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1.

In this paper all categories (or their skeletons) are assumed to be small categories.

Let A be any exact category. Recall from [Qu] that an exact category is an additive

category equipped with a distinguished class of exact sequences satisfying certain axioms

(for details see [Qu] §2). If we take only those split short exact sequences to form the

distinguished class of exact sequences, we obtain a new exact category, denoted as A⊕.

The identity functor is an exact functor from A⊕ to A and thus induces a natural map of

K-theory from K(A⊕) to K(A).

One main reason why people are interested in K(A⊕) is to use it as an intermidiate step

to gain access to K(A). Because short exact sequences in A⊕ are all split, they are easier

to manipulate in certain circumstances, and other constructions of K(A⊕) are available,

such as Quillen’s S−S construction ([Gr]) besides the usual Quillen’s Q-construction and

Waldhausen’s S.-construction. So we would like to understand the precise relation between

K(A⊕) and K(A). Some works in this direction can be found, for example, in [Wa],

[Que] and [Sh 1], etc. One approach is to understand the homotopy fiber of the map
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K(A⊕) → K(A), and one would like to have the homotopy fiber to be the K-theory of

an exact category or a category with cofibrations and weak equivalences so that the usual

K-theory machinary can be deployed.

When A is an abelian category, Sherman showed ([Sh 1], after Auslander) that the

homotopy fiber of K(A⊕) → K(A) can be identified with the K-theory of an abelian

subcategory of the category of all contravariant additive functors from A to the category

of abelian groups. This identification of the homotopy fiber has been nicely applied in his

work on the presentation of K1(A) ([Sh 2]). As is pointed out in [Sh 1], this identification

is a consequence of Quillen’s localization theorem for K-theory of abelian categories.

In this paper we are going to identify the homotopy fiber of K(A⊕) → K(A) for

any exact categor A. We will show that it is homotopy equivalent to the Waldausen K-

theory of a category of certain chain complexes in A with suitable weak equivalences. This

identification is , in fact, a consequence of Waldhausen’s fibration theorem.

We recall that a category with cofibrations and weak equivalence is a pointed category

with two distinguished classes of morphisms satisfying certain axioms, one of which is

called the class of cofibrations and the other is called the class of weak equivalences (for

details see [Wa] §1.1–1.3).

Let A be an exact category and Cb(A) be the category of all bounded chain complexes

of objects in A. Let F be the subcategory of Cb(A) consisting of all those bounded chain

complexes E

E =: · · · → En−1 ∂n−1

→ En ∂n

→ En+1 → · · ·

which are acylic in A (with respect to the class of short exact sequences of A) in the

following sense: each boundary map factorizes as a composition ∂n = jn◦bn : En bn

→ Bn jn

→

En+1 where bn is an admissible epimorphism and jn is an admissible monomorphism and

0 → Bn jn

→ En+1 bn+1

→ Bn+1 → 0 is exact. The cofibrations in F are defined to be chain

maps that are termwise split admissible monomorphisms and the weak equivalences in F
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are defined to be those chain maps which are homotopy eqivalences. Then F is a category

with cofibrations and weak equivalences.

Now we state the main theorems of this paper:

Theorem 1.1 : Let A be an exact category and F be the category defined as above.

Assume A satisfies the following

Condition 1.1.0 : for any two morphisms in A, a : A → B and b : B → A, if

a ◦ b = idB, then a is an admissible epimorphism.

Then we have a homotopy fiber sequence:

K(F) → K(A⊕) → K(A).

The proof of Theorem 1.1 is completed in §2.

Leaving out Condition 1.1.0, we can get a weaker result. Let E denote the subcategory

of Cb(A) of those bounded chain complexes E that satisfy the following

Condition 1.2.0 : for all A ∈ A and all n, if a morphism x : A → En is such that

∂n ◦ x = 0, then there is an admissible epimorphism a : B → A such that the composite

x ◦ a can be lifted to En−1, i.e., there is a y : B → En−1 such that x ◦ a = ∂n−1 ◦ y.

The category E is a category with cofibrations and weak equivalences where cofibrations

are termwise split admissible monomorphisms and the weak equivalences are homtopy

equivalences.

Theorem 1.2 : Let A be an exact category and E be the category as above. Then

there is a homotopy fibration

K(E) → K(A⊕) → K(A)

The proof of Theorem 1.2 will be completed in §3.

By Theorem 1.1, when A is abelian, we immediately obtain an alternative description

of the homotopy fiber without turning to the category of functors (compared to [Sh 1]):
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Corollary 1.2 : Let A be an abelian category. Then there is a homotopy fibration

K(F) → K(A⊕) → K(A)

where F is the category of all bounded acyclic chain complexes in A where cofibrations

are termwise split monomophisms and weak equivalences are homotopy eqivalences.

2.

We assume certain degree of familiarity at the reader’s side with basics about exact

categories, categories with cofibrations and weak equivalences, and their K-theory (for

more details, see [Qu], [Wa]).

We first recall the two theorems we will need in our proof. The first is Waldhausen’s

fibration theorem.

Let A be a category with cofibrations. Suppose A has two classes of weak equivalences

vA and wA, and vA ⊂ wA. Assume wA satisfies the saturation and extension axioms,

and has a cylinder functor which satisfies the cylinder axiom.

Let Aw be the full subcategory of A whose objects are those A such that ∗ → A is

in wA. This Aw becomes a subcategory with cofibrations and weak equivalences where

cofibrations coAw = coA∩ Aw and weak equivalences vAw = vA∩ Aw.

Theorem 2.1 (Waldhausen’s fibration theorem) : With the notations and hy-

potheses above, we have a homotopy fiber sequence

K(vAw) → K(vA) → K(wA).

(here we use K(wA) etc. instead of K(A) to emphasize the weak equivalences used).

Proof : [Wa] 1.6.4.

The second theorem we want to recall is the Waldhausen-Gillet’s Theorem that converts

the K-theory of an exact category to the K-theory of the category of chain complexes.
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Let A be an exact category and C be an abelian category such that A is a full subcate-

gory of C and A is closed under extensions in C. Assume the embedding functor i : A → C

is exact and reflects exactness.

As before let Cb(A) denote the category of all bounded chain complexes of objects

in A. Then Cb(A) is a category with cofibrations and weak equivalences where the cofi-

brations are termwise admissible monomorphisms in A and weak equivalences are quasi-

ismorphisms (homology of chain complexes are taken in C).

Theorem 2.2 (Waldhausen-Gillet) : With the above assumptions and notations,

if further the following condition is satisfied:

Condition 2.2.0 : if a morphism f : A → B in A is surjective in C, then f is an

admissible epimorphism.

Then we have a homotopy equivalence:

K(A) ∼= K(Cb(A)).

Proof : [Th-Tr] 1.11.7.

In the above Cb(A), we can replace termwise admissible monomorphisms by termwise

split admissible monomorphisms as cofibrations and do not change the K-theory of C b(A).

This fact is a consequence of Waldhausen’s approximation theorem and a proof can be

found in [Th-Tr] 1.9.2. So in the remaining of this paper, we will always take termwise

split admissible monomorphisms as our cofibrations.

The category Cb(A) is called a complicial Waldhausen category in [Th-Tr]. A technical

advantage of using complicial waldhausen categories is that cylinder and cocylinder func-

tors exist automatically in such categories, so that some basic theorems of Waldhausen’s

in presence of cylinder or cocylinder functors can be deployed. .

First we prove a coarser result than Theorem 1.1 and 1.2 which is stated as follows:

Let H be the same category as E which is defined in §1 before Theorem 1.2. But the
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weak equivalences in H are defined to be all those chain maps f : E → F such that for all

A ∈ A, Hom(A, f) : Hom(A, E) → Hom(A, F ) are quasi-isomophisms.

Proposition 2.3 : Let A be an exact category satisfying Condition 1.1.0 and H be

the category as above. Then there is a homotopy fibration

K(H) → K(A⊕) → K(A).

Condition 1.1.0 is used to meet Condition 2.2.0 when we apply Theorem 2.2.

Recall Quillen-Gabriel embedding theorem for an exact category (see e.g. [Ga] or [Th-

Tr] Appendix A for details). Let A be an exact category and B be the abelian category of

all contravariant additive functors from A to the category of abelian groups. The Yoneda

embedding functor A → B by sending A ∈ A to Hom(−, A) ∈ B is full and faithful.

A functor F ∈ B is called left exact (with respect to the class of short exact sequences

in A) if for all admissible epimorphisms A′ → A, the sequence

F (A) −→ F (A′)
F (p1)−F (p2)

−→ F (A′ ×A A′)

is exact, where p1, p2 are the projections from A′ ×A A′ to A′.

Let BA denote the full subcategory of B of all left exact functors. The relation between

B and BA is this: let j∗ : BA → B denote the inclusion functor; then there is a functor

j∗ : B → BA which is left adjoint to j∗ and the adjunction map j∗j∗ → id is an isomorphism.

BA is also an abelian category, and j∗ is exact and j∗ is left exact. In other words, BA is

equivalent to the quotient category of B modulo the subcategory which consists of all those

objects in B that are zero after applying j∗. A more explicit description of the objects in

this subcategory is the following:

Lemma 2.4 : A functor G ∈ B is such that j∗G = 0 iff for all A ∈ A and all x ∈ G(A),

there is an admissible epimorphism a : B → A such that G(a)(x) = 0 in G(B).

Proof : [Th-Tr] A.7.11.
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Since for any A ∈ A, Hom(−, A) ∈ B is always left exact, the Yonida embedding

A → B factors as A
i
→ BA

j∗
→ B. Then Quillen-Gabriel embedding theorem says that the

embedding i : A → BA is full and faithful, closed under extensions and exact, and reflects

exactness.

Now we consider the exact category A⊕. The category of all contravariant additive

functors from A⊕ to the category of abelian groups is again B. Since any admissible

epimorphism A′ → A in A⊕ is split, say A′ = A ⊕ A′′, we have A′ ×A A′ ∼= A′′ ⊕ A ⊕ A′′.

So for any additive functor F ∈ B, the sequence

F (A) → F (A′) = F (A)⊕F (A′′)
F (p1)−F (p2)

→ F (A′×AA′) = F (A′′)⊕F (A)⊕F (A′′)

is always exact.That is, every functor in B is exact with respect to the class of short split

exact sequences, so BA⊕ = B.

Lemma 2.5 : If an exact category A satisfies Condition 1.1.0, then A → BA and

A⊕ → B satisfy Condition 2.2.0.

Proof : That A → BA satisfies Condition 2.2.0 assuming Condition 1.1.0 is [Th-Tr]

A.7.16. If A satisfies Condition 1.1.0, so does A⊕. So A⊕ → B satisfies Condition 2.2.0

by [Th-Tr] A.7.16 again.

Proof of Proposition 2.3 : As before, let Cb(A) be the category of all bounded

chain complexes of objects and take all termwise split admissible monomorphisms in A

as cofibrations. There are two classes of weak equivalences in C b(A): one of which ,

denoted by wCb(A), consists of all quasi-ismorphisms where homology of chain complexes

are taken in BA; and the other , denoted by vCb(A), consists of all quasi-ismorphisms

where homology of chain complexes are taken in B. Since the functor j∗ : B → BA is

exact, we have vCb(A) ⊂ wCb(A).

Applying Theorem 2.1, we have a homotopy fiber sequence

K(vCb(A)w) → K(vCb(A)) → K(wCb(A)).
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By Theorem 2.2 and Lemma 2.5 , we have homotopy equivalences:

K(A) ∼= K(wCb(A)),

K(A⊕) ∼= K(vCb(A)).

So to finish the proof, we only need to identify Cb(A)w with E .

The objects in Cb(A)w are those chain complexes E ∈ Cb(A) such that j∗(Hom(−, E))

is acyclic in BA, i.e., j∗Hn(Hom(−, E)) = 0. By Lemma 2.4, for any A ∈ A and any

x ∈ Hn(Hom(A, E)), there exists an admissible epimorphism a : B → A such that

Hn(Hom(a, E))(x) = 0 ∈ Hn(Hom(B, E)). That is, if x : A → En with ∂n ◦ x = 0, then

there is an admissible epimorphism a : B → A such that x ◦ a = 0 ∈ Hn(Hom(B, E)).

So there is a y ∈ Hom(B, En−1) with ∂n−1 ◦ y = x ◦ a. This is Condition 1.2.0 for E .

Weak equivalences in Cb(A)w are those f : E → F ∈ Cb(A) such that Hom(−, f) :

Hom(−, E) → Hom(−, F ) are quasi-simophisms, i.e., for all A ∈ A, Hom(A, f) :

Hom(A, E) → Hom(A, F ) are quasi-simophisms. Thus Cb(A)w = H, and we have a

homotopy fiber sequence

K(H) → K(A⊕) → K(A).

To finish the proof of Theorem 1.1, we need to identify H in Proposition 2.3 with F

in Theorem 1.1. This identification is the consequence of the next two lemmas.

Lemma 2.6 : Let A be an exact category satisfying Condition 1.1.0. Then a bounded

chain complex E in A satisfies the Condition 1.2.0 if and only if E is acyclic in A.

Proof : Suppose the bounded chain complex E is acyclic in A. Let x : A → En be

such that ∂n ◦ x = 0. Then x factors as A → Im(∂n−1) = Ker(∂n) → En. Let B be the

pullback of
B

a
−→ A

↓ y ↓ x

En−1 −→ Im(∂n−1).

Then B → A is an admissible epimorphism since En−1 → Im(∂n−1) is, and x◦a = ∂n−1◦y.
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Conversely, assume a bounded chain complex

E =: · · · → Ek−1 ∂k−1

→ Ek ∂k

→ Ek+1 → · · ·

satisfies Condition 1.2.0. We wamt to shwo that E is acyclic.

Take an abelian category C such that A is an exact full subcategory of C, that A is

closed under extentions in C, that A reflects exactness, and that the Condition 2.2.0 is

satisfied. Such an abelian category C always exists by the Quillen-Gebriel embedding and

Lemma 2.5 since A satisfies Condition 1.1.0.

Since E is bounded above, by induction on decreasing k, we may assume that E is

acyclic in A when n ≥ k, i.e., for n ≥ k, ∂n = jn ◦ bn : En → Bn → En+1 such that

bn is an admissible epimorphism and jn is an admissible monomorphism and 0 → Bn →

En+1 → Bn+1 → 0 is exact. Take A = ker(∂k) = ker(bk), then A is in A since bk is

admissible epimorphism. Let x = jk−1 : A → Ek be the admissible embedding. Then

∂k−1 = jk−1 ◦ bk−1 : Ek−1 → A → Ek. Since ∂k ◦x = 0, there is an admissible epimorphism

a : B → A such that x ◦ a lifts to Ek−1. So bk−1 : Ek−1 → A is surjective in C, and thus

by Condition 2.2.0, bk−1 ia an admissible epimorphism.

Lemma 2.7 : Let A be an exact category. Then a chain map f : E → F between

two bounded chain complexes in A is such that for all A ∈ A, Hom(A, f) : Hom(A, E) →

Hom(A, F ) are quasi-isomophisms if and only if f is a homotopy equivalence.

Proof : Assume f : E → F is a homotopy equivalence. Then for any A ∈ A,

Hom(A, f) : Hom(A, E) → Hom(A, F ) is a homotopy equivalence and thus a quasi-

isomorphism.

Conversely assume f : E → F is such that for any A ∈ A, Hom(A, f) : Hom(A, E) →

Hom(A, F ) is a quasi-isomophism. Let C(f) denote the mapping cone of f , i.e. C(f) is

the chain complex where C(f)n = En+1 ⊕ F n and the boundary map dn : En+1 ⊕ F n →

En+2 ⊕ F n+1 is given by d(a, b) = (−∂E(a), f(a) + ∂F (b)). Then Hom(A, C(f)) is acyclic
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for any A ∈ A.

In general, for any bounded chain complex E = {En, ∂n} in A, the followings are

equivalent:

a) for any A ∈ A, Hom(A, E) is acyclic;

b) there are morphisms δn : En → En−1 in A for all n such that

δn+1 ◦ ∂n + ∂n−1 ◦ δn = idEn;

To see that b) implies a), notice that for any A ∈ A we have

Hom(A, δn+1) ◦ Hom(A, ∂n) + Hom(A, ∂n−1) ◦ Hom(A, δn) = idHom(A,En)

for all n, which implies that Hom(A, E) is acyclic.

To prove a) implies b), we use induction. Assume for any k ≥ n+1 we have constructed

δk. Let x = 1− δn+1 ◦ ∂n : En → En, then ∂n ◦ x = ∂n − ∂n ◦ δn+1 ◦ ∂n = ∂n − (1− δn+2 ◦

∂n+1)◦∂n = ∂n −∂n = 0. So there is a δn : En → En−1 such that ∂n−1 ◦ δn = 1− δn+1 ◦∂n.

Come back to that Hom(A, C(f)) is acyclic for any A ∈ A. Let δn be expressed as the

matrix (multiplifying at left side)

δ =

(

−D g

h G

)

.

Then
(

−D g

h G

)(

−∂E 0
f ∂F

)

+

(

−∂E 0
f ∂F

)(

−D g

h G

)

=

(

D∂E + ∂ED + gf g∂F + ∂Eg

−h∂E + Gf − fD + ∂F h fg + ∂F G + G∂F

)

=

(

1 0
0 1

)

.

We see that f is a homotopy equivalence with homotopy inverse g and homotopies D :

gf ∼ 1 and G : fg ∼ 1.

§3
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To finish the proof of Theorem 1.2, with Lemma 2.7 at hand, we only need to prove

that the Proposition 2.3 is still true without assuming Condition 1.1.0.

Recall that an additive category A is called idempotent complete (also called Karoubian)

if whenever p : A → A is an idempotent endomorphism in A (i.e., p2 = p), then there is an

isomorphism in A: A ∼= A′ ⊕ A′′ under which p corresponds to the endomorphism 1 ⊕ 0.

Lemma 3.1 : If an exact category is idempotent complete, it satisfies

Proof : [Th-Tr] A.6.2.

Lemma 3.2 : For any exact category A, there is a unique (up to natural isomorphism)

idempotent complete exact category A′ that contains A as a full subcategory such that

every object in A′ is a direct summand of an object in A, the inclusion functor A → A′ is

exact and reflects exactness, and A is closed under extensions in A′.

Proof : The proof can be found in [Th-Tr] A.9.1 or [Ka] 1.2.2. Here we just recall the

construction of A′. The objects in A′ are pairs (A, p) with A ∈ A and p an idempotent

endomorphism of A. A map a : (A, p) → (A′, p′) is a map a : A → A′ such that p′a = ap.

Proof of Proposition 2.3 without assuming Condition 1.1.0: Let A be any

exact category and A′ be its idempotent completion as in Lemma 3.2. Let B′ denote the

abelian category of all contravariant additive functors from A′ to the category of abelian

groups and B′
A′ denote the full subcategory of B′ of all left exact functors. Then A′ satisfies

Condition 2.2.0 in B′
A′ since A′ satisfies Condition 1.1.0 by Lemma 3.1. Since A is a full

subcategory of A′ which is closed under extension and the inclusion functor is exact and

reflects exactness and so does A′ as a subcategory of B′
A′ , A is a full subcategory of B′

A′

which is closed under extension and the inclusion is exact and reflects exactness.

As before, Cb(A) (or Cb(A′)) is the category of all bounded chain complexes of objects

in A ( in A′). Cb(A) is a category with cofibrations which are all termwise split admissible

monomorphisms in A. There are two classes of weak equivalences in C b(A): one of which ,
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denoted by w′Cb(A), consists of all quasi-ismorphisms where homology of chain complexes

are taken in B′
A′ ; and the other , denoted by v′Cb(A), consists of all quasi-ismorphisms

where homology of chain complexes are taken in B′. Then by Theorem 2.1, we have a

homotopy fiber sequence

K(v′Cb(A)w′

) → K(v′Cb(A)) → K(w′Cb(A)).

To identify K(w′Cb(A)) with K(A), consider the following commutative diagram

K(A)
K(i)
−→ K(A′)

↓ K(j) ↓ K(j′)

K(w′Cb(A))
K(l)
−→ K(w′Cb(A′)).

By the classical cofinality theorem in Quillen’s K-theory (see e.g. [Gr] 6.1 or [St] 2.1),

we have Kn(A) ∼= Kn(A′) for all n ≥ 1 and K0(A) → K0(A
′) is injective. By [Th-Tr]

Exercise 1.10.2, we have Kn(w′Cb(A)) ∼= Kn(w′Cb(A′)) for all n ≥ 1 and K0(w
′Cb(A)) →

K0(w
′Cb(A′)) is injective. By Theorem 2.2, we have Kn(A′) ∼= Kn(w′Cb(A′)) for all

n ≥ 0 and the inverse for K0(A
′) ∼= K0(w

′Cb(A′)) can be identified with the map φ :

K0(w
′Cb(A′)) → K0(A

′) which is defined as follows: for any [E] ∈ K0(w
′Cb(A′)) where

E =: · · · → En−1 → En → · · · ,

let φ([E]) =
∑

(−1)n[En] ∈ K0(A
′). Since A′ → B′

A′ satisfies Condition 2.2.0, φ is well

defined. It is ready to see that φ gives the inverse to K0(j
′), and that Im(φ ◦ K0(l)) ⊂

Im(K0(i)). Since K0(i) : K0(A) → K0(A
′) is injective, the restriction of φ on K0(w

′Cb(A))

actually gives a map: K0(w
′Cb(A)) → K0(A) which is clearly an inverse to K0(j). So

K0(j) is an isomorphism. For n ≥ 1, Kn(j) are isomorphisms since the other three

sides in the above diagram are isomorphisms. Thus we have a homotopy equivalence

K(w′Cb(A)) ∼= K(A). Similarly we have K(v′Cb(A)) ∼= K(A⊕). To identify Cb(A)w′

with H as given in the Proposition, we only need to notice that any object in A′ is a direct

summand of an object in A, and the rest goes pretty similar to the corresponding part of
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the proof of Proposition 2.3 under Condition 1.1.0. This ends the proof of Proposition 2.3

without Condition 1.1.0. .
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