
C2-FIXED POINTS

OF TOPOLOGICAL HOCHSCHILD HOMOLOGY

OF THE INTEGERS AT TWO

John Rognes

Abstract. Let Cq ⊂ S1 be the cyclic group of qth roots of unity. The topological

Hochschild homology of the integers T (Z) = THH(Z) is an S1-spectrum. In this

paper we prove by computation that the fixed points and homotopy fixed points
for the restricted C2-action on T (Z) agree, after passing to connective covers and

completing at two. It follows by work of Tsalidis that a similar statement holds for

the action of every cyclic subgroup C2n of order a power of two. This provides an
entry–point towards a computation of the topological cyclic homology of the integers

TC(Z)2 at two, which is known to agree with the two–completed algebraic K-theory

of the two–adic integers, K(Ẑ2)2.

Introduction

Let K(A) be the algebraic K-theory spectrum of a ring A. The topological
Hochschild homology of A is an S1-spectrum T (A) = THH(A). We briefly recall
the cyclotomic trace map from [BHM], compare Section 3 of [HM]: Let p be a prime
and Cpn the cyclic subgroup of S1 with pn elements. There are natural restriction

and Frobenius maps R,F : T (A)Cpn → T (A)Cpn−1 , denoted Φ and D respectively in
[BHM]. The trace map tr : K(A) → T (A) has lifts trpn : K(A) → T (A)Cpn , which
are compatible with R and F up to chosen homotopies. Let Ip be the following
category:
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By definition TC(A)p = holimpn∈Ip
T (A)

Cpn

p . The lifts trpn and chosen homotopies
define the cyclotomic trace map trc : K(A)p → TC(A)p, which is well defined

up to homotopy after p-adic completion. We let TF (A)p = holimF T (A)
Cpn

p and

TR(A)p = holimR T (A)
Cpn

p . There is a natural fiber sequence

TC(A)p
π
−→ TF (A)p

R−1
−−−→ TF (A)p.

The following is Theorem D of [HM], in the case where A = Ẑp is the ring of p-adic
integers. Let X[0,∞) denote the connective cover of a spectrum X.
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Theorem 0.1 (McCarthy, Hesselholt–Madsen). The connective cover of the
p-completed cyclotomic trace map

trc : K(Ẑp)p → TC(Z)p[0,∞)

is a homotopy equivalence.

Let jp be the connective image of J spectrum at p. For p odd jp is defined
as the homotopy fiber of the Adams operation ψg − 1: kup → bup, where g is a

topological generator of the p-adic units Ẑ×

p . Let Jp = Ω∞jp be the underlying
infinite loop space, BJp its delooping, and SUp = Ω∞sup the p-completed infinite
special unitary group. The main result of [BM] asserts:

Theorem 0.2 (Bökstedt–Madsen). Let p be an odd prime. Then

TC(Z)p[0,∞) ' jp ∨ Σjp ∨ sup

as spectra. Hence
Ω∞TC(Z)p ' Jp ×BJp × SUp

as infinite loop spaces.

We are concerned with making the analogous computation for the case p = 2.
The aim is to get a homotopy theoretical description of TC(Z)2[0,∞) ' K(Ẑ2)2.
Following the strategy of Bökstedt and Madsen, the main problem is to under-
stand the fixed points T (Z)C2n

2 for all n. There is a natural comparison map
Γn : T (Z)Cpn → T (Z)hCpn from the fixed points to the homotopy fixed points of
T (Z). The latter are amenable to spectral sequence calculations, so we first wish
to know how close Γn is to being a homotopy equivalence. We say that Γn is a
connective p-adic equivalence if the induced map on p-completed connective covers

T (Z)
Cpn

p → T (Z)
hCpn

p [0,∞) is a homotopy equivalence.

Theorem 0.3 (Tsalidis, [T]). If Γ1 is a connective p-adic equivalence, then so is
Γn for all n ≥ 2.

In this paper we prove the following theorem.

Theorem 0.4. Γ1 : T (Z)C2

2 → T (Z)hC2

2 [0,∞) is a homotopy equivalence. Hence
each Γn is a connective two–adic equivalence, for n ≥ 1.

The proof is completed in Section 4. Leading up to the proof, we review and

extend Bökstedt’s two–primary analysis of the circle trace map K(Z) → T (Z)hS
1

in Section 1, set up spectral sequences for the mod 2 and mod 4 homotopy groups
of the C2-homotopy fixed points on T (Z) in Section 2, and relate these to similar
spectral sequences for the C2n-homotopy fixed points in Section 3. Naturality
considerations among these spectral sequences place some restrictions on where
their first differentials of odd length may appear. These restrictions become useful
when we compute the mod 2 homotopy spectral sequence for the C2-homotopy
fixed points in Section 4. The absence of a natural algebra structure on the mod 2
homotopy of a ring spectrum constitutes an added technical difficulty in these
calculations, in comparison with the odd primary case, and is compensated for
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by using a module action of mod 4 homotopy, which admits an algebra structure,
upon mod 2 homotopy. Thus it is necessary to make a partial calculation of the
matching mod 4 homotopy spectral sequence, coupled with the mod 2 computation.
In Section 5 we complete the picture by finishing the determination of the mod 4
spectral sequence.

As an application we can recognize the intermediate trace invariant TF (Z)2 as
something more familiar:

Corollary 0.5. There are homotopy equivalences

TF (Z)2 = holim
F

T (Z)C2n

2
'

−→ holim
F

T (Z)hC2n

2 [0,∞)
'

←− T (Z)hS
1

2 [0,∞).

In particular the cyclotomic trace map lifts the circle trace map trS1 : K(A)p →

T (A)hS
1

p , which was discussed in [R1].

(0.6)

K(Ẑ2)2

��
trc

%%

tr
S1

K

K

K

K

K

K

K

K

K

TC(Z)2 //π
TF (Z)2 //R−1

TF (Z)2.

Hence there are exact sequences

(0.7) 0 −→ K2r+1(Ẑ2)2
π
−→ π2r+1T (Z)hS

1

2
R−1
−−−→ π2r+1T (Z)hS

1

2
∂
−→ K2r(Ẑ2)2 −→ 0

for all r > 0.

As a first approximation to TC(Z)2 and K(Ẑ2)2, we can consider TC(1)(Z)2
defined by the fiber sequence

(0.8) TC(1)(Z)2 −→ T (Z)C2

2
R−F
−−−→ T (Z)2.

Then the lifted trace map tr2 : K(Ẑ2) → T (Z)C2

2 factors through TC(1)(Z)2. We
can describe the homotopy groups of this space in low degrees, as well as the image
of the trace homomorphism.

Proposition 0.9. TC
(1)
∗ (Z)2 begins

(Ẑ2,Z/2,Z/2,Z/8, 0,Z/2, 0,Z/8, 0,Z/2, 0, (cyclic), 0,Z/2, 0, . . . ).

There are classes 1, η, η2, λ, β and σ̄ in K∗(Ẑ2) mapping to the generators of the
first six nontrivial groups.

The proof of this proposition is discussed in Section 5.
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1. The circle trace map

We begin by recalling Bökstedt’s analysis of the circle trace map trS1 : K(Ẑ2)2 →

T (Z)hS
1

2 = Map(ES1
+, T (Z))S

1

2 . The skeleton filtration on the simplicial space ES1
+

gives an upper left quadrant algebra spectral sequence

(1.1) E2
s,∗(S

1) = H−s(S1;T∗(Z)2) ∼=

{
T∗(Z)2 for s ≤ 0 even,

0 otherwise,

converging to πs+∗T (Z)hS
1

2 . Here H∗(S1;M) refers to group cohomology with
coefficients in an S1-module M . The group action on T∗(Z) = π∗T (Z) is trivial,
because S1 is path connected, so the action of each element of S1 is homotopic to
the action of the identity element.

Recall from [B2] that the nonzero homotopy groups of T (Z)2 are T0(Z)2 ∼= Ẑ2

and T2i−1(Z)2 ∼= Z/i ⊗ Ẑ2
∼= Z/2v2(i) for i > 0 even. Here v2(i) is the two–adic

valuation of i. We choose additive generators e4k−1 ∈ T4k−1(Z)2 of order 2v2(k)+1.
Let A = Hspec

∗ (HZ/2; Z/2) ∼= Z/2[ξ1, ξ2, ξ3, . . . ] be the dual of the mod 2 Steen-
rod algebra, and let A = Hspec

∗ (HZ; Z/2) ∼= Z/2[ξ21, χξ2, χξ3, . . . ] where χ is the
canonical involution. Then Hspec

∗ (T (Z); Z/2) ∼= A[e3, e4]/(e
2
3 = 0) as A-algebras,

with en ∈ H
spec
n (T (Z); Z/2) for n = 3, 4. The spherical class e4k−1 maps to e3e

k−1
4

under the Hurewicz homomorphism and mod 2 reduction. See [R2] for further
discussion.

Also recall that H∗(S1; Z) ∼= Z[t], and more generally H∗(S1;M) ∼= M [t] for
every trivial S1-module M , where t ∈ H2(S1; Z) is a fixed generator. Thus the
E2-term of the spectral sequence (1.1) appears as depicted in Figure 1.2 below,
with the origin in the bottom right corner. The empty bidegrees contain trivial
groups.

Note that all classes above the horizontal axis sit in odd total degrees. Thus

π∗T (Z)hS
1

for ∗ > 0 is concentrated in odd degrees. In particular there are no
differentials originating above the horizontal axis.

Consider the natural maps of (underlying spaces of) ring spectra

(1.3) Q(S0) −→ K(Z) −→ K(Ẑ2)
tr

S1

−−−→ T (Z)hS
1

2 .

Classes in π∗Q(S0), K∗(Z) and K∗(Ẑ2) which map nontrivially to π∗T (Z)hS
1

2 sur-
vive as permanent cycles in the spectral sequence.

Notation 1.4. Let η ∈ π1Q(S0) be the class of the complex Hopf map S3 → S2.
Then η2 generates π2Q(S0), and η3 is a class of order two in π3Q(S0). Let ν ∈
π3Q(S0)2 be the class of the quaternionic Hopf map S7 → S4. Then ν is of order
eight, generates π3Q(S0)2, and 4ν = η3.

Choose a generator λ ∈ K3(Z)2 ∼= Z/16 (see [LS]) such that 2λ = ν, where we
identify ν ∈ π3Q(S0)2 with its image in K3(Z)2. Clearly 8λ = η3.

Theorem 1.5.

(1) The image of η survives as te3 ∈ E
∞

−2,3 in the spectral sequence (1.1).
(2) The image of λ survives as e3 ∈ E

∞

0,3.
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Z/8 Z/8 Z/8 Z/8 Z/8 e15

Z/2 Z/2 Z/2 Z/2 Z/2 e11

Z/4 Z/4 Z/4 Z/4 Z/4 e7

Z/2 Z/2 Z/2 Z/2 Z/2 e3

Z Z Z Z Z 1

t4 t3 t2 t 1

Figure 1.2. E∗(S1) =⇒ π∗T (Z)hS
1

2

(3) The classes η2 and η3 map to zero in π∗T (Z)hS
1

2 .
(4) The product ηλ is zero in K4(Z)2.

(5) The product η3 is zero in K3(Ẑ2)2.

Proof. The first two claims are due to Marcel Bökstedt. See [R1] for proofs.

The next claim is clear, since π∗T (Z)hS
1

2 is concentrated in odd degrees and the
maps (1.3) are ring maps.

For the fourth claim, we use the splitting of two-completed looped underlying
spaces φ : ΩJK(Z)2 # ΩK(Z)2 of [B]. Here JK(Z)2 is the homotopy fiber of the
composite

ko2
ψ3

−1
−−−→ bspin2

c
−→ bsu2,

which comes equipped with a natural four–connected map Φ: K(Z)2 → JK(Z)2.
Then ΩΦ ◦ φ ' 1 on ΩJK(Z)2, and λ = φ(λ′) ∈ K3(Z)2 with λ′ = Φ(λ), so ηλ
factors on the space level as

S3 η
−→ S2 λ′

−→ ΩJK(Z)2 # ΩK(Z)2.

Hence ηλ is trivial as ηλ′ ∈ JK4(Z)2 = 0. An alternative proof is given by Arlettaz
in [A].
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I have the following direct proof of claim (5) from Chuck Weibel. Let Q̂2 =

Ẑ2[
1
2
] be the two-adic numbers. It suffices to prove that η3 = 0 in K3(Q̂2), since

K3(Ẑ2)2 → K3(Q̂2)2 is an isomorphism by the localization sequence. We compute

with the multi–multiplicative symbols {a1, . . . , an} in Milnor K-theory KM
n (Q̂2),

where the ai’s are units in Q̂2. We write Milnor K-theory multiplicatively, so
{a1, a2} = 1 if a1 + a2 = 1. Then the symbol {−1} represents the image of η in

KM
1 (Q̂2) = K1(Q̂2), and we need to prove that {−1,−1,−1} = 1 (since KM

n (Q̂2)

maps to Kn(Q̂2) for all n).

The quadratic residue symbol KM
2 (Q̂2) = K2(Q̂2) → {±1} ∼= Z/2 is also called

the Hilbert symbol (a, b)2, and detects K2(Z) in K2(Q̂2). By definition (a, b)2 = +1

if the equation ax2 + by2 = 1 has any solutions with x, y ∈ Q̂2, and otherwise
(a, b)2 = −1. Because Q̂2 is a local field, the kernel of the quadratic residue symbol
map {a, b} 7→ (a, b)2 is a divisible group by a theorem of Calvin Moore. See
Chapter 11 and Theorem A.14 of [M] for more on this.

In particular (−1,−1)2 = (2, 5)2 = −1, so {−1,−1}{2, 5}−1 is in the divisible

group, and can therefore be written as x2 for some x ∈ KM
2 (Q̂2). Thus {−1,−1} =

{2, 5}x2. Also {−1, 2} = 1 since −1 + 2 = 1, and {−1, x2} = {(−1)2, x} = 1 by
bi–multiplicativity. Thus

{−1,−1,−1} = {−1, 2, 5} · {−1, x2} = 1 · 1 = 1

is trivial in KM
3 (Q̂2). �

Next we wish to work with homotopy with finite coefficients. See [R2] for a fuller
discussion. Let

S0 2v

−→ S0 iv−→ S0/2v
jv
−→ S1

be the Puppe cofibration sequence of spectra induced by the degree 2v map S0 →
S0. This defines the mod 2v Moore spectrum S0/2v. The mod 2v homotopy of a
spectrum X is defined as π∗(X; Z/2v) = π∗(X ∧ S

0/2v). We write K∗(A; Z/2v) =
π∗(K(A); Z/2v) and T∗(A; Z/2v) = π∗(T (A); Z/2v) when v ≥ 1. There is a product
map µ2 : S0/4 ∧ S0/4→ S0/4, and a module pairing m : S0/4 ∧ S0/2→ S0/2, but
no unital product on S0/2.

There is a coefficient reduction map ρ : S0/4 → S0/2 with ρ ◦ i2 ' i1 and
j1◦ρ ' 2◦j2. There is a coefficient extension map ε : S0/2→ S0/4 with ε◦i1 ' 2◦i2
and j2 ◦ ε ' j1. Let δv = iv ◦ jv : S0/2v → S1/2v be the homotopy Bockstein map.
These maps fit into a fiber sequence

S0/2
ε
−→ S0/4

ρ
−→ S0/2

δ1−→ S1/2.

The product µ2 is regular, in the sense that when X is a ring spectrum δ2 acts as a
derivation on π∗(X; Z/4). Hereafter we shall often omit the unit maps iv from the
notation.
T (Z) is a homotopy commutative ring spectrum, but for degree reasons the

product on T∗(Z) is trivial in positive degrees. However the product map on S0/4
induces a nontrivial commutative Z/4-algebra structure on T∗(Z; Z/4), and a non-
trivial module pairing of T∗(Z; Z/4) upon T∗(Z; Z/2). The following theorem was
proven in [R2].
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Theorem 1.6.

(1) The mod 2 spherical elements

T∗(Z; Z/2) = π∗(T (Z); Z/2) ⊂ Hspec
∗

(T (Z); Z/2) ∼= A[e3, e4]/(e
2
3 = 0)

are closed under the algebra product, so form a subalgebra T∗(Z; Z/2) ∼=
Z/2[e3, e4]/(e

2
3 = 0).

(2) We can choose generators fn ∈ Tn(Z; Z/4) for n = 3, 4, 7 and 8, so that
δ2(f4) = f3, δ2(f8) = f7 and

T∗(Z; Z/4) ∼= Z/4[f3, f4, f7, f8]/

(2f3 = 2f4 = 0, fifj = 0 for i, j < 8, except f3f4 = 2f7)

as algebras.
(3) The coefficient reduction map ρ : T∗(Z; Z/4)→ T∗(Z; Z/2) is an algebra map

given by ρ(f3) = e3, ρ(f4) = 0, ρ(f7) = e3e4 and ρ(f8) = e24.
(4) The module action of T∗(Z; Z/4) on T∗(Z; Z/2) is given by the coefficient re-

duction map ρ : T∗(Z; Z/4)→ T∗(Z; Z/2) followed by the subalgebra product
on T∗(Z; Z/2).

(5) The coefficient extension map ε : T∗(Z; Z/2) → T∗(Z; Z/4) is a T∗(Z; Z/4)-
module map given by ε(1) = 2, ε(e3) = 0, ε(e4) = f4 and ε(e3e4) = 2f7.

Proof. See Theorem 3.2 of [R2]. �

There is a universal coefficient short exact sequence

0 −→ π∗(X)/2v
iv−→ π∗(X; Z/2v)

jv
−→ 2vπ∗−1(X) −→ 0

which is split for v ≥ 2, but not necessarily split for v = 1. The sequence is split
also for v = 1 if multiplication by η induces a trivial map η : 2π∗−1(X)→ π∗(X)/2.

For example this is the case with X = T (Z)hS
1

2 [0,∞), since π0(X) ∼= Z is torsion

free and π∗(X) is concentrated in odd degrees for ∗ > 0. Hence π∗(T (Z)hS
1

2 ; Z/2)
has exponent two in positive degrees.

By analogy with the spectral sequence (1.1), there are spectral sequences arising
from the skeleton filtration on EG+

(1.7) E2
s,∗(G; Λ) = H−s(G;T∗(Z; Λ)) =⇒ πs+∗(T (Z)hG; Λ)

for every (closed) subgroup G ⊆ S1 and coefficient ring Λ = Ẑ2 or Λ = Z/2v with

v ≥ 1. We write E∗(G) = E∗(G; Ẑ2), in agreement with the case G = S1. The other
closed subgroups of S1 are the cyclic subgroups Cq. Recall that H0(C2n ;M) ∼= M
when M is a trivial C2n -module, while we can identify Hk(C2n ;M) ∼= 2nM for
k > 0 odd and Hk(C2n ;M) ∼= M/2n for k > 0 even. H2(C2n ; Z) ∼= Z/2n is
generated by the restriction of t ∈ H2(S1; Z), which we also denote by t. Let
un ∈ H

1(C2n ; Z/2) ∼= Z/2 and u′n ∈ H
1(C2n ; Z/4) ∼= 2nZ/4 be fixed generators for

every n ≥ 1. The un and u′n can and will be chosen to be compatible under the
group transfer and coefficient extension maps.
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The spectral sequences E∗(G) and E∗(G; Z/2v) are algebra spectral sequences
for v ≥ 2, with product on the E2-term induced by the algebra structure on T∗(Z)2
or T∗(Z; Z/2v), and the cup product on cohomology. Similarly there is a natural
module action of the spectral sequence E∗(G; Z/4) upon E∗(G; Z/2). However,
as we shall see, E∗(G; Z/2) is not generally an algebra spectral sequence, when
we give the E2-term the algebra structure induced by the subalgebra product on
T∗(Z; Z/2) and the cohomology cup product. With Z/2-coefficients the E2-terms
have the following form:

E2
s,∗(C2n ; Z/2) ∼=

{
Z/2 when s ≤ 0 and ∗ ≡ 0, 3 mod 4 is nonnegative

0 otherwise,

so
E2

∗,∗(C2n ; Z/2) ∼= Z/2[t, un, e3, e4]/(u
2
n = 0, e23 = 0)

for n ≥ 2, replacing u2
1 = 0 with u2

1 = t when n = 1. Here un ∈ E
2
−1,0, t ∈ E

2
−2,0,

e3 ∈ E
2
0,3 and e4 ∈ E

2
0,4. The algebra structure given is induced by the subalgebra

structure on T∗(Z; Z/2) inherited from Hspec
∗ (T (Z); Z/2), and since this might not

be compatible with the S1-action on T (Z) we cannot a priori conclude that the
dr-differentials in these spectral sequences will act as derivations. However it will
be convenient to express the behavior of the spectral sequences in terms of these
algebra structures on the above E2-terms.

With Z/4-coefficients we have the following E2-term:

E2
∗,∗(S

1; Z/4) ∼= T∗(Z; Z/4)[t]

∼= Z/4[t, f3, f4, f7, f8]/ ∼

where ∼ denotes the relations of Theorem 1.6(2), while E2
∗,∗(C2n ; Z/4) is a lit-

tle more complicated to write down. (But see Lemma 2.5 and the formulas after
Lemma 3.2 below.) Here t ∈ E2

−2,0, and fk ∈ E
2
0,k. These are algebra spectral se-

quences, by naturality of the product on mod 4 homotopy. Unlike the mostly trivial
algebra structure on the integral spectral sequences E∗(G), the algebra structure
on E∗(G; Z/4) and E2(G; Z/2) is certainly nontrivial.

The algebra structure on E∗(G; Z/4) is commutative, because the commutator
factors through the action of η2, which maps to zero in E∗(S1) by Theorem 1.5(3),
and thus in all the E∗(G; Λ) we consider. See Section 1 of [R2] regarding this

commutator. In fact T (Z)hS
1

∧ S0/4 will be a commutative ring spectrum, and

similarly for T (Z)hC2n ∧S0/4 and Ĥ(C2n , T (Z))∧S0/4 (defined in Section 2), since
the commutator map factors through a map induced by smashing with η2 : S2 → S0,

which is inessential on all module spectra of T (Z)hS
1

2 by Theorem 1.5(3).

Classes in π∗(Q(S0); Z/2v), K∗(Z; Z/2v) and K∗(Ẑ2; Z/2
v) map under (1.3) to

infinite cycles in the spectral sequence E∗(S1; Z/2v). We will now describe these
maps in low degrees, for v = 1 and 2.

Notation 1.8. Choose classes η̃2 ∈ π2(Q(S0); Z/2) and η̃4 ∈ π2(Q(S0); Z/4) so

that j1(η̃2) = η and j2(η̃4) = η. Choose classes λ̃8 ∈ K4(Ẑ2; Z/8), ν̃4 ∈ K4(Ẑ2; Z/4)

and 2̃ν2 ∈ K4(Ẑ2; Z/2) so that j3(λ̃8) = λ, j2(ν̃4) = ν and j1(2̃ν2) = 2ν. This is
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possible since 8λ = 4ν = 2 · 2ν = η3 = 0 in K3(Ẑ2)2, by Theorem 1.5(5) above.
Our convention is to let x̃2v denote a class with jv(x̃2v) = x.

With the right sign choices for these lifts the following theorem holds:

Theorem 1.9.

(1) η̃2 maps to te4 ∈ E
∞

−2,4(S
1; Z/2) and η̃4 maps to tf4 ∈ E

∞

−2,4(S
1; Z/4).

(2) There is a surjective differential d4(t) = t3e3 in E∗(S1) and in E∗(S1; Z/2),
while d4(t) = t3f3 in E∗(S1; Z/4).

(3) There is a nontrivial differential d4(e4) = t2e3e4 in E∗(S1; Z/2), while
d4(f4) = 2t2f7 in E∗(S1; Z/4). Hence there is a nontrivial extension

Z/4 = E∞

−4,7 −→ Z/8 −→ Z/2 = E∞

0,3

in E∗(S1).
(4) ν = 2λ maps to t2e7 ∈ E

∞

−4,7(S
1), to t2e3e4 ∈ E

∞

−4,7(S
1; Z/2) and to t2f7 ∈

E∞

−4,7(S
1; Z/4).

(5) 2̃ν2 maps to t2e24 ∈ E
∞

−4,8(S
1; Z/2) and ν̃4 maps to t2f8 ∈ E

∞

−4,8(S
1; Z/4).

We give a partial proof now, postponing the essential claim that d4(t) = t3e3 to
Proposition 2.7.

Proof. (1) The skeleton filtration on ES1 agrees with the filtration S1 ⊂ S3 ⊂ · · · ⊂
S∞ by the unit spheres S(Cn) ⊂ Cn of S(C∞) ' ES1. In particular the inclusion
S3

+ → ES1
+ induces a map

T (Z)hS
1

2 −→Map(S3
+, T (Z))S

1

2 = X,

which on the level of spectral sequences arising from the skeleton filtration above
induces the truncation of E∗(S1; Λ) to its two rightmost nonzero columns s = −2
and s = 0. See Section 3 of [R1] for a discussion of this map.

By Theorem 1.5(1) η ∈ π1Q(S0) maps to te3 in the resulting two–column spectral
sequence for π∗X. So η̃2 ∈ π2(Q(S0); Z/2) must map to a class x ∈ π2(X; Z/2)
with j1(x) represented by te3. Thus x is nonzero, and the only nonzero class in
total degree two of E∗

s,∗(S
1; Z/2) with s = −2 or s = 0 is te4 ∈ E

∗

−2,4(S
1; Z/2). So

η̃2 maps to te4.
Similarly η̃4 ∈ π2(Q(S0); Z/4) must map to a class y in π2(X; Z/4) with j2(y)

represented by te3, and the only nonzero candidate is tf4.
(2) We postpone the calculation of the differential d4(t) = t3e3 in E∗(S1) until

we have introduced the Tate construction and the norm–restriction fiber sequence
in Section 2.

Assuming this, the claims d4(t) = t3e3 in E∗(S1; Z/2) and d4(t) = t3f3 in
E∗(S1; Z/4) follow by naturality with respect to the coefficient reduction maps
iv : S0 → S0/2v for v = 1, 2.

(3) tf4 is the image of η̃4 and therefore an infinite cycle in E∗(S1; Z/4). Hence

0 = d4(tf4) = d4(t)f4 + td4(f4) = t3f3f4 + td4(f4)
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by (2). Since f3f4 = 2f7 by Theorem 1.6(2), and multiplication by t is injective in
E4(S1; Z/4), we obtain d4(f4) = 2t2f7.

By naturality with respect to the coefficient extension map ε : S0/2 → S0/4,
with ε(e4) = f4 and ε(e3e4) = 2f7 by Theorem 1.6(5), we find d4(e4) = t2e3e4.

By considering the three–column spectral sequence with s = −4, s = −2 or

s = 0 for π∗(Y ; Λ) with Y = Map(S5
+, T (Z))S

1

2 , and the universal coefficient short
exact sequence, it is clear that the differential d4(e4) = t2e3e4 in E∗(S1; Z/2)
corresponds to a nontrivial extension in π3Y , and thus also in E∗(S1). For only
Z/2{e3} survives in total degree 3 in the truncated spectral sequence for π∗(Y ; Z/2),
so (π3Y )/2 ∼= Z/2 and π3Y must be cyclic.

(4) The nontrivial extension from (3) asserts that twice the generator λ of π3Y
must map to the generator of Z/4 ∼= E∞

−4,7(S
1), i.e. that ν maps to t2e7. The

claims for mod 2 and mod 4 homotopy follow by coefficient reduction.
(5) ν maps to t2e3e4 in the three–column spectral sequence for π∗(Y ; Z/2). Hence

2̃ν2 ∈ K4(Ẑ2; Z/2) must map to a class z ∈ π4(Y ; Z/2) with δ1(z) represented
by t2e3e4. So z is nonzero, and the only nonzero class in total degree four of

E∞

s,∗(S
1; Z/2) with −4 ≤ s ≤ 0 is t2e24 ∈ E

∞

−4,8(S
1; Z/2). Thus 2̃ν2 maps to t2e24.

Similarly ν̃4 ∈ K4(Ẑ2; Z/4) must map to a class w ∈ π4(Y ; Z/4) with δ2(w)
represented by t2f7. Now δ2(f8) = f7, so the only possibility is ν̃4 7→ t2f8. �

Remark 1.10. Apparently it is necessary to use mod 4 homotopy with its algebra
structure, rather than just integral and mod 2 homotopy, in order to translate the
differential d4(t) = t3e3 into the nontrivial extension in total degree three.

We can proceed to define certain classes in K∗(Z) and K∗(Ẑ2) which are detected

in π∗T (Z)hS
1

2 .

Lemma 1.11.

(1) There is a nonzero class β ∈ K5(Z) defined modulo 2 by i1(β) = λη̃2, which
maps to te7 ∈ E

∞

−2,7(S
1).

(2) There is a nonzero class σ̄ ∈ K7(Ẑ2) defined modulo 4 by i2(σ̄) = λν̃4, which
maps to t2e11 ∈ E

∞

−4,11(S
1).

Proof. By Theorem 1.6(4), j1(λη̃2) = ηλ = 0, so β ∈ K5(Z) is uniquely determined
modulo 2. Since λ 7→ e3 integrally, and η̃2 7→ te4 mod 2, we get that β maps to
a class in E∗(S1) which gives e3 · te4 = te3e4 under mod 2 reduction, i.e. ±te7 ∈
E∞

−2,7(S
1). We can choose the plus sign.

Similarly j2(λν̃4) = λν = 2λ2 = 0 since K∗(Z) is a graded commutative algebra

and λ is of odd degree. So σ̄ ∈ K7(Ẑ2) is well defined modulo 4. Since λ 7→ f3 and
ν̃4 7→ t2f8 we find that the image of σ̄ in E∞(S1) maps under mod 4 reduction to
f3 · t

2f8 = t2f3f8, whence this image is t2e11. �

When we have determined the first additive extensions in E∗(S1), in Corol-
lary 4.4 below, the following additional classes can be detected.

Lemma 1.12. β ∈ K5(Z) has order at least eight, and 4β 7→ t3e11 in E∞

−6,11(S
1).

σ̄ ∈ K7(Ẑ2) has order at least 16, and 2σ̄ 7→ t4e15 in E∞

−8,15(S
1) (up to an odd

multiple).
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Proof. We assume Corollary 4.4. Then K5(Z) → π5T (Z)hS
1

2 � Z/8 � Z/4 takes
β to a generator of Z/4, whence β generates a cyclic group of order at least eight.
The argument in degree seven is similar, after fibering over T (Z)2 to avoid the
class e7. �

Remark 1.13. The class β represents a generator in K5(Z) modulo torsion, which
is Z by [Bor]. Hence β can be chosen to generate a direct Z-summand in K5(Z).
To prove this, use Bökstedt’s map Φ: K(Z)2 → JK(Z)2 from [B], which maps
i1(β) = λη̃2 to the generator λ′η̃2 for π5(JK(Z); Z/2), and so takes β to a generator

of JK5(Z)2 = Ẑ2. Hence π5(Φ) identifies K5(Z)2 modulo its torsion subgroup with

JK5(Z)2 = Ẑ2. Presumably there is no torsion in K5(Z).

We will prove in [R5] that σ̄ and σ agree mod two in K7(Ẑ2)2. If βη = 0 in
K6(Z) it still remains to prove that i1(σ) represents βη̃2 in K7(Z; Z/2).

2. The Tate construction on T (Z)

Let G be a compact Lie group, and T a G-spectrum, in the sense of [LMS].
There is a G-cofibration sequence of G-spaces

EG+
c
−→ S0 −→ ẼG

defining ẼG, where c collapses EG to a point. The Tate construction for G acting
on T is defined in [BM] to be

Ĥ(G, T ) = [ẼG ∧Map(EG+, T )]G.

This is the G-fixed point spectrum of the Tate spectrum tG(T ) of [GM]. Smashing
the G-cofibration sequence above with the adjoint c : T → Map(EG+, T ), and
taking G-fixed point spectra, we obtain the following map of fiber sequences

[EG+ ∧ T ]G //

��

TG //

��

[ẼG ∧ T ]G

��
[EG+ ∧Map(EG+, T )]G // Map(EG+, T )G // [ẼG ∧Map(EG+, T )]G.

Now suppose G = C2n ⊂ S1 and T = T (Z). Then since T (Z) is a cyclotomic
spectrum, by Section 4 of [HM] the diagram above is homotopy equivalent to the
following diagram:

(2.1)

T (Z)hC2n
//N
T (Z)C2n //R

��
Γn

T (Z)C2n−1

��
Γ̂n

T (Z)hC2n
//Nh

T (Z)hC2n //Rh

Ĥ(C2n , T (Z))

We call the top fiber sequence the norm–restriction sequence.
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The lifted trace maps tr2n : K(Ẑ2) → T (Z)C2n

2 are compatible up to homotopy

under the subspace inclusions F : T (Z)C2n

2 ⊂ T (Z)
C

2n−1

2 . Furthermore, by Propo-
sition 2.5 of [BHM] the maps R and F agree up to homotopy on the image of the
trace map from K-theory.

For, in their notation, there is a homotopy Dp ◦∆pn ◦ i = Dp ◦∆p ◦∆pn−1 ◦ i '
∆pn−1 ◦ i and Φp = ∆−1

p , so Φp ◦∆pn ◦ i ' Dp ◦∆pn ◦ i. Here ∆pn ◦ i induces the

lifted trace map trpn : K(A) → T (A)Cpn , Dp induces F , and Φp induces R. So in
the current notation R ◦ trpn ' F ◦ trpn .

Thus, in the case n = 1 of the diagram above, the trace map tr : K(Ẑ2)→ T (Z)2
factors as follows:

(2.2)

K(Ẑ2)2

��
tr2

&&

tr

N

N

N

N

N

N

N

N

N

N

N

(T (Z)hC2
)2 //N

T (Z)C2

2
//R

��
Γ1

T (Z)2

��
Γ̂1

(T (Z)hC2
)2 //Nh

T (Z)hC2

2
//Rh

Ĥ(C2, T (Z))2

We take these two diagrams as the definition of the norm and homotopy norm
maps N and Nh, the homotopy restriction map Rh, and the canonical maps Γn
and Γ̂n. We will use Γ̂1 : T (Z) → Ĥ(C2, T (Z)) to prove Theorem 0.4, by means of
the following lemma.

Lemma 2.3. If Γ̂1 is a connective two–adic equivalence, then so is Γ1. Hence
Theorem 0.4 follows if π∗(Γ̂1; Z/2) is an isomorphism for all ∗ ≥ 0.

Proof. The map of fiber sequences above determines a homotopy equivalence from
the homotopy fiber of Γ1 to the homotopy fiber of Γ̂1, which proves the lemma. �

There is a spectral sequence Ê∗(G; Λ) for every closed subgroup G ⊆ S1 and

Λ = Ẑ2 or Λ = Z/2v, with E2-term

(2.4) Ê2
s,∗ = Ĥ−s(G;T∗(Z; Λ)) =⇒ πs+∗(Ĥ(G, T (Z)); Λ).

Here Ĥ∗(G;M) denotes Tate cohomology [CE] of G with coefficients in a G-module

M . For a finite group G, Ĥk(G;M) = Hk(G;M) when k ≥ 1, while Ĥ−k(G;M) =
Hk−1(G;M) when k ≥ 1.

We write Ê∗(G) = Ê∗(G; Ẑ2), to match our previous notation E∗(S1). As before
the group action on T∗(Z; Λ) is trivial, because the action extends through the path
connected group S1. We note that (2.4) is an upper half plane spectral sequence.

Each of Ê∗(G) and Ê∗(G; Z/2v) with v ≥ 2 is an algebra spectral sequence, when
the E2-term is given the product induced from the product on T∗(Z; Λ) and the cup

product in Tate cohomology. Ê∗(C2; Z/2) is not an algebra spectral sequence with
this product on the E2-term. See Remark 2.8. But we will see later that there is
another “formal” algebra structure on this E2-term, which does make Ê∗(C2; Z/2)
into an algebra spectral sequence. See Theorem 4.1.
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Recall that Ĥk(S1;M) ∼= M for k ∈ Z even, and 0 for k odd. Similarly

Ĥk(C2n ;M) ∼= M/2n for k even and 2nM for k odd. Let t ∈ Ĥ2(S1) be the
generator compatible with our previous choice of t ∈ H2(S1). Now t is invert-

ible in Ĥ∗(S1), with t−1 ∈ Ĥ−2(S1). The class t maps to similar generators

for all our Ĥ2(G; Λ). We likewise extend the notations un ∈ Ĥ1(C2n ; Z/2) and

u′n ∈ Ĥ
1(C2n ; Z/4).

The homotopy restriction map Rh : T (Z)hG → Ĥ(G, T (Z)) is compatible with

the map of spectral sequences from E∗(G; Λ) to Ê∗(G; Λ) induced by the natural

map H−s(G;M) → Ĥ−s(G;M), which is the identity for −s < 0, the obvious
surjection for s = 0, and the zero map for −s > 0. With Z/2-coefficients, the
E2-terms take the following form:

Ê2
s,∗(C2n ; Z/2) ∼= Z/2[t, t−1, un, e3, e4]/(u

2
n = 0, e23 = 0)

for n ≥ 2, replacing u2
1 = 0 with u2

1 = t when n = 1. On the level of E2-terms, the
homotopy restriction map Rh simply inverts t.

It may be helpful to make the mod 4 product pairing completely explicit.

Lemma 2.5. In Ê∗(C2n ; Z/4) we have u′1 · f3 = 0 and u′1 · f4 = 0 for n = 1, while
u′n · f3 = unf3 and u′n · f4 = unf4 for n ≥ 2.

Proof. u′1 generates the order two torsion in Z/4, i.e. the class of 2, and annihilates
the order two classes f3 and f4. For n ≥ 2, u′n generates the order 2n torsion in Z/4,
which is represented by the class 1 ∈ Z/4, and takes f3 and f4 to the generators of
the order 2n torsion in the Z/2-groups they generate, i.e. to unf3 and unf4. �

The E2-term of Ê∗(C2; Z/2) appears as depicted in Figure 2.6. Every nonzero
group is Z/2, with the listed generator.

Z/2 Z/2 Z/2 Z/2 Z/2 Z/2 e24 Z/2 Z/2 Z/2 Z/2 Z/2 Z/2

Z/2 Z/2 Z/2 Z/2 Z/2 Z/2 e3e4 Z/2 Z/2 Z/2 Z/2 Z/2 Z/2

Z/2 Z/2 Z/2 Z/2 Z/2 Z/2 e4 Z/2 Z/2 Z/2 Z/2 Z/2 Z/2

Z/2 Z/2 Z/2 Z/2 Z/2 Z/2 e3 Z/2 Z/2 Z/2 Z/2 Z/2 Z/2

t3 t2u1 t2 tu1 t u1 1 t−1u1 t−1 t−2u1 t−2 t−3u1 t−3

Figure 2.6. Ê∗(C2; Z/2) =⇒ π∗(Ĥ(C2, T (Z)); Z/2)
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Proposition 2.7. In the spectral sequence E∗(C2; Z/2) the classes te3 ∈ E
2
−2,3 and

te4 ∈ E
2
−2,4 are hit by i1(η) and η̃2 from π∗(Q(S0); Z/2).

In the spectral sequence Ê∗(C2; Z/2):

(1) 1 ∈ Ê2
0,0 and e3 ∈ Ê

2
0,3 are hit by i1(1) and i1(λ) from K∗(Z; Z/2), and are

thus infinite cycles.
(2) There is a nonzero differential d4(t−1) = te3.
(3) There is a nonzero differential d5(t−2u1) = te4. In particular d4(t−2u1) = 0.

The differential d4(t−1) = te3 lifts over the coefficient reduction map i1 to the

spectral sequence Ê∗(C2), and over the group restriction C2 ⊂ S1 to Ê∗(S1). The
latter two are algebra spectral sequences, and thus d4(t) = t3e3 in both cases.

Proof. The initial claim and statement (1) is clear, by Theorem 1.5 and naturality
with respect to the coefficient reduction map i1 : S0 → S0/2 and group restriction
over C2 ⊂ S

1.

For claim (2), consider where η ∈ π1(Q(S0); Z/2) → K1(Ẑ2; Z/2) maps in dia-

gram (2.2). We are writing η for i1(η) here. The class η maps to zero in T1(Ẑ2; Z/2),

so its image under Γ̂1 in Ê∗(C2; Z/2) is an infinite cycle that does not survive to

E∞, i.e. it must be a boundary. The factorization of tr through T (Z)C2

2 maps η to

te3, and Rh takes te3 ∈ E
2
−2,3(C2; Z/2) to the matching class te3 ∈ Ê

2
−2,3(C2; Z/2).

Thus te3 is a boundary in Ê∗(C2; Z/2), and by bidegree considerations the only
possible differential hitting this class is d4(t−1) = te3.

Similar considerations for η̃2 ∈ π2(Q(S0); Z/2) mapping to zero in T2(Z; Z/2)

and landing at te4 in E∗(C2; Z/2) show that te4 is a boundary in Ê∗(C2; Z/2). The
only possibilities for differentials are d2(e3) = te4 and d5(t−2u1) = te4. The first is
excluded since e3 is an infinite cycle. Thus t−2u1 survives to E5, but no longer.

The concluding claims are clear by naturality, combined with the following cal-
culation in Ê∗(G):

0 = d4(t · t−1) = d4(t) · t−1 + t · d4(t−1) = d4(t) · t−1 + t2e3

which gives d4(t) = t3e3. �

Remark 2.8. The final claim completes the proof of Theorem 1.9(2), which was

postponed. It also makes it clear that E∗(C2; Z/2) and Ê∗(C2; Z/2) are not algebra
spectral sequences with the E2-terms given, because u1 survives to E4 in both cases,
but d4(t) = d4(u2

1) 6= 2u1 · d
4(u1) = 0.

In terms of spectra, we may express this by noting that T (Z) ∧ S0/2 admits a
product map making it a ring spectrum up to homotopy, but this map cannot be
chosen to be C2-equivariant. This may be reformulated as stating that 1∧η : T (Z)∧
S1 → T (Z) is inessential, but not C2-equivariantly inessential.

Remark 2.9. K(Ẑ2)→ T (Z)hS
1

2 is a ring spectrum map, as each K(Ẑ2)→ T (Z)C2n

2

is a ring map and F : T (Z)C2n

2 → T (Z)
C

2n−1

2 is a K(Ẑ2)-module map. As F ◦ tr2n '

R ◦ tr2n the same goes for R : T (Z)C2n

2 → T (Z)
C

2n−1

2 , and so the norm–restriction

fiber sequence in (2.2) consists of K(Ẑ2)-module spectra and maps.
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3. A double ladder of spectral sequences

In the next section we will determine the evolution of the spectral sequence

Ê2
∗,∗(C2; Z/2) =⇒ π∗(Ĥ(C2, T (Z)); Z/2),

by relating it to the spectral sequences Ê∗(C2n ; Z/2v) for all n ≥ 1 and v = 1, 2.

Then we will conclude that Γ̂1 : T (Z)2 → Ĥ(C2, T (Z)) induces isomorphisms on
mod 2 homotopy in non–negative degrees by a comparison with the corresponding
map Γ̂1 : T (F2) → Ĥ(C2, T (F2)) for the prime field F2, which is proved to be a
connective two–adic equivalence in [HM].

Here we begin this program by constructing a system of natural maps linking
these spectral sequences together. We next derive vanishing results for the differ-
entials in these spectral sequences.

Recall from Section 2 of [HM] that the Frobenius map F = Fn : T (Z)C2n+1 →
T (Z)C2n is the inclusion forgetting part of the group action, and that there is a
Verschiebung map V = Vn : T (Z)C2n → T (Z)C2n+1 defined up to homotopy as a
group transfer over the inclusion C2n ⊂ C2n+1 . The key point is that the fixed point

spectra TCq are identified with Map(S1/Cq+, T )S
1

when Cq ⊂ S
1 and T = T (Z) is

an S1-spectrum. Fn is then induced by the S1-map S1/C2n+ → S1/C2n+1+ while
Vn is induced by the (stably defined) transfer map S1/C2n+1+ → S1/C2n+.

There are similar maps linking the homotopy fixed point spectra, given by acting
upon T = Map(ES1

+, T (Z)), which thus are compatible with the canonical maps
Γn. Clearly there are corresponding maps of Tate constructions

F = Fn : Ĥ(C2n+1 , T (Z))→ Ĥ(C2n , T (Z))

V = Vn : Ĥ(C2n , T (Z))→ Ĥ(C2n+1 , T (Z)),

given by acting upon T = ẼS1 ∧Map(ES1
+, T (Z)). All these maps are compatible

under Rh, since Rh is naturally induced by a map S0 → ẼS1. Fn and Vn induce
maps of spectral sequences

(3.1) Ê∗(C2n+1 ; Λ)
//Fn

Ê∗(C2n ; Λ).oo
Vn

On E2-terms Fn is induced by the group restriction

Ĥ∗(C2n+1 ;M) −→ Ĥ∗(C2n ;M)

on Tate cohomology, compatible with the group restriction map in ordinary group
cohomology. Similarly Vn is induced by the group transfer

Ĥ∗(C2n ;M) −→ Ĥ∗(C2n+1 ;M)

on Tate cohomology, compatible with the group inclusion map in ordinary group
homology. The following calculations are standard.
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Lemma 3.2.

Ĥ∗(C2n ; Z/2) ∼= Z/2[t, t−1, un]/(u
2
n = 0)

Ĥ∗(C2n ; Z/4) ∼= Z/4[t, t−1, u′n]/((u
′

n)
2 = 0)

for n ≥ 2, while

Ĥ∗(C2; Z/2) ∼= Z/2[t, t−1, u1]/(u
2
1 = t)

Ĥ∗(C2; Z/4) ∼= Z/2[t, t−1, u′1]/((u
′

1)
2 = 0).

When Λ = Z/2, the maps Fn and Vn are given on Tate cohomology by Fn(un+1) =
0, Fn(t) = t, Vn(un) = un+1, and Vn(t) = 0.

For Λ = Z/4 and n = 1 the maps F1 and V1 are given by F1(u
′

2) = u′1, F1(t) = t,
V1(u

′

1) = 2u′2 and V1(t) = 2t.
Finally, when Λ = Z/4 and n ≥ 2 the maps Fn and Vn are given by Fn(u′n+1) =

0, Fn(t) = t, Vn(u
′

n) = u′n+1 and Vn(t) = 2t. �

Hence the E2-terms in (3.1) take the following form.

Ê2
s,∗(C2n ; Z/2) ∼=

{
Z/2[e4]{t

k, tke3} for −s = 2k

Z/2[e4]{t
kun, t

kune3} for −s = 2k + 1

for all n ≥ 1, and

Ê2
s,∗(C2; Z/4) ∼=

{
Z/2[f8]{t

k, tkf3, t
kf4, t

kf7} for −s = 2k

Z/2[f8]{t
ku′1, t

ku1f3, t
ku1f4, t

ku′1f7} for −s = 2k + 1,

while

Ê2
s,∗(C2n ; Z/4)

∼=

{
Z/4[f8]{t

k, tkf7} ⊕ Z/2[f8]{t
kf3, t

kf4} for −s = 2k

Z/4[f8]{t
ku′n, t

ku′nf7} ⊕ Z/2[f8]{t
kunf3, t

kunf4} for −s = 2k + 1

for n ≥ 2. The group comparison maps on E2-terms are given as follows.

Lemma 3.3. Suppose Λ = Z/2. Then Fn(t
ke`4x) = tke`4Fn(x) and Vn(t

ke`4x) =
tke`4Vn(x) for all integers k and ` ≥ 0. The Frobenius map satisfies Fn(1) = 1,
Fn(e3) = e3, Fn(un+1) = 0 and Fn(un+1e3) = 0, while the Verschiebung map is
determined by Vn(1) = 0, Vn(e3) = 0, Vn(un) = un+1 and Vn(une3) = un+1e3

Suppose Λ = Z/4 and n = 1. Then F1(t
kf `8x) = tkf `8F1(x) and V1(t

kf `8x) =
tkf `8V1(x) for all integers k and ` ≥ 0. Now F1(1) = 1, F1(f3) = f3, F1(f4) = f4
and F1(f7) = f7, while F1(u

′

2) = u′1, F1(u2f3) = 0, F1(u2f4) = 0 and F1(u
′

2f7) =
u′1f7. Further V1(1) = 2, V1(f3) = 0, V1(f4) = 0 and V1(f7) = 2f7, while V1(u

′

1) =
2u′2, V1(u1f3) = u2f3, V1(u1f4) = u2f4 and V1(u

′

1f7) = 2u′2f7.
Suppose Λ = Z/4 and n ≥ 2. Still Fn(tkf `8x) = tkf `8Fn(x), and Vn(tkf `8x) =

tkf `8Vn(x). Here Fn(1) = 1, Fn(f3) = f3, Fn(f4) = f4 and Fn(f7) = f7, while
Fn(u

′

n+1) = 2u′n, Fn(un+1f3) = 0, Fn(un+1f4) = 0 and Fn(u′n+1f7) = 2u′nf7.
Finally Vn(1) = 2, Vn(f3) = 0, Vn(f4) = 0 and Vn(f7) = 2f7, while Vn(u

′

n) = u′n+1,
Vn(unf3) = un+1f3, Vn(unf4) = un+1f4 and Vn(u′nf7) = u′n+1f7. �
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Corollary 3.4. In the diagram (3.1), Fn induces an isomorphism between the even
columns of the E2-terms, when n ≥ 1 and Λ = Z/2 or Z/4.

Similarly, Vn induces an isomorphism between the odd columns of the E2-terms,
when Λ = Z/2 and n ≥ 1, or when Λ = Z/4 and n ≥ 2. �

The coefficient reduction and extension maps induced by ρ : S0/4 → S0/2 and
ε : S0/2→ S0/4 induce maps of spectral sequences

(3.5) Ê∗(C2n ; Z/4)
//ρ

Ê∗(C2n ; Z/2)oo
ε

for all n ≥ 1. The actions of ρ and ε on T∗(Z; Λ) were described in Theorem 1.6(3)
and (5). Upon applying Tate cohomology we get the following coefficient compari-
son maps on the level of E2-terms.

Lemma 3.6. First suppose n = 1. Then ρ(tkf `8x) = tke2`4 ρ(x), and ε(tke2`4 x) =
tkf `8ε(x) for all integers k and ` ≥ 0. The coefficient reduction map satisfies ρ(1) =
1, ρ(f3) = e3, ρ(f4) = 0 and ρ(f7) = e3e4, while ρ(u′1) = 0, ρ(u1f3) = u1e3,
ρ(u1f4) = 0 and ρ(u′1f7) = 0. The coefficient extension map satisfies ε(1) = 0,
ε(e3) = 0, ε(e4) = f4 and ε(e3e4) = 0, while ε(u1) = u′1, ε(u1e3) = 0, ε(u1e4) = u1f4
and ε(u1e3e4) = u′1f7.

Now suppose n ≥ 2. Still ρ(tkf `8x) = tke2`4 ρ(x), and ε(tke2`4 x) = tkf `8ε(x) for all
integers k and ` ≥ 0. The coefficient reduction map satisfies ρ(1) = 1, ρ(f3) = e3,
ρ(f4) = 0 and ρ(f7) = e3e4, while ρ(u′n) = un, ρ(unf3) = une3, ρ(unf4) = 0 and
ρ(u′nf7) = une3e4. The coefficient extension map satisfies ε(1) = 2, ε(e3) = 0,
ε(e4) = f4 and ε(e3e4) = 2f7, while ε(un) = 2u′n, ε(une3) = 0, ε(une4) = unf4 and
ε(une3e4) = 2u′nf7. �

Altogether we obtain the following double ladder of spectral sequences:

Ê∗(C2; Z/2)
//V1

��
ε

Ê∗(C4; Z/2)oo
F1

//V2

��
ε

Ê∗(C8; Z/2)oo
F2

//V3

��
ε

. . .oo
F3

Ê∗(C2; Z/4)
//V1

OO
ρ

Ê∗(C4; Z/4)oo
F1

//V2

OO
ρ

Ê∗(C8; Z/4)oo
F2

//V3

OO
ρ

. . .oo
F3

There is a similar double ladder of spectral sequences E∗(C2n ; Λ), essentially
obtained by truncating to the upper left quadrant, and the maps Rh : E∗(C2n ; Λ)→

Ê∗(C2n ; Λ) induce a map of double ladders.

We can now deduce some systematic results.
Let Λ = Z/2, fix an integer n0 ≥ 1, and consider the family of spectral sequences

Ê∗(C2n ; Z/2) with n ≥ n0. Let r0 be the minimal odd r such that there is a
nonzero dr-differential in some of these spectral sequences. (If there are none, let

r0 = ∞.) So the only nonzero dr in Ê∗(C2n ; Z/2) with n ≥ n0 and r < r0 appear
for r even. In particular there is no interaction between the odd and even columns.
Thus the E2-isomorphisms of Corollary 3.4 propagate up to and including the Er0-
terms. Hence all Êr0(C2n ; Z/2) for n ≥ n0 are abstractly isomorphic, with the
isomorphisms induced by the Fn on even columns, and by the Vn on even columns.
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Similar considerations apply with Λ = Z/4, if we assume n0 ≥ 2. Again there

will be a maximal odd r0 such that dr = 0 for r odd, r < r0, in Ê∗(C2n ; Z/4) with
n ≥ n0, and Fn and Vn induce isomorphisms between the even and odd columns,
respectively, of all these spectral sequences up through the Er0-term.

Notation 3.7. Let r0 = r0(n0, v) be the length of the first nontrivial odd differ-

ential among the spectral sequences Ê∗(C2n ; Z/2v) with n ≥ n0. When v = 1 we
also write r0(n0) = r0(n0, 1).

Proposition 3.8. The shortest nonzero odd differentials among the Ê∗(C2n ; Z/2)

with n ≥ n0, if any, appear as dr0-differentials originating on Êr0s,∗(C2n0 ; Z/2) with s

odd. Then dr0 = 0 on Êr0s,∗(C2n0 ; Z/2) with s even, and dr0 = 0 on all Êr0(C2n ; Z/2)
with n > n0.

In particular r0(n0) is strictly increasing in n0 (while finite).

The shortest nonzero odd differentials among the Ê∗(C2n ; Z/4) with n ≥ n0 ≥ 2,

if any, appear as dr0-differentials originating on Êr0s,∗(C2n0 ; Z/4) with s odd. Then

dr0 = 0 on Êr0s,∗(C2n ; Z/4) if s is even and n ≥ n0, or if s is odd and n ≥ n0 + 2.
If s is odd and n = n0 + 1, then 2 · dr0 = 0 when ∗ ≡ 0, 7 mod 8, while dr0 = 0 if
∗ ≡ 3, 4 mod 8.

Proof. Consider the following diagram, with r0 odd and n ≥ n0.

Êr0s,∗(C2n+1 ; Z/2) //dr0

��
Fn

Êr0s−r0,∗(C2n+1 ; Z/2)

��
Fn

Êr0s,∗(C2n ; Z/2) //dr0

OO

Vn

Êr0s−r0,∗(C2n ; Z/2).

OO

Vn

If s is odd, s− r0 is even, and Vn is an isomorphism on the left while it is zero on
the right. Hence the top dr0 is zero. So dr0 = 0 on Êr0s,∗(C2n ; Z/2) for s odd and
n > n0.

On the other hand, if s is even, s − r0 is odd, and Fn is an isomorphism on
the left while it is zero on the right. Thus the bottom dr0 is zero. So dr0 = 0 on
Êr0s,∗(C2n ; Z/2) for s even and n ≥ n0.

Hence the only possible nonzero dr0 -differentials are as claimed, originating in
Êr0s,∗(C2n0 ; Z/2) for s odd.

The proof in the case of Z/4-coefficients is similar, except that instead of being
zero in even columns Vn is zero in fiber degrees ∗ ≡ 3, 4 mod 8 and multiplies by
two when ∗ ≡ 0, 7 mod 8, and likewise for Fn in odd columns. The composites
Vn+1 ◦ Vn and Fn ◦ Fn+1 do induce zero maps in these columns. �

Remark 3.9. For a fixed n, the spectral sequence Ê∗(C2n ; Z/2) is abstractly iso-
morphic (through the Frobenius and Verschiebung maps) to each of the preceding

spectral sequences Ê∗(C2i ; Z/2) for 1 ≤ i ≤ n up through the Er-term, with
r = r0(i). This range increases up to r0(n) as i grows to n. Hence we have for each
i ≥ 1 a well–defined abstract segment of a spectral sequence, given by the Er-terms
and differentials of Ê∗(C2i ; Z/2) for r0(i− 1) < r ≤ r0(i). Each of these segments
has only even nontrivial differentials.
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The spectral sequence Ê∗(C2n ; Z/2) evolves through the first n of these seg-
ments, for 1 ≤ i ≤ n. Then its first odd differential dr0 with r0 = r0(n) appears,

and distinguishes Ê∗(C2n ; Z/2) from the subsequent spectral sequences. It will ap-

pear in [R4] that with Z/2-coefficients, Ê∗(C2n ; Z/2) collapses at the Er0+1-term,

immediately after the first odd differential. Thus Ê∗(C2n ; Z/2) passes through n
systematic stages of even differentials, followed by one terminating odd differential.

Similar considerations apply with Z/4-coefficients, except that the spectral se-

quence Ê∗(C2; Z/4) is somewhat exceptional, and that these spectral sequences do
not collapse immediately after their first odd differential.

Next we have some vanishing results. Consider the square of spectral sequences

Ê∗(S1) //

��

Ê∗(C2n)

��
Ê∗(S1; Λ) // Ê∗(C2n ; Λ).

Proposition 3.10.

(1) The only nonzero differentials in Ê∗(S1) come from the horizontal axis.

(2) Let Λ = Z/2v with v ≥ 1. The classes in (even, odd) bidegrees in Ê∗(S1; Λ)
are infinite cycles, and the classes in (even, even) bidegrees are never bound-
aries.

(3) Let n ≥ 1. The classes in (even, odd) bidegrees in Ê∗(C2n) are infinite
cycles, and the classes in (odd, odd) bidegrees are never boundaries.

(4) dr = 0 for r ≡ 2, 3 mod 4 in Êrs,∗(C2n ; Λ), with a possible exception in the
cases when r ≡ 2 mod 4, s is odd and ∗ ≡ 3 mod 4.

Proof. (1) Above the horizontal axis Ê∗(S1) is concentrated in (even, odd) bide-
grees, so for bidegree reasons there cannot be any nonzero differentials originating
from positive fiber degrees. Hence all classes above the axis are infinite cycles.

(2) Ê∗(S1; Λ) is concentrated in the even columns, and on E2-terms the coeffi-

cient reduction map Ê∗(S1) → Ê∗(S1; Λ) is surjective in odd fiber degrees. Let x

be a class surviving to Êrs,∗(S
1; Λ) in an (even, odd) bidegree. Then x also survives

in the truncated spectral sequence where all groups in filtration degrees greater
than s are set to zero. And a lift of x to the E2-term will be the image of a class y
from Ê2

s,∗(S
1). Then y is an infinite cycle, and in the truncated spectral sequence

there is no room for it to be a boundary, so y will survive to Er and map to x.
Hence x is also an infinite cycle.

A class in an (even, even) bidegree could only be the boundary of a differential
from an (even, odd) bidegree, where we have just seen that all the classes are infinite
cycles.

(3) The group restriction map Ê∗(S1) → Ê∗(C2n) is surjective in (even, odd)
bidegrees on E2-terms, so again by considering truncated spectral sequences it
follows that each class surviving to Êr(C2n) in these bidegrees is the image of an
infinite cycle, and thus does not support a differential.

Then a class in an (odd, odd) bidegree can only be hit from an (even, odd)
bidegree, or from the horizontal axis, and the first possibility has just been excluded.
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On the other hand, a differential from the horizontal axis would have to originate
in an odd filtration degree, and Ĥ−s(C2n ; Ẑ2) = 0 for s odd. So also this second
kind of differential must be zero.

(4) Consider dr : Êrs,∗ → Êrs−r,∗+r−1. From bidegree considerations it is clear
that dr = 0 when r ≡ 3 mod 4, or when r ≡ 2 mod 4 and ∗ 6≡ 3 mod 4. So let
x ∈ Êrs,∗(C2n ; Λ) and assume r ≡ 2 mod 4 and ∗ ≡ 3 mod 4.

Supposing s is even, Ê2(S1) → Ê2(C2n ; Λ) is surjective in bidegree (s, ∗), so in

a truncated spectral sequence x lifts to an infinite cycle in Ê∗(S1), which survives
to the Er-term. Thus dr(x) = 0. �

Proposition 3.11. dr = 0 on Ê∗(C2n ; Z/2v) for r ≡ 2 mod 4, n ≥ 1 and v = 1 or
2, as long as dr is shorter than the first nontrivial odd differential in this spectral
sequence.

Proof. Fix r ≡ 2 mod 4 with r < r0(n, v). By Proposition 3.10(4) it suffices to show

that dr(x) = 0 for x ∈ Êrs,∗(C2n ; Z/2v) with s odd and ∗ ≡ 3 mod 4. Fix attention
on such a bidegree (s, ∗). We shall first show that dr(x) = 0 when n is sufficiently
large. Thereafter we use that the Verschiebung maps Vn are isomorphisms in odd
columns in the given range, except for V1 with Z/4-coefficients. Hence dr(x) = 0
also for smaller n, when v = 1 and n ≥ 1 or v = 2 and n ≥ 2. We handle the
exceptional case of Ê∗(C2; Z/4) separately at the end.

Let π : Z → Z/2v be the ring surjection and consider the maps of spectral se-
quence terms

Ê2(C2n)
E2(π)
−−−−→ Ê2(C2n ; Z/2v)

Êr(C2n)
Er(π)
−−−−→ Êr(C2n ; Z/2v).

Let M = T∗(Z)2 ∼= Z/2m in the given fiber degree. Then E2
s,∗(π) is a map

Ĥ−s(C2n ;M) → Ĥ−s(C2n ;M/2v), which for s odd is the natural homomorphism

2n(M)→ 2n(M/2v). This map is surjective if (and only if) m ≤ max{n, v}. Hence
E2
s,∗(π) is surjective for n sufficiently large.

In the odd columns of Ê∗(C2n) we have Ê2(C2n) = Êr(C2n) and dr = 0 for r <

r0(n, v). For Ê∗(C2n) is concentrated in odd fiber degrees above the horizontal axis,
so all even differentials originating above the horizontal axis are trivial. Furthermore
the classes on the horizontal axis have even filtration degree, so the even differentials
supported on them land in even columns.

Thus any class x ∈ Êrs,∗(C2n ; Z/2v) is represented by a class y ∈ Ê2
s,∗(C2n ; Z/2v)

surviving to Er, which for n sufficiently large lifts to a class z ∈ Ê2
s,∗(C2n) with

E2(π)(z) = y. Then z survives to Er and dr(z) = 0. Hence Er(π)(z) = x and
dr(x) = 0 by naturality.

The exceptional case remains. We assert that d2 = 0 on Ê∗(C2; Z/4), and shall
soon see that r0(1, 2) = 5, so this claim will complete the proof. The Verschiebung
map V1 induces an isomorphism in odd columns and fiber degrees ∗ ≡ 3, 4 mod 8,
when we use mod 4 coefficients, so d2 = 0 when ∗ ≡ 3 mod 8. Finally, when
∗ ≡ 7 mod 8 the coefficient extension ε : Ê2(C2; Z/2) → Ê2(C2; Z/4) induces an
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isomorphism in fiber degrees ∗ ≡ 0, 7 mod 8, and since d2 = 0 in the case Λ = Z/2
the same holds with Λ = Z/4 in these bidegrees. �

Thus only dr-differentials with r ≡ 0 mod 4 need to be considered before the
first odd differential appears, in all the spectral sequences under consideration, and
the first odd differential (if any) is always of length r ≡ 1 mod 4.

4. The C2-spectral sequence

The E2-term of Ê∗(C2; Z/2) can be given a formal algebra structure as follows

Ê∗(C2; Z/2) ∼= Z/2[t, t−1, u1, e3, e4]/(u
2
1 = 0, e23 = 0).

This is different from the algebra structure composed from the subalgebra structure
on T∗(Z; Z/2) inherited from Hspec

∗ (T (Z); Z/2), and the product on Tate cohomol-
ogy, where the relation u2

1 = 0 would have been replaced by u2
1 = t.

Theorem 4.1. The spectral sequence Ê∗(C2; Z/2) is an algebra spectral sequence,
when the E2-term is given the formal algebra structure above. The d2- and d3-
differentials are zero. The d4-differentials are determined by being derivations, by
d4(t) = t3e3 and d4(u1) = 0, and that e3 and te4 are infinite cycles. The d5-
differentials are determined by d5(u1) = t3e4, and that t2 and t−2 are infinite cycles.
The spectral sequence collapses at the E6-term, so E6 = E∞, and it converges
additively to π∗(Ĥ(C2, T (Z)); Z/2). Thus

Ê∞(C2; Z/2) ∼= Z/2[t2, t−2, e3]/(e
2
3)

and so

π∗(Ĥ(C2, T (Z)); Z/2) ∼=

{
Z/2 if ∗ ≡ 0, 3 mod 4

0 otherwise.

Proof. We consider the double ladder of spectral sequences Ê∗(C2n ; Λ) with n ≥ 1
and Λ = Z/2 or Z/4. By Propositions 3.10(4) and 3.11 we have d2 = 0 and d3 = 0
in each case. Thus the nonzero odd differentials in these spectral sequences have
length at least 5, and so the Frobenius and Verschiebung maps induce abstract
isomorphisms of E4-terms and d4-differentials between the Ê4(C2n ; Z/2) for n ≥ 1,

and likewise for the Ê4(C2n ; Z/4) when n ≥ 2. We freely use the formulas for Fn,
Vn, ρ and ε from Lemmas 3.3 and 3.6.

First we determine the d4-differentials originating in even columns.

By Proposition 2.7(2) d4(t−1) = te3 in Ê4(C2; Z/2), so via the Fn, which are

isomorphisms on even columns, d4(t−1) = te3 in all Ê4(C2n ; Z/2) for n ≥ 1. By ρ,
which is surjective in fiber degree zero and an isomorphism in fiber degree three,
d4(t−1) = tf3 in Ê4(C2n ; Z/4), both for n = 1 and for n ≥ 2.

By the algebra structure in the Z/4-spectral sequences, d4(ti) = ti+2f3 for i odd,

and 0 for i even, in Ê∗(C2n ; Z/4) for all n ≥ 1. Via ρ it follows that d4(ti) = ti+2e3
for i odd, and 0 for i even, in Ê∗(C2n ; Z/2) for all n ≥ 1. Thus d4 from the even
columns of the horizontal axis is completely determined.
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Next η̃4 maps to tf4 in E∗(S1; Z/4) by Theorem 1.9(1), so tf4 is an infinite cycle

there, and in Ê∗(S1; Z/4). Since it survives to Ê4(C2; Z/4), it is also an infinite
cycle there, by the group restriction over C2 ⊂ S

1. Thus tf4 is also an infinite cycle
in all the intermediate Ê∗(C2n ; Z/4) for n ≥ 1.

By the algebra structure on mod 4 homotopy it follows that d4(tif4) = ti+2f3f4
for i even, and 0 for i odd, in Ê∗(C2n ; Z/4). The product f3f4 = 2f7 is nonzero in
the E4-term when n ≥ 2, but is zero when n = 1.

Via ε, which is an isomorphism in fiber degree four and injective in fiber degree
seven when we assume n ≥ 2, we get d4(tie4) = ti+2e3e4 for i even, and 0 for i

odd, in Ê∗(C2n ; Z/2). Finally the same formulas hold for n = 1 in Ê∗(C2; Z/2)
by comparison over F1. Thus d4 from the even columns and fiber degree four is
completely determined.
λ ∈ K3(Z)2 maps to the permanent cycle f3 in each E∗(C2n ; Z/4), by group and

coefficient reduction from E∗(S1), using Theorem 1.5(2). So f3 is an infinite cycle

in each Ê∗(C2n ; Z/4), and similarly for e3 in Ê∗(C2n ; Z/2).

Similarly ν̃4 ∈ K4(Ẑ2; Z/4) maps to the infinite cycle t2f8 in E∗(S1; Z/4),
by Theorem 1.9(5), and so by group reduction t2f8 is an infinite cycle in each

Ê∗(C2n ; Z/4).

Thus the classes f3 and t2f8 act upon each spectral sequence Êr(C2n ; Z/4), as
long as the respective class survives to the Er-term. In particular dr(f3 · x) =
f3 · d

r(x) and dr(t2f8 · x) = t2f8 · d
r(x).

We now know that f3 is a permanent cycle for all n, so the action of f3 propagates
through to E∞. For the only possible differential affecting f3 would be d4(t2), and
we have just seen that by the algebra structure on mod 4 homotopy d4(t2) = 0 in
this case.

We also know, from bidegree considerations, that t2f8 survives at least to the
E5-term. So t2f8 acts upon the Er-terms of Ê∗(C2n ; Z/4) for all n ≥ 1 when

r ≤ 5. (In fact t2f8 survives to E9 in Ê∗(C2; Z/4) and to E∞ for n ≥ 2, so
the action of t2f8 on the former spectral sequence lasts through to the E9-term.
Furthermore Ê∗(C2; Z/4) collapses immediately after that stage. These comments
will be established in Section 5 below.)

By the module action of the mod 4 spectral sequences upon the mod 2 spectral
sequences, it follows that f3 acts upon Êr(C2n ; Z/2) as multiplication by e3 in the
formal algebra structure, for all n ≥ 1 and r ≤ ∞.

Similarly, t2f8 acts upon Êr(C2n ; Z/2) as multiplication by t2e24 in the formal

algebra structure, for all n ≥ 1, when t2f8 survives to the Er-term of Ê∗(C2n ; Z/4).
So this holds at least for r ≤ 5.

Combined with our results in fiber degrees zero and four, this completely de-
termines the d4-differentials from the even columns in the spectral sequences un-
der consideration. In summary, d4 acts as a derivation, with d4(t−1) = te3 and

d4(te4) = 0 in Ê∗(C2n ; Z/2), while d4(t−1) = tf3 and d4(tf4) = 0 in Ê∗(C2n ; Z/4).

Next we turn to the odd columns.
By Proposition 2.7(3) d5(t−2u1) = te4 in Ê∗(C2; Z/2), so the first nonzero odd

differential among the Ê∗(C2n ; Z/2) with n ≥ 1 is a d5-differential. In the notation

of Section 3, r0(1) = 5. Hence all d5-differentials from even columns of Ê∗(C2; Z/2)
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are zero, and all d5-differentials in Ê∗(C2n ; Z/2) with n ≥ 2 are zero. This was the
content of Proposition 3.8.

So d4(t−2u1) = 0 in Ê∗(C2; Z/2). By Vn we get d4(t−2un) = 0 in Ê∗(C2n ; Z/2)
for all n ≥ 1.

By ρ we get d4(t−2u′n) = 0 in Ê∗(C2n ; Z/4) for all n. The algebra structure and
d4(t2) = 0 implies d4(u′n) = 0 for all n, and so d4(tiu′n) = d4(ti)un when n ≥ 2,
while d4(tiu′1) = 0 in the case n = 1. These products were discussed in Lemma 2.5.

Also tf4 is an infinite cycle, as above. So we compute

d4(tiunf4) = d4(ti−1u′n)tf4 = d4(ti−1)untf4 = d4(tif4) · u
′

n

in Ê∗(C2n ; Z/4) for n ≥ 2.

By ρ we get d4(tiun) = d4(ti)un in Ê∗(C2n ; Z/2) for n ≥ 2, and by ε we get
d4(tiune4) = d4(tie4)un in the same spectral sequence, when n ≥ 2.

By V1 the same two formulas also hold for n = 1.
So by ε we get d4(tiu1f4) = ti+2u′1f7 6= 0 when i is even, and 0 when i is odd, in

Ê∗(C2; Z/4).
This determines d4 on fiber degrees zero and four in all the spectral sequences

being considered. The behavior in the remaining degrees is determined by the
action by the surviving cycles f3 and t2f8, as in the even column case. The odd
columns and odd fiber degrees of Ê∗(C2; Z/4) might be thought to be an exception,
but for bidegree reasons all d4-differentials are zero there.

In conclusion, d4 acts as a derivation on all of Ê∗(C2n ; Z/2) for n ≥ 1, with
respect to the formal algebra structure, and is determined by d4(un) = 0. We note
that the odd columns behave abstractly isomorphically to the even columns, only
shifted one degree to the left.

Of course d4 acts as a derivation on all Ê∗(C2n ; Z/4), and for n ≥ 2 it is deter-

mined by d4(u′n) = 0 and the algebra structure. The action of d4 on Ê∗(C2; Z/4)
is also completely known.

In particular t2 and t−2 survive to Ê8(C2n ; Z/4) for all n ≥ 1, and so act in-
vertibly on all the Er-terms considered for r < 8. An easy inspection shows that
the action of t2f8 is periodic on the E5-terms, i.e. the multiplication by t2f8 is
injective. For the E2-terms are t2f8-periodic, and the d4-differentials preserve this
symmetry.

Next we turn to the d5-differentials of Ê∗(C2n ; Λ) for Λ = Z/2 and Z/4.
The invertible action of t2, and the periodic action of t2f8, shows that it is

sufficient to determine the d5-differentials originating in bidegrees (s, ∗) with 1 ≤
s ≤ 4 and 0 ≤ ∗ ≤ 7. Furthermore the action of f3 determines the behavior of
differentials originating in fiber degrees three and seven from those originating in
fiber degrees zero or four, except in the case of Ê∗(C2; Z/4).

We already noted that d5(t−2u1) = te4 6= 0 in Ê∗(C2; Z/2). So r0(1) = 5 and

d5 = 0 throughout Ê∗(C2n ; Z/2) for n ≥ 2.

We now focus on Ê∗(C2; Z/4), in fiber degree zero. d5(t−2u′1) = tf4 by ε.
d5(t−2) = 0 since the target group supports a nonzero d4-differential. t−1 supported
a d4-differential, and does not survive to the E5-term. So only t−1u′1 remains, and
we claim that d5(t−1u′1) = 0.
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To see this, note that ν̃4 7→ t2f8 is an infinite cycle, but maps to zero in
T∗(Z; Z/4), so cannot survive to E∞, i.e. is a boundary. A differential hitting
it must come from t−1u1f4 or t−3u′1. Now

d5(t−1u2f4) = d5(t−2u′2 · tf4) = tf4 · tf4 = 0

in Ê∗(C4; Z/4), so by V1 we get d5(t−1u1f4) = 0 back in Ê∗(C2; Z/4). Thus
d9(t−3u′1) = t2f8. In particular t2f8 survives to the E9-term. Hence d5(t−3u′1) = 0,
and acting by t2 we get d5(t−1u′1) = 0, as claimed.

d5 from fiber degree zero for Ê∗(C2; Z/2) is now completely determined by noting
that d5(t−2) = 0, using ε.

Next we consider Ê∗(C4; Z/4), beginning in fiber degree zero. d5(2u′2) = 0 and
d5(t−2) = 0 since the target groups are zero. d5(2t−1) = 0 by comparison with F2,

for 2t−1 survives to Ê5
−2,0(C8; Z/4). And using F1 we get d5(t−2u′2) = tf4.

In fiber degree four we have computed d5(t−1u2f4) = 0. Next t−1f4 is a d5-
boundary, while t−2u2f4 and t−2f4 support d4-differentials. Thus d5 = 0 from fiber
degree four.

We return to Ê∗(C2; Z/4), in fiber degree four. We have already noted that
d5(t−1u1f4) = 0. The class t−1f4 is a d5-boundary, and t−2u1f4 supports a d4-
differential, so it remains to consider d5(t−2f4). It is 0 or u′1f8, but d5(u′1f8) =
t2f8 · tf4 6= 0, so since d5 ◦ d5 = 0 we can only have d5(t−2f4) = 0. Hence d5 = 0

in fiber degree four in Ê∗(C2n ; Z/4) for n = 1 and 2.

It remains to consider the d5-differentials in Ê∗(C2; Z/2) from fiber degree four.
t−1e4 is a d5-boundary, while t−2u1e4 and t−2e4 support d4-differentials. We claim

d5(t−1u1e4) = t2e24. For by Theorem 1.9(5) 2̃ν2 ∈ K4(Ẑ2; Z/2) maps to t2e24, while
it maps to zero in T4(Z; Z/2), whence t2e24 must be a boundary. For bidegree
reasons it must be hit from te3e4, t

−1u1e4, t
−1e3 or t−3u1. The first is excluded

since d2 = 0. The latter two die after the E4-term. The claimed d5-differential is
the only remaining possibility.

This completes the determination of the d5-differentials of Ê∗(C2n ; Λ) from fiber
degrees zero and four, when n = 1 or 2 and Λ = Z/2 or Z/4. The actions by t2, f3
and t2f8 determine the remaining d5-differentials in these cases, except in the odd
columns and odd fiber degrees of Ê∗(C2; Z/4).

Here d5(t−2u1f3) = tf7 by ρ, d5(t−1u′1f7) = 0 by ε, and t−2u′1f7 is a d4-boundary.
At the moment d5(t−1u1f3) remains undetermined by these naturality arguments.
However, we will see in Proposition 5.3 that t−1u1f3 is an infinite cycle.

With this exception, the d5-structure is now settled. For d5 = 0 everywhere in
Ê∗(C2n ; Z/4) with n ≥ 3, essentially by Proposition 3.8. �

It is now high time to illustrate the spectral sequences. Instead of drawing in
all the differentials, we have labeled the source and target of each nontrivial dr-
differential by r and r′, respectively, while ∞ denotes a class surviving to E∞.
When n = 1 the group in each bidegree is either Z/2 or trivial.

So far we have only determined the d4-differentials and most of the d5-differen-
tials shown in Figure 4.3. The remaining d5-differentials will be settled in Propo-
sition 5.3. That d9(t−3u′1) = t2f8 was established in the course of the proof above.
The remaining d8- and d9-differentials are determined in Theorem 5.6.
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8 4 5 5′ 4 4 5 5′ 4 4 5 5′ 4 4

7 5 4′ 4′ 5 5′ 4′ 4′ 5 5′ 4′ 4′ 5 5′

4 5 4 4 5 5′ 4 4 5 5′ 4 4 5 5′

3 4′ 4′ ∞ 4′ 4′ 5 ∞ 4′ 4′ 5 ∞ 4′ 4′

0 4 5 ∞ 4 4 5 ∞ 4 4 5 ∞ 4 4

−6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6

Figure 4.2. Ê∗(C2; Z/2) =⇒ π∗(Ĥ(C2, T (Z)); Z/2)

8 4 5 9′ 8 4 5 8 9 4 5 9′ 8 4

7 5′ 4′ 8′ 9 5′ 4′ ∞ 8′ 5′ 4′ 8′ 9 5′

4 5′ 4 8 8 5′ 4 8 8 5′ 4 8 8 5′

3 4′ 5 ∞ ∞ 4′ 5 ∞ ∞ 4′ 5 ∞ ∞ 4′

0 4 5 8 9 4 5 ∞ 8 4 5 8 9 4

−6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6

Figure 4.3. Ê∗(C2; Z/4) =⇒ π∗(Ĥ(C2, T (Z)); Z/4)

The d4-differentials of E∗(C2; Z/2) determine d4-differentials of E∗(S1; Z/2), and

thus some additive extensions in E∗(S1) =⇒ π∗T (Z)hS
1

2 .

Corollary 4.4. Consider the additive extension

Z/2a ∼= E∞

2i−4,4j+3(S
1) −→ B −→ E∞

2i,4j−1(S
1) ∼= Z/2c

of E∞

∗,∗(S
1). When i ≡ j mod 2 the extension is split, so B ∼= Z/2a ⊕ Z/2c. When

i 6≡ j mod 2 the extension is cyclic, so B ∼= Z/2a+c. Here i ≤ 0 and j ≥ 1, while
a = v2(j + 1) + 1 and c = v2(j) + 1.

Proof. Consider E∗(S1) truncated to the columns 2i − 4 ≤ s ≤ 2i, and its mod 2
analog E∗(S1; Z/2). There is a nontrivial d4-differential landing in bidegree (2i −
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4, 4j + 3) precisely if i 6≡ j mod 2. The classes surviving in total degree 2i+ 4j − 1
form a composition series for B/2, so B is cyclic precisely when only the class in
bidegree (2i, 4j − 1) survives. Otherwise, B/2 has order four, whence B has two
generators. �

In Theorem 5.6 below we will establish the d8-differentials in Ê∗(C2; Z/4). Those
which originate in even columns will lift to E∗(S1; Z/4), and correspond to additive
extensions across eight filtration degrees in E∞

∗,∗(S
1). We do not make the resulting

extensions explicit.

We next wish to complete the proof of Theorem 0.4, by verifying the condition
of Lemma 2.3 that Γ̂1 : T (Z) → Ĥ(C2, T (Z)) induces an isomorphism on mod 2
homotopy groups in nonnegative degrees.

To achieve this, we make a comparison with the analogous constructions related
to the K-theory of the finite field F2, which were studied in [HM]. The ring map
π : Z→ F2 induces a map of ring spectra with S1-action π : T (Z)→ T (F2), and thus
of the associated fixed point, homotopy fixed point and Tate construction spectra.
Let E∗(G,F2; Λ) and Ê∗(G,F2; Λ) denote the corresponding spectral sequences,

abutting to π∗(T (F2)
hG; Λ) and π∗(Ĥ(G, T (F2)); Λ), for G ⊆ S1 and Λ as above.

Lemma 4.5. T∗(F2) ∼= Z/2[x2] with x2 ∈ T2(F2).
T∗(F2; Z/2) ∼= Z/2[x1, x2]/(x

2
1 = 0) in the subalgebra structure inherited from

Hspec
∗ (T (F2); Z/2).
T∗(F2; Z/4) ∼= Z/2[y1, y2]/(y

2
1 = 0) in the mod 4 homotopy algebra structure.

Here ρ(y1) = 0, ρ(y2) = x2, ε(x1) = y1 and ε(x2) = 0.

Proof. This all follows from Section 4 of [HM], except the mod 4 algebra structure.
Now yn2 = i2(x

n
2 ) 6= 0, and j2(y1y

n
2 ) = yn2 6= 0, so y1y

n
2 6= 0. It remains to check that

y2
1 = 0, but ρ(y2

1) = m(y1 ∧ ρ(y1)) = 0 and ρ is an isomorphism on T2(F2; Z/4). �

Proposition 4.6.

(1) The spectral sequence Ê∗(C2,F2; Z/2) is an algebra spectral sequence, with

E2 ∼= Z/2[t, t−1, u1, x1, x2]/(u
2
1 = t, x2

1 = 0)

and d2(x1) = tx2, while d2(u1) = d2(t) = d2(x2) = 0. Thus

E3 = E∞ = Z/2[t, t−1, u1]/(u
2
1 = t)

and π∗(Ĥ(C2, T (F2)); Z/2) ∼= Z/2 for all ∗. Furthermore

Γ̂1 : T (F2)→ Ĥ(C2, T (F2))

induces an isomorphism on mod 2 homotopy groups in all nonnegative de-
grees, whence is a connective two–adic equivalence.

(2) The spectral sequence Ê∗(C2,F2; Z/4) is an algebra spectral sequence abut-

ting to π∗(Ĥ(C2, T (F2)); Z/4), with

E2 = Z/2[t, t−1, u1, y1, y2]/(u
2
1 = t, y2

1 = 0)



C2-FIXED POINTS 27

where d2 = 0 everywhere, d3(u1) = t2y2, and d3(t) = d3(y1) = d3(y2) = 0.
Thus

E4 = E∞ = Z/2[t, t−1, y1]/(y
2
1 = 0).

(3) The spectral sequence H∗(C2,F2; Z/4) abutting to π∗(T (F2)
hC2 ; Z/4) has

E∞ = Z/2[t, y1, y2]/(y
2
1 = 0, t2y2 = 0).

So π∗(T (F2)
C2 ; Z/4) is represented by the classes Z/2[y1, y2]/(y

2
1 = 0){t, 1}

in nonnegative degrees.

Proof. The first part is from Section 4 of [HM], and the third follows by truncating
the results of part (2) to the upper left quadrant. For (2), we compare with the
mod 2 case:

Ê∗(C2,F2; Z/4)
//ρ

Ê∗(C2,F2; Z/2)oo
ε

ε is an isomorphism in odd fiber degrees and zero in even fiber degrees, so d2 = 0
from odd fiber degrees on the left. The generator of π2nĤ(C2, T (F2)) ∼= Z/2 maps
to the permanent cycle t−n on the right, under coefficient reduction, which factors
through ρ. Since ρ cannot increase filtration degree, t−n must be an infinite cycle
on the left, too, for each integer n.

Each π2nT (F2)
C2 = Z/4 by [HM, Theorem 4.5]. So x2 ∈ π2(T (F2)

C2 ; Z/2) is hit
from π2(T (F2)

C2 ; Z/4) under ρ, and the only chance is from y2, so y2 survives in

E∗(C2,F2; Z/4). But t−1 already survives in this total degree in Ê∗(C2,F2; Z/4),
abutting to T2(F2; Z/4) ∼= Z/2, so y2 is a boundary there, i.e. d3(t−2u1) = y2.
Hence d2(t−2u1) = 0, and since each tn is an infinite cycle, we get d2(u1) = 0.
u1x2 ∈ π1(T (F2)

C2 ; Z/2) is hit from π1(T (F2)
C2 ; Z/4) by ρ, so either u1y2 or

y1 survives. But d3(u1y2) = t2y2
2 6= 0 by the algebra structure, so it is y1 which

survives in E∗(C2,F2; Z/4). It cannot be a boundary in Ê∗(C2,F2; Z/4), so y1
survives there too. Thus d3(u1) = t2y2 propagates by the tn and y1, to completely
determine the latter spectral sequence. �

We can now prove our main theorem.

Theorem 0.4. Γ1 : T (Z)C2

2 → T (Z)hC2

2 [0,∞) is a homotopy equivalence.

Proof. By Lemma 2.3 it suffices to prove that Γ̂1 induces an isomorphism in non-
negative degrees from T∗(Z; Z/2) ∼= Z/2[e3, e4]/(e

2
3 = 0), to π∗(Ĥ(C2, T (Z)); Z/2),

which has associated graded

E∞ = Z/2[t2, t−2, e3]/(e
2
3 = 0).

We use the following commutative square:

T (Z) //π

��
Γ̂1

T (F2)

��
Γ̂1

Ĥ(C2, T (Z)) //π
Ĥ(C2, T (F2))
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As noted above the right hand vertical map is a connective two-adic equivalence.
en4 ∈ π4n(T (Z); Z/2) maps to x2n

2 ∈ π4n(T (F2); Z/2) by Theorem 1.1(c) of [B2].

And x2n
2 maps under Γ̂1 to t−2n in Ê∗(C2,F2; Z/2), modulo terms of lower filtration.

Hence Γ̂1(e
n
4 ) ∈ π4n(Ĥ(C2, T (Z)); Z/2) must map to t−2n 6= 0 under π and thus

is nonzero of filtration ≥ 4n. The only such class in total degree 4n is t−2n, i.e.
Γ̂1(e

n
4 ) = t−2n, for all n ≥ 0.

From Theorem 1.5(2), λ ∈ K3(Z)2 maps to e3 in both T∗(Z)2 and Ê∞(C2),

whence integrally Γ̂1(e3) = e3. Using the action of integral homotopy upon mod 2

homotopy, we get Γ̂1(e3e
n
4 ) = e3t

−2n for all n ≥ 0, and the theorem follows. �

As a hint of how the later spectral sequences Ê∗(C2n ; Z/2) proceed, we include
the following lemma.

Lemma 4.7. The first nonzero odd differential in Ê∗(C4; Z/2), if any, has length
at least 13.

Proof. Since there is a nonzero d5-differential in Ê∗(C2; Z/2), and there are no
nonzero d7- and d11-differentials, we must only exclude the presence of a nonzero
d9-differential. But such a d9-differential must originate in an odd column of
Ê9(C4; Z/2). Since the d4-differentials of this spectral sequence are abstractly iso-

morphic to those of Ê∗(C2; Z/2), such a d9-differential can only originate in the
bidegrees of the classes on the form t2i(te4)

ju1e
k
3 , which were unaffected by the

d4-differentials. Here i, j are integers, with j ≥ 0, and k = 0 or 1. The image of a
d9-differential on such a class is a multiple of the class t2i+3(te4)

j+2ek3 , which died
in E5. Hence d9 = 0 everywhere. �

Remark 4.8. If we replace T (Z) with T̂ (Z) = Ĥ(C2, T (Z)) in the spectral sequence

Ê∗(C2; Z/2), we effectively invert e4. For π∗(T̂ (Z); Z/2) = Z/2[e3, e4, e
−1
4 ]/(e23 =

0) = T∗(Z; Z/2)[e−1
4 ]. Then all the surviving cycles in Ê∞(C2; Z/4)[e−1

4 ] would be
hit by differentials crossing the horizontal axis, and the abutment would be zero.

So Ĥ(C2, T̂ (Z)) ' ∗.

Similar remarks will apply for the mod 4 spectral sequence. The permanent
cycles in the upper half plane spectral sequence are precisely the boundaries of
differentials crossing the horizontal axis in the extended, full plane spectral sequence
obtained by inverting f8 in Ê∗(C2; Z/4). For π∗(T̂ (Z); Z/4) = T∗(Z; Z/4)[f−1

8 ].

5. The C2-fixed point spectrum of T (Z)

In this section we inspect the structure of T (Z)C2

2 in more detail. We shall

completely determine the mod 4 spectral sequence Ê∗(C2; Z/4).

Proposition 5.1. T (Z)C2 is a connective spectrum with mod 2 homotopy groups

π∗(T (Z)C2 ; Z/2) ∼=

{
(Z/2)2 for ∗ ≡ 0, 7 mod 8

Z/2 otherwise.
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Integrally

π∗T (Z)C2

2
∼=





Ẑ2
2 for ∗ = 0

Z/2 for ∗ ≡ 1, 5 mod 8

(cyclic) for ∗ ≡ 3 mod 8

(cyclic)⊕ Z/2 for ∗ ≡ 7 mod 8

0 otherwise.

The groups listed as (cyclic) are finite of order four or more.

In particular π1T (Z)C2

2
∼= Z/2{η}, π3T (Z)C2

2
∼= Z/8{λ}, π5T (Z)C2

2
∼= Z/2{β}

and π7T (Z)C2

2
∼= (cyclic)⊕ Z/2{σ̄}.

Proof. The spectral sequence E∗(C2; Z/2) abutting to π∗(T (Z)hC2 ; Z/2) is given by

truncating Ê∗(C2; Z/2) to the upper left quadrant. So the E∞-term has additive
generators

{1, tu1e3}, te3, te4, e3, t2e24, te3e4, u1e3e4 and {e3e4, t
2e3e

2
4}

in total degrees zero through seven, extended periodically by the action of e24 into

the higher degrees. These classes were either permanent cycles in Ê∗(C2; Z/2), or
are boundaries of differentials crossing the vertical axis.

Here π0T (Z)C2 ∼= Z2 by [HM, Theorem F]. The two generators have mod 2
reductions 1 and tu1e3.

From the horizontal fiber sequences in (2.2) we see that π∗T (Z)C2

2 is finite in
every positive degree. So by the universal coefficient theorem, this group is trivial
in even positive degrees, cyclic in degrees ∗ ≡ 1, 3, 5 mod 8, and a sum of two cyclic
groups in degrees ∗ ≡ 7 mod 8. In particular π∗(T (Z)C2 ; Z/2) ∼= (Z/2)2 (rather
than Z/4) when ∗ ≡ 0, 7 mod 8.

We turn to determining the order of these cyclic groups in low degrees.

The composite Q(S0) → K(Ẑ2) → T (Z)C2

2 maps η 7→ te3 and η̃2 7→ te4 in
E∗(C2; Z/2). Here j1(η̃2) = η, so by naturality of the (primary) mod 2 Bockstein

δ1(te4) = te3, and so π1T (Z)C2

2
∼= Z/2.

Similarly λ 7→ e3 and 2̃ν2 7→ t2e24, where 2̃ν2 admits a lift to λ̃8 ∈ K4(Ẑ2; Z/8)

over ρ : S0/8 → S0/2. Since j3(λ̃8) = λ, the (tertiary) mod 8 Bockstein maps

i1j3(t
2e24) = e3, and so π3T (Z)C2

2
∼= Z/8.

The remaining claims will assume Corollary 5.7. Since π∗(T (Z)C2 ; Z/4) ∼= Z/2
for ∗ ≡ 1, 5 mod 8, the corresponding integral groups are cyclic of order two. Since
π∗(T (Z)C2 ; Z/4) has order four for ∗ ≡ 3 mod 8, the integral group is cyclic of order
at least four. Finally, in degrees ∗ ≡ 7 mod 8 the mod 4 group has order eight, so
the integral groups are a sum of two cyclic groups, only one of which has order two.

By Lemma 1.11 β maps to the π5-generator represented by te7 7→ te3e4, and
likewise σ̄ mapping to t2e11 will be seen in Corollary 5.7 to reduce to t2f3f8 mod 4,
which generates the Z/2-summand in π7. �

We now wish to prove that the undecided d5-differential in Ê∗(C2; Z/4), origi-
nating on t−1u1f3, is zero.
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Lemma 5.2. Let R : T (Z)C2 → T (Z) be the restriction map, and let π : T (Z) →
T (F2) be induced by the map of rings. Then R : π4(T (Z)C2 ; Z/4) → T4(Z; Z/4) is
zero, and π : T4(Z; Z/4)→ T4(F2; Z/4) is zero.

Proof. For R : Z/8{e3} ∼= π3T (Z)C2

2 → T3(Z)2 ∼= Z/2{e3} is the surjection, induc-
ing the zero map on the four–torsion subgroups.

The second claim follows from comparison with π : T4(Z; Z/2)→ T4(F2; Z/2) un-
der ε, since ε : T4(Z; Z/2)→ T4(Z; Z/4) is an isomorphism, while ε : T4(F2; Z/2)→
T4(F2; Z/4) is zero. �

Since Γ̂1 : T (Z) → Ĥ(C2, T (Z)) is a connective two–adic equivalence, there is

an isomorphism Z/2 ∼= T4(Z; Z/4) → π4(Ĥ(C2, T (Z)); Z/4), so there is a single

nonzero class in total degree four of Ê∗(C2; Z/4) surviving to E∞.

Proposition 5.3. t−1u1f3 survives to E∞ in total degree four of Ê∗(C2; Z/4).
Hence d5(t−1u1f3) = 0 and d8(t−2) = t2f7.

Proof. By Lemma 5.2 the surviving class in total degree four does not lift over R,
i.e. does not have filtration degree s ≤ 0. The only classes in positive filtration
degree are t−1u1f3 and t−2. So modulo filtrations, the surviving class is one of
these.

If t−2 were to survive to E∞, it would map under π to the permanent cycle

t−2 in Ê∞(C2,F2; Z/4); the spectral sequence abutting to π∗(Ĥ(C2, T (F2)); Z/4).
Compare Proposition 4.6(2). This contradicts the claim that π induces a trivial
map.

Hence t−1u1f3 is the surviving class. In particular d5 is zero on it. We claim that
t2f7 is a boundary in Ê∗(C2; Z/4). For it is an infinite cycle hit by ν in E∗(C2; Z/4),

by Theorem 1.9(4). And ν ∈ π3Q(S0)2 maps to zero in T3(Z)2 ∼= π3Ĥ(C2, T (Z))2,

whence t2f7 does not survive to E∞ in Ê∗(C2; Z/4), and must be a boundary.
The possible sources for such a differential are t−1u1f4, t

−1f3 and t−2. The first
is an infinite cycle and the second is a d4-boundary, so we get d8(t−2) = t2f7, as
claimed. �

Next we seek to determine the remaining differentials of Ê∗(C2; Z/4).

Lemma 5.4. t4i survives to Ê∞

−8i,0(C2; Z/4) for all i. Hence Ê∗(C2; Z/4) is pe-

riodic with bidegree period (8, 0). t2f8 is an infinite cycle and survives to E9, so

Êr(C2; Z/4) has a periodic action of bidegree (−4, 8) for r ≤ 9.

Proof. π : T∗(Z; Z/4) → T∗(F2; Z/4) takes f8 to y4
2 since Σ7HZ/4 → T (Z) →

T (F2) → Σ8HZ/2 is the Bockstein map β2, by Theorem 1.1(c) of [B2]. And Γ̂1

takes y4
2 to t−4 ∈ Ê∗

8,0(C2,F2; Z/4). So f8 maps to a nonzero class in Ê∗(C2; Z/4)

of filtration degree at least eight, which must be t−4. Hence each t4i is an infinite
cycle, and survives to E∞. �

Lemma 5.5. d6 = 0 and d7 = 0 in Ê∗(C2; Z/4), so

Ê8
s,∗(C2; Z/4) ∼=





T∗(Z; Z/4)/2 when s ≡ 0 mod 4

2T∗(Z; Z/4) when s ≡ 1 mod 4

0 otherwise.
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The infinite cycles t2if3f
j
8 and t2if7f

j
8 with i, j ∈ Z, j ≥ 0, survive to this E8-term.

Proof. d6 = 0 by Proposition 3.10(4) and bidegree considerations, because the d6-
differentials from odd filtration and fiber degrees land in zero groups. The remaining
claims are clear. �

The strategy will now be to use the connective two–adic equivalence T (Z) →

Ĥ(C2, T (Z)) to decide where the permanent cycles in Ê∗(C2; Z/4) are located. The
remaining infinite cycles in this spectral sequence must then be boundaries, and we
can determine several d8-differentials by means of this argument. The remaining
d8-differentials are found using the algebra structure and the known d9-differential
hitting t2f8. Thereafter there will be no room for any further differentials in this
mod 4 spectral sequence, which settles the complete differential structure, also for
the truncated spectral sequence E∗(C2; Z/4).

Theorem 5.6. Ê∗(C2; Z/4) is an algebra spectral sequence, with algebra structure
on the E2-term given by Lemma 2.5. The classes t4, t−4 and f7 are permanent
cycles, t2 survives to E8, and t2f8 is a d9-boundary.

The differentials are multiplicatively generated by

d4(t−1) = tf3 d4(u1f4) = t2u′1f7 d5(u′1) = t3f4

d5(u1f3) = t3f7 d8(t−2) = t2f7 d8(t−1u′1) = t3u′1f7

d8(t−2f4) = t2f3f8 d8(t−1u1f4) = t3u1f3f8 d9(t−3u′1) = t2f8.

The E∞-term is t4-periodic, with additive generators

1, tu1f3, f3, t−1u1f3, t−2f3 and f7

as a free Z/2[t4, t−4]-module.

Proof. By Lemma 5.4 the E∞-term of Ê∗(C2; Z/4) is (8, 0)-periodic, so we focus
on total degrees 0 through 7. The abutment in total degrees 0 and 7 is Z/4,
expressed as two permanent cycles in either total degree, each generating a Z/2 in
the E∞-term. In total degree zero this is 1 and one so far undetermined class. In
total degree seven t−2f3 and f7 are infinite cycles which cannot be boundaries for
bidegree reasons. Hence these are the permanent cycles. In total degrees three and
four the abutment is Z/2, represented by one surviving class each. In total degree
three this is f3, while by Proposition 5.3 the permanent cycle in total degree four
is t−1u1f3. In the remaining total degrees the abutment is trivial, so there are no
further nontrivial permanent cycles.

By Lemma 5.5 there are additional infinite cycles in total degrees three and
seven. In total degree three the first examples are the cycles t2f7 and t4f3f8.
Neither survives, and for bidegree reasons the only differentials which can affect
them are d8(t−2) = t2f7, and d8(f4) = t4f3f8.

In total degree seven there are cycles t2f3f8 and t4f7f8. The former could be the
target of either d8(t−2f4) or d9(t−3u1f3) from pure bidegree considerations. But
in fact d8(t−2f4) = d8(t−2)f4 + t−2d8(f4) = t2f7f4 + t−2t4f3f8 = t2f3f8. Here
we have used f4f7 = 0 from Theorem 1.6(2). Similarly d8(f8) = d8(t2f8 · t

−2) =
t2f8 · t

2f7 = t4f7f8, since t2f8 is an infinite cycle surviving to E9.
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The final differential from the horizontal axis is found as follows. d9(t−3u′1) =
t2f8 was established in the course of the proof of Theorem 4.1. In particular
d8(t−3u′1) = 0, so d8(t−1u′1) = t2d8(t−3u′1) + d8(t2)t−3u′1 = t3u′1f7.

By the algebra structure, d9(t−3u′1f7) = t2f7f8, since f7 is an infinite cycle.

Two differentials from fiber degree four remain. The differentials established
so far only leave behind classes in total degrees congruent to 0, 1, 4 and 5 mod 8,
except in fiber degrees seven or less. Thus the class tu1f3f8 in total degree 8 of
E8 cannot support a nonzero differential, since there are no surviving classes in
higher fiber degree and total degree 7. Therefore tu1f3f8 must be a boundary,
namely d8(t−3u1f4) = tu1f3f8. Similarly t3u1f3f8 in total degree 4 cannot support
a differential, but does not survive to E∞, whence is hit by d8(t−1u1f4) = t3u1f3f8.

Translating the established d8- and d9-differentials by the invertible action of t4

and the periodic action of t2f8, we find the following E10-term.

Ê10(C2; Z/4) ∼= Z/2{1, tu1f3, f3, t
−1u1f3, t

−2f3, f7}[t
4, t−4].

There are no classes in fiber degree eight or above, so clearly E10 = E∞, as
claimed. �

Corollary 5.7. E∞

∗,∗(C2; Z/4) =⇒ π∗(T (Z)C2 ; Z/4) is periodic in nonnegative total

degrees, with period (0, 16) induced by f 2
8 . The additive structure in total degrees 0

through 15 is:

0◦ Z/4{1} ⊕ Z/2{tu1f3, t
3u′1f7} 8◦ Z/2{2f8, tu1f3f8, t

4f2
8 }

1◦ Z/2{tf3} 9◦ Z/2{tf3f8}
2◦ Z/2{tf4} 10◦ Z/2{tf4f8}
3◦ Z/2{f3, t

2f7} 11◦ Z/2{f3f8, t
2f7f8}

4◦ Z/2{t2f8, t
3u1f3f8} 12◦ Z/2{tu′1f7f8, t

3u1f3f
2
8 }

5◦ Z/2{tf7} 13◦ Z/2{tf7f8}
6◦ Z/2{u′1f7} 14◦ Z/2{u′1f7f8}
7◦ Z/4{f7} ⊕ Z/2{t2f3f8} 15◦ Z/4{f7f8} ⊕ Z/2{t2f3f

2
8 , t

4f7f
2
8 }

Hence

π∗(T (Z)C2 ; Z/4) ∼=





(Z/4)2 for ∗ = 0, 15 mod 16

Z/2 for ∗ ≡ 1, 2 mod 4

Z/4 for ∗ ≡ 3, 4 mod 8

Z/4⊕ Z/2 for ∗ ≡ 7, 8 mod 16.

Proof. This follows by inspection of the truncated spectral sequence E∗(C2; Z/4),
which appears displayed below. The permanent cycles would be boundaries of
differentials crossing the horizontal or vertical axis in the whole plane spectral
sequence Ê∗(C2; Z/4)[f−1

8 ]. Compare Remark 4.8. The targets of such (local-
ized) dr-differentials are labeled r′′. The only exception to this remark stems from
H0(C2; Z/4) ∼= Z/4, and appears as some Z/4-classes on the vertical axis. �
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9′′ 8 4 5 8 9 4 5 9′′ 16

8′ 9 5′ 4′ 9′′ 8′′ 5′′ 4′′ 8′′ 15

8 8 5′ 4 8 8 5′′ 4 8 12

8′ 8′′ 4′ 5 8′′ 8′′ 4′′ 5 8′′ 11

8 9 4 5 9′′ 8 4 5 8 8

9′′ 8′′ 5′ 4′ 8′′ 9 5′′ 4′′ 9′′ 7

8 8 5′ 4 8 8 5′′ 4 8 4

8′ 8′′ 4′ 5 8′′ 8′′ 4′′ 5 8′′ 3

9′′ 8 4 5 8 9 4 5 9′′ 0

−8 −7 −6 −5 −4 −3 −2 −1 0

Figure 5.8. E∗(C2; Z/4) =⇒ π∗(T (Z)C2 ; Z/4)

The lifted trace map tr2 : K(Ẑ2)→ T (Z)C2

2 equalizes the restriction and Frobe-

nius maps R,F : T (Z)C2

2 → T (Z)2, and thus factors through the homotopy fiber

of their difference. This was defined as TC(1)(Z)2 by the fiber sequence (0.8). We
now determine this first approximation to TC(Z)2 in mod 2 and mod 4 homotopy,
and integrally in low degrees. Let ∂ : ΩT (Z)2 → TC(1)(Z)2 denote the boundary
map in the Puppe sequence extending (0.8).

Proposition 5.9. The mod 2 restriction map R : π∗(T (Z)C2 ; Z/2) → T∗(Z; Z/2)
is surjective in degrees ∗ = 0, 3, and zero otherwise. The mod 2 Frobenius map
F : π∗(T (Z)C2 ; Z/2) → T∗(Z; Z/2) is surjective in fiber degrees ∗ ≡ 0, 3, 7 mod 8
and zero otherwise. R and F are unequal on π0, and are equal on π3. Hence for
∗ ≥ 0

π∗(TC
(1)(Z); Z/2) ∼=

{
(order four) if ∗ = 2, 3

Z/2 otherwise.

The classes 1, η, η̃2, λ, 2̃ν2, β and σ̄ map to nontrivial classes in their respective
degrees. ∂(e3) and ∂(e4) represent the additional generators in degrees two and
three.

The mod 4 restriction map R : π∗(T (Z)C2 ; Z/4) → T∗(Z; Z/4) is surjective in
degrees ∗ = 0, 3, has image of order two in degree seven, and is zero otherwise.
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The mod 4 Frobenius map F : π∗(T (Z)C2 ; Z/4) → T∗(Z; Z/4) is surjective in fiber
degrees ∗ ≡ 0, 3, 7, 11 and 15 mod 16, has image of order two in degrees ∗ ≡ 8
mod 16, and is zero otherwise. R and F are unequal on π0 and π7, and are equal
on π3. Hence

π∗(TC
(1)(Z); Z/4) ∼=





Z/4 if ∗ ≡ 0, 3 mod 4, ∗ 6= 3

Z/2 if ∗ ≡ 1, 2 mod 4, ∗ 6= 2

(Z/2)2 if ∗ = 2

Z/4⊕ Z/2 if ∗ = 3

The classes 1, η, η̃4, λ, ν̃4, β and σ̄ map to nontrivial classes. ∂(f3) and ∂(f4) repre-
sent the additional generators modulo filtrations in degrees two and three. Integrally

TC
(1)
∗ (Z)2 ∼= (Ẑ2{1},Z/2{η},Z/2{∂(e3)},Z/8{λ}, 0,Z/2{β}, 0,Z/8{σ̄}, . . . ).

Proof. In view of Theorem 0.4, Γ1 and Γ̂1 are connective two–adic equivalences,
so we can identify the restriction map R with the homotopy restriction map Rh in
nonnegative degrees. This map induces the map of spectral sequences E∗(G; Λ)→

Ê∗(G; Λ) given by the natural map H∗(G;M) → Ĥ∗(G;M), i.e. by including the
upper left quadrant spectral sequences into the upper half plane spectral sequences.

By inspection of Ê∗(C2; Z/2) as given in Theorem 4.1 we find that only the
classes represented by 1 and e3 survive across this map, since they are the only
surviving cycles in E∗(C2; Z/2) which are also surviving cycles in Ê∗(C2; Z/2), at
least in nonnegative total degrees. Thus R is surjective on mod 2 homotopy groups
in degrees zero and three, and zero otherwise.

The corresponding inspection of the mod 4 spectral sequence given in The-
orem 5.6 shows that the surviving cycles in E∗(C2; Z/4) which also survive in

Ê∗(C2; Z/4) are 1, tu1f3, f3 and f7. Thus R has image Z/4 in degree zero, Z/2 in
degree three, and a subgroup of order two in degree seven.

The Frobenius map F is induced by group restriction over 1 ⊂ C2. On the level
of spectral sequences it is represented by the edge homomorphism E∗

s,∗(C2; Λ) →
T∗(Z; Λ), to the vertical axis. Hence its image is represented by the permanent
cycles in E∗(C2; Λ) located on the vertical axis.

When Λ = Z/2 these are the classes 1, e3 and e3e4, and their products with
powers of e24. Hence F is surjective in degrees ∗ ≡ 0, 3, 7 mod 8 on mod 2 homotopy.

When Λ = Z/4, the surviving classes are 1, f3, f7, 2f8, f3f8, f7f8 and their prod-
ucts with powers of f2

8 . Note that 1, f7 and f7f8 generate Z/4-summands. Thus
F has image Z/4 in degrees ∗ ≡ 0, 7, 15 mod 16, and Z/2 in degrees ∗ ≡ 3, 8, 11
mod 16.

It remains to compare R and F in low degrees. The only ambiguity is in degree
zero, where the induced maps π0(R) and π0(F ) can be identified with the restriction
and Frobenius maps of the Witt vectorsW1(Z) ∼= Z2 →W0(Z) ∼= Z, by Theorem 2.3
of [HM]. In ghost coordinates these maps are (w0, w1) 7→ w0 and (w0, w1) 7→ w1

respectively. Thus they induce different maps on mod 2 and mod 4 homotopy
groups. �
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Proposition 5.10. η2 ∈ π2Q(S0) ∼= K2(Ẑ2) maps to ∂(e3) in TC
(1)
2 (Z)2.

Thus π2(TC
(1)(Z); Z/2) ∼= Z/4{η̃2} with 2η̃2 = η2, and π3(TC

(1)(Z); Z/2) ∼=
Z/2{λ, ηη̃2}.

Proof. Consider TC(n)(Z)2 defined as the homotopy fiber of

R− F : T (Z)C2n

2 −→ T (Z)
C

2n−1

2 .

The maps R and F are represented in nonnegative degrees by maps of spectral
sequences Rh : E∗(C2n)→ Ê∗(C2n) and F : E∗(C2n)→ E∗(C2n−1). The targets of

these maps are identified in nonnegative degrees by the equivalence Γ̂n.
In total degree three these maps fix the permanent cycle e3 representing the

class trc(λ) in the image from K-theory. Hence they take the remaining permanent
cycles in total degree three (of negative filtration) to classes of negative filtration in
E∗(C2n−1). Since (R−F )(trc(λ)) = 0, it follows that a class represented by e3 is in
the cokernel of π3(R−F ). Passing to the limit as n→∞, the exact sequence (0.7)

tells us that ∂(e3) ∈ K2(Ẑ2)2 is nontrivial. By [DS] K2(Ẑ2) ∼= Z/2, so ∂(e3) is in
fact the generator η2 of this group. By naturality over

K(Ẑ2)2 −→ TC(Z)2 ' holim
n

TC(n)(Z)2 → TC(1)(Z)2

it follows that η2 7→ ∂(e3) is nonzero in TC
(1)
2 (Z)2. �

With this we have described TC
(1)
∗ (Z)2 in about as much detail as can be gleaned

from the mod 2 and 4 spectral sequences.
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