 (U∗) = X, cf0 (f∗) = f and let

νU∗
0 :U0−→X

be the structure morphism.
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5.2. Hypercovers

(5.2.1) Definition

i) Let X be in C(∆op). A hypercover of X for the topology S is an augmented simplicial
object V∗ → X such that for each n = 0, 1, 2, . . ., the natural map (5.1.5)(iv)

νV∗
n :Vn−→c

X
n (V∗)

is in CovS(cXn (V∗)).

ii) The category HCovS(C) of hypercovers is the full sub-category of C(∆op)/C with fiber
over X having objects the hypercovers of X. For X in C, we denote the fiber of HCovS(C)
over X by HCovS(X).

(5.2.2) Remark

i) It follows from (5.1.5)(i) that, if U∗ → X is a hypercover of X, and f :Y → X is a
simplicial map, then f∗V∗ → X is a hypercover of X. This gives HCovS(C) the structure
of a fibered subcategory of C(∆op)/C. If U∗ → X and V∗ → X are hypercovers of X,
then from (5.1.5)(ii), the fiber product U∗ ×

s
X V∗ is a hypercover of X, giving products

in HCovS(X); if U∗ → X is a hypercover of X and V∗ → Y is a hypercover of Y , then
from (5.1.5)(iii), the product U∗ ×

s V∗ is a hypercover of X ×S Y . This makes HCovS(C)
a symmetric semi-monoidal subcategory of C(∆op)/C.

ii) Let U∗ → X be a hypercover of X for the topology S. Then each map

Un−→X

is in CovS(X). Indeed, U0 → X is in CovS(X) by definition; if we assume by induction
that U0 → X, . . . , Un−1 → X are in CovS(X), then, as CovS(X) is closed under finite
inverse limits, it follows that

cXn (U∗)−→X

is in CovS(X). As Un → cXn (U∗) is in CovS(X) by definition, it follows that Un → X is
in CovS(X).

(5.2.3)

For a category A, and for X ∈ C, we let PreShS
X(A) denote the category of presheaves on

X for the topology S, with values in A, and ShS
X(A) the category of sheaves. Let U∗ be

in
S(X)(∆op) ⊂ C(∆op)/X

If F is in PreShS
X(A), then we may apply F to U∗, forming the augmented cosimplicial

object
F(X)−→F(U∗) ∈ F(X)\A(∆).
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If A is an additive category, we may form the associated augmented complex

F(X)−→F(U∗)
∗ ∈ F(X)\C+(A)

with
F(U∗)

n = F(Un)

and differential the usual alternating sum.

(5.2.4) Lemma

Let U∗ → X be in HCovS(X), and let I be a sheaf of abelian groups on SX , with values
in A. Then the augmentation induces an isomorphism

I(X)−→H0(I(U∗)
∗).

If I is an injective sheaf, then
Hp(I(U∗)

∗) = 0

for all p > 0.

Proof. This follows from ([SGA-4], V, Théorème 7.3.2(3)).
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Chapter 6

Rigid topologies and rigid hypercovers

In this chapter we give an axiomatic treatment of Friedlander’s construction of a rigid
Grothendieck topology and rigid hypercovers. This will lead to the construction of cate-
gories satisfying the properties required of RSCov(W) in (4.4.3.1). In addition, the choice
of the proper functor

p: RSCov(W)−→C+(∆op)/W

in (4.4.3.1) will give functorial models for the derived functor RΓXF of a sheaf F, as well
as the derived functor of the functor of sections with support in a closed subset RΓW

X F .

6.1. Some categorical preliminaries

(6.1.1)

A functor
p:A−→B

is called left dense if, for each object b of B, there is an object a of A and a morphism

p(a)−→b

in B.

(6.1.2) Functors of categories with fiber products

For a categoryA, we have the category of maps inA,A/A and the category of commutative
squares in A, SqA with objects commutative squares

A∗∗ :=

A11 −→ A01


y



y

A10 −→ A00

and maps f∗∗:A∗∗ → B∗∗ being collections fij :Aij → Bij such that the obvious diagram
is commutative. Sending A∗∗ to A00 gives the functor

π00: SqA−→A.

Deleting A11 gives the functor

π11: SqA−→A/A×A A/A.
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Sending A to SqA gives a functor Sq from cat to cat, and π00 is a natural transformation
from Sq to id.

If A has fiber products, sending a pair (Y → X,Z → X) to the diagram

Y ×X Z
p1
−→ Y

p2



y



y

Z −→ X

gives the functor
−×− −:A/A×A A/A−→SqA.

over the identity on A/A×A A/A

(6.1.3) Lax functors

Let A and B be categories with fiber products ×A and ×B. A lax functor of categories
with fiber products is a pair (p,Θ), where

p:A−→B

is a functor, and Θ is a natural transformation

Θ: Sq(p) ◦ (−×A− −)−→(−×B− −) ◦ (p/p×p p/p)

over p/p×p p/p (i.e. Θij = id for (i, j) 6= (1, 1)) such that Θ is associative: given Y → X,
Z → X, Z → X ′ and W → X ′, we have Y ×X Z → X ′ and Z ×X′ W → X. Then

αBp(Y ),p(Z),p(W ) ◦ [Θ11((Y → X), (Z → X))× idp(W )] ◦Θ11((Y ×X Z → X ′), (W → X ′))

= [idp(Y ) ×Θ11((Z → X ′), (W → X ′))] ◦Θ11((Y → X), (Z ×X′ W → X)) ◦ p(αAY,Z,W ),

where αA and αB are the respective associativity isomorphisms. We require in addition
that p respects the canonical symmetry isomorphisms:

p(τY→X,Z→X :Y ×X Z → Z ×X Y ) = τp(Y )→p(X),p(Z)→p(X)

τp(Y )→p(X),p(Z)→p(X) : p(Y )×p(X) p(Z)→ p(Z)×p(X) p(Y ).

We define a lax functor of categories with products similarly by taking X to be the
final object in A.
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6.2. Rigidifications

(6.2.1)

For X in C, let C(X) denote the set of connected components of X (for the Zariski topol-
ogy); for Xj ∈ C(X), we let

iXj
:Xj−→X

denote the canonical map. We let Ccon denote the full subcategory of C with objects the
connected schemes in C; we assume that, if X is in C, and X0 is a connected component of
X, then X0 is in C.

(6.2.2)

If we have a functor
F :A−→B

such that, for each object a of A, the fiber F−1(a) is a small category, and if S is a set of
objects of A, we let F−1(S) denote the set of objects b of B with F (b) ∈ S.

Suppose we have a category F :B → Ccon which is cofibered over Ccon, and such that
the fiber F−1(X) is a small category with only identity morphisms for all X in Ccon. For
each map j:Y → X in Ccon, we have the corresponding map of sets

j∗:F
−1(Y )−→F−1(X).

We say that F respects disjoint unions if, for each finite decomposition

X =
N
∐

j=1

Yj

of X ∈ Ccon as a disjoint union of connected locally closed subsets

ji:Yj−→X,

the map

∪N
i=1ji∗:

N
∐

j=1

F−1(Yj)−→F
−1(X).

is an isomorphism of sets.

(6.2.3) Definition

Let S be a Grothendieck topology on C, as in (5.1.1). A rigidification rS of S consists of

i) a category rC with fiber products ×r, and a faithful lax functor of categories with fiber
products

(q,Θ): rC−→C
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ii) a full fibered sub-category rS(rC) of rC/rC with fiber rS(X ′) over X ′

such that

a) For X ′ in rC, q(X ′) is in Ccon, and the category rC is cofibered over Ccon.

b) For each X ′ in rC, the sub-category rS(X ′) of rC/X ′ is closed under ×r
X′ .

c) For each X in Ccon, the category q−1(X) is a small category with only identity mor-
phisms. The functor q is compatible with disjoint unions. We denote the category

∏

X′∈q−1(C(X))

rS(X ′).

by CovrS(X).

d) For each X and Y in C, the structure morphisms

pX :X−→S; pY :Y−→S

and projections
p1:X ×S Y−→X; p2:X ×S Y−→Y,

define the commutative diagram of sets

q−1(C(X ×S Y ))
p1∗
−→ q−1(C(X))

p2∗



y



y

q−1(C(Y )) −→
pY ∗

q−1(C(S)).

Then the induced map

q−1(C(X ×S Y ))−→q−1(C(X))×q−1(C(S)) q
−1(C(Y ))

is an isomorphism.

e) A morphism
j:U−→X ′

in rC is in rS(X ′) if and only if

q(j): q(U)−→q(X ′)

is in S(q(X ′)).

f) Sending an object
∏

X′∈q−1(C(X))

j′X′ :U
′
X′−→X

′
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of CovrS(X) to

∪X′∈q−1(C(X)) iq(X′) ◦ q(j
′
X′):

∐

X′∈q−1(C(X))

q(U ′X′)→ X

sends CovrS(X) into CovS(X); we denote the resulting functor by

qX : CovrS(X)−→CovS(X).

g) for each X ′ in rC, the category rS(X ′) is left-directed.

h) For each X in C, the functor

qX : CovrS(X)−→CovS(X)

is left dense.

(6.2.4) Remarks

i) It follows from (b) that rC is strictly cofibered over Ccon, i.e., we have the identity of
co-base change functors

(f ◦ g)∗ = f∗ ◦ g∗

for composable morphisms f and g in Ccon. Similarly, as rC is cofibered over Ccon, (b)
implies that the functor q is faithful. Thus, for each morphism f :Y → X in Ccon, and each
Y ′ ∈ q−1(Y ), we have the canonical lifting of f to

fY ′ :Y
′−→f∗(Y

′).

The map fY ′ is the unique lifting of f with domain Y ′, hence

fg∗(Z′) ◦ gZ′ = (f ◦ g)Z′

for morphisms f :Y → X, g:Z → Y in Ccon, and Z ′ ∈ q−1(Z). If we have a connected
scheme W0 in C, a map

iW0
:W0−→W

and a map f :W → Y in C, there is a unique connected component

iY0
:Y0−→Y

and a map
f0:W0−→Y0

making the diagram
W0

iW0−→ W

f0



y



yf

Y0 −→
iY0

Y
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commute. If W ′0 is in q−1(W0), we define f∗(W
′
0) to be f0∗(W0). This defines the push-

forward
f∗: q

−1(C(W ))−→q−1(C(Y )) (1)

for each map f :W → Y in C. For X in C, we let r(X) denote the set q−1(C(X)), and we
write the morphism (1) as

r(f): r(W )−→r(Y ).

This defines the functor
r: C−→Sets.

ii) Suppose we have a cartesian diagram in rC:

X ′ ×r
Z′ Y

′ pr
2−→ Y ′

pr
1



y



yf

X ′ −→
g

Z ′

giving the diagram in C:

q(X ′ ×r
Z′ Y

′)

↘ Θ

q(X ′)×q(Z′) q(Y
′))

p2
−→ q(Y ′)

p1



y



yq(f)

q(X ′) −→
q(g)

q(Z ′).

with
q(pr

1) = p1 ◦Θ; q(pr
2) = p2 ◦Θ.

Then, by the uniqueness mentioned in (i), we have

X ′ = (p1 ◦Θ)∗(X
′ ×r

Z′ Y
′)

Y ′ = (p2 ◦Θ)∗(X
′ ×r

Z′ Y
′)

and
pr

i = (pi ◦Θ)X′×r

Z′
Y ′ ; i = 1, 2.

iii) Let X and Y be in C. For a pair

(X ′, Y ′) ∈ r(X)×r(S) r(Y )

we may form the fiber product

X ′ ×r
S′ Y

′; S′ = pX∗(X
′) = pY ∗(Y

′),
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where pX and pY are the structure morphisms. The natural transformation Θ sends
q(X ′×r

S′ Y
′) into a connected component of X×S Y ; applying the co-base change, we have

the canonical morphism

θX′,Y ′ :X
′ ×r

S′ Y
′−→W ′ := Θ∗(X

′ ×r
S′ Y

′).

This determines the map

×r: r(X)×r(S) r(Y )−→r(X ×S Y ).

By (d) and (i) above, ×r is an isomorphism.

iv) From (g), it follows that CovrS(X) is left-directed for each X in C

v) It follows from (e) and the faithfulness of q that: For each j:U ′ → X ′ in rS(X ′), the
functor

j ◦ (−): rS(U ′)−→rC/j

sends rS(U ′) isomorphically onto rS(X ′)/j. Let U and X be in Ccon, and let j:U → X
be a map in S(X). Then, for each U ′ ∈ q−1(U), the map

j∗: rC/U
′−→rC/j∗U

′

sends rS(U ′) into rS(j∗U
′).

vi) Let U be in CovrS(X). We write the morphism qX(U) as

qU : q⊥⊥dom(U)−→X.

vii) As a guide to the subsequent material, we give an example of a rigidification: Let
S = Zar be the Zariski topology on the category C of disjoint unions of schemes of finite
type over a field k. Fixing an algebraic closure k̄ of k, we have, for each X ∈ C, the set of
k̄-points X(k̄). Let rC be the category of pairs (X, x) where X in C is connected, and x is
in X(k̄); a morphism

f : (X, x)−→(Y, y)

is a morphism f :X → Y in C sending x to y. Given a diagram

(Y, y)


y

(Z, z) −→ (X, x)

in rC, define (Y ×X Z)(y,z) to be the connected component of Y ×X Z containing (y, z).
We then set

(Y, y)×r
(X,x) (Z, z) = ((Y ×X Z)(y,z), (y, z)).

and let
Θ(X,x),(Y,y),(Z,z): (Y ×X Z)(y,z)−→Y ×X Z
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be the inclusion.

We have the functor

q: rC−→C

(X, x) 7→ X.

For (X, x) ∈ rC, let rZar((X, x)) be the full subcategory of rC/(X, x) consisting of

j: (U, u)−→(X, x)

with j:U → X an open immersion. It is then an easy exercise to check that (rC, q,Θ, rZar)
defines a rigidification of Zar. In addition, the functor r of (i) is given by

r(X) = X(k̄).

6.3. Functorial properties of rigidifications

(6.3.1) Rigid pull-back

Let f :Y ′ → X ′ be a map in rC; denote the pull-back map

(U → X ′) 7→ (U ×r
X′ Y

′ → Y ′)

by
f∗r : rC/X ′−→rC/Y ′.

Let f :Y → X be a morphism in C. Define the rigid pull-back map

f∗r : CovrS(X)−→CovrS(Y ) (6.3.1.1)

by

f∗r(
∏

x∈r(X)

Ux → x) =
∏

y∈r(Y ))

f∗r

y (Uf∗y → f∗y).

Using these pull-back maps, we define the fibered category CovrS(C) over C, with
fiber CovrS(X) over X; the functors qX then give a functor of fibered categories over C

qC : CovrS(C)−→CovS(C).

By the uniqueness of the liftings fY ′ discussed above, the functor qC is faithful.
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(6.3.2) Rigid fiber products

For X in C, we have the rigid product

×r
X : CovrS(X)× CovrS(X)−→CovrS(X)

defined by

(
∏

x∈r(X)

Ux → x)×r
X (

∏

x∈r(X)

Vx → x) =
∏

x∈r(X)

Ux ×
r
x Vx → x.

The natural transformation Θ gives the natural maps

ΘX :qX((
∏

x∈r(X)

Ux → x)×r
X (

∏

x∈r(X)

Vx → x))

−→qX (
∏

x∈r(X)

Ux → x)×X qX(
∏

x∈r(X)

Vx → x),

which gives qX the structure of a lax symmetric semi-monoidal functor (see (1.1.1)(iii)).
More generally, let f :Y → X and g:Z → X be maps in C. By (6.2.3)(d), we have the

isomorphism
r(Y ×X Z)−→r(Y )×r(X) r(Z).

Take

U :=
∏

y∈r(Y )

Uy → y ∈ Covr(Y )

V :=
∏

z∈r(Z)

Vz → z ∈ Covr(Z).

Define U ×X V ∈ Covr(Y ×X Z) by

U ×X V =
∏

(y,z)∈r(Y )×r(X)r(Z)

Uy ×
r
f∗y Vz → y ×r

f∗y z)

In particular, for Y and Z in C, we have the product

×r: CovrS(Y )× CovrS(Z)−→CovrS(Y ×S Z).
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6.4. Rigid hypercovers

(6.4.1) Adjoining coproducts

For a category A, we let A⊥⊥ be the category with objects consisting of pairs (S, f), with
S a set and f :S → ObjA a map, and morphisms (S, f)→ (T, g) being a pair (F,G) with
F :S → T a map of sets, and G a collection of maps

Gs: f(s)−→g(F (s)); s ∈ S.

Composition of
(S, f)

(F1,G1)
−→ (T, g)

(F2,G2)
−→ (U, h)

is given by
(F2, G2) ◦ (F1, G1) = (F2 ◦ F1, G3),

where
G3s: f(s)−→h(F2(F1(s)))

is the composition
f(s)

G1s−→g(F1(s))
G2F1(s)

−→ h(F2(F1(s))).

We write an object of A⊥⊥ as
∐

s∈S f(s).

(6.4.2)

Let X be in C. For U ∈ CovrS(X), write

U =
∏

x∈r(X)

jx:Ux → x

We have the commutative diagram

q(Ux)
iUx−→

∐

(U)

q(jx)


y



ypU

q(x) −→
ix

X.

We define the object domU of rC⊥⊥ by

domU :=
∐

x∈r(X)

Ux.

Sending an object
∐

s∈S f(s) of rC⊥⊥ to
∐

s∈S q(f(s)) defines the functor

q⊥⊥: rC
∐

−→C.

This agrees with the notation of (6.2.4)(v).
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(6.4.3) Degenerate simplicial objects

We have the subcategory ∆deg of ∆, with the same objects, where the morphisms f : [m]→
[n] are the surjective maps in ∆. A functor

F∗: ∆
op
deg−→A

is called a degenerate simplicial object of A; the notions of an n-truncated degenerate
simplicial object, and a map of degenerate simplicial objects are the obvious ones.

(6.4.4) Definition

i) Let X be in C. A rigid pre-hypercover of X is a triple (U∗, Ũ∗, i∗) consisting of U∗ → X
in C(∆op)/X, a collection of objects

Ũn ∈ CovrS(cXn (U∗)); n = 0, 1, . . . ,

a degenerate simplicial object domŨ∗ in rC⊥⊥ with n-simplices domŨn and maps

in: q⊥⊥dom(Ũn)−→Un

such that

a) We have the structure map (6.2.4)(vi)

qŨn
: q⊥⊥dom(Ũn)−→cXn (U∗)

and the canonical morphism (5.1.5)(iv)

νU∗
n :Un−→c

X
n (U∗).

Then in is a map over cXn (U∗).
b) The maps in define a map of degenerate simplicial objects

i∗: q
⊥⊥dom(Ũ∗)−→U∗

over X.

If the map i∗ is an isomorphism, we call (U∗, Ũ∗, i∗) a rigid hypercover of X∗.

ii) Let f :Y → X be in C, let (U∗, Ũ∗, i∗) be a rigid pre-hypercover of X, and let (V∗, Ṽ∗, j∗)
be a rigid pre-hypercover of Y . A map

(U∗, Ũ∗, i∗)−→(V∗, Ṽ∗, j∗)

of rigid pre-hypercovers over f is a collection of maps

F∗:U∗−→V∗; F̃n: Ũn−→Ṽn;n = 0, 1, . . . ,
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such that F∗ is a map in C(∆op) over f , F̃n is a map over

cfn(F∗): c
Y
n (V∗)−→c

X
n (U∗),

the maps
domF̃n: domŨn−→domṼn

define a map of degenerate simplicial objects of rC⊥⊥, and

jn ◦ ⊥⊥(F̃n) = Fn ◦ in; n = 0, 1, . . . .

This defines the category of rigid pre-hypercovers PHCovrS(C) as a category over C; we
denote the fiber over X by PHCovrS(X). We let HCovrS(C) denote the full subcategory
of PHCovrS(C) with objects the rigid hypercovers, and write HCovrS(X) for the fiber of
HCovrS(C) over X.

We define the n-truncated versions of rigid pre-hypercovers and rigid hypercovers by
requiring the conditions (a), (b) up to degree n; maps are defined similarly.

(6.4.5) Remark

i) Since the functor q is faithful, so is the functor

q⊥⊥: rC⊥⊥−→C

In particular, if (U∗, Ũ∗, i∗) is a rigid hypercover of X, then the degenerate simplicial
structure on Ũ∗ is determined by the simplicial object U∗ and the isomorphism i∗, hence
is unique.

ii) The projection on the first factor defines the functor over C

pPHCov: PHCovrS(C)−→C(∆op)/C.

iii) By (5.2.1), (6.2.3)(f) and (6.4.4), the restriction of pPHCov to HCovrS(C) defines the
functor over C

pHCov: HCovrS(C)−→HCovS(C).

iv) Since the category CovrS(Z) is left-directed for each Z in C, and is fibered over C, for
objects (U∗, Ũ∗, i∗) and (V∗, Ṽ∗, j∗) of HCovrS(X), there is at most one map

(F∗, F̃∗):U−→V.

in HCovrS(X). Indeed, as the maps in and jn are isomorphisms, the maps Fn are deter-
mined by the maps F̃n. There is at most one map

F̃0: Ũ0−→Ṽ0
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over X, hence (F0, F̃0) is unique. If we assume there is a unique n-truncated map
(F∗, F̃∗)

≤n, then, as
F̃n+1: Ũn−→Ṽn

is a map over cfn(Fn), there is at most one choice for F̃n+1.

(6.4.6) Lemma

Let U be a rigid pre-hypercover of X. Then there is a rigid hypercover iXH∗U of X∗, and a
map

ωU : iXH∗U−→U

over idX∗ , which defines a right adjoint

iXH∗: PHCovrS(X∗)−→HCovrS(X∗)

to the inclusion
iXH : HCovrS(X∗)−→PHCovrS(X∗),

i.e., the map ωU is universal for maps over the identity of rigid hypercovers to U .

Proof. Write

U = (U∗, Ũ∗, i∗); iXH∗U = (V∗, Ṽ∗, j∗), ωU = (F∗, F̃∗).

We define (V∗, Ṽ∗, j∗) and the map (F∗, F̃∗) inductively by degree. We set

Ṽ0 = Ũ0, V0 = q⊥⊥dom(Ṽ0),

F̃0 = idŨ0
, j0 = idV0

, F0 = i0.

A 0-truncated hypercover of X is just an object W̃0 of CovrS(X), together with an iso-
morphism

k0: q
⊥⊥dom(W̃0)−→W0

over X. It is easily seen that each map of rigid 0-truncated pre-hypercovers

(W0, W̃0, k0)−→(U∗, Ũ∗, i∗)
≤0

factors uniquely through

(F0, F̃0): (V0, Ṽ0, j0)−→(U∗, Ũ∗, i∗)
≤0

Now suppose we have constructed an n− 1-truncated rigid hypercover of X,

(V∗, Ṽ∗, j∗)
≤n−1,
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together with a map over idX

(F∗, F̃∗)
≤n−1: (V∗, Ṽ∗, j∗)

≤n−1−→(U∗, Ũ∗, i∗)
≤n−1.

which is universal for maps over idX

W−→(U∗, Ũ∗, i∗)
≤n−1

of n− 1-truncated rigid hypercovers of X. The map F∗ gives the maps

cXl (F∗): c
X
l (V∗)−→c

X
l (U∗); l = 0, . . . , n− 1,

we assume in addition that

Ṽl = cXl (F∗)
∗r(Ũl),

Vl = q⊥⊥dom(Ṽl)

jl = idVl
,

(1)

and
F̃l: Ṽl−→Ũl (2)

is the canonical map over cXl (F∗). From (1), we have

Fl = il ◦ q
⊥⊥dom(F̃l).

The map F∗ induces the map

iXn−1∗(F∗)∗: i
X
n−1∗(V∗)−→coskX

n−1(U∗)∗.

We define Ṽn by
Ṽn = iXn−1∗(F∗)

∗r

n (Ũn),

and set

Vn = q⊥⊥dom(Ṽn)

jn = idVl
,

Fn = in ◦ q
⊥⊥dom(F̃n),

where
F̃n: Ṽn−→Ũn

is the canonical map over coskX
n−1(F∗)n.

Let σ: [n]→ [k] be a surjective map in ∆op, with k < n, and take

xk ∈ r(cXk (V∗)).
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This gives the factor
Vxk
→ xk

in Ṽk. Let
yk = (Fk)∗(xk) ∈ r(cXk (U∗)).

We have the factor
Uyk
→ yk

in Ũk, and the map
F̃ ′xk

: (Vxk
→ xk)−→(Uyk

→ yk)

over (Fk, c
X
k (F∗)). The map

domŨ(σ): domŨk−→domŨn

determines the element yn := yn(yk, σ) of r(cXn (U∗)), the corresponding factor

Uyn
→ yn

in Ũn, and the map
Ũ(σ)yk

:Uyk
−→Uyn

We have the map
iXn−1∗(V∗)(σ):Vk−→i

X
n−1∗(V∗)n;

we let xn := xn(xk, σ) be the element of r(iXn−1∗(V∗)n) determined by

xn = iXn−1∗(V∗)(σ)∗(Vk) (4)

and let
Vn → xn

be the component of Ṽn corresponding to xn. By conditions (a) and (b) of (6.2.3), we have

yn = qŨn∗
(Uyn

)

= νU∗
n∗ (in∗Uyn

)

= νU∗
n∗ (in∗(q

⊥⊥dom(Ũ(σ))∗(Uyk
)))

= νU∗
n∗ (U(σ)∗(ik∗(Uyk

)))

= coskX
k−1(U∗)(σ)∗(ik∗Uyk

).

(5)

By the commutativity of the diagram

Vk

iX
n−1∗(V∗)(σ)
−→ iXn−1∗(V∗)n

Fk



y



yiX
n−1∗(F∗)n

Uk −→
coskX

n−1
(U∗)(σ)

cXn (U∗))
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the conditions of (6.4.4)(ii), and the identities (4) and (5), we have

yn = coskX
n−1(U∗)(σ)∗(ik∗Uyk

)

= coskX
n−1(U∗)(σ)∗(ik∗Fk∗Vxk

)

= iXn−1∗(F∗)n∗(i
X
n−1∗(V∗)(σ)Vxk

)

= iXn−1∗(F∗)n∗(xn).

and the map iXn−1∗(F∗)n lifts to the map

hn:xn−→yn.

Similarly, the map iXn−1∗(V∗)(σ) lifts to the map

gVk
:Vxk

→ xn

giving the commutative diagram
Vxk

gVk−→ xn

Ũ(σ)′◦F̃ ′k



y



yhn

Uyn
−→ yn

(6)

We have the identity
Vxn

= Uyn
×r

yn
xn;

thus, the diagram (6) defines the map

domṼ (σ)xk
:Vxk
−→Vxn(xk,σ);

the collection of these maps over xk ∈ r(cXk (V∗)) thus determines a morphism

domṼ (σ): domṼk−→domṼn

in rC⊥⊥.
It is then easy to check that the diagrams

q⊥⊥dom(Ṽk)
q⊥⊥domṼ (σ)
−→ q⊥⊥dom(Ṽn)

‖


yνV∗
n

q⊥⊥dom(Ṽk) −→
iX
n−1∗

(V∗)(σ)
iXn−1∗(V∗)n

and
dom(Ṽk)

dom(Ṽ (σ))
−→ dom(Ṽn)

dom(F̃k)


y



ydom(F̃n)

dom(Ũk) −→
dom(Ṽ (σ))

dom(Ũn)
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commute.
Now let δ: [k]→ [n] be an arbitrary map in ∆, with k < n. We have the map

iXn−1∗(V∗)(δ): i
X
n−1∗(V∗)n−→Vk;

set
V∗(δ):Vn−→Vk

to be the composition of iXn−1∗(V∗)(δ) with the structure morphism

Vn = q⊥⊥dom(Ṽn)−→iXn−1∗(V∗)n. (7)

For an arbitrary map
δ: [n]−→[k]; δ 6= id[n],

in ∆, we have the unique factorization of δ as

[n]
σ
−→[m]

η
−→[k]

with σ surjective and η injective, hence m < n. We then define

V (δ):Vk−→Vn

by
V (δ) = [q⊥⊥domṼ (σ)] ◦ V (η),

which is well-defined by (1).
The necessary simplicial identities for the maps V (δ) follow from the simplicial iden-

tities satisfied by iXn−1∗(V∗), the fact that the maps V (δ) for δ: [k] → [n], k < n, and

dom(Ṽ )(σ) factor through the structure morphism (7), and the degenerate simplicial iden-

tities satisfied by dom(Ṽ )(σ). This gives V ≤n
∗ the structure of a simplicial object over X∗;

the map Fn:Vn → Un extends F≤n−1
∗ to the simplicial map

F≤n
∗ :V ≤n

∗ −→U
≤n
∗ .

The triple (V∗, Ṽ∗, j∗)
≤n satisfies the conditions for a rigid hypercover of X∗ by construc-

tion, and the pair (F∗, F̃∗)
≤n gives a map of rigid pre-hypercovers over the identity. The

additional inductive assumptions (1) and (2) are satisfied by construction. We now check
that the map (F∗, F̃∗)

≤n is universal. Let (W∗, W̃∗, k∗)
≤n be an n-truncated rigid hyper-

cover of X∗, and let

(G∗, G̃∗)
≤n: (W∗, W̃∗, k∗)

≤n−→(U∗, Ũ∗, i∗)
≤n

a morphism of n-truncated rigid pre-hypercovers. By assumption, the truncation

(G∗, G̃∗)
≤n−1: (W∗, W̃∗, k∗)

≤n−1−→(U∗, Ũ∗, i∗)
≤n−1
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factors uniquely through (F∗, F̃∗)
≤n−1 by a morphism (H∗, H̃∗)

≤n−1; this gives the com-
mutative diagram

cXn (W∗)
cX

n (H∗)
−→ cXn (V∗)

‖


ycX
n (F∗)

cXn (W∗) −→
cX

n (G∗)
cXn (U∗).

and H̃n is a map over cXn (H∗). Thus, we have the canonical map

r: W̃n−→c
X
n (H∗)

∗r(Ũn);

this gives the factorization of G̃n as

W̃n
H̃n−→Ṽn

r′′
−→Ũn (8)

Since q is faithful and cofibered, the map H̃n is the unique map over cXn (H∗) fitting into
such a factorization. We have the commutative diagram

q⊥⊥dom(W̃n)
q⊥⊥dom(H̃n)
−→ q⊥⊥dom(Ũn)

kn



y



yin

Wn −→
Hn

Un;

as kn is an isomorphism, we may define the map

Hn:Wn−→Vn

by
Hn = q⊥⊥dom(H̃n) ◦ k−1

n .

It is then an easy matter to check that the pair (H∗, H̃∗) gives the desired map

(H∗, H̃∗): (W∗, W̃∗, k∗)
≤n−→(V∗, Ṽ∗, j∗)

≤n.

The uniqueness of the map (H∗, H̃∗) follows from the uniqueness of H̃n in the factorization
(8).

We may therefore continue the induction, completing the proof.
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6.5. Structure of the category of rigid hypercovers

We now give several constructions based on (6.4.6).

(6.5.1) Pull-back of rigid hypercovers

Let f :Y → X be in C, and let (U∗, Ũ∗, i∗) be a rigid hypercover of X. We define the pull-
back of (U∗, Ũ∗, i∗), f

∗rs(U∗, Ũ∗, i∗) as follows: We have the simplicial pull-back f ∗U∗ =
U∗ ×X Y → Y ; the map

p1∗: f
∗U∗−→U∗

over f induces the maps

gk: coskY
k (f∗U∗)∗−→coskX

k (U∗)∗

Thus, the pull-back
Ṽk := (gk−1

k )∗r(Ũk)

is in CovrS(cYk (f∗U∗)). Since we have the isomorphisms (5.1.5)(i)

φk: coskY
k (f∗U∗)∗−→f

∗coskX
k (U∗)∗,

the natural transformation Θ induces the map over cYk (f∗U∗)

jk: q⊥⊥dom(Ṽk)−→f∗Uk.

Let
p̃1k: Ṽk−→Ũk

be the canonical map; we then have

ik ◦ q
⊥⊥dom(p̃1k) = p1k ◦ jk.

The degenerate simplicial structure on dom(Ũ∗) induces a degenerate simplicial struc-
ture on dom(Ṽ∗) via pull-back: Let wk be in r(cYk (f∗U∗)), and let

Vwk
−→wk

be the corresponding factor of Ṽk. Let σ: [n] → [k] be a surjection in ∆. As in the proof
of (6.4.6), we have

wn ∈ r(cYn (f∗U∗))

tn ∈ r(cXn (U∗))

tk ∈ r(cXk (U∗))
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determined by

wn = coskY
n−1(f

∗U∗)(σ)∗(jk∗Vwk
)

tn = (gn−1
n )∗wn

tk = (gk−1
k )∗wk.

We have the canonical map
w(σ):Vwk

−→wn

over coskY
n−1(f

∗U∗)(σ). The corresponding factors of Ṽn, Ũn and Ũk satisfy

dom(Ũ)(σ)tk
:Utk
−→Utn

Vwk
= Utk

×tk
wk

Vwn
= Utn

×tn
wn.

Thus, the maps

dom(Ũ)(σ) ◦ p1:Uyk
×tk

wk−→Utn

w(σ) ◦ p1:Uyk
×tk

wk−→wn

determine the map
dom(Ṽ )(σ)wk

:Vwk
−→Vwn

.

It is then easy to check that this defines a degenerate simplicial object with n-simplices
domṼn, and makes the triple

(f∗U∗, Ṽ∗, j∗)

a rigid pre-hypercover of Y∗. The pair (p1∗, p̃1∗) gives a map of rigid pre-hypercovers over
f . We then define f∗rs(U∗, Ũ∗, i∗) by

f∗rs(U∗, Ũ∗, i∗) = iYH∗(f
∗U∗, Ṽ∗, j∗), (6.5.1.1)

and let
prs
1 : f∗rs(U∗, Ũ∗, i∗)−→(U∗, Ũ∗, i∗) (6.5.1.2)

be the composition of (p1∗, p̃1∗) with the canonical map

ω(f∗U∗,Ṽ∗,j∗)
: f∗rs(U∗, Ũ∗, i∗)−→(f∗U∗, Ṽ∗, j∗).

given by (6.4.6). In particular, we have the factorization of the map of simplicial objects

pHCov(p
rs
1 ): f∗rs(U∗)−→U∗

as
f∗rs(U∗)

ω1
(f∗U∗,Ṽ∗,j∗)−→ f∗U∗

p1∗
−→U∗.
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For U = (U∗, Ũ∗, i∗), we write

ω∗rs

f,U : pHCov(f
∗rsU)−→f∗(pHCov(U)) (6.5.1.4)

for the map ω1
(f∗U∗,Ṽ∗,j∗)

.

The pull-back maps f∗rs together with the projections prs
1 gives HCovrS(C) the struc-

ture of a fibered category over C: one constructs, following the inductive construction of
f∗rs , iH∗ and ω, a morphism

(f ◦ g)∗rsU−→g∗rs(f∗rsU)

starting with the canonical map

(f ◦ g)∗r(Ũ0)−→g
∗r(f∗r(Ũ0)).

As HCovrS(Z) is left-directed for each Z ∈ C, this morphism is unique, and thus defines
a natural transformation of the desired form. Using the left-directedness again, it follows
that the necessary coherence diagram commutes.

The pair
(pHCov, ω

∗rs

∗,∗ ): HCovrS(C)−→HCovS(C) (6.5.1.3)

defines a functor of fibered categories over C.

(6.5.2) Fiber-product of rigid hypercovers

Let X be in C,and take (U∗, Ũ∗, i∗) (V∗, Ṽ∗, j∗) in HCovrS(X). We have the simplicial fiber
product

U∗ ×
s
X V∗

and the isomorphism over X

φj : coskX
j (U∗ ×

s
X V∗)−→coskX

j (U∗)×
s
X coskX

j (V∗).

Taking the rigid fiber products gives

Ũn ×
r
X Ṽn ∈ Covr(c

X
n (U∗)×X cXn (V∗)).

We may then take the pull-back by φn−1
n , giving

W̃n := φn−1∗r

n (Ũn ×
r
X Ṽn) ∈ Covr(c

X
n (U∗ ×

r
X V∗)).

The degenerate simplicial structure on dom(Ũ∗) and dom(Ṽ∗) gives, as in (6.5.1), a canon-
ical degenerate simplicial structure for dom(W̃n); the canonical maps

kn: q⊥⊥dom(W̃n)−→Un ×X Vn
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then form a map of degenerate simplicial objects over cXn (U∗×X V∗). This forms the rigid
pre-hypercover (U∗ ×X V∗, W̃∗, k∗) of X, with morphisms

π1: (U∗ ×X V∗, W̃∗, k∗)−→(U∗, Ũ∗, i∗)

π2: (U∗ ×X V∗, W̃∗, k∗)−→(V∗, Ṽ∗, j∗)
(6.5.2.1)

over the identity.
We then define (U∗, Ũ∗, i∗)×

rs
X (V∗, Ṽ∗, j∗) by

(U∗, Ũ∗, i∗)×
rs
X (V∗, Ṽ∗, j∗) := iXH∗(U∗ ×X V∗, W̃∗, k∗);

the canonical map given by (6.4.6),

ω(U∗×X V∗,W̃∗,k∗)
: (U∗, Ũ∗, i∗)×

rs
X (V∗, Ṽ∗, j∗)−→(U∗ ×X V∗, W̃∗, k∗) (6.5.2.2)

together with the projections (6.5.2.1) give the “rigid projections”

prs
1 : (U∗, Ũ∗, i∗)×

rs
X (V∗, Ṽ∗, j∗)−→(U∗, Ũ∗, i∗)

prs
2 : (U∗, Ũ∗, i∗)×

rs
X (V∗, Ṽ∗, j∗)−→(V∗, Ṽ∗, j∗).

(6.5.2.3)

It follows from the universal property of the maps (6.5.2.2), together with the fact
that rigid product ×r

X and simplicial product ×s
X are fiber products, that ×rs

X , together
with the projections (6.5.2.3) forms a product for the category HCovrS(X).

The natural transformation

ω
×rs

X

U,V : pHCov(U ×
rs
X V)−→pHCov(U)×s

X pHCov(V) (6.5.2.4)

determined by the maps (6.5.2.2) gives the functor

pHCov(X): HCovrS(X)−→HCovS(X)

the structure of a lax functor of categories with products.

(6.5.3) Products of rigid hypercovers

We define a product

×rs: HCovrS(X)× HCovrS(Y )−→HCovrS(X ×S Y ) (6.5.3.1)

by a similar procedure as in (6.5.2), where we replace ×r
X , ×s

X and ×X with ×r, ×s and
×S . This gives HCovrS(C) the structure of a fibered symmetric semi-monoidal category
over C, As above, we construct along with the product ×rs the natural transformation

ωrs: pHCov ◦ [(−)×rs (−)]−→×s ◦[pHCov(−)× pHCov(−)]. (6.5.3.2)
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which gives
(pHCov, ω

rs): HCovrS(C)−→HCovS(C)

the structure of a lax symmetric semi-monoidal functor (1.1.1)(iii).

We collect the results of this section in

(6.5.4) Theorem

i) The category
HCovrS(C)−→C

is a fibered symmetric semi-monoidal category over C, with pull-back (6.5.1.1), and product
(6.5.3.1).

ii) The functor

pHCov: HCovrS(C)−→HCovS(C)

(U∗, Ũ∗, i∗) 7→ U∗

together with the natural transformation (6.5.3.2) forms a lax symmetric semi-monoidal
functor

(pHCov, ω
rs): HCovrS(C)−→HCovS(C).

over C.

iii) For each X ∈ C, the category HCovrS(X) is left-directed.

iv) Let X be in C, and let U be in HCovrS(X). Let HCovrS(X)U denote the full subcate-
gory of HCovrS(X) with objects V admitting a map to U. Then HCovrS(X)U is left-final
in HCovrS(X).

Proof. The assertions (i) and (ii) are proved in (6.5.1) and (6.5.3). The assertion (iii)
follows from (6.4.5)(iv) and the existence of products (6.5.2) in HCovrS(X); similarly, (iv)
follows from (iii) and the existence of products in HCovrS(X).



442 Rigid topologies and rigid hypercovers

6.6. Cohomological properties of rigid hypercovers

(6.6.1) Lemma

Let X be in C, Ũ ∈ CovrS(X), and let

g:W−→q⊥⊥dom(Ũ)

be in CovS(q⊥⊥dom(Ũ)). Then there is a map

ρ: Ṽ−→Ũ

in CovrS(X) such that q⊥⊥domρ factors through g in C/X.

Proof. Let Y = q⊥⊥dom(Ũ). By (6.2.3)(i), we may assume that W → q⊥⊥dom(Ũ) is in the
image of

qY : CovrS(Y )−→CovS(Y );

(W−→q⊥⊥dom(Ũ)) = qW̃ : q⊥⊥dom(W̃ )−→Y.

Write Ũ as
Ũ =

∏

x∈r(X)

Ux−→x.

so
Y =

∐

x∈r(X)

q(Ux).

We may then write W̃ as

W̃ =
∏

x∈r(X)

∏

Yx∈r(q(Ux))

WYx
−→Yx.

In particular, we have the factor
WUx
−→Ux; (1)

by (6.2.4)(v), the composition
WUx
−→Ux → x

is in rS(x), hence the product

Ṽ :=
∏

x∈r(X)

WUx
→ x

is in CovrS(X). The maps (1) define the map

ρ: Ṽ−→Ũ
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in CovrS(X); the inclusions

q(WUx
)−→q⊥⊥dom(W̃ ) = W

define the map
f : q⊥⊥dom(Ṽ )−→q⊥⊥dom(W̃ ).

over X. Clearly we have
q⊥⊥dom(ρ) = g ◦ f,

completing the proof.

(6.6.2) Proposition

Let (U∗, Ũ∗, i∗) be a rigid hypercover of X, and suppose we have a cover W → Un, W ∈
CovS(Un). Then there is a map of rigid hypercovers

(V∗, Ṽ∗, j∗)−→(U∗, Ũ∗, i∗)

with Vn → Un factoring through W → Un.

Proof. We first note that the composition

W−→Un−→c
X
n (U∗)

is in CovS(cXn (U∗)), since
q⊥⊥dom(Ũn)−→cXn (U∗)

is in CovS(cXn (U∗)), and Un is isomorphic to q⊥⊥dom(Ũn) over CovS(cXn (U∗)). By (6.6.1),
there is a map

f̃ : W̃−→Ũn

in CovrS(cXn (U∗)) and a commutative diagram over cXn (U∗)

q⊥⊥dom(W̃ )
q⊥⊥dom(f̃)
−→ q⊥⊥dom(Ũn)



y



yin

W −→ Un.

We now define objects W̃k of CovrS(coskX
k−1(U∗)k) for k = 0, . . . , n, together with a

functor
domW̃≤n

∗ : ∆≤nop
deg −→rC⊥⊥

satisfying
domW̃≤n

k = dom(W̃k),

and a map of truncated degenerate simplicial objects

f̃≤n
∗ : domW̃≤n

∗ −→domŨ≤n
∗ .
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over X∗. We proceed by downwards induction on k; we begin by setting

W̃n = W̃

and f̃n the map induced by f̃ .
Let ∆k+1≤∗≤nop

deg denote the full subcategory of ∆≤nop
deg with objects [k+1], . . . , [n], and

let domŨk+1≤∗≤n
∗ be the restriction of domŨ∗ to ∆k+1≤∗≤nop

deg . Suppose we have defined

W̃k+1, . . . , W̃n, together with a functor

domW̃ k+1≤∗≤n
∗ : ∆k+1≤∗≤nop

deg −→rC⊥⊥,

and a map
f̃k+1≤∗≤n
∗ : domW̃ k+1≤∗≤n

∗ −→domŨk+1≤∗≤n
∗ .

For xj in r(cXj (U∗)), we let
Uxj
−→xj

be the factor in Ũj corresponding to xj and let

Wxj
−→xj

be the factor in W̃j corresponding to xj . Let σ: [j]→ [k] be a surjection in ∆. For each

xk ∈ r(cXk (U∗)),

the map domŨ(σ) determines a corresponding xj(xk, σ) in r(cXj (U∗)) and a map over X(σ)

domŨ(xk, σ):Uxk
−→Uxj(xk,σ)

The natural transformation f̃k+1≤∗≤n
∗ gives the map

f̃j(xj(xk, σ)):Wxj(xk,σ)−→Uxj(xk,σ)

over Xj ; we let Wxk
be the fiber product

(Uxk
×r

Uxj1
(xk,σ1)

Wxj1
(xk,σ1))×

r
Uxk

. . .×r
Uxk

(Uxk
×r

Uxjt
(xk,σt)

Wxjt (xk,σt)),

where the σl: [jl] → [k] run over the distinct surjective maps [j] → [k] in ∆ with k + 1 ≤
j ≤ n. We then have the canonical map

f̃k(xk):Wxk
−→Uxk

.

Since rS(xk) is closed under pull-back and fiber products, Wxk
is in rS(xk).
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For each surjective σ: [j]→ [k], the projection on the corresponding factor Wxj(xk,σ)

of Wxk
, defines the map

domW̃ (xk, σ):Wxk
−→Wxj(xk,σ).

Let
W̃k =

∏

xk∈r(cX
k

(U∗))

Wxk
−→xk.

This clearly extends the degenerate simplicial structure domW̃∗ and map f̃k+1≤∗≤n
∗ to

∆k≤∗≤nop
deg , and the induction goes through.

We now extend W̃≤n
∗ to W̃∗ by setting

W̃m = Ũm

for m > n; the degenerate simplicial structure on Ũ∗, together with the map f̃≤n
∗ give

domW̃∗ a unique degenerate simplicial structure with the property that the extension of
f̃≤n
∗ to

f̃∗: W̃∗−→Ũ∗

with
f̃m = idŨm

defines a map of degenerate simplicial objects.
Taking jm = im ◦ q

⊥⊥dom(f̃m), we have defined a rigid pre-hypercover (U∗, W̃∗, j∗) of
X∗ and a map of rigid pre-hypercovers

(idU∗ , f̃∗): (U∗, W̃∗, j∗)−→(U∗, Ũ∗, j∗)

with the property that
in ◦ q

⊥⊥dom(f̃n):⊥⊥(W̃n)−→Un

factors through the given cover W → Un. We then take

(V∗, Ṽ∗, k∗) := iXH∗(U∗, W̃∗, j∗),

with the canonical map

ω(U∗,W̃∗,j∗)
: (V∗, Ṽ∗, k∗)−→(U∗, W̃∗, j∗),

and let
(G∗, G̃∗): (V∗, Ṽ∗, k∗)−→(U∗, Ũ∗, i∗).

be the composition (idU∗ , f̃∗) ◦ ω(U∗,W̃∗,j∗)
. The map

Gn:Vn−→Un
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thus factors as
Vn

k−1
n−→q⊥⊥dom(Ṽn)−→q⊥⊥dom(W̃n)−→Un

hence Gn factors through W → Un, completing the proof.

(6.6.3)

Let A be an abelian category, and take X in C. Each U∗ ∈ HCovS(X) determines a
δ-functor (with values in A)

H∗(U∗,−): PreShS
A(X)−→A

by sending F to the cohomology of the complex F(U∗)
∗ associated to the cosimplicial

object F(U∗) of A:
H∗(U∗,F) = H∗(F(U∗)

∗).

We set
Hp

rS(X,F) := lim
−→

U∈HCovrS(X)

Hp(pHCov(U),F).

(6.6.4) Theorem

Let X be in C and let F be a presheaf on X.

i) Hp
rS(X,−) defines a δ-functor on PreShS

A(X).

ii) Let F̃ denote the S-sheaf associated to F. There is a natural isomorphism of δ-functors

Hp
rS(X,F)−→Hp

S(X, F̃)

Proof. The first assertion follows (6.5.4)(iii), and the fact that direct limits over left-
directed categories are exact functors.

We note that (ii) is equivalent to saying that the canonical map in the derived category
D+(A)

lim
→

U∈HCovrS(X)

F(pHCov(U))∗−→RΓ(X, F̃)

is an isomorphism. For this, it suffices to show that the map in D+(Ab)

lim
→

U∈HCovrS(X)

HomX(G,F(pHCov(U))∗)−→RΓ(X,HomX(G, F̃))

is an isomorphism for all A-values sheaves G on X, where HomX denotes sheaf Hom. This
reduces us to the case A = Ab.

If F is an injective sheaf of abelian groups, it follows from (5.2.4) and (6.4.5)(iii) that
the limit defining Hp

rS(X,F) is constant, and we have

Hp
rS(X,F) =

{

0 for p > 0
F(X) for p = 0.
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Let F be an abelian presheaf with the property that each section of F on an open
U → X vanishes on some cover W → U : we call F a locally zero presheaf. It follows
immediately from (6.6.2) that

Hp
rS(X,F) = 0

if F is locally zero. If we have a short exact sequence of sheaves:

0−→F ′−→F−→F ′′−→0,

we may factor this sequence into exact sequences of abelian presheaves:

0−→F ′−→F−→F/F ′−→0,

0−→ker−→F/F ′−→F ′′−→cok−→0,

with F/F ′, ker and cok being locally zero. As Hp
rS(X,−) is a δ-functor on presheaves, the

vanishing of Hp
rS(X,−) on presheaves which are locally zero then implies that Hp

rS(X,−)
is a δ-functor on the category of abelian sheaves. It follows easily from the definition of a
rigid hypercover and from (6.6.2) that

H0
rS(X,F) = H0(X, F̃).

We thus have the canonical natural transformation of δ-functors on abelian sheaves

Hp
rS(X,−)−→Hp

S(X,−)

by the computation ofHp
rS(X,−) for injective abelian sheaves, this map is an isomorphism.
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6.7. The category of closed subsets

(6.7.1)

We define the category of closed subsets in C, C2, as the category with objects (X,W ),
with W a closed subset of X, where a morphism

f : (X,W )−→(X ′,W ′)

is a morphism f :X → X ′ in C such that W ′ ⊂ f(W ). We have the functor

p1: C2−→C.

We define the product of pairs (X,W ) and (X ′,W ′) by

(X,W )×2
S (X ′,W ′) = (X ×S X

′, (W ×S W
′)red).

This makes C2 into a symmetric semi-monoidal category, and p1 is then a symmetric semi-
monoidal functor.

We define the symmetric semi-monoidal fibered category

C(∆op)/C2−→C2

over C2 as the pull-back of C(∆op)/C via p1; we denote the pull-back over a morphism

f : (X,W )−→(X ′,W ′)

by f∗, and the symmetric product by ×s.

(6.7.2)

We have (6.5.4) the fibered symmetric semi-monoidal category

rng: HCovrS(C)−→C

over C; we define the fibered symmetric semi-monoidal category

rng: HCovrS(C2)−→C2

as the pull-back of HCovrS(C) via p1. We denote the pull-back associated to f by f ∗rs ,
and the product by ×rs. The lax symmetric semi-monoidal functor (6.5.4)

(pHCov, ω
rs): HCovrS(C)−→C(∆op)/C
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defines by pull-back the lax symmetric semi-monoidal functor

(pHCov2, ω
rs
2 ): HCovrS(C2)−→C(∆

op)/C2. (6.7.2.1)

We have the functor
p+
1 : C2−→C

+;

we define the category
C+(∆op)/C2−→C2

as the pull-back of the fibered category

C+(∆op)/C+−→C+

via p+
1 . Composing the functor (6.7.2.1) with

+: C(∆op)/C2−→C
+(∆op)/C2

gives the lax symmetric semi-monoidal functor

p+
HCov2: HCovrS(C2)−→C

+(∆op)/C2. (6.7.2.2)

6.8. Cones and rigid hypercovers with support

(6.8.1) The functor p!
HCov2

Let f :Y∗ → X∗ be a map in C(∆op). We let Cone(f)∗ be the object of C+(∆op) defined
by taking the quotient of (X∗ ×∆[0]

∐

U∗ ×∆[1])+ by the maps

fn × id:Un × 1n−→Xn × 1n

pUn
× id:Un × 0n−→ ∗ ×0n.

We have the natural map in C+(∆op)

πX∗ :X
+
∗ −→Cone(f∗). (6.8.1.1)

Let (X∗, X̃∗, i∗) be a rigid hypercover of X ∈ C, and let iW :W → X be a closed
subset with complement j:U → X. We have the pull-back j∗rs(X∗, X̃∗, i∗), which is a
rigid hypercover of U , and the canonical map (6.5.1.2)

prs
1 (j): j∗rs(X∗, X̃∗, i∗)−→(X∗, X̃∗, i∗)

over j; we set
p!
(X,W )(X∗, X̃∗, i∗) := Cone(prs

1 (j)).
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This defines the functor

p!
HCov2: HCovrS(C2)−→C

+(∆op); (6.8.1.2)

the maps (6.8.1.1) give the natural transformation

i!: p+
HCov2−→p

!
HCov2. (6.8.1.3)

(6.8.2) The natural transformation Ω

Now let iW :W → X, iT :T → Y be inclusions of closed subsets, giving the inclusion

iW×ST :W ×S T−→X ×S Y.

Let (X∗, X̃∗, i∗) and (Y∗, Ỹ∗, j∗) be rigid hypercovers of X and Y , giving the rigid hyper-
cover (X∗, X̃∗, i∗)×

rs (Y∗, Ỹ∗, j∗) of X ×S Y . We now define a map

p!
(X,W )×2

S
(Y,T )[(X∗, X̃∗, i∗)×

rs (Y∗, Ỹ∗, j∗)]

Ω(X,W ),(Y,T )
−→ p!

(X,W )(X∗, X̃∗, i∗)×
s p!

(Y,T )(Y∗, Ỹ∗, j∗).

(6.8.2.1)

Write

(X∗, X̃∗, i∗)×
rs (Y∗, Ỹ∗, j∗) = (Z∗, Z̃∗, k∗)

X ×S Y = Z

Z\W ×S T = UZ ; X\W = UX ; Y \T = UY .

We write the open inclusions as

jX :UX−→X; jY :UY−→Y ; jZ :UZ−→Z.

We have the map of rigid pre-hypercovers

(F∗, F̃∗): (Z∗, Z̃∗, k∗)−→(X∗ ×
s Y∗, X̃∗ ×

r Ỹ∗, i∗ ×
r j∗)

giving the maps
cn(F∗): c

Z
n (Z∗)−→c

X
n (X∗)×S c

Y
n (Y∗),

the objects
X̃n ×

r Ỹn ∈ CovrS(cXn (X∗)×S c
Y
n (Y∗)),

and the identity
Z̃n = cn(F∗)

∗r(X̃n ×
r Ỹn).
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Write

Z̃n =
∏

a∈r(cZ
n (Z∗))

Za−→a, X̃n =
∏

b∈r(cX
n (X∗))

Xb−→b, Ỹn =
∏

c∈r(cY
n (Y∗))

Yc−→c.

Then

p!
(X,W )×2

S
(Y,T )(Z∗, Z̃∗, k∗)n

= [
∐

a∈r(cZ
n (Z∗))

q(Za)× 1n
n−1
∐

i=1

∐

a′∈r(cZ
n (Z∗)×ZUZ)

q(j∗r

Z ZjZ∗a′)× 0i1n−i]+

Similarly,

p!
(X,W )(X∗, X̃∗, i∗)×

s p!
(Y,T )(Y∗, Ỹ∗, j∗)n =

[
∐

(b,c)∈r(cX
n (X∗))×r(cY

n (Y∗))

q(Xb)×S q(Yc)× 1n
11n

2

n−1
∐

j=1

∐

(b,c′)∈r(cX
n (X∗))×r(cY

n (Y∗)×Y UY )

q(Xb)×S q(j
∗r

Y YjY ∗c′)× 1n
10j

21
n−j
2

n−1
∐

i=1

∐

(b′,c)∈r(cX
n (X∗)×XUX )×r(cY

n (Y∗))

q(j∗r

X XjX∗b′)×S q(Yc)× 0i
11

n−i
1 1n

2

n−1
∐

i,j=1

∐

(b′,c′)∈r(cX
n (X∗)×X UX)×r(cY

n (Y∗)×Y UY )

q(j∗r

X XjX∗b′)×S q(j
∗r

Y YjY ∗c′)× 0i
11

n−i
1 0j

21
n−j
2 ]+

We define the map Ω on the components of p!
(X,W )×2

S
(Y,T )

(Z∗, Z̃∗, k∗)n by dividing

into four separate cases.

Case1: For a component of the form

Z := q(Za)× 1n; a ∈ r(cZn (Z∗)),

let
(b, c) = cn(F∗)∗(a),

giving the identity
Za = (Xb ×

r
s Yc)×b×r

sc a; s = pcZ
n (Z∗)∗(a).

We have the projection
p1:Za−→Xb ×

r
s Yc;
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then may form the composition

q(Za)maprovq(p1)q(Xb ×
r
s Yc)

Θ
−→q(Xb)×S q(Yc),

and send q(Za)× 1n to q(Xb)×S q(Yc)× 1n
11n

2 via this map.
We write UZ as a disjoint union of locally closed subsets:

UZ = W × UY

∐

UX × T
∐

UX × UY ;

we write the inclusions of the various components as

j1:U
1
Z := W × UY−→UZ

j2:U
2
Z := UX × T−→UZ

j3:U
3
Z := UX × UY−→UZ

This decomposition induces a similar decomposition of each UZ -scheme Q→ UZ as

Q = Q1
∐

Q2
∐

Q3,

with inclusions
j1:Q

1−→Q, j2:Q
2−→Q, j3:Q

3−→Q.

By (6.2.3)(c), this decomposition gives the decomposition of r(cZ
n (Z∗)×Z UZ) as

r(cZn (Z∗)×Z UZ) = j1∗(r(c
Z
n (Z∗)

1))
∐

j2∗(r(c
Z
n (Z∗)

2))
∐

j3∗(r(c
Z
n (Z∗)

3)).

Similarly, the decompositions

X = W
∐

UX ; Y = T
∐

UY := Y 1
∐

Y 2

with inclusions
jX
1 :X1 := W−→X; jX

2 :X2 := UX−→X

jY
1 :Y 1 := T−→Y ; jY

2 :Y 2 := UY−→Y

give decompositions

r(cXn (X∗)) = jX
1∗(r(c

X
n (X∗)

1))
∐

jX
2∗(C(cXn (X∗)

2)

r(cYn (Y∗)) = jY
1∗(r(c

Y
n (Y∗)

1))
∐

jY
2∗(r(c

Y
n (Y∗)

2))

For a component of the form

q(j∗r

Z ZjZ∗a′)× 0i1n−i; a′ ∈ r(cZn (Z∗)×Z UZ),
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we have three remaining cases:

Case 2: a′ = j1∗a1 for some a1 ∈ r((c
Z
n (Z∗)×Z U)1).

This is the same as requiring that

cn(F∗)∗(jZ∗a
′) = (b, jY

2∗c
′), with b ∈ jX

1∗(r(c
X
n (X∗)

1), c′ ∈ r(cYn (Y∗)
2.

We have the map
p1: j

∗r

Z ZjZ∗a′−→Xb ×
r
s j
∗r

Y Y ′jY ∗c′

defined as in Case 1; this gives the composition

q(j∗r

Z ZjZ∗a′)
q(p1)
−→q(Xb ×

r
s j
∗r

Y YjY ∗c′)−→q(Xb)×S q(j
∗r

Y q(YjY ∗c′).

We then map the component q(j∗r

Z ZjZ∗a′)× 0i1n−i to the component

q(Xb)×S q(j
∗r

Y q(YjY ∗c′)× 1n
10i

21
n−i
2

via the above map.

Case 3: a′ = j2∗a2 for some a2 ∈ r(cZn (Z∗)×Z U
2).

This is the same as Case 2, reversing the roles of X and Y .

Case 4: a′ = j3∗a3 for some a3 ∈ r(cZn (Z∗)×Z U
3).

This is the same as requiring that

cn(F∗)∗(jZ∗a
′) = (jX

2∗b
′, jY

2∗c
′), with b′ ∈ r(cXn (X∗)

2), c′ ∈ r(cYn (Y∗)
2).

We have the map
p1: j

∗r

Z ZjZ∗a′−→j
∗r

X XjX∗b′ ×
r
s j
∗r

Y Y ′jY ∗c′

defined as in Case 2; this gives the composition

q(j∗r

Z ZjZ∗a)
q(p1)
−→q(j∗r

X XjX∗b′ ×
r
s j
∗r

Y YjY ∗c′)−→q(j
∗r

X XjX∗b′)×S q(j
∗r

Y q(YjY ∗c′).

We then map the component q(j∗r

Z ZjZ∗a)× 0i1n−i to the component

q(j∗r

X XjX∗b′)×S q(j
∗r

Y q(YjY ∗c′)× 0i
11

n−i
1 0i

21
n−i
2 .

It is an elementary matter to check that this does indeed define a map of simplicial
objects, as desired. In addition, we have by construction, the maps

Ω(X,W ),(Y,T ) ◦ π(X∗,X̃∗,i∗)×rs(Y∗,Ỹ∗,j∗)
:

(π(X∗,X̃∗,i∗)∧sπ(Y∗,Ỹ∗,j∗)
◦ ωrs

(X∗,X̃∗,i∗),(Y∗,Ỹ∗,j∗)
:

(X∗, X̃∗, i∗)×
rs (Y∗, Ỹ∗, j∗)−→p

!
(X,W )(X∗, X̃∗, i∗) ∧

s p!
(Y,T )(Y∗, Ỹ∗, j∗)

(6.8.2.2)
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agree.

(6.8.3) Proposition

i) The maps (6.8.2.1) define a natural transformation

Ω: p!
HCov2 ◦ [(−)×rs (−)]−→p!

HCov2(−) ∧s p!
HCov2(−),

and the pair (p!
HCov2,Ω) defines a lax symmetric semi-monoidal functor

(p!
HCov2,Ω)−→C+(∆op)/C2

over C2.

ii) The natural transformation (6.8.1.3) defines a natural transformation of lax symmetric
semi-monoidal functors (see (6.5.4)(iii))

i!: (pHCov2, ω
rs
2 )+−→(p!

HCov2,Ω)

Proof. The maps (6.8.2.1) define a natural transformation of the desired form; by con-
struction, the maps (6.8.2.1) are symmetric in (X,W ) and (Y, T ), hence commute with
the appropriate symmetry isomorphisms. The associative property can be verified by a
direct, although tedious, computation, which we leave to the reader. This proves (i). The
assertion (ii) follows from the identity (6.8.2.2).

6.9. Cohomological properties of rigid hypercovers with support

(6.9.1)

Suppose we have a Grothendieck topology S on C: for X ∈ C, we denote the category of
opens of X by S(X), and the category of covers of X by CovS(X). We assume that S is
finer than the Zariski topology. We extend the site CS to the site C+S on C+ by setting

S(X+) = +(S(X)),

CovS(X+) = +(CovS(X)),
(6.9.1.1)

where + is the functor (4.1.2.1). This defines the sub-categories S(C+) and Cov(C+) of
C+/C+, forming the topology S+ on C+.

By our definition of the topology S+, we see that the extension of a sheaf on C to a
presheaf on C+ is automatically a sheaf on C+, and that the operation of extending a sheaf
is exact.
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(6.9.2) Lemma

Let (X,W ) be in C2, and let j:U → X be the complement of W . Then the pull-back map

j∗rs : HCovrS(X)−→HCovrS(U)

is left final.

Proof. Since the category HCovrS(U) is left-directed by (6.5.4), it suffices to show that,
given a rigid hypercover U of U , there is a rigid hypercover X of X and a map of rigid
hypercovers

j∗rs :X−→U .

Write
U = (U∗, Ũ∗, i∗).

Define the rigid pre-hypercover j∗U inductively as follows: The decomposition

X = W
∐

U := XW

∐

XU

defines a decomposition of f :Z → X, for each X-scheme Z, as

Z = f−1(W )
∐

f−1(U) := ZW

∐

ZU , (1)

with inclusions
jW
Z :ZW → Z; jU

Z :ZU → Z.

By (6.2.3)(c), the decomposition (1) gives the decomposition of r(Z) as

r(Z) = jW
Z∗(r(ZW ))

∐

jU
Z∗(r(ZU )).

If we have an object ṼU in CovrS(ZU ) given as the product

ṼU =
∏

zU∈r(ZU )

VzU
→ zU ,

we define jU
Z∗(ṼU ) in CovrS(Z) by

jU
Z∗(ṼU ) = [

∏

zU∈r(ZU )

VzU
→ zU → jU

Z∗zU ]
∏ ∏

zW∈r(ZW )

idjW
Z∗

zW
.

Note that we have
jU∗r

Z (jU
Z∗(ṼU )) = ṼU , (2)

hence we have defined a functor jU
Z∗, natural in Z, splitting the pull-back jU∗r

Z (6.3.1.1).
We have the canonical map

jU
Z (ṼU ): ṼU−→j

U
Z∗(ṼU ) (3)
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over jU
Z , gotten from the identity (2).

Writing j∗U as (X∗, X̃∗, j∗), we set

X̃0 = jU
X∗(Ũ0), X0 = q⊥⊥dom(X̃0), j0 = id.

From the definition (6.5.1) of j∗rs , together with the identity (2), we have

j∗rs(X0, X̃0, j0) = (q⊥⊥dom(j∗rX̃0), j
∗rX̃0, id)

= (q⊥⊥dom(Ũ0), Ũ0, id).

We then have the map of 0-truncated pre-hypercovers over idU

(i0, id): j∗rs(X0, X̃0, j0)−→(U0, Ũ0, i0);

this defines the 0-truncation j∗U
≤0, with morphism

(F∗, F̃∗)
≤0: j∗U

≤0−→U≤0

over idU .
Suppose we have defined the n-truncation j∗U

≤n, with morphism

(F∗, F̃∗)
≤n: j∗U

≤n = (X∗, X̃∗, j∗)
≤n−→U

over j, satisfying

X̃k = jU
cX

k
(X∗)∗

ck(F∗)
∗rs(Ũk)

Xk = q⊥⊥dom(X̃k)

jk = id

Fk = q⊥⊥dom(F̃k)

(4)

and that F̃k is the map given by composing the map (3) with the projection

ck(F∗)
∗r(Ũk)−→Ũk.

As in (6.5.1), there is a canonical n-truncated degenerate simplicial structure on dom(̃F∗)
≤n

so that the above data defines a map of n-truncated pre-hypercovers. We then set

X̃n+1 = jU
cX

k
(X∗)∗

cn+1(F∗)
∗r(Ũn+1)

and fill-in the rest of the data to satisfy (4); the degenerate simplicial structure on Ũ∗ then
defines an extension of degenerate simplicial structure to (X̃∗)

≤n+1, and the induction goes
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through. This gives us the map of pre-hypercovers over j:

φ: j∗U−→U

We have the hypercover of X
iXH∗(j∗U)

and the map of pre-hypercovers of X

ω(j∗U): iXH∗(j∗U)−→j∗U .

given by (6.4.6). The composition φ ◦ ω(j∗U) defines the map of hypercovers of U

ψ: j∗rs(iXH∗(j∗U))−→U ,

completing the proof.

(6.9.3)

Let A be an abelian category. For (X,W ) in C2, we have the functor

ΓW (X,−): PreShS
X(A)−→A

which associates to a presheaf F the sections of F on X with support in W . We have the
derived functors

H∗W (X,−) = R∗ΓW (X,−)

of the restriction of ΓW (X,−) to ShS
X(A).

For a presheaf F with values in an abelian category A, define

Hp
rS W (X,F) = lim

→
X∈HCovrS((X,W ))

Hp(F(p!
HCov2X )∗).

(6.9.4) Proposition

i) The objects H∗rS W (X,F) define a δ-functor on the category of presheaves.

ii) Let F̃ be the sheaf associated to F. Then the canonical map of δ-functors

Hp
rS W (X,F)−→Hp

W (X, F̃),

is an isomorphism.

iii) The natural transformation (6.8.1.3) gives a natural transformation of δ-functors

i!(X,W ):Hp
rS W (X,F)−→HprS(X,F)
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making the diagram
Hp

rS W (X,F)
i!(X,W )
−→ HprS(X,F)



y



y

Hp
W (X,F) −→ Hp(X,F)

commute, where the bottom arrow is the canonical map, and the vertical arrows are given
by (ii) and by (6.6.4).

Proof. The assertion (i) follows from the fact (6.5.4)(iii) that HCovrS((X,W )) is left-
directed.

Let j:U → X be the complement of W , and let X be a rigid hypercover of X. From
(6.8.1.2), we have the Cone sequence in C+(∆op):

pHCov(j
∗rsX )+

pHCov(p∗rs
1 )+

−→ pHCov(X )+−→p!
HCov2(X ).

This induces the sequence in C+(A):

F(p!
HCov2X )∗−→F(pHCovX∗)

∗−→F(pHCovj
∗rsX )∗−→F(pHCovj

∗rsX )∗[1] (1)

which is isomorphic in K+(A) to the standard Cone sequence associated to the map

j∗:F(pHCovX∗)
∗−→F(pHCovj

∗rsX )∗

By (6.6.4) and (6.9.2), passing to the direct limit over

HCovrS((X,W )) = HCovrS(X)

of the cohomology in the sequence (1) gives the long exact sequence

. . .−→Hp
rS W (X, F̃)−→Hp

rS(X, F̃)−→Hp
rS(U, j̃∗F)−→Hp+1

rS W (X, F̃)−→ . . . ; (2)

the sequence (1) defines the natural map of (2) to the standard exact sequence for coho-
mology with supports which is the canonical isomorphism of (6.6.4) the terms H∗rS(X, F̃)
and H∗rS(U, j̃∗F). This proves the result.
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6.10. The canonical rigid resolution

We conclude with a construction of a canonical acyclic resolution of a sheaf F on a scheme
X, given via the rigid hypercovers of the opens on X. This construction appears, in slightly
different form and for the case of the classical topology, in the appendix of Godement’s
book [G].

(6.10.1) The complex of sheaves F∗r

Let F be a sheaf on XS, with values in an abelian category A, and let Y → X be an open
in in XS. We define the complex Fr(Y )∗ by

Fr(Y )∗ = lim
→

U∈HCovrS(Y )

F(pHCov(U))∗. (6.10.1.1)

The pull-back morphisms

f∗rs : HCovrS(Y )−→HCovrS(Y ′)

associated to a map f :Y ′ → Y over X, together with the canonical maps over f

f∗rsU−→U

define the morphisms
Fr(f)∗:Fr(Y )∗−→Fr(Y

′)∗,

and defines the complex of presheaves F∗r , together with the canonical augmentation (as
presheaves)

F−→F∗r . (6.10.1.2)

(6.10.2)

In order to study F∗r effectively, we need to add some conditions to the rigidification rS

and the topology S.
We have the functor of (6.2.4)(i)

r: C−→Sets; (6.10.2.1)

by (6.2.3), the functor (6.10.2.1) preserves finite limits, and sends disjoint unions to disjoint
unions.

(6.10.3) Definition

i) The rigidification rS is said to be covering if the functor (6.10.2.1) sends covers

j:U−→X ∈ CovS(X)
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to surjections
j∗: r(U)−→r(X).

ii) The rigidification is called stable if, the following condition holds: Let

U =
∏

x∈r(X)

Ux−→x

be in CovrS(X), and take p:Y → X in CovS(X) such that for each y ∈ r(Y ) with
p∗(y) = x ∈ r(X), the open

q(Ux)−→X

factors through the connected component q(y) of Y . Then the map

ΘU : qY (p∗rU)−→p∗qX(U)

defined by the natural transformation Θ, (6.2.3)(i), is an isomorphism.

iii) An object f :Y → X of CovS(X) is called pseudo-finite if the map

f∗: r(Y )−→r(X)

has finite fibers. The rigidification rS is called pseudo-finite if each f :Y → X in CovS(X)
has a pseudo-finite refinement, and each f :Y → X in CovS(X) is a direct limit of pseudo-
finite covers.

iv) A topology S on C, together with covering, stable, pseudo-finite rigidification rS, is
called a rigid Grothendieck topology on C.

We have the site Setssurj, where every map is open, and the covers are surjections.

(6.10.4) Lemma

Let rS be a covering rigidification. Then the functor

r: C−→Sets

defines a morphism of sites
r: CS−→Setssurj.

In particular, if U∗ is a hypercover of X in C for the topology S, then r(U∗) is a hypercover
of r(X) for the topology surj.

Proof. This follows from the fact that r preserves finite inverse limits, sends opens to opens
and covers to covers.
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Applying the functor r to a hypercover U∗ of Y thus gives the hypercover

r(U∗)−→r(Y )

of r(Y ) for the topology surj; in particular, we have the truncated m− 1-coskeleton

r(cYm(U∗))
→←...←→

r(Um−1)
→←...←→
· · ·
→←→ r(U0)→ r(Y )

As r is compatible with inverse limits, we have the canonical isomorphism

cosk
r(Y )
m−1(r(U∗))

∼= r(coskY
m−1(U∗)) (6.10.4.1)

(6.10.5) Non-degenerate simplices and the non-degenerate subcomplex

Let
S∗: ∆

op−→Sets

be a simplicial set, and let A be an object of the abelian category A; we assume that
products (indexed by sets) exist in A. Form the cosimplicial object of A:

∏

S∗

A: ∆−→A

with n cosimplices
∏

Sn
A, and with the maps

∏

S∗

A(g):
∏

Sn

A−→
∏

Sm

A

for g:n→ m in ∆ being the projection induced by

S(g):Sm−→Sn.

We have the complex
∏

S∗

A∗

associated to
∏

S∗
A.

For a simplicial set S∗, we let
Sdeg

m ⊂ Sm

denote the union
∪σS(σ)(Sm−1)



462 Rigid topologies and rigid hypercovers

as σ runs over surjective maps [m]→ [m− 1] in ∆, and let Snon−deg
m be the complement:

Sm = Snon−deg
m

∐

Sdeg
m .

Similarly, if A∗ is a cosimplicial object of an abelian category A, we have the sub-object

Am
non−deg := ∩σ:[m]−→[m−1]ker[A(σ):Am−→Am−1]

of Am; we define Am
deg as the quotient

0−→Am
non−deg−→A

m−→Am
deg−→0.

(6.10.6) Lemma

Suppose the homology Hp(S∗,Z) of S∗ is zero for p > 0, and Z for p = 0. Then

Hp(
∏

S∗

A∗) =

{

0 for p > 0
A for p = 0.

Proof. We may assume thatA = Ab; then we have the isomorphism of cosimplicial abelian
groups

∏

S∗

A ∼= Hom(Z(S∗), A).

The result then follows from the universal coefficient theorem.

(6.10.7) Lemma

Let
U≤n−1 := (U∗, Ũ∗, i∗)

≤n−1

be an n − 1-truncated rigid hypercover of Y ∈ C, with respect to a rigid Grothendieck
topology (S, rS). Suppose we have, for each un ∈ r(cYn (U∗)

non−deg), an object

Uun
−→un ∈ rS(un)

Then there is a rigid hypercover of Y ,

U := (U∗, Ũ∗, i∗),

extending U≤n−1, with the factor in Ũn corresponding to un equal to the given Uun
→ un.

Proof. We first prove the following
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Sublemma

Let σ: [m]→ [m− 1] be a surjective map in ∆, with m < n. Take um−1 ∈ r(cYm(U∗)), and
let

Uum−1
−→um−1

be the corresponding factor in Ũm−1. We have the map

domŨ(σ): domŨm−1−→domŨm;

let
Uum
−→um

be the factor of Ũm such giving the factor

domŨ(σ)um−1
:Uum−1

−→Uum
(1)

of domŨ(σ). Then the map (1) is an isomorphism.

Proof of sublemma. Indeed, there is a map

δ: [m− 1]−→[m]

in ∆ with
σ ◦ δ = id[m−1].

Thus, the map

gm−1 := i−1
m−1 ◦ U(δ) ◦ U(σ) ◦ im−1: q

⊥⊥domŨm−1−→q
⊥⊥domŨm−1

restricts to the identity on the connected component q(Uum−1
). Since we have the lifting

(1) of q⊥⊥domŨ(σ), we have

q⊥⊥domŨ(σ)∗(Uum−1
) = Uum

;

since
id = gm−1∗ = q⊥⊥domŨ(δ)∗ ◦ q

⊥⊥domŨ(σ)∗,

we must have
q⊥⊥domŨ(δ)∗(Uum

) = Uum−1
.

We may thus lift q⊥⊥domŨ(δ) to a map

fm:Uum
−→Uum−1

with
fm ◦ Ũ(σ) = idUum−1

.
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On the other hand, the maps Ũ(σ) and fm are liftings of maps over idX , hence there
is a y ∈ r(Y ) such that Ũ(σ) and fm are maps over

Uum
−→y; Uum−1

−→y. (2)

As U∗ is a hypercover of Y , applying q to the maps in (2) defines opens

q(Uum
)−→Y ; q(Uum−1

)−→Y,

hence, by (6.2.3)(e), the maps (2) define objects of rS(y). As the category rS(y) is left-
directed, we must have

Ũ(σ) ◦ fm = idUum
,

hence Ũ(σ) is an isomorphism, as claimed.

We now continue with the proof of the lemma. It suffices to show that we may extend
the n − 1-truncated rigid hypercover to a n-truncated rigid hypercover with the given
factors of Ũn over r(cYn (U∗))

non−deg. Let un−1 be in r(cYn−1(U∗)), and let

U
un−1

n−1 −→un−1

the corresponding factor of Ũn−1. Let σ: [n]→ [n− 1] be a surjective map in ∆, giving the
map

h := coskY
n−1(σ):Un−1−→c

Y
n (U∗).

Set
un = h∗(U

un−1

n−1 ) ∈ r(cYn (U∗))
deg,

giving the map
j:U

un−1

n−1 −→un (3)

in rC. As q(un) is a connected component of cYn (U∗), and

cYn (U∗)−→Y

is an open of Y , the map
q(j): q(U

un−1

n−1 )−→q(un)

is an open of q(un). Thus, by (6.2.3)(e), (3) defines an object of rS(un), which we write
as

Uun
−→un.

Since we have the canonical isomorphism (6.10.4.1)

r(cYn (U∗)) ∼= cr(Y )
n (r(U∗)),

we have the identity
r(cYn (U∗)) = lim

→
σ:[r]→[k]

r(Uk).
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From this, we see that un and σ determine U
un−1

n−1 ; from the sublemma, it follows that
U

un−1

n−1 is determined by un, up to canonical isomorphism.
Similarly, if

un = r(coskY
n−1(σ

′))(Uuk

k )

for some map σ′: [n] → [k] with k < n, then there is a surjective σ: [n] → [n − 1] and a
map σ′′: [n− 1]→ [k] such that

σ′′ ◦ σ = σ′.

We then have the factor
U

un−1

n−1 −→un−1

of Ũn−1 with
r(U∗)(σ

′′)(Uuk

k ) = U
un−1

n−1 ,

giving the map
Ũ(σ′′):Uuk

k −→U
un−1

n−1 = Uun
. (4)

It then follows from the sublemma as above that the map Ũ(σ′′) is independent of the
choice of σ′′; we may then write (4) as

Ũ(σ′):Uuk

k −→Uun
.

If we then set
Ũn =

∏

un∈r(cn(U∗))

Uun
→ un

with the degenerate portion being determined as above, we have the extension of the
degenerate n − 1-truncated simplicial object (domŨ∗)

≤n−1 to an n-truncated degenerate
simplicial object (domŨ∗)

≤n.
It follows from the sublemma that the direct limit

lim
→

σ:[k]→[m]∈∆/[m]

Uk

is isomorphic to the disjoint union

∐

un∈r(cn(U∗))deg

q(Uun
).

From this it follows that the canonical map

in: q⊥⊥domŨn−→c
Y
n (U∗)

extends the map
i≤n−1
∗ : (q⊥⊥domŨ∗)

≤n−1−→U≤n−1
∗
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as maps of degenerate truncated simplicial objects. Set

Un = q⊥⊥domŨn; in = id;

the structure morphisms for Ũn determine the map

qŨn
:Un−→c

Y
n (U∗).

For a map
δ: [n− 1]−→[n]

in ∆, we let
U(δ):Un−→Un−1

be the composition
Un

qŨn−→cYn (U∗)
coskY

n−1(δ)
−→ Un−1.

This completes the construction.

(6.10.8) Theorem

Let F be a sheaf on X ∈ C, and suppose we have a rigidification rS of S which gives a
rigid Grothendieck topology (S, rS), and let f :X → X ′ be a map in C. Then

i) The presheaves Fn
r (6.10.1.2) are sheaves on X.

ii) the map (6.10.1.2) defines an acyclic resolution of F.

iii) the sheaves f∗F
n
r are acyclic sheaves on X ′.

Proof. We note that (ii) follows from (i), (iii) and (6.6.4).
Let Y∗ be a hypercover of Y ∈ C; we call Y pseudo-finite if each of the maps

Yk−→Y

are pseudo-finite covers. By (6.10.3)(iii), we may compute the cohomology of a sheaf G
on Y by computing the cohomology of the complexes G(Y∗), as Y∗ runs over pseudo-finite
hypercovers of Y . In order to prove (i) and (iii), it thus suffices to show that

Hp(Y∗,F
n
r ) =

{

0 for p > 0
Fn

r (Y ) for p = 0.
(1)

for each open Y → X of X, and each pseudo-finite hypercover Y∗ of Y .
Let then Y∗ → Y be a pseudo-finite hypercover of an open Y → X of X. Fix an integer

N > 0; it suffices to prove (1) for all p ≤ N . Consider a rigid hypercover U = (U∗, Ũ∗, i∗)
of Y . To compute Fm

r for m ≤ n, we may assume that the rigid covers

q⊥⊥domŨm−→cm(U∗)
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factor through each projection

jk,m:Yk ×Y cm(U∗)−→cm(U∗),

for all k ≤ N and m ≤ n, in the fashion given by (6.10.3)(ii). Thus, as the rigidification
rS is stable, we have the canonical isomorphisms

pHCov(j
∗rs

k U)≤n ∼= j∗k(U∗)
≤n (2)

For a Y -scheme f :Z → Y in C, and for y ∈ r(Y ), we let

r(Z)y = f−1
∗ (y) ⊂ r(Z).

This gives the decomposition of the hypercover r(U∗) of r(Y ) as a disjoint union

r(U∗) =
∐

y∈r(Y )

r(U∗)y

with each r(U∗)y a hypercover of y; by ([SGA-4], Théorème 7.3.2(3)) we have

Hp(Z(r(U∗)y)) =

{

0 for p > 0
Z for p = 0.

(3)

For um ∈ r(cm(U∗)), we have the corresponding factor

Ũum
m −→um

of Ũm, and the connected component

Uum
m −→cm(U∗) = im(q(Ũum

m −→um))

of Um.

Fix y ∈ r(Y ), and u ∈ r(cn(U∗))
non−deg
y . Let

Fu = lim
→

(U→u)∈rS(u)

F(dom(U)).

As the subcategory of U → u which factor through Yk is left final in rS(u), we have the
isomorphism

Fu
∼= lim

→
(U→v)∈rS(v)

F(dom(U)) (4)

for each v ∈ r(Yk)y.
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We have the decompositions

r(cYm(U∗)) = r(cm(U∗))
non−deg

∐

r(cm(U∗)
deg

r(cYm(U∗))y = r(cm(U∗))
non−deg
y

∐

r(cm(U∗)
deg
y

= (r(cm(U∗))
non−deg)y

∐

(r(cm(U∗)
deg)y

For each y ∈ r(Y ), let

F(j∗rs

k U
≤n−1)n

y non−deg :=
∏

un∈r(Yk×Y cn(U∗))
non−deg
y

Fun

and let
F(j∗rs

k U
≤n−1)n

non−deg :=
∏

y∈r(Y )

F(j∗rs

k U
≤n−1)n

y non−deg.

We have as well
F(U≤n−1)n

y non−deg :=
∏

un∈r(cn(U∗))y non−deg

Fun

and let
F(U≤n−1)n

non−deg :=
∏

y∈r(Y )

F(U≤n−1)n
y non−deg.

This forms the N -truncated cosimplicial object of A

F(j∗rs

∗ U
≤n−1)n

non−deg

with k-simplices F(j∗rs

k U
≤n−1)n

non−deg, augmented over F(U≤n−1)n
non−deg.

By (4), we have the isomorphism

F(j∗rs

k U
≤n−1)n

y non−deg
∼=

∏

r(Yk)y

F(U≤n−1)n
y non−deg.

Applying (3) and (6.10.6), we have

Hp(F(j∗rs

∗ U
≤n−1)n

non−deg) = 0

for 0 < p < N , and the augmentation induces an isomorphism

H0(F(j∗rs

∗ U
≤n−1)n

non−deg)
∼= F(U≤n−1)n

non−deg.
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Let F(Yk)n
non−deg be the direct limit

lim
→

U≤n−1

F(j∗rs

k U
≤n−1)n

non−deg.

where the limit is over n − 1-truncated rigid hypercovers U≤n−1 of Y . This forms the
augmented N -truncated cosimplicial object F(Y∗)

n
non−deg. As filtered direct limits are

exact, we have
Hp(F(Y∗)

n
non−deg) = 0 (5)

for 0 < p < N , and the augmentation induces an isomorphism

H0(F(Y∗)
n
non−deg)

∼= F(Y )n
non−deg. (6)

On the other hand, by (6.10.7), we may take the limit

lim
→
F(pHCov(U))∗

defining Fn
r by first fixing the n− 1st truncation U≤n−1, taking the limit as above in the

non-degenerate part of cn(U∗), and then taking the limit in the n− 1st truncation U≤n−1.
Thus, we have the isomorphisms

Fn
r (Y )non−deg

∼= F(Y )n
non−deg

Fn
r (Yk)non−deg

∼= F(Yk)n
non−deg

In particular, applying (6), we see that the sub-presheaf Fn
r (−)non−deg of Fn

r (−) is an
acyclic sheaf.

Finally, we have the finite functorial filtration on F ∗Fn
r (−) with graded quotient

presheaves isomorphic to finite direct sums of the presheaves Fm
r (−)non−deg, with m ≤ n.

This completes the proof.

(6.10.9) Corollary

Let F be a sheaf on X ∈ C, and suppose we have a rigidification rS of S which gives
a rigid Grothendieck topology (S, rS). Let j:U → X be the inclusion of a Zariski open
subscheme, and let F∗r,U be the complex (see (6.8.1.2))

F∗r,U = lim
→

X∈HCov(X)

F(p!
HCov2X )∗

Let f :X → X ′ be a map in C. Then

i) The presheaves Fn
r,U are sheaves on X.
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ii) The natural transformation (6.8.1.3) induces the sequence of complexes

F∗r,U−→F
∗
r−→[j∗F ]∗r−→F

∗
r,U [1]

isomorphic to the Cone sequence associated to the natural map

j∗:F∗r−→[j∗F ]∗r .

iii) the sheaves f∗F
n
r are acyclic sheaves on X ′.

Proof. It follows from (6.9.2) that we have the canonical homotopy equivalence

F∗r,U−→Cone(j∗:F∗r−→[j∗F ]∗r )

The three assertions then follow from (6.10.8).
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