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Abstract. We inductively determine the mod two homotopy of the fixed point
spaces T (Z)C2n for subgroups of the circle acting on the topological Hochschild

homology of the integers, based on earlier work in [R3], and ideas of Bökstedt and

Madsen [BM1] and Tsalidis [T]. We also compute the restriction maps relating these
spaces, and thus find the mod two homotopy of the topological cyclic homology of

the integers, and of the algebraic K-theory space of the two-adic integers.

Introduction

This paper is part four of a series of five papers (see [R1], [R2], [R3] and [R5])
that computes the completed algebraic K-theory of the two-adic integers as an
infinite loop space. This extends to the prime p = 2 the results of Bökstedt and
Madsen ([BM1]) computing the completed algebraic K-theory of the p-adic integers
when p is an odd prime. In their case the answer is

K(Ẑp)p ' Jp × BJp × BBUp

where Ẑp denotes the p-adic integers, the subscript p denotes p-adic completion,
BBU ' SU is the infinite special unitary group, and Jp is the image of J -space
at p. As we will see in [R5], the answer at p = 2 is built from the same components,
but J2 must be interpreted as the complex image of J -space at two, and the product
splitting above is replaced by twisted fibrations.

The construction that allows these calculations is the cyclotomic trace map (see
[BHM]), from algebraic K-theory to topological cyclic homology. By work of Mc-
Carthy, and by Hesselholt and Madsen, the cyclotomic trace map

trc : K(Ẑp)p −→ TC(Z)p

induces an equivalence onto the connective cover of the target. Hence it suffices to
compute topological cyclic homology to determine K-theory. See the introduction
to [R3] for references to these results.

The functor TC(Z) is built from the fixed point subspaces of Bökstedt’s topolog-
ical Hochschild homology T (Z) = THH(Z), which admits an S1-action. In [BM1],
Bökstedt and Madsen compute the mod p homotopy of each fixed space T (Z)Cpn

for every cyclic subgroup Cpn ⊂ S1, when p is odd. This suffices to determine
the mod p homotopy of TC(Z), and then comparison arguments with other known
spaces and Waldhausen’s A-theory yields the spectrum homotopy type of TC(Z).
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2 JOHN ROGNES

Their calculations use the spectral sequence computing the mod p homotopy
of the homotopy fixed points T (Z)hCpn , together with a comparison of T (Z)Cpn

and T (Z)hCpn , and an inductive argument due to Tsalidis (see [T]) to increase n.
When p is odd, these are algebra spectral sequences, and this algebraic structure is
essential to manage the complex bookkeeping that arises.

When p = 2 there is no natural algebra structure on the mod two homotopy of a
ring spectrum, and the current series of papers represents the changes to Bökstedt
and Madsen’s arguments needed to circumvent this problem. We also offer alternate
points of view on some of the more technical calculations. Here is an overview of
the resulting line of argument:

In [R1] we reviewed (so far unpublished) results of Bökstedt on a trace map

K(Z) → T (Z) and its lift through T (Z)hS1

, taking care to include the two-primary
information.

In [R2] we noted that by work of Oka there is an algebra structure on the
mod four homotopy of a ring spectrum, and a module action of this algebra upon
the mod two homotopy. These were made explicit in the case of the topological
Hochschild homology spectrum. It is this module structure we employ in the present
calculations, to replace the algebra structure only available for odd p.

In [R3] we provided the initial input for the inductive argument along the lines
of [T], by computing (the mod two homotopy of) the C2-Tate construction on
T (Z), and thereby also the C2-homotopy fixed points of T (Z). We also simplify the
determination of some of the differentials involved in this computation, compared to
the odd primary case. Tsalidis’ work then implies that fixed points and homotopy
fixed points of T (Z) essentially agree at two, and so the spectral sequences in
question will compute the genuine fixed points of T (Z) going into the definition of
TC(Z).

In the present paper we execute the inductive argument. In Sections 1 and 2
we discuss general properties of maps of spectral sequences, and apply them to the
spectral sequences computing the S1-homotopy fixed points of T (Z) after smashing
with one or two copies of the mod two Moore spectrum M = S0/2. The first
represents mod two homotopy; the second receives an external pairing which we
desire to internalize. Combined, these two sections enhance the module structure
on the mod two spectral sequence to a formal algebra structure, sufficient for the
following bookkeeping.

In Sections 3 and 4 we inductively determine the spectral sequences computing
the mod two homotopy of T (Z)C2n . Section 3 illustrates the step from n = 1 to
n = 2; the latter section covers the general case. Theorem 4.14 gives the complete
answer. Our argument largely follows the ideas of [BM1] and [T], but we are also
able to make some simplifications; for instance our characterizations in Lemmas 5.3
and 5.7 substitute for the p-series from Section 4 of [BM1].

In Sections 5 and 6 we analyze the answer, providing the information needed
to assemble TC(Z) from the fixed points T (Z)C2n . In addition to the usual inclu-
sions (Frobenius maps) F : T (Z)C2n → T (Z)C

2n−1 there are other restriction maps
R : T (Z)C2n → T (Z)C

2n−1 acting on topological Hochschild homology. In Section 5
we characterize the permanent cycles in the spectral sequences computing the mod
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two homotopy of T (Z)C2n . In the final section we determine the map R on mod two
homotopy, which suffices to determine the mod two homotopy of TC(Z). This is
the main output or result of the present paper, given in Theorem 6.7. Equivalently,
this computes the mod two homotopy of K(Ẑ2).

The fifth paper [R5] will construct maps relating K(Ẑ2) to known spaces (like
the image of J -spaces mentioned at the beginning), so as to fiber off known parts

from K(Ẑ2), until the remaining piece is characterized by its mod two homotopy
(and being nearly K-local) as being equivalent to BBU ' SU . The fiber sequences
involved will be classified by means of the multiplicative structures available, and a
complete description of the infinite loop space K(Ẑ2)2 results. Finally the natural

map K(Z) → K(Ẑ2) is studied, providing an interesting invariant of the algebraic
K-theory of the integers.

For further detail on the contents of the present paper, we refer to the introduc-
tions to each section.

Here we gather an explanation of some of the notation we will use for known
classes in the stable homotopy groups of spheres and in algebraic K-theory.

Definition 0.1. We name classes in the homotopy of Q(S0), K(Z) and K(Ẑ2) as

follows. All names are carried over along the natural maps Q(S0) → K(Z) → K(Ẑ2)
without further mention in the notation. See Section 1 of [R3] for a fuller discussion.

Let η, ν and σ denote generators of π1Q(S0)2 = Z/2, π3Q(S0)2 = Z/8 and
π7Q(S0)2 = Z/16, respectively. Then η3 = 4ν. Let λ denote a generator of
K3(Z)2 = Z/16 (by [LS]), such that 2λ = ν. Then 2η = 0 so there is a class
η̃2 ∈ π2(Q(S0); Z/2) with mod two Bockstein j1(η̃2) = η. Furthermore 4ν = η3 = 0

in K3(Ẑ2), so there is a class ν̃4 ∈ K4(Ẑ2; Z/4) with mod four Bockstein j2(ν̃4) = ν.

Its mod two reduction is denoted ρν̃4 ∈ K4(Ẑ2; Z/2). There is a class β ∈ K5(Z)2
with mod two reduction i1(β) = λη̃2 since λη = 0 in K4(Z). It generates K5(Z)2
modulo torsion, which is Ẑ2 by [Bor]. Finally there is a class σ̄ ∈ K7(Ẑ2)2 with
mod four reduction i2(σ̄) = λν̃4, since λν = 2λ2 = 0. We shall prove in [R5] that σ

and σ̄ agree in K7(Ẑ2).

1. Short exact sequences of spectral sequences

We begin by establishing Proposition 1.5, which gives a criterion for when a
cofiber sequence relating three filtered spectra (left, middle, right) gives rise to
short exact sequences of Er-terms for all r, for the three corresponding spectral
sequences. In particular the left spectral sequence will then always inject into the
middle one.

Consider a cofiber sequence of spectra

X
i
−→ Y

j
−→ Z

∂
−→ ΣX.

We assume X, Y and Z are endowed with compatible filtrations {Xs}s, {Ys}s and
{Zs}s, where the maps Xs−1 → Xs, Xs → X are assumed to be cofibrations, and
likewise for Y and Z. In particular we have cofiber sequences

Xs
is−→ Ys

js
−→ Zs

∂s−→ ΣXs.
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We write Xs = Xs/Xs−1 and likewise for Y and Z, and get a cofiber sequence

(1.1) Xs
ıs−→ Y s

s−→ Zs
∂s−→ ΣXs.

Next we assume hocolims→+∞ Xs ' X and holims→−∞ Xs ' ∗, and similarly
for Y and Z. Then associated to these filtered spectra, we have three spectral
sequences:

E1
s,t(X) = πs+t(Xs) =⇒ πs+t(X)

E1
s,t(Y ) = πs+t(Y s) =⇒ πs+t(Y )

E1
s,t(Z) = πs+t(Zs) =⇒ πs+t(Z)

The underline refers to the dependence of the spectral sequence on the filtration
on X, Y or Z. Since the filtrations are assumed to be compatible, we get maps of
spectral sequences

(1.2) Er
s,t(X)

i∗−→ Er
s,t(Y )

j∗
−→ Er

s,t(Z)
∂∗−→ Er

s,t−1(X).

Suppose π∗(∂s) = 0 for all s. Then the long exact sequences in spectrum ho-
motopy associated to the cofiber sequences (1.1) split into short exact sequences,
which give the case r = 1 of the diagram above. Hence with this assumption on ∂s

there is a short exact sequence of E1-terms

(1.3) 0 −→ E1
s,t(X)

i∗−→ E1
s,t(Y )

j∗
−→ E1

s,t(Z) −→ 0

for all s and t.
In general we cannot expect the later terms (r ≥ 2) of these spectral sequences to

fit into such short exact sequences. It is the aim of this section to give a sufficient
criterion for the cofiber sequence of filtered spectra to give rise to a short exact
sequence of spectral sequences, i.e. such that

(1.4) 0 −→ Er
s,t(X)

i∗−→ Er
s,t(Y )

j∗
−→ Er

s,t(Z) −→ 0

is a short exact sequence for all r, s and t.
In our cases of interest, the spectral sequences collapse at a finite stage, so

the corresponding statements will hold for the E∞-terms. We do not discuss the
convergence questions that arise when the spectral sequences do not collapse.

Consider the induced cofiber sequence of the following filtration subquotients:

Xs/Xs−r−1
ir
s−→ Ys/Ys−r−1

jr
s−→ Zs/Zs−r−1

∂r
s−→ Σ(Xs/Xs−r−1)

Proposition 1.5. If π∗(∂
r
s) = 0 for all r and s, then

0 −→ Er
s,t(X)

i∗−→ Er
s,t(Y )

j∗
−→ Er

s,t(Z) −→ 0
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is a short exact sequence for all r, s and t.

Proof. Since π∗(∂s) = π∗(∂
0
s ) = 0, the statement holds for r = 1. By induction we

may assume the proposition holds up through to the Er-terms for a given r, and
try to prove the statement for the Er+1-terms.

To do this we consider the complexes

(1.6) 0 −→ Br
s,t(X)

i∗−→ Br
s,t(Y )

j∗
−→ Br

s,t(Z) −→ 0

and

(1.7) 0 −→ Zr
s,t(X)

i∗−→ Zr
s,t(Y )

j∗
−→ Zr

s,t(Z) −→ 0.

Here Br
s,t ⊆ E1

s,t (in each of the cases X, Y and Z) is defined as the common span of

the images of the di-differentials landing in E1
s,t for all i ≤ r. Similarly Zr

s,t ⊆ E1
s,t

is defined as the common kernel of the di-differentials originating in E1
s,t for all

i ≤ r. Then Br
s,t ⊆ Zr

s,t and

Er+1
s,t

∼= Zr
s,t/Br

s,t

for all r, s and t. If we show that (1.6) and (1.7) are short exact, then consequently
the quotient complexes are short exact too, which is the inductive claim for the
Er+1-terms.

Conversely, once we know that (1.4) for (r − 1) and (1.7) for r are short exact,
then it follows that (1.6) for r is exact. We shall use this observation below, at the
end of the proof.

We begin with the dr-cycles Zr
s,t ⊆ E1

s,t. These are the same as for the truncated
spectral sequence where only the columns from filtration s − r up through s are
included. This is the spectral sequence associated to the filtration on Xs/Xs−r−1

induced from the filtration {Xs}s on X. The E1-term of this spectral sequence is
concentrated in filtration degrees s − r through s, and the differentials originating
and ending between these filtration degrees are (essentially) the same as in the
full spectral sequence E∗(X), while all other differentials are zero. In particular
di = 0 for all i > r and Er+1 = E∞ in the truncated spectral sequence. Similar
considerations apply for Y and Z.

In this truncated spectral sequence there are no boundaries in filtration s, and
the term Er

s,t(X) equals the kernel of the natural map

πs+t(Xs) −→ πs+t−1(Xs−1/Xs−r).

The kernel of dr, which gives us the dr-cycles Zr
s,t, is then the kernel of the natural

map
πs+t(Xs) −→ πs+t−1(Xs−1/Xs−r−1),

or equivalently the image of

πs+t(Xs/Xs−r−1) −→ πs+t(Xs).

The last assertion can alternatively be seen by noting that the truncated spectral
sequence abuts to π∗(Xs/Xs−r−1), and the image of the map above is precisely the
uppermost filtration subquotient of the E∞-term.
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The assertion that the image of πs+t(Xs/Xs−r−1) in the truncated Er
s,t(X)

equals the kernel of
dr : Er

s,t(X) → Er
s−r,t+r−1(X)

amounts to saying that we have vertical exact sequences in the following diagram:

0 // πs+t(Xs/Xs−r−1) //
ir+1
s

��

πs+t(Ys/Ys−r−1) //
jr+1
s

��

πs+t(Zs/Zs−r−1) //

��

0

0 // Er
s,t(X) //

i∗

��

dr

Er
s,t(Y ) //

j∗

��

dr

Er
s,t(Z) //

��

dr

0

0 // Er
s−r,t+r−1(X) //

i∗ Er
s−r,t+r−1(Y ) //

j∗
Er

s−r,t+r−1(Z) // 0

The horizontal sequences are short exact sequences by the hypothesis on π∗(∂
r+1
s )

in the uppermost case, and by the inductive hypothesis on the Er-terms in the
middle and lowermost cases. Then the kernels of the dr-maps give the following
exact sequence

0 −→ Zr
s,t(X)

i∗−→ Zr
s,t(Y )

j∗
−→ Zr

s,t(Z)

for all s and t. And since the map

πs+t(Ys/Ys−r−1) −→ πs+t(Zs/Zs−r−1) −→ Zr
s,t(Z)

is a composite of two surjections, the right hand map

j∗ : Zr
s,t(Y ) −→ Zr

s,t(Z)

is also surjective. Hence (1.7) is a short exact sequence.
Next we turn to the boundaries Br

s,t ⊆ E1
s,t. By considering the spectral sequence

truncated to filtration degrees s through s + r, we can identify the dr-boundaries
with the image of the natural map

πs+t+1(Xs+r/Xs) −→ πs+t(Xs)

or equivalently the kernel of the natural map

πs+t(Xs) −→ πs+t(Xs+r/Xs−1).

So under the isomorphism Er
s,t

∼= Zr−1
s,t /Br−1

s,t we identify the image of

dr : Er
s+r,t−r+1(X) → Er

s,t(X)

with Br
s,t/Br−1

s,t . Then we have just shown (with a filtration shift) that the vertical
kernels of the map of short exact sequences

0 // Er
s+r,t−r+1(X) //

i∗

��

dr

Er
s+r,t−r+1(Y ) //

j∗

��

dr

Er
s+r,t−r+1(Z) //

��

dr

0

0 // Er
s,t(X) //

i∗ Er
s,t(Y ) //

j∗
Er

s,t(Z) // 0

form a short exact sequence. Hence so do the vertical images, which together with
the inductive assertion that (1.6) is short exact for (r − 1) establishes that (1.6) is
short exact for the given r. �
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2. Limiting cases of the Tate spectral sequences

In this section we study the skeleton spectral sequences for the S1-Tate con-
struction on T (Z), with coefficients (i) in the mod two Moore spectrum, (ii) in
the smash product of two mod two Moore spectra, and (iii) in the suspended mod
two Moore spectrum. These are related by a cofiber sequence, and to establish a
product structure on the first spectral sequence we use an external pairing landing
in the second spectral sequence and internalize it using the injective map of spec-
tral sequences afforded by Proposition 1.5 of the previous section. The procedures
succeed for the Tate construction on T (Z), as established in Proposition 2.5.

The second aim of the section is to relate the C2n -Tate constructions to the
S1-Tate construction, by passing either to a limit over the Frobenius maps, or
to a colimit over Verschiebung maps. The results replace the need for a product
structure on the mod two spectral sequence for the C2n-Tate construction on T (Z),
which we are unable to construct directly. The main result is Proposition 2.6.

We recall Greenlees’ doubly infinite filtration of ẼS1. Here ẼS1 is defined by
the cofiber sequence

(2.1) ES1
+

c
−→ S0 −→ ẼS1 −→ Σ+ES1.

As usual we take the unit sphere S(C∞) as a model for ES1, and the one-point

compactification SC
∞

as a model for ẼS1. Then ES1 has the odd spheres filtration
{ES1

s}s with
ES1

2i = ES1
2i+1 = S(Ci) = S2i−1

for all i ≥ 0. Greenlees’ filtration {ẼS1
s}s has

ẼS1
2i = ẼS1

2i+1 = SC
i

for all integers i. When i is negative, this requires a spectrum-level interpretation.
The corresponding filtration on the Tate construction

Ĥ(S1, T (Z)) = [ẼS1 ∧ F (ES1
+, T (Z))]S

1

may be called the skeleton filtration.
The right hand part of the cofiber sequence (2.1) admits the filtration S0 →

SC
i

→ Σ+S(Ci). It induces the homotopy norm–restriction cofiber sequence

(2.2) ΣT (Z)hS1

Nh

−−→ T (Z)hS1 Rh

−−→ Ĥ(S1, T (Z)) −→ Σ2T (Z)hS1

and corresponding maps of spectral sequences relating the three rightmost terms.
Classes mapping nontrivially by Nh are represented in the spectral sequence for
Ĥ(S1, T (Z)) by classes supporting differentials which cross the vertical axis. See
Theorem 2.15 of [BM1]. Also see Diagram 6.1 below.

Briefly writing X = Ĥ(S1, T (Z)), the skeleton filtration has X2i = X2i+1 =

[SC
i

∧ F (ES1
+, T (Z))]S

1

. Hence the odd filtration layers are trivial, while the even
filtration layers are

X2i = X2i/X2i−1 = [Σ2i−1(S1
+) ∧ F (ES1

+, T (Z))]S
1

' Σ2iT (Z)
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by the Adams isomorphism. Here we are using SC
i

/SC
i−1 ∼= Σ2i−1(S1

+). So the
E2-term of the spectral sequence is concentrated in even columns, each of which
is represented by a copy of T (Z). With mod two coefficients the E2-term is the
S1-Tate cohomology of π∗(T (Z); Z/2).

Let M = S0/2 be the mod two Moore spectrum, with the associated cofiber
sequence

M ∧ S0 1∧2
−−→ M ∧ S0 1∧i

−−→ M ∧ M
1∧j
−−→ M ∧ S1.

Of course M ∧ S0 ∼= M and M ∧ S1 ∼= ΣM . Recall that 1 ∧ 2 above factors as

M
j
−→ S1 η

−→ S0 i
−→ M.

Lemma 2.3. For any filtration subquotient Xs
s−r = Xs/Xs−r−1 of the skeleton

filtration on Ĥ(S1, T (Z)), multiplication by η induces a zero homomorphism on the
two-torsion elements

η∗ : 2π∗(X
s
s−r) → π∗+1(X

s
s−r)/2.

Hence the mod two homotopy of each such subquotient has exponent two, and the
filtered cofiber sequence

Ĥ(S1, T (Z)) ∧ M
i
−→ Ĥ(S1, T (Z)) ∧ M ∧ M

j
−→ Ĥ(S1, T (Z)) ∧ ΣM

induces a short exact sequence of Er-terms of spectral sequences, for all r.

Proof. A spectral sequence converging to π∗(X
s
s−r) is clearly given by truncating

the skeleton spectral sequence for Ĥ(S1, T (Z)) to filtration degrees s− r through s.
The E2-term of the resulting spectral sequence is concentrated in the even columns,
each of which contains a copy of π∗T (Z). The only differentials will originate on
the horizontal axis. Hence all two-torsion in the abutment π∗(X

s
s−r) sits in (even,

odd) bidegrees. Multiplication by η takes such a class to an even total degree, in
positive fiber degree, where the abutment is zero. Hence the product is trivial in
π∗+1(X

s
s−r)/2, as claimed. �

Remark 2.4. Note that the corresponding argument for the C2n -Tate construction
fails, although the same conclusion will eventually be seen to hold. This argu-
ment uses the “imparity” of the torsion in π∗T (Z) in an essential way, and might
not generalize to T (A) for a general ring spectrum (FSP) A. However, for any
Z-algebra (ring) A there is of course an equivariant module action of T (Z) on
T (A), which greatly structures the behavior of the spectral sequences computing
π∗(T (A)hC2n ; Z/2) etc.

We now wish to prove that Ê∗(S1; Z/2) is an algebra spectral sequence, in the
sense that its differentials are derivations. The E2-term has the formal algebra
structure

E2
∗,∗ = Ĥ−∗(S1, π∗T (Z; Z/2)) = Z/2[t, t−1, e3, e4]/(e2

3 = 0).

The pairing S0 ∧ M ∧ S0 → M shows that the spectral sequence above is a left
and right module over the integral spectral sequence Ê∗(S1), which is an algebra
spectral sequence, and that the two module actions agree.
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Proposition 2.5. The skeleton spectral sequence Ê∗(S1; Z/2) converging to the

mod two homotopy of Ĥ(S1, T (Z)) is an algebra spectral sequence, in the sense
that its differentials are derivations with respect to the formal algebra structure.
By truncation, the same claim holds for the skeleton spectral sequence E∗(S1; Z/2)

converging to the mod two homotopy of T (Z)hS1

.

This result is somewhat surprising, since the obstruction to splitting the right
unit map 1∧ i : M ∧S0 → M ∧M factors through η, which maps nontrivially to te3

in E∞(S1) and to t3e3e4 in Ê∞(S1; Z/2). In particular we do not claim that there

is an algebra structure on the target π∗(Ĥ(S1, T (Z)); Z/2) of the spectral sequence,
nor that it has a multiplicative filtration with associated graded algebra compatible
with the E∞-term of Ê∗(S1; Z/2). This is in fact false.

Proof. Inductively assume that Ê∗(S1; Z/2) is an algebra spectral sequence up to
the Er-term. On the horizontal axis we may suppose that the Er-term consists

of the integral powers of some class t2
i

. The classes 1, te4, e3 and te3e4 are hit

by 1, η̃2, λ and β in K∗(Ẑ2; Z/2). By the action of ν̃4 ∈ K4(Ẑ2; Z/4) as formal
multiplication by t2e2

4 it follows that all the classes (te4)
j and e3(te4)

j are infinite
cycles.

Clearly all differentials in Ê∗(S1; Z/2) must be of even length, and originate in

(even, even) bidegrees. Any class in an odd fiber degree of Êr(S1; Z/2) lifts to
the integral spectral sequence (by a universal coefficient sequence argument), so
any formal product involving it lifts to a natural product formed using one of the
pairings S0∧M → M or M ∧S0 → M . Since the formal product extends these left
and right module pairings, any differential on such a formal product is a derivation.

The remaining classes sit in (even, even) bidegrees, and form, by the inductive

hypothesis, a free Z/2[t2
i

, t−2i

]-module on the powers of te4. We may assume r
is even. Now we use the map of spectral sequences i∗ considered above, from the

skeleton spectral sequence for Ĥ(S1, T (Z)) ∧ M (i.e. Ê∗(S1; Z/2)) to the skeleton

spectral sequence for Ĥ(S1, T (Z))∧M ∧M . By the lemma above, i∗ is injective on
all Er-terms.

Let x and y be nonzero classes of (even, even) bidegrees in the Er-term of

Ê∗(S1; Z/2). Then the formal product x · y is nonzero and maps under i∗ to the
nonzero class in the same bidegree of the (M ∧M)-spectral sequence, which is x∧y.
The exterior pairing satisfies

dr(x ∧ y) = dr(x) ∧ y + x ∧ dr(y).

By naturality i∗ takes dr(x · y) to the right hand side above. Each of the formal
products dr(x) · y and x · dr(y) involve a class in odd fiber degrees, so map under
i∗ to dr(x) ∧ y and x ∧ dr(y). Hence

i∗d
r(x · y) = i∗d

r(x) · y + i∗x · dr(y)

and so by injectivity of i∗, the proposition follows. �

Next we compare Ĥ(S1, T (Z)) with the homotopy limit of the Ĥ(C2n , T (Z))

over the Frobenius maps, and also compare Σ−1Ĥ(S1, T (Z)) with the homotopy
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colimit of the Ĥ(C2n , T (Z)) over the Verschiebung maps. More precisely we wish
to compare the limiting skeleton spectral sequences in mod two homotopy with the
skeleton spectral sequence Ê∗(S1; Z/2).

For all n the Tate constructions Ĥ(C2n , T (Z)) can be defined by

Ĥ(C2n , T (Z)) = [ẼS1 ∧ F (ES1
+, T (Z))]C2n

∼= F (S1/C2n+, ẼS1 ∧ F (ES1
+, T (Z)))S1

.

The double covering map S1/C2n−1+ → S1/C2n+ and the (stable) transfer map
S1/C2n−1+ → S1/C2n+ now define the Frobenius and Verschiebung maps below by
precomposition:

Fn : Ĥ(C2n , T (Z)) −→ Ĥ(C2n−1 , T (Z))

Vn : Ĥ(C2n−1 , T (Z)) −→ Ĥ(C2n , T (Z))

The collapse map S1/C2n+ → S1/S1
+ and the (stable) S1-transfer map Σ+S1/S1 →

S1/C2n+ likewise define maps for all n

Ĥ(S1, T (Z))
F
−→ Ĥ(C2n , T (Z))

V
−→ Σ−1

Ĥ(S1, T (Z)).

In the limit we obtain maps

F : Ĥ(S1, T (Z)) −→ holimFn
Ĥ(C2n , T (Z))

V : hocolimVn
Ĥ(C2n , T (Z)) −→ Σ−1

Ĥ(S1, T (Z)).

As for ẼS1, there are doubly infinite Greenlees filtrations of ẼC2n for all n. But
unlike {ẼS1

s}s whose layers were nontrivial only in even filtrations, the Greenlees

filtrations of ẼC2n have nontrivial layers in every filtration. Some care will be
required when comparing the two types of filtrations.

We may still use ES1 = S(C∞) as our model for EC2n , by restricting the group

action, and similarly use ẼS1 = SC
∞

for ẼC2n . But while the Greenlees filtration
of ẼC2n has

(ẼC2n)2i = ẼS1
2i = SC

i

with the restricted C2n -action, we let (ẼC2n)2i+1 be obtained from SC
i

by adjoining
a C2n -free (2i+1)-cell. This may be arranged so that for all s the sth filtration layers
is a copy of Σs

+C2n . Clearly this filtration corresponds to the usual two-periodic
resolution of the cyclic group.

This Greenlees filtration for ẼC2n gives rise to the mod two spectral sequence
Ê∗(C2n ; Z/2) converging to the mod two homotopy of Ĥ(C2n ; T (Z)). The E2-
term is given by the C2n -Tate cohomology of π∗(T (Z); Z/2). The Frobenius and
Verschiebung maps are defined by acting on S1/C2n+, and hence commute with
the filtrations. So there are natural Frobenius and Verschiebung maps connecting
the Ê∗(C2n ; Z/2) to one another. We claim the relationship to the S1-spectral
sequences is as follows.
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Proposition 2.6. The Frobenius maps induce a two-adic homotopy equivalence

F : Ĥ(S1, T (Z)) −→ holimFn
Ĥ(C2n , T (Z))

and an equivalence of spectral sequences Ê∗(S1; Z/2) ∼= limFn
Ê∗(C2n ; Z/2).

Likewise the Verschiebung maps induce a two-adic homotopy equivalence

V : hocolimVn
Ĥ(C2n , T (Z)) −→ Σ−1

Ĥ(S1, T (Z))

and an equivalence of spectral sequences colimVn
Ê∗(C2n ; Z/2) ∼= Σ−1Ê∗(S1; Z/2),

where the desuspension has bidegree (−1, 0), i.e. is a left shift.

Proof. We have a C2n-equivariant map of filtrations

{(ẼS1)s}s −→ {(ẼC2n)s}s

inducing for each n the map of mod two homotopy spectral sequences

Ê∗(S1; Z/2)
F
−→ Ê∗(C2n ; Z/2)

compatible with the Frobenius maps Fn. For each n the Frobenius map induces an
isomorphism of E2-terms in even columns, and the zero map in odd columns (since

we are taking mod two coefficients). Hence Fn : Ĥ(C2n , T (Z)) → Ĥ(C2n−1 , T (Z))
induces an isomorphism on even columns up through the Er-term, where r = r0(n)

is the length of the first odd differential in Ê∗(C2n ; Z/2). We know that r0(n) is

monotonically increasing in n, so likewise F : Ê∗(S1; Z/2) → Ê∗(C2n ; Z/2) induces
an isomorphism on even columns up through the Er-term with r = r0(n). Hence
the limiting Frobenius map induces an isomorphism of spectral sequences

F : Ê∗(S1; Z/2) −→ lim
Fn

Ê∗(C2n ; Z/2)

as claimed.
In the other case, we must shift the Greenlees filtration of ẼS1 one step to the

left. Then we have a C2n-equivariant map of filtrations

{(ẼC2n)s}s −→ Σ−1{(ẼS1)s}s = {(ẼS1)s+1}s

inducing for each n the map of mod two homotopy spectral sequences

Ê∗(C2n ; Z/2)
V
−→ Σ−1Ê∗(S1; Z/2)

compatible with the Verschiebung maps. On the filtration layers the Verschiebung

map linking Ĥ(C2n−1 , T (Z)) to Ĥ(C2n , T (Z)) maps ΣsT (Z) to itself, as the identity
for odd s, and as multiplication by two for even s. Hence for each n the Verschiebung
map induces an isomorphism of E2-terms in odd columns, and the zero map in even
columns (since we are taking mod two coefficients). Also Vn : Ĥ(C2n−1 , T (Z)) →

Ĥ(C2n , T (Z)) and V : Ê∗(C2n ; Z/2) → Σ−1Ê∗(S1; Z/2) induce isomorphisms on
odd columns up through the Er-term, where r = r0(n) as above.

Hence the limiting Verschiebung map induces an isomorphism of spectral se-
quences

V : colimVn
Ê∗(C2n ; Z/2) −→ Σ−1Ê∗(S1; Z/2)

as claimed. �

This identification of the limiting form of the even and the odd columns of the
spectral sequences Ê∗(C2n ; Z/2) serves to replace the multiplicative identification

made in the odd primary case, using the long–surviving classes un ∈ Ĥ1(Cpn ; Z/p).
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3. The C4-fixed points of T (Z)

We determine the differentials in the Tate spectral sequence Ê∗(C4; Z/2), and
thus compute π∗(T (Z)C4 ; Z/2) up to extensions. The argument is presented so as
to generalize to an inductive calculation of π∗(T (Z)C2n ; Z/2) for all n ≥ 2 by means
of Tsalidis’ theorem.

The Frobenius and Verschiebung maps Fn and Vn induce isomorphisms of the
even and odd columns, respectively, among the E2-terms of the spectral sequences
Ê∗(C2n ; Z/2) for all n ≥ 1. Recall the formal algebra structure on these E2-terms:

Ê2(C2n ; Z/2) = Z/2[t, t−1, un, e3, e4]/(u2
n = 0, e2

3 = 0)

with deg(t) = (−2, 0), deg(un) = (−1, 0), deg(e3) = (0, 3) and deg(e4) = (0, 4).

The spectral sequence Ê∗(C2; Z/2) was determined in Theorem 4.1 of [R3]. Its
first nontrivial differentials are the d4-differentials, which are derivations with re-
spect to this formal algebra structure and determined by d4(t−1) = te3, d4(u1) = 0
and the infinite cycles e3 and te4. Its d5-differentials are also derivations, and deter-
mined by d5(t−2u1) = te4, d5(t2) = 0 and the infinite cycles just mentioned. Writ-

ing r0(n) for the length of the shortest nontrivial odd differential in Ê∗(C2n ; Z/2)
we have r0(1) = 5. Finally the E6-term is concentrated in fiber degrees 3 or less,
and the spectral sequence collapses at this stage.

Since the first odd differentials in Ê∗(C2; Z/2) were of length five, there are no

odd differentials among the Ê∗(C2n ; Z/2) with n ≥ 2 of length five or less. This
follows by Proposition 3.8 of loc. cit. Hence as long as r < 5 by naturality the
Frobenius and Verschiebung maps induce isomorphisms, in even and odd columns
respectively, of Er-terms and dr-differentials among all the Ê∗(C2n ; Z/2). Therefore

each Ê∗(C2n ; Z/2) is an algebra spectral sequence through the (E4, d4)-term, with
d4(t−1) = te3 and d4(un) = 0. But d5 = 0 in all these later spectral sequences.

The first possible nontrivial odd differential on Ê∗(C4; Z/2) has length at least
13 by Lemma 4.7 of loc. cit. For the first odd differential originates in an odd
column by the cited proposition, and dr = 0 if r ≡ 3 mod 4 by fiber degree
considerations. Next dr = 0 on odd columns for r ≡ 1 mod 8 (i.e. r = 9) by
bidegree considerations, as the image of any such dr-differential on a d4-cycle in
Ê∗(C4; Z/2) lands in a bidegree completely killed by a d4-differential. Thus all d7-,
d9- and d11-differentials are trivial. Hence r0(2) ≥ 13. We shall see below that

indeed d13 6= 0 on Ê∗(C4; Z/2), so r0(2) = 13.

Thus up through E12 there are no odd differentials in Ê∗(C4; Z/2), and again
by the cited proposition there are no odd differentials of length 13 or less in
Ê∗(C2n ; Z/2) for all n ≥ 3. Thus the Frobenius and Verschiebung maps Fn and
Vn induce isomorphisms up through the E13-terms of all these spectral sequences
Ê∗(C2n ; Z/2) with n ≥ 2.

We now look at the even differentials in this range. First by Proposition 3.11
of loc. cit. we have dr = 0 for r ≡ 2 mod 4 when r < 13. Furthermore dr = 0 for
r ≡ 0 mod 8 (i.e. r = 8) by bidegree considerations, as again the image of any such

dr-differential on a d4-cycle in Ê∗(C4; Z/2) lands in a bidegree completely killed by
the d4-differentials. Hence the first possible nontrivial even differential after d4 is
d12.
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By Proposition 2.6 above, the even columns of each Êr(C2n ; Z/2) with r < r0(n)

agree with Êr(S1; Z/2) through the Frobenius maps, while the odd columns in the

same range agree with the left shift Σ−1Êr(S1; Z/2). Hence we can conclude:

Lemma 3.1. All dr-differentials in Ê∗(C2n ; Z/2) are derivations for r < r0(n).

Proof. By Proposition 2.5 the differentials in Ê∗(S1; Z/2) are derivations. Assum-
ing r < r0(n) we have

Êr(C2n ; Z/2) ∼= Êr(C2n ; Z/2) ⊗ E(un)

as algebras, where E(un) denotes the exterior algebra on un. Since 1 is a permanent
cycle, its left shifted image un is a dr-cycle. For dr to be a derivation, it must satisfy
dr(x ·un) = dr(x) ·un for all x in the even columns, which holds by Proposition 2.6.
Since u2

n = 0 this is also sufficient for dr to be a derivation. �

In particular the dr-differentials of Ê∗(C4; Z/2) are derivations for r ≤ 12. We
shall see later that also the d13-differentials are derivations, by a more indirect
argument.

By truncating Ê∗(C2; Z/2) to the upper left quadrant we obtain the spectral se-
quence E∗(C2; Z/2) abutting to the mod two homotopy of T (Z)hC2 . On connective
covers this agrees with the mod two homotopy of T (Z)C2 , by Theorem 0.4 of loc.
cit. Hence we have the following calculation (in nonnegative degrees), reproduced
from Proposition 5.1 of loc. cit.:

(3.2) π∗(T (Z)C2 ; Z/2) ∼=

{

(Z/2)2 when ∗ ≡ 0, 7 mod 8,

Z/2 otherwise.

By Tsalidis’ theorem [T], the map Γ̂n : T (Z)C
2n−1 → Ĥ(C2n , T (Z)) induces a two-

adic equivalence on connective covers for all n ≥ 1. Hence Ê∗(C4; Z/2) abuts to
the groups listed above, at least in nonnegative degrees.

Now consider the action of the mod four spectral sequences upon the mod two
spectral sequences.

Lemma 3.3. The class ν̃4 7→ t2f8 ∈ Ê2
−4,8(C2n ; Z/4) is a permanent cycle for all

n ≥ 2. Hence multiplication by t2f8 acts as formal multiplication by the permanent
cycle (te4)

2 on Ê∗(C2n ; Z/2) for all n ≥ 2. In particular

dr((te4)
2 · x) = (te4)

2 · dr(x)

for all x and r.

Thus all differentials in Ê∗(C2n ; Z/2) propagate up and to the left by formal
multiplication by (te4)

2. The integral permanent cycle e3 likewise propagates dif-
ferentials vertically by multiplication by e3.

Proof. Consider the spectral sequences Ê∗(C2; Z/4) and Ê∗(C4; Z/4), and the maps
F1 and V1 connecting them. In the latter sequence t2f8 is not a d2-boundary since
tf7 is an infinite cycle, not a d5-boundary since d5(t−1u2f4) = V1(d

5(t−1u1f4)) =
0, and not a d6-boundary since t−1f3 = d4(t−3). The d9-differential landing in



14 JOHN ROGNES

bidegree (−4, 8) originates in Ê9
5,0(C4; Z/4), which is contained in Ê5

5,0(C4; Z/4) =

Z/2{2t−2u′
2}, in light of d4(t−2u′

2) = u2f3. (In fact d8(t−3u′
2) = ε(d8(t−3u′

1)) =
ε(0) = 0 so E5 = E9 in this bidegree.) Then d9(2t−3u′

2) = V1(d
9(t−3u′

1)) =
V1(t

2f8) = 2t2f8, and we see that t2f8 itself is not in the image of d9. Thus t2f8

is a permanent cycle in Ê∗(C4; Z/4). A similar analysis using the Vn for n ≥ 2

shows that t2f8 is not a boundary and thus survives to E∞ in all Ê∗(C2n ; Z/4)
with n ≥ 2. �

The first d12-differential arises as follows.

Lemma 3.4. In the spectral sequence Ê∗(C4; Z/2) the classes t2i · e3 and t2i · te3e4

are permanent cycles for all integers i. There is a differential

d12(t−2) = t4e3e
2
4.

Proof. By comparison with Ê∗(S1), all classes in (even, odd) fiber degrees are
infinite cycles. Among these the classes t2ie3 and t2i+1e3e4 are not d4-boundaries,
and thus survive to E∞. Since π∗(T (Z)C2 ; Z/2) ∼= Z/2 in (positive) degrees ∗ ≡
1, 3, 5 mod 8 there can be no further permanent cycles in these total degrees. Thus
all other infinite cycles in these total degrees are boundaries. An early case of
this is the class t4e3e

2
4 in fiber degree 11, which can only be hit by the given d12-

differential. �

Lemma 3.5. In the spectral sequence Ê∗(S1; Z/2) the dr-differentials for r ≤ 12
are determined by being derivations, the formulas d4(t−1) = te3 and d12(t−2) =
t4e3e

2
4, and that e3 and te4 are permanent cycles.

Hence each spectral sequence Ê∗(C2n ; Z/2) for n ≥ 2 is an algebra spectral se-
quence through the (E12, d12)-term, with differentials determined by d4(t−1) = te3,
d12(t−2) = t4e3e

2
4, d12(un) = 0 and that e3 and te4 are permanent cycles.

Proof. The d12-differential just found in E∗(C4; Z/2) translates to the S1-spectral
sequence by the Frobenius map, and generates the remaining d12-differentials there
by the algebra structure. (In particular d12(te4 · t−2) 6= 0. It appears to be very
difficult to prove this within the C4-spectral sequence without having established
the algebra structure on the S1-spectral sequence.)

Thus the structure of the C2n-spectral sequences up to the E13-terms follows
from Proposition 2.6, and is as claimed. �

The last step of the induction is to determine the d13-differentials in Ê∗(C4; Z/2).

Lemma 3.6. In the spectral sequence Ê∗(C4; Z/2) there are differentials

d13(t4i · t−4u2e3) = t4i · e3(te4)
3

d13(t4i · t−3u2e3e4) = t4i · e3(te4)
4

for all integers i.

Proof. Consider first the classes (te4)
3e3 and (te4)

4e3 in Ê∗(C4; Z/2). They are in
(even, odd) bidegrees; thus they are infinite cycles. They are in total degrees 9
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and 11, where by the inductive input (3.2) the abutment has order two. But by
Lemma 3.4, the permanent cycles t−2e3 and t−1e3e4 are already known to generate
the abutment in these total degrees. Hence there can be no more permanent cycles
in these degrees, and the two infinite cycles considered must be boundaries. Inspect-
ing the E13-term, the only classes that can support differentials hitting (te4)

3e3 and
(te4)

4e3 are t−4u2e3 and t−3u2e3e4 respectively. Hence we must have the claimed
differentials, both of which have length 13.

The same argument in total degrees (9− 8i) and (11− 8i) for any integer i, i.e.
multiplying each class mentioned by t4i, implies the general case. �

Note that a separate counting argument is made in each case. There is no obvious
action available for which multiplication by powers of t4 makes sense. The precise
behavior in negative total degrees might be deemed troublesome, but note that
this never affects the results in positive degrees. In fact the C2n -equivariant James
periodicity of ẼS1 proves that the differential structure in positive total degrees
also propagates periodically across the upper left quadrant, as desired. The a
priori period for the James periodicity is significantly longer than that realized in
the spectral sequences under consideration, but this does not affect the argument.

Lemma 3.7. In the spectral sequence Ê∗(C4; Z/2) the d13-differentials are deter-
mined by being derivations, the formula d13(t−4u2) = (te4)

3, and that e3, te4 and
t4 are permanent cycles. The resulting E14-term is concentrated in fiber degrees 11
or less, and so the spectral sequence collapses at this stage.

Proof. From the action by e3 we conclude that there are differentials

d13(t4i · t−4u2) = t4i · (te4)
3

d13(t4i · t−3u2e4) = t4i · (te4)
4

for all integers i. By the formal action of e3 and (te4)
2 provided by Lemma 3.3,

this determines all the d13-differentials of Ê∗(C4; Z/2). By bookkeeping the classes
surviving to E14 are:

1, t3u2e3e4; t3e3e4; te4; e3; t2e2
4; te3e4; t−2u2e3; t−2e3, t2e3e

2
4

with semicolons separating the degrees, together with all their translates by integral
powers of t4. All these classes have fiber degree 11 or less, so E14 = E∞. In
particular t4 is a permanent cycle, as claimed. �

The two classes in total degree zero represent the mod two reductions of gener-
ators of π0T (Z)C2 ∼= Z2. In higher degrees η 7→ t3e3e4, η̃2 7→ te4, λ 7→ e3, ρν̃4 7→

t2e2
4 = (te4)

2, β 7→ te3e4 and σ̄ 7→ t2e3e
2
4 generate the image from K∗(Ẑ2; Z/2).

We have proved:

Lemma 3.8. The spectral sequence Ê∗(C4; Z/2) is an algebra spectral sequence
in the sense that its differentials are derivations with respect to the formal alge-
bra structure on the E2-term. The differentials are determined by the formulas
d4(t−1) = te3, d12(t−2) = t4e3e

2
4 and d13(t−4u2) = (te4)

3, and the permanent
cycles e3, te4 and t4.
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The spectral sequence abuts additively to π∗(Ĥ(C4, T (Z)); Z/2). It collapses at the
E14-term, with abutment the free Z/2[t4, t−4]-module on the following generators:

1, t3u2e3e4; t3e3e4; te4; e3; t2e2
4; te3e4; t−2u2e3; t−2e3, t2e3e

2
4

�

By truncating to the upper left quadrant we find the following.

Lemma 3.9. The spectral sequence E∗(C4; Z/2) is an algebra spectral sequence
in the sense that its differentials are derivations with respect to the formal algebra
structure on the E2-term. The differentials are determined by the formulas d4(t) =
t3e3, d12(t2) = t8e3e

2
4 and d13(u2) = t7e3

4, and the permanent cycles e3, te4 and t4.
In nonnegative degrees the resulting E∞-term has three permanent cycles in total

degree ∗ ≡ 0, 15 mod 16 and two permanent cycles otherwise. Hence for ∗ ≥ 0 the
mod two homotopy groups of T (Z)C4 have orders

#π∗(T (Z)C4 ; Z/2) =

{

23 when ∗ ≡ 0, 15 mod 16,

22 otherwise.

Proof. The first part follows from the result for Ê∗(C4; Z/2) by naturality and
truncation. The second part holds because Γ2 : T (Z)C4 → T (Z)hC4 is a two-adic
connective equivalence by Tsalidis’ theorem. The bookkeeping to identify the per-
manent cycles in the truncated sequence can easily be done by hand here. (The
general case will be presented in Section 5 below.) �

Lemmas 3.8 and 3.9 constitute the inductive hypothesis in the case n = 2 for
the general inductive argument, presented in the next section.

4. The induction argument

We impose the formal algebra structure on the E2-term

Ê2(C2n ; Z/2) = Z/2[t, t−1, un, e3, e4]/(u2
2 = 0, e2

3 = 0)

of each spectral sequence Ê∗(C2n ; Z/2). Let ρ(n) = 4(2n − 1) for all n. We make
the following inductive hypothesis for a given n ≥ 1:

Hypothesis 4.1. In the spectral sequence Ê∗(C2n ; Z/2) there are differentials

dr(t−2k

) = t2
k

· e3 · (te4)
2(2k−1)

with r = ρ(k + 1) for all 0 ≤ k < n, and

dr(t−2n

· un) = (te4)
2n−1

with r = ρ(n) + 1. All dr-differentials for r ≤ ρ(n) + 1 are derivations with respect
to the formal algebra structure, and the classes e3, te4 and t±2n

survive to the
Eρ(n)+2-term.

Hence, in the notation of [R3], the shortest odd differential in Ê∗(C2n ; Z/2) has
length r0(n) = ρ(n)+1, at least for the given n. We write Ph(x) = Z/2[x]/(xh = 0)
for the truncated polynomial algebra on x of height h.
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Lemma 4.2. The differentials given in the inductive hypothesis above determine
the remaining differentials in Ê∗(C2n ; Z/2), and the spectral sequence collapses at
the Eρ(n)+2-term. The E∞-term is

Ê∞(C2n ; Z/2) =

P2n−1(te4)[t
2n

, t−2n

]{1, e3} ⊕
⊕

k=v2(i)<n

P2(2k−1)(te4) · t
ie3{1, un}.

Hence all differentials in this spectral sequence are derivations, and the classes e3,
te4 and t±2n

are permanent cycles.

Proof. For r < ρ(n) + 1 there are no odd dr-differentials, so in this range each

Êr(C2n ; Z/2) is the exterior algebra on un over the even columns. Consider the
even columns of the E2-term as a free Z/2[te4]-module on the generators ti. There
is a dr-differential on ti precisely when v2(i) = k < n and r = ρ(k + 1), which

hits t2
k+1+i · e3 · (te4)

2(2k−1). Hence the classes surviving to the even columns of
the Eρ(n)+1-term are of two kinds: those in (even, even) bidegrees which have not
supported a differential, and those in (even, odd) bidegrees which were not hit by
a differential. The first classes form the free Z/2[te4]-module on the generators ti

with v2(i) ≥ n, i.e. on the integral powers of t2
n

. The second classes form the sum
of the polynomial algebras in te4 truncated at height 2(2k − 1) on the generators
tie3, where k = v2(i). If v2(i) ≥ n there is no truncation. Hence

Ê
ρ(n)+1
ev,∗ (C2n ; Z/2) =

Z/2[te4, t
2n

, t−2n

]{1, e3} ⊕
⊕

k=v2(i)<n

P2(2k−1)(te4) · t
ie3

and
Ê

ρ(n)+1
∗,∗ (C2n ; Z/2) = Ê

ρ(n)+1
ev,∗ (C2n ; Z/2) ⊗ E(un).

Now consider the odd differential generated by

dr(tiun) = t2
n+i(te4)

2n−1

whenever v2(i) ≥ n, where r = ρ(n) + 1. It maps the odd columns to the even
columns, and is trivial on the even columns. On un times the first (polynomial)
summands above, the differential is injective, with cokernel the free P2n−1(te4)-
module on generators ti and tie3 with v2(i) ≥ n. On un times the second (trun-
cated) summands above, the differential is zero because 2n − 1 > 2(2k − 1) for all
k < n. Hence

Êρ(n)+2(C2n ; Z/2) =

P2n−1(te4)[t
2n

, t−2n

]{1, e3} ⊕
⊕

k=v2(i)<n

P2(2k−1)(te4) · t
ie3{1, un}.

This Er-term is concentrated in fiber degrees 4(2n−2)+3 or less, and since ρ(n) >
4(2n − 2) + 3 there can be no further differentials, at this stage or later. Hence the
spectral sequence collapses as claimed. �
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Lemma 4.3. The spectral sequence E∗(C2n ; Z/2) has E2-term

E2(C2n ; Z/2) = Z/2[t, un, e3, e4]/(u2
n = 0, e2

3 = 0)

and differentials

dr(t2
k

) = t3·2
k

· e3 · (te4)
2(2k−1)

with r = ρ(k + 1) for all 0 ≤ k < n, and

dr(un) = t2
n

· (te4)
2n−1

with r = ρ(n)+1. All differentials are derivations with respect to the formal algebra
structure, and the classes e3, te4 and t2

n

are permanent cycles. This determines
all the remaining differentials. The Eρ(n)+2-term of the spectral sequence is con-
centrated in fiber degree 4(2n − 2)+3 or less, and so the spectral sequence collapses
at this stage. The E∞-term satisfies

E∞(C2n ; Z/2) =

P2n+1−1(te4)[e
2n

4 , e−2n

4 ]{1, e3} ⊕
⊕

k=v2(i)<n

P2(2k+1−1)(te4) · e3e
i
4{1, un}

in nonnegative fiber degrees.

Proof. All claims are clear by comparison over the (homotopy restriction) map

Rh : E∗(C2n ; Z/2) → Ê∗(C2n ; Z/2), except perhaps the calculation of the E∞-
term. The argument is similar to that from Lemma 4.2. We compare the spectral
sequence with its localization where e4 is inverted. These two sequences agree in
nonnegative fiber degrees.

For r < ρ(n) + 1 there are no odd dr-differentials, so in this range each term
Er(C2n ; Z/2) is the exterior algebra on un over the even columns. These even
columns agree in nonnegative fiber degrees with the free Z/2[te4]-module on the
generators ei

4 and e3e
i
4, with i ∈ Z. There is a dr-differential on ei

4 precisely when

v2(i) = k < n and r = ρ(k + 1), which hits ei−2k+1

4 · e3 · (te4)
2(2k+1−1). Hence the

classes surviving in the even columns of the Eρ(n)+1-term are again of two kinds:
those in (even, even) bidegrees which have not supported a differential, and those in
(even, odd) bidegrees which were not hit by a differential. The first classes form the
free Z/2[te4]-module on the generators ei

4 with v2(i) ≥ n, i.e. the integral powers
of e2n

4 . The second classes form the sum of the truncated polynomial algebras in
te4 of height 2(2k+1 − 1) on the generators e3e

i
4, where k = v2(i). If k ≥ n there is

no truncation. Hence

E
ρ(n)+1
ev,∗ (C2n ; Z/2) =

Z/2[te4, e
2n

4 , e−2n

4 ]{1, e3} ⊕
⊕

k=v2(i)<n

P2(2k+1−1)(te4) · e3e
i
4

in nonnegative fiber degrees. Now consider the odd differential generated by

dr(ei
4un) = (te4)

2n+1−1 · ei−2n

4
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whenever v2(i) ≥ n, where r = ρ(n) + 1. It is injective on un times the first
(polynomial) summands above, with cokernel the free P2n+1−1(te4)-module on gen-
erators ei

4 and e3e
i
4 with v2(i) ≥ n. On un times the second (truncated polynomial)

summands above it is zero, because 2n+1 − 1 > 2(2k+1 − 1) for all k < n. Hence

Eρ(n)+2(C2n ; Z/2) =

P2n+1−1(te4)[e
2n

4 , e−2n

4 ]{1, e3} ⊕
⊕

k=v2(i)<n

P2(2k+1−1)(te4) · e3e
i
4{1, un}

in nonnegative fiber degrees, as claimed. �

Lemma 4.4. There are n permanent cycles in each nonnegative total degree of
E∗(C2n ; Z/2), except in the degrees congruent to −1 or 0 mod 2n+2 where there are
(n + 1) permanent cycles.

Proof. The first part
P2n+1−1(te4)[e

2n

4 , e−2n

4 ]{1, e3}

of the E∞-term has one generator in each total degree except the degrees −2 and
1 mod 2n+2.

For a fixed k ≥ 0, the sum of the terms

P2(2k+1−1)(te4) · e3e
i
4{1, un}

with v2(i) = k contains one generator in each total degree, except in the degrees
2k+2 − 2, 2k+2 − 1, 2k+2 and 2k+2 + 1 mod 2k+3. Summing over 0 ≤ k < n we find
that the second part of the E∞-term has (n− 1) generators in each degree, except
in the degrees −2, −1, 0 and 1 mod 2n+2, where there are n generators.

Hence the E∞-term itself has rank n in every total degree, except in the degrees
−1 and 0 mod 2n+2, where the rank is (n + 1). �

The induction step is made possible by the following result.

Lemma 4.5. In nonnegative total degrees the spectral sequence Ê∗(C2n+1 ; Z/2) has
n permanent cycles in every total degree, except in the degrees congruent to −1 or
0 mod 2n+2, where there are (n + 1) permanent cycles.

Proof. Tsalidis’ theorem from [T] and the initial input Theorem 0.4 from [R3]
ensure that there is a two-adic equivalence of connective covers induced by the map

Γ̂n+1 : T (Z)C2n −→ Ĥ(C2n+1 , T (Z)).

Hence in nonnegative total degrees the order of the abutment of E∗(C2n ; Z/2)

equals the order of the abutment of Ê∗(C2n+1 ; Z/2). The claim follows. �

Lemma 4.6. The even columns of the Eρ(n)+1-term of Ê∗(C2n+1 ; Z/2) are given
by

Ê
ρ(n)+1
ev,∗ (C2n+1 ; Z/2) =

Z/2[te4, t
2n

, t−2n

]{1, e3} ⊕
⊕

k=v2(i)<n

P2(2k−1)(te4) · t
ie3
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and the full spectral sequence satisfies

Ê
ρ(n)+1
∗,∗ (C2n+1 ; Z/2) = Ê

ρ(n)+1
ev,∗ (C2n+1 ; Z/2) ⊗ E(un+1).

The dr-differential for r = ρ(n) + 1 is zero.

Proof. Up to the first odd differential in Ê∗(C2n ; Z/2), of length r0(n) = ρ(n) + 1,
the Frobenius and Verschiebung maps induce isomorphisms of Er-terms and dr-
differentials between Ê∗(C2n ; Z/2) and Ê∗(C2n+1 ; Z/2), taking un to un+1 in the
odd columns. This explains the formulas above. By Proposition 3.8 of [R3] the

first odd differential of Ê∗(C2n+1 ; Z/2) is strictly longer than that of Ê∗(C2n ; Z/2),
which had length ρ(n) + 1. �

Lemma 4.7. For ρ(n) < r < ρ(n + 1) the dr-differentials in Ê∗(C2n+1 ; Z/2) are
zero.

Proof. The permanent cycles t2f8 and e3 (coming from ν̃4 and λ in K∗(Ẑ2; Z/4))
act upon the spectral sequence by formal multiplication by (te4)

2 and e3. Each
class in the given Eρ(n)+1-term can be written as the product of a class in fiber
degree 0 or 4 with a power of (te4)

2 and e3. Thus it suffices to show that there are
no dr-differentials originating in fiber degree 0 or 4 when r is in the stated range.
The only classes surviving in these fiber degrees are ti and tiun+1 with v2(i) ≥ n,
and te4 times these classes.

When k < n the summand P2(2k−1)(te4) · t
ie3{1, un} in the given Eρ(n)+1-term

is concentrated in fiber degrees 3 through 4(2(2k − 1)− 1) + 3 < ρ(n). Hence none
of the dr-differentials with r > ρ(n) can land in these summands. The remaining
summands constitute the free Z/2[te4, e3]/(e2

3 = 0)-module on the classes ti and
tiun+1 with v2(i) ≥ n.

We have thus identified the relevant possible sources and targets of any nontrivial
dr-differentials with r > ρ(n). Bidegree considerations will now show that any such
differentials are zero as long as r < ρ(n + 1).

A dr-differential on t−2n

lands in total degree 2n+1 − 1. The possible targets in
this total degree are (te4)

2n−2e3 and t−2n

un+1, along with their multiples with pow-
ers of (t2e4)

2n

. The latter family (involving un+1) is excluded by an S1-comparison
argument: there can only be even differentials originating from the even columns.
The former family lives in fiber degrees −5 mod 2n+2 and can only equal dr(t−2n

)
for r ≡ −4 mod 2n+2. Clearly there are no such r strictly between ρ(n) = 2n+2 − 4
and ρ(n + 1) = 2n+3 − 4.

A dr-differential on t−2n

un+1 lands in total degree 2n+1 − 2 where the possi-
ble targets are (te4)

2n−2un+1e3 and (te4)
2n−1, and their multiples with powers of

(t2e4)
2n

. These classes live in fiber degrees −5 and −4 mod 2n+2, and would be
hit by dr-differentials with r ≡ −4 or −3 mod 2n+2. The former cases fall just
outside the range considered, as above, while there is one bidegree where we could
have a differential of the latter type, namely r = ρ(n) + 1. But this is precisely

the differential present in Ê∗(C2n ; Z/2) but excluded in Ê∗(C2n+1 ; Z/2) by the last
clause of Lemma 4.6.

Similar arguments applies to all ti and tiun+1 with v2(i) ≥ n, and to their
products with te4, and the lemma follows. �
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Corollary 4.8. Any nontrivial dr-differential in Ê∗(C2n+1 ; Z/2) with r > ρ(n) has
r ≥ ρ(n + 1).

The first possible nontrivial odd differential in Ê∗(C2n+1 ; Z/2) has length at least
ρ(n + 1) + 1. So r0(n + 1) ≥ ρ(n + 1) + 1. �

We now know that the Er-terms of Ê∗(C2n ; Z/2) and Ê∗(C2n+1 ; Z/2) are iso-
morphic through the Frobenius and Verschiebung maps as long as r ≤ ρ(n) + 1,
while the dρ(n)+1-differentials present in the former spectral sequence are zero in
the latter. By the corollary above the next possible differential in the latter spectral
sequence is the dρ(n+1)-differential, which is a derivation by Lemma 3.1. This acts
upon the following Eρ(n+1)-term:

Ê
ρ(n+1)
∗,∗ (C2n+1 ; Z/2) = Ê

ρ(n+1)
ev,∗ (C2n+1 ; Z/2) ⊗ E(un+1)

with

(4.9) Ê
ρ(n+1)
ev,∗ (C2n+1 ; Z/2) =

Z/2[te4, t
2n

, t−2n

]{1, e3} ⊕
⊕

k=v2(i)<n

P2(2k−1)(te4) · t
ie3

obtained as in the proof of Lemma 4.2. We now proceed with the analog of
Lemma 3.4, using Lemma 4.4 to generalize formula (3.2).

Lemma 4.10. In the spectral sequence Ê∗(C2n+1 ; Z/2) the classes in the summands
⊕

k=v2(i)<n

P2(2k−1)(te4) · t
ie3

and
P2(2n−1)(te4)[t

2n

, t−2n

] · e3

are permanent cycles. There is a differential

dρ(n+1)(t−2n

) = t2
n

· e3 · (te4)
2(2n−1).

Proof. The listed classes are infinite cycles since they sit in (even, odd) bidegrees

in the image from Ê∗(S1). They are permanent cycles because their fiber degrees
are strictly less than ρ(n + 1) − 1. In total degree 2n+1 − 1, the classes

t2
k+1−2n

· e3 · (te4)
2(2k−1)

for 0 ≤ k < n are easily seen to be permanent cycles of this kind.

(They arise as follows. For each 0 ≤ k < n the differential dρ(k+1)(t−2k

) =

t2
k

· e3 · (te4)
2(2k−1) implies that dρ(k+1)(t−2n

) is zero, and so the nonzero class

t2
k+1−2n

· e3 · (te4)
2(2k−1)

in its target bidegree is a permanent cycle.)
These are all distinct, so by Lemma 4.5 these are all the n permanent cycles

in this total degree. Hence the next infinite cycle in this total degree, namely
t2

n

·e3 · (te4)
2(2n−1), must be a boundary. Considering the fiber degree of this class,

the only possible differential affecting it is the dρ(n+1)-differential given above. �
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Lemma 4.11. In the spectral sequence Ê∗(S1; Z/2) the dr-differentials for r ≤

ρ(n + 1) are determined by being derivations, the formulas dρ(k+1)(t−2k

) = t2
k

· e3 ·

(te4)
2(2k−1) for 0 ≤ k ≤ n, and that e3 and te4 are permanent cycles.

Hence Ê∗(C2n+1 ; Z/2) is an algebra spectral sequence through the (Er, dr)-term

with r = ρ(n + 1), with differentials determined by dρ(k+1)(t−2k

) 6= 0 as above,
dρ(n+1)(un) = 0, and that e3 and te4 are permanent cycles.

Proof. The dρ(n+1)-differential just found translates to the S1-spectral sequence by
the Frobenius map, and generates the remaining dρ(n+1)-differentials there by the
algebra structure and the permanent cycles e3 and te4. Translating back by the
Frobenius map again determines the even columns of Ê∗(C2n+1 ; Z/2) up to the
dρ(n+1)+1-differential, and similarly by the Verschiebung maps from the left shifted
S1-spectral sequence to the odd columns. �

Again, the last step of the induction is to determine the dρ(n+1)+1-differentials.
These are indeed nonzero, so in fact r0(n + 1) = ρ(n + 1) + 1.

Lemma 4.12. In the spectral sequence Ê∗(C2n+1 ; Z/2) there are differentials

dρ(n+1)+1(t2
n+1i · t−2n+1

u2e3) = t2
n+1i · e3(te4)

2n+1−1

dρ(n+1)+1(t2
n+1i · t−2n+1+1u2e3e4) = t2

n+1i · e3(te4)
2n+1

for all integers i.

Proof. We focus on the cases with i = 0. The same argument will work for any i

when all the classes involved are multiplied by t2
n+1i. We omit this factor through-

out for brevity.

Consider the classes e3(te4)
2n+1−1 and e3(te4)

2n+1

in Ê∗(C2n+1 ; Z/2). They are
in (even, odd) bidegrees, hence infinite cycles. They are in total degrees 2n+2 + 1
and 2n+2 + 3, where by Lemma 4.5 the abutment has n permanent cycles. By
Lemma 4.10, the classes

t2
k+1−2n+1

· e3 · (te4)
2k+1−1 and t2

k+1−2n+1

· e3 · (te4)
2k+1

for 0 ≤ k < n are all the permanent cycles in these total degrees. Hence the two
infinite cycles considered must be boundaries, and given their fiber degrees (which
are ρ(n+1)+3 and ρ(n+1)+7) it is easy to see that the listed differentials are the
only ones which can affect the two classes. There can be no slightly longer differ-
entials from near the horizontal axis, because the candidate classes for supporting
such differentials die after the E4- or the E12-term. �

Lemma 4.13. In Ê∗(C2n+1 ; Z/2) the dρ(n+1)+1-differentials are determined by be-
ing derivations, the formula

dρ(n+1)+1(t−2n+1

un+1) = (te4)
2n+1−1,

and that e3, te4 and t±2n+1

are dρ(n+1)+1-cycles.

Proof. By the action of e3 the previous lemma gives the differentials

dρ(n+1)+1(t2
n+1i · t−2n+1

u2) = t2
n+1i · (te4)

2n+1−1

dρ(n+1)+1(t2
n+1i · t−2n+1+1u2e4) = t2

n+1i · (te4)
2n+1
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for all integers i. By the formal action of e3 and (te4)
2 from Lemma 3.3 this

determines that all the possible dρ(n+1)+1-differentials of Ê∗(C2n+1 ; Z/2) are indeed
nonzero. These differentials are easily seen to act as derivations with respect to the
formal algebra structure. �

Theorem 4.14. Hypothesis (4.1) holds for all n ≥ 1. Hence each spectral sequence

Ê∗(C2n ; Z/2) has E2-term

E2(C2n ; Z/2) = Z/2[t, t−1, un, e3, e4]/(u2
n = 0, e2

3 = 0),

its differentials are derivations and generated by

dρ(k+1)(t−2k

) = t2
k

· e3 · (te4)
2(2k−1)

for all 0 ≤ k < n and
dρ(n)+1(t−2n

un) = (te4)
2n−1

while e3, te4 and t±2n

are permanent cycles. The first nonzero odd differential has
length r0(n) = ρ(n) + 1, and the spectral sequence collapses immediately thereafter,
at the Eρ(n)+2-term. The E∞-term is

Ê∞(C2n ; Z/2) =

P2n−1(te4)[t
2n

, t−2n

]{1, e3} ⊕
⊕

k=v2(i)<n

P2(2k−1)(te4) · t
ie3{1, un}

and abuts additively to π∗(Ĥ(C2n , T (Z)); Z/2).

Proof. The case n = 1 was established as Theorem 4.1 of [R3]. Taken in sequence,
Lemmas 4.2 through 4.13 establish that the hypothesis for a given n ≥ 1 implies
the hypothesis for n + 1, and so the theorem follows by induction. �

Remark 4.15. We note that integrally

π∗T (Z)C2n

2
∼=











Ẑ
n+1
2 for ∗ = 0,

(finite) for ∗ > 0 odd,

0 otherwise

by a Bockstein argument, since we know that π∗T (Z)C2n is torsion in positive
degrees by the norm–restriction sequence. Thus multiplication by η is indeed trivial
on the two-torsion in π∗T (Z)C2n , in all degrees, and so a posteriori we know that
the obstruction to an algebra structure on E∗(C2n ; Z/2) vanishes. We might also
remark that π∗(T (Z)C2n ; Z/2) has exponent two, not four, in all degrees. None of
these results need generalize to the fixed points of T (A) for more general rings A.

5. Spectral sequences related to TF (Z)2

Our next task is to recognize and name the permanent cycles in E∗(C2n ; Z/2) and

Ê∗(C2n ; Z/2), abutting to the mod two homotopy of T (Z)hC2n and Ĥ(C2n , T (Z)),
respectively. In the limit over the Frobenius maps the former tend to E∗(S1; Z/2),
which abuts in nonnegative total degrees to the mod two homotopy of TF (Z),
defined as holimF T (Z)C2n . We write TF∗(Z; Z/2) for π∗(TF (Z); Z/2).

Our arguments originate with those of Section 4 of [BM1], but our bookkeeping
proceeds differently, by bringing attention to certain vertical and horizontal bands
partitioning the spectral sequences.
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Lemma 5.1. The spectral sequence E∗(S1; Z/2) converges to TF∗(Z; Z/2) in non-
negative total degrees, and has E∞-term

E∞(S1; Z/2) = Z/2[te4]{1, e3} ⊕
⊕

k=v2(i)

P2(2k+1−1)(te4) · e3e
i
4

in nonnegative fiber degrees.

Proof. This is simply the limiting case of Lemma 4.3 as n tends to infinity. �

Definition 5.2. Let x2r = (te4)
r be the (only) permanent cycle in E∗(S1; Z/2)

in total degree 2r, for r ≥ 0. Let {x2r−1(v)}v≥0 be the permanent cycles in
E∗(S1; Z/2) in total degree 2r − 1, for r ≥ 1, indexed by decreasing (negative)
filtration.

For example x2r−1(0) is the permanent cycle closest to the vertical axis, in
filtration 0 or −2 for r even and odd, respectively. As v grows, the x2r−1(v) move
up and left along a ray within the same total degree. Thus

E∞(S1; Z/2) =

{

Z/2{x2r} in total degree 2r,

Z/2{x2r−1(v)}∞v=0 in total degree 2r − 1.

Lemma 5.3. The permanent cycle x2r−1(v) has even filtration degree s uniquely
determined by the inequalities

(i) ρ(v) < 1 − s < ρ(v + 1)

and the congruence

(ii) −s ≡ 2(r − 2) mod 2v+2.

Hence the E∞-term of E∗(S1; Z/2) can be divided into countably many vertical
bands separated by vertical lines at the filtration degrees 1 − ρ(v) for v ≥ 0, and in
each odd total degree there is precisely one permanent cycle in each vertical band,
with x2r−1(v) in the vth vertical band.

Proof. Fix a total degree 2r−1 and consider the vth band. We seek a class (te4)
je3e

i
4

with (i) 2j + 3 + 4i = 2r − 1 and (ii) ρ(v) < 1 + 2j < ρ(v + 1), such that (iii)
j < 2(2k+1 − 1) where k = v2(i). Then we have found a permanent cycle in the
correct band and total degree. (If i = 0 the third condition is void.) The first two
conditions can be rewritten as 2i + j = r − 2 and 2(2v − 1) ≤ j < 2(2v+1 − 1).
The latter condition lets us uniquely select a j so that j ≡ r − 2 mod 2v+1. Then
the former condition determines i with 2i ≡ 0 mod 2v+1, so k = v2(i) ≥ v. Hence
j < 2(2v+1 − 1) ≤ 2(2k+1 − 1) as required by (iii).

The selected class is unique. For suppose (te4)
j′

e3e
i′

4 also satisfies the three
conditions. Then 2i + j = 2i′ + j′ and |j − j′| < 2v+1 so |i − i′| < 2v. Since
k = v2(i) ≥ v we must have k′ = v2(i) < v unless i = i′. Then 2(2v − 1) ≤ j′ and

j′ < 2(2k′+1 − 1) leads to a contradiction. On the other hand, if i = i′, also j = j′,
so then the classes are equal. �
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Lemma 5.4. In even total degrees

π2r(T (Z)C2n ; Z/2) =

{

(Z/2)n when v2(r) ≤ n,

(Z/2)n+1 when v2(r) > n.

Likewise, in odd total degrees

π2r−1(T (Z)C2n ; Z/2) =

{

(Z/2)n when v2(r) ≤ n,

(Z/2)n+1 when v2(r) > n.

Here the associated graded module has additive generators

E0π2r−1(T (Z)C2n ; Z/2) =

{

Z/2{x2r−1(0), . . . , x2r−1(n − 1)} when v2(r) ≤ n,

Z/2{x2r−1(0), . . . , x2r−1(n)} when v2(r) > n.

Proof. The orders of these groups were given in Lemma 4.4, and by Remark 4.15
they have exponent two, hence are Z/2-vector spaces. To identify the generators
in odd total degrees, consider the E∞-term of E∗(C2n ; Z/2) from Lemma 4.3. The
permanent cycles include all the permanent cycles of E∗(S1; Z/2) in filtrations s
with s ≤ ρ(n) − 2, i.e. in vertical bands 0 through n − 1. These are the classes
x2r−1(v) with 0 ≤ v < n. In addition there are the exceptional classes

(te4)
2(2n−1)e3e

i
4

with v2(i) ≥ n, which are the x2r−1(n). �

Next we make the same calculations for the Tate spectral sequences.

Lemma 5.5. The spectral sequence Ê∗(S1; Z/2) converges to TF∗(Z; Z/2) in non-
negative total degrees, and has E∞-term

Ê∞(S1; Z/2) = Z/2[te4]{1, e3} ⊕
⊕

k=v2(i)

P2(2k−1)(te4) · t
ie3.

Proof. This is the limiting case of Lemma 4.2. �

Definition 5.6. Let y2r = (te4)
r be the (only) permanent cycle in Ê∗(S1; Z/2)

in total degree 2r, for r ≥ 0. Let {y2r−1(v)}v≥0 be the permanent cycles in

Ê∗(S1; Z/2) in total degree 2r − 1, indexed by decreasing filtration.

For example y2r−1(0) is the permanent cycle closest to the horizontal axis, in
fiber degree 3 or 7 for r even and odd, respectively. As v grows, the y2r−1(v) move
up and left along a ray within the same total degree. Thus

Ê∞(S1; Z/2) =

{

Z/2{y2r} in total degree 2r ≥ 0,

Z/2{y2r−1(v)}∞v=0 in total degree 2r − 1.
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Lemma 5.7. The permanent cycle y2r−1(v) has fiber degree degree 4τ + 3 with
τ ≥ 0 uniquely determined by the inequalities

(i) ρ(v) < 2τ + 1 < ρ(v + 1)

and the congruence

(ii) τ ≡ r − 2 mod 2v+1.

Hence the E∞-term of Ê∗(S1; Z/2) can be divided into countably many horizontal
bands separated by horizontal lines at (near) the fiber degrees 2ρ(v) + 1 for v ≥ 0,
and in each odd total degree there is precisely one permanent cycle in each horizontal
band, with y2r−1(v) in the vth horizontal band.

Proof. The proof is similar to that of Lemma 5.3, and will be omitted. �

Lemma 5.8. In even total degrees

π2r(Ĥ(C2n , T (Z)); Z/2) =

{

(Z/2)n−1 when v2(r) ≤ n,

(Z/2)n when v2(r) > n.

Likewise, in odd total degrees

π2r−1(Ĥ(C2n , T (Z)); Z/2) =

{

(Z/2)n−1 when v2(r) ≤ n,

(Z/2)n when v2(r) > n.

Here the associated graded module has additive generators

E0π2r−1(Ĥ(C2n), T (Z)); Z/2) =
{

Z/2{y2r−1(0), . . . , y2r−1(n − 2)} when v2(r) < n,

Z/2{y2r−1(0), . . . , y2r−1(n − 1)} when v2(r) ≥ n.

Proof. This time the proof is similar to that of Lemma 5.4, and will be omitted. �

Definition 5.9. The line containing the permanent cycles (te4)
je3 will be called

the separating line. Let [x] denote the greatest integer less than or equal to x.

Lemma 5.10. In E∗(S1; Z/2) the permanent cycle (te4)
r−2e3 in total degree 2r−1

has the name x2r−1(e) where e = [log2(r)−1]. In Ê∗(S1; Z/2) the same permanent
cycle has the name y2r−1(e) for the same e. Hence in total degree 2r−1 the classes
x2r−1(v) and y2r−1(v) with v < e lie above (to the right of) the separating line, the
classes x2r−1(e) = y2r−1(e) lie on the separating line, and the classes x2r−1(v) and
y2r−1(v) with v > e lie below (to the left of) the separating line.

Proof. By Lemma 5.3 the class e3(te4)
r−2 is in the vth vertical band of E∗(S1; Z/2)

where ρ(v) < 1−s < ρ(v+1) and s = −2(r−2), so 4(2v−1) < 2r−3 < 4(2v+1−1)
or equivalently 2v+1 ≤ r < 2v+2. Hence v = [log2(r) − 1] = e. By Lemma 5.7 the

same class e3(te4)
r−2 is in the wth horizontal band of Ê∗(S1; Z/2) where ρ(w) <

2τ + 1 < ρ(w + 1) and τ = r − 2, so again 4(2w − 1) < 2r − 3 < 4(2w+1 − 1) and
w = [log2(r) − 1] = e. �

Thus classes on the separating line have the same x- and y-indices. We reserve
the notation x2r−1(e) = y2r−1(e) for the class x2r−1(v) = y2r−1(v) with v = e =
[log2(r) − 1].
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6. The restriction map on TF (Z)2

Our final task is to compute the restriction map R : TF (Z)2 → TF (Z)2, and the
difference between it and the identity map, in mod two homotopy. This allows us
to compute the mod two homotopy of the topological cyclic homology TC(Z)2 of
the integers at two, defined in [BHM] by the fiber sequence

TC(Z)2
π
−→ TF (Z)2

R−1
−−−→ TF (Z)2.

By viewing R above as the limit over n of the homotopy restriction maps

Rh : T (Z)C2n → Ĥ(C2n , T (Z)),

we make this calculation by determining the induced maps of E∞-terms from
E∞(C2n ; Z/2) to Ê∞(C2n ; Z/2) in terms of the permanent cycles x2r−1(v) and
y2r−1(v) from the previous section, and using known elements in K-theory to con-
struct good representatives in TF∗(Z; Z/2) for these permanent cycles.

Our arguments largely follow those of Section 7 of [BM1].

In this section all spectra will be implicitly completed at two. Recall the diagram
of fiber sequences

(6.1)

T (Z)hC2n
//N
T (Z)C2n //R

��

Γn

T (Z)C
2n−1

��

Γ̂n

T (Z)hC2n
//Nh

T (Z)hC2n //Rh

Ĥ(C2n , T (Z)).

The vertical maps induce isomorphisms in mod two homotopy in nonnegative de-
grees by Theorem 0.4 of [R3]. In particular Γ̂n induces an isomorphism between
the groups with associated graded groups computed in Lemmas 5.4 and 5.8. The
diagram above is compatible with the Frobenius maps, and in the homotopy limit
over n, we get the following diagram of fiber sequences:

(6.2)

ΣT (Z)hS1
//N
TF (Z) //R

��

Γ

TF (Z)

��
Γ̂

ΣT (Z)hS1
//Nh

T (Z)hS1
//Rh

Ĥ(S1, T (Z)).

We wish to compute the map R : TF (Z) → TF (Z) in mod two homotopy. By these

diagrams we may as well study Rh : T (Z)hC2n → Ĥ(C2n , T (Z)) for n large, or as an
approximation, the homomorphism of E∞-terms induced by Rh : E∗(C2n ; Z/2) →

Ê∗(C2n ; Z/2).
The following classes will be essential.

Definition 6.3. Consider the classes ρ(ν̃4)
i and (ν̃4)

i · η̃2 in K4i(Ẑ2; Z/2) and

K4i+2(Ẑ2; Z/2) for i ≥ 0. Denote their images under the circle trace map K(Ẑ2) →
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TF (Z)2 by ξ4i and ξ4i+2 respectively. Then R(ξ2r) = ξ2r for all r ≥ 0 (by Proposi-
tion 2.5 of [BHM]), and ξ2r is represented by the permanent cycle x2r = (te4)

r in

E∗(S1; Z/2), and likewise by y2r = (te4)
r in Ê∗(S1; Z/2). We write ξ0 = 1.

Next form classes ρ(ν̃4)
iλ and ρ(ν̃4)

iβ in K4i+3(Ẑ2; Z/2) and K4i+5(Ẑ2; Z/2) for
i ≥ 0. Denote their images under the circle trace map by ξ4i+3(e) and ξ4i+5(f)
respectively, where e = [log2(2i + 2) − 1] and f = [log2(2i + 3) − 1]. Then
R(ξ2r−1(e)) = ξ2r−1(e) for all r ≥ 2, with e = [log2(r) − 1], and ξ2r−1(e) is repre-
sented by the permanent cycle x2r−1(e) = e3(te4)

r−2 in E∗(S1; Z/2), and likewise

by y2r−1(e) = e3(te4)
r−2 in Ê∗(S1; Z/2).

We will shortly define ξ2r−1(v) for arbitrary indices v, so as to extend the above
definition in the case v = e.

Now consider the homotopy restriction map Rh : T (Z)hC2n → Ĥ(C2n , T (Z)) and

its induced map between the spectral sequences E∗(C2n ; Z/2) and Ê∗(C2n ; Z/2),
in terms of the permanent cycles named x2r−1(v) and y2r−1(v). In even total
degrees the only permanent cycles are x2r and y2r, respectively, representing ξ2r ∈
TF2r(Z; Z/2) in both cases. As noted in Definition 6.3 the restriction map takes
x2r to y2r. In odd total degrees there are many more permanent cycles. As we
are interested in the limiting case when n grows, we may assume that n is large
compared to the degrees of the classes in question.

Proposition 6.4. In total degree 2r − 1 the homomorphism

Rh : E∞(C2n ; Z/2) −→ Ê∞(C2n ; Z/2)

maps the permanent cycles x2r−1(v) as follows, provided n is sufficiently large with
respect to v:

(1) x2r−1(v) for 0 ≤ v < e maps to 0 or y2r−1(w) with v < w < e,
(2) x2r−1(e) maps to y2r−1(e),
(3) x2r−1(e + 1) maps to 0, and
(4) x2r−1(v) for v > e + 1 maps to y2r−1(v − 1).

Proof. We divide into three cases, namely (i) the classes above the separating line,
(ii) the classes e3(te4)

j directly on the separating line, and (iii) the classes below
the separating line.

Case (i):

We consider the map Rh : E∞(C2n ; Z/2) → Ê∞(C2n ; Z/2) in odd total degrees
and above the separating line, i.e. on classes (te4)

je3e
i
4 with i > 0. This is a

homomorphism

⊕

k=v2(i)

{

P2(2k+1−1)(te4) · e3e
i
4 if k < n

P2n+1−1)(te4) · e3e
i
4 if k ≥ n

Rh

−−→
⊕

k=v2(i)

{

P2(2k−1)(te4) · e3t
−i if k < n

P2n−1(te4) · e3t
−i if k ≥ n

sending each class to a class with the same name, or zero if there is no such class
in the target. The part of the target contained in the second quadrant is

⊕

k=v2(i)

{

P2(2k−1)−i(te4) · e3e
i
4 if k < n

P2n−1−i(te4) · e3e
i
4 if k ≥ n.
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Since i > 0 we have k < ∞, so for n large k < n, and we may concentrate on the
top case. Write i = 2k · ` with ` odd. If ` ≥ 3 then 2(2k − 1)− i = (2− `)2k − 2 ≤ 0.
Similarly if i = 1 or 2. Hence in these cases the target has no classes in the second
quadrant and Rh is the zero homomorphism.

The cases i = 2k > 2 remain. Then 2(2k − 1) − i = 2k − 2 and

P2k−2(te4) · e3e
2k

4

survives as the image of Rh. The remaining classes in the source of Rh are hit
by differentials crossing the vertical axis in the Tate spectral sequence, i.e. have
representatives in the image of the norm map Nh. And im(Nh) = ker(Rh).

When x2r−1(v) = (te4)
je3e

2k

4 survives to a class in im(Rh), it is represented by
some y2r−1(w) or zero. In the first case we claim v < w. Both v and w are clearly
less than e, since we are considering classes above the separating line. x2r−1(v) has
filtration degree s = −2j satisfying (5.3(i)), so

ρ(v) < 1 + 2j.

Since j < 2k − 2 in im(Rh) we get v + 2 < k + 1. Likewise y2r−1(w) = (te4)
je3e

2k

4

has fiber degree 4τ + 3 with τ = j + 2k satisfying (5.7(i)), and so

2j + 2k+1 + 1 < ρ(w + 1).

Since j ≥ 0 we get k + 1 < w + 3. Thus v < w. This completes the proof of part
(1).

Case (ii):
On the separating line we have the classes e3(te4)

r−2 = x2r−1(e) = y2r−1(e).
Evidently Rh is the surjection

P2n+1−1(te4) · e3
Rh

−−→ P2n−1(te4) · e3

and so P2n−1(te4) ·e3 is the image of Rh. As n → ∞ this tends to all of Z/2[te4] ·e3.
In particular

Rh(x2r−1(e)) = y2r−1(e).

This completes the proof of part (2).
Case (iii):
Below the separating line the source of Rh is the second quadrant part of

⊕

k=v2(i)

{

P2(2k+1−1)(te4) · e3e
i
4 if k < n

P2n+1−1(te4) · e3e
i
4 if k ≥ n.

Thus Rh is the homomorphism

⊕

k=v2(i)

{

P2(2k+1−1)−i(te4) · e3t
i if k < n

P2n+1−1−i(te4) · e3t
i if k ≥ n

Rh

−−→
⊕

k=v2(i)

{

P2(2k−1)(te4) · e3t
i if k < n

P2n−1(te4) · e3t
i if k ≥ n
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with i > 0. Again we may focus on the case k < n. Let i = 2k ·`. The highest degree
of a class in the target P2(2k−1)(te4) ·e3t

i is 4(2k−1)−2+3−2i = (4−2`)2k−3 < 0

if ` ≥ 3 or if i = 1. Otherwise i = 2k ≥ 2. Then 2(2k+1 − 1)− i > 2(2k − 1), and so
Rh is onto in all the cases where the target contains classes in nonnegative degrees.
Hence P2(2k−1)(te4) · e3t

i is the image of Rh.

The source of Rh contains the 2i−1 classes in odd positive degrees 1 through 4i−3
from the module Z/2[te4] · e3t

i for i = 2k ≥ 1, while the target contains only the
i − 1 classes in odd positive degrees 1 through 2i − 3. Hence there is precisely one
class (te4)

je3t
i in each odd positive degree contained in the source but not in the

target, namely the class of least negative filtration in the source. This is the class
in degree 2r − 1 satisfying 2i − 3 < 2r − 1 ≤ 4i − 3, i.e. x2r−1(e + 1). The higher
classes x2r−1(e + 2), . . . , x2r−1(n) and y2r−1(e + 1), . . . , y2r−1(n − 1) are present
both in the source and the target, simply under these different names. Hence, for
n sufficiently large

Rh(x2r−1(v)) = y2r−1(v − 1) for v > e + 1, and

Rh(x2r−1(e + 1)) = 0.

We may note that x2r−1(e + 1) = d4(2e+1−1)((te4)
jt−2e

) for a suitable j, and
so this class is represented by a class in im(Nh) = ker(Rh) up to filtration. This
completes the proof of parts (3) and (4). �

Now we will choose classes ξn
2r−1(v) in π2r−1(T (Z)C2n ; Z/2) representing x2r−1(v)

in E∞(C2n ; Z/2), compatible under the Frobenius maps, so as to define classes
ξ2r−1(v) in TF2r−1(Z; Z/2) representing x2r−1(v) in E∞(S1; Z/2). The choices
will be made compatibly with Definition 6.3, and Proposition 6.4 lifts to give the
following two-primary analogue of Theorem 4.2 of [BM2].

Theorem 6.5. Let e = [log2(r)− 1]. There are classes ξ2r−1(v) ∈ TF2r−1(Z; Z/2)
representing x2r−1(v) in the associated graded groups, such that

(1) R(ξ2r−1(v)) for 0 ≤ v < e is a sum of terms ξ2r−1(w) with v < w < e,
(2) R(ξ2r−1(e)) = ξ2r−1(e),
(3) R(ξ2r−1(e + 1)) = 0, and
(4) R(ξ2r−1(v)) = ξ2r−1(v − 1) for v > e + 1.

Proof. There are classes

ξn
2r−1(v) ∈ π2r−1(T (Z)C2n ; Z/2)

ηn
2r−1(v) ∈ π2r−1(Ĥ(C2n , T (Z)); Z/2)

representing the classes x2r−1(v) and y2r−1(v) in the respective associated graded
groups. Here 0 ≤ v < n if v2(r) ≤ n and 0 ≤ v ≤ n if v2(r) > n in the case of the
ξn
2r−1(v), by Lemma 5.4, and 0 ≤ v < n − 1 if v2(r) ≤ n − 1 and 0 ≤ v ≤ n − 1 if

v2(r) > n − 1 in the case of the ηn
2r−1(v), by Lemma 5.8. The classes for varying

n can inductively be chosen to be compatible under the F -maps, and thus define
classes ξ2r−1(v) = limn ξn

2r−1(v) ∈ TF2r−1(Z; Z/2). We need to determine the map
R on these limiting classes. There is a choice in choosing a lift ξn

2r−1(v) when given
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ξn−1
2r−1(v) and x2r−1(v), and we shall make use of this freedom to make “good”

choices which simplify the formulas below.

First, we have chosen ξ2r−1(e) in Definition 6.3, and let ξn
2r−1(e) be its image

under the homomorphism induced by the natural map TF (Z)2 → T (Z)C2n . Then
F (ξn

2r−1(e)) = ξn−1
2r−1(e) for all n, and since by Proposition 2.5 of [BHM] the maps

R and F are homotopic on the image from K-theory, also R(ξn
2r−1(e)) = ξn−1

2r−1(e).

Second, x2r−1(e+1) is represented by a class x in E∗(S1; Z/2) hit by a differential

crossing the vertical axis in Ê∗(S1; Z/2), say di(y) = x. Then a representative for y
in π2r−1(ΣT (Z)hS1 ; Z/2) maps under N to a class in TF2r−1(Z; Z/2) representing
x2r−1(e + 1), and which lies in ker(R). We choose ξ2r−1(e + 1) ∈ TF2r−1(Z; Z/2)
as the image under N of this representative. So R(ξ2r−1(e + 1)) = 0 and similarly
R(ξn

2r−1(e + 1)) = 0 for all n.

Since Γ̂n is an isomorphism, and compatible with the F -maps, it follows as
in (7.7) and (7.9) of [BM1], or equivalently (3.20) of [BM2], that ξn−1

2r−1(v) corre-

sponds under Γ̂n to ηn
2r−1(v) modulo terms ηn

2r−1(w) with v < w. (The conversion
matrix from the ξ-basis to the η-basis is lower triangular and invertible, hence has
1’s on the diagonal.) This pattern persists for all n, and thus also in the limit.

Hence Proposition 6.4 asserts that under the two-adic connective equivalences
Γn and Γ̂n, Rh corresponds to the homomorphism

π2r−1(T (Z)C2n ; Z/2)
R
−→ π2r−1(T (Z)C

2n−1 ; Z/2)

which maps

(1) ξn
2r−1(v) for 0 ≤ v < e to 0 modulo terms ξn−1

2r−1(w) with v < w ≤ n − 2,

(2) ξn
2r−1(e) to ξn−1

2r−1(e),
(3) ξn

2r−1(e + 1) to 0, and

(4) ξn
2r−1(v) for e + 2 ≤ v ≤ n − 1 to ξn−1

2r−1(v − 1) modulo terms ξn−1
2r−1(w) with

v ≤ w ≤ n − 2.

Note that with respect to these bases R is represented by a (n − 1) × n matrix.
The row corresponding to ξn−1

2r−1(e) has a 1 in the column corresponding to ξn
2r−1(e),

followed by zeros to the right. Similarly each row corresponding to ξn−1
2r−1(v) with

e < v has a 1 in the column corresponding to ξn
2r−1(v + 1), followed by zeros to

the right. By modifying the choice of the lifts ξn
2r−1(v) of ξn−1

2r−1(v) over F for

v > e + 1, we may assume that the rows corresponding to ξn−1
2r−1(v) for e ≤ v in the

matrix representing R consist only of zeros, except for the single 1 in each row just
mentioned. This is possible because a lift ξn

2r−1(v) of ξn−1
2r−1(v) is only determined

modulo the “new” class ξn
2r−1(n − 1). (A more explicit proof would proceed by

induction over n.)
With these choices, the limiting classes ξ2r−1(v) = limn ξn

2r−1(v) have the prop-
erties listed in the theorem. �

Using these classes, we may write:

(6.6) TF2r−1(Z; Z/2) =

{

Z/2{ξ2r} for ∗ = 2r ≥ 0,

Z/2{ξ2r−1(v)}∞v=0 for ∗ = 2r − 1 > 0.
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The topological cyclic homology of Z at two is defined by the fiber sequence

TC(Z)2
π
−→ TF (Z)2

R−1
−−−→ TF (Z)2.

Let ∂ : ΩTF (Z)2 → TC(Z)2 be the induced connecting map. We write TC∗(Z; Z/2)
for π∗(TC(Z); Z/2).

Theorem 6.7. There are short exact sequences

0 −→ Z/2{ξ2r}
∂
−→ TC2r−1(Z; Z/2)

π
−→ Z/2{ξ2r−1(e), ξ2r−1} −→ 0

and

0 −→ Z/2{ξ2r+1(e)}
∂
−→ TC2r(Z; Z/2)

π
−→ Z/2{ξ2r} −→ 0

determining TC∗(Z; Z/2) for ∗ ≥ 2 up to extensions. In degrees −1 ≤ ∗ ≤ 1 the
same sequences determine TC∗(Z; Z/2), if the nonexistent classes ξ−1(e), ξ−1 and
ξ1(e) are omitted. Hence

v2(#TC∗(Z; Z/2)) =



















1 for ∗ = 0 or ∗ = −1,

2 for ∗ ≥ 2 even or ∗ = 1,

3 for ∗ ≥ 3 odd,

0 for ∗ ≤ −2.

Proof. In degree 2r with r ≥ 0

π2r(R − 1; Z/2) : TF2r(Z; Z/2) −→ TF2r(Z; Z/2)

is the zero homomorphism. In degree 2r − 1, with r ≥ 1,

π2r−1(R − 1; Z/2) : TF2r−1(Z; Z/2) −→ TF2r−1(Z; Z/2)

is given by

ξ2r−1(v) 7−→



















−ξ2r−1(v) + . . . for 0 ≤ v < e,

0 for v = e,

−ξ2r−1(e + 1) for v = e + 1, and

ξ2r−1(v − 1) − ξ2r−1(v) for v > e + 1.

The signs are of little importance, since we are working mod two. The ellipsis
refers to possible terms ξ2r−1(w) with v < w < e. Let ξ2r−1 = limv ξ2r−1(v), i.e.
ξ2r−1 =

∏∞

v=e+1 ξ2r−1(v) ∈ TF2r−1(Z; Z/2). Then for r ≥ 2

ker π2r−1(R − 1; Z/2) = Z/2{ξ2r−1(e), ξ2r−1}

cokπ2r−1(R − 1; Z/2) = Z/2{ξ2r−1(e)}.

In the case r = 1, the class ξ2r−1(e) does not appear. So π1(R−1; Z/2) is surjective
with kernel Z/2{ξ1}. The theorem follows. �
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Definition 6.8. We let the classes ξ2r and ξ2r−1(e) in TC∗(Z; Z/2) be the images

by the cyclotomic trace map of the classes in K∗(Ẑ2; Z/2) which defined the classes
with the same names in TF∗(Z; Z/2) in Definition 6.3. Since the cyclotomic trace
map lifts the circle trace map these classes are compatible under π.

The class ξ2r−1 = limv ξ2r−1(v) lives in ker π2r−1(R− 1; Z/2) ⊂ TF2r−1(Z; Z/2),
as defined in the proof above. (Some ambiguity remains in choosing the corre-
sponding lifts of the limit classes ξ2r−1 to TC∗(Z; Z/2).)

To recover the two-adic homotopy type of TC(Z) from the mod two homotopy
type, we shall in [R5] need the action of ν̃4 on TC∗(Z; Z/2).

Proposition 6.9. Multiplication by ν̃4 on TF∗(Z; Z/2) acts as formal multiplica-
tion by (te4)

2 on E∞(S1; Z/2). The action map is injective on ker π∗(R − 1; Z/2)
and on cokπ∗(R − 1; Z/2), given by

ν̃4 · ξ2r = ξ2r+4 ν̃4 · ξ2r−1(e) = ξ2r+3(f)

ν̃4 · ∂(ξ2r) = ∂(ξ2r+4) ν̃4 · ∂(ξ2r−1(e)) = ∂(ξ2r+3(f))

ν̃4 · ξ2r−1 = ξ2r+3

with e = [log2(r)−1] and f = [log2(r+2)−1]. Hence ν̃4 acts injectively TC∗(Z; Z/2)
in all degrees. The classes not in the image of the action are additively generated
by ∂(1), 1, ξ1, ∂(ξ2), ξ2, ∂(ξ3(0)), ξ3(0), ξ3, ∂(ξ5(0) and ξ5(0).

Proof. By their definition as images of classes in K∗(Ẑ2; Z/2) the classes ξ2r and

ξ2r−1(e) are related as claimed by ν̃4. The connecting map ∂ is a K∗(Ẑ2)-module
map (see Remark 2.9 of [R3]), so multiplication by ν̃4 commutes with ∂.

It remains to consider the limit classes ξ2r−1 = limv ξ2r−1(v) =
∏∞

v=e+1 ξ2r−1(v)

in ker π2r−1(R − 1; Z/2). In E∞(S1; Z/2) the class ξ2r−1 is represented by the
limit of the classes x2r−1(v) for v large. Here x2r−1(v) = (te4)

je3t
i for some

i = 2k and 2r − 1 = 2j + 3 − 2i. These classes are defined and nonzero as long as
j < 2(2k+1 − 1) − i = 3i − 2. Then (te4)

2 · x2r−1(v) = (te4)
j+2e3t

i is nonzero if
j + 2 < 3i − 2. This may not hold for any given v, but by choosing v sufficiently
large we may increase i and j by a large amount (the same amount, since their
difference is controlled by the relation to r), and so the inequality j + 2 < 3i − 2
may be achieved. Thus (te4)

2 · x2r−1(v) = x2r+3(w) for some w > e when v is
sufficiently large. This proves that ν̃4 · ξ2r−1 = ξ2r+3.

Hence ν̃4 acts injectively on the subobjects and quotient objects of the extensions
in Theorem 6.7, and therefore also on the total objects TC∗(Z; Z/2). �

This completes the spectral sequence analysis needed to understand TC(Z) at
two, and with it, the completed algebraic K-theory of the two-adic integers. The
remaining arguments will be presented in [R5].
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