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On the arithmetic of cyclotomic

fields and the K-theory of Q

Grzegorz Banaszak and Wojciech Gajda

Abstract. In the present work, we investigate divisible elements in the group
K2n(Q) in connection with conjectures of Kummer-Vandiver and Iwasawa.
The main result of the paper gives a description of divisible elements in terms
of special elements in K-theory. We also define a divisibility height function
and prove its basic properties.

1. Introduction

One of the mysteries of algebraicK-theory is its relation to classical conjectures
of number theory. Before we recall some instances of the relation let us introduce
the necessary notation. For an odd prime l, let F = Q(µl) and E = Q(µlk ). We fix
a primitive root of unity ξlk of order lk. Let A and A[i] denote the l-Sylow subgroup
of the ideal class group of F and the ith eigenspace of A under the action of the
Galois group G(F/Q), respectively. Let A+ be the direct sum of A[i] with i even
cf. [12, p.100]. There are two famous conjectures in number theory which concern
the class group of the cyclotomic field F .

Conjecture. (Kummer and Vandiver) A+ = 0

Conjecture. (Iwasawa) A[i] is cyclic for all i odd.

The conjectures were reformulated in terms of continuous étale cohomology of
Z[ 1l ] by M.Kurihara [7, Cor. 1.5]. Using the Dwyer-Friedlander isomorphism of

étale cohomology of Z[ 1l ] with étale K-theory the result of Kurihara can be stated

as follows: the eigenspace A[l−1−n] = 0 (is a cyclic group) iff Ket
2n(Z[ 1l ]) = 0 (is a

cyclic group, respectively). On the other hand, by [2, proof of Prop. 8] we have
that for all n ≥ 1 the group Ket

2n(Z[ 1l ]) is isomorphic to the l-torsion part D(n)l
of the group of divisible elements of K2n(Q). The group was investigated in [1]
and [2]. By definition D(n) =

⋂

k l
kK2n(Q). The isomorphism between D(n)l and

the etale K-group of Z[ 1l ], and the result of Kurihara mentioned above give an
opportunity to investigate the two conjectures using the divisible elements. Hence
we are interested in the arithmetical properties of the group of divisible elements.

It is our objective in this note to describe a general form of an element of the
group D(n) in terms of special elements in K-theory. In section 2 we prove that
every divisible element in K2n(Q) can be written in a form b(Tr(u∗β(ξlk)n)), where
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b and Tr are the Bockstein and transfer homomorphisms respectively, u ∈ Q(µlk)×,
∗ is the product in étale K-theory and β(ξlk ) denotes the Bott element. More
precisely, we prove in Theorem 2.4 that the element u above can be chosen to be
an S-integer, where S is a finite set of primes. The choice of S does not depend
on the divisible element. We prove in Section 3 that if n is odd, then u can be
chosen to be a twisted Gauss sum. This is shown in Theorem 3.2. We find the
description of divisible elements given in Theorem 2.4 and 3.2 interesting, since as
far as we know there does not exist an analogous way of writing up elements of the
ideal class group. In section 4 of the paper we investigate divisibility of elements
of an l-torsion group. It is known that Ket

2n(Q)l =
⋃

SK
et
2n(ZS)l and it follows by

definition that D(n)l ⊆ Ket
2n(ZS) for any set of pimes S. We consider the rate of

growth (with respect to S) of the divisibility of elements from D(n)l inside the
group Ket

2n(ZS) . We construct special sets S for which the growth is particularly
large (see Proposition 4.9). We also define a height function which measures the
rate of growth of divisibility and prove some basic properties of this function. The
main results of this section are Propositions 4.7 and 4.9.

As for the famous conjectures mentioned above the K-theory can be used to
prove the following observation. It would be interesting to know whether this can
be obtained by more elementary methods.

Proposition 1.1. If l goes to infinity, then the number of eigenspaces A[i] (for
i even) such that A[i] = 0 also goes to infinity.

Proof. By [6, Theorem 8.5] there is a natural surjective map: K2n(Z) →
Ket

2n(Z[ 1l ]) from Quillen K-groups to étale K-theory. The group K2n(Z) is fi-
nite. For a given prime number l consider the maximal even number nl such
that (l, ]K2n(Z)) = 1 for all even n ≤ nl. Obviously, if l goes to infinity, then the
number nl also goes to infinity. For such an l and nl it follows by [7, Cor.1.5] that
A[l−1−n] = 0 for all even n ≤ nl. �

2. A description of divisible elements

Let us choose lk in such a way that Ket
2n(Z[ 1l ]) = Ket

2n(Z[ 1l ])[l
k]. This is possible

because the group Ket
2n(Z[ 1l ]) is finite [11]. We denote by OK,S the ring of S-

integers of a number field K, where S is a finite set of primes which contains all
primes above l.

Lemma 2.1. There exists a finite set S of primes of F such that the norm map
N : O×

E,S → O×
F,S is surjective.

Proof. By [8, Cor. 2, p.192] we have for any S:

(2.1)
#H0

Tate(G(E/F ),O×
E,S)

#H1(G(E/F ),O×
E,S)

=
1

lk−1

∏

v∈S

#Gv

Here Gv denotes the decomposition group at prime v for the extension E/F. We
specify S. First of all observe that Pic(OF ) can be generated by primes of F which
split completely in E. Indeed, consider the following diagram of field extensions.

(2.2)

E −−−−→ EFH
x





x





F −−−−→ FH

where FH denotes the Hilbert class field of F. Let c ∈ Pic(OF ) and let σ ∈
G(FH/F ) be the image of c under the Artin isomorphism Pic(OF ) → G(FH/F ).
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Let σ1 be the element of G(EFH/F ) such that σ1|E = id and σ1|FH = σ. Let p

be a prime of F such that σ1 = Frp in G(EFH/F ). Such a prime exists by the
Chebotarev density theorem. Then Frp is trivial in G(E/F ), hence in E the prime
p splits completely. Let S be a finite set of primes of F which contains primes over
l and some primes of F which split completely in E. For such an S we have:

(2.3) Gv =

{

0, if v 6= l, v ∈ S

G(E/F ), if v = l.

On the other hand, we can choose S in such a way that H1(G(E/F ),O×
E,S) van-

ishes. This is so because the group injects by inflation maps into the group
H1(G(FS/F ),O×

FS ,S
), where FS denotes the maximal S-ramified extension of F.

By [9] the last group equals Pic(OF,S), hence is zero if we choose S to be large
enough. Since by definition H0

Tate(G(E/F ),O×
E,S) = O×

F,S/N(O×
E,S), the lemma

now follows by (2.1) and (2.3). �

From now on to the end of this section S will be the set of primes which
was constructed in the proof of Lemma 2.2. Consider the following commutative
diagram.

(2.4)

O×
E,S ⊗ Z/l(n)

N⊗id−−−−→ O×
F,S ⊗ Z/l(n)

α1





y

α1





y

Ket
2n+1(OE,S ,Z/l)

Tr−−−−→ Ket
2n+1(OF,S ,Z/l)

b





y
b





y

Ket
2n(OE,S)[l]

Tr−−−−→ Ket
2n(OF,S)[l]

Tr





y
Tr





y

Ket
2n(ZS)[l]

=−−−−→ Ket
2n(ZS)[l]

In the diagram by Tr we denote transfer maps and by b the Bockstein homomor-
phisms in étale K-theory. Maps α come from the Kummer exact sequence in étale
cohomology:

(2.5) 0 → O×
E,S/O×l

E,S ⊗ Zl(n) → H1(OE,S ,Z/l(n+ 1)) → Pic(OE,S)[l] → 0

and the isomorphism H1(OE,S ,Z/l(n + 1)) = Ket
2n+1(OE,S ,Z/l) [6, Prop. 5.1].

The map α1 in the diagram (2.4) is an isomorphism, since Pic(OF,S) = 0 by the
choice of S. The map Ket

2n(OF,S)[l] → Ket
2n(ZS)[l] in (2.4) is surjective by the usual

transfer argument because the degree [F ; Q] = l− 1 is relatively prime to l. Hence,
by Lemma 2.1 the composition of the upper horizontal and the right vertical maps
in the diagram (2.4) is surjective. By commutativity of b and Tr we see that the
composition of maps:

O×
E,S ⊗ Z/lk(n)

α1−−−−→ Ket
2n+1(OE,S ,Z/l)

Tr−−−−→
Tr−−−−→ Ket

2n+1(ZS ; Z/l)
b−−−−→ Ket

2n(ZS)[l]

is surjective

Lemma 2.3. The following composition is surjective.

O×
E,S ⊗ Z/lk(n)

αk−−−−→ Ket
2n+1(OE,S ,Z/l

k)
Tr−−−−→

Tr−−−−→ Ket
2n+1(ZS ,Z/l

k)
b−−−−→ Ket

2n(ZS)[lk]
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Proof. We have the following commutative diagram.
(2.6)

O×
E,S ⊗ Z/lk−1(n) −−−−→ O×

E,S ⊗ Z/lk(n) −−−−→ O×
E,S ⊗ Z/l(n)





y

αk−1





y

αk





y

α1

Ket
2n+1(OE,S ,Z/l

k−1) −−−−→ Ket
2n+1(OE,S ,Z/l

k) −−−−→ Ket
2n+1(OE,S ,Z/l)





y
Tr





y
Tr





y
Tr

Ket
2n+1(ZS ,Z/l

k−1) −−−−→ Ket
2n+1(ZS ,Z/l

k) −−−−→ Ket
2n+1(ZS ,Z/l)





y
b





y
b





y
b

Ket
2n(ZS)[lk−1] −−−−→ Ket

2n(ZS)[lk]
lk−1

−−−−→ Ket
2n(ZS)[l]

The composition of maps in the right column in (2.6) is surjective by the above
computations. By induction and a simple diagram chase we obtain that the com-
position of maps in the middle column of (2.6) is surjective. �

Theorem 2.4. Every element in D(n)l can be written as b(Tr(u ∗ β(ξlk )n))
for an u ∈ O×

E,S, where ∗ denotes the product in étale K-theory and β(ξlk ) ∈
Ket

2 (OE,S ,Z/l
k) is the Bott element.

Proof. This follows from Lemma 2.3, because D(n)l = Ket
2n(Z[ 1l ])[l

k] injects

naturally into Ket
2n(ZS)[lk]. �

Remark 2.5. It is well-known that the index of the cyclotomic units inside
units of the ring OE equals the number of elements in the class group of the maximal
totally real subfield of E [12, Th.8.2, p. 145]. On the other hand, let c ∈ O×

E be
a cyclotomic unit. Since c is a norm of another cyclotomic unit from any higher
level of the Iwasawa tower, we obtain that b(Tr(c ∗β(ξlk )n)) = 0 by the projection
formula. For this reason we suspect that if n is even, every element in D(n)l can
be written in a form b(Tr(u ∗ β(ξlk )n)) for some u ∈ O×

Q(µ
lk

) and certain k.

3. Odd dimensional case

In this section we give a more precise description of elements in the group D(n)
when n is odd cf. Theorem 3.2 below. We recall some constructions from [1] and
[2] which will be used in this section. Consider the localization sequence.

(3.1) 0 −−−−→ K2n(Z)l −−−−→ K2n(Q)l
δ−−−−→ ⊕pK2n−1(Fp)l −−−−→ 0

Pick a natural number b such that (b, wn+1(Q(µl)) = 1. Let k be such that
#K2n(Fp)l = lk. We use elements λb(p) from [4, p.308-309]. We recall their defini-
tion for the convenience of readers.

Definition 3.1. Let p - l be a prime ideal of E and let p be a rational prime
which lies below p. Denote by κp the residue field of p. Let εlk ,p : κ×p → µlk be the

character defined by the formula: εlk,p(x) ≡ x
Np−1

lk mod p. Denote by ψ : κp → µp
the additive character ψ(x) = ξp

trx. Define the Gauss sum:

(3.2) G(εlk ,p;ψ) =
∑

x∈κp

εlk,p(x)ψ(x).

From now on we assume that p is a prime of E which does not divide l. Let us put:

τ(p) =
G(ε

lk,p
;ψ)√

(Np)∗
, where Np = pr and
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(3.3) (Np)∗ =











pr, if p ≡ 1 mod 4

(−p)r, if p ≡ 3 mod 4

2r, if p = 2.

Coates defined [4, p. 309]:

(3.4) λb(p) =
τ(p)b

τ(pσb)
,

where σb ∈ G(E/Q) is the automorphism such that σb(ξ) = ξb for a root of unity
ξ ∈ µlk of order lk. Coates proves [4, p. 309] that λb(p) ∈ Q(µlk). The case p = 2
is not considered in [4] however it can be checked by a simple computation.

Consider the following commutative diagram.

(3.5)

K2n(κp,Z/l
k)

b−−−−→ K2n−1(κp)[l
k]

Tr





y
Tr





y

∼

K2n(Fp,Z/l
k)

b−−−−→ K2n−1(Fp)[l
k]

The right verical transfer map in (3.5) is an isomorphism by [1, proof of
Lemma 2, p.336]. Let ηp be the generator of K2n−1(Fp)[l

k] defined by the for-
mula: ηp = b(Tr(β(ξlk )n)) = Tr(b(β(ξlk )n)), where β(ξlk ) ∈ K2(Z[µlk ],Z/lk) is
the Bott element in the K-theory of E.

Definition 3.2 [1, p.335]. We define a homomorphism

Λ : ⊕pK2n−1(Fp) → K2n(Q)l,

where Λ =
∏

p Λp, and Λp : K2n−1(Fp)l → K2n(Q)l is given by the formula:

(3.6) Λp(ξp) =

{

b(TrE/Q(λb(p) ∗ β(ξlk )
n
)b

nγl , if l - n

b(TrE/Q(λb(p) ∗ β(ξlk )
n
)nb

nγl , if l | n.

Here b is the Bockstein homomorphism: K2n+1(Q; Z/lk) → K2n(Q)[lk], λb(p) are
the elements from Definition 3.1 and γl = 1 + ln + l2n + l3n · · · = 1

1−ln ∈ Zl.

By [2, Prop. 2, p.8] the composition δΛ of the map Λ and the boundary
operator from the localization sequence (3.1) equals the multiplication by number
|(bn+1 − 1)ζQ(−n)|−1

l , where ζQ is the Riemann zeta function. We will also need
Stickelberger elements and their properties which we recall after [1] and [5]. Let

(3.7) Θn(b) =
∑

(a,f)=1;1≤a<f

∆n+1(a, b, f)(a; Q(µf ))
−1,

where

(3.8) ∆n+1(a, b, f) = bn+1ζf (a,−n) − ζf (ab,−n).

Here ζf (a, s) =
∑

a≡1modf n
−s is the partial zeta function and in the case under

consideration we put f = lk. Let τ = (−1; Q(µf )) denote the complex conjugation.

Lemma 3.3. τΘn(b) = (−1)n+1Θn(b)
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Proof. We have cf. [5, p.151] that:

ζf (−a,−n) = −fn(n+ 1)−1Bn+1(
f − a

f
)

= −fn(n+ 1)−1Bn+1(1 − a

f
) − fn(n+ 1)−1(−1)n+1Bn+1(

a

f
)

= (−1)n+1ζf (a,−n)

(3.9)

Similarly ζf (−ab,−n) = (−1)n+1ζf (ab,−n). Hence,

τΘn(b) =
∑

(a,f)=1;1≤a<f

∆n+1(a, b, f)(−a; Q(µf ))
−1

=
∑

(a,f)=1;1≤a<f

∆n+1(−a, b, f)(a; Q(µf ))
−1

= (−1)n+1
∑

(a,f)=1;1≤a<f

∆n+1(a, b, f)(a; Q(µf ))
−1

(3.10)

�

Theorem 3.4. If n is odd, then D(n)l = K2n(Z)l ∩ im(Λ)

Proof. Let d ∈ D(n)l. There is x ∈ K2n(Q)l such that d = xl
m

. We take m
large. We have: δΛδ(x) = δ(xl

c

), where lc = |(bn+1 − 1)ζQ(−n)|−1
l . Hence, there

is an element y ∈ K2n(Z)l such that Λδ(x) = xl
c

y. Assume that m was chosen so
large that the exponent of K2n(Z)l divides lm−c. Then raising the last equality to

the power lm−c we get Λδ(xl
m−c

) = xl
m

yl
m−c

= d. On the other hand let us assume
that an element z ∈ K2n(Z)l ∩ im(Λ) and we assume that l - n. Then

(3.11) z =
∏

p

Λcp
p ,

where for almost all p we have cp = 0. Because δ(z) = 0, we see that the number
cp(b

n+1 − 1)ζQ(−n) is divisible by the exponent of the group K2n−1(Fp)l for each
p. Let Λp be defined by the Gauss sum corresponding to the prime ideal p1 in the
field E cf. Definition 3.2. Let p2 be a prime ideal in E which is in the same class
as p1 and such that Np2 − 1 is divisible by a large power of l, say lt. Such primes
exist by the Chebotarev density theorem. Let lk2 = #K2n−1(Fp2). Let p̄2 be the
prime ideal over p2 in the field E2 = Q(µlk2 ). Let ηpi

∈ K2n−1(Fpi
), for i = 1, 2 be

generators defined below the diagram (3.5). Consider the elements λb(p1) (λb(p2))
for the field E1 (E2, respectively). Assume that k2 > k1. Let p̃2 be the prime ideal
below p2 in the field E1. Observe that by the projection formula:

Λ(ηp2)
lk2−k1

= b(TrE2/Q(λb(p2) ∗ β(ξlk1 )n)b
nγl =

(3.12) = b(TrE1/Q(λb(p̃2) ∗ β(ξlk1 )n)b
nγl .

Now, by the assumption we get: p̃2p1
−1 = (a) for some a ∈ E1. Hence, by the

Gauss sum decomposition [4, p.309] we have:

(3.13) λb(p̃2) = λb(p1)a
Θ0(b)u,

where Θ0(b) is the Stickelberger element for E1 and u is a unit in OE1 . Observe that
u belongs to the minus part of the group of units. This follows from the equality
(3.13), Lemma 3.3 and because λb(p̃2)

τ = λb(p̃2)
−1. Further λb(p1)

τ = λb(p1)
−1

because b is odd. Hence u is a root of unity. But in this case u (or at least its l-
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part) is a norm of another root of unity u′ from any higher level of the Iwasawa
tower. By the projection formula we obtain from this:

(3.14) TrE1/Q(u ∗ β(ξlk1 )) = TrE′/Q(u′ ∗ β(ξlk′ ))l
k′

−k1
.

Hence, b(TrE1/Q(u ∗ β(ξlk1 ))) is divisible, i.e., trivial because the group K2n(Z) is
finite. On the other hand observe that:

(3.15) TrE1/Q(aΘ0(b) ∗ β(ξlk1 ))cp1 = TrE1/Q(a ∗ β(ξlk1 ))(b
n+1−1)ζ(−n)b−ncp1 = 1.

This proves that:

(3.16) Λ(ηp2)
(l(k2−k1))cp1 = Λ(ηp1)

cp1

Repeating the procedure for every Λ
cp
p that appears in the product decomposition

of z we get the theorem. A similar argument proves the statement when l|n. �

4. A height function

Let K be a number field and let S denote any finite set of prime ideals in OK .
For each S let AS be an l torsion abelian group. We assume that AS ⊂ AS′ if
S ⊂ S′. Let A =

⋃

S AS . For an abelian l-torsion group B we denote by div(B)
its subgroup of divisible elements, i.e., div(B) =

⋂

k l
kB. Let us define a height

function in this framework.

Definition 4.1. For a ∈ A let:

hA(S, a) =

{

max{lk : a = al
k

k , if ak ∈ AS}, if a ∈ AS

0, if a /∈ AS .

Let AS and BS be two inductive systems of l-torsion, abelian groups. Let PS
be a system (not necessarily inductive) of finite l-torsion, abelian groups. Let for
each S the following sequence be exact.

(4.1) 0 → AS → BS → PS

We do not assume that the middle arrow is a morphism of inductive systems.
For a finite, abelian group C we denote its exponent by exp(C).

Proposition 4.2. Assume that b belongs to div(B). If the set of numbers:

{hB(S, b)

exp(PS)
; S is a finite set of primes of K}

is unbounded, then b ∈ div(A). If for every b ∈ div(B) the above set is unbounded,
then the natural map div(A) → div(B) is an isomorphism.

Proof. Let b belong to div(B). Pick a natural number M . There is an S such
that:

(4.2) lM <
hB(S, b)

exp(PS)
.

Let for the S, exp(PS) = lm and hB(S, b) = ln. Hence, lM < ln−m. By assumption,

there is a bn ∈ BS such that bl
n

n = b. But bl
m

n ∈ AS and bl
n

n = (bl
m

n )l
n−m

. This
shows that b ∈ AS and taking M arbitrary big it shows that b ∈ div(A). �
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Lemma 4.3. Let φS : AS → BS be a homomorphism given for each S (not
necessarily a homomorphism of direct systems), where AS and BS are as (4.1).
Then for every S and a ∈ AS the height hA(S; a) divides hB(S;φS(a)).

Proof. Let hA(S; a) = lj . There exists aj ∈ AS such that a = al
j

j . So

φS(a) = (φS(aj))
lj . �

Lemma 4.4. Consider the following commutative diagram of abelian groups
with exact rows:

A
∂−−−−→ B −−−−→ C −−−−→ 0

i





y

i1





y

i2





y

A1
∂1−−−−→ B1 −−−−→ C1 −−−−→ 0.

Assume the maps i and i1 are injective and that ∂−1
1 (i1(B)) = i(A). Then the map

i2 is injective.

Proof. This is immediate by the diagram chasing. �

Let A and AS be as above. Let for each prime ideal v of K be given a finite,
cyclic, l-torsion group Cv and let us assume that the group D = div(A) is finite.
Let S be any finite set of prime ideals that does not contain primes over l. Assume
also that there is given an exact sequence of injective systems of groups:

(4.3) 0 → D → AS →
⊕

v∈S

Cv → 0.

Here D is a constant inductive system whose structure maps are identities.
Passing with S to infinity we obtain:

(4.4) 0 → D → A →
⊕

v-l

Cv → 0.

Let lk be a fixed power of l such that exp(D) | lk and such that the following
sequence is exact.

(4.5) 0 −−−−→ D −−−−→ A[lk]
∂−−−−→

⊕

v-l Cv [l
k] −−−−→ D̃ −−−−→ 0.

where D̃ is a finite abelian group. For a pair of sets of primes S ⊂ S ′ consider
the following commutative diagram with exact rows.

(4.6)

0 −−−−→ D −−−−→ AS [lk]
∂S−−−−→

⊕

v∈S Cv [l
k]

id





y
i





y

i1





y

0 −−−−→ D −−−−→ AS′ [lk]
∂S′−−−−→ ⊕

v∈S′ Cv [l
k]

id





y

j





y

j1





y

0 −−−−→ D −−−−→ A[lk]
∂−−−−→ ⊕

v-l Cv [l
k] −−−−→ D̃ −−−−→ 0
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All vertical maps in (4.6) are injective by assumptions. In addition, all rows in
the diagram are exact. Simple diagram chasing shows that ∂−1

S′ (Im(i1)) = Im(i)
and ∂−1(Im(j1)) = Im(j). Hence, by Lemma 4.4 we get that:

(4.7) coker(∂S) ⊂ coker(∂S′) ⊂ D̃.

Example 4.5. We know by [2, Proof of Prop. 8] that D(n)l = Ket
2n(Z[ 1l ]).

This follows from [3, Diagram 3.1, p.295] that for any finite set of primes S there
are the following exact sequences.

(4.8) 0 → D(n)l → Ket
2n(ZS∪{l}) →

⊕

v∈S

Ket
2n−1(kv) → 0

and

(4.9) 0 → D(n)l → Ket
2n(Q) →

⊕

v-l

Ket
2n−1(kv) → 0

Observe that for k big enough we have the following commutative diagram.

(4.10)

0 −−−−→ Ket
2n+1(Z[ 1l ],Z/l

k) −−−−→ Ket
2n+1(Q,Z/l

k) −−−−→

b





y
b





y

0 −−−−→ Ket
2n(Z[ 1l ])[l

k] −−−−→ Ket
2n(Q)[lk] −−−−→

−−−−→ ⊕v-lK
et
2n(κv ,Z/l

k) −−−−→ D(n)l −−−−→ 0

b





y





y

=

−−−−→ ⊕v-lK
et
2n−1(κv)[l

k]) −−−−→ D(n)l −−−−→ 0

For each k as above and k1 > k, we have the following commutative diagram.

(4.11)

⊕#κv≡1(mod lk1 )K
et
2n(κv;Z/l

k) −−−−→ D(n)l −−−−→ 0




y





y

=

⊕#κv≡1(mod lk1 )K
et
2n−1(κv)[l

k] −−−−→ D(n)l −−−−→ 0

Note that the rows in the diagram (4.11) are exact by the Chebotarev density
theorem cf. [7, (2) p.225]. The lower horizontal row in (4.11) implies that for a
fixed k the cokernel D(n)l can be generated by images of the elements of the direct
sum ⊕v-lK

et
2n(κv,Z/l

k) which have the number #κ×v − 1 divisible by lk1 . It follows
from diagrams (4.6), (4.10) that for k big enough there is a finite set of prime ideals
S such that the following sequence is exact.

(4.12) 0 → D(n)l → Ket
2n(ZS)[lk] →

⊕

v∈S

Ket
2n−1(κv)[l

k] → D(n)l → 0

Adding to such an S a few primes, if necessary, we obtain a finite set of prime
ideals S0 such that the sequence (4.12) is still exact and for every d ∈ D(n)l there

exists an a ∈ Ket
2n(ZS0) such that d = al

k

. In addition, by diagrams (4.10), (4.11)
and (4.6) there exists a finite set S1 such that the sequence (4.12) is exact and for
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every v ∈ S1 the order of the group Ket
2n−1(κv) is divisible by lk. Now let us come

back to the general situation which was introduced after Lemma 4.4.

Definition 4.6. Let S0 be a set of primes of OK such that:

0 −−−−→ D → AS0 [l
k]

∂S0−−−−→ ⊕

v∈S0
Cv [l

k] −−−−→ D̃ −−−−→ 0

is exact and for each d ∈ D there is an a ∈ AS0 such that d = al
k

.

.

Proposition 4.7. Assume that in the sequence from Definition 4.6 we have:
#D = #D̃. Then there is a map D → D̃ which is an isomorphism.

Proof. Consider the following commutative diagram.
(4.13)

0 −−−−→ D −−−−→ AS1 [l
k]

∂S1−−−−→ ⊕

v∈S1
Cv[l

k] −−−−→ D̃ −−−−→ 0

id





y





y





y
id





y

0 −−−−→ D −−−−→ AS0∪S1 [l
k]

∂S0∪S1−−−−→ ⊕

v∈S0∪S1
Cv[l

k] −−−−→ D̃ −−−−→ 0

id

x





x





x




id

x





0 −−−−→ D −−−−→ AS0 [l
k]

∂S0−−−−→ ⊕

v∈S0
Cv[l

k] −−−−→ D̃ −−−−→ 0

In (4.13) the right vertical arrows are identities by discussion following (4.6). For

each nontrivial d ∈ D pick z ∈ AS0 such that: zl
k

= d. Observe that using the
last equality and the sequence (4.3) with S = S0, we have ∂S0(z) ∈

⊕

v∈S0
Cv[l

k].

Let ∂S0(z) map to an element d̃ ∈ D̃. Let us pick another element d1 ∈ D and let

z1 ∈ AS0 such that zl
k

1 = d1. In the same way, ∂S0(z1) ∈
⊕

v∈S0
Cv [l

k]. Let ∂S0(z1)

map also onto d̃. It means that ∂S0(z
−1z1) maps to 1 ∈ D̃, so there is an element

z2 ∈ AS0 [l
k] such that ∂S0(z

−1z1) = ∂S0(z2). Hence, by (4.13) z−1z1(z2)
−1 ∈ D.

Because lk annihilates D, we get (z−1z1)
lk = 1. Hence, d = d1. It shows that

each element d ∈ D determines uniquely an element d̃ ∈ D̃. We can check in
the same way that the element d̃ does not depend on the choice of the element
z. In addition, a similar computation shows that the association d → d̃ gives a
homomorphism D → D̃. We have checked above that it is an injection. Since by
assumption #D = #D̃, the surjectivity of the homomorphism follows. �

Definition 4.8. Let us assume that S1 is such a set of primes of K that for
each v ∈ S1, l

k | #Cv and that the following sequence is exact.

0 −−−−→ D −−−−→ AS1 [l
k]

∂S1−−−−→ ⊕

v∈S1
Cv[l

k] −−−−→ D̃ −−−−→ 0

Proposition 4.9. Let S1 be a set of primes as in Definition 4.8. Then for
each d ∈ D the number: minv∈S1{#Cv} divides the height hA(S1; d).

Proof. Let d̃ ∈ D̃ be the image of an element d ∈ D as determined in the
proof of Proposition 4.7. Let y′ ∈

⊕

v∈S1
Cv [l

k] be an element mapping onto d̃. Let

lc = minv∈S1(]Cv). There is an element y ∈ ⊕

v∈S1
Cv such that yl

c−k

= y′. By the

sequence (4.3) with S = S1 we can find an element x ∈ AS1 such that ∂S1(x) = y.

So ∂S1(x
lc−k

) = y′. Let z ∈ AS0 be such that zl
k

= d. Because AS0 and AS1

inject into AS0∪S1 cf. (4.13), we can assume that x ∈ AS0∪S1 and that z ∈ AS0∪S1 .

Observe that ∂S0∪S1(x
lc−k

) ∈ ⊕

v∈S0∪S1
Cv[l

k] by the diagram (4.13). In addition,
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∂S0∪S1(z) and ∂S0∪S1(x
lc−k

) map to d̃ ∈ D̃. Hence, there is x′ ∈ AS0∪S1 [l
k] such

that ∂S0∪S1(z
−1xl

c−k

) = ∂S0∪S1(x
′). So again z−1xl

c−k

x′
−1 ∈ D and raising to

the lk power we get d = zl
k

= xl
c ∈ AS0∪S1 . But d = xl

c ∈ AS1 because AS1 ⊂
AS0∪S1 . �

In the situation of Example 4.5 we have the following statement.

Corollary 4.10. For every d ∈ D(n)l and S1 as in Example 4.5, we have:

minv∈S1{Ket
2n−1(κv)} | h(S1, d).

Remark 4.11. Proposition 4.7 is somehow related to the classical question
whether the group O×

F+/C and the class group Cl(F+) are isomorphic [12, Remark,
p. 146]. Here F+ is the maximal real subfield of Q(µl) and C denotes the subgroup
of cyclotomic units in OF+ . By a theorem of Kummer [12, Theorem 8.2, p.145] we
know that: #Cl(F+) = #(O×

F+/C). Let lk be divisible by the number #Cl(F+)l.
Consider the following exact sequence:

(4.14) 0 → O×
F+/C → (F+)×/C →

⊕

v

Z → Cl(F+) → 0

By the Chebotarev density theorem there exists a finite set of prime ideals S of F+

such that the following sequence is exact.

(4.15) 0 → O×
F+/C → O×

S /C →
⊕

v∈S

Z → Cl(F+) → 0

Taking Pontriagin duals with respect to Ql/Zl we get from (4.15) an exact sequence:

(4.16)

0 −−−−→ A −−−−→ ⊕

v∈S Ql/Zl
δS−−−−→ (O×

S /C)∗ −−−−→ (O×
F+/C)∗ −−−−→ 0,

where A denotes the Pontriagin dual of Cl(F+). Since O×
S /C is a direct sum of

O×
F+/C and a free, finitely generated abelian group, we see that (O×

S /C)∗ is a direct

sum of (O×
F+/C)∗ and a divisible group. There is a finite subgroup HS of (O×

S /C)∗

and a finite subgroup GS ⊂ ⊕

v∈S Ql/Zl such that for every a ∈ A there exists

g ∈ GS for which a = gl
k

, and the following sequence is exact.

(4.17) 0 → A→ GS → HS → 0

One can construct the groups HS and GS in the following way. For each a ∈ A

pick an element g ∈ ⊕

v∈S Ql/Zl such that a = gl
k

. Define GS to be the subgroup
generated by these elements g and put: HS = δS(GS).

Taking lk truncations in the last exact sequence we get the following exact
sequence with a finite, l-torsion gorup Dk.

(4.18) 0 → A→ GS [lk] → HS [lk] → Dk → 0

The method of the proof of Proposition 4.7 gives an injective map A → Dk. It
would be interesting to know if we could connect the groups Dk and (O×

F+/C)∗ by
a nontrivial homomorphism.



12 GRZEGORZ BANASZAK AND WOJCIECH GAJDA

References

1. G.Banaszak, Algebraic K-theory of number fields and rings of integers and the Stieckelberger

ideal, Annals of Math. 135 (1992), 325–360.
2. G.Banaszak and W.Gajda, Euler systems for higher K-theory of number fields, to appear in

the Journ. of Number Theory.
3. G.Banaszak, Generalisation of the Moore exact sequence and the wild kernel for higher K-

groups, Compositio Math. 86 (1993), 281–305.
4. J.Coates, p-adic L-functions and Iwasawa theory, in Algebraic Number Theory (A.Fröhlich,
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