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Abstract. This paper gives a short and purely homotopical proof of the triviality
of the product map K3(Z) ⊗ K1(Z) → K4(Z) . The argument is based on the study
of the external product for the homotopy groups of the K-theory spectrum and the
fact that the 4-dimensional Hurewicz homomorphism in the algebraic K-theory of
Z is an isomorphism.

The purpose of this short note is to provide a simple proof of the following
assertion concerning the 4-th algebraic K-group of the ring of integers Z .

Theorem. The product map K3(Z) ⊗ K1(Z) −→ K4(Z) is trivial.

Recall that J. Rognes detected recently a gap in his proof of the vanishing of
K4(Z) . Consequently, it may be interesting to consider the product of elements
of K3(Z) ∼= Z/48 with elements of K1(Z) ∼= Z/2 in K4(Z) . Notice that the
statement of the above theorem could be deduced from Bökstedt’s result on the
factorization of the algebraic K-theory space BGL(Z)+ after completion at the
prime 2 : (BGL(Z)+)̂

2 ' JK(Z)̂
2 × ? (see [B]). However, C. Soulé asked me

during the Poznań conference on algebraic K-theory for a direct proof of the the-
orem using only topological arguments. It will be an immediate consequence of
Propositions 3 and 5 below.

Throughout the paper, we shall consider all homology groups with coefficients
in Z and use the following notation: for any abelian group G, let us write K(G, n)
for the Eilenberg-MacLane space whose n-th homotopy group is G and HG for
the Eilenberg-MacLane spectrum whose 0-th homotopy group is G ; for a CW-
complex or a spectrum X and an integer n , αn : X → X [n] denotes the n-th
Postnikov section of X , i.e., αn induces an isomorphism on the i-th homotopy
group for i ≤ n and πiX [n] = 0 for i > n .

Lemma 1. Let S denote the sphere spectrum, X any spectrum, n an integer

and m a positive integer. Then the image of the external product

∧ : πnX ⊗ πmS → πn+mX
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is contained in the kernel of the stable Hurewicz homomorphism hn+m : πn+mX →

Hn+mX .

Proof. Consider the ring spectrum HZ , i : S → HZ its identity, and the commu-
tative diagram

πnX ⊗ πmS
∧

−−−−−−→ πn+m(X ∧ S) ∼= πn+mX
y id⊗i∗

y (id⊗i)∗

y hn+m

πnX ⊗ πmHZ
∧

−−−−−−→ πn+m(X ∧ HZ) ∼= Hn+mX ,

where both horizontal arrows are external products (see [S], p.270) and the right
square commutes by definition of the Hurewicz homomorphism (see [S], p.290). The
assertion follows from the fact that πmHZ = 0 for m ≥ 1 .

Let XZ be the connective K-theory spectrum of the ring Z , i.e., the (−1)-
connected Ω-spectrum whose 0-th space is the infinite loop space BGL(Z)+ ×

K0(Z) . Let us also consider the 2-connected Ω-spectrum YZ whose 0-th space is
the 2-connected infinite loop space BSt(Z)+ associated with the infinite Steinberg
group St(Z) . There is a map of spectra ϕ : YZ → XZ which induces an isomor-

phism ϕ∗ : πiYZ

∼=
−→ πiXZ

∼= Ki(Z) for all integers i ≥ 3 . If we apply Lemma 1
(with m = 1 ) to the spectra XZ and YZ , we get the next two propositions.

Proposition 2. For any integer n ≥ 1 , the image of the product map

γ : Kn(Z) ⊗ K1(Z) → Kn+1(Z)

is contained in the kernel of the stable Hurewicz homomorphism hn+1 : Kn+1(Z) →
Hn+1XZ .

Proof. Recall that XZ is a ring spectrum (see [L], Proposition 2.4.2) and let
µ : XZ ∧ XZ → XZ denote its multiplication and j : S → XZ its identity: j
corresponds to the map BΣ+

∞ → BGL(Z)+ given by the inclusion of the infi-

nite symmetric group Σ∞ into GL(Z) and induces an isomorphism j∗ : π1S
∼=
−→

π1XZ
∼= K1(Z) (see [M] and [Q2]). This produces the commutative diagram

πnXZ ⊗ π1S
∧

−→ πn+1(XZ ∧ S)
∼=
−→ πn+1XZ

∼=

y id⊗j∗

y (id∧j)∗

y =

Kn(Z) ⊗ K1(Z) ∼= πnXZ ⊗ π1XZ

∧

−→ πn+1(XZ ∧ XZ)
µ∗

−→ πn+1XZ
∼= Kn+1(Z),

where the composition of the bottom maps is the Pontrjagin product in K-theory
γ : Kn(Z)⊗K1(Z) → Kn+1(Z) (see [S], p.287, or [L], Section 2.4); observe that the
right square commutes since µ (id ∧ j) is homotopic to the homotopy equivalence

XZ ∧ S
'
−→ XZ . Because of Lemma 1, it is then clear that the elements of the

image of γ belong to the kernel of hn+1 : Kn+1(Z) → Hn+1XZ .
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Proposition 3. For any integer n ≥ 3 , the image of the product map

γ : Kn(Z) ⊗ K1(Z) → Kn+1(Z)

is contained in the kernel of the composition hn+1 ϕ−1
∗ : Kn+1(Z) → Hn+1YZ ,

where ϕ−1
∗ : Kn+1(Z)

∼=
→ πn+1YZ is the inverse of the isomorphism ϕ∗ : πn+1YZ

∼=
→

πn+1XZ and hn+1 the stable Hurewicz homomorphism πn+1YZ → Hn+1YZ .

Proof. Lemma 1 implies the triviality of the composition of the three homomor-
phisms of the first line of the diagram

πnYZ ⊗ π1S
∧

−−−→ πn+1(YZ ∧ S)
∼=

−−−→ πn+1YZ

hn+1

−−−→ Hn+1YZ

∼=

y ϕ∗⊗j∗

y (ϕ∧j)∗ ∼=

y ϕ∗

y

πnXZ ⊗ π1XZ

∧

−−−→ πn+1(XZ ∧ XZ)
µ∗

−−−→ πn+1XZ

hn+1

−−−→ Hn+1XZ ,

where the composition µ∗ ∧ is the product map γ : Kn(Z) ⊗ K1(Z) → Kn+1(Z) .
The assertion then follows from the commutativity of the diagram.

Remark. In fact, Propositions 2 and 3 hold for any commutative ring R such that

the identity S → XR induces an isomorphism π1S
∼=
−→ K1(R) .

We proved in [A] the following

Proposition 4. The non-stable Hurewicz homomorphism h̃4 : K4(Z) → H4St(Z)
is an isomorphism.

It turns out that the same is true for the stable Hurewicz homomorphism.

Proposition 5. The stable Hurewicz homomorphism h4 : K4(Z) → H4YZ is an

isomorphism.

In order to prove it, we first need two results on the 2-connected K-theory
spectrum YF3

whose 0-th space is the 2-connected space BSL(F3)
+ , where F3

is the field of 3 elements.

Lemma 6. The iterated homology suspension σ : H5BSL(F3)
+ → H5YF3

is an

isomorphism and H5YF3
is cyclic of order 26 .

Proof. Recall that K3(F3) ∼= Z/8 , K4(F3) = 0 and K5(F3) ∼= Z/26 by [Q1];
consequently, BSL(F3)

+[3] ' K(Z/8, 3) and YF3
[3] ' Σ3HZ/8 , and one has the

fibration of spaces

K(Z/26, 5) −→ BSL(F3)
+[5] −→ K(Z/8, 3) ,

respectively the cofibration of spectra

Σ5HZ/26 −→ YF3
[5] −→ Σ3HZ/8 .
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The Serre spectral sequences of these (co)fibrations and the iterated homology
suspension σ provide the commutative diagram

H6K(Z/8, 3) −→ H5K(Z/26, 5) −→ H5BSL(F3)
+[5] −→ H5K(Z/8, 3) −→ 0

y σ ∼=

y σ

y σ

y σ =

y

H6Σ
3HZ/8 −→ H5Σ

5HZ/26 −→ H5YF3
[5] −→ H5Σ

3HZ/8 −→ 0 ,

where the last suspension is the stability isomorphism

σ : H5K(Z/8, 3)
∼=
−→ H5Σ

3HZ/8 ∼= Z/2 .

Using [C], it is possible to compute H6K(Z/8, 3) ∼= Z/2 and H6Σ
3HZ/8 ∼= Z/2 .

The left vertical arrow is actually the composition of a single homology suspension

H6K(Z/8, 3)
s

−→ H7K(Z/8, 4) with the stability isomorphism H7K(Z/8, 4)
∼=
−→

H6Σ
3HZ/8 , and one can deduce that s is an isomorphism from the exactness of

the homology suspension sequence (see [W], p.378)

· · · → H6K(Z/8, 3)
s

−→ H7K(Z/8, 4) → H5(K(Z/8, 3) ∧ K(Z/8, 3)) → · · ·

since H5(K(Z/8, 3) ∧ K(Z/8, 3)) = 0 . Thus, the five lemma implies that

σ : H5BSL(F3)
+ ∼= H5BSL(F3)

+[5] −→ H5YF3
[5] ∼= H5YF3

is an isomorphism. Finally, recall that the calculation of [H] shows that the group
H5BSL(F3)

+ is cyclic of order 26 .

Lemma 7. Let f : YZ → YF3
be the map of spectra induced by the reduction mod

3. Then the 2-torsion subgroup of H5YF3
∼= Z/26 is contained in the image of the

induced homomorphism f∗ : H5YZ → H5YF3
.

Proof. Let f̃ : BSt(Z)+ → BSL(F3)
+ be the map induced on the space level by

the reduction mod 3. According to Proposition 3.6 of [A], the 2-torsion subgroup

of the image of f̃∗ : H5BSt(Z)+ → H5BSL(F3)
+ ∼= Z/26 is cyclic of order 2.

Thus, the desired assertion is a consequence of Lemma 6 and the commutativity of
the diagram

H5BSt(Z)+
f̃∗

−−−−−−→ H5BSL(F3)
+

y σ ∼=

y σ

H5YZ

f∗

−−−−−−→ H5YF3
.
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Proof of Proposition 5. Let us call ΓZ , respectively ΓF3
, the fibre of the map of

spectra YZ ' YZ∧S
id⊗i
−→ YZ∧HZ , respectively YF3

' YF3
∧S

id⊗i
−→ YF3

∧HZ . Then,
look at the following commutative diagram, where the rows are the homotopy exact
sequences of these (co)fibrations of spectra (i.e., the Whitehead exact sequences
of YZ , respectively of YF3

) and the vertical homomorphisms are induced by the
reduction mod 3:

H5YZ

θ
−−−→ π4ΓZ −−−→ K4(Z)

h4

−−−→ H4YZ −−−→ π3ΓZ

y f∗

y η

y
y

y

H5YF3

ξ

−−−→ π4ΓF3
−−−→ K4(F3) −−−→ H4YF3

−−−→ π3ΓF3
.

Since YZ and YF3
are 2-connected, one has π3ΓZ = 0 , π3ΓF3

= 0 , π4ΓZ
∼=

K3(Z) ⊗ Z/2 ∼= Z/2 , π4ΓF3
∼= K3(F3) ⊗ Z/2 ∼= Z/2 (see [W], p.555). The map

η is induced by the reduction mod 3 : K3(Z) ∼= Z/48 → K3(F3) ∼= Z/8 , which is
surjective. Thus, η is an isomorphism. The vanishing of K4(F3) implies the sur-
jectivity of ξ . Consequently, Lemma 7 enables us to conclude that θ is surjective
and that the stable Hurewicz homomorphism h4 is an isomorphism.

Proof of the Theorem. By Proposition 5, the kernel of h4 ϕ−1
∗ : K4(Z) → H4YZ is

trivial since ϕ−1
∗ is an isomorphism. Therefore, the theorem follows immediately

from Proposition 3.
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